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SUMMARY 

The  dynamic  properties at various  temperatures of braids  impregnated  with 
polymer  can be measured  by  using  the  braid  as  the  suspension of a  torsion  pendu- 
lum. This  report  describes  the  electronic  and  mechanical  design of a  torsional 
braid  pendulum  displacement  transducer  which  is  an  advance  in  the  state of the 
art.  The  transducer  uses  a  unique  optical  design  consisting of refracting 
quartz  windows  used  in  conjunction  with  a  differential  photocell  to  produce  a 
null  signal.  The  release  mechanism  for  initiating  free  torsional  oscillation of 
the  pendulum  has  also  been  improved.  Analysis  of  the  precision  and  accuracy  of 
the  transducer  indicated  that  the  maximum  relative  error  in  measuring  torsional 
amplitude  was  approximately 0.7 percent.  A  serious  problem  inherent  in  all 
instruments  which  use  a  torsional  suspension  was  analyzed:  misalignment of the 
physical  and  torsional  axes  of  the  torsional  member  which  results  in  modulation 
Of  the  amplitude  of  the  free  oscillation. 

INTRODUCTION 

Torsional  braid  pendulum  displacement  transducers  have  been  used  to  gen- 
erate  the  dynamic  mechanical  spectra of polymeric  materials  over  a  wide  tempera- 
ture  range  (refs. 1 and 2). Previously,  a  solid  polymeric  suspension  element 
was  part  of  the  torsion  pendulum,  but  because  of  undesirable  effects  due  mostly 
to temperature  changes,  the  element  was  changed  to  a  multifilament  glass  braid 
impregnated  with  the  polymer  sample to be  studied.  Tests  have  shown  that  this 
braid  makes  the  undesirable  temperature  effects  insignificant.  With  the  impreg- 
nated  braid  suspension  mounted  in  a  furnace  tube so that  its  temperature  can  be 
controlled, the  pendulum  is  released  from  an  initial  torsional  offset  which 
initiates  free  torsional  oscillation.  Ideally,  the  pendulum  motion  should  have 
a  damped  sinusoidal  waveform  from  which  the  damping  coefficient,  rigidity,  and 
shear  modulus  of  the  polymer-impregnated  braid  can  be  obtained.  Since  this 
information  is  very  useful  for  practical  application  of  various  polymers  and 
since  the  braid-suspended  pendulum  system  has  decided  advantages  over  other 
methods  €or  obtaining  this  information,  considerable  effort  has  been  and  is 
still  being  expended  to  improve  transducers  and  obtain  real-time  data  analysis 
capability  (refs. 3, 4, and 5). The  existing  pendulum  displacement  transducer 
used  to  measure  the  pendulum  oscillation  is  described  in  reference 1. A  fixed 
and  a  moving  polarizer  are  attached  to  the  pendulum,  and  a  light  beam  is  passed 
through  both  into  a  photomultiplier  tube.  The  output of the  tube  is  a  function 
of pendulum  displacement.  A  less  bulky,  simpler  to  operate,  and  more  sensitive 
transducer  was  desired  with  a  better  method  for  initiating  the  free  torsional 
oscillation.  The  ensuing  research  effort  resulted  in  a  torsional  braid  pendulum 
transducer  which  meets  and  exceeds  these  criteria  and  which  is  considered  an 
advance  in  the  state of the  art.  The  transducer  uses  a  unique  optical  system 
for  which  a  patent  has  been  awarded  (ref. 6). It employs  a  differential  photo- 
cell  which  was  made at Langley  Research  Center,  since it could  not  be  obtained 
commercially.  These  and  other  innovations  are  described in this  paper. A 



comple te   mathemat ica l   ana lys i s  w a s  a l s o  made o f   t he   t r ansduce r   p rec i s ion   and  
accuracy .  The t r ansduce r ,   t he   i nnova t ions   u sed  i n  i t s  d e s i g n ,   a n d   t h e   r e s u l t s  
of t h e   m a t h e m a t i c a l   a n a l y s i s   a r e   a p p l i c a b l e   t o  similar areas   o f   endeavor .  

SYMBOLS 

a = cw/w' ( see   eq .  (C20)) 

b = 2/2J 

C damping c o e f f i c i e n t   o f   t o r s i o n a l  member 

c 1 , c 2 , . . .   c o n s t a n t s  

3 i n s i d e   d i a m e t e r  of  c o i l  

d  window t h i c k n e s s ;   a l s o   d i a m e t e r   o f   c o i l   w i r e ;   a l s o   t r a n s l a t i o n  of 8 
to e '  

d l , d 2 , .  . . c o n s t a n t s  

G shear  modulus 

I mass moment of i n e r t i a  

J t o r s i o n a l   p o l a r  moment o f   i n e r t i a  

JA 

K t o r s i o n a l   s p r i n g   c o n s t a n t   o r   t o r s i o n a l   r i g i d i t y  

p o l a r   a r e a l  moment of i n e r t i a  of t h e   t o r s i o n a l  member 

L l e n g t h  of t o r s i o n a l  member 

L 1  I L2 l eng ths   o f  two p a r t s  of compound t o r s i o n a l  member 

sf Lagrangian   func t ion  

1 l eng th   o f   co i l  

R damping  constant  

m d i sp lacement  i n  f i g u r e  10;  a l s o  mass  of  pendulum 

N number of l a y e r s   o f   w i r e  i n  c o i l  

n d i sp lacement  i n  f i g u r e  10;  a l s o   r e f r a c t i v e   i n d e x ;   a l s o  number of 
half-per iods  between  peak  ampli tudes 

2 



"1 

R 

S 

T 

*N 

TY 

It 
t 

v 

n 

e 

f r a c t i o n a l   o v e r s h o o t  

r a d i u s  of c u r v a t u r e  of window 

t o t a l   l e n g t h  of w i r e   i n   c o i l  

p e r i o d   o f   t o r s i o n a l   o s c i l l a t i o n ;   a l s o   k i n e t i c   e n e r g y  

component of Ty normal t o   t o r s i o n a l  member 

unpe r tu rbed   t o r s ion  i n  t o r s i o n a l  member 

component of Ty p a r a l l e l   t o   t o r s i o n a l  member 

t ime 

p o t e n t i a l   e n e r g y  

c o o r d i n a t e s  of cen te r   o f   g rav i ty   o f   pendu lum 

phase  angle  

angle   between  incoming  ray  and  normal   to   curved  surface  of  window 

angle   be tween  p lane   sur face   o f  window a n d   e x i t i n g   r e f r a c t e d   r a y  

t o r s i o n a l   d i s p l a c e m e n t  of pendulum 

i n i t i a l   t o r s i o n a l   d i s p l a c e m e n t   o f  pendulum 

8 measured  f rom  reference  datum  other   than 8 = 0 

ang le   be tween   r e f r ac t ed   r ay   and   no rma l   t o   cu rved   su r f ace   o f  window 

s t a n d a r d   d e v i a t i o n   o f  mean va lue  

angular   d i sp lacement   o f  window 

angu la r   d i sp l acemen t s  of t o r s i o n a l  member from  Y-axis 

n a t u r a l   a n g u l a r   v e l o c i t y  

damped a n g u l a r   v e l o c i t y  

d o t   o v e r  a   s y m b o l   d e n o t e s   d i f f e r e n t i a t i o n  w i t h  r e s p e c t   t o   t i m e .  
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DESCRIPTION OF TRANSDUCER 

T h e   t o r s i o n a l  braid pendulum  d isp lacement   t ransducer   wi th  i t s  related 
h a r d w a r e   a n d   e l e c t r o n i c s  is shown i n   f i g u r e  1. F i g u r e  2 i s  a cutaway  drawing 

L-76-4134 
F i g u r e  1.- Tors iona l   b ra id   pendu lum  d i sp lacemen t   t r ansduce r  

i n s t a l l e d   w i t h  re la ted  h a r d w a r e   a n d   e l e c t r o n i c s .  

of t h e   m e c h a n i c a l - o p t i c a l  pa r t  of t h e   t r a n s d u c e r   w h i c h  more c l e a r l y  shows i t s  
o p e r a t i o n .   L i g h t   t r a n s m i t t e d   f r o m   t h e   s o u r c e  ( 1 4 )  th rough a servo-driven  win-  
d o w  (16)  i s  collimated (18), passed   th rough a f o c u s i n g   l e n s  (11) and  through a 
second window (24)   moun ted   on   t he   t o r s iona l   b ra id   pendu lum,   and   b rough t  t o  
f o c u s   o n  a d i f f e r e n t i a l   p h o t o c e l l   ( 2 6 )  . As the  pendulum ro ta tes ,  t he   mo t ion  of 
t h e   l i g h t   s o u r c e   i m a g e   o n   t h e   p h o t o c e l l   p r o d u c e s   a n  error s i g n a l   w h i c h  i s  f e d  
i n t o   a n   e l e c t r o n i c   c i r c u i t   w h i c h   d r i v e s   t h e   g a l v a n o m e t e r  (13) and i t s  window 
( 1 6 )   i n  a d i r e c t i o n   t h a t  restores t h e   l i g h t  image to  i t s  o r i g i n a l ,  o r  n u l l ,  

4 



0 R - t i l i i  photowl  adjurtff 
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8 6 G a w t  
7 T u b  

@pend~km rod 
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vanometer 

@Quartz window 
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@Magnet adbstm screw 
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Quatz window 
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@Step mopnt 
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Pole p l m  

F i g u r e  2.-  M e c h a n i c a l - o p t i c a l   p a r t  of t o r s i o n a l   b r a i d  
pendulum  displacement   t ransducer .  

p o s i t i o n .  The c u r r e n t   t h a t   d r i v e s   t h e   g a l v a n o m e t e r  i s  p r o p o r t i o n a l   t o   t h e  
pendulum  displacement  and i s  t a k e n   a s   t h e   o u t p u t   o f   t h e   t r a n s d u c e r .  

I n   f i g u r e  2 t h e   l i g h t   s o u r c e   ( 1 4 )   c a n  be p l a c e d  so t h a t  i t s  f i l a m e n t  i s  
v e r t i c a l .  With  power o f f ,   t h e   g a l v a n o m e t e r  window (16)  i s  a t  r i g h t   a n g l e s  t o  
t h e   o p t i c a l   a x i s .  The l e n s  (18) collimates t h e   l i g h t   s o u r c e .  The f o c u s i n g  
l e n s  (11) w a s  chosen so t h a t   t h e   l i g h t  beam c o v e r s  less t h a n   h a l f   t h e   d i a m e t e r  
of the   s econd  window ( 2 4 ) .   T h e   l i g h t  beam is  brought  t o  f o c u s  on the   pho to -  
c e l l  (26 )   by   mov ing   t he   pho toce l l   suppor t  ( 3 )  i n   o r   o u t .  The  pendulum is  made 
long  enough so t h a t   t h e  window suspended  from it is  approx ima te ly   cen te red   w i th  
t h e   o p t i c a l   a x i s .   I n i t i a l l y ,   t h e  pendulum window is  p e r p e n d i c u l a r  t o  t h e   o p t i -  
ca l  a x i s ,   a n d   t h e  small permanent  magnet ( 2 5 )  is a l i g n e d   p a r a l l e l  t o  t h e   o p t i c a l  
a x i s   a n d   p e r p e n d i c u l a r  t o  t h e   f i e l d   p r o d u c e d   b y   t h e  s tep co i l s  (19) and   (27 ) .  
When e n e r g i z e d ,   t h e  co i l s  g i v e   t h e   p e n d u l u m   a n   i n i t i a l   a n g u l a r  o f f se t .  Deener- 
g i z i n g   t h e  co i l s  allows the  pendulum t o  f r e e l y   o s c i l l a t e .  When t h i s   o c c u r s ,   t h e  
focused  lamp  f i lament   image starts to  move across t h e   d i f f e r e n t i a l   p h o t o c e l l  
(26)   p roducing   an  error s i g n a l .   T h i s   s i g n a l  i s  f e d   i n t o   a n   e l e c t r o n i c   c i r c u i t  

w h i c h   d r i v e s   t h e   g a l v a n o m e t e r   i n   t h e  same d i r e c t i o n  as t h a t  of the  pendulum 
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window to  c a u s e   t h e   l i g h t   s p o t  t o  remain a t  n e a r l y   t h e   n u l l   p o s i t i o n   o n   t h e  
photoce l l .   (The   ga lvanometer  moves i n   t h e  same d i r e c t i o n  as the  pendulum window 
because   o f   image   r eve r sa l   t h rough   t he   l enses . )   Wi th  a symmetr ical  opt ical  sys-  
t e m ,  t h e   g a l v a n o m e t e r   t r a c k s   t h e   p e n d u l u m   i n  a one-to-one ra t io .  A v o l t a g e   p r o -  
p o r t i o n a l  t o  t h e   c u r r e n t   d r i v i n g   t h e   g a l v a n o m e t e r  i s  t h e   t r a n s d u c e r   o u t p u t .  

