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SUMMARY 

This  article  summarizes  some  aspects of  research  in  progress  for  develop- 
ing  finite  element  methods  for  contact  problems. We propose  a  new"finite  ele- 
ment  approach"  for  contact  problems  in  two-dimensional  elastodynamics.  Sticking, 
sliding  and  frictional  contact  can be  taken  into  account.  The  method  consists 
of  a  modification of the  shape  functions,  in  the  contact  region,  in  order  to 
involve  the  nodes  of  the  contacting body. The  formulation  is  symmetric  (both 
bodies  are  contactors  and  targets),  in  order to avoid  interpenetration.  Compati- 
bility  over  the  interfaces  is  satisfied.  The  method  is  applied  to  the  impact of 
a block  on  a  rigid  target.  The  formulation  can  be  applied  to  fluid-structure 
interaction,  and  to  problems  involving  material  nonlinearity.  The  extension  to 
three  dimensions  presents  additional  difficulties,  but  it  is  possible. 

INTRODUCTION 

The  approach  presented  in  this  article  was  developed  while  trying  to  simu- 
late  the  movement  of  a  gas  bubble  in  a  liquid.  The  original  idea  was  to  intro- 
duce  the  compatibility of the  velocities  over  the  gas-liquid  interface  via  a 
constraint  equation  and  to  handle  it  by  the  Lagrange  multiplier  method. In  a 
second  step,  the  Lagrange  multiplier  method  was  replaced  by  a  penalty  method, 
which  is  easier  to  implement. In  both  cases,  the  constraint  equation  is  a 
geometric  relationship  between  gas  and  liquid  velocities. No local  remeshing 
was  performed;  the  bubble  and  liquid  meshes  were  simply  superposed.  This  resul- 
ted  in  poor  pressure  fields  along  the  interface.  Looking  for  an  improvement  of 
this  situation,  remeshing  appeared  as  the  best  but  also  the  most  cumbersome 
solution.  Alternatively,  a  modification of the  shape  functions  appeared  to  have 
the  advantages  of  remeshing,  without  its  inconveniences.  This  latter  approach 
is described  herein  as  it  is  applied  to  contact  problems  in  two-dimensional 
elastodynamics.  Frictional  contact  results  in  an  exchange of momentum  between 
the  two  contacting  bodies, and can  be  realised  by  direct  introduction  of  a 
contribution of the  contactor's  velocity  into  the  target's  equation of motion. 
This  is  conveniently  done  by  means of a  modification  of  the  shape  functions,  as 
described  in  the  next  paragraphs. 
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The proposed  approach  has   the  advantage,  as compared t o   t h e  Lagrange mul -  
t i p l i e r  method,  of  maintaining a c o n s t a n t   s i z e  of t h e   l i n e a r   s y s t e m   t o  be 
solved.  Compared t o  a penalty  method, it has  the advan tage   t ha t  we ge t   au to-  
matic c o m p a t i b i l i t y  of t h e   f i e l d  variables o v e r   t h e   i n t e r f a c e .  When t h e  
formulat ion i s  symmetric ( i . e . ,  both  bodies  are targets and c o n t a c t o r s ) ,  
i n t e r p e n e t r a t i o n  i s  t o t a l l y   a v o i d e d .  

MODIFIED SHAPE FUNCTIONS 
FOR  QUADRILATERAL FINITE ELEMENTS 

Figure  1 shows a two-dimensional  contact  problem. Node C contacts   e lement  
(1-2-3-4) o f   t h e   t a r g e t   a n d  from then  on c o n t r i b u t e s   t o  i t s  shape   func t ions .  
We s ta r t  from t h e   i n i t i a l  4-nodes i n t e r p o l a t i o n   f u n c t i o n  

4 
v = 1 N, va 

with  Na = 0.25 (1+  sign(c,) g ) ( l + s i g n ( - q , ) q )  ( 2 )  

where 5 , 7 a r e   l o c a l   c o o r d i n a t e s ,   a n d v a r e   t h e   v e l o c i t i e s .  
I n   o r d e r   t o  take t h e   c o n t r i b u t i o n   o f   p o i n t  C (node 5 )  i n to   accoun t ,  we modify 
t h e   i n t e r p o l a t i o n   f u n c t i o n  as fol lows : 

5 
v = 1 Nl V, 

a= 1 
N o t i c e   t h a t  from a g loba l   po in t   o f   v iew  there  i s  no new node  appearing. 

