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CHAPTER ONE

INTRODUCTION



&



This report continues the development of the equations of motion of a three-degree-of-~
freedom typical section in two-dimensional, incompressible flow begun by Balakrishnan in.
reference 1.‘ The goal of this research is to investigate active aerocelastic control concepts
such as flutter control and gust alleviation, although the present study is 6f independent

interest as a development of unsteady aerodynamic theory.

The design of active aercelastic control schemes is greatly aided by the availability of
mathematical models valid for arbitrary motions. Reference 2 discusses methods of deriving
such models from airloads derived for oscillatory motions; references 3 and 4 present similar
formulations for'Theodorsen's problem involving inverse Fourier transformation to obtain impulse
response function airloads for use in convolution integral solutions of the equations of
motion. Although these formulations are mathematically correct, the calculations are cumber-
some and involve. functions available only in tabulated form. Consequently, few examples of
the exact transient response of airfoils excited by either control surface motion or gusts
haQe been calculated. More common are calculations using finite state, rational function

approximations for the unsteady aerodynamic airloads.

In order to provide a basis for the analysis of aeroelastic control schemes, this report
develops the exact transient response of a three-degree-of-freedom airfoil (pitch, plunge,
and flap) forces by flap motions and gusts. The development makes extensive use of special

time-domain functions derived from a function studied by Kussner (Sears, ref. 5).

Chapter 2 summarizes the basic equations of incompressible, two-dimensional flow and
Chépter 3 derives expressions for the circulation on the airfoil. Chapters 4, 5, and 6 derive
the 1ift, pitching moment, and flap moment expressions, while Chapter 7 adds the sectioy
dynamics to give the complete eQuations of motion as a set of coupled, integro-differential
equations. Chapter 8 then giveé the steady state airfoil displacements, pressure distribution,
and airloads due to flap deflection. In Chapter 9, approximations to the transient responée
model are introduced for the special cases of zero stream velocity, small time, and large time.
In addition, a numerica; solution technique is given for the solution of the general case and
examples of the exact transient response of an airfoil at several speeds are presented.

Chapter 10 completes the report with the development of the airloads upon the airfoil due to
the penetration of a frozen gust field represented as a stationary Gaussian random process.

Two appendices summarize the integral formulas and special functions used in the report.
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CHAPTER TWO

THE AERODYNAMIC MODEL: BASIC EQUATIONS
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2. The Aerodynamic Model.

We consider a typical section, of mass per unit length m_ , extending along the X-axis

from -1 to +1 , with motion entirely in the X-Z plane,

potential. Then

with the>boundary conditions:

1. Flow Tangency Condition:

bgg-(t,x,0+) = wa(t,x) -1 <x<+l; 0<t

S

Let ¢(t,x,z) denote the velocity

where wa(t,x) is the downwash to be specified later,

2. Zero Pressure-Discontinuity Condition:

Plt,x,04) ~ P(t,x,0-)

:0, X =

0 1 <x

<1+ Ut

1-, = (Kutta Condition)

“where Y(t,x,z) is the acceleration potential defined by



T
bt,x,2) Ut oot
“The perturbation pressure is given byP = -pyP .

Following Schwarz (see Ashley [3]), we seek a solution in the form:

1+Ut

-1 Z -
L -(1/2n)]1 Y, (E50) Tan

1

o 1 :
¢(t,x,z) = -(1/2w) f_l ya(t,z) Tan - v dg

where Ya(t,x) is the circulation on the foil, and Yw(t ,x) the circulation in the wake. The
integrals are to be taken in the Cauchy sense.

It is easily shown that:

3 . ‘ |
5% (t,x,0+) %Ya(tb,x) -1 <x <+l

= %'Yw(t,x) +1 < x <1+ Ut

and that

H

3¢ 39
= (t,x,0-) (1) T (t,x,0+)

%}% (t,x,0+) >0, x<=-l, x>1+Ut



Hence, in particular;

o X . : .
¢(t,x,0t) = % f Ya(t,l,') dcg - -1 < x < +1
-1

n

S : X ' .
3 {f Y, (t,0) dg +f Y, (t,0) dz}, 1 <x <1+ Ut
-1 -1 |

Again, even though we cannot differentiate with respect to time inside the integrals, we have

- g-f¢(t,x,lz|) = gF¢ (tyx,-|z])
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by considering corresponding differentials. In particular
9 o = O
- a3 ¢(t,x,0+) = 5% ¢(t,%,0-)

Hence the Boundary Condition 2 yields:

‘Uyw 1) + ') = 0
And Kutta Condition yields:
'U'Ya (t,1-) + () = 0
Hence,
-r{](t) = ya(t,lé) =7'yw(t,l+)l and is finite,

Moreover, we have, from boundary condition 2:

3 | X
Uy, (t,0) + 1) + 2o f ) Y, (ty) dy = 0

1l <x<1+Ut



Hence Yw(t,x) must satisfy:

Putting

or,

or,

Hence

_ X
'Yw(t,X) = F(t - T )
x = 1+, we have
Y (t,19) = Fr-1)
w U

[M(t) = U F(t - 1/U0)

LR EY))
Y0 = - I

1x )

U

1\



¢t

Now

1 Ya(t ,y)dy 1+Ut yw(t,y)dy

' 1 1
e - L [PV
a ’ 2w 1 X-Y QT.T 1 X -y

Substituting for Yw(t ,X) , we get;

1 1 Ya_(t ,y)dy

2n -1 X—y,

"

#UE Tt + QL-I-JX )dy
w_(t,x) - 5 f
a =y

t ' : -
_ 1 ["(t - g)do - ‘
= wa(t’X)'""er- . X1 -U5 ° -1 <x<1

Now, this integral equation has a unique solution, since Ya(t,l-) is required to be finite; and is

given by:

. 1 w_{(t,y) /j '
_ 2 - /H-y a 2 f (t"O')dU
'Ya(t,X) = o/ Tix {[_l Yy x-y dy - 1._ x-y 0 y - y - 1 - Uo

This is our basic integral equation.

Let

1 ‘ . . N | .
= .-]-;‘*l l - l .= - l Z+ - . 4 = )
LCRY f_l/l_yy_l_u(T TT W o5 e ey fEL z = 1+Uo



Then the equation becames;

0

| | ot
2 /1-x 1 1ty wa(t,y) 1 H(o,x) ' (t
o = =/ [/ ~—dy - 7%
Ya'tts T ow VY o1Idx 1 1y X -y

giving the total circulation on the airfoil as

1A : 1 ot |
e = 2 f—i T_g— w, (t,y)dy - 27;/(; H(o) T''(t - 0)do
" with ‘ '
’ 1
2 /l— ' +1
H(o) = E‘/‘ ﬁ% H(o,x)dx = 2m [ —ETI - l] 3 7 =
0

(see Appendix 1.)

€T

- og)do






CHAPTER THREE

CIRCULATION ON THE FOIL
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3.  The Circulation on the Foil.

To pméeed further, we endow the foil with three degrees of freedom. With réfer*ence to
Figure 1, let h(t) denote the plunge coordinate, a(t) the angle of attack, and B(t) the flap

deflection. Then the dawnwash wa(t,x) is given by

w (£, = %t— z;(t,x) +U Sz (0
where
za(t,x) = +ht) - (x - a) a(t), -1 < vx <c
= —h(t.)-(x—a) a(t) - (x - c) (b)), .c<x<+l
Then
wa(t,x) = —' h'(t) - (x-a)a'(t) - Ua(t)’, - i< x<c

i

- h'(t) - (x=a)o'(t) - Ua(t) - (x=c)B'(t) - UB(L), c<x<1



Hence we have for the circulation:

T (t)

The last line

Also

1

-1
2 1 =% dx L 4w 1
= = S — S = w (t,0)dr - 7=
: -1 v1it: -1 Vi"‘l.‘ a i
1 - : 1.
IS e
= (=2) 2T gt - e g
B TR=—-R ALt -7 SO H(0) T'(t-0)do
follows since
1 | ]
-x dx 2 - 1 1-g
— = — — T - 2.
S-—l I *h v S a o e P
) -X
 R— L v | Yoo
Yisx  adx yIi+g . -9 vare
= =
Y r=v -1 /1 -1 -t

S Ya(t ,X)dx

t
S H(o) T'(t-0)ds
0

wa(t,l;)dll

}
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flence

1 _ 1 —
2 T ige) + (geada'(t) + Uaedag +2 § L
-1 V1-¢ c VI

((g-c)B' (1) + UB(L))dg

H

21 h'(t) + 2q Ualt) + (w-2wa)a'(t)t (2/1-c” + (l—2c)cos—lc - o/l-cT)B (1)

+ (ZCosﬁlc + ZV{—C’)UB(t).

r(t) = 2nlalt) + (QCOS_lC + 2/&~02)U8(t)

+ 21 h'(t) + (m-2mada’(t) + (2 l—c2 + (1-Qc)cos—lc - c/{~¢2)6’(t)

+ -
v { a- 2y (t—g)da,
0 Z-1

x(t) = {h(t)
alt)

B(t)



0¢

and let

x(t)]
| k(t)J

Then we can write

where

But

_t :
() = [B,2(t)] + j (@ - 22y (eeg)do
. 0

re)

= [B,2(0)]

S

VZf'l .

0

27U

(2 cosflc_+ 2\/1::—2—)U'
277

T -~ 274

(1-2¢)cos Yo + (2 - o) /102




Hence

0 = [B,2(0-20)- |
02 .

Now for Res > 0:

Sm e-so vatl
0 Z-1

Now
o _ 5%
j U
e
1
Let
K (s)

T2

.t -
Y2 i (teg)do
vz-1 ‘
L T s
do =g fl e VZ T
s sz e
1 Yo o 2L o4
g ¢ ¢ Z—1
1
. o . 52
vzt _ S 1] (z+1)
dz = e ~
vz-1 1 /2
, z -1
jw _—st. dt .
1 /21

dz



Zc

Then

8z
U ZANE _ . /S .8
dz = 1(0 (U) - KO ('C,')

Here KO(S) is the modified Bessel function of order zero.

