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Summary

An asymptotic description is derived for the interaction between a
shock wave and a turbulent boundary layer in transonic flow, for a particular
limiting case, The dimensionless difference betweeﬁ the external-flow
velocity and critical sound speed is taken to be much smaller than one, but
large in comparison with the dimensionless friction velocity. The basic
results are derived for a flat plate, and corrections for longitudinal wall
curvature and for flow in a circular pipe are also shown, In Part I, solu-
tions are given for the wall pressure distribution and the shape of the shock
wave, In Part II, solutions for the wall shear stress are obtained, and a
criterion for incipient separation is derived. Part III contains simplified

solutions for both the wall pressure and skin-friction distributions in the

jnteraction region; these results are presented in a form suitable for use

in computer programs,



INTERACTION BETWEEN A NORMAL SHOCK WAVE

AND A TURBULENT BOUNDARY LAYER

AT HIGH TRANSONIC SPEEDS

Part I -~ Pressure Distribution

A. F. Messiter






1. Introduction

In several recent studies, asymptotic methods have been used success-
fully for the derivation of rational approximations which describe the inter-
action of a turbulent boundary layer and a weak, stationary, normal shock
wave. It appears that correct limiting forms of the equations can be deter-
mined, that numerical or analytical solutions to these equations are ob-
tained easily enough to be of practical interest, and that numerical accu-
racy may be adequate for important parameter ranges. In the limiting
case to be considered here, still for an unseparated boundary layer,
the shock wave extends close to the wall, the upstream influence is
small, and analytical solutions can be obtained for most of the flow
field. Pressure distributions are derived in Part I; the wall ghear
stress and the possibility of predicting separation will be discussed
in Part II.

In many transonic flows of interest, there occurs a shock wave which,
in an inviscid-flow approximation, is normal to a solid boundary, at values
of the Reynolds number large enough that the boundary layer along the wall
is fully turbulent. Since the strength of the shock wave must decrease to
zero in the supersonic part of the boundary layer, there can be no discon-
tinuity in the pressure at the wall. It is observed that the shock wave
becomes slightly curved and is displaced slightly in the upstream direc~
tion. As the Mach number upstream is increased, still below the value
required for separation, the shock wave extends further into the boun-

dary layer; experimental results [1,2] show an initially rapid rise



in the wall pressure, followed by a gradual decrease in the pressure
gradient over a distance several times larger than the boundary layer
thickness.

Asymptotic descriptions of these flows, in the limit of infinite Reynolds
number, have been discussed in References [3] through [10]; in particular,
Ref. [8] contains the first steps of the present work. In each of these
studies, the representation of the undisturbed boundary layer in terms of a
velocity-defect layer and a wall layer [11, 12, 13] is regarded as providing an
asymptotic description as the Reynolds number tends to infinity [14-18].

The pressure gradient in the boundary layer is large near the shock wave,
and consequently the forces resulting from changes in the Reynolds stresses
are of higher order than terms retained, in most of the boundary layer.
Thus, as for laminar flow [19, 20, 21}, an asymptotic description of the
changes in the mean flow can be obtained with the use of inviscid-flow equa-
tions for most of the boundary layer.

The form of the velocity profile, however, implies two important
differences from the laminar-flow case. First, for an unseparated turbu-
lent boundary layer the wall layer is extremely thin, and the displacement
effect resulting from deceleration of fluid close to the wall remains very
small, even in a large pressure gradient. Thus, if the undisturbed velocity
profile is known outside the Wall layer, an approximation to the pressure
can be found without knowledge of the flow details near the wall and there-
fore without any further assumption about the nature of the turbulent

stresses. Second, for a slightly supersonic external flow the sonic line is



located at an arbitrary position (outside the wall layer) in the undisturbed
boundary layer, depending on the relative sizes of the nondimensional fric-
tion velocity and the nondimensional difference between the fluid velocity
and the critical sound speed in the external flow. As the Reynolds number
tends to infinity, one can then study three cases, such that the ratio of
these parameters tends to infinity, remains constant, or approaches zero.
Adamson and Feo [3] considered an incident oblique shock wave in a
flow with velocity only slightly greater than the sound speed, such that the
sonic line is located very close to the edge of the boundary layer. The
corresponding asymptotic formulation was shown to lead to a local-inter=-
action problem requiring solution of the transonic small-disturbance equa-
tions for the local perturbations in the external flow, expressed in appro-
priately scaled variables. The influence of the boundary layer is repre-
sented on this scale through an effective wall boundary condition specifying
a linear relationship between the streamline slope and the pressure gradi-
ent. Melnik and Grossman [4] studied a normal shock wave having strength,
as measured by the nondimensional pressure jump, of the same order as
the friction velocity, so that in the limit the sonic line is at an arbitrary
location in the boundary layer. Numerical solutions of the transonic small=
disturbance equations were obtained for perturbations in the defect portion
of the boundary layer and in the neighboring external flow. Changes in the
wall layer were also discussed in each of these papers. Melnik and Grossman
later[5, 6] obtained additional numerical solutions for axisymmetric pipe

flow. At higher upstream speeds, which might be characterized as "high



transonic speeds,' the shock wave is stronger but the boundary layer can
remain unseparated. For this case, a first approximation for the flow per-
turbations outside the wall layer was given by Adamson and Messiter [8] .
The shock-wave strength, although still small, was taken to be large in com-
parison with the nondimensional friction velocity, sothat in the undisturbed
boundary layer the distance from the sonic line to the wall is much smaller
than the boundary-layer thickness. The corresponding problem has also
been discussed for an incident oblique shock wave [7,9] . A brief prelimi=
nary description of some of the present results was given in Ref. [10] ; a
few details have since been modified.

In the present work, analytical solutions are derived which incorporate
additional physical effects as higher-order terms for the case first dis-
cussed rather briefly in Ref. [8] , when the sonic line is very close to the
wall. The functional form used for the undisturbed velocity profile is des~
cribed in Section 2, to indicate how various parameters will be calculated
for later comparison with experiment. The basic solutions for the pressure
distribution are derived in Section 3. In Section 4 corrections are added
for flow along a wall having longitudinal curvature and for flow in a circular
pipe, and comparisons with available experimental data are shown. The
restriction to weak shock waves is removed in Appendix A, and it is verified
there that the simpler solutions of Section 3 are adeguate. Some additional
results pertinent to the asymptotic matching of solutions in the region of most
rapid pressure rise, near the beginning of the interaction, are derived in

Appendix B,
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2. Undisturbed Velocity Profile

Nondimensional rectangular coordinates X and Y are measured along
and normal to the wall, respectively, with ¥ = 0 at the wall and X = 0 at
some point on the shock wave, e.g., at the intersection of the shock wave
with the edge of the boundary layer as defined below. The reference length
is a geometric length such as the length of the boundary layer from a lead-
ing edge up to the shock wave. The nondimensional mean-velocity compo-

nents U and V, referred te the critical sound speed in the external flow,

are in the X and Y directions respectively, and the term p'V'/p has been

included in V. Here primes denote fluctuations about the mean, and p' V'
denotes an average value. The nondimensional mean pressure P, density
p, temperature T, and viscosity coefficient p are referred to the criti-

cal values of pressure, density, and temperature, and the corresponding
viscosity coefficient, in the flow just outside the boundary layer and ahead of
the shock wave. The sum of the nondimensional Reynolds stress and viscous
stress, in the boundary-layer approximation, is denoted by T, and has been
made nondimensional with twice the dynamic pressure, in terms of the same
reference quantities. For later convenience the friction velacity u_'r is made

nondimensional using the external-flow density:

T
. -w _ 1.2 -
u = o, = ZUecf’ Ue = 1+e {(2.1)

where the subscripts e and w indicate values in the external flow and at the

wall, respectively, and Cg is the undisturbed value of the skin friction

coefficient, referred as usual to the dynamic pressure in the external flow.



The nondimensional difference between the fluid velocity and the critical
sound speed in the external flow is ¢, and in the present case a_ << e << 1.,
For simplicity, an adiabatic wall is assumed and the total enthalpy is taken

to be uniform. The ratio of specific heats is y and is constant.

As in references cited above, it is assumed that the undisturbed
boundary layer can be described asymptotically in terms of a velocity-de-
fect layer and a wall layer. The defect layer occupies most of the boundary
layer, and its thickness is taken equal to a boundary-layer thickness 6.

The velocity differs from the external-flow velocity by an amount of order
a, the shear stress is 7 = O(uf), and the layer thickness is § = O(u_r).

The much thinner wall layer has thickness denoted by g, and the velocity
there is small, of order o_. Coordinates measured in terms of these non-

dimensional thicknesses are defined by

Y
Y - 6 ] 6 - O(uT) (2.2)
1
y 3 ’ p T u_ Re :
e e T

where § << 6, and % has been set equal to the ratio of the nondimensional
i1/2 1/2
. s . - . T T -
local kinematic viscosity and a friction velocity u_r( w/ e) ('rw/pw)
based on the density at the wall. The Reynolds number Re is based on the
geometric reference length, undisturbed external-flow velocity, and

kinematic viscosity; all parameters are understood to be evaluated imme-

diately upstream of the shock wave.



The velocity Uu in the undisturbed boundary layer just ahead of the

shock wave is expressed in the defect layer in terms of y and in the wall

layer in terms of ;, as follows:

U ~U +ua_u,,(y), y = O(1) (2. 4)
a e T Ul

U~ a (T_/ Te)l/2 o (¥, y = O(1) (2.5)

01

The form of the profile is shown in Fig. 1 for o << € << 1. Equations

7~ 2~

(2.4) and (2.

Fa a1 22 1 4l [N} PEg——" DS | k] Ty 1 .1 I
are |l1lo] , respectively, uie ''law OI the wake' and the ''law

[Sa
-~

of the wall)' written here for 2 compressible boundary layer, and are
taken to be asymptotic representations valid as a 0, with y and ; held
fixed respectively., Throughout most of the analysis also € — 0 such that
u_r/e — 0. In the wall layer the Reynolds stress and the viscous stress
are both of the same order as the wall shear stress T = O(ui). Since

Y = O(g) is extremely small, the momentum equation gives ¥ ~ T As

; = Y/lg —+ o, the viscous stress becomes extremely small, while T re-
mains equal to T in the lirmit, provided thatalsoy = Y/86 - 0. The mix-
ing length approximation sz (;dUu/ d’;r')2 =T + ... is introduced here for
y << 1 and ;>> 1, where k is the von Karman constant, taken equal to
0.41. VFor a perfect gas with uniform total enthalpy, p T = PwTw and

2 ~
= %(y + 1) - ';‘(Y - 1)U". Integration gives, for y << 1 and y >> 1,
1
U = Tsin{r }T /T 2 u (T § 4o} (2. 6)
ua w e T y -

2 2
where ¢ = constant and I' = (y + 1)1/ /v - 1)1/ . This is van Driest's

[22] result, with the added simplifying assumption of uniform total enthalpy.



Expansions of Eqgn. (2.6) for U, > 1+e and for U -~ 0 should agree,
respectively, with expansions of the defect-layer velocity (2.4) as y -~ 0 and
of the wall-layer velocity (2.5) as y >~ . For U,~1+te and U, 0,

respectively, Eqn. (2.6) gives

Uu~1 + e +(u_r/1<)(1ny-2H) (2.7)
U ~u (T /T )l/z(x'lln;+c) (2.8)
u T W e
where I is Coles' [13] ‘profile parameter; ¢ ® 5.0 and, for zero

pressure gradient, II = 0.5 or perhaps a little larger. Since ; = (6 /g)y,

comparison of Egns. (2.6) and (2.7) gives

o k “lints /3) = (Te/Tw)l/ZUi(e) - u (20 1,9 (2.9)

where Ui(e) =T sin—l(l"-l

Ue). The expansions (2.7) and (2.8) require,
respectively, y = 0 slowly and ; -+ oo slowly as u_ 0; since

a_ = O(1/1n Re), from Egn. (2.9), one might take, e.g., y = O(u:_n)

and ; = O(u_:_n) as u_r - 0,_ wherem > 0 and n> 0. A difference from the
incompressible case arises because Eqn. (2.8) with ; = (6/g)y does not
agree with Egn. (2.7). That is, the expansion as ; -+ o of the wall-layer
solution does not agree with the expansion as y - 0 of the defect-layer solu-
tion. Thus these solutions have no common domain of validity and cannot
be matched. This type of problem has been discussed in detail by Lager-
strom and Casten [23] , with a model example related to flow at low Reynolds

number. In the present case, the density has different values for y = O(1)

10



and for ; = O(1), and the difficulty is resolved by use of the solution (2. 6)
for E << Y << §; this feature was also noted by Adamson and Feo [3] and
by Melnik and Grossman [4] .

The defect layer, where y = O(1), has nearly constant density and is
described in a first approximation by incompressible flow equations. The
domain of validity of Eqn. (2. 6) can be made to include y = O(1) if

K _l(ln y - 21) is replaced by uOl(y), where u__(y) is the same function as

01

for incompressible flow. Then

U =T sm{sm’l(r'lue) + r’l(Tw /‘1"6)1/2 u_ u01(y)} (2.10)

Expansion for u_ = 0 gives Egn. (2.4) if y is held fixed, Eqn. (2.7) if

y — 0 sufficiently slowly that also u_ In y -0, and Eqn. (2.6) if

y = (& /g); -~ 0 more rapidly, such that u_ In ; is held fixed. The use of

Egn. (2. 10) was suggested by Maise and McDonald [24] , who showed that
this assumed profile permits good correlation with experimental data for
adiabatic flat-plate boundary layers. Their interpretation of Egn. (2. 10)

notes that a2 transformed velocity I" sin-l(l"-lUu) is predicted to have the
/2

. . 1 )
incompressible form Ui (e) + (Tw/Te) - u01(y) everywhere outside the

wall layer.

A second relation between 6 and u_ for 8P/8X = 0 can be found with
the help of the von Karmadn integral  the momentum equation, following a
derivation similar to that for incompressible flow given, e.g., by

Cebeci and Smith {25] . The result is, to second order in uT/Ue,

11



2
u T T oo
m ua a
1 T, 2 e wl/2 4 w 2 .4 %
5 = A {ETFE) T [ ol dy) = (2.11)
3 U k U T, m, T, o 01 u2
e
The positive constant my is' defined by
o _
m; = -8 jo uy(v)dy (2.12)

and occurs in another context in the following section. For analytical

purposes, the function u01(y) is represented in Coles' [13] form

-1 -1
uOl(y) = K Iny -TIk " (L + cos wy) (2.13)

for 0< y< 1, with uOl(y) =0 for y> 1.

In the derivation which follows, the boundary-layer thickness is taken
as one of two important characteristic lengths. The other length is the dis-
tance from the wall to the sonic line in the undisturbed boundary layer, de-
noted in nondimensional form by 6 ,. Substituting Eqn (2.13) in Egn. (2. 10)

»

setting y = 6, /8, and expanding for 6,/8 — 0 gives

u_x “n(s /5 $ = (T/T) l/Z[Ui(e) - U.(0)] - 2T« -1u1_ (2.14)

-1
As € >0, In(5/6,) ~« a_" e [1 -G -1e/4+...] -20I; thus §,/6 ~ 0
if a_ /e ~ 0. An alternate form of the velocity profile (2. 6) in terms of a
b3
coordinate y = Y/6,, is

U = Csin{sin J(T Y + F-l(Tw/Te)l/ZK -1

Iny } 2.15
u a lny (2.15)

fory—>0and');->oo.

12



3. Interaction Along a Plane Wall

As u_ = 0, the orders of magnitude of the mean pressure gradient and
fluid acceleration near the shock wave are larger than in the undisturbed
boundary layer. The Reynolds-stress transport equations can be used to
show that in most of the boundary layer the contributions to the mean forces
resulting from changes in the turbulent stresses are sufficiently small, in
comparison with the pressure and inertia terms, that they may be neglected

asa_~ 0, not only in a first approximation but also in the calculation of

some higher-order terms. Correct asymptotic representations of the mean
velocity and pressure perturbations can therefore be derived using inviscid-
flow equations. Also, as noted at the end of this section, displacement
effects resulting from flow changes very close to the wall are extremely
small, and so the largest terms in the solution for V should approach

zero as the distance from the wall decreases.

In the equations which follow, all laminar and turbulent stresses are
neglected, as are the entropy changes across the shock wave; order-of-
magnitude estimates given at the end of this section show that the neglected
terms are in fact of higher order than any of the terms retained. The equa-

tions describing the fluid motion can then be written in the following form:

2 - - 2

a“divg = q- V3 (3.1)
2 1 1 2

a = 5 +D -3 -1q (3.2)
- — ...1

pq Vg = -y VP (3.3)

13



Here Z{, g, and a = (P/p)l/2 are, respectively, the velocity vector, the
magnitude of the velocity, and the sound speed, all nondimensional with the
critical sound speed in the external flow just ahead of the shock wave. The
gradient and divergence operators imply differentiation with respect to the
nondimensional variables X and Y, Crocco's theorefn, simplified by the

assumption of uniform total enthalpy, is

— —~ -1
Q X q =y TVs (3.4)

- -
where @ = curl q, and the specific entropy s has been made nondimension-
al with the gas constant R. Since the upstream value of V contributes terms
of higher order than those to be retained here, the shock-polar equation

becomes

2 2 UuUd -1

2
ZUu/(y +) - (UuUd -1

(3.5)

where the subscripts u and d here denote, respectively, values immediately
upstream and downstream of the shock wave. Since the jump in the velocity
vector across a shock wave is in a direction normal to the shock, the shock-_

wave slope is

ax Vv

ay T U_-u (3.6)

where the shock-wave location is denoted by X = XS(Y).

