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INTRODUCTION 

The u s e   o f   a c o u s t i c   l i n e r s   t o   r e d u c e   a i r c r a f t   e n g i n e   n o i s e   h a s   b e e n   t h e  
s u b j e c t   o f   i n t e n s e   i n v e s t i g a t i o n  by   bo th   gove rnmen ta l   and   i ndus t r i a l   g roups   fo r  
over  a decade.   Figure 1 i s  a n   i l l u s t r a t i o n   o f   t h r e e   t y p e s   o f   a c o u s t i c   l i n e r s  
w h i c h   h a v e   p o t e n t i a l   n o i s e   s u p p r e s s i o n   b e n e f i t s .  Earlier r e sea rch  w a s  concen- 
t r a t ed   on   un i fo rm  l i ne r s .   Recen t   e f fo r t s   have   cen te red   on   ax ia l ly   s egmen ted  
l i n e r s  where   the   l iner   admi t tance   changes   wi th   d i s tance   a long   the   duc t .   There  
has  been l i t t l e  p rev ious  work  on pe r iphe ra l ly   s egmen ted   l i ne r s .  

C e r t a i n   c h a r a c t e r i s t i c s   o f   a x i a l l y   s e g m e n t e d   l i n e r s  may p r e c l u d e   t h e i r  
a p p l i c a t i o n   t o   a i r c r a f t   e n g i n e   n o i s e   s u p p r e s s i o n .  The  optimum d e s i g n   o f   a x i a l l y  
segmented  acoust ic  l i n e r s  r e q u i r e s   a n   a c c u r a t e   d e s c r i p t i o n   o f   t h e  modal d i s t r i -  
bu t ion   of   acous t ic   energy;   however ,   the  number of modes g e n e r a t e d   i n  a t y p i c a l  
a i r c r a f t   e n g i n e  i s  la rge ,   and   the   p roblem  of   de te rmining   the  modal amplitude  and 
r e l a t i v e   p h a s i n g   o f   t h e s e   s o u r c e  modes is  d i f f i c u l t   ( i f   n o t   i m p o s s i b l e ) .   E n g i n e  
n a c e l l e s   o f   t o d a y ' s   a i r c r a f t  may n o t   p r o v i d e   s u f f i c i e n t   l e n g t h   f o r   t h e   e f f e c t i v e  
u s e   o f   t h e s e   l i n e r s .   F u r t h e r ,   a x i a l l y   s e g m e n t e d   l i n e r s   p e r f o r m   b e s t   i n   t h e  
lower  range  of   the  engine  noise   spectrum. They do  not   perform as w e l l   i n   t h e  
higher   f requency  range  where  greater   suppression i s  needed. 

The p e r i p h e r a l l y   s e g m e n t e d   l i n e r   h a s  a w a l l  admit tance  which  changes  in   the 
c i r c u m f e r e n t i a l   d i r e c t i o n .   T h e s e  l i n e r s  may have   s ign i f i can t   advan tages  when 
compared t o   u n i f o r m   o r   a x i a l l y   s e g m e n t e d   l i n e r s .  The duc t   l eng th  i s  less impor- 
t a n t   b e c a u s e   o f   t h e   f a c t   t h a t   s e g m e n t a t i o n  i s  around  the   duc t   c i rcumference  
i n s t e a d   o f   a l o n g   t h e   a x i s .   T h i s  i s  impor tan t   s ince   h igh-bypass- ra t io   engines  
have i n l e t   d u c t s   w i t h   d i a m e t e r s  as l a r g e  as t h e i r   l e n g t h s .   P e r i p h e r a l l y   s e g -  
mented l i n e r s   r e d i s t r i b u t e   a c o u s t i c   e n e r g y   o f  a c i r c u m f e r e n t i a l  wave i n t o  
h ighe r -o rde r   c i r cumfe ren t i a l  waves  and,  since  these  higher  order  waves are more 
rap id ly   a t tenuated ,   an   improved   suppress ion  may r e s u l t .  

Mani ( r e f .  1) t e s t e d  a pe r iphe ra l ly   s egmen ted   l i ne r   and   found   t ha t  some 
add i t iona l   suppres s ion  beyond t h a t   a c h i e v e d   w i t h  a un i fo rm  l i ne r   cou ld   be  
observed  over  a broad  f requency  range.  On t h e   b a s i s   o f   t h i s   w o r k ,   h e  w a s  
g ran ted  a p a t e n t   o n   t h e   c o n c e p t .  However, t he re   has   been  no ex tens ive   expe r i -  
m e n t a l   t e s t i n g   o f   t h i s   i d e a .   I n   a d d i t i o n ,  no theo re t i ca l   ana lyses   o f   such  
l i n e r s  are a v a i l a b l e .  The sepa ra t ion -o f -va r i ab le s   t echn ique   canno t   be   u sed   t o  
o b t a i n   t h e   s o l u t i o n   f o r   t h e   a c o u s t i c   f i e l d  i n  d u c t s   w i t h   p e r i p h e r a l   l i n e r s .  
T h u s ,   t h e   s o l u t i o n   f o r   t h e   a c o u s t i c   f i e l d   i n   t h e   d u c t ' s   c r o s s   s e c t i o n  is more 
complex than   fo r   un i fo rm  o r   ax i a l ly   s egmen ted   l i ne r s ,   where   s epa ra t ion   o f  vari-  
ables is p o s s i b l e   i n   t h e   c i r c u m f e r e n t i a l   d i r e c t i o n .  