Hence
_1 s/U s .
(Ko(tﬂ - ﬁb(s/U))

2¥) do = t}—e

j» - SO
e
0 z-1

and hence
7 o /T
ULB,L(Z3s) - 7i—‘-§%]a‘°”

f e” Origas =
6 .S - K'(s/0))
0'U o)



~ vhoeve

w

L(Z;8) = j e Sty eyat
0

let us denote the inverse Laplace transform of

1y 12
S 3 1 S oo
KO(U) - KO(S/U). | j oSO Y21 o
0 Z—1
by
cl(t).
Then
. o .
It = 5 e, (t-0)[B,%(0) Jdo

0

1514



and

t
reE) = I e, (t-0)[B,2(0)1do - c,(£)[B,2(0)] + [B,Z(0)]
0 |

where

‘t
CZ(t) = JO cl(s)ds

Finally we note the series expansion due to Kussner-Sears [51 for ¢ ()

Ut <5

¢ (1) - U [37 {%‘-(Ut)- 1/2- %— (Ut)ll? + .1.5_2. (ut) - ZE5E0

Ut _>—}5

oyt = “*‘9'"-2" (1-— & ’*U’%Ug‘lf;- 2) _ 54 Log <2U§ - 2)
(Ut-1) (Ut-1) . (Ut-1)

3/2 161 (Ut)s/z...}’

1y + % - 212)

+
(Ut-1)2

2

. 18 flog (Ut - 2))
(Ut-1)*



Cl(t;U) U cl(Utgl)

cz-(t;U) (:Q(Ut;l)

Figures 2 and 3 present plots of cl(t) and c, (t) calculated using the above approximations.

s¢






CHAPTER FOUR

CALCULATION OF THE LIFT
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4. Calculation of the Lift P.
Wé have

1 A
; ) P(x,t)dx

o
"

1 1 X
9 .
=) £,x)dX + t,y)d dx]
_( p) L S- Uy( }_() = L g Ya( yldy &

"

1

ac

(-h'(t) - (g-a)a"(t) - U a'(t))dg

= (p) [UT(E) - 52 [ w0 + T
v -1 .
Now
2 . Ly A A
T j xya(t,x)dx = j T -~ x dx s ‘ }:C
-1 -1 /IFx -1 /1T -
_ §_[ ft ) -
ot : = ,1-x x -
: 0 _l'ﬂ' / T EH(U,X)GX P'(t - 0)do = Tl + T2 :
Now
1 -—gw (t,0) ' 1
S- AT T LA SR ; vIFg 1
1 A % 1 A ¥

1 -
+ I* /1+g 1
C

p S

=7+ (- (Z-0)B"(E) - U B(E)a



o€

= 4T (L) - (ar -1 - M) ") + Ur o' (1) + (cos e + A-o?) BU(E)
+ (x-) (cos™to + Tx log |]) g"ew)

lc+

/I+x
CY1-x

C+ U B'(t) (cos” Log || )

where

Log |i] = log v{1l-c)(1+x) + /(1+c) (I-x)
- I @Y - AT A=)

' 1-c 1
g—x- log  |*] = - 5 X-C
/1-x
and where we note that
1 T 1 ; 1 -
‘ x(1+x) =X ax = o s x log || dx = g-c r/l—cz; s x(x-c) log |+] ax = % (1-c%)3/2
-1 vItx -1 -
= 1 A% .-
! x(x-c) == dx = g (Ite); S X —dx = - .121
-1 Vitx -1 v1tx



1€

Hence

= - w h"(t) + (an) ‘a"(t) -U nd'_(t_) + (c cos te - /f{ el (/{—c§)3)6"(t) + U(cA-c2 - cos—lc)BA'(t)

'I'l = v3
' Next
3 t 1 9 A 1 v = -
T = <=2 [ S s = eox oo (- 5—) H (o,x)dx I''(t-0)do]
2 ot 0  ’1 w Wi 1) o
= »a L t (1 +U - ” (1+Uo)2 -1 )Ir*(t-o)do]
R
t
-+ DD + ‘a% { (s -V %62 + 200) T (t-0)do
0
Hence

P = (cp) {UM(X) + Ura'(t) - Ule/l-c? - cos™e)B!(t) +m h'(t) - ama’(t)

. . -t . .
- ( %— (/4402)3 + ¢ cos e - /i-c?) " (t) - g—t- f ca(t-o) [B,Z(0)]do}
_ | g



w
N

where
t 5
c,(t) = . I c_(t-0) [Uo - ;/6 o~ + 2Uoc ldo
b} 0 lA ) . i .

The function c3(t) may be calculated nwnericélly using the apprbximations given in Chapter 3.

Figure 4 presents a plot of cg(t‘).
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CALCULATION OF THE PITCHING MOMENT Ma






5. Calculation of the Pitching Moment M,

We have:
_ 1 - 3 1 X
_Ma = (-p) { ‘_1 (x-a)U y_(t,x)dx + = ‘—1 (x-a)dx ‘-1 ya(t,y)dy)
1 1 2 2
- 9 (x-a) {1-a) :
= (-p) { (x-a)y_(t,x)dx - =+ (t,x)ax + re(e)}
p s-lUana x xS 1-1 5 T, (tsx > (t)}
1 : 1
j (x—a)ya(t,x)dx = —-afl(t)+ xy_(t,x)dx
-1 -1 4
1 1 1 W (t,0) t |
[ xv @00 - f 2 AX Ly f LAKIA & - [ H(o,x) T'(t-0)do} ax
b, @ -1 /s A1 1T x-L T Jg |
1 e 1 w_(t,0) t. . .
| = ‘ 2 Ax g AL a ac + ] ((1+U0) - A26%+200)T* (t-0)do
| a7 AR T 0
.t .
=T+ (N(E) - T(0)) + ] e (t-0) [B,%(0)1do
O .

Se
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1 1
T, = S %- Ax . g ; BT [ () - (g-ada(t) - Ua(t)] ;d(-ff
-1 Y1+x -1 VI—-C »

. | |
" [ AT [ L (g-)B' (D) - U B(D)] %E—-i}
c Y1-¢ '

1 . _
= s % /I-x x o {n(h' (1) + U alt)) - n(a-1-x)a'(t) + U (cos—lc +/ %;—i— log |])B(Y)
-1 1+x

1 1 /1+x

+ [(cos ¢ + 1-c?) + (cos™te +

log | | )(x-c)1B' (1)} dx

-7 (' () + Ua(t)) + ma a'(t) +U(-cos‘1c + c/{-cz)B(t) + [c cos Yo - % (2 + cz)A_cz]B.(t)

Next, the "non-circulatory” terms (that is, terms not containing [(t) ) in:

Sl (x;z-a)2
-1

d
3 Ya(t yX)dx

2

/1+x

-X

1 3 o _ A
ST (x-a)? {7 (M"CH) + U a'(£) - m(a-1-x)a"(t) + U (cos Tc +
-1 .

log |+])B8' (1)

+ [(cos_-lc + fl-c®) + (cos™le + 1¥x log l-l)(rx—c)B"(t)}

=X



2

= G+ o’ + Amm Ul (1) + rG-2-a - S UG Hat a®)cos e

, 2 : - ' ‘
+ (%— + 2a% + _2_%:_ - 2ac) —C2]B'(t) t [(cos Lo+ | —02)(%- +a+a)

<4 2 3 a2 3.c, 2
(liac -6ac-~-c —Ha--)-cos c(a+-2--+-§- '-2-+ac+ac)]B"(t)

Hence

t . .
My = (-p) {-aUr(t) + U [T(t) - F(0)] + U I o (t-0) [B,Z(0)1do
0

+ Ul- 7h'(t) - Un(t)m + man'(t) + U (- cos-lc + c/l—cz)B(t) + (e cos"lc - % (2+c2)/{-02)8'(t)]

2 | | 2
+ 220 pr - G+ a® A (D) + Ut () - (g -2 -a - F) ao)

- U [(%— +a+t az) cos—lc + (%— + 2::12 + -2-93-—— 2ac) 1—3218'(1:)

12 1 2

1,1, a’ 2 4" 5
N '[(COS'C(-g*%——%-aéfaC)+ -02 (%—+a2+%a+§ac “Tac‘%‘gﬁ"l“"(t)
=
a1¢ta 2 /x .
+ ag%i [—- i (x-a)” . —= H(o,x)ax]r'(t-o)do}
0 TI . Y1+x :



where the factor in square brackets in the integrand in the last term is

| 1 —
1 J (x-a)? X Heo ,x)dx
il -1 Y1+x

3

=g L 2w ) 22z - AR+ Q2L L

It is also possible to split the circulatory and non—cin:ulatory terms in yet another way. Thus by

not splitting

1 1
Sd(»agﬁmw=—ﬂﬁﬂ" v (t,x)dx

-1
but directly calculating the left side, we have:

1

g_l (x-ady (t,0)dx = T, + T,

1, oA | ' s
T, = g 2 7l (x-a) {vh'(t) + 1Ua(t) + m(l-%-a)a'(t) + Ucos te + YLIX log | )8t
-1 T A . YI-x
o+ [(oos e + vi-c?) + (cos™c + vIFx log | .|) {x-c)1g' (1)} &

. . 1-x

A



3

= - (1+2a)nla(t) - (1+2a)wh'(t) + 2a21ra'(t) + u ((-1-2a) cos-lc + (c-2a) ~02)B(t)

_ / }
+ [(cos™Ye + A-c?) (-1-2a) + 2cos Yo (ac + %* '2(3+ %') * ?li' ”1'_02 (-c” + 3ac) 18" (t)

t
Tu = + 27 S [z - /zz—l + a zH _ al I'(t-o)do
20 Yz-1

This yields:

M= (-p) (U (-1-2a)ma(t) + UP[(-1-2a)cos e + (c-2a)/A-c218(t) |

- U(L+2a)7h! (6) + 2Ua’ma’ (1) + ULE A-c? 1c? + 2a0) + 2008 Ye(ac + 245+ D - 2a)(eos te + A-cD)1B' (1)

v _ 3 - _
- (% + a2 +amlUa(t) -U {(% +a+ az)cos_lc + (%— + 2‘:-12 +.?_§__ - 2ac)»/l--c2 18 ()
1. 2 1 a 3 a
- (7 +a” + a)wr h"(t) - u(-é- -y-a - T)a"(t)
2
- [(cos_lc + —02)(%— + a2 +a) + %2- A-c? (llac2 - 6a2c - - ta - %)- (cos-lc)(a + -g—- + % + % + a2c+ac)]B"(t)
(1-a)? . t /_2-— | /zill
+ 222 P + U 1(2*2-1+a - a)l' (t-0)do
0 vz-1
t p— o —
+ % g? j [%— 2t _ 22 + 2/2.2—1 + 2a (z - 22—1) + a2 ( ztl DIr'(t-o)do”
0 vYz-1 VYz-1

6€



Ot

Ma = (—p)'{Uz(—142a)n a(t) + U2[(~l—2a)cos-lc + (c-2a) -CZJB(t)

“U(1+2a)T h'(t) + Un(a® - a - %“-)a'(t)

2 % 28 2

+ UL(- g-+ 3ac - 2a - 2a” - %—- -5 Wl-c™ + (2ac + ¢ - %~— 2a - az) cos—lc]B'(t)

(~l_ + 62 + 27 h"(t) - (_]: -a. a3 - az)'I[Ot"(t)
2 8 2 ¥

2
- 2
[(%—+ g;-— %-- a2c - ac)cos lc + 1-02 (%-+ a2 + %-a + %-ac - §§9. - §§'- %EJ]B"(t?

