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NOTATION

projection operator from X onto X

Banach space of periodic, continuous functions on [0,1]) x [0,1] for the
flrst case and simllar definitions for the other cases

plecewlse linear subspace of X

Banach space isomorphic to X

2 aghes [agel = [agilagh 1e [a] = lAiEIVij, then |A | = [A%]
SoLjeh reetangle of the domain

linear extensica of ¢, to Xj ¢ © Pl

a mapping creating an isomorphism between X and X

modulus of continuity of the kernel function h(s,t) relative to s;
wg (8) = supih(s + 0,t) = h(s,t}|(s 20, t £ L, o] 2 6)
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A SOLUTION FOR TWO-DIMENSIONAL FREDHOLM INTEGRAL EQUATIONS
OF THE SECOND KIND WITH PERIODIC, SEMIPERIODIC, OR
NONPERIODIC KERNELS
Ralph Gabrielseri and Aynur {inal

Ames Research Center
SUMMARY

The convergence of a numerical scheme for solving one-dimensional
Fredholm integral equations of the second kind was proved in a previous NASA
report, This report is an extension of that scheme to two-dimensional
Fredholm integral equations of the second kixd. The sroof of the convergenue
of the numerical scheme is shown for three cases: the case of periodic
kernels, the case of semiperiedic kernels, and the case of nonperiodic
kernels,

INTRODUCTION

In reference | it 4s shown that the two-dimension.:*, Incompressible,
stationary Navier-Stokes preoblem can, in general, be represented by a sequence
of Fredholm integral equations of the second kind rather than by the tradi-
tional nonlinecar partial differential equation. Consequently, the task of
solving a two-dimensional incompressible stationary Navier-=Stokes problem is
equivalent to solving this sequence of integral equations.

Accordingly, in this paper an algorithm is developed for numerically
solving two-dimensilonal integral equations. This work is based on that of
reference 2, which proves the convergence of a numerical scheme for solving
one~dimensionnl Fredholm integral equations of the second kind. In this
report the proof of the convergence of the numerical scheme is shown for
three cases: (1) the case of periodic kernels; (2) the case of semiperiodic
kernels, and (3) the case of nenperiodic kernels.

PERIODIC KERNELS

Tor the equation

11
x(xr,8) - A ‘{“'h(r,s;1:1,t:a)x(t:l,t:z)dt‘1 dt, = y(xr,s) (1)
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it will be demenstrated that an explicit system of cquations of the form

n n
x(tij) - A :E: :E: h(cij’tkg)“(tkz)lﬁzf - YCtij) (2)

km1 K=l

converges to the exact solution of (1), where ty; = (ty,tj), and

[af5] = [Ag]1a4], and where h(r,sjty,t,) is a continuous Tunction periodie in
botﬁ variables  over the unit squave [0,1] x [0,1], and y(r,s) is also a con-
tinuous, peviodic function of both variables over the unit square [0,1]x [0,1].
This result will then be extended first to the case of semiperiodic (periodic
in one variable only) kernels and then to the case of nonpericdic kernels,

Notice that the following integral
1 Ll
J. J’ h(r,s5ty,t,)x(t,,t,)dt, dt,
0 ®

can he approximated by the quadrature formula,
) a1 1o,
Y h(r,sit, Ox(t, 0] ]a
jm1 im1 1] 1377411y
and hence equation (2) follows.
Equation (1) will be considercd as a functional equation in the space
X = ¢ of continuous, perlfodic functions on ([0,1] x [0,1]) the unit squ:re
and will typically be expressed in the form
Kx 2 x =~ Ax =y (3)

The system (2) will be regarded as an approximate functional equation
in the space X = Rj, and will typically be expressed in the form

KX = X - AHR = ¢y (4)
Note that we are seeking an exact solution x* of
Kx Ex~-AMx =y
in the Banach space X and an approximate solution X* of
K% = % - Al
X £ X - AHy = Py

in the Banach space X G X where X is a piecewise linear subspace of X

and P 1s a projection operator from X onto X. Let ¢, define an iso-
morphism between X and the space X (L.e., X i1s a Banach space (isomorphic
to X)), and let ¢ be a linear extension of the operation ¢o to the space
X, The definition of the linear extension In terms of the projection operator

2



= W e

from X to X and the isomorphism ¢, Ffollows as ¢ = ¢,P. Thea P = ¢3¢

and
Rk = % - Mik = ¢7 0y
1f one applies ¢, on the last equation
bo (% = M) = 0,07 ¢y
bo% = Mok = 9,05 ¢y

and letting X E ¢,%, then the assoclated equation (4) 4s obtained as

R = Apoligg ook = dy
R = Adofloy R = ¢y
% - A% = ¢y
where

g g,dle7?