Watson ( re f .  2 )  a t tempted  a m u l t i m o d a l ,   f i n i t e - e l e m e n t   s o l u t i o n   t o   t h i s  
problem. However, t h e  number o f   p e r i p h e r a l   s t r i p s  w a s  s e v e r e l y   r e s t r i c t e d  
b e c a u s e   o f   m a t r i x   s i z e   l i m i t a t i o n s ,   a n d   t h e   e f f e c t s   o f  a realist ic sound  source 
could   no t   be   eva lua ted .  Abrahamson ( r e f .  3 )  a t tempted  a d i r ec t   numer i ca l   so lu -  
t i o n  of the   l i nea r i zed   t h ree -d imens iona l   Eu le r   equa t ion   w i th   va r i ab le -admi t t ance  
boundary  condi t ions.  H e  c o n c l u d e d   t h a t   t h i s  method  could  not   succeed  using 
p resen t -day   compute r s   because   o f   t he   s i ze   and   cha rac t e r   o f   t he   coe f f i c i en t  
mat r ix .   As t ley  e t  a l .  ( r e f .  4 )  a l s o   a t t a c k e d   t h e   p r o b l e m   u s i n g  a multimodal,  



finite-element  method,  including  the  effects of an arbitrary  mean  flow. 
Astley's  approach  is  subject  to  the  same  limitations as the  method  of  refer- 
ence 2. Thus,  there  is  no  available  method  for  computing  the  acoustic  field in 
ducts  with  peripherally  segmented  liners.  Such  a  method  is  necessary  before  an 
evaluation  can  be  made  of  the  effectiveness  of  circumferential  liners  as  sound 
attenuators. A method  is  developed  herein  which  can  account  for  the  sound 
source  and a  large  number  of  peripheral  strips.  The  primary  objectives  of  this 
paper  are  to  compute  the  eigenvalues  and  eigenfunctions  in  ducts  with  peripher- 
ally  segmented  liners  and  to  compare  their  properties  to  those  of  the  uniform 
liner. It is  shown  how  redistribution  of  the  acoustic  energy  of  a  single  cir- 
cumferential  wave  into  a  multitude of other  circumferential  waves  is  a  basic 
physical  property  of  peripherally  segmented  liners  which  is  not  possible  for 
uniform  or  axially  segmented  liners. A secondary  objective  of  this  paper  is  to 
demonstrate  the  use of uniform-liner  eigenfunctions  to  calculate  the  eigen- 
values  and  eigenfunctions of peripherally  segmented  liners.  Finally,  attenua- 
tion  characteristics  of  a  peripheral  liner  are  compared  to  those of an  optimal 
uniform  liner  for  plane-wave  sources. 

SYMBOLS 

a 

A 

B 

C 

i 

Im( 1 

Jm 

K 

duct  radius 

amplitude  of  pressure  wave 

admittance  matrix 

speed of  sound 

unit  imaginary  number 

imaginary  part of complex  expression 

Bessel  function  of  first  kind  with  order m 

wave  number 

predetermined  length  over  which  transmission loss is  computed 

number of m  values,  m = 0, 1, ..., M - 1  

number of n  values,  n = 0, 1, ..., N-1 
normalization  constant  for  basis  function 

acoustic  pressure  field 

acoustic  pressure  eigenfunctions 

coefficients of basis  functions  in  series  acoustic  pressure 
eigenfunctions 
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Q (R, 8)  sou rce   p re s su re  

Q j  c o e f f i c i e n t s   o f  basis f u n c t i o n s   i n  series f o r   s o u r c e   p r e s s u r e  

r ,  d imens iona l   coord ina tes  

R , e , Z  c y l i n d r i c a l   c o o r d i n a t e s  

R e (  1 real  par t   o f   complex   express ion  

S number o f   p e r i p h e r a l   s t r i p s  

[ s / N l  i n t e g e r   d i v i s i o n   o f   i n t e g e r  s by i n t e g e r  N 

T p e r i o d i c i t y   o f   p e r i p h e r a l l y   s e g m e n t e d   l i n e r  

Bee) acous t i c   admi t t ance   o f   duc t  w a l l  

' j  Kronecke r   de l t a   func t ion  

x e igenvalue  

P ambien t   dens i ty   o f  medium 

$ j  ( 8 )  basis f u n c t i o n s   f o r  series expansion  of  B ( 8 )  

$ j ( R , e )  b a s i s   f u n c t i o n s   f o r  series expansions  of  P R ( R , 8 )  and Q ( R , 8 )  

v2 Laplace   opera tor  

S u b s c r i p t s  : 

j basis func t ion   i ndex  

R e igenfunct ion   index  

m c i rcumferent ia l   harmonic  number 

n r a d i a l  (basis) e igenfunet ion   index  

s , t  i n t e g e r s  

A b a r   o v e r  a symbol denotes  a basis f u n c t i o n   o r  a c o n s t a n t .  A prime 
d e n o t e s   t h e   f i r s t   d e r i v a t i v e   w i t h   r e s p e c t   t o   d i s t a n c e .  

STATEMENT OF PROBLEM 

Consider  a s e m i - i n f i n i t e   c i r c u l a r   d u c t   w i t h   r a d i u s  a, as shown i n   f i g -  
ure  2.  A l i n i n g  material w i t h   s p e c i f i c   a c o u s t i c   a d m i t t a n c e  B ( 8 )  is  p laced  
a l o n g   t h e   i n n e r  w a l l ,  a n d   a n   i n i t i a l   n o i s e   s o u r c e   ( s u c h  as one  generated  by  an 
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a i r c r a f t   e n g i n e )  is  
a t t e n u a t e   t h e   n o i s e  
is t o   d e t e r m i n e   t h e  
l i n i n g  material may 

Acoustic  waves 

g iven  a t  z = 0. The purpose   o f   the  acoustic l i n e r  i s  t o  
as it propagates   a long   the   duc t .  The mathematical   problem 
a c o u s t i c   f i e l d   i n s i d e   t h e   d u c t .  The e f f e c t i v e n e s s   o f   t h e  
b e   e v a l u a t e d   f r o m   t h e   s o l u t i o n   f o r   t h i s   f i e l d .  

are governed  by  the  Helmholtz  equation 

v 2 P ( R , 8 , Z )  + K 2 P ( R , 8 , Z )  = 0 

i n  which a t i m e  dependence of the   form e -iwt has  been  assumed, K = - is t h e  ua 
C 

dimensionless  wave number, P is t h e   d i m e n s i o n l e s s   a c o u s t i c   p r e s s u r e ,  id is  
the   angular   f requency ,  t i s  t i m e ,  and c denotes   the   ambient   speed  of sound. 
In   equat ion  (l), a l l  d i s t a n c e s  are r e f e r r e d   t o   t h e   d u c t   r a d i u s  a and  the 
a c o u s t i c   p r e s s u r e  i s  r e f e r r e d   t o   t h e   q u a n t i t y  p c 2  i n  which p i s  the  ambient  
d e n s i t y   o f   t h e  medium. 

