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ALTERNATIVES FOR JET ENGINE CONTROL*
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SUMMARY

The general purpose of these studies has been to evaluate alternatives to
linear quadratic regulator theory in the linear case and to examine nonlinear
modelling and optimization approaches for global control. Context for the
studies has been set by the DYNGEN digital simulator and by models generated
for various phases of the F100 Multivariable Control Synthesis Program. With
respect to the linear alternatives, studies have stressed the multivariable
frequency domain. Progress has been made in both the direct algebraic ap-
proach to exact model matching, by means of stimulating work on the basic com-
putational issues, and in the indirect generalized Nyquist approach, with the
development of a new design idea called the CARDIAD method. (The acronym
stands for Complex Acceptability Region for DIAgonal Dominance.) With respect
to nonlinear modelling and optimization, the emphasis has been twofold: to
develop analytical nonlinear models of the jet engine and to use these models
in conjunction with techniques of mathematical programming in order to study
global control over non-incremental portions of the flight envelope. A hier-
archy of models has been developed, with present work focused upon the pos-
sibility of using tensor methods. A number of these models have been used in
time optimal control studies involving DYNGEN.

INTRODUCTION

The decade of the 1970s has coincided with the beginning of yet another
round of substantial development in the jet engine industry. A notable factor
involved with this stage of modern engine evolution has been the inevitable
growing interest in better and better performance, which in turn placed more
and more demands upon the application of classical hydromechanical control
technique as the primary base technology for engine design. Fortunately, mile-
stone developments in digital hardware began to offer realistic opportunities
for onboard computation in ways not heretofore possible. The combination of
these two events pointed the way to a concept of increasing the role of elec-
tronics in engine control. In turn, this created a variety of new possibili-
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ties for application of recent theories of control design. The F100 Multivari-
able Control Synthesis Program (ref. 1) sponsored by the National Aeronautics
and Space Administration, Lewis Research Center, and the Air Force Aero-Pro-
pulsion Laboratory, Wright—Patterson Air Force Base, is a major example. In
the linear case, the primary tool employed was linear quadratic regulator (LQR)
theory; in the nonlinear case, optimal control methods were not directly ap-
plied.

The purpose of these studies has been to evaluate alternatives to LQR in
the linear case and to examine nonlinear modelling and optimization for global
control in the nonlinear case.

CONTEXT OF THE STUDIES

Evaluation of various theories for control alternatives has taken place
using linearized models related to the F100 Multivariable Control Synthesis
Program and using the DYNGEN digital simulator (ref. 2). DYNGEN has the com-
bined capabilities of GENENG (ref. 3) and GENENG II (ref. 4), together with an
added capability for calculating transient performance. The DYNGEN digital
simulation is particularized to a given situation by a process of loading data
for the various maps associated with a given engine. The maps for these stu-
dies have been provided by engineering personnel at Lewis Research Center.
These maps correspond to a hypothetical engine which is not closely identified
with any current engine., But the data do correspond in a broad, general sense
to realistic two spool turbofan engines. The simulation provides for two es-
sential controls, main burner fuel flow and jet exhaust area. Portions of the
envelope which can be used for linear or nonlinear experimentation are a func-
tion of the convergence properties of the DYNGEN algorithm as interfaced with
the given engine data load.

MULTIVARIABLE FREQUENCY DOMAIN STUDIES

Modern studies of control in the multivariable frequency domain display
various faces in various contexts. Here it is convenient to classify these as
""direct" or "indirect'.