14



If the nondimensional friction velocity u_ is small in comparison with
the nondimensional shock~-wave strength e ,. the sonic line in the undisturbed
boundary layer is very close to the wall, as can be seen from Eqgn. (2.14)
and Fig. 1. Thatis, if u_—~ 0 and u_r/e - 0, then also §, /6 -~ 0. A com-
plete description of the local pressure changes would require both an "'outer*’
solution, obtained by taking a limit of the equations with coordinates Y/§ and
X/A held fixed, and an "inner" solution, obtained with Y/G* and X/A*
fixed, for suitable choices of A and A, . The shock wave can extend nearly
to the wall, as shown in Fig. 2, andso the upstream influence described
by the inner solution is very small; it is shown later that A, = O(ul_l_/zﬁ*),
where &, /6 = O(exp(-« e/u_r)) from Eqn. (2.14). For the outer solution,
therefore, Uu can be taken equal to the undisturbed velocity (2.10) or (2. 4).
The inner solution describes perturbations about the undisturbed boundary-
layer flow, while the outer solution describes perturbations about a different
boundary-ayer flow, downstream of the shock wave; the two solutions
should match in a proper asymptotic sense.

For Y = O(6) the length scale A in the downstream direction is found
from Egn. (3.1) and the vorticity equation to be A = O(boﬁ), where

2
bcz)(e) =1- Mo and Mo is the Mach namber in the external flow behind a

normal shock wave. Coordinates x and y are defined by

_ X - X
X =156 Yy =% (3.7
[o]
where
1/2 1/2 1
b, = (v +1)/ € / {1-2(2\( +De +...} (3.8)

15



Since the shock wave is nearly normal, the shock-polar equation (3. 5) gives
Ud =(1+e )_l + O(u_r). This result suggests that throughout the flow down-~
stream of the shock wave U should be represented as a constant value

1 -¢ +... plus small perturbations of order a_. It is convenient to sepa-
rate the rotational part, which can be calculated from Crocco's theorem
(3.4), and the irrotational part, which is to be found from the solution of
Eqgn. (3.1) satisfying the appropriate boundary conditions. In the limit as.
o~ 0 with x and y held fixed, the velocity components are then expressed
in the form

U= (1+e )-'1 + u_ruir)(x, y;e) + u_rzu(zr)(x, yie) + ...

tu ¢, (% y;e) uit# s o yie) Fooe (3.9)
2
V/bo(e) = u_rd)ly(x, yie) + uT¢2y(x, yie) + ... (3.10)

where the functions of ¢ shown will be expanded below for ¢ -~ O.

The entropy s is nearly constant along a streamline, and the equation

of state gives P = p T, since changes in p'T' are of higher order than

- v -
terms to be retained here. It follows that along a streamline P T Y/ 1)

-v/(y-1)

a to the order required here. Substitution of T = a2 from Eqgn.

~P T
e
(3. 2) then gives the pressure as

2
P/Pe = 1- Y(U-Uu) -y (Uu-])(U—Uu) + ... (3.11)

-1
Also, Crocco's theorem gives 2~y P ds/dy, where LpY =pU, q;x = -pV,
and Q = VX - UY’ and so 2 /P ~ Qu/Pe along a streamline. Substitution in

the expression for € allows calculation of terms in the rotational part of U:

16



u{r) = (L+2ye +...)ug(y) : (3.12)

(x) . _y-=1 2 ®, N

R u01(y)+vf ulp, (e, G y)dy +... (3.13)
y

Substitution of the representations (3.9) and (3. 10) into Egn. (3.1) leads to

differential equations for ¢~1 and 4)2:

dJhr.x +¢1yy =0 (3.14)
_ (r) 2 2, (r)
Pouxe TOoyy © TUax t (Lte )M _/b )" + (v -DM )] + ¢, Vb,
2 (r)
+ (1+e )Mo¢ ly(uly + 2¢1xy) (3.15)

Expansion of the shock-wave slope (3.6) gives, after integration, the shock.

wave location x = xs(y;u_l_, €) as
u

x, = uTxSl(y;e) +... = i (1 +%e +...){¢1(0,y;e) -¢1(0.1;E)}

+... (3.16)

where the origin of coordinates has been chosen so that x = Oaty=1.
Thus the shock wave is located at x = 0 in a first approximation, as implied
in Fig. 2, and the flow properties are to be studied in the quarter-plane
x> 0, y> 0. Boundary conditions at x = 0 are found from the shock-polar

equation {3.5), expanded in Taylor series about x = 0:

¢1x(0.y) = -2{1 + (y-1e +---}u01(y) (3.17)
6. (0y) = =x (Né, (0,9 +== {1-ly -De}o> (0,y)
2xt Y sl 1xx' ' 2¢ 2 1y 4

-XZ;I u(z)l(y) +... (3.18)

It is also required that cbly_(x, 0) = ¢2y_(x, 0) = 0 and that all disturbances

2
approach zero as x2 +y - .

17



The limiting form of ¢1 as € -0 was first given in Ref. [8] ; here a
term proportional to e is included. The solution is expressed in terms of a
distribution of sources along the y-axis:

©
¢,y = - %{1 +ly-De +...} f tlol(rv)ln{x2 + (Y-n)z}l/zdn
(3.19)

The extended definition u01(-y) = u01(y) gives a potential for - w < y < @
which is symmetric about y = 0 and thus satisfies the boundary condition

there. As xZ + yz — 0, the contribution to the complex velocity is

uT(¢lx-i¢ly) = - ZuT{l +{y -1e + ...}x'l(ln z-2IT)+... (3.20)

where z = x + iy. The pressure PW at the wall found from evaluation of Eqn.

(3.11) as y - O is

P -P o u,. ()dn
2 01
W £ o v {1+(2y-e +...} 2 T (3. 21)
P T ™ 2 2
e 0 X +y

2
where Pf/Pe =1+vy{2e +(2y-1)e +.. .} is the pressure ratio across a
normal shock wave when the upstream speed is Ue =1+e. Atlarger dis-

2 2
tances, asx +y - oo,

™y

21z

a_($

. lx-iq)ly) = uT{l-l-(y-l)e +...H{ +...} (3.22)

where m, is defined by Egn. (2.12); substitution of the approximate analyti-;

cal form (2. 13) gives m, = 8(1 + II)/k. Thatis, the integrated effect is

1
that of a concentrated source having nondimensional volume strength per

unit length equal to {1 +... }mluTG . One-fourth of this fluid appears to be

added to the external flow in the quadrantx > 0, y> 0. Since

18



d(pU) ~ (1 - Mcz))dU along a streamline downstream of the shock wave, and
1 - Mz ~ (y t1)e, the local increase in the boundary-layer displacement

thickness is i(y +1}e m u_rﬁ + ..., as can also be found by direct calcula-

1
tion. An equivalent observation was made for € = O(u_r) by Melnik and
Grossman [5,6] . Perturbations in turbulent stresses contribute only a
higher-order change locally; the present result does not include the fur-
ther displacement effect. which occurs on a larger 1length scale as a new

equilibrium velocity profile is approached. Finally, the shock-wave shape

found from Egn. (3.16) is, for y —~ 0,

u
1
xs(y) —xs(O) = E—} {1+ -'2‘)e +...}{Ey+...} (3. 23)
and, for y = oo,
() =% = =T (146 -Be +...0(ok1m
xsy T Xg T 2e Y _Ze e 2w Y
4

+;{) ag,(mIng dn +...}. (3. 24)

For y = Y/6 — o, the shock.wave displacement continues to increase, and
should be matched with a suitable perturbed external-flow solution evaluated
as Y =+ 0.

The solution for ¢2 can be found in two parts. A particular solution
of the differential equation (3. 15) can be made to satisfy homogeneous
boundary conditions ¢2x(0, y) = ¢2y(x, 0) = O if sources aredistributed
over the entire x, y plane with the source strength chosen to be an even
function of both x and y. The boundary condition (3.18) atx = 0 is then

satisfied by a distribution of sources along the y-axis, with strength taken
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to be an even function of y so that 4)2)' remains zero at y = 0, as in the
solution for c[)l. Of special interest is the total source strength found by
carrying out the integrations as x‘2 + yz —+ o0, with the help of integrations
by parts and Egns. (3.14) and (3.17). The pressure, correct to order
ui(x2 + yz)-l/2 as x2 + yz -+ o0, and the second-order source strength mZ

are found to be

P - Pf 2
) = -yf{o [1+@y-De+...]m +a (@1 +...0m, +...}
1
C 5 Zx > (3.25)
x ty
(e 0] 2 (oo 2
m, = 2(5y +9)f0 ug; (dy - 2(y +1) fo ¢ 1,06 Oy (3. 26)

For a constant value of y such that y >> 1, P initially decreases as x in-
creases from zero, reaches a minimum at x = y, and then increases again.
-1
However, there is a small error at the shock wave x = xs(y) = Ofe a_ In y),
-1 2 2
because the largest term in Eqgn. (3.25) is O(e a_ In y/y ), whereas the
correct first approximation is found from the shock.polar equation as
1 -12 2 2 A .

-2Y ¢ uTml/(ZTry) . If it is desired, the accuracy of Eqn. (3.25) can

. - 2 2 2 2
be improved near x = x by addition of a term -y u_y (bzx(O, v/ (x" +y)

2

with y ¢2x(0, y) approximated by its leading terms O(ln y) and O(1) as
y =~ oo; away from x = X the added term is smaller than the second-order
term originally shown.

2
As x + yz -+ 0, the perturbation velocity becomes large, and it is

again clear that an inner solution is required. For the choice of origin
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shown in Egn. (3.16) and in Fig. 2, xs(O) # 0 and so the singularity in Eqn.
(3. 20) is displaced from its correct location through a distance

- xS(O) = O(u_r/e ). The.domain of validity near x = 0_ can be extended slightly
by addition of a term - ZuTK -1(1 +...)In(1 ~ xs(O)/z) in Egn. (3.20) for
u'r(‘plx - icbly). This is accomplished formally by taking a limit as x =~ 0
with e X/u'r held fixed and then constructing a composite solution. The cor -
rection is local, and introduces only a smaller change of order e _1u$/|z|
when |z/xs(0)l >> 1. The modification is, however, necessary for matching
with the inner solution. A discussion of the inner solution given in Ref. [8]
is briefly reviewed here, in a slightly modified form. For Y = O(5,), the
undisturbed velocity is Uu =1+ O(u_l_), and the differential equations show
that changes in U along a streamline are also O(u_l_) in a distance

AX = O(u_:ll_/zﬁ*). Inner variables x¥ and y* and disturbance velocities

u* and v* are defined by

1/2.1/2
(« T/ T[X - b 8x_(0)]

x* * 4 (3.27)
-~ = » Y'r = — -
&y +1)1/2L1_:::/26* 5 4
K Ti/z (k Ti/z) 3/2y
u¥ = —— (U - 1), v = (3.28)
Yy (v +1)1/2ui/2
where factors (k T;/Z)l/2 have been included for convenience. KEgquation

(3. 1) and the vorticity equation are then approximated by the transonic small-

disturbance equations with prescribed vorticity:

sle £ b b3 £
aw du /8x -8v /Oy +... =0 (3.29)
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® % % % %
8v /ox -08u f8y = -1/y +... (3.30)

The shock-wave relations (3.5) and (3.6) become

2 px ke

L LT 1t 3.31
vg = 3la, -uy) (ud a, ces (3.31)
dx )

b'd v

s d
d* T % % (3.32)
y uu-ud

where the subscripts u and d again refer to quantities immediately upstream
and downstream of the shock wave and the shock-wave location is given by
x¥ = x: (y*). As x* - - 00, u¥ approaches the undisturbed form
u¥ ~1n y*; the boundary condition at the wall is v¥ (x¥,0) = 0; and as
x¥% -+ o, y¥ - o the solution should agree with the outer solution evalu-
ated for x - xs(O) -0, y—~0.

Although complete solutions for u¥ and v¥ can only be obtained numer-
ically, the asymptotic behavior is found relatively easily upstream as
x* — - o0 and downstream as x* - o, y*¥ - w. As x¥ — - oo, the solution
has the form

% * £

a¥ ~1n y* + &* f(y*), vE ~% -lekx £(y) (3.33)
where f'' - {(In y*)sz = 0 subject to the conditions that £' (0) = 0 and that
incoming disturbances be absent as y* — co; the latter implies
f' ~-(n y*)l/zk fas y¥ - oo, Numerical integration gives k = 0. 59.
Downstream a suitable class of intermediate limits should be studied. As

y* ~ o, a shock wave is present and must approach the nearly normal

shock wave described by the outer solution. Thus, for y* — oo, since
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* i * % #

a, ~ Iny , Egns. (3.31) and (3.32) givea (0,y ) ~-1Iny . If an inter-
mediate variable YT) = y*/n(u_r,e) is introduced, with 1<< n(u_r,e) << § /6*,
then In y* ~Inn +1n yn, where the first term is large and constant where-
as the second term is O(1) and variable. In each of the differential equa-
tions (3.29) and (3. 30) the two largest terms remain of the same order if

x* = O(nyIn n ) and v* = O(/E—'r_',- ); then x=== and y* (In y*)l/z are of the
same order. In the limit as x* -+ oo and y* -+ oo with x=°< /(y*m) held

* * * % % * % [ %
fixed, Iny ~lnx and soalsox /ly YIny )~x /ly VInx ). For the

derivation of higher-order terms, not to be shown here, it is convenient to
% *
make this replacement. In this limit, then, the largest terms inu +lny
* -1/2 % . * * *
and (Inx ) v can be written as functions of x /(y /Inx ). The sola-
tions are easily obtained and the results for U and V finally can be rewritten

as

2 2
- * -1 * * - *
U~1+(k T:/Z) lu._rln y - (K Ti/z) uTln{x (In x ) 1 +y } (3. 34)

VvV~ {(y+1)(x TZ/Z) —1u_|_ 1n x* }1/22(1( T:/Z) —1u_r tan-l{y* (1n x*)l/z/x*}(S. 35)

Factors (1 - MZ')l/2 ~{(y+1)(k Ti/z)_lu_rln x*}l/z, where M is the local
Mach number, appear in the locations expected for solutions of the Prandtl-
Glauert equation. The flow is represented by superposition of a known rota-
tional flow and an initially unknown irrotational flow, described in terms of

Mz) -1/2

perturbation velocities U - 1 and (1 - V which are linear in

- 2. -1/2
(k Tl/z) lu_r and are functions of variables (1-M) 1/ K - b°6 xs(O)]/ﬁ*

2 2
and Y/8 w+ For a limit such that x - xS(O)] +y - 0 sufficiently slowly,
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with (1 - MZ)l/Z

y/[x-xS(O)] held fixed, the largest terms obtained if Egns.

- (3. 34) and (3.35) are rewritten in the outer variables x and y are identical
to the largest terms found from Eqgns. (3.9) and (3. 10), with the help of
Eqn. (3.12) and a modified Egn. (3.20) in which z is replaced by x - xs(O)
+iy. Introduction of the inner solution thus removes the logarithmic singu;
larity which appears in the outer solutions for the velocity and the pressure
as x,y - 0.

In the derivation of these results, terms 9 {p W)/B X, 9{p W)/B Y,
etc., were omitted from the momentum equation, and therefore a correspond-
ing set of terms was omitted in Eqn. (3.1) and in the calculation of the
changes in vorticity. Expressions for these quantities, and therefore also
order-of-magnitude error estimates for the solutions given above, can be
obtained from the Reynolds-stress transport equations [25] . The equation
for 9 (p FIT)/BX contains, in particular, terms proportional to

pU'U' 8U/0X. Ahead of the shock wave p U' U! is expected to be of the

. 2
same order as pU' V', of order a_. Relative changes at the shock wave
have been estimated [26] to be proportional to the shock wave strength and

—_— 2
are therefore small. Thus, p U'U' = O(U‘-r) downstream of the shock also;

1/2,

since au/ax = )(6-1/2) for X = O(el/ZuT), the product is O(uf_e_ .
Other terms involving velocity correlations are likewise at most

O(uie -1/2). Neglected terms in the expansion of Eqn. (3.1) and the vorticity
equation are also of this order, and can easily be shown to be small in
comparison with any of the terms retained. Similarly, the derivative of

the entropy along a mean streamline contains terms proportional to
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p U'V! 8U/8 Y, etc., and therefore is small enough to be neglected in the
derivations above. At the shock wave the entropy jump for Y = O(6) con-
tains a constant term of order 63 and functions of y which are of order

2
Ezu s €U, ... It can then be shown that these changes are also suf-

T
ficiently small that Q/P and PT-Y/(Y_I) remain constant along a mean
streamline to the order considered here. Finally, the changes in Reynolds
stresses become important in a sublayer where the perturbation in Ty is
no longer negligible in comparison with the perturbation in p UUX. For

X = O(el/zu_r), since T = O(uf) and UX = 0(6_1/2), the sublayer is de-
fined by Y = O(uie 1/2). As will be shown in detail in Part II, the relative
change in T is O(€), and the new term in U which contributes to a displace-
ment effect is O(e u_r). From the continuity equation it follows that the
corresponding term in V is O(e2 uf). Thus, as y — 0, the largest term
in the outer solution for V which satisfies a nonzero boundary condition

is O(e2 ui), smaller than any of the terms retained above. All of the

neglected terms arising from these effects are smaller than the terms

retained by at least a factor of order €.
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4. Geometric Effects and Comparison with Experiment

The theory of the preceding section leads to. a limiting form for the
pre.ssure distribution as a_ - 0 and u_r/E —+ 0, for unseparated flow. In the
flow past an airfoil at supercritical speed, with a shock wave terminating
a region of supersonic flow, the additional effect of surface curvature can
also be important in changing the pressure distribution and delaying sepa-
ration, as discussed below and in Part II. The boundary layer might remain
attached for Me up to about 1.25, depending on the profile shape; Re may
be about 5 x 107 or perhaps as high as 108; and the flow ahead of the shock
wave experiences a favorable pressure gradient, with magnitude which de-
pends on the airfoil shape, so that the profile parameter II is
smaller than 0.5 (e.g., Ref. [30] ). For a combination of parameters which
is favorable with regard to requirements of the present theory, with Me =
1.26, Re = 108, and II = 0, the relative position of the sonic line is given
by &, /6 =0.10. This value would increase as Me or Re decreases or as
II increases, as seen from Eqgn. (2.14). Experimental results, however,
are not yet available with detailed local pressure measurements for values
of the parameters which correspond to such airfoil flows and which meet
the requirements of the theory. For all available data, either the flow is
separated or the values of the parameters are such that the sonic line is
not close to the wall. Nonetheless, a comparison with data from Refs. [1]
and [2] has been carried out, and the agreement seems favorable provided

that corrections for geometric effects are included.
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A wall having convex longitudinal curvature is described locally by
Y ~ - -12-KX2, where K << 1 if the radius of curvature is large in comparison
with. the reference length used in the definitions of X and Y. A local solu-
tion for the inviscid external flow near the foot of a normal Sh<’>ck wave shéWs
.a discontinuity in streamline curvature [27, 28] . Ahead of the shock wave
PY > 0 to provide the required acceleration toward the wall; if the flow is

irrotational, it follows that U,, < 0. The shock-wave relations give UY > 0

Y
and PY < 0 downstream; therefore also VX > 0, whereas the tangency con-

dition at the wall requires VX < 0as Y=+ 0. The term in the complex

velocity which satisfies the required conditions as X, Y = 0 has the derivative

boUg) - iv;:c) ~ - (4/MK 1In Z +iK + O(K) (4.1)

for 0 <arg Z < %’TI’, where Z = b;lX +iY and, as before, bi(é) ~ (y+1)e.
The largest omitted term is of order K and is real; the value depends on
the flow description for Z = O(1), and is known for symmetric two-dimen-
sional or axisymmetric nozzle ﬂlows [297 .