The acous t ic   boundary   condi t ion   a long   the   ou ter  w a l l  ( R  = 1) i s  expressed 
i n  terms o f   t he   admi t t ance   o f   t he   l i n ing  material f a ) ,  

a p ( R r e r z )  = i K  p ( 8 )  P ( R , O , Z )  
a R  

A t  the   en t rance   p lane ,   the   boundary   condi t ion  is assumed known a s  

C a p i t a l   l e t t e r s  are used   fo r   d imens ion le s s   g roups   t h roughou t   t h i s   pape r .  

Equat ions (1) t o  (3)  c o n s t i t u t e  a boundary   va lue   p roblem  for   the   acous t ic  
p r e s s u r e   f i e l d  P ( R I 8 , Z ) .  A so lu t ion   mus t   be   ob ta ined   be fo re   t he   e f f ec t iveness  
o f   t h e   p e r i p h e r a l   l i n e r   c a n   b e   e v a l u a t e d .   A n a l y t i c a l   s o l u t i o n s   t o   t h e s e  equa- 
t i o n s  are n o t   a v a i l a b l e   s i n c e   t h e   a c o u s t i c   a d m i t t a n c e  p depends  on  the  azi-  
muthal   coordinate  8 .  Prev ious   a t tempts  a t  f i n i t e   e l e m e n t   s o l u t i o n s   h a v e  had 
l imi t ed   success   because  of t h e   s i z e   a n d   c h a r a c t e r   o f  matrices used i n   t h e  
ana lys i s .   Thus ,   an   approximate   se r ies   expans ion  i s  u s e d   i n   t h i s   p a p e r .  

EIGENFUNCTION  EXPANSION TECHNIQUE 

The s o l u t i o n   t o   e q u a t i o n s  (1) t o  ( 3 )  is  e x p r e s s e d   i n   t h e  form ( r e f .  2 )  
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i n  which  each  e igenfunct ion  PR(R,8)  satisfies a Helmholtz  equation 

v2 PR ( R , 8 )  + xR PR ( R , 8 )  = 0 2 

wi th   t he  homogeneous  boundary  conditions 

where v2 is  the   two-dimens iona l   Laplace   opera tor   in  R and 8.  The eigen-  
va lue  X R  is 

2 2 2 xg = K - KR 

The e i g e n f u n c t i o n s   s a t i s f y i n g   e q u a t i o n s  (5)  t o  ( 7 )  a r e   a l s o   o r t h o g o n a l .  
This  can  be  proved  using  Green's  theorem 

If # Am, equa t ion  (9)  becomes 

s PEP, dA = 0 

where m # 2 .  Fur the r ,   t he   e igen func t ions  w i l l  be   r equ i r ed   t o   fo rm  an   o r tho -  
normal set  so t h a t  

JJ 

Equat ions (5)  t o  ( 7 )  cons t i tu te   an   e igenvalue   p roblem  which   mus t  be so lved  
b e f o r e   t h e   a c o u s t i c   f i e l d   o f   e q u a t i o n  (4 )  c a n   b e   d e t e r m i n e d .   I n   t h i s   p a p e r ,  a 
n u m e r i c a l   s o l u t i o n   t o  this equat ion  is ob ta ined   u s ing  a second modal expansion 
f o r   t h e   e i g e n f u n c t i o n s  PR (R,  8 )  . 
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SERIES SOLUTION  FOR  EIGENFUNCTIONS 

To so lve   t he   e igenva lue   p rob lem  fo r  a p e r i p h e r a l l y   s e g m e n t e d   l i n e r ,  a 
Galerkin  method i s  employed (see r e f .  5) which   s imul taneous ly   cons iders   the  
f i e l d   e q u a t i o n   ( e q .  ( 5 )  ) and  the  admit tance  boundary  condi t ion (eq. (6)  1 .  
Solu t ions   o f   t he   fo rm 

are sought   in   which  

f o r  s < MN 

f o r  s 1 MN 

f o r  s < MN 

f o r  s 2 MN 

f o r  s < MN 

f o r  s 1 MN 

i n  which   the   no ta t ion  [ s / N ]  d e n o t e s   i n t e g e r   d i v i s i o n   o f   t h e   i n t e g e r  s by 
t h e   i n t e g e r  N .  The no rma l i za t ion   cons t an t  Nmn is  determined so t h a t   t h e  
b a s i s   f u n c t i o n s  q S ( R , e )  a re  orthonormal 

- 

and  the   e igenvalues  Am, are un i fo rm- l ine r   e igenva lues   chosen   t o   s a t i s fy   t he  
t r anscenden ta l   equa t ion  

- 
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The cons t an t   admi t t ance  f3 may be a r b i t r a r i l y   c h o s e n .  Two of t h e   p o s s i b l e  
- 

- - 2T 
choices  are f3 = 0,  f o r  a hard-wall   duct ,   and f3 = s f3 (8)  de , t he   ave rage  

2Tr 0 
va lue   o f  f3 f o r   t h e   p e r i p h e r a l l y   s e g m e n t e d   l i n e r .  The use   o f   t hese  two b a s i s  
va lues  w i l l  be d i s c u s s e d   i n   t h e   f o l l o w i n g   s e c t i o n s .  