Divide the unit square, [0,1] x [0,1], dinto n

area |A] = 1/n*, as shown 4n the sketch below,

. Tor Tor "o3 Ton

DO» ® % O » O # ©® *»
tyy typ Big Egy

1 Tya T
11 Tae 13

Tios o & .TM
Lay

Tine @ «Tay
t3

T10e @ ° ® e o3l
tyy tya tysz  buy

Tho e 'Y . olliy

L ]
Tyy Ty Tas

smaller squares of

(n = 4)

The corners of the squares are denoted by Tigs tig being the midpoint on the

interval [Ti-lj_l,Ti_l,j].



fi is the n® x n® matrix,

h(tla’tin) e h(tlz’cnn)

-
-
-

h(tlﬁ’tll) h(tlajtlz)

.
»

*

0o |at] ey ntyy)  hlEytyn) o o o BCEynt ) o v o Rty tn,)

hitantyy)  BlEgnatyy) oo o Bltapaty) o o o BlEgg,ty,)

*
¥

)

htapstya)  BlEpaatyp) o v o BlEpaty) o v hltggatpy)

And the transpose of (dy) is

(¢Y)T - [y(t1&>) Y(Clg): L A Y(tl“)a y(tzl)l LA ] Y(tn“)l

Consider the subspace Xn of X, space of continuous, periodic functions
that ars plecewilse lineost an the ﬁartitic%p (ui) (84 ) of the interval on the
unit square, where {dg] = [Ti4q4,Tey1, [89] = [Ti3+m»Tij] Define the map-
ping ¢, of X onto X as follows} if x ¢ X, then ¢k = X, whexe the
transpose of X i3

T - - - v -
X = (5’01’5’02’ o ey 5’01'1"%.11’ v 51nxg213 voe e gzn’ LR )

5n-11 e gn—1n>

By =®(T) s 4=0, .. m-1, f=l, ..

For convenience the midpoints are referred to by

- tij-l + Tij
=

Tij 2 y 1‘0,...,n-l, j=l,..-rl

Note that T4 and tyy are the same. For x € X, and x ¢ X,
@)Y = (x(For)s X(Tg)s + v or X(Fonds X(Tyy)s « « +s X(Tqoy )

Now, to determine the norms ||¢,)|._l¢5*]|» and [|¢]|, we shall show first that
$po 1s a 1l:1 mapping of X onto X.



If §,k =5, (5w (0,0, v ; +»0)Im&X =0 ¢, d8 Lil. Since ¢,
defines a 1:1 mapping between X and R,, its inverse ¢7 exists:

k = ¢03%
where
:‘c‘T-(F;ij), {=0,...0=1, 4=1,...n
Eij = i(Eizp
ool = suplj¢ok]l = 1
IR |j=2
Hence

53 = L and gl = 8

Now, within the functional framework as developed in the last several
paragraphs, 1t is possible to apply the general theory developed by Kantorovich
(ref. 1) in order to prove that the solutions of the approximate equation (4)
converge to the solutions of the exact equation (3) as n = @, In essence,
this reduces to showing that the three following conditions can be satisfied:
Conddtion A:

Vi e X, [lonk - feokl < gl
Condition B:
vx e X, 3keXos|ux- x| g glxl
Condition C:

3y e Ko [ly - §ll < 2,0yl

Condition A

_ First, for condition A, we shall show that for every %eX,
llgux - Mo X|| < gliX|l. At the midpoints, we have (for convenience and to avoid
confusion, midpoints are denoted by [ty = T141):