(c) 1/2

Terms U(C) and V' ', of order Ke a_ lnu_r and KuT, respectively
when Z = O(u_r), are now added to the expansions of U and V given by Egns.
(3.9) and (3.10). The rotational part of U is unchanged, and reformulation
of the boundary-value problem for the perturbation potential shows that ¢1
is unchanged, whereas now. ¢2 depends on K, through nonlinear terms in
the potential equation; that is, ¢2 = cbz(x, yv;€,K). The new terms in ¢2

contribute a change in U which is O(Kui), smaller than terms retained pre-

viously provided that K = 9(1). Thus, to the order considered here, for
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a /e -~ 0, a carvature correction is simply added to the earlier results,
T

The new term in the pressure, written in terms of x and y, is

Y 2 2 -
P(C) = iiﬁ{2x1n5+xln(x +y)+’12I'y-2ytanl}I{+Ax} (4.2)

where the constant A is determined only if a solution is known for the external
flow at larger distances.

An early careful and comprehensive experimental study was carried
out by Ackeret, Feldmann, and Rott[1] . In Figs. 3 and 4, predicted pres-
sures are compared with their experimental results for Me = 1. 32, corre-
sponding to € = 0,247, and Re = 9. 6 x 105, based on distance to the shock
wave. Egns. (2.9), (2.11) and (2.14) are used for approximate evaluation
of other parameters. One more experimental value is needed; 6, is chosen
since it is easily read from the measured velocity profile and since only
In 6, enters the equations, so that an error has small effects on other quan-
tities. For 6* = 0.0055, the calculations give a_ = 0.051, & =0.021, and
II = 0.28. This value of II seems plausible (e.g., Ref. [30] ) because of
the observed small favorable pressure gradient ahead of the shock wave. An
adverse gradient of about the same magnitude is evident downstream, and is
estimated here by P;la P/9X = 0.12, where Pt is the upstream stagnation
pressure. A corresponding term is added to Egn. (4. 2) and the term propor-
tional to K6 Ax is neglected. The local cuarvature of the plate can be inferred
from measured pressures immediately behind the shock wave. It is estima-
ted that P'tla P/dY = 0.15; since Py ~ -y Vy, it follows that K = 0.2. With

the kind assistance of Prof. Z. Plaskowski of the Institut fiir Aerodynamik,
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ETH Zirich, the author was able to measure ordinates of the plate actu-
ally used in the experiments; values in an appropriate neighborhood confirm
the estimate K = 0.2. The origin x = 0 is chosen at the estimated position
of the shock wave at the edge of the boundary layer, found using measured
pressures outside the boundary layer together with Eqgn. (3.24).

The comparison in Figs. 3 and 4 shows that the curvature effect is
comparable in importance with the boundary-layer displacement effect;
addition of the curvature term leads to a more pronounced ''shoulder' in
the predicted wall pressure distribution. The longitudinal pressure grad-
ient due to tunnel divergence is also seen to be important. At the plate for
typical values of X, say 4 < x < 14, the prediction gives about 75 percent
of the pressure drop below the value for a one-dimensional flow; outside
the boundary layer, at Y/6 = 3.6, the agreement is somewhat better. It
is fcund that the velocity in Eqn. (3.21) is closely approximated by (const.)/x
for x > 2, so that Eqgn. (3.25) for the pressure is adequate here, with the
correction (4.2). Modest changes in the assumed values of the parameters
do not have a major effect on the comparison; for example, at a given X,
ml/x does not depend strongly on II because § increases if II decreases.
The upstream exponential decay predicted by Eqgn. (3. 33) is also shown in Fig. 3,
in the form AP/Pt ~ e exp{k(x* - x:)}, with xz taken equal to -14 for
approximate agreement with experiment. A major difficulty with this com-
parison is that the upstream sonic line lies at about y = & >:‘,/6 = 0.26, and
the shock wave ends at a still larger distance from the wall, so that the

* #
inner region for x = O(1), y = O(1) is not negligibly small. At a higher
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Reynolds number and therefore a lower u_.r, the shock wave would extend
closer to the wall, and the size of the region in Fig. 3 where no prediction
is given would be smaller. A second serious difficulty arises because the
flow probably was separated. The authors of Ref. [1] stated that reversed
flow would not be ascertained at any point; however, the velocity profiles
shown seem inconclusive, since measurements were not possible very
close to the wall. Calculations based on the theory of Part II of the present
paper, for the parameter values given in Ref. [1] , indicate that the flow
was in fact separated, with a very thin separation bubble having length
equal to a few boundary-layer thicknesses. The effect of such a bubble
would give a more gradual pressure rise in the region of greatest disa-
greement in Fig. 3. Finally, a slight unsteadiness in the shock wave posi-
tion would also contribute to a decrease in the measured pressure gradient.
A correction for flow in a circular pipe can be derived in terms of

+ +
cylindrical coordinates x and r defined by

+_ X __ 98
X = bo(E)R_Rx’ r

(o}

+ 3}
1—Ry (4. 3)

"
-
]

o 14
I

where R is the ratio of the local pipe radius *o the reference length, and Y
+
is measured inward from the wall, so that r = 0 at the axis. Solutions
+ +
are to be found for € -~ O, uT/E > 0 withx ,r fixed. The wall shape is
+ 2
given by r =1 +¢ £(X/R) withf = 0 atX/R = 0. Velocity components U+,
+ . + + . . . .
V in the x ', r directions can be written with the local curvature and

boundary-layer effects shown separately:
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U+ = U(O) (X/R, r+; €) + KU(l) (x+, r+) + % mlu_r él-i— + u_r ER U(Z)(x+, r+)
+... (4. 4)
vt = vOx/r, e & bo(E)V(l) (Fr) %bo(e)v(z’ e +...

(4. 5)
where now K = ezf"(O) is the wall carvature at the foot of the shock wave,
made nondimensional with the reciprocal of the pipe radius. The terms

U(o) and V(O)

are the terms which would be present if the effects of the
shock wave were ignored [29] . Terms proportional to K contain the local
curvature effect, and terms proportional to uTtS /R contain the local boun-
dary-layer displacement effect. The latter is described in terms of a ring
source of radias r+ = 1 located at x+ = 0 and having volume strength per

unit length equal to m u_r6 + ...; numerical solutions for uT/E = O(1) given

1
by Melnik and Grossman [6] also include this effect. For x+ - oo, the fluid
added at the source gives an increase of %mlu_‘_ﬁ /R in U+, shown explicitly
in Egn. (4.4).

The local solutions for X/R = Of¢ 1/2) are found in terms of a stream
function defined by a¢(i)/a #t = r+U(i), LJJ(i)/B x = - r+V(i), where i=1, 2.

The largest terms in Eqn. (3.1), combined with the irrotationality condition,

lead finally to

QO
lp(l)(x+, r+) = Z) a(l)e n r+J1(an+) (4. 6)

31



where Jl(hn) = 0 for n=1, 2, 3, ..., so that the wall boundary condition
(i), + (i)

: +
Y (x ,1) = 0 is satisfied; also -+ 0 asx — oo, and boundary values

+
are to be specified at x = 0. To the order required, the shock-polar equa-

2
tion reduces to the Prandtl relation, and so L}J(l) =r (1-r 2)/4 at

+
x = 0. The condition that the ring source gives no term of order u_r6 /R

2
2 + +
@ _ m, T /4atx =0, Comparison with the

(2)

wall boundary condition shows that is discontinuous at the foot of the

+ + + +
shock wave x =0, r = 1; the value obtained asx -0, r - 1 depends on

in U+ at x+ = 0 implies

1
the direction of approach. The coefficients a.I(1 ) can be found from the solu-
tions of Messiter and Adamson [29] or by direct calculation, and the coef-

ficients aiz) are found directly:

(1) 4 (2) ™y
a

o = - ——e a - o (4- 7)

7\33' ™) n Z)\nJo()\n)
no n

for n=1,2,3,... .

For calculation of the pressure distribution and the shock-wave shape,

(2)

it is convenient to introduce the corresponding velocity potential ¢ °, which

+ (2)

satisfies 9 ¢(2)/8x = U(Z) and 9 qa(z)/a ev , and which has a loga-

+ +
rithmic singularity atx =0, r = 1. With the help of the asymptotic form

for Jo()\ ﬁlr+), one can show the singular part explicitly:
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+ +
@), + + rnl g 1 Jo()\nr) -)\nx
2 {5 e

¢ (X’r)=-
n=1 nJ ()
o n

(-1" it i_); 1L+ 7
- - e cosfr(n+)r -] }
7r(1_1+'i)(r+)1/2 4 4
™ X 1+¢ 1
- — {In +Ztan—§-4§'} (4. 8)
- (r+)1/2 1-¢
LN + e g
where In € = - (1 /4){x +i(1 -r )}, and R indicates that the real part

+ +
is to be taken., Asx -0 and r — 1, the largest term in the complex

velocity U(Z) - iV(Z) is due to a two-dimensional source of strength m

1’
in agreement with Egn. (3.22). The change in the boundary-layer displace-

ment effect is then found by subtracting the source term from U(Z) - iV(Z)

4+
and adding the constant term which remains as x — oo. If the numerically
small contribation of the infinite series is omitted, the corresponding
correction to the wall pressure is
AP m 5w +/4.
1 e *

[{] .
P - "VYe Rz ('7f T - % (4.9)
e -TX TX

+ 1
Asx = X/(boR) 0, APW/Pe approaches a constant value - g Y mluTG /R,
which implies an additional second-order correction to the boundary-ayer
solution found in Section 3 for X = O(boﬁ). The shock-wave shape is found

R X X . + .
directly from the potential; in particular, as r - 1 the displacement of
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the shock from its intersection with the axis is found by adding the pertur-
bation potential from Section 3 to that found here, and subtracting the com-
mon term proportional to In Y. The result is
axg = - (419 0% 2m 6 Im(R/6) + Ola_se 12 (410
In Fig. 5 a comparison is made with pressures measured in a circa-
lar pipe by Gadd [2] , for Me = 1.12 and € = 0.097. The length of an equiv~
alent flat-plate boundary layer is not a given quantity; instead, Gadd's
estimated value for boundary-layer thickness is used here, along with the
estimate 6*/6 = 0. 45 found from the measured velocity profile. The sonic
line is therefore still further from the wall than in the Ackeret experiment.
Other approximate values are calculated as u_ = 0.04, 6 =0.02, and
II =0.1; the Reynolds number corresponding to these values is Re =
6 x 106. A pressure gradient due to small divergence of the test section
is estimated downstream by Pt-la P/3X = 0.06. The effect of finite pipe
radius is seen to be about as large as the boundary-layer displacement
effect. The upstream exponential decay is also shown, with x: again taken
equal to -14, Again there is a relatively large region where no prediction
is made and where numerical solution of the transonic small-disturbance
equations is required. Such a solution was obtained by Melnik and Gross-
man [4] for this case and is also shown in Fig. 5. For large x the analy-
tical and numerical solutions differ by an amount about equal to the correc-

tion for the change in pipe cross-section area.
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5. Concluding Remarks

The interaction of a turbulent boundary layer with a weak normal shock

wave has been described here and elsewhere [3, 4, 8] in terms of a rational
approximation based on systematic asymptotic expansion procedures. The
interaction is characterized by two small parameters, a nondimensional
friction velocity uT and a nondimensional shock-wave strength €, and limit=~
ing forms of the local solutions can be studied as u_ - 0 and ¢ = 0. For the
case uT/e ~ o [3] , analytical solutions indicated that separation does not
occur; solations for uT/G held fixed [4] , with the first approximation de-
scribed by the transonic small-disturbance equations, gave the same result.
I, finally, uT/E - 0, it appeared that analytical solutions would be possible
and that perhaps the onset of separation could be discussed. Solutions for
the pressure have been obtained here and will be used in Part II for the cal-
culation of wall shear stress and a discussion of incipient separation.

The largest terms in the pre ssure, of order a_, are derived quite
easily, and a number of higher-order effects have been added. Corrections
of order EuT give, e.g., a 35% change if Me = 1.25. A partial solution for
terms of order uf_' shows that these terms likewise are significant, typically
giving changes of 25% to 50% for Re = 106 or 107. Corrections of order
Ka_ and uTG /R, obtained in analytical form for a wall with longitudinal cur-
vature and for a circular pipe respectively, are found to be numerically

important for the tests of Refs. [1] and [2] .
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In the solutions for these higher-order terms, the dependence on the
parameters is of course shown explicitly, and the relative importance of
different effects is therefore apparent. It is not, however, possible to ob-
tain analytical solutions in the asymptotically small inner region which
accounts for the upstream influence. For values of the parameters cor-
responding to actual transonic flight conditions, it is possible for this re-
gion to be relatively small. Experimental results, however, are not avail-
able in this parameter range; for existing data, either the flow is separated
or the sonic line is not close to the wall. Nonetheless, some comparisons
with such data were attempted, and the agreement seems fairly good down-
stream from the inner region. The predicted pressures remain somewhat
higher than the experimental values, and the correction terms calculated
thus far are large enough to suggest that additional higher-order terms would
be likely to give still further improvement.

An essential feature of the asymptotic flow description in terms of a_
and € is the two-layer structure of the undisturbed profile, expressed by the
law of the wake and the law of the wall. It is this property which permits
the calculation of interaction pressures without knowledge of changes in
shear stresses close to the wall, In other studies [31, 32] which were not
based on use of this profile, derivation of a sublayer solution was necessary
before the calculation of the pressure could be completed; these studies also
introduced a linearized formulation for the main part of the boundary layer.

In the present asymptotic description for uT/€ -0, sublayer effects do not
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appear even among the second-order terms in the pressure. Linear equa-
tions appear naturally as a consequence of the limiting case considered,
and the procedure for adding higher-order terms is clear. In the formula-
tion for u_r/e held fixed [4] , again the flow details near the wall do not
influaence the pressure. The differential equations obtained in the limit
are, however, nonli_n_ear. and numerical solution 'is required. For uT/E ~
[3] , the pressure once more is found without knowledge of changes in the
wall shear stress.

A complete asymptotic description for 0< uT/E < oo is therefore now
available, with numerical solutions obtained as o~ 0 and € -~ 0 if u_l_/E is
fixed and analytical solutions if uT/€ ~ 0 oY uT/E -+ 0. For accurate
calculations in parameter ranges of practical interest, some further ex-
tensions appear to be needed. In the present case, as 111_/E - 0, the neces-

sary condition that the sonic line be close to the wall is met for a rela-

tively narrow range of the parameters. The solutions for wall pressure would
be more useful if a simple curve fit was introduced for the inner region, say
by means of a straight line tangent to the source solution downstream and to
the exponential solution upstream. The choice x: = -14 in the exponential
term was made for agreement with experiment in Fig. 3; the results shown
in Fig. 5 suggest that the magnitude is too large and that perhaps a more
suitable tentative value would be x: = -10. The present solutions also suggest
that terms of higher order than those retained in Ref. [4] are likely to be

important for u /€ = O(1). In this case the curvature correction would no
T

longer have a simple form, but would have to be incorporated in the numerical
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solution through the use of modified boundary conditions. Moreover, it ap-
pears that certain terms of order u_f, and possibly still other higher-order
corrections, will also be essential for numerical accuracy, in the wall
shear (Part II) as well as in the pressure. Finally, the local interaction
influences the potential flow at larger distances; the manner of introducing

corrections in the external flow deserves further study.
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Appendix A: Interaction at Supersoni_c Speeds

Solutions as o —+ 0 with € fixed, such that the restriction to weak
shocks is removed and the flow is considered supersonic rather than tran-
sonic, permit estimation of previously neglected higher-order terms in €.
It is found that an outer solution obtained for X/6 and Y/6 fixed can no
longer be matched with the inner solution derived for x* and y* held
fixed. Instead, it appears that a set of intermediate limits should also be
considered, such that a_ In y'* is held fixed, e.g., such thaty = (6*/6)y*
= O(6%/8 ) for0< n< 1.