+

2 t
51-;:‘1)- T'(t) + U j (z - /221 + a 2L _ )r(eo)do
0 Y21

- z2 + z/zz—l + 2a(z - MzQ-l) + a2( ztl VIr*(t-a)do }

Z-

ﬂ
-+
b

No| b=

pd Itz[
at 0 2

3

The last two lines may be written as

r(t)y t ' t
= +U | oo 3201w +Ua [ Qec,t-02) (B, (@0
)y 0
L (1 It (1-c, (t-0))[B,Z(c)1ds  + L TI(t)
at 5o, ~Cp -0 LE, o rx t
t t 2

I e (t-0)[B,Z(a)Ido + a ¢, (t-0)[B,7(0)Jdo + 5~ [B,2(t)1}
0;5 ' 03 2 ¢



Th

. |
(3 ¢ (t-0) + U c, (t-0) + Ua(l-c,(t-oY][B,%(c)1do
TS A 4 2

d
t 3 ‘ [(— )'— —c (t-0) + a cy (t-g) + Q— 5(t—cx)][B Zo)1do

Where

c, (t)

. y fl(t-o)(l-—Uo \/Uo+2Uo)d

cQ(t) + cg(t)

(t—0)<(1+Uo)\/U o2 +2U0-(1+U0)2)dc

Plots of cq(t) and cg(t) are given in Figures 5 and 6,






CHAPTER SIX

-CALCULATION OF THE FLAP MOMENT MB






Sth

6,

Calculation of the Flap Moment MB._

We have:

1

. SC‘<x—c)P(x,t)dx

=
"

3]

l .
p) {§ Ul-ody_(t,x0ax + 5
C

1

1)

at
c

1

2 1
-p) { S U(X’C)Ya(t,x)dx +. 0 (1-c) S

2

1. ple :
(x-c) dx y_(t,y)dy:
Sc S--l a
y_(t,y)dy ~ =&
a ot

2
= (9 LU Geody (60 + (=0 prggy L 0
C

Now

2

2 3t

{ == a
1 AL XL
Lt MOT (v - (eadat(d) -
S-l /it (x-7)

Ud(t))*dg + S

-

i

9
S (X"g) Ya(t,x)dx}

[ G’ Y, (t,10dx)

c

1 ATE

(=(z-c)B'(t) - UB(t))dg

c  Vi-g

(x-?;)‘



The first term

=+ 7wh'(t) - ﬂ(a—lQX)a'(t) + Um(t)A

Next let
1 i -1
-72? S (x-c) X e S _ vitg
c VLD : o] \/T-C
2 Sl (x-c) HAxX {l ST
rode /A% e Ax ¥

Now let us define

2 r - vi-x
H(o)=3 A {(x-c) -—= H(o,x)dx
o dg VARSY

1 —_ —_

(-C ~X zt
(-2) S (;62) V1=x dx vz T
c ) » V1itx Z~1

1
~

|
~Ne
~

a + 22 ax)



Lh

Hence

= (-0 2L feos7le - Vie? - (zm0) cosTle + 282Rz0)  gpt) /U-0)vztl ]
o | | - TR /aT
1 v
S (x—c)Ya(t,x)dx
o v
2 1 /I
= = S (x-c) (mh' (1) # wlx=-Da'(t) + ama'(t) + Una(t))dx
i c VAR

t
; N 1 _
- (F,(e) = E(e)B'(t) - UF, (@)B(t) - 5= SO H, (0)T'* (t-0)do
=20 (1) - a a'(t) + U alt) (L + 5 hec? - (o ) cos™le)

———

2 c2 2 -1
+ [(-3'~+ —3--) Y1-¢“ - cos elat (t)

- (Pz(c)-c Fi(e)s'(t) - U F, (e)B(t)

t

— — I'4 nt -
- §0 H) ()T (t-0)do



1 2
(" oy (£,0ax
c .
. 1 )
= L eo)? X (R0 - ama! () + Urale))ax
T c Y1+x :
1 - -
2 ()2 X Ggldax o' (D)
: c - YIFx
- (gy(c) - gy (eNB'(1) - U g (@)B(D) - 77 SO H, (o) (t-0)do
. . . 1
2 1~
where (o) = 2 f x - 0% V I Ho, ®ax
C
1 % Lo o
. e ARDT c V1=t ¥
2 1 2 YI=x (l /Fi L dac
g,(c) = = S (x~-c) : dx ) vl
“ c V1+x c V1T

Plots of Hl(t) and HQ(t) are given in Figures 7 and 8.

Now using formulas (23-24) from appendix 1, we have:



6+h

First Term = 2 hl(c) (h'(t) = an'(t) + Calt))

Second ‘ferm = 4 2 hz(c)a'(t)

Next
l b=
Hyo) = 2 {7 Gee)? 22 n(o,0dx
c Y1+
1 (x—-c)2 vYi=x ZA 1
© /iT% =l
Yz+1 1 V1-x% (z~-f‘)2 '
= (-2) { e o
z-1 e ik
- () v+l [(z-—c)Q(-—cos-lc + o (2-1) | ot »’Zl—cs__ﬁ:i]___)
vz-1 ‘ /22 1 Y(I+c)vz-1
+ (2-2¢)(cos e - i-c?) + (A-—cz) - !2‘- cos e - 9-*;2'9-— ]
= '(-ll)(z—'c)z 'I‘c-:\ln"l ‘___*I::-‘g__________IZ'fl -2 yztl [(z~-.2c:—(z--c)2 - %‘- )cos-lc + (1+2¢c - 'CQ:' - z)/{—c2]

Y{IFcivz-1 Z—1



0§

Hence putting it altogether we have:

M
'(%;5'- = u(2tehic? - (2¢+D)cos ™) (h' (1) - a a'(t) + U alt))

2 : _
U[(%— + S:f;-);/l--c -c cos_lc]a'(t)

- U (Fy(e) - ¢ F (D! (t) - v? P ()B()

.t

, 2
U (1-c)“-
-7 S

(@' (t-0)do + ~—5~ T'(t) - h,(e) (h"(t) - aa"(t) + Ua!(t)) = hy(@)a"(t)
0 - . - .

gz(c) -c gl(c) U

+ ( 5 IBU(E) + = gl(c)B'(t)+

1

2

Ay 2y (0)T! (t-0)do
2 27 3t 50 2

= (-p) {Uz‘[(2+c)»/1—02 - (20+1)cos-lc]a(t) - U2 fl(c)B(t) +U [(2+c)/1—02 - (20+l)oos-lc]h'(t)

2 | ()
8 2 - . g, (c
+ U [(§ +c+ %— Wi-¢© - (l+3c_:)cos llc - hl(c)]a'(t) + UL 12 —'(fz(c) - cfl(c)JB'(t)
1 T} 1 ) t .
" P (@RI + (ahy () - by (e))a"(®) + 7 (gy(e) - o gy(e)pe) - L jo H, (0)T' (t-0)do

t
] H, ()T (t-0)do }
0

o+
N =
ol
g



The functions fl(c), f (c), gl(c), g2(c) are calculated in Appendix IT.

1 A%
hl(c) = [ (x-c) dx
c /1+x
) -
= (lﬂgﬂ.c_) Qos_lc - % (202 + 9¢ + ll)n/{—cz
L am
hQ(C) = I ——  (x+1Xx~-c) “dx
c /I+x
e + 5 cosle - © ;13 y 12y
= b 17 7 W© -

1§
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7.  Equations of Motion.

h(t)
a(t)
B(t)

et x(t) =

Then the typical section equations of motion with trailing-edge control ecan be written:

1%
"
=~
.A‘
Q
x
>

M,

. 2 2
X 2 ) 2
Xq {rB-l'xB (c-a)] rg

SS
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K

«©

R




L=

| e
P = P +P
C nc
M = M +M -
a a,c a,nc
M. o= M, +
8 MBsC MB:nc'

where the subscript c stands for 'circulatory' and nc for non-circulatory. Now we can write

ne

e

Mx+Bx+Kx
a a a

=
]

3 where the subscript 'a' stands for "aerodynamic"



8%

KA = E‘ﬁ . }o U2(-l-2a)1r - o uUz[(-l—2av)cos"le + (c-2a)/{-c2]
0 lreIA-c - (1#2e)008 L] - U2fl(c) -

Note the difference in the 2nd row oomespohdirig to the pitching moment terms.

B ' ‘ . v ,

a : - ) s
0 ' ] , U[c/{-c2 - cos ¢l ' ]

- | 2 1 | gy S 2 223 [’2’
= [,‘,}9‘ -mU(1+2a) _ W(a"-a- 5) U {(- §t3c -2a- 2" - 3 - 5 W
- (%-_ +als 2a - 2ac - c)_cos-lc }

UL(2+c)A-c? - (Hzc)cos'l-c] U[(g te+ vf;—l-.-)/{--c:2 urBrle) _ (fy(e) - ¢ £,(e))] ]
- . . —-_2“"-

- (1+3c)cos';lc - hl‘(c)J



a

6S

T
—p 1 2 '
=) T(-2-a - a)
S
- hl(C)
L.
Next let:
Recall that:

- an A-c? - c cos e - %—- (‘/{—c‘)3
g 3 ' a? ‘+'a 1 & + 93. - S a%c - ac)oos™t
A A A °
-2/1.0% 2+ & +E‘.+§.‘£_a
| U - T

ahy(e) - h,(e) 7 (8(0) - ¢ g, (e))

Z(t) = Col. ( x(t), %(t) ).
B =} o0
| 27U .
(2coste + 2 (l-_-cz))U.
2w X o B
(1-2a)w

(-2)cos’e  +(2-¢) V(1=e™) |




[

U [0 ¢, (t-0)[B,%(0)1do * U [B,z(0)] - %E IO c4(t-0)[B,Z(0) 1do

t

,d

at

-p 3 7 .
— so [K cl(t-o) +U cu(t—ol) + U av(l—cz(t-—o))][B,Z(o)]do‘

t 2

[0 LG+ - §oy(t-0) + a cylt=0) + 7 oy (t-0)1[B;700) 1do

t

2n

t )
[ M, (t-0)Z(o)ds +
1]

14 1

-— I cs(t—o)[B,'i(a)]dc*r-— - = [ c,}(t-o)[B,i(a)]do
0 o

2 dt 2w

t
d .
= jo M, (t-0) Zo)do

ULB,Z(0)1]
0

0




ol 2

t -W.
e, (t=g) (Us -~ 2Uc + U6 )do

e () = i 1

t . ‘
6, (t) = [0 o, (t-0) (1 + U - APe? + 200)do

= Czﬁt) + ca(t)

t . e
s (¥) = jo ci(t"c) ((1 + Uo) /U202 + 200 - (1 + Uo)2)do
o
o - - —~ 4
(‘VB\L) = lo L_l(t—o) Hl“U)dCf

07-(t)

,t .A
[ ¢, (t-0) H,.{c)do

Plots of cs(t) and 97(t) are given in Figures 9 and 10.

o)1
-



4°]

The matrices M2(t) and M3(t) are

M2 (t) =
3x5 ‘
(%)
m.
M3(1 ) o=
3x6

-

e

uczxt)B

.