1 b3 1 1
PpHE = {‘[ _[ h(Tqq,t)R(t)dt, 'g _( h(Ty,,t)X(L)de, « . .,

1 1
[ [ 6 oo




¢‘9X -~ [;{(?gla,i(?oz)’ » * l)?((:ian))i(?ll);i(rflz)j * * n,;:(’fln)’ . L] 3

R(Tners)s + v Ry

Hpgk = [47! ﬁ:: f-,:% W(ToT RED, iz_:o 32_;1 LIV CD PP
n-1 n )
£§% jgi h(T,., l,TiJ)x(¥iJ), v v ey
n-1 n .
: Eo ;;{:1 (T, n*%j’“‘%j)]
Therefore,
o i‘ 1, ) ne1 m )
$HX - H X = L% _{ h(T,y,t)x(t)de - A? 3.:0 j};l h(fr“,rij)x(?ij)p vy
1ol n-1 n
J; “; N(Tguy prt)X(d)dE - Azggo jgx WT,, n,'rij):"é(ﬁ:'ij):l
Hence the (k&)th component is
n-1
Iy = { J: h(T,,,t)%(t)de - A? 12:0 jgl h(rkz,rij)i‘c(’fij)

Let h(?kg,’t) 2 z(t); then

ff %(t)d IR G
I, = - z(L)%(e)dt - A2 35 3 Z(Tij)X(Tij)

im0 J=3

Let us define the limits of integration by the following notation:

13 Mg

1 Th,g Tid, g

R o et



Then,

n=1 n

I, ';;:,Z: [[ =tosee - 2@ 3¢
=G,

Integration over the small square 1], [Jij can be broken into intogrations
over two wriangles as shown

Therefore,
n=i n
DI ff : l*ff
=0 =i

where

[ = 2(0)R(E) = 2(t DX ,)

7
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z(’fij)}i’c(t)dt + ff z('fij)[?;(t:) - 20T, ) ]dt

(a1}
§de
Lode

[fir-ff ew
bij B':i.j
And, similarly,

[0 e
Qi.i ‘:]ij

i)

]

a@ Ik + [z ik - gy tae

Ny,

And.

1

2(F) ) 1R (e)de + ff 2(Ty,)[w(E) = R(Ey,)]de

Eli‘1

ff{ J-ff [2(t)
0,

EJ“

2
[ 2Gptace -« e < & 2CEyy) [R(E ) = &(Ty )]
Bij
TR - %G5 0de ~ 8 @,y e - 2@ )
ff z(rij)[x(t:) - xhi;j b= S5z Tyq) IR(E X T;i.j
N
13

where

1y, XGy) * iﬁiﬁ;) PR 4n)

X(E

;c(?ij> FRE L *ﬁm,jw)
13) = 3

ff 2(Ty ) [R(E) = R(F ) lde

Dij

n

3 HO PR G ) * XA )+ Fg,y) = 4R(T]



Estimates for

n okl

N ff 2(T,) [R(E) = &(Ty)1de o DT,

LR jna

will be computed next. Consider an arbitrary interior %fgnr?i>fli the

squares that contribute as functions of 7 age s ’ » and
13

Tie, g1 Fie1,9 3 J.-gi.w.

-

L
|
] ~

Ty i I S
| 1

L:amw .

1+1,J 1 i+1,j i+1,j+1

Therefore,

n
EZ TR SUMICTREE R EL AR an)
Im)l j=l

2
+%z(?i,j-l)[2i(¥i~i~l,j) FRT) bR () = AR D]

"

A* - S g o g - o pa
* 7T’Z(Ti-l,j-n)lzx(Tij> + x(Ti-i,j) + X(Ti,jwl) - 4X(Ti—1,j-1)]
A . o = oy . o
4‘7?'Z(Ti~1,j)[£x(ri,j+1> + X(Ti"l,j+l) + x(rij) - 4x(ri~1,j)]
’+!oo.

n
E; [ A RE () - ha () 4 2a(E ) e Dl

-

Terms will be similar to those in this expression for Ty for all squares

44 for 4 =1, .. .,n=-1;34=1, .. ., n=1, Therefore, it remains to
obtain estimates for rectangles Oy, £ =n with j=1,. .., 0n~1
and for J =n, with 4 =1, . ., ., n - 1, and, also for 4L =n, j =n,