For each value of a_ In y* such that 0 < u_ In y* < 'u_r 1In (6 /6*),
the velocity profile (2.15) gives a value for Uu in the range 1< Uu <1+e.
The flow downstream of the shock wave is then described in terms of small
perturbations about a uniform flow with properties found from the jump

conditions for a normal shock wave, and indicated by a subscript o, as

follows:
U = A
o~ U (A.1)
a
P_ 1-u?
P - 1 = 2y > (A. 2)
e (yfh)ug - (y - 1)
o]
-9 _ LZ (A. 3)
pu Uo
2
2 2 1-U,
B = 1-M" = ———— (A. 4)
o o . 1- y-1 UZ :
yHt °
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The perturbation quantities can be expressed in terms of variables X/(_BOY)

* *
and either u Iny or t;v._r In x ; the latter is more convenient. Variables
T

o and A are defined by

N o= =% (A. 5)

-1 X X
T B & ° B Y
o

, where o_ will be

Here o = O(1) and A = O(}), B0 = Bo(cr), and 0 < o< o 5

6
defined in Egn. (A.8) such that Uo(0'6) = {1+ e)—l. If o - 0, then

Bi ~ (vt (x Ti/z) - '_J'r In x*, as noted following Egn. (3.35), and \ is pro-
portional to x*/(y* Yin x=== ), the similarity variable suggested for the deriv-
ation of Egns. (3.34) and (3.35). The relation K'luT In (Y/8,) =0 -« 'luT In )
implies the equivalence of u_ In y* and a_ In xaﬂ= already noted. At the shock

wave A = A s(cr), any quantity f has the form
-1 % -1
f(k 'u Iny )~{fle)-k "u £'(c)ln X (A.6)
T T s
where f may be, e.g., Uu’ Ud’ Pd or p 4. In particular, Uu at the shock

- *
wave is evaluated by replacing k luT Iny with ¢ in Egn. (2.15) and then

setting f = Uu in Eqn. (A.6); therefore UO(O‘) is defined by
1/U_(s) = T sin {sinHrY + r'l(Tw/Te)l/ 25} (A.7)

where T = (Y+1)1/2/(Y'1)1/2 as before. For UO(O'G) = (1+€)'1, e is defined

by

-1 -1
Tg = K uTln(6/6*)+2II1< a_. (A.8)

and can be calculated with the help of Eqn. (2.14). It also follows that

U'o(crs) = -1 +e¢) 2
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For the region downstream, of the shock wave, Egns. (3.1), (3.3),

(3. 5) and (3. 6) suggest expansions of the flow quantities in the form

U = Uglo) + & U\, 0) +... (A.9)
V = B_(0)k o V(A 0) +... (A.10)
P = P (o) + K'lqul(x,_cr) +... (A.11)
b= p (o) * ... (A.12)

The differential equations (3.1) and (3. 3) lead to the system

U, -AV, = - k-lU'o (A.13)
A A
UU +P, = uxto a7l (A.14)
YP o o 1, - TYPLY, o~ o :
1N A
U - =
ypo 0V1 )\Pl 0 (A.15)
A A
The vorticity Q = VX - Uy’ referred to later, is found from these equa-
tions as
u P
- . '
R = -3 (U°+YPOU0) (A.16)

The solutions for U1 and P1 must satisfy boundary conditions at the shock

* wave A = )‘s' and it is required that Vl -+ 0as A =~ . The resunlts are

Pl

— _—0 2
U, Ut in ) o Uoln(x +1) (A.17)
[o]
1
Po v -1
v, =  -tan” \) (A.18)
2
P = __l?:P. In 2’* (A.19)
© Ao+

As A\ =0, Ul and Pl have a logarithmic form consistent with the second
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term in the expansion (A.6). Equation (3. 6) for the shock-wave shape gives

T B P!
X ~k u #Y (A. 20)
s T 2ye (1-UY
o] [e)

for 0< o< o ; thus A _=O(a). The slope dX_/d¥ is O{ui/z/(]_n x )2 or

6;

Ofu )as o +-0or 0 — T respectively., Since P. - 0 as A -+ oo, the wall
T

1

pressure is found from Eqn. (A.2), for 0 < ¢ < Cg» as
P 1-ul
W o
5 - 1 = 2y > + o(u._r) (A. 21)
e (yt)U - (y-1)

For X = O(6) and Y = O(8), variables x and y are defined by

_ X _
* T B (6.)6 y =
o o

OaIK:

(A. 22)

where Bo(o’ﬁ) is the value given by Eqgn. (A.4) with Uo(0’6) =(1+ €)-1. The
differential equations give Q& ~ - UY - (ypU) -lPY, and ahead of the shock
wave € ~ - (uT/G)u'Ol(y). Relative changes in 2 along a streamline are

small except at the shock wave, and so the first approximation for € remains
a function of Y, which can be calculated from the shock—-wave relations, in a
form which agrees with Eqn. (A.16) as y - 0. The flow is then described as
a uniform flow at speed U, (0'6) with superimposed small perturbations, the

rotational part being shown explicitly:

1 Polog)
U~ l—+€— * u-r{ U‘; (65) ¥ Yp 0(0'5 )Uo (0'5) } lJ'Ol(y) * u'rq)x(x’ y) (A.23)
V~a Bo(05)¢y(x, y) (A. 24)
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For u — 0, it follows from Eqgn. (3.1) that ¢ must satisfy Laplace's equa-
T

tion. The shock-wave relation UdUu ~ 1 gives the boundary values for ¢x(0, ),

the shock-wave location being taken as x ~ 0 in a first approximation; also

6 (x,0) = 0and V$ —~ 0 as x2 + yz -+ . The solution is
Yy

P (og)
$(x,y) = -n—'\[p (0’6)U (0' ) f

um(n)ln{x2 + -0 2 W 2g  (a.25)

This result has the same form as the solution (3.19), which is recovered if
2 2
the coefficient Pc; /(poUo) is expanded for € - 0. Asx +y - oo, the com-
plex velocity and shock-wave shape have the same form as in Egns. (3.22)
. - 6 P'
and (3. 24), respectively, but the source strength is now a_&my o/(2\1 PoUo)’
evaluated at o = g e Since Px ~ -y po(O'G)Uo(crs)Ux, the wall pressure is

oo uOI(n)

> > dn (A.. 26)
x +n

25,
PW Po(u'é) +TrPo(cr6)uT X

o
-~

The expansion as x - oo of an inner solution derived for x* = O(1)
gives P /P ~1+2vy(x T /2 lu In x*, which does not agree with the ex~
pansion of Eqn. (A.26) as x —~ 0. Instead, the two results are the leading
terms of Egn. (A.Z21) expanded for ¢ -~ 0 and ¢ —~ Ts respectively. Thus
one can construct inner and outer limit-process solutions, but they cannot be
matched in the usual way, and the expansions (A.9) through (A.12) are not
limit-process expansions. This asymptotic structure is closely analogous
to, and is a direct consequence of, that for the velocity in the undisturbed
boundary layer. A solution for Pw which is valid for 0 < ¢ < Ts Ca be

written in a form analogous to Eqn. (2.10), by use of a suitable correction
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to the argument of the function Po:

(A. 27)

ENN
c

N
A

P ~P (o, +
w o &

If u_ = 0 with x held fixed, the first two terms in the expansion of Egn.
(A. 27) are the terms shown in Egn. (A.26). If u_ = 0 and x.— 0 with

u_ In x* held fixed, Eqgn. (A.21) is recovered. The result (A. 27) would
replace Egn. (3.21) if € were not small. However, 0 < € < 0.3 if

1< Me < 1.4, and even at € = 0. 3 these two results differ only slightly;
e.g., Po(cr.d) differs from its three-term representation as ¢ = 0 by less
than three percent at Me = 1.4. Corrections for € = O(l) are therefore of
far less importance than the higher-order effects described in Sections 3

and 4,
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Appendix B; Intermediate Solutions

Foru <<€ << 1, intermediate solutions can be derived for 6, << Y << §

and u_l_ll2 by << X <<€1/2 6

. In applications where u_/€ is a much smaller
number than in the examples of Section 4, these solutions can be used to give
higher-order terms in the region of the steepest gradient in wall pressure.
From a theoretical viewpoint, the solutions can be used to show details of the
higher-order matching of terms in the outer and inner solutions. The first-
order inner solution for the wall pressure as xF > 0 is Pw/Pe ~ 1+ O(uT 1nx*),
whereas the outer solution as x >0 gives P,/P_~ Pf/Pe + O(u_r Inx), where
Pf/Pe ~ 1+ Of). Thatis, the inner and outer solutions for P, describe
small perturbations from different constant values. Matching of the solutions
is nonetheless possible provided that € =~ 0; if, however, € = O(1), the solutions
no longer can be matched, as explained in Appendix A. Derivation of some
higher-order terms for € > 0 helps to verify that the matching procedure can
be carried out to higher order,

A shock wave in the external flow can extend into the boundary layer
almost to the sonic line, which is located close to the wall in the present case
for u; << €, Near the sonic line the beginning of the pressure rise implies
outgoing compression waves, in a weakly rotational mean flow described by
the velocity-defect profile, which will coalesce to form an outgoing shock
wave with very small downstream inclination from the normal to the wall,
For Y = O(84), the undisturbed profile is Uu =1+ O(uT), and an "inner!"
solution, discussed briefly in Section 3, describes changes in U which are

also O(uT) along a streamline, In the limit as u_ ~>0, nontrivial equations
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3/2

are obtained for describing this initial change if X = O(u_l_ll?" 64) and V = Ofu
These are the transonic small-disturbance equations, with prescribed vorticity.
For the second approximations, to be discussed below, an additional term must
be retained in the expansion of Egn, (3.1), and a correction to the vorticity is
needed. To second order in u_, for Y = O(64), the entropy s is unchanged
across the shock wave, and also pu=1+ O(uT), so that the streamlines are

approximately lines Y = constant. The first terms in equation (3, 4) give

1

QU~ Y " Tds/dY, where @ = 8V/8X - 8U/8Y, and changes along a streamline

1 1

-1 AT - U~ AU, SinceU~1and T~1, and since

are related by Q7" AQ ~ T

Eqgn. (3.2) with T = a’ gives AT~ - (Y~-1) AU, the change in vorticity becomes
A~ - YR AU. The total vorticity is then

9

v 98U dUy
axX

AUy,
av =~ qy FYU-U,) 5 e (B.1)

where Uy, is found from Eqn. (2.15). A somewhat longer calculation based on
expansion of the differential equation for the vorticity shows that this change
in vorticity contains two contributions, one from the change in density and one.
from the torque which acts on a fluid element because the pressure gradient
and density gradient vectors are in different directions.

Coordinates x*, y* and perturbation velocity components u*, v are
defined in Eqns. (3.27) and {3.28). The inner region Y = O(64), X = O(u_l_]'/2 6.)
sketched in Fig. 2 is to be understood as vanishingly small in the limit as
uT/€-> 0. To the order needed in the derivations which follow, Eqn. (3.1) and

the vorticity equation become
* % * 1. % *2 % :
u ux*—vy*——(Y—Z)a woutu ke (B.2)

46



3 B u % S sk
Sy . - u o = - + u - u —_— 4 ... B.3
A 3 Ya©u_( " (B.3)

where uz refers to u™ in the undisturbed boundary layer, found from Egn.

(2.15), and o™ is a constant defined by a* = (|<Te1/z)"1

u*-l/Z

. Changes in the slopes
of the characteristics dx*/dy* = are O(1) in the region where x* and
y* are O(1), and so the outgoing compression waves presumably will first
coalesce to form a shock wave at a finite value of y*. The shock-wave shape

will be described in the new variables by xF= x:(y*). The shock-wave relations

(3.5) and (3. 6) become

w2 1w w2 % * % %2
vy —Z(uu-ud) (ud+uu—u_rcz ul + eee) (B.4)
ax*® v

25 (B.5)
dy ug - uy

where the subscripts u and d again indicate values immediately upstream and
downstream of the shock wave. In obtaining Egn, (B.4) use has been made

of the anticipated result that u(; ~ - u::, since the shock wave is nearly normal,
The value of u; can depend on the solution, since for y* = O(1) the pressure
disturbance extends ahead of the shock wave. But the outgoing compression
waves which originate here, within a distance X = O(uTI/Z 5x) upstream, are
overtaken by the shock wave when Y >> 6., and so the upstream flow is the
undisturbed boundary-layer flow when Y >> 6,. Henceforth the subscript u
will refer to conditions in the undisturbed boundary layer,

The discussion preceding Eqgn, (3.34) suggests the use of variables t

and \ defined by
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(B. 6)

72 X 72 (B.7)

X

v* (lnx*)ll2 Y (Y+ 1)1 (™ u, 1nx*)1

This definition of X is equivalent to that given in Eqn. (A.5) if u_ Inx” is small,
Solutions are now sought for u. > 0 and t > o, such that u_ .t =+ 0 and X is

held fixed. If u* and v are now regarded as functions of the new variables

t and \, the differential equations become

1 P _l_ b i b B
YA N TR U

I T 1 %2 ox 1 %
_-(Y-Z)a uTtI/Zu (ux+)\ut+ )+ (B.8)
Ao d i) Ve
172 %t 2t I\ oY
:-1+a*uT(Yu*—Yzlt+- ) + (B.9)

The forms for the first terms in an expansion for u”* should correspond to
the terms required at the shock wave, found from u:i ~ - In y'* with y* = x*/()\tllz),
and the forms for additional terms in u™ and v* are found using equations (B. 4),

(B.8), and (B.9). It is then assumed that

w¥a {tu ) + (nt)T, 00 + u () + t Lint) T, 00

selu,00 + oo b atu {2 e o0+ emns, Moy

n tul(l)()\) N B T (B.10)

v {tl/zvl(x) + (t—llzlnt)VZ(K) + t'”2 v2(>\) +-0-}

+a*u1_{t3/2v1(1)()\)+---}+--- (B.11)
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It will be seen that these assumed forms are sufficient to provide the first

few terms of a self-consistent set of solutions to the inviscid-flow equations.

When the assumed expansions (B, 10) and (B.11) for £t >~ » and uTt -+ 0

are substituted into the differential equations (B. 8) and (B.9), it is easily

(1)

seen that the largest terms u, and u are constants, the values of which

0 0

are to be determined from the shock-wave conditions. In the new variables
the shock-wave shape can be written as \ = )\S (t). Substitution in the shock-

polar equation (B, 4), with u:l found from Eqn. (2.15), gives

tllzvloxs) + ees = -l/z{t—tuo(xs) + "'}{t—%‘lnt

St -l etu P te )+ (e, )
P ) 4ot at tzuo(l)()\s)+...-a*u_rt2+ . P2
(B.12)
Equation (B.5) gives the shock-wave shape in the form
dx: tl/zvl(xs) +oaen .
agt  t-tu )+ ees T © RNV (B.13)

/

s o B 1 2 -
Integration then gives xs = Oy /({lnx") ) and so 7\5 = Oft I). Thus the

functions of )\s in Egns. (B.12) and (B.13) can all be written as series
expansions about A = 0, with ln}\s ~ - Int, The largest term in the square

root in Eqn. (B, 12) must be O(f:nl/2

), and so the first several terms inside
the brackets must add to zero, In particular, it follows that

3+Y
4

u,0) = - 1 , uo(”(x) = (B.1

4)
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The differential equations for '1'1'1, ul, and v1 are

= -1 (B.15)

1
=1 . [ 1 = ] 1
ul_O , u v X ’ )\u1+v1

and it is also required that vy +0as A —~*>w., As A =0, it is found from the

solution for u, that u; ~ In\ + const, The shock-polar equation (B. 12) then

given Elo\s) =1/2 and ul()\) -Inx=>0as X =0, The solutions are

A
S|

§,00=2 , wl)=I . vl(x)=2tan'1(%) (B.16)

1

Sk ;l——l o
The largest terms in ot + Iny™ and in (Inx™) /Zv"", i.e., ul + In\ and
. . . _ L sk *-1/2
Vs respectively, are functions of the variable X = (x"/y™) (Inx") and so

have a self-similar form, ZFurthermore, if M is the local Mach number,
(1- MZ) ~ (Y+1)(1-U) and so, using 1ny*~ Inx™ for \ = 0o(1),

1- M2~ (Y+1) a*uT Inx™ (B.17)

/2

e (1-M2 2%y (B.18)

/2

2.1
That is, the Prandtl-Glauert factor (1-M) appears in a familiar position

in the variable A, and also appears in the velocity component V, which can be

2.1/2 (1)

written Va~ (1 - M 0

% . —
atu_ vl()\). Also, the solutions for Uy, Uy, and u

oo E3 3 st ¥ -
are consistent with the result ud ~ -Iny + ZY a” u_ lnzy ¥ which would be

found if the shock wave were exactly normal, The expansions (B.10) and

(B.11) for u™ and v* then describe small perturbations about a parallel flow

) . 3 . N
with U~ 1 - ar*u_r Iny™ + LY (oz"‘u’r lny‘)z, and the largest terms satisfy

4
equations which are essentially the Prandtl-Glauert equations, but with

specified non-zero vorticity, and written in a self-similar form, These

terms are given in Eqgns. (3.34) and (3. 35).
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The pressure is then found from equation (3.11), and for A = oo
* e
Pw/Pe~ 1+2Y¥e uTlnk (B.19)

where Pe ~1-Ye + ..., The result (B.19) was given by Adamson and
Messiter [8], and, with the replacement In y* ~ lnx*, the first-order solutions
(3.34) and (3. 35) also are easily shown to be equivalent to their results for the
velocity components. In addition, the first-order shock-wave shape, for
5% << Y << §, follows from equation (3. 6) as
X_(Y) ~ % r (nx) Hve 1)t/? (@*u_ mx%y
(B.20)

A~ 5t
An attempt at using the termi- 3+Y) a*u_r t2 in uzﬂ< to obtain a correction
in the wall pressure P leads to a difficulty because the second-order term in
the pressure formula (3. 11) contains a factor lny*, whereas a result for A — oo
is required which depends only on x*, 1If the replacement In y* ~ Inx* + In\ is
made in this expression, it might be anticipated that a higher-order term in
u* would permit cancellation of the term in P which contains the factor In\,

With this assumption the improved approximation for P, is found to be
P /P ~1+2Y¥a®u Inx*+ 2Y(BY-1)@*u Inx®°+ (B.21)
w! Pe @”u_In > @”u_ - .