The  unknown c o e f f i c i e n t s  PRs are determined  by  Galerkin’s  method. 
Ga le rk in ’ s   cond i t ion  i s  

where t = 0 ,  1, ..., 2MN-N-1. I n t e g r a t i n g   e q u a t i o n  (18) by p a r t s   t o   t r a n s f e r  
t he   Lap lace   ope ra to r   t o   t he  basis €unct ions Qt g i v e s  

El imina t ing  V2Qt and  aPR/aR  from  equation  (19)  gives 

a n d   s u b s t i t u t i n g   t h e   e x p a n s i o n   f o r  PR in to   equa t ion   (20 )   g ives  

where 

Equat ion ( 2 1 )  d e t e r m i n e s   t h e   v e c t o r  PRs t o   w i t h i n   a n   a r b i t r a r y   c o n s t a n t .  
Th i s   cons t an t  is  de f ined   t h rough   t he   no rma l i za t ion   cond i t ion  

2MN-N- 1 1 = 
2 

s=o 
~~ 

Equa t ions   (21 )   t o   (23 )   r ep resen t  a system of l i nea r   equa t ions   wh ich   can  be 
s o l v e d   f o r   t h e   e i g e n v a l u e  X R  and series c o e f f i c i e n t s  PRs us ing   s t anda rd  
m a t r i x   t e c h n i q u e s .   I n   t h i s   p a p e r ,   t h e  QR a lgo r i thm is employed t o  o b t a i n   t h e  
s o l u t i o n   t o   t h i s   e q u a t i o n   ( r e f .  6 )  . 

7 



CHOICE OF PERIPHERAL LINER AND SOURCE 

The source   p re s su re   func t ion  i s  u s u a l l y   g e n e r a t e d   i n  a hard-wal l   sec t ion .  
Thus, t he   sou rce  w i l l  b e   s p e c i f i e d   i n  terms of   hard-wal l   duc t  modes.  The source 
p r e s s u r e   f u n c t i o n  Q ( R 1 8 )  is  expanded i n   t h e  form 

i n  which _the ha rd -wa l l   bas i s   func t ions  Q S  are obta ined   f rom  equat ion   (17)  by 
s e t t i n g  f3 = 0 .  

One  may a l s o  assume t h a t   t h e   f a b r i c a t i o n   o f  a p e r i p h e r a l   l i n e r  B ( 8 )  
w i l l  c o n s i s t   o f  some s o r t   o f   p e r i o d i c i t y  as shown i n   f i g u r e  3. I t  i s  assumed 
t h a t   t h e   a d m i t t a n c e   o f   t h e   l i n e r   r e p e a t s   a f t e r   e a c h  A8 o n   t h e   i n t e r v a l  

0 5 8 5 2T where A8 = -. A l i n e r   o f   t h i s   t y p e  i s  r e f e r r e d   t o  as a l i n e r  
2Tr 
T 

w i t h   p e r i o d i c i t y  T I  where T deno tes   t he  number o f   t i m e s   t h e   l i n e r   r e p e a t s  on 
t h e   i n t e r v a l  0 5 8 5 2n. W i t h i n   e a c h   i n t e r v a l ,   t h e   l i n e r  may be  subdivided 
i n t o   s t r i p s  which  do  not  form a r e p e a t i n g   p a t t e r n .  

Because  of i t s  p e r i o d i c i t y ,   t h e   a d m i t t a n c e   f u n c t i o n  B(8) is  expanded  in to  
t h e   f o u r i e r  series 

where 

(cos mT8 
$s(0) = 

s i n  mT8 

f o r  s even 

f o r  s odd 

EFFECTIVENESS OF L I N I N G  MATERIAL 

Befo re   p roceed ing   w i th   t he   so lu t ion  to e q u a t i o n s   ( 5 )   t o  ( 7 ) ,  it is u s e f u l  
t o   deve lop   an   expres s ion   fo r   t he   a t t enua t ion   p roduced  by t h e   l i n e r   i n  terms of 
parameters   which  have  been  introduced.  The a x i a l   a c o u s t i c   i n t e n s i t y  a t  any 
a x i a l   p o s i t i o n   i n   t h e   d u c t  is 

I (R,8,Z) = K -1 R e  [ - iP  * E] 
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i n  which   the   nondimens iona l   acous t ic   in tens i ty  i s  r e f e r r e d   t o  PC , R e [  ] 
deno tes   t he  real p a r t   o f   t h e  complex   express ion   enc losed   wi th in   the   b racke ts ,  
and t h e   s u p e r s c r i p t   a s t e r i s k   i n d i c a t e s   t h e  complex  conjugate. The t o t a l  
a c o u s t i c  power is t h e   i n t e g r a l   o f   t h e   a c o u s t i c   i n t e n s i t y  across t h e   c r o s s  
s e c t i o n  

3 

W(Z)  = JJI dA 

and   t he   t r ansmiss ion  loss, or  d e c r e a s e   i n   l e v e l   o f   t h e   a c o u s t i c  power from 
z = 0 t o  Z = L, c a n   b e   w r i t t e n  as 

G e n e r a l l y ,   t h e   s p e c i f i c   a d m i t t a n c e  f? is chosen so as t o  maximize the   t r ans -  
mission loss. 

I n   t h i s   p a p e r ,   t h e  eigenmode PR i s  expanded in   t e rms   of   the   hard-wal l  
b a s i s   f u n c t i o n s .   T h e s e   b a s i s   f u n c t i o n s  were chosen   no t   on ly   because   the   e igen-  
va lues  A, are rea l  and   appea r   i n   s t anda rd   t ab l e s   bu t   because   t he   r e su l t i ng  
e x p r e s s i o n   f o r   t h e   a c o u s t i c  power r e d u c e s   t o  

- 

2MN-N-1 2MN-N-1 r 

2MN-N- 1 
I,, = c P: 

2MN-N- 1 
AR = 1 PRsQs 

s=o 

The f u n c t i o n  W ( 2 )  cannot  be s i m p l i f i e d   t o  a double  summation i f  f? # 0. 
- 

RESULTS AND DISCUSSION 

I n   t h i s   s e c t i o n ,   e i g e n v a l u e s   a n d   e i g e n f u n c t i o n s  are p resen ted   fo r   un i fo rm 
and   per iphera l ly   segmented   l iners .   Emphas is  i s  p l a c e d   o n   t h e   s o l u t i o n   f o r   t h e  
e igenvalue  xR and   t he   e igen func t ion  P R ( R , 8 )  f o r   pe r iphe ra l ly   s egmen ted  
l i n e r s .  The way these   so lu t ions   change   w i th   t he  number o f   p e r i p h e r a l   s t r i p s  and 
t h e  wave  number K o f   t he   sys t em is  of f u n d a m e n t a l   i n t e r e s t .  First, confidence 
i n   t h e   a n a l y s i s  is ob ta ined  by   demonst ra t ing   tha t  it a g r e e s   w i t h   e x a c t   r e s u l t s  
which are p o s s i b l e  when t h e   l i n e r   a d m i t t a n c e  is independent  of t h e   c o o r d i n a t e  8 
A f t e r w a r d ,   r e s u l t s  are p r e s e n t e d   f o r   p e r i p h e r a l l y   s e g m e n t e d   l i n e r s .  
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Uniform L ine r s  