F i g u r e  3 is  a s c h e m a t i c   o f   t h e  e l ec t r i ca l  c i r c u i t .  The f i l amen t   supp ly   on  
the  lamp is v o l t a g e   r e g u l a t e d  below i t s  r a t e d   v a l u e  t o  m a i n t a i n   t h e   f i l a m e n t  a t  
a f i x e d   o p e r a t i n g   c o n d i t i o n   a n d  t o  g i v e  it l o n g   l i f e .  The manual s t e p   s w i t c h  
e n e r g i z e s   t h e   c o i l s   w h i c h   p r o d u c e   t h e   i n i t i a l   t o r s i o n a l   d i s p l a c e m e n t   o f   t h e  
pendulum.  However,  over a w i d e   r a n g e   o f   b r a i d   t o r s i o n a l   s t i f f n e s s ,  a change   i n  
the  permanent   magnet  may be n e c e s s a r y  to  o b t a i n   t h e   d e s i r e d   a n g u l a r   o f f s e t .  
The s t e p  B i n p u t  is €or r e m o t e l y   i n i t i a t i n g   t h e   p e n d u l u m   o s c i l l a t i o n .  
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F i g u r e  3.- O v e r a l l   w i r i n g   d i a g r a m .  
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Figure 4 is  the  wiring  diagram  for  the  electronic  circuit. The error  sig- 
nal  from  the  photocell  is  fed  into  operational  amplifier Al. Circuit  gain  is 

+lSV 
4IIA 

L 

START 

Figure 4.- Wiring  diagram  of  the  electronic  circuit. 

controlled by the 10-kR potentiometer  which is adjusted  to  give  the  maximum gain 
with  acceptable  stability. From there, the  signal  goes to amplifier A2 which is 
coupled  to  two  transistors.  Together  these act as a power  amplifier  supplying 
the  galvanometer. The remainder of the  circuit, to  the  right of the  3A  line  and 
below  the  dotted line, is  essentially  concerned  with  the  mechanism  for  initiat- 
ing  the angular offset and  with  the  motor  control  for  maintaining  the  average 
position of the  pendulum. 

The current  flowing  to  the  galvanometer is directly  proportional  to  the 
pendulum  displacement. A voltage  which  is  obtained  linearly  from  the  galvanom- 
eter  current is  fed  into  amplifier A3, into  amplifier A4, and  into  the  motor 
circuit.  Amplifier A3 receives a signal  which  is  proportional  to  the  pendulum 
position  and  inverts  its  phase 180° without gain.  Amplifier A4 needs  only  the 
ac component of the  signal  since it is a differentiator  whose output is propor- 
tional  to  the  pendulum  angular  velocity. Its output is  phase  shifted 90° and 
provides  damping  when  these  signals are summed at the  input  to  amplifier AS. 
This damping  only  acts  when  the  step  coil  is  energized  and is used  to damp out 
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any  oscillations in the  initial  offset. The 10-kL-2 potentiometer  associated 
with it gives  damping  control.  The 50-kL-2 potentiometer  biases  the  direction  in 
which  the  pendulum  will  be  offset  and  acts as  an adjustment  to  obtain  a  desired 
initial  offset.  Amplifier A 5  , in con  junction with its  transistors,  acts  as  a 
power  amplifier  supplying  the  coil. 

A motor  system,  to  which  the  pendulum  is  mounted,  offers  a  method of main- 
taining  the  average  pendulum  position.  This is accomplished  as  follows.  When 
the  contacts  are  open  (that is, the  relay  and step coils  are  not  energized),  the 
motor  maintains  the  pendulum at its  average  null  position.  The  response of the 
motor is so slow  that it does  not  respond  to  the  normal  oscillations of the  pen- 
dulum.  When  the  coil  and  relay  circuit  is open, the  field  effect  transistor 
(FET) acts as a  low  resistance,  and  amplifier A6 drives  the  motor.  The  motor 
operates at a  low  power  requiring 12 volts  and 2 mA. Then  a  switch  closure or 
TTL  (transistor-transistor  logic)  logical  zero  is  applied  across  pin 6A to  the 
ground;  this  closes  the  relay  which  energizes  the  step  coils  and  biases  the FET 
to  a large  resistance  state.  This  inhibits  further  motor  operation.  The  step 
coil,  however,  is now energized  and  its  field  acting on the  permanent  magnet  on 
the  pendulum  causes  the  pendulum  to  displace  through  a  specified  angle.  This 
specified  displacement  is  obtained  by  summing  three  signals at the  negative 
input of amplifier A5.  These  signals  are  obtained  from  the 50-kR potentiometer, 

angular  velocity 
which  provides 

from  the  actual  displacement  of  the  galvanometer,  and  from  the 
potentiometer) of  the  galvanometer  (controlled  through  a 10-kR 

damping  in  the  step  mode  of  operation. 

The  two  diodes  across  the  gate  and  the  dra 
to  a  maximum of about 0.5 volt. This  keeps  the 
ably  linear  range. 

in  of  the FET 1 
FET resistance 

imit  the  voltage 
within  a  reason- 

DESIGN  CONSIDERATIONS 

In  this  section,  design  considerations  are  described  which  led  to  this 
particular  design  of  the  torsional  braid  pendulum  displacement  transducer. 
Important  requirements  for  the  light  source  are  that  the  part of the  filament 
forming  the  image on the  photocell  lie in a  plane,  that  its  position  not  shift, 
that it have  long  life,  and  that  it  have  a  constant  intensity  to  prevent  an 
apparent  image  displacement  because of filament  inhomogeneities  or  filament 
stress  distortion.  An  incandescent  filament  lamp  with  a  voltage  regulator  sup- 
plying  a  stable,  underrated  lamp  voltage  fulfilled  these  needs. 

The  next  consideration is the  lens  and  window  optics.  If  the  system  is 
nonsynunetric, that is, unequal  image  and  object  distances,  the  two  windows  have 
different  sensitivities in generating  the  beam  displacement.  This  may  be  desir- 
able  when  the  range of swing  desired  from  the  pendulum  has  to  be  different  from 
that  of  the  tracking  sensor.  However,  the  combined  distance  of  object  and  image 
is  minimum  when  they  are  equal.  Shorter  focal  length  lenses,  for  a  given  diam- 
eter,' collect  more  light  and  result  in  a  more  compact  design.  However, as the 
focal  length  becomes  shorter,  the  refractor  window  causes  more  broadening  of  the 
line  source,  in  the  focal  plane.  This  broadening  does  not  cause  any  problems, 
since  the  photocell  responds  to  the  average  intensity  value. 
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For much more c o n t r o l - a n d   e a s e   o f   s e t u p ,  a  two-lens  system,  with  one 
a c t i n g   a s  a c o l l i m a t o r ,  was chosen .   S ince   t he   op t i c s   p rec lude   p l ac ing   t he  
r e f r a c t o r  windows i n  the   co l l ima to r   space   be tween   t he   l enses ,   one  window i s  
p laced  i n  t h e   o b j e c t   s p a c e   a n d   t h e   o t h e r  i n  t h e  image  space.   Their   p lacement  
i s  n o t   c r i t i c a l   p r o v i d e d   t h a t   t h e y   a l w a y s   p a s s   t h e   e n t i r e  beam. A t y p i c a l  sym- 
m e t r i c a l   s e t u p   o f  a n  opt ical   system  showing  image  broadening  and  displacement  
of   the  image by t h e   r e f r a c t o r  window i s  shown i n  f i g u r e  5. 

FOCUSING . COLLIMATING 
n4.5 \ LENS \ LENS e= 15.000 d= 9.936 0 

THE  OUTPUT  ANGLES OF THE 
NON-ROTATED WINDOWC2 
ARE  THE  SAME  AS THE NPUT 

Image deflection  due to 

THE  OUTPUT  ANGLES OF THE 
NON-ROTATED WINDOWC2 
ARE  THE  SAME  AS THE NPUT 

Image deflection  due to 

Window #I wwld have to be 
rotated @O in the same direction 
as window # 2 h order to null 
the sigml 

Figure  5.- A symmetr ic ,   col l imated  opt ical   system  showing 
image  formation  through  quartz  windows. 

S i n c e   a   d i f f e r e n t i a l   p h o t o c e l l  was no t   ava i l ab le   commerc ia l ly ,  a s t a n d a r d  
p h o t o c e l l  was a l t e r e d   a s  shown i n  f i g u r e  6 .  I t  g e n e r a t e s  a d i f f e r e n t i a l   v o l t a g e  
a t  i t s  te rmina ls ,   which  when f e d   t o  a d i f f e r e n t i a l   a m p l i f i e r   r e s u l t s  i n  an  out-  
p u t   p r o p o r t i o n a l   t o   t h e   l i g h t   d i s p l a c e m e n t   f r o m   t h e  n u l l  p o s i t i o n  on the   photo-  
c e l l .   R e f e r e n c e  7 d i s c u s s e s   t h e   t h e o r y   o f   t h e   d i f f e r e n t i a l   p h o t o c e l l .  

The c o i l s   c a u s i n g   t h e   f i e l d   t h a t   p r o d u c e s   t h e   i n i t i a l   o f f s e t   o f   t h e   p e n d u -  
lum are   connec ted  i n  s e r i e s .  The  main c o n s i d e r a t i o n   h e r e  is t o  l i m i t  t he   cu r -  
r e n t   t h e y  draw  from t h e  power  supply  to   a   reasonable   value.   Since  the  handbooks 
do not   supply  t h i s  co i l   des ign   i n fo rma t ion ,   t he   fo rmula  i s  de r ived  i n  appendix A ,  
w i t h  an  example  of i t s  use .  The c o i l s   r e a c t  w i t h  a  permanent  magnet,   located on 
the  bot tom of t h e   p e n d u l u m ,   t o   p r o d u c e   t h e   i n i t i a l   o f f s e t .  I t  i s  i m p o r t a n t   t h a t  
t h i s  o f f s e t  be   r epea tab le  so t h a t  t h e   d a t a   r e d u c t i o n  is made f o r  t h e  same i n i t i a l  
ampl i tude .  T h i s  may b e   q u i t e   i m p o r t a n t   i f   t h e  damping c o e f f i c i e n t  is not   con-  
s t a n t .   C o n s t a n t   o f f s e t   a m p l i t u d e  is provided   over   an   ex t reme  range   of   b ra id  
r i g i d i t i e s  by u s i n g   t h r e e   d i f f e r e n t   s t r e n g t h   p e r m a n e n t   m a g n e t s   a n d   e l e c t r i c a l l y  
c h a n g i n g   t h e   c o i l   f i e l d   s t r e n g t h .  
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Figure  6 . -   Drawing  of  a s t a n d a r d   p h o t o c e l l   s h o w i n g   a l t e r a t i o n s  
which make i t  a d i f f e r e n t i a l   p h o t o c e l l .  

A h igh   t o rque   ga lvanomete r   w i th   good   l i nea r i ty   and   min ima l   hys t e re s i s  i s  
r equ i r ed ,   and   one  was o b t a i n e d   t h a t  m e t  t h e s e   c r i t e r i a .  

S i n c e   t h e   m a g n e t i c   f i e l d s   a s s o c i a t e d   w i t h   t h e   g a l v a n o m e t e r   a n d   p e n d u l u m  
magnet may i n t e r a c t   a n d   c a u s e   i n s t a b i l i t y ,   t h e   t a n k   ( f i g .  2 )  was made o f   s o f t  
i r o n  t o  a c t  as a m a g n e t i c   s h i e l d .  I t  w a s  a l s o   d e s i g n e d  so t h a t   t h e   g a s   f o r  
h e a t i n g   t h e   b r a i d  w a s  b a f f l e d  so as n o t   t o   d i s t u r b   t h e  pendulum. A magnet ic  
s t a b i l i z e r  was a l s o   a d d e d  t o  the  pendulum to  min imize   pe r tu rba t ions   wh ich  were 
d i s c o v e r e d   a f t e r   t h e   t r a n s d u c e r  w a s  d e s i g n e d .   A f t e r   t h e   s o u r c e   o f   t h e   p e r t u r b a -  
t i o n s  was f i n a l l y   i s o l a t e d ,   t h e   c a u s e   a n d   e f f e c t s   o f   t h i s   p r o b l e m  were ana lyzed  
and are  d i s c u s s e d   i n   a p p e n d i x  B. 

I n  a damped dynamic  system,  the  response is a f u n c t i o n   o f   t h e   f o r c i n g   f r e -  
quency ,   t he   na tu ra l   f r equency   o f   t he   sys t em,   and   t he   damping .   Gene ra l ly ,  i t  is  
d e s i r e d   t h a t   t h e   t r a n s d u c e r   f o l l o w   t h e   s y s t e m   o s c i l l a t i o n  as e x a c t l y  as pos- 
s ible ,  t h a t  i s ,  i n   p h a s e ,   w i t h   e q u a l  or p r o p o r t i o n a l   a m p l i t u d e s .  The f o r c i n g  
f u n c t i o n  is the  pendulum  motion  with  f requency  of   about  1 Hz and  an  exponen- 
t i a l l y   m o d u l a t e d   a m p l i t u d e .   ( S i n c e   a n   e x p o n e n t i a l   i n p u t   r e s u l t s   i n  a c o n s t a n t  
i npu t -ou tpu t   ampl i tude  r a t i o  and a c o n s t a n t   p h a s e   s h i f t ,   t h e   p e n d u l u m   o v e r   s h o r t  
time i n t e r v a l s   a n d   i n   t h e   d a m p i n g   r a n g e   o f   i n t e r e s t  is e s s e n t i a l l y   a c t i n g   a s  a 
s i n e  wave i n p u t   t o   t h e   t r a c k e r   t r a n s d u c e r   s y s t e m . )  A r e s p o n s e   c u r v e   € o r  a s i n u -  
s o i d a l   f o r c i n g   f u n c t i o n  i s  shown i n   f i g u r e   7 .   C l e a r l y ,   t h e   f l a t t e s t   r e s p o n s e  i s  
o b t a i n e d   f o r  a damping   coe f f i c i en t   o f   0 .707 .   Th i s   damping   a l so   g ives   t he   bes t  
p h a s e   s h i f t   c h a r a c t e r i s t i c s ,   b u t   t h i s   c o n s i d e r a t i o n  i s  r e l a t i v e l y   u n i m p o r t a n t  
s i n c e   t h e   n a t u r a l   f r e q u e n c y   o f   t h e   t r a n s d u c e r   w h i c h  is e s s e n t i a l l y   t h a t   o f   t h e  
galvanometer   (about  76  Hz) i s  much g r e a t e r   t h a n   t h e   f o r c i n g   f r e q u e n c y  (1 Hz) and 
very  l i t t l e  p h a s e   s h i f t   o c c u r s .  Also, a t   t h i s   f o r c i n g   f r e q u e n c y ,   t h e r e  i s  con- 
s i d e r a b l e   l a t i t u d e   i n   c h o o s i n g  a d a m p i n g   c o e f f i c i e n t   t h a t   g i v e s  a r e l a t i v e l y  
f l a t   r e s p o n s e .  
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FORCWG FREQUENCY/NATURAL FREQUENCY 

F i g u r e  7.- Dynamic r e s p o n s e   c u r v e s   f o r  a damped,  second  order 
sys tem  wi th  a s i n u s o i d a l   f o r c i n g   f u n c t i o n .  