The calculation of higher-order terms below shows that the cancellation does

actually occur, and so the assumed result (B,21) is in fact obtained for Pw.

—(1) (1)
1

Solutions are next derived for EZ’ w,, u; o, and u

(1
1

. The differential

equations (B, 8) and (B.9) give u = 0 and
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1 1
=1 e BRNUE SEPRES BN 1 1
u2—7\v2—2(ul )\) )\u2+v2 0]
u'-)\v'=(l+u)(u'-—) )\u'+v'=-1—(v'——v) (B.22)
2 2 2 1 1 A 27 2 2'1 1 .
9) 1 _1 AP § 69  _ 1
u; -)xvl /—4(5Y+1)u1 4(\’.1))\ )\ul +v1 -—2(3Y+l)

The shock-polar eguation (B.12), after substitution of the solutions (B. 16),

and with the additional terms now needed, is

ETE )

1/2+"'+a*u-r v () + .-

Tt

-1/2 Y-1 . Y-1 o«
=2 {2t+...}{ 7 o u thnt+—=o%u tink_+

e mow, 0+ e, 0 ) +e*u_emwo)

(1)

s s ]. 2
tofu tu o Y+t afutnt+2inn) + ... ) (B.23)
T 1 s T 5

where the functions of A\ are to be expanded about the result (B. 20)

A~ P t'l, for t > o, Since the differential equations give 'ﬁl(l) = constant
1
and u1(1)~ -3 (Y+3)In\ as X — 0, it follows from the shock-polar equation
(B.23) that El(l)(x) =- (Y+3)/4 and
— B 1 2 (1) Y+3 _
w,(0) =, (0) -5 7w = [u T ) + S 1"“x=xs =0 (B.24)
In addition it is required that VZ » Voo vz(l) - 0 as A\~ w, The solutions are
2
-1_1'2()\) = - _—)\2—' -\—/2()\) = % (tan—l)\ - % - A 2)
2(\"+1) 14+
2 2
1 1 1 -1_2 3
u,\) == In Zx -5 In 2)\ +-z(-;—r- tan " \) +—g
AN+ A o+1 X +1
A A 1 -1 m G 1 In (x2+1)
vz()\)=— > In > +E(tan )\-E')ln 2 +E > dx
L R S | Ao+l A 2o+l
—(1)_ 1 (B.25)
(1) 1 2 1 1 2
u; ) = - > (Y-1)In (A +1) - E'(Y+3)1n)\ -2 5Y+1) )\2+'1
1 1 -1 1
v oy =L visygan I -5 oL sy =2
1 4 2’ 4 A4
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The improved solution for the wall pressure is, in terms of t = lnx*,

o 1 1 31'r2 1
Pw/Pu~l+Yar uT{Zt-lnt+Et lnt-Tt + ...}

-i-Y(ar*uT)Z{%‘BY—l)tz—_%(3Y-1)t1nt+%(5Y+l)t+---} +.-- (B.26)

The solution for u®(x¥,y¥) as x™ = wcan be compared with the expansion as
x ~> 0 of the result derived for x = O(1), Retaining only the terms which in-

crease in size, one finds for the velocity

sk 3 1 3 sk 3 3
U-l~-c"u Inx™+=e u Inlnx™ + 2*u_ln\ - oe®u 1n(1+K2)
T 2 T T T

+3 o, 2 2 e o st e
Y (e®a ) In"x* - y+3 (x"u )Z Inx" Inlnx™
4 T 4 T

+

Y-1
2

2
3 5v+1 N
Y g o 2¥YEL A }1nx"‘+--- (B.27)
1

2
In(A +1) ~ > 2 2,

(e u % {_

),
B

As x™ — 0, the largest terms in Eqn. (B.27) agree with the largest terms in
the expansion of Egn. (3,9) as x = o, found with the help of Eqns. (3.12) and
(3.20). For another comparison, the expansion of Eqn. (A.27) for the
pressure as € =~ 0 and x = 0 is equivalent to the three terms shown in Eqn.
(B.21).

The order of magnitude of Vas A ~ o can be found from consideration
of the region for X >> 1 in which changes in 7 can no longer be neglected in the
X-momentum equation, For intermediate limits such that A = o slowly, the
inertia and pressure terms are still dominant, whereas for intermediate limits
such that y = « slowly, the equation remains T~ 0. There must then be a

special limit for which all these terms are retained, It is found rather easily

that this balance of terms occurs for Y/X = O(u_r). Solutions in this limit are
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obtained in Refs, [3] and [4] and in Part II of the present work, for the cases

€ << u_, € = O(u_r), and € >> u_, respectively. For the present case (Part II},
a term of order uT2 lnx* in U, when substituted in an expansion of Eqn, (3.1),
leads to the result that V = O(u_:’ lnx*), smaller than any of the terms in V
retained above, It is this argument which implies the boundary condition V - 0
as the distance from the wall decreases, to all orders of magnitude considered
in this and subsequent sections,

The result (B, 26) does include the correction term anticipated in Eqn.
(B.21) and also shows a number of additional terms. In one of the smaller
terms a factor lny* has been replaced by Inx™ in anticipation, as before, that
the omitted part In\ would be cancelled in the next approximation, This minor
difficulty appears to arise because a different approximation is needed if
y* = O(l) and therefore In\ =-O(t), Here u* is not correctly approximated
by -1ln y* because the gas in this region has not passed through a shock wave,
but instead has undergone changes described by the transonic small-disturbance
equations in a region where x* = O(1), However, PY is extremely small if
y>:< = O(1) and x* >> 1, and so Pw is obtained from the above solution in the
limit as X = o, If the expansion had been carried out instead in terms of In y*
rather than lnx*, it would evidently have been necessary to derive additional
"inner' solutions for y* = O(1l), because in this formulation P is expanded for
In y* - o and does not approach a function of x* as the corresponding similarity

variable becomes large.
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1. Introduction

When a shock wave impinges upon a wall, it penetrates the boun-
dary layer along the surface and both th;a shock wave and the boundary
layer are changed from their undisturbed states. If the boundary layer
remains unseparated, these mutually .induced changes take place in a
small interaction region. For a turbulent boundary layer, it has been
established [1-8] that an asymptotic description of the interaction re-
gion requires a three layer structure. In the outermost layer, com-
prising most of the boundary layer, pressure forces are much larger
than forces resulting from Reynolds or viscous stresses so the govern=-
ing equations are those for an inviscid flow. For the limit process
to be considered, the solutions for this inviscid flow region are those
given in Part I of this paper [9] , hereafter referred to as (I). Imme-
diately adjacent to the wall is the wall layer, in which viscous and
Reynolds stresses dominate to lowest order. Between these two layers
is ‘the Reynolds stress sublayer [1] (referred to as the blending layer
in reference [Z] ) in Which momentum transfer toward the wall is carried
out by turbulent means (Reynolds stresses); the dominant terms in the
equation of motion are the Reynolds siress, pressure gradient, and
inertia terms.

This paper is concerned with the analysis of the flow in the two
inner layers, the Reynolds stress sublayer and the wall layer, the goal
being the calculation of the shear stress at the wall in the interaction

region. As indicated above, the limit processes considered are those used
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in (I). Thus, if € is egqual to the nondimensional difference be-
tween the velocity and the critical sound speed in the flow external to
the boundary layer, and a_ is the nondimensional friction wvelocity, we
consider 1imit processes such that a_ << e << 1. In previous analyses
for ¢ << u_ (Reference [1]) and € = O(uT) (Reference [2])} it was found
that it was not possible to formulate an asymptotic criterion for shock
induced separation. Here, it will be shown that even for ¢ >> a_
there is no apparent asymptotic separation criterion. However, exam-
ple calculations will be used to show that the equation derived for
the wall shear stress may be used to predict conditions for incipient
separation with reasonable accuracy.

It is worthwhile reiterating the fact pointed out in (I) that for an
unseparated boundary layer the solutions in the inviscid and inmer la-
yers are uncoupled. Because the inner layers are so thin, the change
in pressure across them is negligible to the order retained and so the
solution for the pressure found in the inviscid layer in the limit as
the wall is approached is indeed the wall pressure. With this pressure
distribution known, then, solutions in the inner layers may be found,
leading to a relation for the wall shear stress. Thus, the unseparated
flow case is a weak interaction problem. This is not the case for a
laminar boundary layer and occurs for the turbulent boundary layer
because the wall layer is so thin that the upstream influence of the
interaction causes negligible lifting of the fluid from the wall; that is,

to the order retained the V component of the velocity is zero, in the
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inviscid layer, as the wall is approached. This point will be discussed
again later.

In order to complete the formulation of the problem in the inner
layers, it is necessary to specify a closure condition. Here, we use
a mixing length model, including the van Driest damping factor, to
write an eddy viscosity [10]. Such a closure model appears to give sat-
isfactory results as long as the flow is unseparated [11] and has the
virtue of simplicity; when the flow is separated, use of such a model
gives results which have the correct trends but which do not agree well

with experiment.

2. Solutions in the Inner Layers

As in (I), transonic flow over a flat plate with a turbulent
boundary layer is considered, with a normal shock wave intersecting
the boundary layer; an adiabatic wall is assumed as are conditions
sach that the total enthalpy may be taken to be uniform throughout the
flowfield. Nondimensional Cartesian coordinates X and Y are measured
parallel and perpendicular to the wall respectively, with the origin at
the point where the normal shock wave intersects the boundary layer.
Lengths are made dimensionless with respect to the distance from the
leading edge of the flat plate to the shock impingement point, L, and
Cartesian velocity components U and V with respect to the critical
sound speed in the flow upstream of the shock wave and external to the

%
boundary layer (hereafter referred to as the external flow), ae. The
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overbars indicate dimensional quantities. The mean temperature, T,

density, p, pressure, P, and viscosity coefficient, u, are referred

% %

—ck pu—

to their critical values in the external flow, e.g., Te' Ple’ etc. We

write the Reynolds number, Re, in the usual fashion and for convenience

define a Reynolds number parameter, Req‘, as follows

Re = (22L&, (1)
mn
e
* - —k—
Re = (&——) (1b)
T e

The term <p'V'> /p is included in V, where the primes denote fluc-

tuating quantities and the bracket denotes the average value. The

e
-t

friction velocity, u_, is made dimensionless with respect to a s and

is defined in terms of the external flow density as follows:

= . ,
e “fu

1 1
u = =i = = U (2)
e

where ‘qu is the shear stress at the wall in the undisturbed flow at

X = i, and where c is the corresponding skin friction coefficient de-

fu

fined as shown. Finally, the external flow velocity and Mach number

are written in terms of a parameter, e, as

Ue = 1+e (3a)

UZ

2 e
M™ = - (3b)
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where for transonic flow, e << 1. As in (I), the problem considered
here is one for which u_ << e << 1.

In both inner layers to be considered here, the characteristic
thickness of the region is small compared to its characterxristic length.
As a result, normal Reynolds and viscous stress terms may be neglec-
ted compared to the corresponding shear stress terms and the trans-
verse pressure gradient is negligible, to the order retained in the anal-
ysis. The solutions to which these inner layer solutions must match
in a direction normal to the wall are those solutions found in (I),
expanded in the limit as y = Y/6 - 0, where 5 = E/I—_. is of the or-
der of the boundary layer thickness. In the limit as x = X/A - - o,
where A = Z/f is of the order of the extent of the interaction region,
the solutions must match with the corresponding relations in the undis-
turbed boundary layer. It is seen, then, that the flow problem in the
inner layers of the interaction region is formulated as a boundary la-
yer problem with a known pressure gradient. This also helps explain
why an additional layer (Reynolds stress sublayer) is necessary in the
turbulent boundary layer case. That is, in either the laminar or tur-
bulent interaction, there is an outer layer in the interaction region
where pressure forces dominate over shear forces, and inviscid flow
equations hold to lower orders. Obviously, then, solutions in the outer
layer do not satisfy the no-slip condition at the wall and a new boundary
layer must be considered at the wall. In laminar flow, a boundary

layer is described asymptotically by a single layer and so only one
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so called viscous sublayer is needed in the laminar interaction. How-
ever, a turbulent boundary layer has a two layer asymptotic structure;
as a result, two inner layers are needed to describe this boundary
layer in the interaction region. The Reynolds stress sublayer is the
equivalent of the velocity defect layer, as will be seen.

With the above remarks in mind, it is possible to write. a2 simpli-
fied set of governing equations in which only those terms needed in

either of the two layers considered here are retained. They are as

follows:
8(pU) 8pV) _
aX + oy = 0 (42)
U U _ 1 9P 8, 2 .2[UlaU _ _B_ U
PU 5x ¥ PV oy = -y ax T ey (Pe DY laY‘aY re” ay) 4P

8P _

2y - 0 (4c)

T + (3‘—‘2—1—)U‘2 = X (4d)

P =pT = P(X) (4e)
YRe*uT 2

D = {l-exp(-T)} (4£)

where vy is the ratio of specific heats, D is the damping factor, and
2
k = 0.41 is the von Karmdn constant. Since terms of order u_ will

be retained in the solutions, it should be pointed out that terms such

as <p'U'> /p in the continuity equation (4a), and <p'T'> in the
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equation of state, (4e), which are of order ui, are not included because
perturbations from the undisturbed flow values of each of these terms
would be of higher than second order. Since the undisturbed flow solu-
tions are considered known to second order, and we are interested only
in the perturbations from the undisturbed flow, it is not necessary to
include the terms in question. As mentioned previously, it is assumed
that the wall is adiabatic, and turbulent and laminar Prandtl numbers
are unity, so that the stagnation enthalpy is constant, as in equation
(44).

As shown in (D), for the case e/u_l_ >> 1 the distance from
the wall to the sonic line is exponentially small compared to the thick-
ness of the boundary layer. Since the extent of the upstream influence
of the interaction region is ordered by the thickness of the subsonic
region, the upstream influence is confined to a region, hereafter
referred to as the inmer region, which is exponentially small in the x
direction compared to the main part of the interaction region, hereafter
referred to as the outer region. That is, in the x direction, the inter-
action region actually consists of two regions, one thin compared to
the other; in the y direction, each of these regions is subdivided into
the three layers mentioned previously. Following the procedure em-
ployed in (I}, the solutions in the outer region will be shown here
in some detail. Because the upstream influence is confined to the inner
region, the flow entering the shock wave in the outer region is simply

the undisturbed flow at the point in question. Inner region solutions,
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which are found using precisely the same methods employed in the outer re-

gion, are given in reference [12] .

Reynolds Stress Sublayer

In the Reynolds stress sublayer, which is intermediate to the outer
inviscid flow layer and the wall layer, inertia terms are balanced by both
the pressure gradient and Reynolds. stress terms in the equation of motion
in the flow direction. The extent of the outer interaction region is X = O(A),

where, as shown in (I),

A= b°6 5 = O(uT) (5a, b)

b, = (1) Y2 Y20 L ayie Ja ) (5¢)

If the dimensionless (referred to i) thickness of the layer is taken to be
Y = O(%), say, then since the Reynolds stress = O(ui) and from (I),
aP/8X = O(uT/A), the fact that the pressure gradient and Reynolds stress

A
terms in Egn. (4b) must be of the same order indicates that § = O(ll_r A).

A
. . A
Here, for convenience, we define 6, ¥ and x as follows:

(6a)
Y = 3% X = Ax (6b, c)

The solutions to which those in the Reynolds stress sublayer must
match as 9 -+ o are those in the outer inviscid flow layer, written in the
limit as Y/§ =y - 0. The equations for the U component of velocity and
the pressure, (Egns. (3.9), (3.12), (3.19), (3.21) and (4.2) of (I) are
summarized here for convenience. Thus,
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UG, 0) = (L+e) ™ +a [(+2ve +...)ugy)

+ (1 + (v -1e +...)u1(x)] +...

4x
m

- K& 1n(Co<5x) +... (72)

P (x)
PW - P(’l‘;o) = 1+vy(2¢ +(2Y-1)62+---)
e e

- ey {1 + (2y -1 +...)ul(x) +...

+ K5 ‘*—Yﬂ—x In(C_8%) +... (7b)

4x @ lJ’Ol(n)dn :
ul(X) = - 'n__ """"_’""’2 2 (7¢)
0 (x +n)
3, . . . -
where Pe =) ~ye +O(e ) is the dimensionless pressure in the external
flow. The function u01(y) describes the variation of the velocity from its
value in the external flow in the velocity defect layer in the undisturbed

flow. Thatis, if Uu represents this velocity component, it may be ex-

panded as

U, = U, +u_ v,y (8)

and u01(y') is the variable part of the velocity distribution in the velocity
defect layer in the corresponding incompressible boundary layer [13] .

The form given by Coles [14] is used here

u01(y) = K—l[lny -II (1 + cos wy)] 0<y<l1

(9)
= 0 y>1
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where II is Coles® profile parameter. The last terms in Eqgns.
(72) and (7b) are due to the curvature of the wall, i.e., for a wall with

convex curvature described locally by
1
Y = -—Z-KX + ... (10)

where K << 1 and K+ 0 ag u_ ~ 0 and ¢ — 0 such that K/e - 0. The
value of the constant Co is found from the solution for the flow field exter-
nal to the boundary layer.

If Egn. (7a) is written in terms of the Reynolds stress sublayer varia-

ble, 9, the result is
1 1, 3
U(x,0) =(1+e)  +uo [(1+2ve o m—+8_ () +...)

+ 1+ -1e +...)ul(x)]+...

K6 £ 1 (C 5x) +... (11)
™ o]

where

§,,% = «lan § - 2m) (12)
Thus, equation (11) is the equation to which U(x, ’)}) must match as 9 - .
As mentioned previously, 8 P/3Y = 0 to the order retained here. This is
easily derived from the equation of motion in the Y direction (e.g., see
reference [12]). Hence, the pressure as written in equation (7b) holds
throughout both the Reynolds stress sublayer and the thinner wall layer.