[gcl(t) + Uc, (1) + au(i—cz.(f))] B

:i’%u)“ Cﬁ(t) B

ofs
o«

2 ‘ K
[(‘%_ + %) - %—cz(t) + 303(t-) + %Cs(t)] B

1 ' &




The equations of motion can thus be written finally as: -

t t

ME+BR+Kx=Gu+ME+BR+Kx+ | M (t-0)iodo + L | M (t-0)20)do + | VB2 o) 5.1y
s s s a a a Jy 2 at j, 3 0 Peven

0 3

. : O
| _ 0 t | Q t
B.(t) = AZ(t) + Hu(t) + [B,2(0)] [v ] + J M) My t0) 2o [+] T or )T j

. I M3(t—o)Z(o)do

0

Where

A= O | 3x3 | 5 8 =] Q , ve G o)™ 0

m,

-1 M)k K) —ot M)t -B) | ML T ’
s a s a s a s a sMy) G
Circulation: T(t) = I e, (t-0) [B,Z(0)1do + [B,Z(0)]
%3 0



1S

- 0
Since (M_-M )—1 M (=) 2(0) = [B,Z(0)] [v]
, s a 2

I M, (t-0) Z(0) do = My (=) 2(t) - M, (=) Z(0) + I M,( t-o) 2(s) do
0 | 0 |
we have finally:
s 0] * -1 d -1 s
Z = (A+ [v] B ) Z(t). + I:I (MS-Ma) M2(t—0)Z(0) do | +| +— (MS—Ma) J Ms(tf-o)Z(o) do
0 : 0
| | | | veer (6.2)
+ H u(t) - ; | |
’ o
wherg . 3%6 | ‘
R | Ule,(t)-1) B
P; (t) = (§ (c,.(t) + U ¢, (t) + aU@c.(t)) E* 2\
2 TS | -y 2 m_
. ) %
- U _c4(t) B
2% :




§9

. Note also that

g—

O

3x6
%

B

9;.2...‘3“.1_'13"‘
| m

[(u c+1)Coste - (2430) A-c2 ] g







CHAPTER EIGHT

STEADY STATE RESPONSE TO A STEP FLAP INPUT






8. STEADY STATE RESPONSE TO STEP FLAP. INPUT

In this seétion we shall calculate the steady state response
to a step input deflection of the flap, assuming syétem stability.'

8.1 Steady State Structural Response.

We begin with fhe calculation of the steady state

structural responSe; The dynamic equations are:

s ) - o @ . + o
Ms x + Bs X +Ks X Gu * Ma % + Ba X + Kax MZ( ) Z(t).
t .
+fM2(t-c) Z(o)do
)

t
+d .
5 fgg(t—c) Z(o) do

M, (0 My(t) - M, () -

Hence the steady state response obtained by setting all time derivatives to
zero and initial conditions to be zero, readily becomes:
(K, - K) x(=) - (%’) UB* Z(=) = G u(=)

In particular, taking u(w-)b = 1, we have:

69.



wﬁ-hm = (- EB')' 18} c2(°°) (ZTTUdm + (2 cos-lc + 2 /{-CZ}UBQ) |
. X N T - _

C ' : 2, : - A : »
- eri.am 2 (- I-I-lg) [Uttao, ~ U feos e - c /l-cz)]Ba
s | |

+ (- I—n-&)U cz(°°) [(-a)(ZTrUam + (2 cos"lc + 2 l—cz)UBw)]
. v

I'gwg‘sm"‘ rgw; * [%1'?"] [W? ((2+a)A-c - (l+2c)cps"lc)am' - szl(c)Bme. |

Or, finally:

“’i'hm - (f;ﬁ). U cz(eo)_(ZwU)ax'- (I;—Q-) Uzcz(m)(2cos"lc + 2/{L-'c2)3w =0
) m_ . N

. 2,2 10 . fo, w)2ri]2
Oh  + [-rag;a * (mS)UTZTa + a (ms) c2( 121U Jor_

+ [(+a) CB) U2c2(°°) (2c0s™1e + 2/4-0%)

+ (g—e‘)&c;o.s’lc -c l-c2)] 8.,

= 0
S
on + & LAl - (1+20)cos Ye) T
S
+ {[;T;’-J [0, ()] rgmg}ﬁé | =g

70




letting

2 oy .2 .
W (=) U° . 27
h ms.
v 22 o2
=10 N (ms) U™ (2ar+m)
0 (g}% U2 [(2+c)»’l—c2 - (l+2c)cos—lc]
s
L

We have, for the steady-state values in general,-

M, % (®) = G u(=)

(9—002 (2cos-;c + 2'1—c2)
m _

(ngsz(c—Za) l—c2 - (i+2a)cos-lc]
s . : v

2

(%jJ g— [2/1-c? cos™Le + (1-c2)
s : -1 2.
- (1+2e) (cos ~e)“]
.22
g,

71




This yields for the data of Table 1

72 .

2.5 o

0 (2.0710°
0 (2.6)10
n1: o .0)10
a,|= C

8 J= |0

0
(6.25)10°

(6.11)102.

(-7.9)10~"
(4.87)10""

(-2.12)10’5

1 a3 o

Q, =10
) B, 5.625 % 10%]
(-6.9)107 - S
(-4.98)10"" 0. ={_ .28 "
(1.65)10™° (5.625)10% | 0.93



Steady State Pressure, Lift and Moments

‘We can also calculate the steady state pressure distribution due to

flap deflection directly from the aerodynamic equations. We have

Steady State Dcwnwash

wa('”,X) = "UC‘”, -l<X<C
=-Us -UB,c<x<l

Steady State Circulation cn the Foil

o T s Trr
Yg(2%) = %-/}:f X ——-/EE “al=nt)
| ' /14 -1 At Twg &
s X (ouw) - gy L A ( A oL g
/Tt T e gm0 KR
=z ._l-x (2Ua) + -(—Z-%Q/—l;.-i{ cos ¥ + /Ec‘log (A=c)/T¥x * /TIFe) /1-x }
V1 Y1l+x V1-x SIS - ey /TR
. /I (2U8) 71X a1, 4 <2t1is) Log ,/(l—c) /IFx + VTFe) vI=x |
T=) /TR - /TTFa) /IR |

(2Ua) + =
Y1+x . ' V1+x

Note that Ya(co,x) is discontinuous at x = ¢. Note also that

AACH 1) = 0 = T'(x)

Figure 11 is a plot of the circulation, Ya<°°" x), on the airfoil due to a unit
73

step change in flap deflection.




Steady ‘State Pressure

P(e,x) = (=p) U Ya(”,X)

Ste:a.dy Stats Lift

1l
S—l P(e,x)dx

-
"

1l
(-p) U Xl Ya(‘»,x)dx

11

-a) UZ{ 27 + 28 cos” c+ ZTBT

M=

1 X-C

—_—
(-0) U? (210 + 28 cos™te + (28) vAc? }

Steady Stata Mcment Moz

1 . _
(=) U g (x-2) v (=,%)x
| -1

=<
"

(=p) v {[(~m =22m)a - ((l+2a)c:>s-lc38 + -2-2-

(-0)UP {-(2a+7)m + 8 [-(2a*1)cos™ e + (a2a)

74

dx }

J‘l (x-2)% /-2 .
-1

A1}




Steady State Moment MB

.1
My = (-p)U sc (x-c) .Ya(°°,x)dx

z (=p) U2 E(2+¢_) V{-cz - (2c+1) cos-lc]a

2

+ -1-1;- (2+c) V1=¢" = -1-1;- (2c+l)cqs“lcl (oos-lc)]B

[1 (sm)? Al 1

x=
2.
c -X

+ B
T

= (=p)UP{ [(*2)¥l-c® - (1+2¢) cos el
* (%) [2/1/.-c2 cos™le - (1+20) (cos™te)? + (l-cz)]B},

Finally noting that the stéady state response to step input (unit flap

deflection) is determined by:

‘we obtain
~ 1
wz' 0 0 11131_ 0
n S
M
22 - a
Q r W, 0 Xy = o + 0
S
0 0 r2<w2 L r2m2
L B8 J M BB
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In particular, for the data of Table 1, we have:

. : ) o
Es- W - h, - 375.00
M
S - 2,24 - - |
m_ = Kg¥e = Gu = RO = | - 700
"8 . 2.2 |
m. | g (B -1) - 38.25

LS

A plot of the steady state circulation ocn the foil is given in figure 2.
Nete the logarithmic discontinuity at the hinge point x=c. Nots also that

The Xutta condition is clearly satisfied at the trailing edge.
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CALCULATION OF THE TRANSIENT RESPONSE






6L

9. CALCULATION OF TRANSIENT RESPONSE.

In this section we indicate our technique for calculating the transient response of the
three-degree-of-freedom typical section to a step input to the flap.
For this purpose it is convenient to rewrite the basic dynamic equations in the 'integrated'

form, and taking Z(0+) to be zero, without much loss in generality.