Now, consider i w»n, | = n, We shall bave terms from the rectangles
Clnns Oy in? ijx ]

®

s 2 5 ~ - -
Z ZI“ » %a z(cnn)(x(’rn_lm_l) o+ x(xnn) + ?.x('rmn“l) - 4::(‘1“_1“1)]

a

Af 5 3 % R
T Al IR ) R ) ok 2R(x ) - Ar(r )

62

+ o e, ) IR( ) HR(r )+ 25&(11,:1-1) - AR(r 1))

0,nN=1

2
o+ %- z(c“){fi(?o’o) + ;‘(Tn) + 2;‘(1‘1,0) - 452(1!‘.1)]

Since
i(Tng) = ﬁ(Tnn)
®(1y,) = X(x
%(Tg’g) - ﬁ(Tnn)

= Az &~ ”» fve. d
E E Iij . S ("nn”"("nn> + 22(t ) - 4z(e, ) +oz(t )]

Hewever,
z2(tqy) = z(tp pya)
2(tyn) ™ 2(44 ,p)
Therefore, for [y, (v,,), it ylelds
AR . A% 1a
T RO (200 )+ 2at ) e, ) - 4G ) S T IR 4w, (VER)]

Hence, it directly follows that

n n
2.9 2
> f 20t ) RCE) = S(ry_ | Olde| < S8 4o, (VIR = 2 0, (/30 Jx]

=1 j‘l c]ij

10
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Therefore,

ZZ J' [2(0)%(e) = 2(eg DRy, ))de

4l j"l
iy
nl n
ZZJ‘ [26) - 20y PIRENE + D D | a(e )10 - x(r,., Dl
i=1 =1 i=1 J=1
g

I1a) £ a3 OIFN + 5 0,03

for all %k and &,

!Ikg ol s for o= u(3a) + % w0

Hence,

[|onk - Bookll < oflx|

Conddition B
Condition B has been defined as

VxeX3%eX o |ux-x[ < g,|x|

Suppose, for the sake of discussion, that (x,y) € I, as described by the
sketch below for triangle I,

(xj ’yi> (xj+l ,Yi)
T3 Ti541
I
) Tit1, 3+

11



Let

nNe

1 vy )
- Z’([(x B A A T L T P T PRt S At |

-'% {[(x - xj) - {y - Yi)]z + z(xj+l - x) + (y - yi)z}

N

™~

2% =g {W- S =yl s ) ) (g, - )

2 2 g O yi)}
|2 = & 53 1160 = & = v w038 0 VI [y, = %]+, (/20 [y =3y ]
$ 20 (VD)

Similarly for the triangle II:

%ij
I
Ti41,3 Tid, 4
SIRAEY (j422Yg40)

|z - 2] ¢ ZmZ(/fh)

1 1

Hﬁ = f h(r,s,tlgtz)"—i(tl!tz)dt
0

f

O r—

Now, assume that (r,s) € [jij' Suppose (r,s) € EJij» and let

1 1
z = Hw f ‘r h(r,s;t,,t,)W(t,,t,)dt, dt,
0 0

12
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1 1
z - % -731- {[(x - %) = (g -] _[ J: (h(r,8;t,,t2)

- h(xj,xi;tl,tz)]ﬁ(tl,tz)dt1 dt,

1 1
+ (xj - X) IO Jo' [h(r:55t13t2> - h("j_l:yi)];’(tl:tz)dtl dtg

1 1 3
+ (Yi = }’) Io IQ [h(rts;tlttZ) - h(xj .’yi,l)]ﬁ(tlrtz)dtl dcz}

n

£ L0 = %y eI + Gy - uCEDFE] + oy - el

|2 - |

. w(i?h) 1710281 ¢ 20¢(/20)|%|]

Similarly for (r,s) ¢ £7lj' Hence |lHx - X|| < t,llx|| with g, = 2u(/24).