The direct approach can usually be recognized by its attention to achie-
ving completely specified dynamic performance. The idea is classical (refs.
5-6). In fact, some of the earliest attempts to expand the direct approach to
the multi~input, multi-output case involved work with jet engines (refs. 7-8).
As is apparent from reference 7, there is an unfailing tendency to call these
methods algebraic in nature. That tendency persists to this day, when direct
approaches in multivariable applications typically involve solution for com-
pensations described by matrices of transfer functions, with the solutions of-
ten requiring the algebra of modules over rings of polynomials or stable ra-
tional functiomns.
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The indirect approaches are usually recognizable by their relation to the
classic work of Nyquist. Here the key equation is often written in the manner

(s) = |M(s)] (s),

PeL PoL
where p,. (s) is the closed loop characteristic polynomial, p__(s) 1is the
open loop characteristic polynomial, M(s) is the matrix return difference,

and l-[ denotes determinant. This very fundamental equation permits an es-
sential generalization of the classical Nyquist idea, for op L(s) can be used
to characterize the exponentials involved in closed loop congrol. Basically,

a Nyquist plot of lM(s)] tends to contain the same type of information which
proved so useful in classical design. A great deal of the design effort cen-
ters upon the way in which dynamical compensation affects the determinant

which acts on M(s). There are three well recognized ways to study this ef-
fect. These are (1) direct construction of lM(s)] by any of the known meth-
ods for determinant calculation; (2) construction of the eigenvalues of M(s)

as a function of s, and use of the idea that the determinant is equal to the
product of its eigenvalues (ref. 9); and (3) design of compensation so that M(s)
is approximately diagonal, with concomitant development of a relation between
the Nyquist plot of |M(s)| and plots of the diagonal elements of M(s), as
in reference 10.

THE DIRECT APPROACH

With regard to the direct approach, a substantial case study of exact
model mathcing (ref. 11) has been carried out.

The exact model matching problem can be phrased as follows. Let R(s)
denote the field of rational functions in s and with coefficients from the
real number field R. Further, let Vqp, Vy, and Vj be finite-dimensional

vector spaces over the field R(s). Finally, let
Gl : V2 - V3

and
G, 2 V1> V3

be given linear transformations on one vector space to another. Then the ex-
act model matching problem is to find linear transformations

In a control problem, Gl and G2 are functions of the plant, the complete

131



closed loop specifications, and the configuration chosen for the controller.
The unknown G embodies the dynamics involved in the controller, relative to

a fixed configuration of control.

The basic plant was a version of the F100 turbofan engine. Inputs were
jet exhaust area and main burner fuel flow; states were fan inlet temperature,
main burner pressure, fan speed, high compressor speed, and afterburner pres-
sure; and outputs were thrust and high turbine inlet temperature. The linear-
ized model approximated the small signal behavior of these engine variables in
a neighborhood of 47° PLA.

Insofar as the authors are presently aware, this study represents one of
the most elaborate exact model matching studies undertaken to date in the 1lit-
erature. Moreover, it is entirely in the spirit of the introductory work in

references 7-8.

Technically, the mathematical framework was set up in terms of polynomial
modules. The problem formulation itself has been recorded in reference 12,
where it can serve as a comparison point for future algorithms. The computer
algorithms implemented were those promulgated in the literature at that time

(ref. 13).

These studies established several basic conclusions relative to the direct
method:

(1) the direct method was of interest in jet engine control
(indeed, had been proposed in industrial studies);

(2) the jet engine control problems typical of the 1970s were
of sufficient size and complexity to overtax the routine
solution procedures being mentioned in the literature at
that time; and

(3) a substantial influx of ideas from the literature on nu-
merical methods would be necessary before the direct
method could be applied for jet engine control.

It is a pleasure to report that these results did indeed lead to the de-
sired influx, so that computations of sufficient accuracy can now be made in
seconds. Efforts involving the direct method are now being directed at the
problem of making convenient specificatiomns.

THE INDIRECT APPROACH

Though some efforts (ref. 14) were directed toward the evaluation of the
eigenvalue approach (ref. 9) to IM(S)I, the major attention under the in-
direct approach classification in these studies was directed toward the idea of
designing dynamical compensation so as to make M(s) approximately diagonal
in a way that would be useful in Nyquist studies.
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Because of the indirect way in which compensation has an effect on [M(s)],
Nyquist analysis of IM(S)I may be of little use to the designer for other
than stability determination, for even the simplest systems. In the event that
M(s) 1is diagonal, design and stability considerations are reduced to a set of
single input, single output problems, with net angular behavior of IM(s)I be-
ing a consequence of summing the individual net behaviors of the diagonal en-
tries.