H e n c e ,   t h e   s y s t e m   s t a b i l i t y  i s  c o n s i d e r e d  more c r i t i c a l .   I n  a c l o s e d  loop 
sys t em,   h igh   ga in  i s  d e s i r a b l e .  However, as t h e   g a i n   i n c r e a s e s ,   t h e   e f f e c t i v e  
damping  decreases   and a c o n d i t i o n   o f   i n s t a b i l i t y  may o c c u r .  The c i r c u i t   s t a -  
b i l i t y   c a n   b e   i n v e s t i g a t e d   b y   o b t a i n i n g   t h e   o p e n   l o o p   g a i n   v e r s u s   f r e q u e n c y  o r  
phase   ang le   ve r sus   f r equency .  For a c o n t r o l   s y s t e m   w i t h  a s econd   o rde r   cha rac -  
t e r i s t ic ,  r e sponse   peak ing   occu r s  a t   t h e  damped n a t u r a l   f r e q u e n c y   f d   a n d  a 
90° p h a s e   s h i f t   o c c u r s  a t  t h e   n a t u r a l   f r e q u e n c y   f n .  From t h i s   p o i n t   t h e   g a i n  
r o l l o f f   a p p r o a c h e s  -12 dB/octave.  I f ,  i n   t h e   o p e n   l o o p ,   t h e   g a i n  i s  g r e a t e r  
than  or e q u a l  t o  1 when a 180° p h a s e   s h i f t   o c c u r s ,   t h e   c l o s e d   l o o p   c i r c u i t  is 
u n s t a b l e .  A check of t h e   r e s p o n s e  of t h e   o r i g i n a l   c i r c u i t   ( f i g .  8 )  showed t h a t  
it w a s  u n s t a b l e .   I n   o r d e r  t o  m a i n t a i n   h i g h   g a i n   a n d   s t a b i l i t y ,   t h e   c i r c u i t  w a s  
a l t e r e d  t o  u s e   v e l o c i t y   f e e d b a c k  t o  s t a b i l i z e   t h e   c i r c u i t .   T h i s   a p p r o a c h  w a s  
u n s u c c e s s f u l ;   t h u s   t h e   c i r c u i t  w a s  modi f ied  t o  resemble a f i r s t   o r d e r   s y s t e m   i n  
i ts o p e r a t i o n a l   r a n g e ,   w h i c h   h a s  a -6 dB/oc tave   ga in  rolloff, does not   peak   on  
t h e   g a i n ,   a n d   t h e o r e t i c a l l y   h a s  a 90° p h a s e   s h i f t  a t  i n f i n i t y .  The f requency  
response of t h i s   s y s t e m ,  shown i n   f i g u r e  9 ,  is s t a b l e .  
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F i g u r e  8.- Open loop f r e q u e n c y   r e s p o n s e   c h a r a c t e r i s t i c s  of 
t h e   o r i g i n a l   s e c o n d   o r d e r   s y s t e m .  

F i g u r e  9.- Open loop f r e q u e n c y   r e s p o n s e   c h a r a c t e r i s t i c s  
of t h e   f i n a l ,  f i rs t  o r d e r   s y s t e m .  
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F a c t o r s   a f f e c t i n g   p r e c i s i o n  are,  f i r s t ,   t h o s e   e l e m e n t s   w h i c h   c a u s e  a non- 
l i n e a r   o u t p u t   r e s p o n s e   f o r  a g i v e n   i n p u t   a n d ,   s e c o n d ,   t h e  errors i n t r o d u c e d   i n  
the d a t a   r e d u c t i o n .  As w a s  ment ioned ,   the  errors f r o m   t h e   l i g h t   s o u r c e  w e r e  
minimized  and  these errors t o g e t h e r   w i t h   t h o s e   f r o m   t h e   l e n s   s y s t e m  are 
i n c o n s e q u e n t i a l .  

To determine  what  error is  in t roduced   by  window c u r v a t u r e   ( n o n p a r a l l e l i s m  
of t h e  window f a c e s ) ,  a c a l c u l a t i o n  w a s  made to  see what   curvature   would  pro-  
duce   an  error of 1 p e r c e n t  of f u l l  scale.  F u l l - s c a l e   a n g u l a r   d i s p l a c e m e n t   o f  
the  pendulum is  +15O. For   an   i nc idence   ang le   o f  15O, t h e   a n g l e   o f   r e f r a c t i o n  
through a window w i t h   r e f r a c t i v e   i n d e x   o f   1 . 5  is 9.936O, as shown i n   f i g u r e   5 .  
T h u s ,   t h e   f u l l - s c a l e   d i s p l a c e m e n t   o f   t h e   l i g h t   i m a g e   c a u s e d   b y  window r e f r a c t i o n  
is ( d   t a n  15O - d t a n  9.936O)  where  d,   the window t h i c k n e s s ,  is  0.635 c m .  
T h e r e f o r e ,   t h e   f u l l - s c a l e   d i s p l a c e m e n t  i s  0.0589 c m ,  a n d   t h e   1 - p e r c e n t   f u l l -  
scale error i s  5.891 X c m .  

F i g u r e  1 0  s h o w s   d i m e n s i o n s   o f   t h e   o p t i c a l   s y s t e m   f o r   w h i c h   t h e   c a l c u l a t i o n  
o f   e r r o r   d u e   t o  window c u r v a t u r e  was  made. A l l  t h e   c u r v a t u r e  w a s  assumed  on 

WNDOW 

- AXIS OPTICAL 

RAY 

F i g u r e  10.- Diagram f o r   c a l c u l a t i n g   e r r o r   c a u s e d  
by window c u r v a t u r e .  
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one side of t h e  window. Index  of r e f r a c t i o n  of t h e   g l a s s  is assumed t o  be 1.5.  
The a n g l e  < of the   incoming r ay  c a n  be d e s c r i b e d  by 

s i n  5 = - 0 -508  
R 

t a n  5 = 
0.508 

cos 5 = 
d R L  - 0.2581 

R 

where R is t h e   r a d i u s  of c u r v a t u r e .   A c c o r d i n g   t o   t h e   s i m p l e   r e l a t i o n  
g o v e r n i n g   r e f r a c t i o n ,   t h e   a n g l e  5 o f   t h e  ray  refracted by the   cu rved  window 
s u r f a c e  is 

sin 5 2 /' - 2.25 

The d isp lacement  n ( f i g .  1 0 )  is t h e n  

n = d t a n  < - d t a n  = d ( t a n  < - t a n  5) = 0.635 ( t a n  < - t a n  5) 

(6) 
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Likewise,  the  angle rl of the  refracted  ray  exiting  from  the  plane  window 
surface is 

From equations  (1)  and  (5) 

The displacement m (fig.  10) is 

m = 1.016  tan rl 

From  equations (6) and  (9) , the  total  displacement is 

m + n = 1.016  tan q + 0.635  (tan C, - tan 5) 

For  a  1-percent  full-scale error, 

5.891 X = 1.016 
1.5 sin (5  - 5) 

1 - 2.25 sin2 (5  - 5) 1 
+ 0.635  (tan 5 - tan 5) 
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sin 5 
0.508 - (12) 

In  equation  (12),  sin Z; is  required. From the  following  sketch, let 

x2 + y2 = R2  (13) 

When y = 0.508 cm, 

x = JR2 - 0.258 
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. .. .. "" 

S u b s t i t u t e   e q u a t i o n   ( 1 5 )   i n   e q u a t i o n   ( 1 4 )  t o  o b t a i n  

dy = ? - ( R 2  1 - R2 + 0.258) -1'2 (+2 J T T Z  ) 
dx 2 

= 1.969 \1R2 - 0.258 

Thus, 

cos 5 
s i n  < " - 1.969 JR2 - 0.258 

S u b s t i t u t e   e q u a t i o n   ( 3 )   i n   e q u a t i o n  (18) t o   o b t a i n  

J R 2  - 0.258 
s i n  5 = 

1 0.5079 
1.969R R 

- -____ 

R(1.969) JZ 
- - 

F i n a l l y ,   s u b s t i t u t e   e q u a t i o n   ( 1 9 )   i n   e q u a t i o n  ( 1 2 )  t o   o b t a i n  

0.508  0.3386 

For v e r y   l a r g e   v a l u e s   o f  R ,  g r e a t e r   t h a n  250 c m ,  e q u a t i o n  ( 2 0 )  becomes 

S o l v i n g   e q u a t i o n   ( 2 1 )   f o r  R r e s u l t s   i n  R = 619.8 c m .  Thus, a r a d i u s  of 
c u r v a t u r e  of 619.8 c m  cor responds  t o  a 1 - p e r c e n t   f u l l - s c a l e  error.  For a 
plano-convex  lens  

17 



where n is t h e   r e f r a c t i v e   i n d e x .   F o r  1 /R2 = 0 and R1 = 619.8 c m ,  t h e  
f o c a l   l e n g t h  is F = 1239.6 c m  = 0 .081   d iop te r .  

The c u r v a t u r e  of a l l  t h e  windows u s e d   i n   t h e   t r a n s d u c e r  was checked   wi th  
an  o p t i c a l   f l a t  a n d   r e d  laser l i g h t   w i t h   w a v e l e n g t h  x of   app rox ima te ly  
700 nm (see s k e t c h ) .  The a p p l i c a b l e   e q u a t i o n  i s  

2 

where Y is  t h e   d i s t a n c e  t o  t h e   f i r s t   d a r k   i n t e r f e r e n c e   r i n g  when t h e   s a g i t t a l  
h e i g h t  ( S . H . )  i s  A/2. The   t r ansduce r  windows were a t  l e a s t  twice as f l a t   a s  
t h o s e   t h a t   p r o d u c e d  a 1 - p e r c e n t   f u l l - s c a l e   e r r o r .   T h u s ,   t h e   r a d i u s  of curva-  
t u r e  of t h e   t r a n s d u c e r  windows w a s  g r e a t e r   t h a n  1239 .5  c m .  C a l c u l a t i n g  error  
due t o  window c u r v a t u r e   f o r   t h i s   v a l u e  of R (eq. ( 2 1 ) )   r e s u l t s   i n  a maximum 
f u l l - s c a l e   d i s p l a c e m e n t  error  of  2 -946 X c m  o r  0.5 p e r c e n t .  

When d a t a   r e d u c t i o n  i s  per formed  as   recommended,   the   nonl inear i ty   o f   the  
p h o t o c e l l   a n d   e l e c t r o n i c   s y s t e m   o u t p u t   w o u l d   g i v e   i n s i g n i f i c a n t   e r r o r .  The 
error i n   t h e   p e a k   v a l u e s   o f   t o r s i o n a l   d i s p l a c e m e n t  8 u s e d   i n   t h e   c o m p u t a t i o n  
wou ld   conse rva t ive ly  be less t h a n  20.5 p e r c e n t .   T h u s ,   t h e   t o t a l   f r a c t i o n a l  
s t a n d a r d   d e v i a t i o n   o f   t h e  mean i n  measuring 8 ,  t h e   i n i t i a l   t o r s i o n a l   a m p l i t u d e ,  
is  

0 
80 - =  

J ( 0 . 5  p e r c e n t )  + ( 0 . 5  p e r c e n t )  = 0 .707   pe rcen t  (24) 
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The basic e q u a t i o n s   u s e d   i n   d a t a   r e d u c t i o n  are d e r i v e d   i n   a p p e n d i x  C ,  and 
t h e  method of   ob ta in ing   damping   coef f ic ien t   f rom  measurements   o f   th ree   succes-  
s ive   peak   ampl i tudes  is d e s c r i b e d   i n   a p p e n d i x  D.  The  damping c o e f f i c i e n t  is 
de f ined   by   equa t ion  (C21) t o   b e  

a 

= \j1+,2 
where a is c a l c u l a t e d   a c c o r d i n g  to  e q u a t i o n  (D15) as 

where 8,: e,, 
peak  ampll tudes 

and e 2  are t h r e e   s u c c e s s i v e  ( a l l   p o s i t i v e   o r  a l l  n e g a t i v e )  
of the sys t em  r e sponse   cu rve ,  a s   s e e n   i n   f i g u r e  11. 