In view of the form of equations (11) and (12), the general expansions

for U and V are written as follows
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A
Ay -1 1 6 A A A A
Ux,y) = (1+e¢) + uT[K In 5 +u01(y) +ul(x,y)]

>

L 8.A A A A
-l-eu_r - ln(s)ulﬂ(x,y) +eu_ru11(x,y) + ...

+ Kb Glc(x,’;};s) +ous (13a)

Vix, §) = Clvl(x,Q) +... (13b)

The corresponding expressions for the temperature, T(x, 9), and dens ity,

p (x, 9), are found by substituting equation (13a) in the energy equation, (4d)
and substituting the resulting expression for the temperature and equation
(7b) in the equation of state, Eqn. (4e). If the expansions for U, V, P, and
p and stretched variables x and y are substituted into Equation (4b)l, the

. . A A A
governing equations for u,, U, , and u__ are found. Thus,

I’ Tle 11
A A A
a oP oua
1 1 1 [2) 2
PR Tl S GRS Bl (142)
Y oy a9
A A
- (2 P ) (14b)
= - Ky'
T 3
A A A A
o
aour s S W 2 kb auu) (140)
ox Y ax Ty ox oy y A ¢
oy
A A A
au 3P ou
1 1 1 9 1
ST = mTF ot (2§ —5) (14d)
T TS
A A A
where from Eqn. (7b), Pl’ Pll’ and Plc are defined as follows
A
Pix) = -y a,(x) (15a)
A
P = - (2y -Du, (=) (15b)
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A

P, (x;6) = ¥ 15 (C 6x) (15¢)
lc T o
N
It should be noted that both Glc and Plc really denote two terms, one of order

In 6 and one of order 1. They are written as one here for convenience. Also,

2
it is found {12] that .= Ofe uT), thus confirming the result used in Part I

1

that, to the order considered here, V(x,0) = 0 in the outer inviscid flow
layer.

Insofar as Gl(x, 9) is concerned, it is seen from Equation (11} that

Gl - ul(x) as § + co. It will be shown later that the same functional dependence

must hold as § - 0. Since P, = P (x), the solution which satisfies both
y 1

1
matching conditions and the governing equation, (14a), is
A
P, ()
&, = 6,60 = - . = u(x) (16)

This result has been used in deriving equations (14b) and (14c¢). It isemsily

shown [1,12] that the solutions to equations (14b)~-(14d) may be written as

follows
Gup = o0+ 4,y e e
&, = -8, - —1\;1211 tayl o, + fox ]2{_2)) exp{ - E;—i(;z)}dﬁ (17b)
.- %l_g ) fox (B, ¢ )(1:-:)+ PN z:?m}dg o

where the Bi(g) are functions to be found by matching. As 9 -+ 00, the inte-

gral terms in each of equations (17) go to zero exponentially and it is seen
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that the remaining terms match with their counterparts in equation (11).
Asx —+ 0, for")} = constant, the solutions satisfy the shock wave jump con-
ditions to the relevant order, as they should. As £ — 0, one finds [1] the

following asymptotic behavior for the integrals

x Bi(g) A __ﬁ_
. . exp{ - _L'_zk(x-g) }AE ~ - B(x) In(5-) +g;(x) +... (18a)

_ x-b B (£)
g,(x) = I:lino [ _{) f) 9 +B;00 Inb] - y B, () (18b)

where Y = Euler's constant = 0.57721.
The solutions for U may thus be found from equation (13a), (16), and

(17). Since, as mentioned previously, one can find the density and temper-
ature in terms of the velocity, using the energy equation and the equations
of state, it is seen that a complete analytical solution may be found for the
Reynolds stress sublayer in the outer region, valid to terms of order e a_.
It should be noted that the continuity equation could be used to find the term
of order v in V; since it is not used anywhere in this analysis, the solution

for V is not included. Finally, it is of interest to write the solution for U

in the limit as 9 — 0 for later use in matching with the wall layer solution.

Thus,
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A
U = (14 )’1 + uT[K -lln% + 601(9) + ul(x)]

1,8 K2
+ e uTx' In(F)[2y - B,(In(5) + g (=) + ee]

te uT[(Y-l)ul(x) + 2y 01(9) - Bll(X)l.n(E%) + g+ Jd+...
+ K6[- %ln(coﬁx) - (Blc(x)ln 5 + Blc(x) ln(—ZQ;) + glc(x) In §
+glc(x)+"‘]+"' (19)

Wall Layer

At the wall, Reynolds stresses are zero and the skin friction is, of
course, due entirely to viscous stress. Immediately adjacent to the wall,
then, is a layer in which, as the wall is approached, momentum transfer
accomplished less and less by turbulent means and more and more by
molecular mechanisms. In this layer, Reynolds and viscous stresses
are of the same order. The flow entering the interaction region in this
layer has a velocity U = O(u_r) and this order holds in the interaction re-
gion as well. I the thickness of the layer is taken to be Y = O(g), then by
equating the orders of the Reynolds and viscous stress terms in equation
(4b), one can show that g = O[(R: uT) -1]. Here, in order to write § in

terms of familiar gquantities, we set

is

~ * -1 .
6 = A(Re uT) (20a)

( Flv)l/z Re"
T

(o]

T

w

A = =7
p'e
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With these orders for Y and U, and since in the interaction region X = O(A)
and 9 P/0X = O(uT/A), it is seen that, even though a pressure gradient
exists, the only terms in equation (4b) are the Reynolds and viscous stress

terms, to the order retained. The resulting equation is easily integrated

to give
[T
~ ~8U,.2 T 08U _ 2
p D(y)(k y 5 )y + A oo a_ P Ty (21a)
b4 y
T, = T /T (21b)
Y = 8y (21c)

where, as indicated in Eqn. (21b), the shear stress at the wall, Tw(x), is
made dimensionless with its value in the undisturbed boundary layer at
X = -I__J, so that as x = X/A - - oo, Tw 1. Equation (21a) is essentially
the same equation used in references {1] and [2]; the only difference lies
in the closure conditions used.

With the orders mentioned above for U, P, X, and Y, and for
p = O(1), it is easy to show [12] that V = O(uTg/A) and to corroborate equa-
tion (4c) to the order retained. Since U = O(uT), then from the energy equa-
tion, (4d), it is seen that T = Tw + O(ui) and from the equation of state,
equation (4e), then, that variations in p in the Y direction are also O(ui).
Hence, to order a, P =P and as pointed out previously by Melnik and
Grossman [2] and Adamson and Feo [1], the fact that P # Pe leads to the

result that limit process expansions in the wall layer do not match with

corresponding expansions from the Reynolds stress sublayer; thus, this
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difficulty arises only in compressible flow. The difficulty may be overcome
by taking advantage of the range of validity of equation (2la). That is, in
any intermediate limit g << Y << %, equation (2la) is still the governing
equation; it is necessary to retain additional terms only for Y = O(%).
Hence equation (2la) may be used to derive solutions which will match with
those found using limit process expansions in either limit, Y = O(lﬁ\) or

Y = O(g)‘ Although the methods of solution used by Adamson and Feo and
Melnik and Grossman are equivalent, the latter's method is more straight-
forward and will be used here.

It is clear both from physical arguments, and from consideration of
equation. (2la) that as Y increases such that ; >> 1, the viscous terms be-
come negligible compared to the Reynolds stress terms; this is borne out
by using the solution to be derived to compare the two terms. Also, for
; >> 1, the damping factor D is represented by unity plus exponentially
small terms (eqn. 5). Finally, the density may be written in terms of the
velocity and pressure,in general, by using equations (4e) and (4d). Since

P = P(x) to the order retained, equation {2la) may be integrated to give,

Uy = T sin (2 (G A5 20 b 1§ + Bo) (222)
e w e
_ J
r = -1 (22b)

where TW = (y+l)/2 is the temperature at the wall and Tw/Te can be

.found in terms of Ue from the energy equation, (4d). B(x) is a function of

integration which should be evaluated by matching equation (22a) with the
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limit process expansion solution valid in the wall layer (; = Of1)); thatis,
it should be found as a result of integration from the wall to the ; value in
question, using the boundary conditions at the wall. However, it is only
necessary to evaluate B(x) to lowest order here, and this may be done by
noting that if there were no shock wave, then B(x) = C, the constant from
the undisturbed flow wall layer solution (eqn. (2.8), in (I)). Here, then,

B(x) is written in terms of an asymptotic expansion
B(x) = C+ w(u_l_) Bl(x) +... (23)

where w{u ) 0 as au — 0.
T T
Since equations (22a) must match with equation (19), in the limit as

~

y > oo, </\ -~ 0, it is seen that T must have an expansion of the following

form

A
(x) = 1+ae +ae> ... + (x) +cu_ Lt in@)r, (
T, = a,e a,e cee tuo Tx ea 5 T1£ x)
teu Tll(x) +... + K6 ‘rlc(x) +... (24)
That is, as ; - o, such that uTK'lln ; = O(1),
B 5
o = o S A
uTlny—uT]_na+uTlng+uTlny (25)
where, as shown in (I) (equation (2.9))
u T
T .6 e \1/2 -1 21
— - = (= I si T} - ==
. :Ll:\'g ( Tw) sin {Ue/ } uT(K + C) (26)

and the expansion for T shown in equation.(24) follows to insure the indica-
ted matching. Thus, if equations (Tb), (23), (24), (25), and (26) are

substituted into equation (22a) and the resulting equation is compared with
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equation (19) term by term, the unknown parameters and fundions in equa-
tions (24) and (19) may be found. The resulting solution for T the shear
stress at the wall in the outer interaction region, and the corresponding

values for the Bi and g; (calculated once the Bi are known using equation (18b))

in equation (19) are

a_ {a_-1) a
11 2 1
Tw(x) = 1+ale + > e +... -u_ ul(x)
A a
-1 & 1 1
+ ¢ u_kK ]_n(5)(2y-al)(y+2- 4)
a 3a

te u {ul(x)[—i(l - 3y -Tl) + y(y +%)]

a
-1 1 1
- 211 &k (Zy-a.l)(y+2-_4)

1 2y 2y
+ k (2y+1 -'—Z')(Y-‘?(lnx-ye+ln2k.)} ...

2a_.x
+K 6~ In(C_6x) +... (272)
a, = -4F‘£—T (sin™h )7t + 2y (27b)
Big = 84 =0 (27¢)
B, = K'1[2y +1 -%] (27d)
13 = Bpyilnx-vy,) (27e)

where ul(x) is given in equation (7c). Egquation (27a), then, is the solution for
Tw(x) in the interaction region, including the effects of curvature in the ex-

ternal flow field. It has, in most respects, the same form as the equation
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derived by Melnik and Grossman [2] differing mainly in the order of the various
terms, the inclusion of specific analytical solutions at each order of approxi-
mation, and the inclusion of the carvature terms.

The order to make numerical calculations for a given Reynolds number,
Re, and external flow Mach number, Me =1+ (yH)e /2 +..., it is necessary
to provide relations for u_ and § in terms of Re and ¢ . One of the required
equations is equation (26), with equations (20) for g; the otheris given in (I),
(eqn. (2.11), 2.12)). This equation, with the values of the integrals as given

by Cebeci and Smith [10] is repeated here for completeness.

2

U U

5 - oT _K___H“_T)zf 2 —e(q _—&,-1/2
- U, (1+1) U U hy 2

l(l +I)sinH(E2) T

2
1 [2+(U_/T)7]

(1+1)% [1-(U_/1)°]

2
(2 +3.1787IL +%II ) (28)

1
+2(

where Te/Tw =1 - (Ue/I')2 from the energy equation, (4d). Finally, it is neces-
sary to write an equation for the viscosity, p(T), to be used in equations (20).
Here, p = T was used, with calculations being performed for n = 3/4.

Finally, it should be noted that although the solutions pre sented here are
found to orders of approximation such that pressure gradient and inertia terms
were not retained in the equation of motion in the wall layer, higher order
solutions involving these terms have been investigated [1 2]. It was found that
the first terms to involve the pressure gradient were of order E/A in U and of
order 'g/uTA in T ® Thus, they give very small corrections to the solutions
presented.
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3. Numerical Calculations and Separation Criterion
The variation of T with x for various values of external flow Mach num-
ber (and thus ¢ ) and Reynolds nurmrb ers representative of modern aircraft are
shown in figure 1L The numerical computations were carried out using equa-

tions (27a) for p = T3/4

» Y=L4, II =172, C=5and K =0; these values
seem to be suitable for flow over a flat plate. The curves show the general
features found experimentally in the interaction region. That is, Tw(x) goes
through a minimum, say (Tw)min; as Me increases, (Tw)mi_n decreases,
while as Re increases (Tw)min increases. Thus, the effect of increasing Me
and therefore the strength of the shock wave is to decrease the value of T
everywhere in the interaction region and hence to force the flow toward sepa-
ration; increasing Re gives the opposite effect. It should be noted that

Tw —~+ 1 as x - 0 because the solution shown in Eqn. (27a) is for the outer
interaction region. A soluation for Tw valid in the inner region can be written
in terms of the solutions for the pressure perturbations in the inner inviscid
flow region [12]; The solution is found in precisely the same manner as

that illustrated here for the outer region and results in a solution similar to
that given in Eqn. (27a). Finally, a composite solution for T could be writ-
ten, using the solutions valid in the inner and outer regions. Because of the
limit processes considered in this work (e >> uT), this composite solution
would show only a small variation in T for x < 0. However, since analytical
solutions cannot be obtained for the pressure in the inner region, no solution

for Tw in the inner region has been included here.

It is not possible to compare the solution for T with experimental results
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for a completely two dimensional unseparated flow because none are available.
In those cases where the flow was apparently unseparated (e.g., references
[15, 16]), Tw was not measured, and in more recent work, where TW has been
measured (e.g., references [17, 18, 19]) the flow is separated. In separated
flow, the shock wave takes on a lambda configuration near the boundary layer
and a relatively strong pressare gradient develops in the Y direction in the flow
external to the boundary layer [18]; the flow picture is quite different from
the unseparated flow case considered here.

Although experimental results for truly two dimensional flow are not
available for comparison, there is one set of measurements in a tube in which
the flow is approximately two dimensional [20]. Thus, if R is the dimensionless
(with respect to Z) radius of the tube, 6/R T 0.04 to 0.08; in addition, the
changes in the core flow (external to the boundary layer) due to the ra pid in-
crease in the boundary layer displacement thickness through the interaction
region give corrections which are asymptotically of higher order than those
retained in Egn. (27a). In presenting the tube data, Gadd fitted power law
velocity profiles to the measured profiles and inferred values of & (dimen-~
sional boundary layer thickness) immediately upstream of the interaction.
Using equations derived using power law profiles, he also gave Reynolds num-
bers associated with the tunnel stagnation pressure and Mach number for
each test. Skin friction measurements were derived from Stanton tube
measurements. In determining the flow parameters to be used in calculating
T for comparison with each of Gadd's experiments, it was decided to use

Gadd's values of 5, Re, Me’ and stagnation pressure, Pte as being a self-
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consistent set of data to calculate the necessary €, u_r, 6, and II for use in -

T Thus, it is easy to show that if p = Tn,

— z - -
P M U a &
Re s = b g a5 (29)
- - r
at [1 +x21 MZ]Y 1 w

Here, 5.W and ;W are the dimensional speed of sound and kinematic viscosity
respectively, evaluated at the wall temperature (atmospheric temperature,
taken to be 59°F.) and in the case of ;w’ at attmospheric sea level density;
Eat refers to atmospheric pressure. Using the given values of Me’ Et’ 3, and
'F;”, Eqgns. (3), (26), (with Egn. (20) for &), (28) and (29) were used to calcu-

late the equivalent e, u_, 6§, and I. From equation (2), then, the correspond-

ing ¢ a could be calculated. The ratio of the calculated C

to the value in-
f a

f
ferred from the standard tube measurements ranged from 1.05 to 1..29 in
four cases reported by Gadd (Figures 25 to 28, reference [20]). For this
reason and because of uncertainties in the calibration of the Stanton tube, it
was decided to compare values of Cf/ e which is equal to T, 28 given in
equation (27a). The results of this comparison are shown in figure 2, for the
case Me =1,15,,Re = 7x 106, (Figure 25, reference [20]). The remaining
parameters are given under figure (2). The point X' /& = 0, defined by Gadd
as the position at which PW /Pte = 0.528, was found by using equation (7b).

It is seen that the measured upstream influence is not small. Thatis,

cf/ Cfu is not small for X < -1 say, as required for this theory,so that even

if the solution for T for x < 0 were available, it is not expected that it would

give good agreement. In fact, using the above mentioned parameters,
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6*/5 = 0.5, where 6§ is the dimensionless distance to the sonic line in the
undisturbed boundary layer; evidently the values for Re, €, and II do not form
a good combination for comparison with the theory. On the other hand, a
slight unsteadiness in the position of the shock wave could have contribujed

to the slow variation of the measured Cf/ Cfu upstream of and in the neighbor-
hood of the minimum. Nevertheless, the value and the position of the minimum
of Cf/ ey 2T predicted quite accurately. Downstream of the minimum the
comparison is fairly good; in this regard, however, it is interesting to note
that the negative curvature seen on the calculated curve but not on this partic-
ular experimental carve, is a feature found in other experimental results

which could not be used here because small separation bubbles existed.