Analysis . -  When the   admi t tance  B is independent   o f   the   coord ina te  8 ,  an 
e x a c t   s o l u t i o n   t o   e q u a t i o n s  (5)  t o  ( 7 )  can be o b t a i n e d   b y   r e q u i r i n g   t h a t  
6 = E .  Equat ion  (21)  becomes 

(A; - !,")Pa S = 0 

where s = 0 ,  1, ..., 2MN-N-1. The e x a c t   s o l u t i o n   t o   t h i s   e q u a t i o n ,   w i t h  
the   no rma l i za t ion   cond i t ion ,  i s  

A R  = As 

where m and n are r e l a t e d   t o  s by equat ions  (14)   and (15) .  Obse rve   t ha t  
t h e   s o l u t i o n  P R ( R , 8 )  h a s   t h e   f o l l o w i n g   p r o p e r t i e s   f o r   t h e   u n i f o r m   l i n e r :  

(1) Each e igen func t ion  is e i t h e r   a n   e v e n   o r  odd func t ion   o f  8 

( 2 )  The e igenva lues   fo r   t he   even   and   odd   e igen func t ions   a r e   i den t i ca l  

( 3 )  Each e igen func t ion  i s  composed of   on ly  a s i n g l e   f u n c t i o n   o f  m e  

These  observat ions are impor t an t ,   s ince  it w i l l  b e  shown i n   t h e   f o l l o w i n g   s e c -  
t i o n   t h a t   t h e   e i g e n f u n c t i o n s   f o r  a p e s i p h e r a l   l i n e r  w i l l  have-none  of  these 
p r o p e r t i e s   i n   g e n e r a l .   F u r t h e r ,   i f  6 i s  chosen   such   tha t  6 # 6, t hen ,  
Bts # 0 in   gene ra l   and   equa t ion  ( 2 1 )  canno t   be   so lved   exac t ly   ( t he   so lu t ion  
w a s  obtained  employing  the QR a l g o r i t h m ) .  However, t h e   s o l u t i o n   f o r   t h e   e i g e n -  
func t ions  P R ( R , 8 )  and  e igenvalue A R  w i l l  h a v e   t h e   t h r e e   p r o p e r t i e s   d i s -  
c u s s e d   e a r l i e r .   T h e s e   t h r e e   p r o p e r t i e s   a r e - p r e s e r v e d   b e c a u s e   t h e   m a t r i x  equa- 
t ion  which  governs  equat ion ( 2 2 )  when B # 6 i s  b lock   d iagonal ,   wi th   each  
d i a g o n a l   b l o c k   g i v i n g   t h e   s o l u t i o n   f o r   e i t h e r   a n   e v e n   o r  odd e igen func t ion .  
This   e igenfunct ion  is  composed of   on ly  a s i n g l e   f u n c t i o n   o f  m e .  

Now c o n s i d e r   t h e   e i g e n f u n c t i o n   e x p a n s i o n   o f   t h e   a c o u s t i c   f i e l d  as given  by 
equat ion  ( 4 )  . The modal c o e f f i c i e n t  AR i s  

2MN- N- 1 
AR = JJ Q ( R , e )  PR (R ,  8 )  dA = 1 PRsQs 

s=o 

Now f o r   u n i f o r m   l i n e r s ,  AR is z e r o   f o r   a n y   s t a n d i n g  wave (cos m e  o r   s i n  m e )  
no t   p re sen t  a t  t h e   s o u r c e .   T h u s ,   f o r   u n i f o r m   l i n e r s ,   t h e   a c o u s t i c   e n e r g y   i n   a n  
even  s tanding wave o f   t he   sou rce   r ema ins   i n   t ha t   even   s t and ing  wave i n   t h e   l i n e d  
sec t ion .   Th i s  is  a l s o   t r u e   f o r  odd standing  waves.  It is n o t   p o s s i b l e ,   t h e r e -  
f o r e ,   t o   r e d i s t r i b u t e   t h e   e n e r g y   o f  a s i n g l e   s t a n d i n g  wave o f   t h e   s o u r c e   i n t o  a 
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mul t i tude   o f   s t and ing  waves i n   t h e   l i n e d   s e c t i o n   w i t h  a u n i f o r m   l i n e r .   I n  
a d d i t i o n   t h e   u n i f o r m   l i n e r  restricts t h e   e n e r g y   i n   e v e n   s t a n d i n g  waves  of  the 
sou rce   t o   even  waves i n   t h e   l i n e d   s e c t i o n .   S i m i l a r l y ,   t h e   e n e r g y   i n  odd  stand- 
i n g  waves o f   t h e   s o u r c e  i s  r e s t r i c t e d   t o  odd s t and ing  waves i n   t h e   l i n e d  sec- 
t i o n .   I n   t h e   n e x t   s e c t i o n ,  it i s  shown t h a t   p e r i p h e r a l l y   s e g m e n t e d   l i n e r s  do 
a l l o w   t h e   r e d i s t r i b u t i o n   o f   a c o u s t i c   e n e r g y   o u t   o f   e v e n   s t a n d i n g  waves o f   t he  
source   in to   even   and   odd   s tanding   waves   in   the   l ined   sec t ion .  It  is also shown 
t h a t   p e r i p h e r a l l y   s e g m e n t e d   l i n e r s   a l l o w   t h e   r e d i s t r i b u t i o n   o f   a c o u s t i c   e n e r g y  
o u t   o f  a g iven   s t and ing  wave o f   t h e   s o u r c e   i n t o  a mul t i t ude   o f   s t and ing  waves 
i n   t h e   l i n e d   s e c t i o n .   T h e s e   p r o p e r t i e s  of p e r i p h e r a l l y   s e g m e n t e d   l i n e r s  may 
make them better a t t enua to r s   o f   sound   t han   un i fo rm  l i ne r s .  