TORSIONAL 
AMPLITUDE.~,O- 
(NORMALIZED) - 

- 

DAMPING COEFFICIENT.C=.07 

TORSONAL ANGLE, W' t,-RADIANS 

F i g u r e  11.- T o r s i o n a l   a m p l i t u d e   v e r s u s  t i m e  p l o t   o f  a damped, 
s e c o n d   o r d e r ,   f u l l y   o s c i l l a t i n g   t o r s i o n a l   s y s t e m .  
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The  damping error based  on  the  measurement  of t h r e e   s u c c e s s i v e  peak 
ampl i tudes  is now computed as follows: 

da = - deo + - de1 + - aa aa aa 

a e O  a e 2  de 2 

1/2 
d c   d a ( 1  + a 2 )  - d a  

a ( l  + a ) 

" 

C 
- - 

3 / 2  2 
(1 + a 2 )  a 

- d c  
C 

1'" 

I n   e q u a t i o n  ( 3 1 ) ,  it must be remembered t h a t  de,, dB1, a n d   d e 2   a r e  
independent  errors even   t hough   t he i r   ampl i tudes   a r e   dependen t   on  8,. I f  a l l  
t h e  errors a r e   o f   t h e  same magn i tude   and   s ign ,   t hen   t he  error dc/c i s  0 .  
T h i s  i s  n o t  a v e r y   r e l i a b l e  estimate o f   t h e  error. The maximum error would 
o c c u r  when dB1 i s  o p p o s i t e   i n   s i g n   t o   d e 0   a n d   d 8 2 .  The s t a n d a r d   d e v i a t i o n  
of  the  mean,  which i s  independent  of s i g n ,  is a l w a y s   p r e f e r a b l e   f o r   g i v i n g   t h e  
prec is ion   and   accuracy   of   the   measurement   and  i s  u s e d   i n   t h e   f o l l o w i n g  
c a l c u l a t i o n .  
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L e t  nl be t h e   f r a c t i o n a l   " o v e r s h o o t " ;   t h e n  

J 

A p r a c t i c a l   r a n g e   o f   d a m p i n g   c o e f f i c i e n t s  c ,  t a k e n  f r o m  r e f e r e n c e  1, 
is 0.015 t o  0.50.   For  c = 0 . 5 0 ,   t h e   o v e r s h o o t  of a l t e r n a t e   p e a k s  i s  approxi-  
mately 16 p e r c e n t ,   a n d   f o r  c = 0.015, t h e   o v e r s h o o t  i s  95 .4   pe rcen t .   Ca lcu la -  
t i o n  of maximum error f o r  c = 0.50   wi th  Oeo /Bo  = 0.707 p e r c e n t  is 

f 

a n d   t h e  maximum error f o r  c = 0.015 is  

OC O e o  [ 21'2(1 + 0.9542 + 0.954 ) 
4 1/2 

" 

C 
- 

i(1 - 0.9!li42) (ln  0.954 2) [. + ( ln  0;:542)'l 

= 0 .212   pe rcen t  (34)  

= 195 p e r c e n t  (35)  
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A l t h o u g h   a   1 9 5 - p e r c e n t   r e l a t i v e   s t a n d a r d   d e v i a t i o n  may seem l a r g e ,  it does 
a p p r o a c h   i n f i n i t y   a s  c approaches   zero .  A t  t h a t   p o i n t ,  Gc /c  becomes 
inde termina te .   For   the   example   g iven ,  c = 0.015 ? 1 . 9 5 ( 0 . 0 1 5 )   r e s u l t s   i n  
0.044 as the   upper  l i m i t  and -0.014 a s   t h e   l o w e r  l i m i t .  S ince  negat ive  damping 
d o e s   n o t   e x i s t ,   t h e   l o w e r  l i m i t  is  ze ro .  Thus the  bounds of t h e  damping a r e  
f rom  ze ro   t o  0.044 w i t h  a mos t   p robab le   va lue   o f  0.015. A s  damping i n c r e a s e s ,  
o C / c   d e c r e a s e s .   I f   t h r e e   a l t e r n a t e   p e a k s   r a t h e r   t h a n   t h r e e   s u c c e s s i v e   p e a k s  
w e r e   u s e d ,   t h e   r e a d e r   c a n   v e r i f y  (from eq.  (Dl611 t h a t  oc/c would   be   g rea te r  
t han   t he   t h ree - success ive -peak   me thod   by  a f a c t o r  of 

h 2  - nl + 1 y 2  

T h i s   f a c t o r   h a s  a maximum value   o f   4 .0   for   n l  = 1 . 0 .  

The r i g i d i t y  or t o r s i o n a l   s p r i n g   c o n s t a n t  K is g iven   by   equat ion  ( C 1 4 )  
a s  

The e r r o r  dK c a n   r e a d i l y   b e   o b t a i n e d   a s  was demons t r a t ed   p rev ious ly   fo r   dc ,  
by t ak ing  

a K   a K  a K  
a J  a w  a c  dK = - dJ  + 7 dm' + - dc 

o r  

(39 )  
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From e q u a t i o n  ( 3 7 )  , 

l n K = l n J + 2 l n w ' - l n  ( 1 - C )  2 

For t h e  re la t ive  error, 

m 

dK dJ + 2 - d w '  + 2cL dc 
2 c  

" - -  - 
K J  1 - c  

or 

T o r s i o n a l   a m p l i t u d e   c a n  be g i v e n  by 

e = -  TOL 

GJA 
(44  1 

where To i s  t h e   t o r q u e   i n   t h e   t o r s i o n a l  member of l e n g t h  L ,  G is s h e a r  
modulus,  and JA i s  t h e  polar areal  moment of i n e r t i a  of t h e   t o r s i o n a l  member. 
Then ,   s ince  To/e = K ,  

J W I 2 (  2 )  
1 

1 - c  L 
JA 

For t h e  re la t ive  error i n   s h e a r   m o d u l u s ,  

or 

(45)  



DISCUSSION 

The o p t i c a l   s y s t e m   u t i l i z e s  a newly   i nven ted   t echn ique  fo r  which a p a t e n t  
h a s   b e e n   o b t a i n e d   ( r e f .  6 ) .  T h i s   c o n s i s t s  of t h e   r e f r a c t i n g   q u a r t z  windows 
u s e d   i n   c o n j u n c t i o n   w i t h   t h e  d i f f e ren t i a l  pho.tocel1 for  producing a n u l l   s i g n a l .  
The error c o n t r i b u t i o n s  from these   components   can  be c o n t r o l l e d  t o  i n s i g n i f i -  
cance,   with  no  undue  demands made for  t h e i r   f a b r i c a t i o n .   T h i s   f a c t o r   t o g e t h e r  
w i t h   t h e   n u l l   s i g n a l   m e t h o d  of o b t a i n i n g   o u t p u t ,   w h i c h  is p r o b a b l y   t h e  most 
a d v a n t a g e o u s   i n   t r a n s d u c e r   d e s i g n ,   c o n t r i b u t e s  t o  p r o d u c i n g   a n   o p t i m a l   t r a n s -  
ducer   package.  An a n a l y s i s  of t h e   e l e c t r o n i c   c i r c u i t   d i d   n o t   p r e d i c t   q u i r k s  
t h a t   d e v e l o p e d   d u r i n g   l a b o r a t o r y   t e s t i n g ,   a n d   n u m e r o u s   a d d i t i o n a l  tests were 
made t o  o p t i m i z e   t h e   d e s i g n .  

One o f   t h e   q u i r k s   t h a t   a p p e a r e d ,   w h i c h   c o u l d   n o t  be e l i m i n a t e d  by d e s i g n ,  
w a s  a modu la t ion   wh ich   occu r red   on   t he   decay   cu rve   enve lope .  A b a s i c   a n a l y s i s  
i s o l a t e d   t h e   c a u s e  t o  a n y   s y s t e m   w i t h   t o r s i o n   i n  i t  t h a t   h a d   n o n s t r a i g h t - l i n e  
c o i n c i d e n c e   o f   t h e   t o r s i o n a l   a n d   p h y s i c a l   a x e s  of i t s  t o r s i o n  member. T h i s  
produces a time v a r i a t i o n   o f   t h e   t o r q u e   i n   t h e   t o r s i o n  member and a time vary- 
i n g   c o e f f i c i e n t   o f   t h e   a n g u l a r   d i s p l a c e m e n t   i n   t h e   d i f f e r e n t i a l   e q u a t i o n   o f  
m o t i o n   f o r   t h e   s y s t e m .   T h i s  t i m e  v a r i a t i o n   c a u s e s   t h e   m o d u l a t i o n   o f   t h e  
enve lope .   In  a f l e x i b l e   s u s p e n s i o n ,   o n e   o f   t h e  most l i k e l y   c a u s e s   f o r  m i s -  
a l i g n m e n t   o f   t h e   t o r s i o n a l   a n d   p h y s i c a l   a x e s  is  r i g i d   e n d   p o i n t   f a s t e n i n g s .  
These are the   mos t  commonly u s e d   i n   p r a c t i c e ,   a n d   t h e y   c a u s e   a x i a l   m i s a l i g n m e n t  
o f   t h e   s u s p e n s i o n  when i t  is  n o n t o r s i o n a l l y   p e r t u r b e d .   R e l a t i v e l y   u n r e l a t e d  
t r ansduce r   sys t ems   such  as t h o s e   u s i n g   v i b r a t i n g  wires with  c lamped  ends for  
measur ing   angular  ra te  have  produced  odd  outputs   which  can be e x p l a i n e d   b y   t h i s  
a n a l y s i s ,   s i n c e  some t o r s i o n   i n a d v e r t e n t l y  is b u i l t   i n t o   t h e   f i x e d   e n d   p o i n t  
f a s t e n i n g s .  To minimize or p r e v e n t   t h e   e f f e c t s   o f   a x i a l   m i s a l i g n m e n t ,  care 
should  be t a k e n   t o   e n s u r e   t h a t   t h e   t o r s i o n a l  member a x i s  is  s t r a i g h t .   I f   e n d  
p i n n i n g   d e v i c e s  are  a t t a c h e d   t o  i t ,  t h e s e   s h o u l d  be made c o l i n e a r   w i t h   t h e  
a x i s .  The   end   fas ten ings  may a lso be made r ig id  to  t o r s i o n   b u t   s o f t  t o  p l a n e  
m o t i o n .   F i n a l l y ,   u n l e s s  a p e r f e c t   e n d   f a s t e n i n g  is  used  (which i s  u n l i k e l y ) ,  
some f o r m  o f  s t a b i l i z e r   s h o u l d  be u s e d   t o   p r e v e n t   p e r t u r b a t i o n s   f r o m   b e n d i n g  
t h e   t o r s i o n a l   a x i s .  

The d e t a i l e d  error ana lys i s   wh ich  w a s  performed w a s  €or t he   pu rpose   o f  
producing a p r e c i s e   a n d   a c c u r a t e   t r a n s d u c e r .   H o w e v e r ,   t h e   r e s u l t s   o f   t h i s  
e f f o r t   c a n   a l s o  be u s e d   f o r   s e l e c t i n g   t h e   m e t h o d  or methods  which  give least  
error i n   t h e   d a t a   r e d u c t i o n   a n d   f o r   e x p l a i n i n g  why more s c a t t e r   o c c u r s   o v e r   o n e  
range of t h e   d a t a   t h a n   o v e r   a n o t h e r .  A l s o ,  u n t i l  now, i t  has   been   be l i eved  
t h a t   o b t a i n i n g  G I  t he   shea r   modu lus ,   o f   t he   compos i t e   s t ruc tu re   o f   t he   po lymer -  
impregnated   bra id   used  fo r  t h e   t o r s i o n a l   s u s p e n s i o n  w a s  n o t   f e a s i b l e .   I n   e q u a -  
t i o n  ( 4 8 ) ,  which   g ives   t he  re la t ive  e r r o r   o f  G I  a l l  f a c t o r s   c o n t r i b u t i n g   t o  
t h e   r e l a t i v e  error can   r ead i ly   be   de t e rmined   w i th   t he   excep t ion   o f   d JA/JA,  
where JA is  t h e   p o l a r  areal  moment of i n e r t i a .  Cross s e c t i o n s   o f   t h e  
polymer- impregnated   bra id   can   be   ob ta ined  by methods similar t o   t h o s e   u s e d   i n  
g e t t i n g   t i s s u e   o r   m e t a l l u r g i c a l   s p e c i m e n s .  From t h e s e ,  i t  is  assumed,  on a 
s t a t i s t i c a l  b a s i s ,   t h a t  a most probable  a rea l  c o n f i g u r a t i o n  may be o b t a i n e d .  
I t  would  then  be a simple  matter t o  o b t a i n   t h e  areal  moment o f   i n e r t i a   o f   t h e  
composite c o n s t i t u e n t s ,   t h e   r e l a t i v e  error o f  G I  and G i t s e l f   o f   t h e  com- 
p o s i t e   b r a i d .  By s u p e r p o s i t i o n ,   t h e  G v a l u e  of the   po lymer   on ly   cou ld   t hen  
be determined.  
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Another factor of i n t e r e s t  is t h e   i n i t i a t i o n  of t h e  free t o r s i o n a l  oscil-  
l a t i o n s   o f   t h e   p e n d u l u m .   I n   o r d e r  to  g u a r a n t e e   r e p e a t a b i l i t y  of r e s u l t s   a n d  
a v o i d   i n t r o d u c i n g  a f o r c i n g   f u n c t i o n   i n t o   t h e   i n i t i a l   c o n d i t i o n s   o f   t h e   p e n d u -  
lum release, t h e   i n i t i a l   s t a r t i n g   a m p l i t u d e ,   a s   m e a s u r e d   f r o m   t h e   a v e r a g e   p e n -  
dulum p o s i t i o n ,   s h o u l d  be k e p t   c o n s t a n t   a n d   h e l d   s u f f i c i e n t l y   l o n g   t h a t  i ts  
cons tancy  is  beyond doubt. Release s h o u l d   t h e n  be s h a r p   a n d   s h o u l d   i n t r o d u c e  
n o   p e r t u r b a t i o n s .  The release mechanism i n   t h i s   t r a n s d u c e r  meets a l l  t h e s e  
cr i ter ia .  