Rosenbrock (ref. 10) has introduced the idea of diagonal dominance, which
can be regarded as an approximate form of diagonality. An mxm matrix Z(s)
over R(s) is said to be diagonally column dominant if for all s € D the

Nyquist contour and for i = 1,2,...,m
1 |
|z, .(s)| > ) lz,.(s)
ii =1 ji
j#i

Rosenbrock shows that, if a matrix M(s) is diagonally column dominant, the
net angular behavior of lM(s)I on D can be inferred from that of {m..(s)}
on D, Thus the class of matrices for which design and stability analys1é may
be performed on only the diagonal entries is expanded from diagonal matrices to
matrices which are diagonally dominant.

Efforts in these studies have focused upon methods to design compensation
in order to achieve diagonal dominance.

The procedure which has been developed is called the CARDIAD method, where
the acronym stands for Complex Acceptability Region for DIAgonal Dominance.
The CARDIAD idea can be visualized as follows. Consider a unity negative feed-
back configuration with the mxm plant matrix G(s) preceded by an mxm com—
pensation matrix K(s), both over R(s). Except for renumbering of inputs,
the design of K(s) to achieve diagonal dominance may be restricted to K(s)
matrices having the unit transfer function 1 in each main diagonal position.
This fact is an easy consequence of Rosenbrock's definition. In the CARDIAD
approach, a sufficient condition for dominance in the ith column of

M(s) = I + G(s)K(s)

say, at a particular frequency s e D, is expressed by a quadratic inequality
of the type

fi(v) = <y,Av> + <v,b> + ¢ > 0

Here v 1is a vector in the real space R2m ,» consisting of a list of the
real and imaginary parts of the off-diagonal entries in the dith column of
K(s) at the particular frequency s ¢ D, <+,+> 1is the usual inner product,
A is an Hermitian linear map, b ¢ Rzm_i, and c € R. A, b, and c¢ are
functions of G(s).

Several different approaches are used to choose v so that fi(v) is
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positive. These are described in detail by references 15-22. References 15-17
deal primarily with engine models having two inputs and two outputs; reference
18 focuses on a three input/output case; and references 6-8 treat four input/
output situatioms.

The basic idea of a CARDIAD plot is easy to understand in the two input/
output case. The compensation takes a form

1 x,(s) + jy,(s)
x,(8) + 3y (s) 1
where for 1 = 1,2
X D~>R
yi D >R

are the functions defining the real and imaginary parts of the off-diagonal en-
tries in column 1. The quadratic inequality can be set equal to its limiting
value

fi(xi(s) :yi(s))

which defines a circle on R2 with coordinates (x ,V.). For a particular

s € D, a solid circle is drawn on R2 if (x.,vy. ) pairs inside the circle
satisfy the inequality; and a dashed circle is drawn on R if (=, > ) pairs
outside the circle satisfy the inequality. As s traverses D, ¢t esé circles
generate a CARDIAD "plot" on R%. The plot is essentially a set of require-
ments, in graphical form, which are necessary and sufficient for compensator
design to achieve dominance in the configuration described above.

When m > 2, wvarious additional strategies are brought into play. These
are described in some detail in the references.

NONLINEAR MODELLING AND OPTIMIZATION

With respect to nonlinear modelllng and optimization, the emphasis has
been twofold; to develop analytlgal nonlinear models of the jet engine deck and
to use these models in conjunction with techniques of mathematical programming
in order to study global control over non-incremental reaches of the flight en-
velope. The context for such studies has been established by DYNGEN, as de-
scribed above.