Eigenvalue  computat ion.-   At tent ion is now focused  on  the  e igenvalues  com- 
puted   f rom  the   p resent   ana lys i s   and  how they   approximate   the   exac t   e igenvalues  
s a t i s f y i n g   e q u a t i o n   ( 1 7 ) .   I n   o r d e r   t o  compare t h e  two so lu t ions ,   equa t ion   (171  
has   been  solved  using a Newton-Raphson i t e r a t i v e   p r o c e d u r e   ( r e f .   7 )   w i t h  6 = B.  
Resul t s  for u n i f o r m   l i n e r s  w i l l  b e   r e s t r i c t e d   t o  optimum l i n e r s   f o r  plane-wave 
sources   where  the optimum va lues   o f  6 have  been  taken  direct ly   f rom  the 
r e s u l t s   o f  Lester and   Posey   ( re f .  8 ) .  A l l  u n i f o r m   l i n e r   r e s u l t s   a r e   f o r  
m = 0, 1, 2 and N = 10.  

T a b l e  I allows  comparison  of  eigenvalues  computed  from  equation ( 2 1 )  t o  
those  computed  from  solving  the exact t r a n s c e n d e n t a l   e q u a t i o n   f o r  m = 0 wi th  
K = 2.  Note t h a t   t h e   p r e s e n t   a n a l y s i s   c o m p u t e s   t h e   e i g e n v a l u e s   w i t h   t h e   l a r g e r  
magnitudes more accu ra t e ly   t han   t hose   w i th   t he  smaller magnitudes.   This i s  n o t  
su rp r i s ing   s ince   l ower -o rde r   e igenva lues   can  be expec ted   to   have  more s imple 
mode shapes  than  higher-order   ones.   Thus,  it can   be   expec ted   t ha t  more terms 
a r e   n e e d e d   i n  a Bessel f u n c t i o n  series t o   r e p r e s e n t   f u n c t i o n s  which are c l o s e r  
to   plane  waves.   Overal l ,   the   agreement   between  the  exact   e igenvalues   and  those 
of t h e   p r e s e n t   a n a l y s i s   r a n g e s   f r o m   o n e   t o   f o u r   s i g n i f i c a n t   f i g u r e s .  

Eigenvalues  are p r e s e n t e d   i n   t a b l e s  I1 and I11 f o r  m = 1 and m = 2 ,  
r e spec t ive ly .   Va lues   o f  K and B are i d e n t i c a l   t o   t h o s e   o f   t a b l e  I. The 
t r e n d s  of t h e s e   t a b l e s  are cons i s t en t   w i th   t hose   o f  table  I .  

Resu l t s  are p r e s e n t e d   i n  table I V  f o r  a nondimensional wave  number o f  
K = 5 f o r  m = 0. Eigenvalues  computed  from  equation ( 2 1 )  compare f avorab ly  
w i t h   t h o s e  computed  from the   exac t   t r anscenden ta l   equa t ion .   Computa t ions   fo r  
m = 1 and m = 2 are g i v e n   i n  tables V and V I ,  r e s p e c t i v e l y .  The va lue   o f  
the   admi t tance  is i d e n t i c a l   t o   t h a t  of table I V .  T h e s e   r e s u l t s  show t h a t  
better comparison is ob ta ined  a t  t h i s   h i g h e r   v a l u e   o f  K. The e igenvalues  com- 
p u t e d   i n  tables I V ,   V ,  and V I  a g r e e   t o   w i t h i n  two t o   t h r e e   s i g n i f i c a n t   f i g u r e s  
wi th   t hose   o f   t he   exac t   t r anscenden ta l   equa t ion .  

Computa t ions   have   a l so   been   ob ta ined   for  K = 10 .   These   r e su l t s  are shown 
i n  tables V I I ,  V I I I ,  and I X  f o r  m = 0,  1, and 2 ,  r e s p e c t i v e l y .   R e s u l t s   i n  
t h e s e   t a b l e s  are c o n s i s t e n t   w i t h   t h o s e   o f   t h e   p r e v i o u s  tables. The h i g h e s t  
o rde r   e igenva lues  are computed  more accu ra t e ly   t han   t he   l ower   o rde r   ones .  
Again,   agreement  between  the  eigenvalues  computed  from  the  exact  equation  and 
those  of t h e   p r e s e n t   a n a l y s i s  is w i t h i n  two t o   t h r e e   s i g n i f i c a n t   f i g u r e s .  
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Overall, the   agreement   be tween  the   e igenvalues   t ends   to   improve   wi th   increas ing  
wave  number K and mode o r d e r  2 .  

Eigenfunc t ions . -   A t t en t ion  is  now f o c u s e d   o n   t h e   c h a r a c t e r i s t i c   f u n c t i o n s  
P 2 ( R 1 8 )  computed  from t h e   a n a l y s i s   p r e s e n t e d   i n   t h i s  work. A s  i n  any  accept- 
able approximate   formula t ion ,   the  series s o l u t i o n  computed  here  must  converge 
i n  some sense   t o   t he   exac t   so lu t ion   o f   t he   p rob lem.   Because   bas i s   func t ions  
u s e d   h e r e   a r e   f o r  B = 0 ,  the   expans ion   g iven   by   equat ion  ( 1 2 )  cannot   poss ib ly  
s a t i s f y   t h e   b o u n d a r y   c o n d i t i o n s  a t  t h e   o u t e r  w a l l .  I t  is  u s e f u l   t o   s t u d y   t h e  
e f f e c t s   o f   t h i s   c h o i c e   o f   b a s i s   f u n c t i o n s   o n   t h e   a p p r o x i m a t e   s o l u t i o n .   F u r t h e r ,  
s ince   t he   c i r cumfe ren t i a l   dependence   o f   each   e igen func t ion  w i l l  match  €or a 
un i fo rm  l i ne r ,   on ly   t he   r ad ia l   dependence   o f   t he   e igen func t ions  w i l l  be   s tud ied .  