CONCLUDING REMARKS 

An improved   t o r s iona l  braid pendulum  t ransducer   has   been  designed  which is 
c o n s i d e r e d   a n   a d v a n c e   i n   t h e  s t a t e  o f   t h e  a r t .  The t r a n s d u c e r   h a s   b e e n  
d e s c r i b e d   a n d  i ts  p rec i s ion   and   accu racy   have   been   ana lyzed .   Th i s   r e sea rch  
h a s   r e s u l t e d   i n   t h e   f o l l o w i n g   f i n d i n g s :  

1. Any t o r s i o n a l   s y s t e m ,  or s y s t e m   w i t h   t o r s i o n   i n  it, having  misal ignment  
of t h e   t o r s i o n a l   a n d   p h y s i c a l   a x e s   o f  i t s  t o r s i o n  member e x p e r i e n c e s  a t i m e  
v a r i a t i o n  of i ts  torque  o u t p u t  when the   sys t em is  i n   t h e  dynamic s t a t e .   T h i s  
r e s u l t s   i n  a t i m e  v a r y i n g   t o r q u e   i n   t h e   t o r s i o n  member and a t i m e  v a r i a b l e  
c o e f f i c i e n t   f o r   t o r s i o n a l   a m p l i t u d e   i n   t h e   d i f f e r e n t i a l   e q u a t i o n   o f   m o t i o n   f o r  
t he   sys t em.  The r e s u l t  i s  a modu la t ion   o f   t he   no rma l   ou tpu t   o f  a f r e e l y   o s c i l -  
l a t i n g ,   t o r s i o n a l   s y s t e m .  To m i n i m i z e   t h e s e   e f f e c t s   i n   f l e x i b l e   t o r s i o n  mem- 
bers, wh ich   a r e   no rma l ly   undes i r ab le ,  care s h o u l d  be t a k e n  t o  e n s u r e   t h a t   t h e  
t o r s i o n a l  member a x i s   a n d  i t s  end   p inn ing   dev ices  are c o l i n e a r .  A s u s p e n s i o n  
s y s t e m   t h a t  i s  r i g i d  t o  t o r s i o n a l   m o t i o n   b u t   s o f t  t o  p lane   mot ion  may be used.  
Some form of s t a b i l i z e r   t o   p r e v e n t   p e r t u r b a t i o n s   f r o m   b e n d i n g   t h e   t o r s i o n  mem- 
ber a x i s   s h o u l d  be used.  

2.  The s t e p   i n p u t   f o r   e x c i t i n g   t h e   t o r s i o n  pendulum  gave a s m o o t h ,   c r i s p  
r e l e a s e   f r o m   t h e  same s t a r t i n g   a m p l i t u d e .  

I 3 .  The n u l l  method  employed i n   t h i s   t r a n s d u c e r   € o r   o b t a i n i n g   t h e   o u t p u t  
makes i t  v i r t u a l l y   i n s e n s i t i v e  to  any b u t  t o r s i o n a l   m o t i o n s .  

4. The maximum r e l a t i v e  error (due t o  window c u r v a t u r e )   i n   t h e   t o r s i o n a l  
ampl i tudes  €or t h i s   s y s t e m  is 0.7 p e r c e n t .   T h i s   r e s u l t s   i n   r e l a t i v e  errors i n  
the  measurement   of   the   damping r a t i o  c of  1 9 5   p e r c e n t   f o r  c = 0.015 and 
0 . 2 1 2  p e r c e n t   f o r  c = 0 . 5 0 ;  t h i s  error d e c r e a s e s  as the  damping r a t i o  
i n c r e a s e s .   S i n c e   r i g i d i t y   a n d   s h e a r   m o d u l u s  are dependent  on c ,  more scat ter  
i n   t h e  data s h o u l d  be expec ted  a t  t h e  l o w e r  v a l u e s   o f  c €or a l l  t h r e e  
parameters .  

5 .  To minimize error i n   d a t a   r e d u c t i o n ,  it is recommended t h a t   t h r e e   s u c -  
c e s s i v e  ( a l l  p o s i t i v e  o r  a l l  n e g a t i v e )   p e a k s  be r e a d   o u t .  
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6. Making  the  windows  optically  flat to one-quarter of the  wavelength of 
sodium  light  would  make  them  a  negligible source of error. The main source of 
error  would  then be the readout of the  successive  peak  amplitudes,  and  any 
means  to  improve  their  accuracy  would  directly  enhance  the  accuracy  and  pre- 
cision of the  quantities  sought. 

Langley  Research Center 
National  Aeronautics  and Space Administration 
Hampton,  VA 23665 
February 25, 1981 
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APPENDIX A 

C O I L  DESIGN 

The d e s i g n   o f   t h e   t o r s i o n a l   b r a i d   p e n d u l u m   d i s p l a c e m e n t   t r a n s d u c e r   i n c l u d e d  
co i l s  w h i c h   c a u s e   t h e   f i e l d   t h a t   p r o d u c e s   t h e   i n i t i a l   t o r s i o n a l   o f f s e t .  The 
m a i n   c o n s i d e r a t i o n   i n   d e s i g n i n g   t h e  co i l s  was t o  l i m i t  t h e   c u r r e n t   t h e y  d r a w  
from  the  power  supply t o  a r e a s o n a b l e   v a l u e .  The formula for  d e s i g n i n g   t h e  
coils i s  d e r i v e d   i n   t h i s   a p p e n d i x .  

A co i l  is  d e s i r e d   w i t h  a g i v e n   r e s i s t a n c e   a n d   t h e   d i m e n s i o n s  shown i n   t h e  
fo l lowing   ske tch :  

For t h e   f i r s t   l a y e r  of w i r e ,  

2 
d T ( D  + d )  - = Length of w i r e  i n   l a y e r  1 

For t h e   s e c o n d   l a y e r ,  

z 
d 

T ( D  + 3 d )  - = Length  of  w i r e  i n   l a y e r  2 

F o r   t h e   n t h   l a y e r ,  

z .[I + (2n - l)dld = Length of w i r e  i n   l a y e r  n (n  = 1 , 2 , 3 , .  . .) (A3)  

From e q u a t i o n  ( A 3 ) ,  an arithmetic p r o g r e s s i o n  is obtained  whose sum is  

d + (2N - 1)q- 

= -  N'Z(2D + 2Nd) = - 
2d 

N'Z(D + N d )  
d (A5 1 
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APPENDIX A 

where N is the  number of layers in the  coil. This sum is the  total  length of 
wire of diameter  d in the coil. For the  coil  dimensions in the sketch, 

NT(2-134) (1.016 + Nd) = 6.811 - + 6.704N s =  N 
d d 

2 

The  diameter of the  coil is also limited  to  2.54 cm, that is, 

2.54 2 2Nd + D 

2.54 _> 2Nd + 1.1016 

A coil  with  resistance of about 55 52 is  desired.  Try Wire with 
d = 0.0254 cm, which  has  a  resistance of 110 52 per 32 004 cm or 55 52 per 
16 002 cm. From equation (A6) 

s =  6-811 N + 6.704N2 = 16 002 0.0254 

6. 704N2 + 268’.  2N - 16 002 = 0 

Equation  (A9) can be solved  €or N, which to a whole number is 33 layers. 
However, 

2Nd + 1.1016 = 2(33)  (0.0254) + 1.106 = 2.69 

which violates  equation (Ai’). Therefore  0.0254-cm-diameter  wire  is too large. 

Try  32-gage wire with a  0.02032-cm  diameter  and  resistance of 167.3 52 
per 30 480 cm. To provide  coil  resistance of 55 9, 22  layers were required. 
This  resulted in a  coil  diameter of 1.91 cm, which was  acceptable. The total 
number  of  turns is calculated as follows: 

d  0.02032 
- 2-134 - 105 turns/layer 

105 X 22 = 2310  turns 
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APPENDIX B 

PERTURBATION  CALCULATIONS FOR THE  TORSION  PENDULUM 

T h i s   d i s c u s s i o n  deals w i t h   t h e  factors t h a t  a f fec t  t h e   n o r m a l ,   r e g u l a r  
decay   curve  of t h e  damped o s c i l l a t i o n  of a compound to r s ion   pendu lum  and   t he  
o u t p u t  of any  system  which is  p u t   i n   t o r s i o n   a n d  w h o s e   t o r s i o n a l   a x i s  becomes 
b e n t  o r  deflected. A simple pendulum i s  f i rs t  examined ,   and   t he   f i na l  develop- 
ment i s  for t h e   a c t u a l  compound pendulum t h a t  i s  u s e d   i n   t h e   t r a n s d u c e r   d e s i g n .  
Cons ider  a simple pendulum i n   t o r s i o n  as is shown i n   s k e t c h  ( a ) .  If t h e   a x i s  of 

Sketch  ( a )  

t h i s  pendulum is always a r ad ia l  e x t e n s i o n  from t h e   p i n   p o i n t ,   a n y   t o r s i o n a l  
motion  given t o  t h e  pendulum  would  not be c h a n g e d   b y   a n y   p e r t u r b a t i o n   t h a t  d i s -  
p l a c e d  it from i t s  s t a t i c a l l y  s table  p o s i t i o n .   T h i s  sort of suspens ion   can  be 
approached  by  using a v e r y   f l e x i b l e   d i a p h r a g m  as  t h e   p i n   p o i n t   f o r   t h e  pendulum 
suspens ion .   This   d iaphragm i s  r i g i d  t o  a x i a l   t o r s i o n   a n d   s o f t  t o  moments a t  
r i g h t   a n g l e s  t o  t h i s   t o r s i o n .   F u r t h e r ,   n o   l i n e a r  forces a c t i n g   o n   t h e   c e n t e r  
of mass can   produce  o r  c h a n g e   t h e   t o r s i o n .  The more u s u a l   s i t u a t i o n  i s  t h a t   t h e  
p i n   p o i n t  is r i g i d   a n d  a p e r t u r b a t i o n   p r o d u c i n g  a d e f l e c t i o n   o f   t h e   a x i s   c h a n g e s  
t h e   d i s t r i b u t i o n   o f   t h e   t o r q u e   f r o m   w h a t  i t  w a s  p r e v i o u s l y .   T h i s   r e s u l t s   i n  
m o d u l a t i o n s   a n d   o t h e r   e f f e c t s   o n   t h e   o s c i l l a t i o n   o f   t h e   t o r s i o n a l   p e n d u l u m  
( f i g .  1 2 ) .  To i l l u s t r a t e   t h e   p o i n t ,   o n e  mode o f   t o r q u e   d i s t r i b u t i o n  i s  developed  

.+ Paper  speed - 41.3 sec/cm 

F i g u r e  1 2 . -  Decay  curve  envelope  modulat ion  due t o  
p e r t u r b a t i o n s  t o  a t o r s iona l   pendu lum.  

29 



APPENDIX B 

s u f f i c i e n t l y  t o  s h o w . t h a t   t h e   o u t p u t  is modulated.  A second,  more g e n e r a l  
t o r q u e   d i s t r i b u t i o n  mode a n a l y s i s  is o u t l i n e d ,  b u t  t h e  detai led s o l u t i o n  is n o t  
made i n   t h i s  paper. 

Depending  on  the 
t o r q u e   c a n   d i s t r i b u t e  

Sketch (b) 

t o r s i o n a l   s p r i n g   c o n s t a n t   a n d   t h e   p e n d u l u m   i n e r t i a ,   t h e  
i t s e l f  as shown i n   s k e t c h  ( b ) .  The p a r a l l e l  component T 

is Ty cos I) and  the  normal  component TN is  
Ty s i n  I). For small a n g l e s ,   t h e   p a r a l l e l   c o m p o n e n t  
is much l a rge r   t han   t he   no rma l   componen t ,   and  
a l though   t h i s   deve lopmen t  is f o r   t h e   p a r a l l e l  com- 
ponent   only,   the   normal   component   of   torque a lso 
c o n t r i b u t e s  t o  t h e   p e r t u r b a t i o n   o f   t h e   o u t p u t ,   s i n c e  
it c a u s e s   r o t a t i o n  of the  pendulum. The t o r s i o n a l  
s p r i n g   c o n s t a n t  is K = G J A / L ,  and may be assumed 
c o n s t a n t   b e c a u s e   t h e   e f f e c t i v e   l e n g t h  L under  
d e f l e c t i o n   r e m a i n s   e s s e n t i a l l y   c o n s t a n t  as does G ,  
t he   shea r   modu lus ,   and  JAI t h e  areal  moment o f  
i n e r t i a .  The bending stresses a n d   s t r a i n s ,   h o w e v e r ,  

I I  

d o   h a v e   a n   e f f e c t   o n   t h e s e   p a r a m e t e r s   a n d  cause c o u p l i n g  o r  i n t e r a c t i o n s   w h i c h  
are n o t  w e l l  understood  and were i g n o r e d   i n   t h e s e   c a l c u l a t i o n s .  