The first method of modelling which was considered was that of analytical
construction of the equations from the basic physical principles. In this case,
there were sixteen nonlinear differential equations, as well as a large number
of nonlinear static functions which provided additional coupling among the
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equations. Such a procedure then requires determination of parameters in the

equations. A number of these parameters have very definite physical meanings,
and these meanings were supplemented by simulation data when appropriate. Ob-
taining tractable models for the engine in this way, though promising from the
point of view of physical insight, did not lead to very much mathematical in-

sight. Subsequently, therefore, this method gave way to the following.

The second method of modelling placed increased emphasis upon the mathe-
matical structure of the equations, with determination of parameters being done
automatically from simulator data. A highlight of this part of the study was
the development of the model class

x = A(x) (x-g(u))

n . . .
where x e R, u ¢ RP. The function g 1s arranged so as to satisfy the set-
point or steady-state features of the engine deck, while the operator

A : R >R

is useful to adjust the transient behavior of the model. The particulars of
this idea were described in reference 23.

A number of possibilities exist for approaching the approximation of A(x)
and g(u). One additional method and application has been presented in refer-
ence 24.

At this point in time, a new stage in the nonlinear modelling studies is
being initiated. 1In this phase, extensive use will be made of the methods of
multilinear algebra, specifically the theory of algebraic tensors.

Models of the types evolved in phases one and two have been used in time-
optimal control studies. Results of these efforts have been written down in
references 25-27.

CONCLUDING REMARKS

This brief paper has sketched a number of control alternatives which have
been studied recently in the context of the DYNGEN digital engine simulator and
of linear models deriving from the F100 Multivariable Control Synthesis Pro-
gram. In the linear case, these studies have focused on alternatives to the
linear quadratic regulator theory employed in that Program. In the nonlinear
case, emphasis has been placed on nonlinear modelling and time-optimal control.

Principal results reported have been the case study on exact model match-
ing, which has stimulated considerable new work in that problem area, the de-
velopment of the CARDIAD plot as a design tool for generalized Nyquist work,
and the introduction of a nonlinear model class which is proving to be helpful
in recent engine design studies.

135



Present thrust in this work is toward the use of multilinear algebra for
generalized nonlinear modelling.

Finally, the reader may be interested in the fact that the National Eng-
ineering Consortium sponsored an International Forum on Alternatives for Linear
Multivariable Control in Chicago during October 1977. Authors in that meeting
were asked to address a Theme Problem based upon F100 data. Two publications
resulted, one a proceedings and one a hardbound book. Reference 23 is to the
proceedings, while reference 18 is to the book. Much additional information

may be found in those volumes.

REFERENCES

1. DeHoff, R.L.; Hall, W. Earl, Jr.; Adams, R.J.; and Gupta, N.K.: F100 Mul-
tivariable Control Synthesis Program. AFAPL-TR-77-35, June 1977.

2. Sellers, J.F.; and Daniele, C.J.: DYNGEN-A Program for Calculating Steady-
State and Transient Performance of Turbojet and Turbofan Engines. NASA
TN D-7901, April 1975.

3. Koenig, R.W.; and Fishbach, L.H.: GENENG-A Program for Calculating Design
and Off-Design Performance for Turbojet and Turbofan Engines. NASA TN
D-6552, February 1972.

4., Fishbach, L.H.; and Koenig, R.W.: GENENG II-A Program for Calculating De-~
sign and Off-Design Performance of Two and Three Spool Turbofans with as
Many as Three Nozzles. NASA TN D-6553, February 1972.

5. Truxal, J.G.: Automatic Feedback Control Systems Synthesis. McGraw-Hill,
1955.
6. Horowitz, I.M.: Synthesis of Feedback Systems. Academic Press, 1963.

7. Boksenbom, A.S.; and Hood, R.: General Algebraic Method Applied to Control
Analysis of Complex Engine Types. WNACA TN 1908, July 1949,

8. Feder, M.S.; and Hood, R.: Analysis for Control Application of Dynamic
Characteristics of a Turbojet Engine with Tail-Pipe Burning. NACA TN
2183, September 1950.