Obviously, a "hat   shape  funct ion" a t  node 5 i s  t h e  most adequate   for   our  
pu rpose .   Th i s   y i e lds   au tomat i c   compa t ib i l i t y   o f   t he   ve loc i t i e s  at t h e   i n t e r f a c e ,  
if a symmetric  formulation i s  used .   Fur ther ,  we want t o   a c c o u n t   f o r   t a n g e n t i a l  
s l i d i n g   w i t h   f r i c t i o n  a t  the   con tac t   po in t .   The re fo re ,  we in t roduce  a f a c t o r  p 
which  a l lows  the  shape  funct ion a t  node 5 t o   va ry   i n   ampl i tude   be tween  0 and 1, 
which w i l l  l e a d   t o  a p a r t i a l  exchange  of momentum. The r e su l t i ng   shape   func t ions  
are  (assuming C i s  on s i d e  7 = + 1) : 

and * N, = N, - a, N: a = 1-4 

with  a, = 0.5 ( l+s ign 5, g 5 )  
The loca l   coo rd ina te s   o f  C are (E  ,l). We can   a l so   assume,   wi thout   res t r ic -  

t i o n ,   t h a t   t h e   c o n t a c t   p o i n t  i s  a s s o c i a t e d   w i t h   l o c a l   c o o r d i n a t e s  ( 0 ,  +I) , N* 5 
5 
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This shape  funct ion i s  shown on   f igure  2. Observe t h a t  N 5 ( E 5 ,  T 5 )  does  not 
vanish a t  node 5 when p#  1, but Na = 1 is preserved.  

I n  the sequel ,  w e  s epa ra t e   no rma l   (n )   and   t angen t i a l  ( t )  d i r ec t ions   and  
t h e r e f r o m   t h e   f o l l o w i n g   t y p i c a l   p o s s i b l e   s i t u a t i o n s .  

a. p n  = 1, pt = 0 ,  c o r r e s p o n d s   t o   f r i c t i o n l e s s   s l i d i n g   i n  the  t a n g e n t i a l   d i r e c -  
t i o n   a n d   s t i c k i n g   i n   t h e  normal   direct ion.  This  y i e l d s  : 

N = Na ( a  = l - - 5 ) ,  t h e   s t a n d a r d  5-nodes i n t e r p o l a t i o n  

func t ion ,  

N = N ( a  = l - b ) ,  t he   s t anda rd  4-nodes i n t e r p o l a t i o n  
t a 

func t ion .  

* 
n 

* 

c .  p n = l ,  pt ~ ] 0 . 1 [  t h i s  a c c o u n t s   f o r   f r i c t i o n a l   s l i d i n g .  

Since  pdepends on o r i e n t a t i o n ,  w e  in t roduce  a second  order   tensor ,   which w e  
need i n   o r d e r   t o   d e f i n e   s t r a i n  rates and s t r e s s e s   i n   g l o b a l   c o o r d i n a t e s .  

I n  a loca l   o r thogona l  frame t a n g e n t i a l   t o   t h e   t a r g e t   s u r f a c e  we wr i te  

where t h e  s u p e r s c r i p t s  T and C s t a n d   f o r   t a r g e t   a n d   c o n t a c t o r ,   r e s p e c t i v e l y ,   a n d  
t h e   s u b s c r i p t s  n and t fo r   no rma l   and   t angen t i a l .  

t Equation ( 7 )  d e f i n e s   t h e   c o n t r i b u t i o n   o f  node 5 ( c o n t a c t o r )   t o   t h e   t a r g e t  
v e l o c i t y   w h i l e   t h e   t r u e   l o c a l   v e l o c i t y ,  a t  C y  i s  given by 
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where t 

and [ N,"] i s  de f ined  as fol lows ti 

The mat r ix  En i s  diagonal  when d e f i n e d   i n  a l o c a l   r e f e r e n t i a l ,   t a n g e n t i a l  
t o   t h e   c o n t a c t   s u z f a c e .  I t  does  not  induce a coupl ing  of   the  normal   and  tangen-  
t i a l  components ,   bu t   th i s   would   no t   be   t rue   in  a g l o b a l   r e f e r e n t i a l .  We can, 
t h e r e f o r e ,   e s t a b l i s h   t h e   s t i f f n e s s   i n   t h i s   l o c a l   r e f e r e n t i a l   a n d   r o t a t e   t h e  
element   matr ix   before  we assemble   the   e lements .   Al te rna t ive ly  w e  can make t h e  
d e r i v a t i o n   i n  a g loba l   coord ina te   sys tem.  

In   p rac t i ce ,   t he   who le   e f fo r t   e s sen t i a l ly   r educes   t o   minor   changes   i n   t he  
shape   func t ion   rou t ines .  