Condition C

It remains to show the third condition which is defined as follows. For
each element y ¢ X, there exists a y € X such that

Iy = 3l = 2,
From condition B, we have that
ly - 3l s 2u(/28)

(v d1s the modulus of continuity for the function h.) Therefore, letting

L 2u(Y2h)
2 vl
we have
Iy = 3l = g, vl
which completes the proof.
13
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SEMIPERIODIC KERNELS

As in the preceding discussion on periodic kernels, a semiperiodic func-
tion of two variables is defined as a function of two variables that ie
periodic in at least one variable. To prove that the solutions of the approxi-~
mate equation (4) converge to the solution of the exact equation (3) ag n = o,
we must show that the following three conditions are satisfied (ref. 1).
Condition A:

vie X, llonk - Hoox|l < 5|7
Condition B:
VxeX, 3keXolx~ g <q,x|
Condition GC:

3y e X o lly - ¥l 2 5,y

Condition A

To prove condition A (||¢H% - Hoy%|| < nl|X|] for HX ¢ X), for semiperiodic

kernels:
1 Ll 1l
pHX = [J' f h(T,,t)X(E)dE, o v ., J f h(T,,,0)%(E)dt, + . .,
o % o %
1 L1 1 Ll
.( ‘[ h('fn_l’l,t)?c(t)dt;, N _[ _[ h(?n_l’n,t)x(t)dt]
‘bo;—‘ = [X(EQI)’ }E(?OZ)’ e ey i(.'fon); soe ey ic?n-—l,l)’ e ey ;((Tn—l,n)]
n-1 n n-1 n
bk = 43D 0D W0, T IRE Dy ¢ e s DY EFy IREDL
1=0 jxl i=0 j=1
n-1 n n-1 n
DD My, pEPRE)  D D NG T RG)
i=0 j=1 i=0 j:.'l

14
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n=1 n
(I '

() jnl
n=1 n
0 1m0 Jm
o n-1 _n
h(7 L)X (t)dt - A? ;Z h(T T, OR(T
J | Ty, )x( (Tn-l,l’Tij)chij) N
0 0 i=0 ;jnl],
.1 p1 n=1l n
- ~ - 2 — ~ Lo Lo
J | h(rn_l’n,t)x(t:)dt A E E h(Tn*l,n’T:Lj)x(Tij)
0 0 {0 j"‘l

Let

j jh(’:kg‘,t)x(t)dt - Aazzhﬁkﬂ.’?ij)iﬁij)

i=0 =1
and let h(?kg’t> = z(t). Then
n-—
J' Iz(t)x(t.)dt: - Azzzzﬁ“)xﬁ“)
1m0 =1
n
ZZ ff [2(LF(E) - 2(FIRE, e

=0 =1

Since

ff [2(t)x(t) - Z(?ij)i('fij)]dt

Cl:Lj

- f [2(6) - 2(T;) IK(E)AE + f 2(Ty ) [R(E) - %(T,,)de

Dij Dij

15



ii ﬂ [2(t) - 2(T; ) 1x(E)dt < w, (A) 2

dmo Jmy E%J

2
[[ =@ - 2@ - T ARy 1) + RO g

Di.’i

+R(Ep,, ) - 4R(T))

Semiperiodicity is defined as being periodic along one of the axes (u)
and nonperiodic along the other (v).

periodic , - U
Tor  T0l —eeeTin-i Ton T
Teo ? Y *—
l | :
| l l
| | |
o Tyro $-11 d M,_l
= § T |
.,.c., l ! l l
N | I
= ! | |
g | |
g | ! |
I 4 ‘ ‘Ik
I | |
| |
l | I
| | |
Tn, __L i ‘:L
Thi Ta,n-1 "an 'nn
’ '0‘
v <
Tij 1= 0, v oo 1 (n + I)X(n + 1) ”'n;_
3 0, . n
T i=0,...n nx(n - 1)
1] j=1, n

(n + 1) rows
n columns

wherz %ij are the midpoints of Tij as shown in the above sketch.

16



xlx(u,v) € [Jij, on Esij, x is determined by its values at vertices of

X ={triangle; also for ‘Qij, where Ejij - Esij 4-‘313 for
i1=0,,.,,n =2, j=1,,..,n; i,e,, in the same manner as for the
periodic case.

For (u,v) lying on the segment [?n~1,j’Eh—1,j+1]
let

<t

%(G,v) = %(Q,v) for v 2

L]

Por midpoints T4, coeffleients for X(Tj4) are the same as for the
periodic case. Since periodic in the u direction, the boundaries (where v

is fixed) are handled in exactly the same way as for the periodic case.
Therefore, the only additional contributions arise around the houndaries where

u 1s constant.