Assume t h a t   t h e  pendulum is i n   t o r s i o n   a n d  receives a p e r t u r b a t i o n   w h i c h  
moves i t  o f €   a x i s   t o   a n   a n g l e  $. Since   t he   pendu lum  osc i l l a t e s   because  of 
t h i s ,  $ is a f u n c t i o n   o f  t i m e .  The p a r a l l e l   c o m p o n e n t   o f   t o r s i o n  T I ,  i s  
dependent   on $, a n d   s i n c e   t h i s  i s  t h e   t o r s i o n a l   s p r i n g  torque i n  t h e   d i f f e r -  
e n t i a l   e q u a t i o n   o f   m o t i o n  of t h e   s y s t e m ,  it c h a n g e s   t h e   t o r s i o n a l   a m p l i t u d e  8 
from t h a t   o b t a i n e d   w i t h   t h e   p e n d u l u m   i n   a x i a l   a l i g n m e n t .   T h i s   c h a n g e ,   o f  
c o u r s e ,  is  an  error which   shou ld   be   e l imina ted .  The  normal  component TN moves 
the  pendulum mass normally t o  t h e   p l a n e   o f   t h e   p a p e r  or i n  a conical motion. 
The change of $ w i t h  t i m e  p r e v e n t s  a c o n i c a l   p a t h   b u t   n o t   t h e   n o r m a l   r o t a t i o n .  
This   motion also a f f e c t s   t h e   o u t p u t   t o   p r o d u c e   a n   e r r o r   w h i c h   c a n  be e l i m i n a t e d  
i n   t h e  same way as t h e  error  d u e   t o   t h e   p a r a l l e l   c o m p o n e n t  is e l i m i n a t e d .  

F o r   f r e e   o s c i l l a t i o n ,   t h e   d i f f e r e n t i a l   e q u a t i o n  now c o n t r o l l i n g  8 i n   t h e  
o f f s e t   a x i s ,   c o n s i d e r i n g   t h e   p a r a l l e l   t o r q u e   c o m p o n e n t   o n l y ,  i s  

The d e s i g n  of t h e   t r a n s d u c e r   c a l l e d   f o r  a s u s p e n s i o n   w h i c h   r e s u l t s   i n  a 
compound pendulum.  The  fol lowing  development   for   obtaining 8 wi th   pe r tu rba -  
t i o n   € o r   t h i s   s i t u a t i o n  i s  g e n e r a l   u n t i l   t h e   a l g e b r a  becomes t o o  cumbersome  and 
then   ac tua l   va lues ,   t aken   f rom  the   des igned   pendu lum,  are  used.  Assume t h a t  a 
t o r s i o n  Ty has   been  induced a t  p o i n t  B i n   s k e t c h  ( c )  and a p e r t u r b a t i o n   p r o -  
duces $ and @. Then, T , I  w h i c h   p r o d u c e s   t h e   t o r s i o n a l   o s c i l l a t i o n  i s  
Ty COS $ COS (a  - $1 - 
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mg 

Sketch  (c )  

The   conse rva t ive   Lagrang ian  i s  now s e t  u p .   T h e   o n l y   e f f e c t  of  the  damping 
force is  t o  reduce  $ and @ more q u i c k l y ;  i t  does n o t  a l t e r  t h e   a r g u m e n t   t h a t  
modulat ion  occurs .   Thus,  i t  is o m i t t e d   i n   t h e   f o l l o w i n g   d e t e r m i n a t i o n  of $ 
and @. The   pos i t i on  of t h e   c e n t e r  of g r a v i t y   ( p o i n t  G )  i n  terms of  t h e  coor- 
d i n a t e   s y s t e m  shown i n   s k e t c h  ( c )  i s  

x = L~ s i n  $ + L2 s i n  @ 

y = L 1  cos $ + L2 cos @ 

The ve loc i ty   components  of t h e   c e n t e r  of g r a v i t y  a t  p o i n t  G are  

SO t h a t   t h e   v e l o c i t y  vG of p o i n t  G i s  

The k i n e t i c   e n e r g y  of the  pendulum is  

1 1 '2  
2 G 2  " 7 'G@ 

T = - m v  
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where m is t h e  pendulum mass and IG is t h e  mass moment of i n e r t i a  about a n  
ax i s  t h r o u g h   t h e  center of g r a v i t y   a n d   p e r p e n d i c u l a r  t o  t h e   r o d .   S u b s t i t u t i n g  
e q u a t i o n  (B6)  r e s u l t s   i n  

To keep IG g e n e r a l   i n  terms of  m and L2,  l e t  

2 nmL2 = IG 

where L2 = 25.96 c m ,  IG = 4935 g-cm , and m = 38.7  g.   Then, 2 

4935 
n =  = 0.189 

38.7(25.96)  
2 

S u b s t i t u t i n g  IG = 0.189mL22 i n   e q u a t i o n  (B7) g i v e s  

The p o t e n t i a l   e n e r g y  of t h e   s y s t e m   r e l a t i v e  t o  i t s  e q u i l i b r i u m   p o s i t i o n  i s  

where g is t h e   a c c e l e r a t i o n   d u e  t o  g r a v i t y .  By c o n s i d e r i n g   o s c i l l a t i o n s  
caused by small d i sp l acemen t s ,   cubed   and   h ighe r   o rde r  terms are e l i m i n a t e d ,   a n d  
s i n c e  

cos ($  - $1 = 1 - 
2 

+ .  . . 

e q u a t i o n s  ( B 8 )  and  (B9) become 

+ 1.19L2  2-2 + 2L1L2$$) 
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Cons ider   the   Lagrangian ,  S'= T - V ,  w i t h   g e n e r a l i z e d   c o o r d i n a t e s  $ and $ 
r e p r e s e n t e d  by qr:  

which may be w r i t t e n   a s  

d(%) 
aq r  av 
d t  

+ - -  - 0  
aqr  

s i n c e  - a V / a G r  = 0 and  aT/aqr = 0 .  Di f fe ren t ia te   equa t ions   (B10)   and  ( B 1 1 )  
t o   o b t a i n  
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From  equation (Bl8) I 

Ll$ + L2$ + g$ = 0 

From  equation  (B19) I 

Equations  (B20)  and  (B21)  give 

where  the  p's  are  the  angular  frequencies of the  principal  modes of oscilla- 
tion. Thus, from  equation  (B22), 

where p2 is 

From  equation  (B23), it can be seen  that  both roots are  positive. The periods 
are  then 

- 21T 
T2 - p2 
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where p1 and p2 are t h e   p o s i t i v e   r o o t s   o f  p12 and  p2 . The a n g l e s  @ 
and $I are s t i l l  needed.   Therefore ,  subtract e q u a t i o n  (B20)  from  equation (B21)  
to g e t  

2 

o.19L2$ + g ( $  - $) = 0 

.. 
$I + 5.26 $ - 5.26g$ = 0 

L2 L2 

Mul t ip ly   equat ion   (B20)   by   1 .19   and   subt rac t   equa t ion  ( B 2 1 )  to  g e t  

$ + 6.26 - - 5.26 - $I = 0 g@  g 
L1 L 1  

I n   o p e r a t o r  form, equations  (B26)  and ( B 2 7 )  are 

$J - 5.26 - $ = 0 (3 

L2 

( D 2  + 6.26 

The de te rminan t  of e q u a t i o n s  ( B 2 8 )  and  (B29) i s  

I D 2  + 5.26 - g -5.26 - (3 

L2 L2 

-5.26 - D2 + 6.26 - g g 
L 1  L1 

L e t  5.26 - = M ;  t h e n  g 
L2 

L e t  N = 6.26  - + M ;  t hen  g 
L1 
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(D4 -t ND2 + %)$ = 
L 1  

D4 + ND2 + %)$ = 
L1 

0 ” 

0 (D2 + 6.26 

D2 + M 0 

-5.26 - 0 g 

L 1  

For b o t h  @ and $, 

r4 + N r 2  + - Mg = 0 
L1 

where r is a c h a r a c t e r i s t i c  root.  . Then 

= o  

r 1 

At this p o i n t   t h e  following ac tua l   pendu lum  va lues  are s u b s t i t u t e d  into 
e q u a t i o n  ( B 3 4 )  : 

L 1  = 21.84 c m  

L2 = 25.96 c m  
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5.26  6.26  39.2 + 44.8 27.7 (-= - s) ' (21.84)2  (21.84)  (25.96) + (25.96)2 
r2 = 980 2 

= 980( -0.489 ? 0.202 (I3351 

rl = -338.6 

r = -140.6 2 

rl = ?18.4i 

r2 = k11.9i 

Equations  (B36) and (B37)  give  the solution to  the  differential  equations. 
Since  there  is no particular solution, let 

@ = dle (18.w t + d2e (-18.4i) t + d3e (11.9i)t + dqe (-11.9i) t (E3391 

Differentiate  equations (B38) and (I3391 to  obtain 

.. 
Q = cle (18*4i)t(-l)  (18.4)2 + c2e (-18.4i) t (-1) (18.4) 

+ c3e (ll-gi)t(-~) (11.9)~ + c4e (-11.9i) t (-1) (11.9) 
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@ = dle 
.. (18.4i)t 

(-1) (18.412 + d2e (-18.4i) t (-1)  (18.4) 2 

(11.9i)t + d e  (-1) (11.9)2 + d e (-11.9i) t (-1) (11.9) 2 
3 4 

-dle (18.4)2 - d  e (18.4i)t (-18.4i)t 2 (11.9i)t 2 (18.4) - d3e (11 -9) 2 

(-11.9i) t - d e  (11.9)2 + 5.26 - d e " C  (18.4i)t + e (-18.4i)t + e (11.9i) t 
4 L2 1 2 3 

+ d e  (-11.9i)t  (18.4i)t - e (-18.4i)t - e (11.9i)t - e (-lI.gi)+j = 
1 2 3 4 4 - c e  

(B44 1 

Substituting  equations  (B38),  (B39),  and  (B41)  in  equation  (B27)  gives 

-c e (18.4)2 - c e 1 2 (18.4)2 - c e (11.9i)t(11s9) 2 (18.4i)t (-18.4i) t 
3 

- c e  

+ c e  (11.9i)t + e 

(-11.9i) t (11.9)2 + 6.26 (18.4i)t + e (-18.4i) t 4 L 1  2 

(-11.9i) t 
3 4 3 

+ d e  (-18.4i) t + e (11.9i)t + e (-11.9i)t 2 3 4 -J = o  

Equating  equations  (B44) and (B45)  gives 

-d e (18-4i)t(18.4)2 - d e 1 2 
(-18.4i) t (18.4) - d3e 2 (11.9i)t(ll-g) 2 

(-11 - 9i)  t - d4e  (11.9)2 + 5.26 + d2e (-18.4i)t + e 3 

+ d4e - c e  e (-18.4i)t - e (11.9i)t - e 

- (18.4i) t - -c e (18.4) - c e 2 (-18.4i)t 1 2 (18.4)2 - c e (11.9i)t(11.9) 2 

(11.9i)t 

(-11.9i) t (18.4i)t - (-11.9i) t 
1 2 3 4 1 

3 

(-11.9i)t - c e  (11.9)2 + 6.26 - c e (18.4i)t + e 

+ c e  (11.9i)t + e 

g [ (-18.4i) t 
4 L1 2 

(-11.9i)t 
3 4 1 

(-18.4i)t + e (11.9i)t + e (-11.9i) t + d2e 3 4 1 
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From equation I 

[-(18.4) d + 5.26 - dl - 5.26 - c1 + (18.4) c1 2 9 " 2 
1 L,  L, 

L L L 

-338.6d1 + 198.6d1 + 236.0d1 - 198.6~~ + 3 3 8 . 6 ~ ~  - 2 8 0 . 9 ~ ~  = 0 

F r o m  equation  (B46) I 

I- (18.4)  d + 5.26 T d2 - 5.26 - c2 + (18.4) C2 2 g g 2 
2 2 L2 

- 6.26 - c + 5.26 g 
L1 

= o  

-338.6d2 + 198.6d + 236.0d2 - 198.6~~ + 338.6~ - 2 8 0 . 9 ~ ~  = 0 2  2 

d2 = 1 . 4 7 ~ ~  

F r o m  e q u a t i o n  (B46), 

[-(11.9) d + 5.26 - d3 - 5.26 - c + (11.9) c3 2 g g 2 
3 L, L, 3 

L L L 

- 6.26 - c + 5.26 - d3 e 4 " I  (11.9i)t = 

L1 L1 

-141.6d3 + 198.6d3 i- 236.0d3 - 198.6~~ + 1 4 1 . 6 ~ ~  - 2 8 0 . 9 ~ ~  = 0 

d3 = 1 . 1 5 ~ ~  
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From equat ion  (B46)  , 

d + 5.26 - d4 - 5.26 - c + (11.9) c4 
4 =2 L2 

2 g g 2 

- 6.26 - c + 5.26 g 

L1 
= o  

-141.6d4 + 198.6d4 + 236.0d4 - 1 9 8 . 6 ~ ~  + 1 4 1 . 6 ~ ~  - 2 8 0 . 9 ~ ~  = O 

d = 1 . 1 5 ~  4 4 (B50) 

From e q u a t i o n s  (B47) t o  (BSO), o n l y   f o u r   a r b i t r a r y   c o n s t a n t s   r e m a i n ;   t h e s e  
i n s e r t e d  i n  equat ion  (B39)  give 

@ = 1 . 4 7 ~  e ( 1 8 . 4 i ) t  + 1.47c e (-18.4i)  t (11 .9 i )  t 
1 2 

+ 1 . 1 5 ~  e 3 

+ 1 . 1 5 ~  e (-11.9i)  t 
4 

The c ' s  are  now e v a l u a t e d .  