- 

The real  and  imaginary par ts  of t h e  = 0 mode f o r  K = 2 are p l o t t e d  
i n   f i g u r e s  4 and 5, respec t ive ly .   Agreement   be tween  th i s   ana lys i s   and   the  
e x a c t   a n a l y s i s  is p o o r   f o r   t h i s   l o w e s t   o r d e r  mode. R e s u l t s   € o r   t h e  = 4 and 
2 = 9 modes are shown i n   f i g u r e s  6 t o  9 f o r  K = 2 .  The r e s u l t s   € o r   t h e s e  
h igher -order  modes are v i r t u a l l y   i n d i s t i n g u i s h a b l e   f r o m   t h e   e x a c t   r e s u l t s ,   e v e n  
a t  the   boundary .   In   genera l ,   the   h igher   the  mode number, t h e  more a c c u r a t e l y  
t h i s   a n a l y s i s   c o m p u t e s   t h e   e i g e n f u n c t i o n .  

The real   and  imaginary par ts  of t h e  R = 0 mode f o r  K = 10 are p l o t t e d  
i n   f i g u r e s  1 0  and 11, r e s p e c t i v e l y .  A t  t h i s   h i g h e r   v a l u e   o f  K, t h i s   l o w e s t -  
o r d e r  mode i s  i n  good  agreement   wi th   the   exac t   va lue .   Resul t s   for   the  = 4 
and = 9 modes are g i v e n   i n   f i g u r e s  1 2  t o   1 5   f o r   t h i s   h i g h e r   v a l u e   o f  K. 
Resu l t s  computed  from t h i s   a n a l y s i s  are i d e n t i c a l   t o   t h e  exact v a l u e s   f o r   t h e s e  
higher-order  modes.  

Charac te r i s t ic   func t ions   have   a l so   been   computed   €or  K = 3 ,  4, 5, 6 ,  7 ,  
and 8 f o r   v a r i o u s   v a l u e s   o f  1. R e s u l t s   f o r   t h e s e  w i l l  no t   be   p re sen ted   €o r  
t h e   s a k e   o f   b r e v i t y .  However, t r e n d s  show t h a t   t h e   a c c u r a c y  of t h e  modes com- 
pu ted   f rom  th i s   ana lys i s   i nc reases   w i th   i nc reas ing  K,  wi th   the   lowes t -order  
mode be ing  less accura t e   t han   h ighe r -o rde r   ones .  

A t t e n t i o n  is now f o c u s e d   o n   t h e   r a d i a l   d e r i v a t i v e   o f   t h e   c h a r a c t e r i s t i c  
f u n c t i o n   P R ( R , 8 ) .  How t h e   r a d i a l   d e r i v a t i v e  computed  from t h i s   a n a l y s i s  com- 
p a r e s   w i t h   t h e   e x a c t   v a l u e  i s  of  special i n t e r e s t   b e c a u s e   o f   t h e   f a c t   t h a t   t h e  
hard-wall   duct  modes are used as basis €unc t ions .  Recall t h a t   t h e   r a d i a l  
der iva t ives   computed   f rom  th i s   ana lys i s   cannot   compare   wi th   the   exac t   va lue  a t  
the   boundary   un less  6 = 0 , o r  PR (1,8) = 0 .  

The real   and  imaginary par ts  of  aPR/aR f o r   t h e  !? = 0 mode are p l o t t e d  
i n   f i g u r e s  16 and 1 7 ,  r e s p e c t i v e l y ,   f o r  K = 2 .  Overall ,   values  computed  from 
t h i s   a n a l y s i s  do n o t  compare t o   t h e   e x a c t   v a l u e s   € o r   t h i s   l o w e s t - o r d e r  mode. 
F u r t h e r ,   r e s u l t s  computed  from t h i s   a n a l y s i s  are less a c c u r a t e  as t h e   o u t e r  
boundary ( R  = 1) is approached. 

R e s u l t s   € o r   t h e  real  and  imaginary parts of  aPg/aR € o r   t h e  R = 4 and 
R = 9 modes are p l o t t e d   i n   f i g u r e s  18 t o  2 1  f o r  K = 2.  R e s u l t s   f o r   t h e s e  
h igher -order  modes are v i r t u a l l y   i n d i s t i n g u i s h a b l e  from t h e   e x a c t   v a l u e s ,   w i t h  
the   excep t ion   o f   t he   ou te r   boundary  ( R  = 1). 
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Shown i n  f i g u r e s  22 and 23 are r e s u l t s   f o r  aPg/aR f o r  J?, = 0 wi th  
K = 10.   Observe   tha t   the   ana lys i s   used   here   computes   the   rad ia l   der iva t ive  
of Pg  more a c c u r a t e l y  a t  t h i s   h i g h e r   v a l u e   o f  K t han  a t  K = 2.   Overal l ,  
t h i s   l o w e r - o r d e r  mode has   no t   been   accura te ly   computed   by   th i s   ana lys i s  a t  t h i s  
h ighe r  K,  and   the   accuracy   decreases  as the  boundary R = 1 is approached. 

Transmission losses.- I n   t h i s   s e c t i o n ,   t h e   t r a n s m i s s i o n   l o s s e s   p r e d i c t e d  
f rom  equat ions   (30)   to  (33) f o r  optimum u n i f o r m   l i n e r s  are compared t o   r e s u l t s  
p r e d i c t e d   f r o m   t h e   a n a l y s i s   o f   r e f e r e n c e   8 .  The s o u r c e   p r e s s u r e   d i s t r i b u t i o n  
w a s  assumed t o  be a p l ane  wave so t h a t   Q ( R , 8 )  = 1. The duct  geometry w a s  
chosen so  t h a t   t h e   l e n g t h   t o   d i a m e t e r   r a t i o  w a s  u n i t y  (L = 2 ) .  

. ~ = "_ 

Transmiss ion   losses  are p r e s e n t e d   i n   f i g u r e  2 8 .  The t r ansmiss ion   l o s s  
spectrum is  g i v e n   f o r  a frequency  range 2 5 K 5 20. The losses   p red ic ted   f rom 
t h e   a n a l y s i s   o f   t h i s  work are i d e n t i c a l   t o   t h o s e   o f   t h e  method o f   r e f e rence  8 
f o r  K > 4. However, f o r  K < 4 ,  t h e   t r a n s m i s s i o n   l o s s e s   p r e d i c t e d   f r o m   t h i s  
a n a l y s i s  are l e s s   t h a n   t h o s e   p r e d i c t e d   i n   r e f e r e n c e  8. A s  the   f requency  
dec reases ,   t he   d i f f e rence   be tween   t he  two c u r v e s   i n   f i g u r e  28 i n c r e a s e s .  