Now, let us determine the additional terms arising from the above men-
tioned items,

Tn-;,j-; Tn~-2,j 1n~2,j+1

[

n=2,3=-1 n-2,j
1n-—l,j-—:. T Tn-1,j+1
n-1,]
n-1,j-1 n-1,4

©
©

-~ -

fnj-1 Tnj Tni+

The coefficlent for x(T comes from the following terms:

n~1,j)

17



[~ ] ]
E]n~2,j~1 0

n~2,] Dn-l,;)-; Dn-l »J

+ X (7

ﬂ”l;j”l) 4 i(?n-a,j)]

2
ar Z(Tn-‘z .j~;)['4x(Tn-;:,j—1) + 2X(‘rn~1,j)
A% .y
+ + x(T

z(?n-z,j)["4i(§n-ﬂ,3) + 2*(?n~1,j+1) + ;(?n~1!j) n»z,j+1)]

£

.*,,%_.. 2(Ry g ARG 50 F 2R+ RE )+ RE )]

+-%: z(’r'm__l :l »x(r I) + 2R(T 1 ) + x(¢ j) + x('rn”1 j+1)]

Underlined terms give the coefficient of S’(("’fn_1 j) as
»

. .
% KTy, 22(T g0 +2G, g) +2( ) - Az, 4]

n-1,3=-1

But, the coefficient for x(?nj) arises from two squares only:

(I + O

n”‘l,j"‘"l l""l’ju

i
3

L 3-1 4 Toi+1

L] L

‘-1 0]

rl)j‘l le Tl;j‘“‘

The coefficlent for i(?oj) comes from the following terms:

2

J' * f B T (To,j-l)[?‘ﬁ(?lj) + S“‘(.‘10;1) + iﬁl:l-l) B 4§(?°’j"1)]

2
+ 8 2 () I2RGE, ju0) + R(E )+ R(F; L) - 4R,

Underlined terms give the coefficient of k(?oj):

18



2
%(Fpy) = G RE ) (2(F, 4 ) - 42(Fy)))

Summing over J

n
2
AN wemMaG, ) - 421 < A nlalsllzl < ol fel

Jm

f . f . ,6_,[ 2 (T, o) (PO g 0) + 2R + 2T )

n=1,j=1 =1,
2
+ X(T“ 1 j)] A ( n=1 j)[ 4*(7‘1 -1 j)
ARG, L) R +RE 0]

Underlined terms give the coefficient of
2

iy B R, 4+, )

Summing over j

n
2
%_ ? X(Tnj)[zz(En"'lg;"‘l> + Z(Tn_l,j)]
3=

I%l3fzlln < 5 ]| 2]

This 1s the additional term arising from the terms of the last two rows of the
square

Too Ton

Tno Tan

in the nonperiodic direction. Therefore,

otz - Fo x| < [mh(-g- D) +3 whm@] il -+ 5 fbll sl + gl (5]
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or

t Wi > 3 2 ‘/.-" 3 [T i !

Toux = Hookll < fw (7 &) + 5 w,(V28) + 5 ajlnil| ]
is shown for the semiperiodic case (wj, 48 the modulus of continuity for the
function h),

Conditions B and C
Conditions B and C cen be shown to be satisfiled in exactly the same way

as in the preceding section on periodic kernels. This completes the proof.

NONPERYLODIC KERNELS

To prove that the solutlons of the approximate equation (4) converge to
the solution of the exact equation (3) as n < =, we must show that the fol-
lowing three conditions can be satisfied (ref. 1).