It is of interest at this point to consider the problem of predicting condi-
tions under which the interaction brings the flow to the point of incipient sepa-
ration. First, it is seen from equation (27a) that there is no asymptotic condi-
tion for incipient separation; thatis, unlike the laminar case, in which

) -1/5. o . .
€ = O(Re ) is the asymptotic criterion [21],there is no relation between ¢
and Re which holds in the 1limit as Re - c0 as a condition for separation.
This is an important difference between the two flows,and it is of interest to
investigate the reason for its occurrence. The effect of the interaction,
through the induced adverse pressure gradient, is to slow the fluid. In the
boundary layer, then, the stream tubes must become wider and, due to the
constraint of the wall, the V velocity component increases at points away
from the wall, causing the outer flow to lift away from the wall also. In the

laminar case, the thickening of streamtubes is greatest in the viscous sublayer.
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The resulting V component of velocity is large enough that the flow external
to the boundary layer is affected to lowest order so that the external and
boundary layer flows must be considered simultaneously, i.e., a strong
interaction results {21, 22]. No matter how large Re becomes, this strong
interaction occurs, with the thickness of the viscous sublayer and boundary
layer decreasing as Re increases,according to their asymptotic dependence
on Re. The sublayer momentum flux and viscous stresses decrease and the
strength of the shock wave necessary to cause enough displacement of.the fluid
to result in separation decreases as Re increases. In the turbulent case, even
for ’ € >> uT, the interaction is a weak interaction to lowest order be-
cause the wall layer is so thin. Thus, until separation occurs, the outward
displacement of the fluid in the wall layer due to the interaction is too small
to cause any effect in the lowest order solutions in the flow external to the
boundary layer. A strong interaction does not occur until a separation bubble
exists. Since there is no mechanism through which variations in the wall
layer and external flows ran interact, before a separation bubbleis
formed, it appears that no asymptotic criterion exists for incipient separation.
However, it may be that such a criterion will result from an asymptotic solu-
tion for the separated flow problem in the limit as the size of the bubble shrinks
to zero.

Although the solution for Tw(x) does not give an asymptotic
criterion for separation, there remains the possibility that conditions
for incipient separation can be found simply by assuming that equation (27a) is

an accurate solution for Tw(x) at values of Me and Re near separation. It is
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clear from figures 1 and 2 that the solution shows the correct form:
with a minimum value, and it is possible to calculate the correspond-

ing values of Re and I\/Ie(i.e., e ) for which (Tw)min = 0, the condition

for incipient separation. It must be emphasized that equation (27a) is not
being used in an asymptotic sense in such a calculation; thus in order for
T to go to zero, one or more terms in the expansion must become as large
as the first term. Instead, we consider equation (272) as being a good dpproxi-
mation to Tw(x) in a numerical sense as long as ¢ 3 and ui (the orders of
the first terms neglected) are small compared to one.
To illustrate the use of equation (27a) for 'rw(x) to predict conditions
for separation, we choose the remainder of Gadd's tubes flow experi-
ments in which €, was measured [20]. That is, Gadd presented four plots

f
of Cf vs. X'/8& (Figures 25-28, reference [20]), the first of which is shown
in figure 2. In each case he also performed oil-flow. experiments, which
indicated that in one case (used in figure 2) the flow was not separated, but
that in the three other cases, separation did occur. Although the plotted values
of & did not indicate the opccurrence of separation in these three cases, it
should be noted that the values of c; were inferred from measurements from
a Stanton tube aligned facing the flow; thus, accurate reverse flow measure-
ments could not be made. Calculations of T, were made for each of

these cases, using the same method for calculating the necessary param-

eters, as mentioned in the discussion of figure 2. The resulting values

for (v ) .
w'm

in n for each case are as follows:

= (cg/c ) mi

1
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7

(1) Me =1.27 Re = 10 (Tw) i = - 0.080
7
(2) M =1.26 Re = 1.27 x 10 (r.) . =-0.020
e - w' min
7
(3) Me = 1.34 Re =1.93x 10 (Tw)min = -0.344

Thuas these calculated results indicate that in all three cases the flow is sepa-
rated, in agreement with the oil-flow experiments. In case (2), the extent

of the region where T < 0, i.e., the extent of the separation bubble, appears
to be very small; the flow is barely separated.

If we denote by Mes the Mach number of the external flow at incipient
separation, equation (27a) may be used, with the condition that (Tw)mi.n =0,
to find Mes as a function of Re. A typical resultis shown in figure (3) for
K=0and II =1/2, i.e., for conditions associated with flow along a filat
plate. It is seen that according to this prediction, Mes increases as Re
increases. This result is in agreement with measurements made by Roshko
and Thomke [23] for supersonic flow at high Reynolds numbers. The magni-
tude of the increase in Mes over a large range of Re, however, is small
enough that this result could help explain the conclusion that there was little
or no variation with Re, reached by Settles, Bogdonoff, and Vas [24] .

The effects of carvature on Mes’ as predicted by equation (27a) can also
be compared with experimental results. Evidently, the only data available
are those presented in figure (37) of reference [20], reproduced here as
figure 4. The value of the coordinate along the abscissa, t, is given as
t= 2.6 § /R where R is the radius of curvature; in view of equation (10),
then, one can write t = 2. 656 K. Although there is no dependence on Reynolds

number shown, it is assumed here that the range of Reynolds numbers is
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106 to lO7 and calculated results are given for both values. Finally, on an
airfoil with supercritical flow, the flow is accelerating up to the shock wave;
since II depends on the pressure gradient in the undisturbed flow upstream of
‘the interaction, the value of II on an airfoil will be different for different
curvatures. For zero pressure gradient II = 0.5, whereas for highly accel-
erating flow II is smaller and can become negative [25]. Therefore, att =0,
I = 0.5, (K=0)and att= 0.015, it was decided to use a value of II for mod-
erately accelerated flows, Il = 0. The values of Mes at t = 0 can be found
from figure (3). Those at t = 0.015, for which K = 0.021 at Re = 106 and
K =0.028 at Re = 107, were calculated, again using equation (27a). The re-
sults are shown in figure (4). It is seen that at the conditions associated with
flow over a flat plate (t=0) the calculated Mes compares very well with the
value given by the line drawn through the experimental data. On the other
hand, at higher curvature (t = 0.015) the calculated values are considerably
less than those found experimentally. In reference [20] there was some dis-
cussion of the fact that criteria for separation might have been too stringent
in the curved surface cases so that, for example, the point through which
the drawn line passes at Mes = 1. 31 perhaps should have been at Mes = 1.29.
If this were the case and if negative values of I were called for, the agreement
at t = 0.015, would be much better.

The present results for criteria for shock induced incipient separation
may be compared with theoretical predictions given by Bohning and Zierep [26],
who postulated a two layer model for the interaction region and were

able to calculate an equation for Cye Two comparisons were made, both for
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flat plates, at Re values of 106 and 5 x 106; these Re are in the range of re-

sults presented in reference [26]. At Re = 106, the predicted values of Mes

are 1.24 and 1.18 and at Re = 5 x 106 they are 1.26 and 1. 30, where the

Mes calculated by the present method is the first, in each case. Thus, al-

though the two solutions give the same Mes at some Re between 106 and 5 x 106,

Bohning and Zierep's solution shows a much greater variation of Mes with Re

than that shown here. However, the present results appear to be in closer

agreement with experimental measurements [23, 24] for a related problem.

The present theory could not be compared with very recent analytical results
given by Inger [27] , who also used a two layer model, since conditions for
incipient separation were not presented.

Although there appears to be no asymptotic criterion for separation in
the limit as Re = o (u_r ~+ 0) and € -~ 0, there remains the possibility that
there exists a criterion involving a large Me as Re - 0. Thus, it is neces-
sary to consider the behavior of Tw for ¢ = O(1). Based on the present anal-

ysis, it is seen that for ¢ = O(1), u_ << 1, the solation for Tw(x) would be

of the following form in the outer interaction region:

TW(X) = de(e) + a_ Twl(x;e Y +... (30)

where T (¢ ) is the value which Tw(x) approaches far downstream of the shock
d
wave. Since the lowest order solutions for the velocities would be of the same

form in each of the layers as for e << 1, it is seen that, from matching

solutions in the limit a_ -+ 0, one would obtain

T
w

Ya_, Y
Pd /Pe

sin-l('Fe")} = U, (31)

' sin {( 1/2
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and U, are the values of P and U immediately downstream of the

Here Pd d

shock wave in the inviscid flow external to the boundary layer respectively,
and are thus the values which P and U approach as x - o in the interaction
region., If the jump conditions across a shock wave are used to write Ud and
P /Pe in terms of Ue and these expressions are substituted into equation (31),

d

one obtains an expression for T in terms of Ue. Thus,

d _ 2
+1., 2 -1
1+ (lz——)(Ue - 1) s Tu_
TW - y~1 2 U (32)
d 1 - WU~ - 1) .-l e
2 e sin " ()
If Ue =1 + e is substituted into equation (32) and the resulting equation ex-
panded for e << 1, it is found that 7 = 1l+a,e +a. (a -1)52/2+...,in
Wd 1 171

agreermnent with the first three terms of equation (27a).

It is clear from equation (32) that, since 1 < Ue <r for 1 < Me < o
(see eqn. (36)), T # 0 for any M ; instead T goes through a minimum

w4 e Wy
value of 0.512 at Me = 2.55, for y = 1.4, and then begins to rise with in-
creasing Me. Hence, there is apparently no limiting value for Mes as
Re -+ . Moreover, since U - I°" as M - o, itis clear thatT -+ 0.
e e w3

Recalling the definition of TW(X), one can see that this limit means that for
high Mach number flow the shear stress far downstream of the interaction
must be large compared to that of the undisturbed flow. This apparent
anomaly can be explained by considering equation (21a). The density, in the
first term, can be written as P/T through the equation of state. Now, in the

wall layer, the temperature differs from the comstant temperature of the

wall by only higher order terms. On the other hand, since 9P/3Y = O
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through the wall layer and Reynolds stress sublayer, P is the pressure from
the inviscid flow layer and so varies from P, to Py. As Me -+ oo, Pd/Pe -+
and so from equation (21a), de —+ oo also. In general, since the Reynolds
shear stress, - p < U'V' >, includes the density, this result appears to be
independent of the specific closure condition as long as < U'V' > does not

go to zero as Me —> o, and is another significant departure from the laminar
case. Experimental verification of the large values of T 2t high Mach nam-

d
bers is given in measurements by Marvin, et al. [28] .

4. Concluding Remarks

The use of asymptotic methods of analysis results in a relatively simple
relation for the shear stress at the wall in the interaction region. This relation
may be used to predict conditions for incipient separation. In order to obtain
the proper variation of T VS % which includes a minimum in T it is neces-
sary to include terms of higher order than the first approximation; evidently
this would be the case also if one were to calculate T for the case a_ = O(e)
2] .

Although the range of parameters in available experiments does not allow
for exhaustive testing of the theory, comparisons which could be made are en~

couraging; more accurate results should be obtained at the high Reynolds
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numbers associated with modern transonic aircraft,
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Figure 1. T, vs x for various values of Me and Re, for flow over a flat plate.
(Eqn. (272) with 1T = 0.5, K = 0).
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Comparison of calculated (eqn. (27a)) and experimental (ref. 20) valyes of
ce/ce, Vs X'/8§. Experimental conditions; Me = 1.15, Re =T x 10°, wall
temperature = 15°C (59°F), Py, = 137.9kP, gauge (20 psig), § = 0.305 cm
(0.12 in.). Corresponding calculated parameters; € = 0.120, u; = 0.03968,
§ = 0.0163k, T = 0.312, K = 0. X'/§ = 0 at Py/Pye = 0.528 from eqn. (Ta).




€01

1] i 11:1111' { llllllj' 1 lllllll'
105 106

Figure 3, MeS {Mach number at incipient Separation) wvg
calculated using eqn. (27a)



ol

1.35

O

1.30

] 4

Mes 1254

120

1.15
O

Figure L.

0005 0.010 0015

Effect of curvature parameter, t, on Mach number for incipient separation,
Meg, from reference [20]. Triangles and circles correspond to different
airfoils. Present calculations shown as follows: at t =0, [l - Re = 10°,
T=0,5 K=0; x =~ Re = 107, I = 0.5, K=0. At t =0.015, - Re = 106,
I=0, K=0.2l; x ~ Re = 10%, m=0, K-=o0.28.




INTERACTION BETWEEN A NORMAL SHOCK WAVE
AND A TURBULENT BOUNDARY LAYER

AT HIGH TRANSONIC SPEEDS

Part III - Simplified Formulas for the
Prediction of Surface Pressures

and Skin Friction
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1. Introduction

In Parts I and II an asymptotic description of the interaction
between a fully turbulent boundary layer and a weak normal shock
wave is derived in detail for a particular limiting case. Here in
Part III simple approximate numerical calculations of the corre-

sponding wall pressure and skin friction distributions are described.

2. Undistarbed Boundary Layer

The interaction is characterized by two small parameters, a
nondimensional friction velocity a_ and a nondimensional shock-
wave strength €. If Ue is the undisturbed external-flow velocity
immediately outside the boundary layer and ahead of the shock wave,
made nondimensional with the critical sound speed, € is defined by

U =1+¢€ (1)

If Me is the corresponding external-flow Mach number,

1 2
2 (Y+1)Me

2
Gra’ =37 (2)
2 e

The friction velocity is likewise made nondimensional with the
critical sound speed, and is defined in terms of the skin-friction

coefficient g just ahead of the interaction by

- Lly 2
" - ZUe °f (3)
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For simplicity an adiabatic wall is assumed and the total enthalpy
is taken to be uniform. Thus the ratio of the wall temperature to

the temperature in the external flow is

H

-,l-;"—"—-1+-“"—11v1‘2 (4)

where Yy is the ratio of specific heats, taken to be constant. For
numerical calculations, the viscosity coefficient is represented by

a power law:

p T, "
. (‘T_) ‘5’

The Reynolds number Re is based on external-flow quantities just

e

ahead of the shock wave and on the boundary-layer length L, the
distance from the leading edge to the shock wave.
The undisturbed mean-velocity profile U'.1 used in Parts 1

and II is given as a transformed incompressible profile by

-1, -1 1/2
I sin (T Uu) = Ui(e) +(TW/Te) / uTuOI(-y) (6)
where
U.(e) = rsin'l(r'lue), r = (f_’—i)l/z (7

Also, y = Y/6, where Y is the coordinate normal to the wall and &
is the boundary-layer thickness, both made nondimensional with

the boundary-layer length L. For some of the derivations the

107



function uOl(Y) is represented in Coles' form

-1 -1
u,Ol(y): K Imy-x "I (1 +cos T y) (8)

where k = 0.41 is the von Kdrmin constantand II is a profile
parameter. For very large Reynolds numbers and for zero pres-
sure gradient, II = 0.5 or a little larger; for a favorable pres-
sure gradient, as appears over most of an airfoil surface, the
value is smaller. An equation defining the nondimensional dis-
tance Y = 5, from the wall to the sonic line in the undisturbed

boundary layer is found by setting Uu =1 in Eqn. (6):

uTK—lln(ﬁ/S*) = (Te/TW)l/Z[Ui(e) - U,(0)]

- uTK-ll'I [1 +cos(n &,/8)] (9)

where Ui(O) =T sin-l(l"—l). If € << 1, the first term on the right-

hand side becomes (Te/Tw)l/Z[ Ui(e) - Ui(O)] ~ €l -(y-De/a...];
if o << €, then 6* << §.

In the calculation procedures shown below, the parameters
needed are Me’ Re, '6, a_, II, and 5*; as already noted, 6 and
6, are dimensionless. Values for these quantities might be ob-
tained in a number of different ways. If the first three were
given, the last three can be calculated, as shown below; instead,

all six quantities might be available from a numerical boundary-

layer solution; or perhaps the nondimensional displacement
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thickness &6 or momentum thickness 6 might be among the given

quantities. If needed, the definitions of 65 and 6 give, for small

uT/U ,
2
% 2 T a
6% _1am . Tw % 243,180 #1500 Tw_jy—¥.L T
e (2 -1) 5 - ( )(3 ¢ 2 2
6 K T u 2 T e u
e [ K e e
(10)
2
6 1+ Y+ 2 +3.180 +1.5n2(3Tw l)uT )
5 &k U 2 T YT 2 (11)
e 2K e Ue

For illustration, the parameters Me’ Re, and & will be regar-
ded as given; then Eqn. (9) relates &, to the other quantities, and
two additional relations can be derived. As described in Part I,

asymptotic matching of Egn. (6) with a wall-layer solution gives

a_r in(s /8) = (Te/Tw)l/ZUi(e) ~u Ik + o) (12)

where & is the nondimensional wall-layer thickness

i T 8)

v _w w.l/2 e 1
5= Gt (13)
e e T

and ¢ = 5.0 is a constant appearing in the wall-layer solution. The

momentum-~integral equation gives
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2

L2 _[_I_Q(Tw)l/2+(3zyg_ 1) 2+3. 180 +1.5m°% ) %
U 'T T 4(1 +11) 2

1 e e U

e
(14)

Equations (12) and (14) can be solved simultaneously for a_ and IT .
In an iteration, perhaps an assumed value of II (say 0.5) should be
substituted into both right-hand sides; KEquation (12) would then be
solved for u_l_, and that result would be substituted into Eqgn. (14)
to give a new value of I ; the new II would again be substituted into
both right-hand sides, etc. It can be seen from these equations
that, since a_ is small, the choice of definition for & does not have
a strong effect on the solutions for u_ and for the product (1 +1II)6;
also, the largest term in the pressure given below is proportional

to u_r(l +1II)6.

3. Pressure Distribution

The solutions of Part I are derived for values of a_ and €
such that o << € << 1. The coordinate X, nondimensional with L,
is measured along the wall, with origin taken here to be at the
intersection of the shock wave and the edge of the boundary layer.