TRANSIENT  SOLUTION PROCEDURE 

Search  Algorithm 

We need to   de t e rmine  a t  each time s t e p   t h e   l o c a t i o n   o f   e a c h  node  of  each 
body i n   t h e   c o n t a c t  zone   w i th   r e spec t   t o   t he  mesh o f   t he   o the r   one .  For t h a t  
purpose a connec t iv i ty   ma t r ix  i s  e s t a b l i s h e d   i n   t h e   i n p u t   p h a s e ;   t h i s   m a t r i x  
l i s t s  a l l  elements   connected  to   each  e lement .  Assuming t h e  time s t e p   t o   b e  
small, w e  memorize t h e   p r e v i o u s   p o s i t i o n   o f   e a c h  node  (by an element  number), 
and  search for i t s  new pos i t i on   i n   ad j acen t   e l emen t s .  A 2-dimensional  search 
pa th  i s  shown on f i g u r e  3. Once t h e  new p o s i t i o n  i s  known, w e  modify t h e  
shape   func t ions   o f   the   t a rge t   e lement  as d e s c r i b e d   i n   t h e   p r e v i o u s   p a r a g r a p h  
and  compute t h e   u p d a t e d   s t i f f n e s s e s .  

t T as supe r sc r ip t   o f  a m a t r i x   s t a n d s   f o r   t r a n s p o s e  
tt a depends  on t h e   l o c a l   c o o r d i n a t e   o f   t h e  f i f t h  node a 
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Predictor-Corrector   Algori thm 

We adop t   he re   an   exp l i c i t   p red ic to r - co r rec to r   a lgo r i thm,   de f ined  by t h e  
fo l lowing   equat ions ,  at t i m e   s t e p   ( n  + 1) (see re f .  1, 2 f o r  detai ls) .  

Equations (16)  and (17) are p r e d i c t o r   e q u a t i o n s   ( u p p e r   t i l d a ) ,  (18) and (19)  a r e  
c o r r e c t o r   e q u a t i o n s ,   ( 2 0 )   t o   ( 2 2 )  are i n i t i a l   c o n d i t i o n s ,  and N i s  a nonl inear  
a lgebra ic   opera tor? .  The implementation  procedure  can  be  found  in ( r e f .  1). 

If f r i c t i o n a l   c o n t a c t   o c c u r s ,  w e  n e e d   i n   a d d i t i o n  a p red ic to r   equa t ion  for 
pn+ . Because  of   lack  of   space,  t h i s  i s  not   developed  here .  For t h e  time be ing  

we a i o p t  

- 

NUMERICAL RESULTS 

The ana lys i s   o f   an   impact   o f  a rec tangular   b lock  on a r i g i d   s u r f a c e  i s  
performed  (see r e f .  3, for comparison).   Figure 4 shows t h e  mesh. The data a r e  

dens i ty  p = 0.01 

modulus o f   e l a s t i c i t y  E = 1,000 

P o i s s o n ' s   c o e f f i c i e n t  v = 0 . 3  

dimensions L . w = 9.4 
t i m e   s t e p  A t  = 0.002725 

t If variables are t o   b e  memorized a t  e l emen t   i n t eg ra t ion   po in t s ,  as o f t e n   i n  
nonlinear  problems, remember t h a t  t h e s e  are moving when node 5 moves. 
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Newmark parameters 
( e x p l i c i t   p r e d i c t o r -  
co r rec to r   a lgo r i thm)  

y = 0 . 5  p = O . 2 5  

i n i t i a l   v e l o c i t y  vo = 1 

wave v e l o c i t y  C, = ( [ E ( l - v ) ]  / [ ( l + V ) ( l - 2 V ) -  p]}Oe5 = 366.9 

The time s t e p  i s  d e f i n e d   b y   t h e   t r a n s i t  time f o r  a d i l a t a t i o n a l  wave t o  
c ros s  one  element. The impact   t akes   p lace  a t  t = 0. F r i c t i o n l e s s   c o n t a c t  i s  as- 
sumed (p = 0 ) .  This  i s  in t roduced  via i so l a t ed   nodes ,  as shown on f i g u r e  4a. 
For t h e   p u r p o s e   o f   t e s t i n g   t h e  new formulat ion,   both  node-to-node  and  dis t inct  
nodal   pos i t ions  are t e s t e d   a n d   y i e l d   t h e  same results. 

t 

The a n t i c i p a t e d   s o l u t i o n  i s  shown on f i g u r e  4b. Th i s   exac t   so lu t ion   has  
two constant   zones  separated by the  d i l a t a t i o n a l  wave f ront   emanat ing   f rom  the  
i n i t i a l   i m p a c t .  The c i r c u l a r  wave f r o n t  i s  a result  o f   r e f l e c t i o n s   o f f   t h e  free 
boundary. 