- Integrating the equations of motion:

O | | o

t -1 -1 t . .
M) My(t-)2(0) da | + |1 ) fo- My (t-0)Z(0) do | + Ht

z&) . f; AZ(0) do + ]0

We rewrite this equation in terms of Z(t):

O O

t et t -1 . -1 t .
[0 7(0)do - fo A%(0) (t-0)do - f ) M M) M, (t-0)2(0)do| - [Q1_0) f ) My (t-0)2(0)do | = Ht

where

. |
M, (E) = f | (@30

Hence, we need to solve  the convolution integral equation for 2(t):

t
] M(t-o)y(o)do = Ht 3 (y(o) = %(0))
. |



18

where

o @)
MCt) = T - At - | MM 1Mu(t) - ) ey
0 -0
H= 0 3 G =
0 0 v
' -1 2 2
M <~ Ma) G rg Wg



z8

oo

1 %
cz(t) + ac3(t) +.7 cs(t) B

_
L)<:2'(1:)B:'c
- (- e 3 .
M () ( 5 ) [l;cl(t) + e, (1) + au(l-clct_;] B
- % cs(t)B*'
_
-ca(t)B*
2
- p a 1 1
M (E) = (» £ (7_+ .4_) -1
S
1 %
-lﬁ' 07(t)B
f e St cl(t)dt = — = 1
0 8 f Ry Y2+ug do
0 YU



€8

cl(t)

cz(t)

03(t)

cu(t)

cs(t)

CB(t)

c7(t)

1] .
S—

=-”—fr— ; (ut)* ’1(ut)"’ 132 wHy¥?,, , Ut <5
t

= c.do

[, =
t

cl(t—o)GJo - u?o2 + 2uo)do

c2(t) + cs(t) ,

i .t
=Uf eyt [a+ v [ 1o - ane) ko

t -
[ . ¢, (t-0) H, (0)do

t
f . ¢, (t-0) H,(0)do

h



+8

2 oos™le - Ac? - (z~c;)06s—lc + _2'Z"l (z-c) tan"t YA=0)@¥z) z=1+ut

Hl(‘t) = (-2) : ’
vz-1 _ Y2+l /(1+c)(z-1)
Hz(t) = (=4) (z-c)2 _'tan—l /{1-c) (z+1) - 2’/Z+l (z - 2¢ - (z-c)2 - %)cos-lc + (1 + 2¢ - g— - z) J{-c s

/(T+e)(z-1) /z-1

z=1+vut

B =[0. 2mU- (2c0s e + 2 AcDU - (1) - (w - 2ma) - (2-c) Alc” + (1-20)008-10]



Solution for zero stream velocity : U = 0

It is of interest to examine the limiting case when U=0. We have:

1]
o

Mz(t; U=0)
0
My(£5U=0) = (-p /m) (@272 + %) B*
(/47 ) [(l+202) cos e - 30%1—0 )] B%
(Let us denote the matrix on the right by M, 0)
. 2

K = 0

a

B = 0.

a

Thus the dynamic equations for the case when U=0 can be written:
0

72(t) = AZ(t) +Hu(t) + 7(t)

-1
M, - M) My

from which we can readily calculate the in vacuo modes.- These modes and corresponding eigen vectors
are given in Table 2 for data set #1.

w
o
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Solution at t =0+

We next calculate the transient solution for small t, specifically for + ¢ 1/U .

For such values of t, we can exploit the approximation:
0

M) = em) | (/8T An U w2 B

w/2w 2 (e cos~ o - (1—02))B"’=

0
My(t) 2 (-€/m) L (2a%+ 1) B*

@mm [a+2e?) cos™e - 3c V(1-c?) ] B

Mu(‘t ) = 0

We note that:

M3(0+) = M3,0'

Unlike the case for U=0, however, it should be noted that Ka and Ba are no longer zero.



L8

The Solution for large t : Steady State Solution

Let us next consider the steady state solution. For t+ «» , we can make the approximation:

0

M(t);:s I - ( A + ) t -

Letting:

-1 | -1
(MS - Ma) My (e ) (Ms - Ma) M3(_°°)

0 _
A + \ 1 \
RICHER: Shall HES

\ 0 \
' -1
(M, - M) My()

the asymptotic solution at t = o0 , is given by:

(I-4)2(0) = A, %)

We remark that this solutiog is
matrix (I—-A3) can be singular,

nonsingular for U=0, as we have

0
+Hut) + [B,2(0) \ \ .-
) v i |

'exact' for U = 0. A question that naturally arises is whether the
in which we case we have a singular differential equation. It is

already seen.



NUMERICAL SOLUTION TECHNIQUE -

For the numerical computation of the transient response due to step input, we proceed as follows.
We take Z(0) to be zero. We choose a sufficiently small sampling interval & , and proceed to discretise

as usual. Some care has to be taken because of the singularity of the kernel Mj(t).

First we note that the initial condition can be calcvulated from:

H (as is evident by Laplace Transforming or otherwise)

O

-1 :
(MS—-Ma) M, (0)

M(0) y(0+)

y(O‘*’). M(O)-l H ; M(O) =T -

Next: use the discretization:
n-1 /[(k+1)a

z j M(nA-o)do y(k_A) [or (y(k+lA; . Y(kA))] = HMmA) ,n21
0 - \ka | - -
Let ,
(k+1)a
-1
Mn—k—-l =T j M(nA-o)do
kA

[In all kernels except Mg( ) , Wwe replace the right-hand side by the integrand at the upper limit.]
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Then we have:
n-1

S Mgy YO = oH
0

Since the matrix involved is "triangular', this can be solved readily without resort to iteration.

Note that the "coefficient" of

. , A
y(n-14) [or' (Y(M) +2Y(n_"IA))] is always %—f M(A-0)do = M(0+).
]

The transient response of the section has been calculated for the section paraneters. of Table 1 and

for nondimensional velocities of 200, 225, 250, and 275. The responses are given in Figure 12.






CHAPTER TEN

CALCULATION OF THE GUST RESPONSE






10.1 CALCULATION OF CIRCULATION DUE TO GUST

’ We begin by calculating the circulation due to gust. First, we let g(x), —» < x < o,

represent the "frozen" gust velocity (field).. This is a spatially homogeneous random process,
Gaussian-distributed with spectral density P(A) which can (following the Von Karman theory) be

taken as:

1+1g1x2

Qs 1(2)\2)11/6

p(A) = Const.

where k; and k, are constants.

From unpublished calculations, Yg(t,x), the circulation on the foil, is given by the

integral equation:

'T““ i ' ot
Y (t,x) = 2 X f g(?; = Ut) dg - L H(o,x) ! (t - o)do
-1 /A= X -z 2% 0 .8

where fg (t) is the total circulation due to gust, defined by:

l'g(t) = f—l yg(t,x)dx

€6



Hg) = ——22F 1 .14+ U

X~-2y¥2 -1

It is convenient to use the spectr*él representation for the gust field:

glx - Ut) = [ 2™ V& - U0 45y

-0

where
2 _
E |d8(w)]“ = p(v)dv

Using the fact that the orwder of integration in

/

1

f ,/i+§ g(z;—t)
~1 -1;/T_-"— X -z

can be reversed, we obtain upon integrating in x over [-1 ,+1j':

gt = gz~ a -~ [ Ho fg (t-0) do
v 2r 0 T

" ]_l ,/1—.—



S6

where

¥z + 1 -1

H(O’) = o

The equation can be simplified to;

=~ -————M’r'(t-o)dcx:z[ AT o - az
2 "0 s & -1 ST-T

This shows that the circulation is asymptotically stationary Gaussian. We can calculate the spectral

density in the following way.

1 . o o . 1 .
w2 | /IH T ]"" 2TV = U o oy [ e i AT omivg
-1 — 0 -1

AT A -T
Now
1 A+ éﬂiv; 1 1 2wive 1 d 1 -1 2wivg
R T SN ac = f | e ac - < ] e ac
-1 A= ~1 -z . (27i) dv ~1 -z
— w »
=7 J0(21n)) + :—Jl(21rv)

T [30(2mv) + 1 J)(2m0)]



where we have used:

1
I, = 2 f cos t x dt
m

0 Y1 -+t

Hence,

—
st =2 [ EEEg-up a
4 A=t

.

(2m) ] Wglem) + 13 (2mv) e 2™WE ggyy

o=

N_ow, substituting for H(g), we get:

. |
[ =il (& = o) do = 5(t)

0 Ao

where S(Ut) is a stationary stochastic process with spectral density

42 |0 C2m) + i Jl(21r\))|2 p(v)



LB

Hence fg'(t) and fg(t) are also asymptotically stationary, and g(t) has the spectral density

P. (v)

_ n |7 (2%2) tidy (g%!)|2 P(V/U) ('1>
- 2
U

Mg IL(\))I2
where
L = [ v ATTE o
' At
=L 2V O(m) - Ké(ZTN/U)
21U U~
where-

Putting A = VU, we can write

lJ (2m) +-i'd (2nx)l2
P

Wy = Q6

vl pP(A)
g |1< (2m) - 1< (2m\) I

[

The main result is that asymptotically (large t) the circulation is a stationary Gaussian Random

Process with the above spectral density. The Spectral density depends on the assumed density for



86

the frozen gust field. We note that the latter is well approximated by the Dryden form:

1
l+k2A

p(A) = Const. 5

especially at high frequencies. We obtain this approximation by noting that

1+ 1;1'12 o A+ };2';\2) (k2 - k_L)AZ'

: = +
(1 + kzxz)ll/s (1 + kz;\Z)ll/s (1 + k2>‘2)11/6
where the second term goes to zero for large A and

1+ k2 1
1+ 1;27\2)11/ 6 14 1;2A2

we can also get a "time~damain" representation for the gust circulation:
- +
g @=0n [ c(t-0 %) a@
g 0 *

where cl(t) is as defined above and has the Laplace transform:
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xR

-st _U -st Sy _ ' (8y1L
[ e o, () dt = 2™ Ik & - x (3]

.
where ko(-) is the modified Bessel function of order zero. We note that [ g (t) is a stationary

Gaussian process for all t > 0, not just asymptotically. The circulation is asymptotically stationary,
since

t ot
Tt = [ Tg'(@ do+ [0 = 1,0 + [

cz(t - 0)S(0) do
0

0

where the natural choice for [ g(0) would be zero.
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10.2

Having determined rg(‘t) >

usual way:

g

We need to caiculate only:

1
f X Yo (t,x) dx
-1 i

CALCULATION OF THE LIFT DUE TO GUST LOADING

we can go on to calculate the 1lift Pg' Thus, we have in the

a 1t '
P,o= (-p) [U gtt) -5 [ x Yg(ts®) dx + [ ()
-1

which, using the integral equation for (t,x), yields:

1

zj N
11' —\

1+ x

Now it can be shown that:

_d
f_l x ¥ (0 = g (+z>f Q-2

& f

t .1
22 Eg-uar - [ [ xHox & [yt o) do
X=T-1 1~z n -

T t - '
L gt - Ubt)dg + g ' + L [ wo - f%62 + Wt - o)do
| . |

T dE




Hence,

= (—o)T _,d_
P(D) = (-PIUT,(0) - 2 G f

t
- 2 o a 2 2 v
T _l(l—c)g(c-m)dc—a-fo (Us - A%0” + Vo) [ (& - 0)do]

It follows that P g(’t:) is a Gaussian process with the "time-domain® representation:

' t
= (=0 _ 4. S(t - o)do + 3-8 (1)
Pg(t) ( p)[Ufg(t) a | 03(0). ( o)do = 52 ]

where

| 1
S,(t) = -2 f A - 2 g(z - Utdg

=1

and is a stationary Gaussian process defined by

S, (t)

o0 . 1 y
2 [ ePME [T A L% M ar s
-0 A 7-1 .

-

- f e~ 2mVUt @y(2m0) + J,(210)) dG(V)

10T



20T

Here we have used:

Jiﬁx)

and

1 .
f 4 _ C? e21|1vz; ac
-1 .