A t  t = 0 ,  a n   i n i t i a l   o f f s e t  is assumed as shown i n   s k e t c h   ( d ) :  

Qo = Q0 

Sketch  (d)  

(Note t h a t   t h e  most g e n e r a l   i n i t i a l   c o n d i t i o n   s h o u l d  be Qo # @o which  would 
make t h e   d e r i v a t i o n   u n w i e l d y .  The   assumed  condi t ion   f requent ly   occurs . )  Sub- 
s t i t u t i n g   t h e s e   v a l u e s   i n t o   e q u a t i o n s  (B38)   and   (B5 l )   r e su l t s   i n  

Qo = c1 + c2  + c3 + c4 (B53) 
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Differentiating  equations  (B38)  and  (B51)  results  in 

$ = (18.4i)c e (18.4i)t - (18.4i)c2e (-18.4i) t 1 

+ (11.9i) c3e (11-9i)t - (ll.gi)c e (-11.9i) t 4 

$I = 1.47(18.4i)cle (18-4i)t - 1.47(18.4i)c2e  (-18.4i) t 

+ 1.15(11.9i)c e (11.9i) t - 1.15(11.9i)c e 
(-11.9i) t 

3 4 

At t = 0, I) = (I = 0, so that  equations  (B55)  and  (B56)  become 

27.05~ - 27.05~ + 1 3 . 6 9 ~ ~  - 1 2 

From  equations (B53), (B54), (B57), and 

1 

1.47 

18.4 

27.05 

$0 

$0 

0 

0 

1 

1.47 

-18.4 

-27.05 

1 

1.47 

-18.4 

-27.05 

1 

1.15 

11.9 

13.69 

1 

1.15 

11.9 

13.69 

1 

1.15 

-11.9 

-13.69 
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1 $0 1 1 

1.47  
$0 1.15 1 .15  

18 .4  0 11.9  -11.9 

27.05 0 13.69  -13.69 

1 1 $0 1 

1.47   1 .47  
$0 

1 .15  

18.4  -18.4 0 -11.9 

27.05  -27.05 0 -13.69 

-89.3 
c3 = = O.737qJo 

1 1 

1.47  1 .47  1 .15  00 

1 8 . 4  -18.4 11.9 0 

1 1 1 1 

1.47  1 .47  1 .15  00 

1 8 . 4  -18.4 11.9 0 

127.05 -27.05 13.69 
c4 = = 0.737$, 

-89.3 

S u b s t i t u t i n g   e q u a t i o n s  (B60) t o  (B63) i n t o   e q u a t i o n s  (B38)  and  (B51) r e s u l t s   i n  

$ = -0.2351)~e (18-4i)t  - 0.235$0e ( - 1 8 . 4 i ) t  + 0.7371)~e (11 .9 i )  t 

+ 0.737Q0e (-11.9i)  t 

4 = 1.47  (-0.2351)~)e (18.4i)t + 1.47(-0.235Q0)e ( -18 .4 i )  t 

+ 1.15 (0.737$,) e ( 1 1 . 9 i )  t + 1.15  (0.737$,)e 
( -11 .9 i )  t 

S i n c e  

eit + e -it 
cos t = 

2 
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e q u a t i o n s  (B64)  and ( B 6 5 )  become 

$ = - 0 . 4 7 0 $ ~ ~  COS (18 .4 t )  + 1.474$, cos (11.9t)  

4 = -0.691$0 cos (18 .4 t )  + 1.695Q0 cos (11 .9 t )  

The output  t o r s i o n  i s  

T I ,  = Ty COS $ COS (4 - $) 

Equations  (B67)  and ( B 6 8 )  s u b s t i t u t e d   i n   e q u a t i o n  (B69) g i v e  

T = T cos [-0.470Q0 cos (18 .4 t )  + 1.474$, cos (11 .9 t )  It Y 1 
1 X COS [-0.221$0 cos ( 1 8 . 4 t )  + 0.221Q0 cos (11 .9 t )  

where 

Ty = K 8  

Equat ion  (Bl), t h e   d i f f e r e n t i a l   e q u a t i o n  f o r  t h e   p e r t u r b e d   c o n d i t i o n ,   t h u s  
becomes 

X cos [-0.221Q0 cos (18 .4 t )  + 0.221Q0 cos ( 1 1 . 9 t ) I   ( ~ 7 2 )  

L e t  

cos [-0.470$~~ cos ( 1 8 . 4 t )  + 1.474Q0 cos (11.9t)l = cos f ( t )  (B73) 

cos [-0.221$, cos (18 .4 t )  + 0.221$, cos (11.9t)l = cos g ( t )  (E3741 

.. e + 2cwe + w e cos f ( t )  cos g ( t )  = 0 
2 

where c = R/2Jw and  w = J./.- 
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The  modulat ion  f requency is s l o w  re la t ive  t o  t h e   o s c i l l a t i n g   f r e q u e n c y ;  
t h e r e f o r e ,   u n d e r   t h e s e   c o n d i t i o n s ,   t h e   W e n t z e l ,   K r a m e r s ,   B r i l l o u i n  (WKB) method 
of s o l u t i o n  ( f r o m  re f .  8 )  can  be applied t o  solve e q u a t i o n  ( B 7 5 ) .  Assume t h a t  

8 = A ( t )  e i B  ( t) 

Then 

6 = A i a e i B  + A e  
i B  

S u b s t i t u t i n g   e q u a t i o n s  (B76)  to  (B78)  i n t o   e q u a t i o n  (B75)  gives 

The e x p r e s s i o n   i n   b r a c k e t s   i n   e q u a t i o n  ( B 7 9 )  i s  a r b i t r a r i l y  s e t  e q u a l   t o   z e r o :  

L e t  

F ( t )  = u2 cos f ( t)  c o s   g ( t )  1 
a = 2cw 

With e q u a t i o n s  ( B 8 1 )  s u b s t i t u t e d   i n   e q u a t i o n  ( B 8 0 ) ,  

A g  + A(2B - i a )  = 0 
. .  

(1384 1 

44 



~~ 

APPENDIX B 

B 2A + - = o  i a  A B - ,  

I n t e g r a t i n g   e q u a t i o n  0386) gives 

and s u b s t i t u t i n g  €or B f r o m  e q u a t i o n  (B83) g i v e s  

I n t e g r a t i n g   e q u a t i o n  (B83) g i v e s  

2 1/ 2 
B = -  iat 2 1 [- a + F( t , ]  d t  

2 4 

Equat ion (B81) s u b s t i t u t e d   i n   e q u a t i o n  (B92) f i n a l l y   g i v e s  

45 



APPENDIX B 

Note t h a t   t h e   i n t e g r a l   i n   e q u a t i o n  (B93) may be w r i t t e n  as 

Refer  t o  equat ions  (B73)   and  (B74)   and l e t  

 CY,^ = -0.470Qo COS ( 1 8 . 4 t )  

a2 = 1.474$, cos ( 1 1 . 9 t )  

B 1  = - 0 . 2 2 1 1 ) ~  COS ( 1 8 . 4 t )  

B2 = 0.2211)0 cos ( 1 1 . 9 t )  

and l e t  y = 1 8 . 4 t   a n d  E = 11.9t .   Then 

cos f ( t)  c o s   g ( t )  = cos (a1 + a2) cos (B, + B,) 

and by series expans ion ,  

cos f (t) cos  g (t) = 1 - - a + 2a1a2 + a2 2 1 + Bl + 2B1B2 + B22) 
2 

+ 4a1a2B1B2 + 2 a p 2 B 2  2 

2B + 2a2 2 B,B2 + a22B22) + - - - + a 2  1 

Since  Qo is  a small a n g l e ,  t h e  small angle   approximat ion   can  be made and a l l  
terms h i g h e r   t h a n   s e c o n d   o r d e r   c a n  be e l i m i n a t e d .   T h i s   f i n a l l y   g i v e s  
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cos f ( t)  cos g (t) = 1 - 0.06751) cos 2y - 0 .  O675Qo2 + 0 .  742QO2 cos y cos E 
0 

- 0 .  5 5 5 1 ) ~ ~  cos 2~ - 0 .  555QO2 + 0.0003381)04 cos 4y 

+ 0 . 0 0 0 3 3 8 I ) ~ ~  + 0.001351jrO4 cos 2y + 0.001351)0 4 

- 0 .  0700$04 cos 2~ cos E cos y - 0 .  07001)04 cos E cos y 

+ 0 .O158QO4 cos 2y cos 2E + 0 . O 1 5 8 1 4 ~ ~ ~  cos 2y 

+ 0 . 0 1 5 8 $ ~ ~ ~  cos 2~ + 0 . ~ ~ 1 5 8 I ) ~ ~  + 0 . 0 0 3 3 1 q ~ ~ ~  cos 4~ 

By gathering  like  cosine  terms and taking Q0 as  a  small  angle, i t  can readi ly  
be s e e n   t h a t   a l l  terms  containing QO4 can  be  dropped w i t h  l i t t l e   e r r o r .  
Then, 

cos f ( t )  cos g ( t)  = 1 - 0 . 6 2 2 1 ) ~ ~  - 0 .O675qo2 COS 2y 

- 0 .  555QO2 cos 2E + 0 .  7421)02 cos y cos E 

and the  integral  i n  equation (B93) i s  

k i w  J [ -C + 1 - 0 .622QO2 - ( 0  -0675 cos 2y + 0.555 cos 2& 

- 0.742 COS y COS E )  q1l2 d t  

kiu/[.. - (0.0675 cos 2y + 0 . 5 5 5  cos 2& - 0.742 cos y cos E)$o 2]1/2 d t  
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Expand ing   t he   i n t eg rand  by t h e   b i n o m i a l   e x p a n s i o n   g i v e s  

E6 - (0.0675 cos 2y + 0.555 cos 2& - 0.742 cos y cos 
T 2  

- li2 - 1/2C6 
-1/2 - c  6 (0.0675  cos  2y + 0.555 cos 2E 

- 0.742 COS y COS & ) Q 0  
2 + 1/2(-1/2)  

2 6 c -3/2 E O .  0675 cos 2y 

+ 0.555 COS 2& - 0.742 COS y COS E)  3 2Q04 + . . . (B98) 

Aga in   t ak ing   t he  small angle   approximat ion  €or s m a l l  Q0 a n d   d i s c a r d i n g  a l l  
terms h i g h e r   t h a n   s e c o n d   o r d e r   l e a v e s   t h e   i n t e g r a l  

S u b s t i t u t i n g  y = 1 8 . 4 t   a n d  E = 1 1 . 9 t   g i v e s  

+ i w  J (c6 'I2 - '02 b . 0 6 7 5  COS 2 ( 1 8 . 4 t )  + 0.555 COS 2 ( 1 1 . 9 t )  
2C61/2 

- 0.742 cos ( 1 8 . 4 t )   c o s   ( 1 1 . 9 t ) l   d t  1 
1 / 2 t  - 

2 (18.4)  2 (11.9)  1 

t iu( (1  - c - 0.622$ '02 0 . 0 6 7 5   s i n   2 ( 1 8 . 4 t )  
0 1 /2  ( 18.4 [ 2 1 

1 - c - 0.622$02) 

2 (11 .g t ) ]  - o. 742 [ s i n   ( 6 . 5 0 t )  + s in   (30 .3 t ) ]>  ) 
11.9 2 13 .0   60 .6  + c7 

(B99 

(B100) 

(B101) 

(B102) 
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S u b s t i t u t i n g   t h e   a b o v e  €or t h e   i n t e g r a l   e x p r e s s i o n   i n   e q u a t i o n  (B93)  gives  

X exp 
1 - c - 0.622$02)1/2t - ~ $02 

2 1 - c - 0.622$, 

X {0.00367[5in 2:18*4t) 1 + 0.0466 ["in 2 (211.9t) 1 
- 0.742 [ s i n   1 3 . 0   ( 6 . 5 0 t )  + s i n  60 .6   (30 .3 t ) I )  + (B103) 

S ince  $o i s  a small ang le ,   cos  f ( t)  c o s   g ( t )  2 1 (see eq. (B97))  and 
t h e   i n t e g r a n d   r e m a i n s  real  u n t i l   t h e  dampAng a lmos t   becomes   c r i t i ca l   and  8 of 
equat ion  (B93)  i s  no l o n g e r   v a l i d   s i n c e  A 3' 0 in   equa t ion   (B79) .   Norma l ly ,  
m o s t  t o r s i o n a l   o p e r a t i o n   o f   t h i s   k i n d  is s u f f i c i e n t l y   f a r  away from c r i t i c a l  
damping  operat ion t o  make equat ion   (B93)   qu i te   va l id .   However ,  if t h e   a p p l i c a -  
t i o n  i s  s u c h   t h a t   o p e r a t i o n  i s  c l o s e   t o  c r i t i c a l ,  t hen   t he re   a r e   compute r   p ro -  
grams  which w i l l  s o l v e   e q u a t i o n   ( B 7 5 )   b y   s u b s t i t u t i n g  

z = 0  

i n to   equa t ion   (B75)   and   ge t t i ng  

Equat ions (B104) and  (B105) are s u f f i c i e n t  fo r  
the  computer   format .  

The fo l lowing  i s  a n   o u t l i n e   o f   t h e   p r o c e d u r e  
f o r   o b t a i n i n g  a more g e n e r a l   s o l u t i o n   t o   t h e   a b o v e  
problem.   S ince   the   above   so lu t ion   demonst ra tes  
t h a t   t h e   p e r t u r b a t i o n   d o e s   i n d e e d   p r o d u c e  a modu- 
l a t i o n   o n   t h e   o u t p u t ,  i t  is  s u f f i c i e n t   € o r   t h i s  
paper .  The  more g e n e r a l   s o l u t i o n  i s  l e f t  f o r  
fu ture   deve lopment .  