Condition A:

vk e £, [euxk - He k[ < gifx]

Ve X, 3xeXoljux - x| s g,lx|
Condition C:

3y e X oy - ¥l 5 5,lvll

Condition A
Condition A is
vk e X, [lenz - Ho x| < g%
Dafinition of
b = [x(100) » X(Tgyds o o oy X(Tpp)s x(1y0)y x(Ty)y + v oy x(Typ)

)]

v e x('m’n__l 0
L

n(n + 1) components are involved.

llell = sxvl!i‘bx}l =1

fixfs=
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Definition of by
¢°i ol [g(Too)l ﬁ(¥°l), LI N ) g(?on), ﬁ(Tlv), g(?ll); [ N R(?ln)

* o ey ﬁ(?n‘lgﬂ)]

nin + 1) components are involved,

logil = sup [joox|| = 1
lIx{l=a

SR = X 3 ¢PIE = &

If ;( "t (F;M, 501, v o ey son, gu, Ell, v vy 51“’ o ey -Sn__l’n) then

R(?ij) - gij for 1 #0
%(110) =60 for j =0

L T (e
liR fl=2

Note that the clements % ¢ X are constructed in the same manner as the
elements were constructed in the semiperiodic case for the interior squares.
The set of values (u,v) of &, which are left of the line segment connecting
Tyy'8 (L =0, . .., n), arc determined by the triangles constructed from the
values of the vertices of the vectangles (sece diagram on following page), i.e.,
constructed in the same manuer as for the interior squares, and for values
(u,¥) 2 (u,V) where (U,V) lies on the segment joining Ti,'s, %(u,¥) = %(§,¥)
for % ¢ X.
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1 To1 :
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: ; ¢
| %
|
‘ ; :
i 1
| :
. l [ = ¢ f ‘ y'e S o - . o
|
' |
" ¢
1 .
n=1,1
Tn*l,o povs ® ' i 9 k = ¢ = - 2t g nsismirtrmed
§‘ |
: !
¥
1
T
no o e _‘L e o N - O L 1)
T Th2 —— —— T, 0=l Tan

i-o!'no:‘

J=1, .. . n

Therefore, n( + 1) is the dimension of the ?ij array.,
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il is defined by the n(n + L)xn(n + 1) matrix as follows:

o - - - Nl Nl

iz

,__
Njs e v -

SITTLIYY

(Fonr1Too)

(Tlﬂ;ng)

T

n=-l,n

’TOO)

h(TOD’¥01)

h(¥5y17py)

h(TenToy)

h(Ty4:Tgy)

h(Tn-l,n’TM)
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7 (e Ty 0

h 3

B ojm =
* 7 (701’Tn—1,n)

N e =
7 ContTr-1,n’

h
' a’( )

Tlo ,Tn"'l ,ﬂ

h = =
' 7 (Tnd,n"tn-l,n),



nonperiodic

Tn~xei

Y

' ‘ S AR EE

B Mo WSS A

Tn»;,n

Ton
4
4
. [ ] ¢
ool s e ) crmmennpmd T nr

——

The coefficient of i(?jl) comes from rectangles l, 2, 3, and 4 as shown.

T
j'ly

T
3=1,1 .
' j=1,1
*\\
N
@ @
- N,
‘\Tj . i
\\\
) @,
ge TJ"“& 1
Tit1,1



Since

2
ff z(;ij>[i(t) = %(?ij>]dt = éﬁ—' z(?ij)[ZR(?i"‘l,j’*'l) + i(?i,j'*‘l)
mri.j

+ ®(T - 45&(?”)]

i+1,j)
and since

. 3 2 3
oz ~ H, %] [wh(z- D) +3% mh(o?A)] +2 4l

for the semiperiodic case, for this case it remains to determine upper esti-
mates for the additional terms stemming from the nonperiodicity in the
u-direction. It can readily be shown that the additional terms are bounded by

b [% IInl] + %-wh(Aﬂ )

Therefore,
flonst - o3l < v (2 8) + 5w, /I0) + 82w )+ A2 ],

which completes the proof of condition A.

Conditions B and C
. It can te shown, in a manner similar to that discussed in the Periodic
Kernels section, that conditions B and C are satisfied.

CONCLUSTONS

The following system of equations

n n
X(tij) - AZZ‘: h(tij;tkz)z(tkz)A = y<tij)

k=1 &=3
converges to the exact solution of the following two-dimensional Fredholm

Integral wquation of the second kind

1 Ll
x(r,s) ~ I\J: fh(r,s;tl,tz)x(tl,tz)dtl dt, = y(r,s)
0

25



for the general cases of h being a nonperiodic, semiperiodic, and periodic
function of 1,8, The convergence is proved for three casev of h, namely,
periodic, semiperiodic, and nonperiodic.
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