1]

Jl(x)

Jo(x) -

[Jo(x) + Jz(X)J
5 ,

JO(X) -

Jo(x) - Jz(x)

2

e
[,fi*' L o2MvE ar -
-17/1-~1¢

1 g__fl 1+ T _2mivg dz
CQTI’:LS dv 1 m

7

m [gzm) + 1 d,2m] - %I [(2m (J;(Q'n\)) +i Ji(Zm})]

321 - J,(2m)
2

™ [JO(ZTN) -

—2’1 [3,(2mv) + J,(2mv)]



We also note that for large v

J (2wv) + J.(21v) ~
m 0 /21r\)

Note that

fw’e'-St [t - AZ + 2¢ 1adt = ‘-—%—— fn &St A2 1 a4

0

= 5+ —K '(s)
82 S 0
s
D -
= "7—'—*1(1(8)
S 8

"

’1"2"[1 - se Kl(S)
s v ‘

and hence, that

% 2

-st _U° -s/U .. s s/U . _ ' :
fo e cglt)dt = ge [1 -Ze Kl(s/U)J / IKy(8/U) + K (s/W)]

E0T
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A time-domain representation for Pg would be, (taking [ g(O) = 0)

f

. |
- . d
gl = o)) / | 2,00 - e(e)) 8(t - o) + G 5, (e)

The corresponding spectral density (of the asymptotically stationary procéss) is

= |[(Fourier Transform of -(Uc,€t) - 4 () (/W) + CU I (2"%") & 0(25") + 0,312 (\’)

Now, the Laplace Transform of [Uc,(t) - ci(t)] is

57 G0 ¥ K70

Hence, spectral density of lift due to gust with U\ = v

1 ( K1(21r?\)

_ 1 . L o3 12
=z | ARV Kl(z“")) (Jo(2m) + 1 J,(2m)) - 2i J, (2md) 1| ° PV
where we have used

X (JO(X)_ + Jz(x)) = 2Jl(x)



10.3 CALCULATION OF HINGE MOMENT (Md) DUE TO GUST

To calculate the hinge moment Mdg due to gust, we need to calculate:

1 1 2
- d (x-a)” a) (1-a)
My g = 9 [Uf-l x Y, (€30 - A (0 - G f_l By (e + ST (0]
Now,
1 2 (Y ATx 1 Ji (g - UD) t )
f xy(t,x)dx-—?f dx f Cg dc +-f (1 + Uo) - AL+ U)? = 1) Tt - o)do
-1 8 : ~1 JT + x X - I; 0 g

1 | t
¢ [ ) A - el - e + 10 - 10 + | ©4(©) 8t - o)

While

1 2 ' 1
i 9—‘-—“2-——‘3—)—- Y (t,x)dx~-—-f x - )2 A% _1 dxf AL oz -uvtag+

-1 JSTI+Fxx -
t 1
1 2
— (x - a) Ho,x)dx ['(t - g)do
f a  2i2 j-l ’ '8

SoT
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Now it can be shown that

Ty

-1

1 2 '
(x - a)® Ho,x)d&x

=3 {%’Z+l—z.2+_z/z2-1+2a(z- 22 .1 +a22EL ol 2oy sue
Yz - 1 : ¥z - 1

Now ,

) 2
[x + (g - 2a)ldx + & =B)" 49
-1/ ¥ x X~

1 fr———— 1
1] (X"a)Q ]."'X,, 1 d}('—':‘:i}r;‘f 1l - x
~1 SIT+x x-¢

n

4+ (2 - 2a) - (a - 1)2

—%—az—z;z'+2az;+c--2a

2 t 1
- y _ (1 - a)
Ma’g(t) = (-p) {(l - a) .Tg(t) -U ‘l'g(O) + 5 rg'(t) + Ufo 03(0) s(t - o)do + ZU‘;;I /{ - cz glz - Ut)dg

' t : 1 2 2 Y
44 [ ¢ @ Tt -ora+ S [ Gra ve -2ar-gy2m MAFT
12 g at 7 -_ :

at " o AT

gl - Ut)dc€



From:

t

| ANOREEY j ey (t - o) S(0)do

1]
we have that

t

J

. i ’
L 1@ Tt - 0)do = fo {2a ¢,(0) + cg(a)} S(t - a)do + G + a?) s(t) - a? rge)

since (as can be verified by taking Laplace Transforms):

t
] (4 + a2y 22+ U0 cl(t-o)do=(%+a2) §(t)
0 JUo
Hence,
Mo (1) = (-p){(lv—a)va(t)-Ul'(0)+—(-}—"——a—)2— [ +U [tc (o) S(t - 6)do -.U S, (1)
g ' g g 7 g o 53 U S,
3L t(2a (o) + (o))S(t-c)dc+§3r'(t)+é—-1(;2_2g;_;+2a)'i+cg(1;-Ut)dc}
ol R 2 '8 gt I,y A-t

LOT
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Now

1 ' ‘ . 1 o . 1 .
f (22 — 2ar - € + 2a) Y1+ Z & 2Ty dac = J’ (2a) ,5 _ ;2 &2TiLy ac - f o - g2 2™ 4
-1 A -z -1 -1

ma [3,(2m) + 3,21 - 2= (B -g;mouw) + 3,(2m)]

2mi N
J2(21rv) .2J1(21rv) ‘ .J2(21rv)
= 7a [JD(ZHV) + J2(21rv)J B = (1a) —————— = Tl —S—
27V 2wV 2wV

where we have used:

- J2(x)
] -
,J2(x) = =2 = + Jl(x)
Jé(x) = —Jl(x)
2J1($§)
~ = JO(X) + Jl(x)

This shows that M g(‘t) is asymptotically a stationary Gaussian process (if we may set I'g(O) = 0) with
s } : : _ . ,
finite second moment. The spectral density can be deduced readily from the time<damain “convolution"

integrals.



10.4 CALCULATION OF FLAP MOMENT DUE TO GUST.

We have
d
M = (-p) g Ux - c) v (t,x)dax + — (x - c)dx v (t y)dy}
8 fc ' & dt ]c ]:-1 8’
1 ‘ 2 1l ‘ 2
= (- _  ~c) i _4 T x -c)
(-p) Uc U(x c)_ yg(t,x)dx + -—~—-——-2 _rg t) - — f --—---2 | Yg(t,x)dyg
! | 1‘2 /A -x VATT glg-ub
f (x - 0) Yg(t,x)dx = (.-1)] (1-;-) & ~ ) ax | L 8reo ) 4

c c JI + x vl/i-.-c X--C

————]f x-—c:)IT H(o,x)dxl"(t—o)do T1+T2

|
The only way to handle the first term Tl would appear to be to integrate wi'thb respect to x first, and
then use the spectral representation for the gust. _The second term T2, of course, presents no problem.

- Thus, we have for the integral with respeet to x in the first term:

1 . o - -
D[ BDaw-o 2 2 dx:fo [X+(;_1_c)+e+c g -cr . _ox
c SI+x x-C . ox-z 1 - %2

60T

20 AT -1 - ) cos c+(c+c—c—cc) l/(l-c)(1+z_:)+/(1+c)(1—l;)H
=2 - -1- log
LN A2 Y@=e)@T+ ) - /A + a0 -0})




01T

T = [ -2mivit g, (V) d6(v)

-0

where

1 . — _ —
_gl(v) 2 2TV [GA -2 - (1 +¢) cos™te + (1 -2 -7 log |*|3 1+t dg

"l A -2 /T -z
1 . ,
= %f eZm_\)c I(r’{ - 02 - A+ 0 cos"lc) + cos c] are —2dz
-1 AT

1. B
+ 2 [ ™R e - o) 20 |41 a

Only the second ‘integral requires attention. We use integration by parts to simplify it. Thus

;v‘l —.c2 . 1

d
—1log | | =
dcg /l - Z,‘ c -3
1,.. 2TiVg 2TixXy 2mivg
fe21rlvc(c—€)d?;= e ; € _e 4
- amiv  (2miv)2  (2miv)
2wivg :
& (e~ —E ]

Qmiv) 2miv



1 . , 1 2mwivg . : 2
2 2WiVE . 2 e 1| . /1-c 1
= e (c =) log |*] at = = (c-0) + - =
L '[1 ’ i f-—l 2wiv 2miv —ﬂ?;— 2 (c~1)

1 1 2 é._c.? emuw; i
-1 v/ 1-22 c-¢

6 1  2wivg
- C e dc
)(2111\)) I ﬁ -2 c-¢

2
1 - &2 f(c;v)
2Tiv

]
AN

21,

n
<>

“HINT

where we define

1 .
1 1 e21r1v; ac

R W - e

Then
, ) :
gl(v) =<;2r->( L ) Jg - c2 fle;v) +(2) (Jl - 02 -+ c) cos™ c) (J (2mv) + i J (2mv))
2miv .
‘ -1 J, (21v) _
+ 2(cos ") J0(21n)) - ————t i Jl(2m))
' 2wV

TT1
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Next in T,.:

[ f &—C%E*“

where

H,(0) =

H(o,

x)dx fg'(t - g)dg

t
1
=L @) T 't - 0)a
<Tgf0% g

-4) (z -

Next we need to calculate:

d
at

where

we (),

1

)2

(x -c¢

2

C) tan"‘l )/(Z + l)(l - C) -2 Yz + 1 [(1 -z + C) COS'-]'C -
Yz - 1A + ¢) Yz -1
d d
Yy (t,x)dx = — T, + — T
8’ a 3 ar ¢

]‘ (x - c)

2

’/1“"dxfl’/i g(l;qUt)
1+ x

-1 /1 = X -1

)l - 02



ax

1 2 /A -x. 1
] x - )

c Ji-fx X -
1.
(C-—c) (1 -12) dx

f [+ Q42+ Dx+ €+ 2+ <c? -2c)]7l—-—2- [ y
X X -0

« - %A - o) YA -AFD + /AT <D
() + log -
! /1l - g2 ' /A <) +0)-YA +e)A ~1T)

]

Hence

1
1 - /1 +
T, = -= (z;)g(c-Ut)dc-~— € - o)? gt -Ut) log | | dc
3 T [_1 mml J-
Now let
1 2 21rivz; Znivc‘ 1 2 2wiv(g-c)
f (z ~c) e log | |dg=e ] (z -e) e log | | dg

-1 . -1

_ gl g2 fl 2miv(g-c)

log | | dg
ri)? av? ‘a1

1T
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Hence it is enough to calculate

l i : ) N
f e21r3.vz; log | | dc = fle;v)

271V
Hence, finally, ‘
.1 (7 -omivut
Ty = - N e [h3(v)_] dc(v)
where
1 AT T . 2rive 2
h3(v) = f L ml(c) Q2MVE dg + 2 2'—51—2-'
-1/ -¢ (2wi)° av
Next

) T
d p -1 1° Tt -
” Tu = 55 dt fO Hz(o) rg (t - o)do

~2Tive
e

flc,v)