The shock-wave shape is X = XS(Y), where IXS(Y)I is small but
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nonzero because of the interaction. The solutions are written in

x
terms of coordinates =x and x defined by

X _ X |
x =55 s 1)
o
. T YAHYE xx @  x-x_(0)
— = (16)

X =
(Y+1)1/2u.|_1/2 b, A,

where b02 =1 - Mc.2 and Mo is the Mach namber behind a normal

shock wave with upstrearmn Mach number Me’ It follows that

2 v, -1
e
bo - U 2 _ y-1 (a7
e y+1

2 .
and for € << 1, bo = (y+1) € {1 —%‘(2\/+1)€ ¥...}. The value of

XS(O) is found approximately from the results of Part X as

Zu_l_boﬁ 1
XS(O) = _:r-x_e—[l +(y-?e+...](2_+l.59II) (18)

The pressure P is nondimensional with the critical value in

the external flow; Pe and P_ refer to values upstream and down-

£
stream of a normal shock wave at Mach number Me; Pt is the
stagnation pressure in the andistarbed external flow; and Pw is
the wall pressure. The solution for x = O(l) is expressed in

terms of source distribations and is approximated downstream,

asx >, by P = P, +(const.)/x. The first term in the constant
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factor is proportional to the increase in boundary-layer displace-
ment thickness caused by the shock wave, as also found by Melnik
and Grossman [1,2] . This first term, representing the effect of
a source at the origin, is found to approximate the effect of the
distributed sources quite accurately for x > 2. An expression for
the smaller second term is found by using an approximation for the
shock-wave shape to evaluate one of the integrals derived in Part I;
the function of II appearing in this second-order source strength is
then approximated by a linear function for 0 < II < 0.5. 7The solu-
tion for x* = O(1) is needed only in a region which is extremely
small if a_ << € and would require solation of the transonic small-
disturbance equations. Upstream, as x#= -+ - oo, these equations
are approximated by linearization about the undisturbed profile,
and the solution for x* -+ - o is found to have the form
P /P ~P /P +u exp{k(x* -x *) , where k= 0.59 and x * is
w ot e’ t T (o} o
as yet unknown.

The description given in the preceding paragraph would suffice
for the idealized case of a flat plate in a uniform flow, where the
pressure approaches constant values upstream and downstream of
the interaction. For flow past an airfoil the boundary-layer effect

can be expressed instead in terms of the pressure difference from

a potential-theory pressure which continues to vary as the distance
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from the shock wave increases. Upstream, for X < Xu’ the ex-
ponential solution is added to a potential-flow solution Pw = Pu(X).

Downstream, for X > X ., the source solution is added to a

&
potential-ﬂow solution Pw = Pd(X). Close to the shock wave, for
Xu < X< Xd’ Pw is approximated by a straight line drawn tangent
to these upstream and downstream representations. The tangency
conditions are sufficient to determine the equation of the straight
line and the values for XL1 and Xd.
The functions Pu(X) and Pd(X) include the effects of nonuni-
form external flow associated with nonzero values of dP/3X and
9P/3 Y ahead of the shock wave. If Pd(X) were known very accu-
rately, the singular behavior de/dX = O(K 1n X), where K is the
local surface curvature, would appear for X - 0, as explained in
Part I. However, the potential-flow pressure distribation is pre-
sumably found numerically, with the shock wave spread over a
few mesh points, so that the singularity is obscured. The values

of Xu and X are expected to lie outside the region of rapid pres-~

d
sure rise corresponding to the shock wave; if this is not true,
some simple extrapolation of Pu(X) and/oxr Pd(X) should be used
so that the smearing of the shock wave resulting from the numeri-

cal calculation does not influence the pressures calculated here.

A specific location must be estimated for the shock wave, so that



the origin for x can be defined.

Three representations for the wall pressure are therefore pro-

posed, one for each of three intervals, as follows:

* *
Pw Pu(X) k(x X )
X< Xu: P = P {l'ru_re } (19)
t t
P P (X))
W d"d
Xu< X < Xd: - =) + ax + .8 (20)
t t
Pw Pd(x) N
X>Xg: F =7 - P 7% (21)
t t t

where P = {(y+1)/2}Y/(Y'1) = 1.893 for y = 1.4. The constants

Xu’ Xd’ o, and B are determined below from the requirements

that Pw and dPW/dX be continuous. As already noted, k= 0.59.

A value xo* = -14 was proposed in Part I for agreement with a
particular experimental pressure distribution. Here Eqn. (19)

is given in a slightly modified form, and the choice made is xo* = -10,
partly to improve agreement with a second set of data and partly to

avoid any implication that the value is accurate to two significant

figures. ZFinally,

m = 81-;11{1+(y-1)€+...}+120(1+61‘[)u_r (22)

where the first term is the integrated first-order source strength

given in Part l, and some simplifying approximations have been
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introduced in the second term, as explained above.
The continuity requirements for Pw and de/dX then lead to

the following system of equations to be solved for Xu’ Xd’ a and B:

P(X)-P(X) ymu x P'(Xd)

< dP = xd = TrPT(l-Zu)-l-xd(xd—xu) ;.:1’ A

t t *ad t

atu 4 )

+ _—Pt xq0 exp{k(xu - % )} (23)
Pl
f_L].(_X_Ll)_k_A__ .I__ﬁg;).A a exp{k(x * -x *)} = Yrr“J'T
Pt A, Pt T a o ZT"xdth

Py () - Py,

+ 5 A (24)
t
t
ymua Pd(Xd)A
a = + (25)
2w 2P Pt
*att
H
5 - yma_ ) ded(Xd)A (26)
ﬂdet Pt
where
X, s x, tX 0 o
@ T a7 A
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x, = —— . (28)

Equations (23) and (24) are to be solved simultaneously for X, and

x If u_ << €, thena << 4, the exponential function is numeri-

a°
cally small, and |xu| << Xy Also Pu(Xu) = Pu(O) and Pd(Xd)

= Pd(O), the values found at X = 0 by extrapolation, and terms con-
taining P'u(Xu) or P'd(Xd) are numerically smaill. These estimates

can be used to give a first guess for X g and the equations can then

be solved iteratively in essentially the form given.

The constants found from Egns. (23) - (28) are to be substi-
tuted into Egns. (19) - (21) to give the wall pressure as a simple
function of distance and a somewhat more complicated but known
function of the parameters. To indicate the level of accuracy which
might be expected, some of the curves from Figs. 3 and 5 of Part
I are replotted here, with xc:a= now set equal to -10. A comparison
with experimental pressures from Ref. [3] is shown in Fig. 1 for
Me =1.322, Re=9.6 e 105, 5 =0.021, u_ = 0.051, I = 0.28,
and &, /6 = 0.26. Effects of nonuniform external flow, resulting
from tunnel area change and longitudinal wall curvature, have been
estimated and included in the predicted pressure. For a circular

pipe, a comparison with experimental results from Ref. [4] and a

numerical solution from Ref. [2] is shown in Fig. 2, for Me =1.12,



Re=6x106, 6§ =0.02, u_=0.04, I =0.1and 6,/6 = 0.45. Again

the effects of a nonu.niform external flow, in this case resulting from
a finite pipe radius and a small area change, are included. For
these comparisons a value for 5* or for 6*/6 was regarded as
given and the value of II was calculated using the approximate
form of Eqn. (9), with &6 ,/6 taken to be small; use of the complete
equation would change the theoretical curves slightly.

The representation for the wall pressure given by Eqgns. (19) -
(21) is an approximation to the asymptotic solution derived in the
limit as u_ 0, €—+0, and u_r/e -+ 0. The scaling is then clearly
correct if u_r/e is very small and can be shown to remain correct if
u_r/e = O(1). The complete problem formulation for a_ = O(€) was
given by Melnik and Grossman [1, 2], in terms of the nonlinear
transonic small-disturbance equations with prescribed vorticity,
subject to suitable boundary conditions. For a given value of Il a
one -parameter (essentially u_r/e) family of numerical solutions can
be obtained; in their calculations II = 0.5. Their results likewise
have exponential decay upstream and source-like behavior down-
stream. Values for the constants k, m, and xo* could in principle
be inferred from a sequence of numerical solutions as u_r/e - 0;
however, the value of m for a given II would differ somewhat from

that given above because second-order terms included here do not



correspond exactly to terms in the solutions of Refs. [l1] and [2]
which become of second order as u_r/e =+ 0. A value of xo* obtained
from numerical solutions would differ from the value xo:a= = -10
inferred from the two measured pressure distributions shown in
Figs. 1 and 2.

The present results are quite simple in form and give good
accuracy for the cases shown in Figs. 1 and 2. The numerical sola-
tions of Refs. [1] and [2] , which give a correct approximation to
the pressure for small values of o and ¢ and for e/u_r = 0O(1),
require a considerably greater amount of computation and depend
on two parameters. It would therefore seem that the present re-
sults might be considered adequate for a practical airfoil calculation.

Any approximate description of the interaction which is to be
considered reliable should be based on a correct representation of
the undisturbed mean-velocity profile, The profile is characterized
by two very different length scales, a boundary-layer thickness and
a much smaller viscous length, and so is represented in terms of
the law of the wake and the law of the wall, described by Coles [5]
for incompressible flow and extended for compressible flow by
Maise and McDonald [6] . Both the present work and that of Melnik
and Grossman are based on this two-layer structure for the undis-

turbed profile. The derivations of Refs. [7] and [8] , on the other
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hand, do not properly represent the undisturbed profile and intro-
duce approximations into the equations of motion in a rather arbi-
trary way. In spite of these supposedly simplifying assumptions,
the derivations remain complicated and do not show the dependence
on parameters analytically.

The present results, therefore, (a) are expressed by simple
functions of distance with dependence on parameters shown explicit-
ly; (b) are based on a systematic approximation to the equations of
motion; and (c) for the cases shown in Figs. 1 and 2, reproduce
numerical and experimental results quite well. Furthermore, by
use of results given in Parts I and II the pressure distribution
away from the wall and the shear stress at the wall can also
be calculated. Several comments should be made, however, con-
cerning values of constants and expected accuracy for PW:

(1) The tentative value xoﬂ= = -10 is a rough estimate based on a
comparison with two measured pressure distributions, and perhaps
should be improved.

(2) Additional uncertainties appear in both theory and experiment.
The shock-wave position is unsteady because of tarbulent flactua -
tions in the boundary layer, and the maximum measuared de/dX
is therefore at least slightly reduced. If even a very thin separa-

tion bubble is present, the beginning of the pressure rise will be



moved somewhat upstream. In the theory, some simplifying
approximations have been introduced here in the expressions
derived in Part I for XS(O) and for the second term in m. More-
over, omitted terms of still higher order than retained in Part I
might be numerically important.

(3) The origin x = 0 has been placed at the intersection of the
shock wave with the edge of the boundary layer; the position
estimated from naumerical potential-flow solutions alone is not
sufficiently accurate. Perturbations in the external flow resulting
rom the local
be calculated, so that x can be measured from the perturbed shock-
wave position. For the simplest correction method, Pw obtained
for the undisturbed shock wave can be used in the boundary-layer
equations for calculation of the displacement thickness as a func-
tion of X in the interaction region. Calculation of the potential

flow over the new equivalent body then gives the perturbed shock-
wave shape, and the origin for PW can then simply be shifted
appropriately. In this calculation, the neglect of PY is not justi-
fied; however, the error arises primarily for Xu < X< Xd’
where the interpolation formula for PW has been used. In a sense,
then, this additional approximation can be regarded instead as a
kind of interpolation for the displacement thickness, and probably

introduces very little additional error.
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(4) The theory was derived for unseparated flows with

a_ << € << 1, but the approximate version, with the straight-line
interpolation, is being proposed for use in a broader range. For
Fig. 1, as noted in Part II, it is believed that a very thin separa-
tion bubble was present in the experiment. ¥or Fig. 2, ti:le Mach

number is low enough that u_r/e = 0.4, which is certainly not

very small. More comparisons with experimental data are needed

to provide a better guide to the parameter ranges for which the

approximation might remain reasonable.

21



4. Skin Friction

Simple equations for the shear stress in the interaction region
may be derived also, when the approximate forms for the pressure,
given in Eqns. (19) and (21), are used in the equation for TW. That
is, in Part II, it was shown that T could be written in terms of
the perturbation in pressure at the wall, Pl(x) = -y ul(x), in the
major (outer) part of the interaction region, It is easily shown [9],
that the same holds true in the initial part of the interaction region
where upstream influence first causes changes from the undisturbed
surface pressure and skin friction. Thus, from Ref. [9] , itis

shown that in this (inner) region,

_ B SO S
T - 1tu 3 " +... (29)

%
and so, using Egn. (19) for P, (x ), for X < Xu’

1
¥ *
a_ a.1 k(x -xo)
TW = 1+—£Y~—e + ... (30)

Likewise, if Egn. (21) is used for the pressure perturbation,

Pl(x) = - yul(x) , in equation (27a) of Part II, one can show that,
for X > Xd
T, = Taatar (-B + Cln x) 3
w o Twd % x TEY x (31a)
a 3a
- .1 m _<€ —1 4y 1
A= g Teng 1-sh-w-h v B + 1} (31b)

1

122



A

-1, ,6 1 @ - a
B = -« 'In(g)(2y-a)(y +§-—41—) + K I[ZH(Zy—al)(y+%--zl-)
1 1
+o(2y+l -y - )(ve - 1n 2k)] (31¢)
_ - 21,020
C = &k 2yl -5y - )

_ /x-l =11 -1
a, = -4 > (sin I") + 2y (31d)

In Egqn. (31lc) Y, = 0.57721 is Euler's constant and k = 0. 41 is the

Kiarmin constant. In Egn. (31a), T represents the wall shear

d

stress calculated using the pressure downstream of the shock wave.

For flow over a flat plate, T is given by Eqn. (32) of Part II;

wd

2
<< =1 - R i . .
for € L, T g=1ta et al(a1 Ne /2 + as in Eqn. (27a)

Finally, T = C:E/Cfu where c_is the skin friction and the subscript

£

u refers to conditions upstream of the interaction.
Equations (30) and (3la) are simple relations for cf/ g UP

stream of Xu and downstream of X In the intermediate region,

a
just as was done for the surface pressure, we use a straight line
tangent to the solution given by Eqn. (30) at Xu and to the solution
given by Eqn. (31a) at Xd. The values for Xu and Xd found here

are clearly not the same as those found for the surface pressure

distribution. In addition, ¢, and c

fu £ the skin friction upstream

and downstream of the interaction respectively, are considered
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to be known functions of X. Thatis, the present calculations may

be considered to be a correction to the c_ distribution found using

£

typical boundary layer methods, this distribution being in error
within the interaction region. Because 4 and Cpq WO uld include

the effects of wall curvature, terms involving these effects are

not included here. The proposed equations to be used, then, are

#* L
a., k(x X )}
X < Xu ¢ = cfu(X)[l + u_ -Z_Y e +...] (32a)
< =
X <X<X; ¢ cq(X) +a x+B_ (32b)
X> X c, = c_(X)+ c. (X )u A& + € u (-B + Cln x)] (32¢)
d i id fu' v Tx T
where *
o x A, X +Xs(0) (33)
5 A7 A

It may be noted that as x becomes very large, the term - B +Cln x
does not approach zero. This term evidently indicates that relaxa-
tion to a final value of < takes place on a scale large compared to
a boundary layer thickness. Because B is a large number

- B + Cln x goes through zero for x large (e.g., x = 200). More-
over, since In x does not vary rapidly with large %, the contribution
of this term is not significant for a considerable range of values of

x about the point at which it equals zero. Hence after the term

- B + Cln x has gone to zero, it should be dropped from the
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expression for Cpe

The equations necessary to find Xu’ Xd’ @ and B c are

obtained by equating the relevant expressions for ¢ and d cf/dX

at X and Xd. They may be written as follows:
u

= s - '
cfu(xu) - cfd(xd) = Axucfd (Xu) Axdcfd (Xd)

2A
+ a_ cfu(Xu)[;; -€(B+C(1 -In xd))]

ka -1
- 1 =8
uT{A fu (Xu) * A, cfu.(xu)}

X

L ? 1 A €C
¢ { a (Cfu (Xd) - cfu (Xu)) + C:fu(xu)(" 2 t x )}
T xgq d

°® {cfu(xu)(l -kx

a

A
R (X)} (342)

* #*
k(x -x )
u o ' _ 2y -y -1
€ - a, [ cf{1 (Xu) +kA* cfu(xu)]
A t A _E_g}
.{u [cf:z (Xd) - S (Xu)]+ cfu(xu)[- 2+x 1 (34b)
T x d
d
a A
a -_-Ac'(X)+c(X){-’r +€u—g} (34c)
c fu d fu u 2 T X
x d
d
B = -ax. ¢t (X)) +u c, (X ){'Z—-é-e(B+C(1-lnx))} (344)
c d fud T fu u x4 d
where
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| —
c; = dcf/dX.

An illastration of the results obtained using the present
simplified equations is shown in figure (3) where the experimental
results are those of Gadd [4]. The numerical values of the param-
eters are those given in figure 2, Part II. In addition, x_ = 1. 54,

~ ¥
x.=1.37, %, = -6.10, and Twd = cfd/cfu_ 0.85 andxo— - 10.

d
If the calculated results in figure (3) and figure(d of Part II are

d

compared, one can see that the effect of using the approximate
form for P_(x) is to change the location and value of (T ) .

1 w min
= (c f/ c fu)min slightly. Comparison of calculated and experimental
values in figure (3) shows that the upstream influence is under-

%*

predicted for x, = - 10 as in the surface pressure calculations.
However, unsteadiness in the shock wave position, with oscillations

of relatively small amplitude, could easily account for the difference

between calculated and experimental values.
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Figure 1. Pressure at wall with longitudinal curvature: Mg = 1.322, Re = 9.6 x 105;

P4(X) 1is calculated from theory of Part I, with curvature effect (K ~ 0.2)
included.
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'Figure 2, Pressure at wall of circular pipe: Mg =1.12, Re w6 x 106; Pd(X) is
calculated from theory of Part I, with effect of finite pipe radius
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included.
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Pigure 3. Comparison of calculated and experimental values of ¢ /cfu vs X!'/8, where
X'/§ =0 at P,/Pte = 0.528, Parameters as in Figure 2, Part II.
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