9. MacFarlane, A.G.J.; and Postlethwaite, I.: Characteristic Frequency Func-
tions and Characteristic Gain Functions. 1Int. J. Control, vol. 26, 1977,
pPp. 265-278.
10. Rosenbrock, H.H.: Computer-Aided Control System Design. Academic Press,
1974,

11. Gejji, R.R.; and Sain, M.K.: Application of Polynomial Techniques to Mul-
tivariable Control of Jet Engines. 4th IFAC Symp. Mult. Tech. Syst.,

136



12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

1977, pp. 421-429.

Gejji, R.R.; and Sain, M.K.: A Jet Engine Control Problem for Evaluating
Minimal Design Software. Midwest Symp. Circuits & Syst., August 1976,
Pp. 238-243.

Gejji, R.R.: A Computer Program to Find the Kernel of a Polynomial Opera-
tor. 1l4th Allerton Conf., September 1976, pp. 1091-1100.

Seshadri, V.; and Sain, M.K.: Interaction Studies on a Jet Engine Model
by Characteristic Methodologies. Midwest Symp. Circuits & Syst., August
1976, pp. 232-237.

Schafer, R.M.: A Graphical Approach to System Dominance. M.S. Thesis,
Dept. Elec. Eng., Univ. Notre Dame, May 1977.

Schafer, R.M.; Gejji, R.R.; Hoppner, P.W.; Longenbaker, W.E.; and Sain,
M.K.: Frequency Domain Compensation of a DYNGEN Turbofan Engine Model.
1977 JACC, pp. 1013-1018.

Gejji, R.R.; Schafer, R.M.; Sain, M.K.; and Hoppner, P.W.: A Comparison
of Frequency Domain Techniques for Jet Engine Control. Midwest Symp.
Circuits & Syst., August 1977, pp. 680-685.

Schafer, R.M.; and Sain, M.K.: Input Compensation for Dominance of Turbo-
fan Models. Alternatives for Linear Multivariable Contrel (Sain, M.K.;
Peczkowski, J.L.; and Melsa, J.L.; eds.), Nat'l. Eng. Consortium, 1977,
pp. 156-159.

Schafer, R.M.; and Sain, M.K.: Some Features of CARDIAD Plots for System
Dominance. 16th IEEE CDC, pp. 801-806.

Schafer, R.M.; and Sain, M.K.: CARDIAD Design: Progress in the Four In-
put/Output Case. 16th Allerton Conf., October 1978, p. 567.

Schafer, R.M.; and Sain, M.K.: Frequency Dependent Precompensation for
Dominance in a Four Input/Output Theme Problem Model. 1979 JACC, pp.
348-353.

Schafer, R.M.; and Sain, M.K.: CARDIAD Approach to System Dominance with

Application to Turbofan Engine Models. 13th Asilomar Conf., November 1979.

Leake, R.J.; and Comiskey, J.G.: A Direct Method for Obtaining Nonlinear
Analytical Models of a Jet Engine. NEC Forum on Alternatives for Multi-
variable Control, pp. 203-212,

Rock, S.M.; and DeHoff, R.L.: Applications of Multivariable Control to Ad-
vanced Aircraft Turbine Engines. 1979 Propulsion Controls Symposium.

Basso, R.; and Leake, R.J.: Computational Alternatives to Obtain Time-Op-~
timal Jet Engine Control. 14th Allerton Conf., September 1976, pp. 652-
661.

137



26. Longenbaker, W.E.; and Leake, R.J.: Time Optimal Control of a Two-Spool
Turbofan Jet Engine. M.S. Thesis, Univ. Notre Dame, September 1977.

27. Comiskey, J.G.:

Time Optimal Control of a Jet Engine Using a Quasi-Hermite

Interpolation Model. M.S. Thesis, Univ. Notre Dame, May 1979.

138