2miv



where

1. I
H,(0) = fr— f x - )2 = X H(o,x)dx

c - Ttz

= (W - ) tan™t A+ 200 -¢) /2t (A -2z2+ 4+ 2(z ~ 0)2)005'10 - (2+ 3¢ - 22) A - 02]
, J(z - 1)1 + ) st-l

Hence, finally,

M%(t)—(p) 2U /1+C :/{L--CQ‘P(Lj.--1-o.-c.".)cosm]‘c-i~
T ‘<l /1 -

' t

c-0a-12), VO -+ + /A Fad -0 U

+ g(t - Ut)dg - — (o) I _"(t - g)do
/{—;2 ‘/('.ch)(l+C)-/(1+c)(1—£)l] 2% joﬂl g
1
(l - c) /1 +
———-——f vt (+-—) . (g) + (¢ - )2 log | | | &l ~Ut)dg
- dt ‘[-l [il"-“ ! '
t

+ 1 d Hz(o) T Yt - o)do

y dat’ o -

which is the time-domain version of the flap moment due to gust. It is seen to be Gaussian, and asymp-

totically stationary, with spectral density that can be readily deduced from:

811
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M@ = o{u [ 1<§>( L )£ - o £esw) + 204 - & - @+ @doos W (2m) + 1 3 (2m)

-0 271V,
i (7, (21v) - 2wiv J, (21v)) . ot
+ 2(cos o) | (2mv) - 2 1 } ™MW sovy - U [ H (@) [_'(t - 0)do
27V ' 2% 0 8
2 | w i
+ 55—;—'—°—)-f IOR R H (@) T,'(t - 0)do + L[ nytvy e 2™VE ggqu)

uw &t 0

where

ho(v) = ezm‘\)c 9_2___ e-2'n'i\)c f(c,v)
3 (2’fri)2 d 2 27iv

1
+ ] 21r1vc Jl +

(Z;+201;+; 2-—20—%)008“101- -02 (1+§9-+ z)| dg
-1 )’l—C _

2
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10.5 - CALCULATION OF STRUCTURAL RESPONSE TO GUST

The structural response is governed by the dynamic equations;

- -
X Pg(t)
i . (L1 £
M % + Bsx KX = (ms> Ma(t)
MB(t)

- -

‘where P g('t:) R Mg(t) > Mg(t) have already been calculated. Fram these calculations, we can see that

the right-hand side can be expressed as:

| eVt 1) qaew
where, however, the transfer function L(V) is not necessarily "physically realizable". In other

words, we cannot express it as:

L(V) = f e 2Vt Letyat
0
where W(*) would be the "weighting matrix" corresponding to a physical system (vanishing for
negative t-values). The gust itself can, if we follow the Dryden form of the spectral density,

be expressed as:
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@ -
2mivx
e

g(x) h(v) aN(v)

O

where
h(v) = = const
1+1i k2v
and

n(ldN(v)|2> = dv

and h(v) is of course a physically realizable transfer function.

It would be interesting to approximate L(v) by a rational function.
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INTEGRAL FORMULAS
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127

cos ¢ = ¢

Formulas -

1 1 .
= e —— dr =0 |z} <
ac 5 S-l Y — % |z} <1

1
._95. = S 1 1+E dc
1 ) '
= S ——(—"—Q [1—(;:3) g = - w, |x] <1
-1 l—C
1 _
froao= VI X 3l s=ux-m
*t 1 A X
1 -
Tz &
1 - 1 1. 1+z
E:z‘dg S _ [C-Z]dz;
¢ »’1-:,:'2
1
= { LI -E—%—]dc
c A2
1 )
= ¢ + (241) . S .._l____. F}"z— dg

¢ A?



el

\ “ji:%
) ;/l-‘:
2
C - l—t2 -
1+t
Q¢
2
dg
L) 1

H

G
-2
~ - 2
1o astht
(1+2)2 (1+t2)?
2t
(l+t2)
1-z
I+T
(Q+?) 20 - a-2)tyae - = = b4t dt
(1+t2)2 (1+t%)?
PTG
Siﬁ?? (l+t2) (l+t2) 4t gt
0 2t (1-t?)-z(1+t2) (1+t2)2
1-c
1+c B
-0 (2) at 5
G (z-1)+t“(1+2).
/ i—C
R A -
= D dt

0 t2(1+z)+(z—l)



Ya-orie

= _(_“_’.“) v+l Tan—l vzl
ite Ye=1 '
va-1
t]
5. S "_L'_. Z%-Z dg = _5::2__..3_ Tm]"‘l I‘(l—C)l‘zﬂ'l Z > 1
¢ Al 2 /(I%c)/z-1
1-c
1 1tc
L ! (-2) ! at
fz<1, S dac = S :
2 L-z 1+z E__il...zs
° A"C 0 t 1tz
I |
.2 O | /TR
2»4-—22 o t+v1-z/V/1+4z
. — - - 1 V¢ "‘"5',/“‘“ TTFo)/isz , v
¢ \’1-4,{— . l-—z‘ Y(I=o)/1*z -/(T+c)Vizz :
1
5(a). S 1 : CEZ ac = = 1r_: L oasa
N 1 A | L2y



"

6{a).

Hence

10.

10b.

I Y(1-c)/1¥z +/(Trc)vVi-z
Y(1-c)/1+z -V (1tc)/i-z

s /ltz
1-z

2 /271
z-1 ‘ Y(1+e)vVz=1

o))

Y
1]
8
0]

0
1

1 ' 1 /O
J1F - + - -c)vzHl
S C 1 -1 z+1 T 1 Y(l-c)vz L 251

[a®
(i
t
=
o5}
i
=
t
#
X
A
o}

1 YI+x

— == (-cos™le - v1-¢?) - [cos™o +
-1 /l-—; h ) ’ v I-—X

o,
vy
1

log | |1 (x~c)



12.

8zt

H(o)

H

[}

1

v,iTE —— _J.:._._ _.l_ ar = Sl _—i(’: - -
ol XL < VST ¥=a
= .5 . g .
N X-Z
- _ T z+1
2) o
2 1 A
= H(o,x)dx
' -1 Vi+x
2 z+1l 1 VI=x 1
) (-m ( = dx
vz-1 “-1 /T+x
2 vZtl 1 1 1-z
) (-m) ¢ : C= - Dax)
B o vz-1 -1 }/l 2
v ~X
(_2) y/Z'H ((l“Z) (-'2) 1[ - :",)

(2w)

(2n)

2o aeiz
Z
(/zFT  -1)

vz-1

4

Z

) 1
‘r-1-Uy p T
L V2l
X-‘Z /Z"‘l



9¢1
and

i3. S X
-1

1
1 ( 1 1-¢ - ;
—= dx = - 5 - 1)dx = - . - < 1
X~(, . . X—C 3 2
Y1tx -% »4-x2
S, 1 1 1 ( |
13(a) S X = dx = S — :Eg- -Ddx = Mzl T, 2z >1
-2 VI+x L AL /2“1 v
1 Sl A - "2
-1 Y1

(1+sin@)sinddo
-m/2

.o
-7
1 _ m/2
I L § (1+sin)do = (7 - 4) + /o2
c Vi=g é
= Qos lc + J{ - C
1 T3 /2 — , 7
£ c dg = S (1+8in6)sindag = Vﬁ-c + %- cos-lc + %- c/l-c
c vY1i-g ) . . _

(%—~ c) cos‘lc = (l - —0 /{—c + C7

- c)cos c



17.

Lzt

Sl TFE E ' Sn/:-?

A 20 - (1+5in6)sin’6do
c y'].-C ¢
b= e
n/2 2 ' - w/2 3
= S sin“0d0 + S - sin”8de
¢ o
’ w/2
= .]Q'.. oos-lc + %— CV{-—C + [-C%'S"‘?‘ ~ cos0]
< ]
1 A 1 - '"'I2
S AX oy ax = S A-x)x dx = (-1) S 5in26de
-1 /Tix 1 A2 ~m/2
=T
)
1 Y1+T 2
S ——=  (-1+20-2C%)dc
C vi-g :

(1+sind) (~1+2sin6-25in26)do

w/2

(-1+25in0-25in%0-51n6+251n20-251n30) o
¢



8¢T

T2 . 3
5 (-1+s5in0-2sin99)a9

l
0

= —cos_lc- Vl-c v+ 2 (/i--c?)3

)
& oaE 2
19, S . (-1+22-22%) zdr
c V1 '
,11/2 2 Y
= S (-sinf+sin 08-2sin '6)dso
¢
~— 1 4 1 lr/?30
= (-1) Vl-c t5 cos e+ 5 c»/l—c? 2 [ 5
$
3 —
= (-1 _%-E‘_)A—cz—é cos™1q

18(a) S Arg (-142z-2¢%)ac = - 7

S N e

_ T | .
18¢a) S AT (-1+2;—2c2)cdr,
-1 /1<

1
]
=1

_ 3sin20
16

sin%cosG



20.

6271

(3¢ cladx
AR BN
1-x x(x-c)dx =
1+x

b7

1]

- )

W2

= (1-51n8) (sing-c)do
0
5 . - ) -y
= (o) A-c? ~ccoste - -,Ji— cos™te - %l c»_"l—c2
= ()4 %) /{—c - (c+ -23-'4) cos_lc.
w/2 2 3
§ ((1+c)sin®6- csind -sin>0)de
)
- w/2 . 2
G A-cos ) _ csing-sine)ae
¢ “ .
1r/2 | -3
1tc. (1+c) . 2 cos 0
(l‘:) ()8 - "=~ sin"8 + ccosb - —5— + cos8]
1 a1, Q) 7 —7 . (A-c))3 2
5 (1+c) cos *c + == ¢ l-c - cﬁ-—c + 3 - ¥1-c
3 6 2.3
-]21 (1+c) cos—l, + %— Yl-c (c2—c-2) + (—-'3'—0——)—-



0eT

S

1

C

v 1=

- —

Yitx

/1-x

V1itx

(x-1) (x~C)dx =

L

2 /2 2
(x~c)“dx = (sinB-c)“ (1-sinB)de

"¢

m/2 ' A
.- 2 .1 (1-2¢c)
= L (C + -2- - C)e - - m

P

. [ 2

= [%. (1+2C+2C2) COS-lC + (l-gC)C l—C

7 ——
7 4 RN
e . 8] < \WYil-C
- 5 CCS "¢ ¢+ a (V3¢ )+ (Ll“"t:‘)"
2 :

, 3,
sin20 + (l+c)2 cosp - S95 8 ]

)

~

4 2.3
-~ (l+c)2/;-c2 + (-€;i—l— ]

2
= [(}iZ§iZE_) cos-lc s+ 1 (-2c2-9c-4)il-02]

(x+l)(x—c)2dx

6

hl(c)

m/2
P

2

(sin8-c)?(-sin 0+1) de

]

h, (c)



26.