During t h e   e a r l y   s t e p s   o f   t h e   c o m p u t a t i o n ,  stresses i n  zone I1 are obta in-  
ed   f rom  the   impulse   equat ion   appl ied   to  a one-d imens iona l   s i tua t ion  ( U = c - p - v 0 )  
S t r e s s  results shown on figure 5 .a c o n f i r m   t h e   v a l i d i t y   o f  t h e  new approach. 
Some overshoot  appears,   however,   in the  s t r e s s  results o f   t h e   l o w e s t  row o f  
e lements ,   p robably   due   to   the   absence   o f  a d i s c r e t e   i m p a c t   c o n d i t i o n   i n   t h e  
algori thm. The deformed  configuration at t = 0 . 0 2 1 8 s . i ~  shown  on f i g u r e  5b. 

CONCLUDING REMARKS 

A new approach to   con tac t   p rob lems   i nvo lv ing   f r i c t ion   i n   t .wo-d imens iona l  
elastodynamics i s  p r o p o s e d   i n   t h i s   a r t i c l e .  The b a s i c   i d e a   o b v i o u s l y  shows some 
ana logies   wi th   loca l   remeshing   techniques ,   l ike   the   one   p roposed   in  ( re f .  4 ) .  
The t r e a t m e n t   o f   f r i c t i o n   v i a   m o d i f i e d   s h a p e   f u n c t i o n s  seems similar t o   t h e  
l i n e s   o f   t h i n k i n g   a d o p t e d   i n  ( re f .  5 )  for the  treatment  of  shock  waves.  

The proposed  formulation i s  symmetric  (both  bodies are contactor   and tar- 
g e t   f o r   e a c h   o t h e r )   a n d  satisfies c o m p a t i b i l i t y   o f   v e l o c i t i e s   o v e r   t h e   c o n t a c t  
i n t e r f a c e  (when poss ib le ) ,   thus   avoid ing   in te rpenet ra t ion .   Comple teness   o f  the 
modified  elements  remains  satisfied.   Although no de ta i led   compar ison   wi th   d i f -  
ferent   approaches has been made as ye t ,   t he   fo l lowing   advan tages   can   be  men- 
t i oned  : c o n s t a n t   s i z e  o f  t he   sys t em  o f   equa t ions   (no t   t rue  f o r  local   remeshing 
or Lagrange  multiplier  approach,  important i f  a n   i m p l i c i t   s o l u t i o n  i s  performed) 
and   i n t e r f ace   compa t ib i l i t y   (no t   t rue   i n   gene ra l   fo r   Lagrange   mu l t ip l i e r s  o r  
pena l ty  methods ) . 

The ex tens ion   o f   t he  method to   s eve ra l   con tac t ing   nodes   pe r   e l emen t  i s  
poss ib l e ,   bu t  it i s  n o t   t r i v i a l .  The e x t e n s i o n   t o   c o n t a c t   g - o b l e m s   i n   t h r e e  
dimensional   space  and  inclusion  problems  in  2-D i s  p o s s i b l e ,   b u t  a t  t h e   c o s t  
o f   l o s i n g   i n t e r f a c e   c o m p a t i b i l i t y .  As  already ment ioned ,   nonl inear   ana lys i s  may 
p r e s e n t   m i n o r   d i f f i c u l t i e s   b e c a u s e   o f   t h e   f a c t   t h a t   i n t e g r a t i o n   p o i n t s   c a n  move. 
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I 

Further  research i s  needed on the   p red ic to r   a lgo r i thm  fo r   s l i d ing   w i th   f r i c t ion  
and  impact-release  conditions  have  to  be  added. 

O u r  main e f f o r t ,  at present ,  i s  directed  towards  testing  the  approach i n  
problems  involving  friction. 
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Figure 1.- Contact  problem. 

Figure 2.- Modified  shape functions. 

Figure 3.- Search  path. 
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( a )  F i n i t e  element mesh. 

1 

I 

+X 

( b )  Wave front  diagram. 

Figure 4. - Impact of  rec tangular   b lock  on a r i g i d   s u r f a c e .  
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( a )  S t r e s s   r e su l t s .  

T' 

+X 

( b )  Deformed mesh. 

Figure 5.- S t r e s s   r e s u l t s  and r e s u l t i n g  
deformed mesh. 
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