The a n g l e s  $, 4 ,  y, and fi? shown i n  
s k e t c h  ( e )  are t h e  same o r  similar i n   s e n s e  t o  
t h o s e   u s e d   i n   s p h e r i c a l   c o o r d i n a t e s ,   a n d  8 is 
t h e   a x i a l   t o r s i o n a l   a n g l e .  By conven t ion ,   t he  
Z-ax i s   a s  shown should  be n e g a t i v e   b u t  it i s  
as sumed   pos i t i ve .  

(B104) 

(B105) 

Sketch  (e )  
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The  coordinates of the center of gravity are 

x = L sin $ cos y + L~ sin @ cos R 1 

2 = L1  cos $ + L2 cos $ 

The  velocities are 

The  kinetic  and  potential  energy  become 

(B106) 

(B107) 

(B108) 

(B109) 

(B110) 

(B111) 

The  Lagrangian  then is 
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where 

IR = I@ 

a n d   w h e r e   i n t e r a c t i o n s   a n d   o t h e r   e f f e c t s  
ampl i tude  due t o  a x i a l   t o r s i o n ,   b u t  most 

(B115) 

m i g h t   s l i g h t l y  a l t e r  8 ,  t h e   o u t p u t  
of t h e   a x i a l   t o r q u e  is assumed  t rans-  

m i t t e d  a t  a l l  a n g l e s  of t h e   s u s p e n s i o n   ( f l e x i b l e   r o t a r y  cable p r i n c i p l e )  f r o m  
its normal.  The  upper  and lower ends of t h e   f i b e r   s u s p e n s i o n s  are  t u r n e d  
th rough   ang le s  y and 52 by the  normal   torque  component .  

There are f i v e   g e n e r a l i z e d   c o o r d i n a t e s  - $, 4 ,  y, 0 ,  and 8 - 
r e p r e s e n t e d   b y  qr a n d   d i s s i p a t i v e   g e n e r a l i z e d  forces due t o  damping. 
According t o  Lagrange ' s   equa t ion ,   namely ,  

" ("! ) "- a' - Genera l i zed   fo rce  
dt aq, a gr 

(B116) 

f ive   equa t ions   o f   mo t ion  are obta ined   which   can   be   so lved ,  as was  done i n  t h i s  
p a p e r ,   f o r   t h e   o u t p u t   w i t h   p e r t u r b a t i o n   e f f e c t s .  
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DERIVATION OF DAMPING COEFFICIENT FROM A DECAY CURVE USING 

THE AXIS OF SYMMETRY AS THE REFERENCE DATUM 

I n  t h i s   a p p e n d i x ,   t h e   e q u a t i o n s  for  d a m p i n g   c o e f f i c i e n t  c a n d   r i g i d i t y  K 
are d e r i v e d .  To a p p l y   t h e s e   e q u a t i o n s ,   o n l y  t w o  p e a k   t o r s i o n a l   a m p l i t u d e s  
(measured from t h e   a x i s  of symmetry   o f   the   decay   curve)   and   the  number of h a l f -  
per iods  between  them  must  be known. 

The   equat ion  €or a n   u n p e r t u r b e d ,   f r e e l y   o s c i l l a t i n g   t o r s i o n   p e n d u l u m  is  

where J i s  t h e  polar to r s iona l   moven t  of i n e r t i a ,  2 i s  the   damping   cons t an t ,  
K i s  t o r s i o n a l   r i g i d i t y ,   a n d  8 ,  8,  and 8 are  t h e   a n g u l a r   d i s p l a c e m e n t ,  
ve loc i ty ,   and   acce le ra t ion   o f   t he   pendu lum.  L e t  

.. 

and 

Then e q u a t i o n  (C1) becomes 

.. 
e + 2 b i ) + w e = o  2 

a n d   t h e   s o l u t i o n  of e q u a t i o n  (C4)  i s  

8 = c 1 exp(-b + d = ) t  + c2 exp  (-b - Jb2-WZ)t 

The i n i t i a l   c o n d i t i o n s  a t  t = 0 are  

e = e  
0 

e = o  
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W i t h   t h e s e   i n i t i a l   c o n d i t i o n s ,  
t h a t   e q u a t i o n  (C5) becomes 

the c o n s t a n t s  c1 and c2 c a n  be o b t a i n e d ,  so 

1 .  \ 

O f  i n t e r e s t  i s  the  underdamped case when 

where w '  is  t h e  damped a n g u l a r   v e l o c i t y .   E q u a t i o n   ( C 7 )  becomes 

8 = 8, e x p ( - b t )  cos w ' t  + - s i n  w ' t  b 
w '  

When t e q u a l s   t h e   p e r i o d  of o s c i l l a t i o n  T I  

w ' T  = 2n 

and f r o m  equat ions  (C2)  , (C3) , ( C 8 ) ,  and  (C10) 

L e t  

b R 
w 
- = c =  ( C r i t i c a l  damping occurs when c = 1 . 0 )  ( C 1 2 )  

2 (KJ) 1'2 

With  equat ion ( C 1 2 )  i n   e q u a t i o n  ( C 8 )  , 

and from e q u a t i o n s  ( C 1 1 )  and  (C2) 

K = & + c2w2J 
T2 
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The  phase  angle  6 is  

6 = t a n  - -1 w '  
b 

Equat ions  ( C 8 ) ,  (C9) , (C121, ( C 1 3 )  , and (C15) give 

( C 1 6 )  

The p h a s e   a n g l e  does n o t  a f f ec t  t h e  period. 

A t y p i c a l l y  damped ou tpu t ,   on   an   expanded  t i m e  base, w o u l d   l o o k   l i k e   f i g -  
u r e  11. To o b t a i n   t h e  va lue  of c from t h i s   o u t p u t ,   i n i t i a l   c o n d i t i o n s   m u s t  be 
t aken  a t  a t i m e  t when 8 = 0. Hence, a t  a n y   a r b i t r a r y   p e a k   d i s p l a c e m e n t ,  a 
time r e f e r e n c e  t = 0 is t aken  t o  o b t a i n  f r o m  equa t ion   (C16) ,  

A t  t = nn/w',  where n i s  t h e  number of ha l f -pe r iods   be tween  8 i  and en,  

From equat ions  (C17)   and ( C 1 8 )  , 

- 'i = exp(' CW nn) 

'n 

S u b s t i t u t i n g   e q u a t i o n   ( C 1 3 )   r e s u l t s   i n  

(n  = 0 , 1 , 2 ,  . . . I  

c =  J F - 2  
a 
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For obtaining c, the  damping  coefficient of the  material, K, its 
rigidity,  and G ,  its shear modulus,  only two  peak  points  and  the  number of 
half-periods  separating  them  are  needed.  Since  the  expression  used  for  obtain- 
ing c (eq. ( C 1 9 ) )  is  the  decay  envelope  of  the peaks, if two  alternate  peaks 
are  used,  the  algebraic sign of  one  of them  must  be  reversed.  Either way, the 
axis 8 = 0 must be accurately known; this  is a great disadvantage. In 
appendix D, a three-successive-peak  method  is  derived  which  does  not  have  this 
drawback. 
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THREE-SUCCESSIVE-PEAK METHOD OF OBTAINING  DAMPING COEFFICIENT 

FROM A DECAY CURVE USING ANY DATUM  AS A REFERENCE 

In   append ic  C ,  e q u a t i o n s  were d e r i v e d   f o r   o b t a i n i n g   d a m p i n g   c o e f f i c i e n t  c 
w i t h  t w o  peak   ampl i tudes   and   t he  number of ha l f -per iods   be tween  them known. 
However, w i t h   t h i s   m e t h o d   t h e   p e a k   v a l u e s   m u s t  be measured  from 8 = 0, t h e  
a x i s  of symmetry  of   the  decay  curve.   There are  numerous  other  ways o f   o b t a i n -  
i n g  c ,  some employing   a l te rna te   peak   measurements   and   o thers   employing   succes-  
sive peak  measurements. I t  i s  f e l t   t h a t   t h r e e   s u c c e s s i v e   p e a k   m e a s u r e m e n t s  are  
best f r o m   t h e   p o i n t  of view  of   accuracy.  One o f   t h e   r e a s o n s   f o r   t h i s   c o n c l u s i o n  
c a n   b e   s e e n   f r o m   t h e   c a l i b r a t e   c u r v e   i n   f i g u r e  13. I f   t h r e e   s u c c e s s i v e   p o i n t s  

F i g u r e  13.-  Cal ibra te   curve   showing  ga lvanometer   ou tput  as a 
func t ion   of   pendulum window a n g l e   i n p u t .  
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are t a k e n ,   t h e   e f f e c t s   o f   n o n s y m m e t r i e s ,   v a r i a t i o n s   i n   s e n s i t i v i t y ,   a n d  non- 
l i n e a r i t y  are e i t h e r   m i n i m i z e d  or e l i m i n a t e d .   I n   t h i s   a p p e n d i x ,   t h e   t h r e e -  
successive-peak  method i s  d e r i v e d ;  i t s  on ly   r equ i r emen t  is t h a t   t h e   r e f e r e n c e  
a x i s   f r o m   w h i c h   t h e   t h r e e   s u c c e s s i v e   p e a k   v a l u e s  are measured be p a r a l l e l  t o  
8 = 0. T h i s  is  e s p e c i a l l y   a d v a n t a g e o u s   f r o m   t h e   p o i n t   o f  view of  computer 
r e a d o u t   o f   d a t a .  

From e q u a t i o n  (C18), 8 f o r   s u c c e s s i v e   p e a k s  is  

C o n s i d e r   t h e   r a t i o s  of t h e   g e n e r a l  terms i n  e q u a t i o n s  ( D l )  and ( D 2 )  : 

" en  - eo expj-   ann)  = exp(;;; CfJl 2n) = Constan t  

'n+1 eo exp[- 2 2n(n  + l g  

Now c o n s i d e r  a t r a n s l a t i o n  of t h e  0 , t  c o o r d i n a t e   s y s t e m   t o  t h e  e ' , t  c o o r d i -  
na t e   sys t em,  as  shown i n   t h e   f o l l o w i n g   s k e t c h :  

0' * 

d e 

0 

e = @  - d  
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For t h i s   c o o r d i n a t e   s y s t e m  

8; = 8, - d ( n  = 0,1,2,...) (34 1 

S u b s t i t u t i n g   e q u a t i o n  (D4) i n   e q u a t i o n s  ( D l )  and (D2) r e s u l t s  i n  

0 '  n + d = 8 0 exp(- $ 27rn) 

The r a t i o  of e q u a t i o n s  (D5) and (D6) i n   t h e  8 ' , t  system is  t h e  same as i n   t h e  
8 , t  s y s t e m ,   t h a t  i s ,  

Th i s   equa t ion   can  be s o l v e d   € o r  c t o  r e s u l t   i n   t h e   t w o - p o i n t   m e t h o d  
d e r i v e d   i n   a p p e n d i x  C .  However it is dependent   on   d .  To avoid  measuring d 
i n   e q u a t i o n   ( D 7 ) ,   c o n s i d e r   t h e   n e x t   s u c c e s s i v e   p e a k  

+ d = 8, ex.[- 7 2 ~ r  (n  + 2 g  
C W  

'n+2 

'n+1 

%+2 + d  

' + d  
= e x p ( F  zn) 

From e q u a t i o n s  (D7) and (D8) 

8; + d = exp - 2n )&+l + d)  
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APPENDIX D 

S u b t r a c t  e;+l + d f r o m  b o t h  sides of e q u a t i o n  (D9)  and 
sides of equat ion  (Dl01 t o  o b t a i n  

T a k i n g   t h e  r a t i o  of e q u a t i o n s  ( D l l )  and  (D12) 
r e s u l t   i n  

For  n = 0 ,  

I I 

- = e x p ( F  2n) 
e :  - e: 

Tak ing   t he   l oga r i thm of b o t h  

a n d   s u b s t i t u t i n g   e q u a t i o n  ( D 8 )  

s i d e s   o f   e q u a t i o n  (D14) r e s u l t s   i n  

a 

Th i s  i s  similar t o  e q u a t i o n  ( C 2 0 ) .  Note t h a t   t h i s  m e t h o d   r e q u i r e s   t h r e e  
p o i n t s  e;, e ; ,  and 8 ;  measured   f rom  any   re ference   ax is  pa ra l l e l  t o  0 = 0.  
S i n c e   t h i s  method is  i n d e p e n d e n t   o f   t h e   p o s i t i o n   o f  8 '  = 0 ,  it is ve ry  desir- 
able. N o  r e s t r i c t i o n  w a s  p l a c e d   o n   t h e  e v a l u e s ;   t h u s ,   t h e y  are the   measured  
v a l u e s   i n c l u d i n g   t h e i r   s i g n  as measured  f rom  the reference datum. For t h e s e  
r e a s o n s ,   t h i s   m e t h o d  is  used  for  o b t a i n i n g  a and ,  from e q u a t i o n  ( C 2 1 ) ,  c ,  t h e  
dynamic  damping. Note t h a t   t h e  above development for  t h r e e   s u c c e s s i v e   p e a k s  may 
be r e a d i l y   e x t e n d e d  t o  n s u c c e s s i v e   p e a k s .  For a l t e r n a t e   p e a k s ,   h o w e v e r ,   t h e  
s i g n  of t h e   a l t e r n a t e   p e a k s   h a s  t o  be reversed so t h a t   t h e y  l i e  on  the  exponen-  
t i a l  curve.   Hence, €or t h r e e   a l t e r n a t e   p e a k s ,  

ln( - ) 
C W  'n+1 + en+2 
" - 
w' 71 

Again ,   the  algebraic v a l u e s  of 8 '  i n c l u d i n g   t h e i r   s i g n  are measured f r o m  t h e  
re ference   da tum.  
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