27,

28.

29.

1€1

ki

Y

= € =+ Erare)coso)? - 2/A-c? cose - (1-c2)]

1 A= /2 - ’
S l-:‘f_ dx = S (1-sin0)do = cos_lc - A-c?
c /l¥x ¢
1 Vl-x 1 1 1 : 1-z .
§ = o & - { [ -1+ =2ax
c v1tx c X~2Z
, vY1-x
- - COS- C + 2(2-1) Tan"'l (l“C)VZ‘+l R z > 1.
AR (L+e)VZ=T
1 i w/2 5""‘2‘
S- X {f_ dx = (sinO-‘-SinQO)dO = A_Cﬁ - %. cos-lc _ Cvi-c
c Vix ¢ 2
1
£(0) =2 j VIX (o) dx j VI 1
Je VIx i *t
A L o 1 -1 2 1
fz(c) == j (x-2)dx J' o dg + = (- .__) { (cos™ ¢ + /i-c®)[(1+c)cos Lo +
c Vl+x c VI=¢ 5 ,

? - ¢ - DAL + + 2 (A-cD% +

3]? ( 1—02)3cos‘lc}



el

let

-1 -s ;
w(t) - ‘,]);‘? I vat S e . dS
KG(S) + Kl(s)
Then
' -s/U .
! st -1 eSYy
e = o f © % KGUE K 70y~ 9
-1 -s
.1 s(ut) s e ,
® o7 J e R AOX: K&y %
= Up(Ut)

clt) = Ulprue)



€et

R L

2|

Ml

N o 1 pu— . 2
(x—a)zdx = (%— + a2 + a); 1 j Ll R (x—a)zdx = -a- ;—— -
-1 /It

b oA
)

T
1+x

‘ (x—a)2(x—c) log |°] ax = i—z / 1-c2 (- S_t}%_c_}_ + hac? - ﬁazc - c3]
-1

1 (x—a)3

L] .‘02 o 1
3 X-C 6
-1 {:X'Q'

‘il (x-a)? log. || ax = .}F [
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Calculation of functions fl(c) and fz(c), gl(c) and gz(c:).

. 1 1
n@d [ 2 o [ LESTI.
¢ YIFx c /I 5
2 S -1 1 v/(l-c)(l*'x) + /TTFC) (amx)
=% (- j (x~¢)dx cos "¢ = J’ (x~-c) log i dx]
e /IF c | /TT= 31T - TR T=%)]

where we have used:

51 T L g s s e - (BR 1o AEITD + (TR
e /Img ¥76 /Tox VTI=aT I - Ty (o)

Now the second integral in brackets can be integrated by parts noting

log V(1<) (lex) + Y(1+c) (1-x)
Y(Ll=c)(1l+x) - V(1l+c)(l-x)

&l

We have:

1 :
S (x-c)log Y(l=c)(l+x) + Y(1l+c)(1l=x) dx

c VeI e ey V. Gy gry)

1 é 2
. = 5 v dx-7- -C j'(cose-c)de

1]
ey
=
b .
4
~n
X
0
s
n
T
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S
1
0
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[ 1
N
1
0
[38]
]
0
&
]
'..J
0
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Now the first integral;

l P
j v1-x (x~c)ex
e vi+x
1 .
= 7 [(2+c)¢{-c2 = (2e+1) cos"ch
Hence
f,(e) = % [(2¢*l)(cos°lc)2 - (2+c)¢{-c2 cos™te - (1-c?) + c/{-cz
= %’ [(2e+1)(cos™1e)? - (1~c?) - 2/{-c2 cos™te]
Next: |
’ 1 A5
() = %- j X (x-c)dx I L. E dz
e /IF% c /I %%
1 e T
= 63%9 I L% (x¢=~c)dx .f =8 (- —) 4z
c VI¥x vI<g
1
= &) [ 'i"‘ (x-c)dx J’ AT o
c /I vI-g
1
+ (% [ =2 oo j 28T 52
c v/iFx /1

= C%a) ((+e)cos™te + ¢ -C D(CZ‘é'Z) * %’c’{°c2)33" (cos™e + 1-e]
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The second term is:

g o
.,?2; j "X (2. ) X log | | ax
c VI¥x -x

and by integratiOn by parts

1}
H
EFEN]
[N
(]
‘ ~\
w!x
H

/ 3
.1 l—c (l-c®) 2 c
2 -é-ﬁ- { [2 - CX = QC = ;:é-]d}(
l«-x
= - %7—7 j -c2 (2 oosze - ¢c cos6 - c2]d9

since a ready integration shows that

Hence 2nd term

Hence

t

!\)

2)&«:2 + —w{-n )3 1Ccos Tt/ Amcly+ »/l-c Yicos
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1l Ao 1 T
g () __.?27_ g (x=c)? X dx I ¥ L dg
e +X e JI-g =5
1 vy Y]
= %’ j (x-c)z =X dx [- cos-lc - 12X . | 17 ax
c Yi¥x vI=x
2 -1 o2 =
=z (-cos Q) f (x=c) dx
c /I
l .
-.72? L (x-c)? log | | dx

2nd term, by integration by parts

-?Zr_ ‘jl (x-c:)3 V{-cz -1 ax

c 3 {__-xz X=C
[ AT =

2
3m c A._x'z'

"

¢ ' .
J' /{-c2 (00528 + Q2. 2c cos8)ds
0 - o

WM
3

42 -1 |
i= - l-c cc; L+ c/{-cz + cfeos™Lc - ZCY{-C ]

3T

"
]
"

—
A-c? [(+2e?) ws'lc-g-c/"l-czl

w
e
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The first term

1l
z - %-cos c S (x—c)2
e

i

17X g

3

2
Tzl' 'lc [(-Jiief—z-?—) cos'lc - % (2c2 + 8c + 4) /{-cz ]

|
g

Hence

6 2 .
gl(c) (/{ ) [c -c - (l+§:’; ) cos'lc + %;r- (2‘:2 + 9 + 4)]
- %‘- (cos™e)? (122e+2¢2)
gz(c)
2 1 2 YI=x 1 vIFg [4
gz(c) = T 3 (x-c) dx j -—:E dg
| c % c Iz X

1
[ T (1. =dz)
e /1% S-X

L _
- ;2r_ I (x—c)2 =X dx (oos-lc + A_cz)
v . = |
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Now

Il —-1?. . ..l'_ dr

c /T X

= coshe + LI log | |
v..i-x

Hence 2nd term in gz(c) is:

1 /%

-% S x(x—c:)_2 dx cos™le
o] +X
1
-2 I x(x=c)2 log || a&x
T c

2
- h3<C') - T

Now .
2 1 2 /.I-x
nyte) = & X X(x=c) dx
LI N /IR
2 ¢ 2
= = f (cos8 - 2)° cos8 (1 - cos8) ds
m 0
¢ .
= %- I (-cosua + (1+2¢) msae - (c2 + 2¢) ccsze - czccse) d8
0
2 3 3 . 10, 3 . sin’
== {-§¢ - 7 sing cos¢ - F S cosT¢ + (1+2c) (sing - )
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_2 g =1 c 3 2, 7Tc 5
=5 eos™e) (et = -2 + 4l (.T-I_e_’c)}
" Next
2 [l o ed AP e
T c Y 2 3 12 l,-qz-‘-x X-C
1
= ;2;' j (%—2-) [¢ _CZ) (3){3 - Eac;.:c2 + c2x + CB) dx
c ' 2
-X

{_‘ ¢
=%TT -c2 [ (3 cos3e-5c cosze +c2c:oss +c3)de
4]
4 2
_ 1 2L 2 5 4 2 -1 c 5¢
"G_TF{C 1-¢® -3 ofl=e” cos c+2+-2—--2-—}
Hence

g,(e) = (cos™le + VA-c?) (- %) [(1-2¢ + 2c%)cos e - 33'- (262 + 3¢ + 1Vi-c? ] |
2 ' c2 3 -1 7<:,3 5 6 2
- = [(c+——--—§)cos °+(T —-i—s-c) -c” ]

m 2

| [ 7 77 v .2
'-]s‘—Tr[cz --c2 _%c -czoos_lc+(2+§-—- __5:2:__)].
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TABLES



3

=1



QHN U)x 3]

i3]
™

U

_ Section Parameters

TABLE 1

[}
o
N

10.012
0.25

0.006

5

25

100 rad/sec
300 rad/sec

50 rad/sec
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'TABLE 2

System matrices: U = O;gB = 0

0.10000CE+0L
0.200000E+Q0
0.125000E-01

SO0Q0E+0u

0.2
0.Q
0.0

a.0
0.0
0.0

-=~0.293400E+Qu4

0.200000E+00
0.2S0000E+Q0

0.187500E-01

0.0
0.250000E+04
0.0

Ké = 0

-0.250000E-01 -0.999999E-02
-0.999999E~02 -0.712499E-02
~0.580566E-03 -0.473441E-03

g.0
0.0
0.0
0.251430E+Q4

0.251430E+04 -0.147478E+0S

-0.157874E+04 0.397441E+0S

0.125000E-01
0.187500E-01
0.625000E-02

.0
.0
.562500E+03

O oo

-O.S80566£~Q3
-0.473441E-03

~0.557130E~04

0.0
0.0
0.0
-0.355226E+03
0.894246E+0k
-0.115730E+06

I 3x3

O

- 3x3




TABLE 2: (con‘tvinued)

0 0 0
My =1 O,  -.0165 -.01485 -.00245
-.0006165  -.00055u9 -.0000917
1
O 353 3x3
-.002943 2465.6  -u51.0
-1, .|
(I-4,7A = .002457 -14636 - 3676.0 Oig
-.05415 45318  -104830
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TABLE 3
Modes and Eigen Vectors for U = 0
Eigen-values + 330.22 j

Eigen-vectors:

1.9 x 1070
-2.8 x10°%
3.01 x 1073
+6.33  x 107
Fo.u x 10‘2j
+9.257 x 10733

Eigen-values + 106.2 j
Eigen-vector
+2.357 x 107

-8.75 x 1073

-4.25  x 1073
+2.50 x 1073
7 9.297 x 10713
Fusl x 107L3

Eigen-values + 47.985 j
Eigen-vectors

2.00. x 1072
5.64 % 1073

2.39 x 1073
9.61 x 107t

+i

j .
2.71 x 10753

+1

1.15 x 10733

+1
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Figure 1
Airfoil geometry
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Function Sy ()
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Figure 3

Function c, (t)
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Figure 5
Function ¢, (t)
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Function H, (t)
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Function H2 ()
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Figure 9
Function ¢, (t)
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Figure 10
Function c, (t)
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Figure 11

Steady State Circulation on Foil due to Flap Deflection
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