The d iscrepancies   be tween  the   t ransmiss ion   losses  a t  low f r equenc ie s  
(K < 4 )  p red ic t ed   f rom  th i s   ana lys i s   and   f rom  tha t   o f   r e f e rence  8 are no t   su r -  
p r i s i n g .   T h u s ,   f o r  K < 4 ,  on ly   t he  R = 0 mode is c u t  on i n   t h e   d u c t  
( r e f .   8 ) .  However, t h e   a n a l y s i s   o f   t h i s  work canno t   accu ra t e ly   r e so lve   t he  
2 = 0 mode a t  low f r equenc ie s .  

P e r i p h e r a l l y  Segmented L ine r s  

Analys is . -   At ten t ion  is  now focused   on   pe r iphe ra l ly   s egmen ted   l i ne r s .  To 
understand why t h e   e i g e n f u n c t i o n   P t ( R , 8 )   f o r  a p e r i p h e r a l   l i n e r   h a s   p r o p e r t i e s  
fundamen ta l ly   d i f f e ren t   f rom  those   o f  a u n i f o r m   l i n e r ,   t h e   b a s i c   s t r u c t u r e   o f  
equat ion  ( 2 1 )  is  s t u d i e d  when is a f u n c t i o n   o f   t h e   c o o r d i n a t e  8 .  I n   t h i s  
i n s t a n c e ,   t h e   m a t r i x   o f   c o e f f i c i e n t s  Bts is not   b lock   d iagonal  as f o r   t h e   u n i -  
form l i n e r .  A s  a consequence ,   t he   ene rgy   i n   e i t he r   an   even   o r  odd mode of t h e  
source  is r e d i s t r i b u t e d   i n t o   o t h e r   e v e n   a n d  odd modes i n   t h e   l i n e d   s e c t i o n .  
T h i s   a l s o   r e s u l t s   i n   t h e   g e n e r a t i o n   o f  a mul t i t ude   o f   s t and ing  waves f o r   e a c h  
e igen func t ion  P x ( R , e ) .  A s  a consequence ,   the   energy   in  a s i n g l e   s t a n d i n g  wave 
of   the  source is r e d i s t r i b u t e d   i n t o  a mul t i t ude   o f   s t and ing  waves i n   t h e   l i n e d  
s e c t i o n   o f   t h e   d u c t .  The r e s u l t s  of t h i s   s e c t i o n  w i l l  show t h a t   t h i s   d o e s  
indeed  occur .  

Now t h e  number o f  unknowns i n   e q u a t i o n  ( 2 1 )  w i l l  be   large.   For   example,  
t h e   o r d e r   o f   t h i s   m a t r i x   e q u a t i o n  w i l l  be  190 i f  M = 10  and N = 10. However, 
i f   t h e   f u n c t i o n  B ( 8 )  is r e s t r i c t e d  t o  an   even   func t ion ,  BtS = BSt = 0 f o r  
s > MN and t 5 MN. As a r e s u l t ,   t h e   e i g e n f u n c t i o n   P g ( R , 8 )  w i l l  be composed 
o f   e i t h e r   e v e n  or odd  modes. Fu r the r ,   i f   t he   sou rce   p roduces   on ly   even  modes, 
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on ly   t he   even   func t ions   need   be   i nc luded   i n   equa t ion   (12 )   and   t he   o rde r   o f   t he  
system is reduced by (MN - N ) .  T h u s ,   r e s u l t s   i n   t h i s   s e c t i o n  are r e s t r i c t e d  t o  
admit tance  funct ions  which are even  and, i n   a d d i t i o n ,   t h e   s o u r c e  is assumed t o  
be composed of   on ly   even  modes. R e s u l t s   o f   t h e   p r e v i o u s   s e c t i o n   a l s o  show t h a t  
1 0   r a d i a l  modes ( N  = 1 0 )   a p p e a r   t o   b e   s u f f i c i e n t   i n   t h e  series expansion  of  
equat ion  ( 1 2 )  f o r   u n i f o r m   l i n e r s .  The  number o f   r a d i a l  modes has  been termi- 
na ted  a t  N = 10 f o r   p e r i p h e r a l l y   s e g m e n t e d   l i n e r   r e s u l t s .  Note a l s o   t h a t  up 
t o   t h i s   p o i n t   t h e r e  is  no r u l e   f o r   c h o o s i n g   t h e  number o f   s t and ing  waves i n   t h e  
expansion  given by equat ion  (12). F i n a l l y ,   s i n c e  @ ( e )  is assumed  an  even 
func t ion ,  6 (8) = 6 ( 2 ~  - 8)  and  the  form  of 6 (8) need   on ly   be   spec i f ied   on  
t h e   i n t e r v a l  ( 0 , T ) .  R e s u l t s   f o r   p e r i p h e r a l   l i n e r s  are r e s t r i c t e d   t o  a l i n e r  
having a p e r i o d i c i t y   o f   o n e  (T = 1) i n  which   the   admi t tance   segments   a l te rna te  
between B 1  and 62 wi th  a g iven  number o f   s t r i p s  S o n   t h e   i n t e r v a l  ( O , ? T ) ,  
as shown i n   f i g u r e  29. 

Eigenvalues.-   Table X c o n t a i n s   e i g e n v a l u e s   f o r  a t w o - s t r i p   l i n e r  (S = 2 )  
f o r   v a r i o u s   v a l u e s   o f  M .  The l i ne r   admi t t ance   has   been   t aken  as 
61 = 1.54 - 1.29i   and  B2 = 0.0 + 0.0 i   wi th   the   d imens ionless   f requency  K 
chosen  as 2.  T h e s e   r e s u l t s  show t h a t   t h e   e i g e n v a l u e s  are s i g n i f i c a n t l y   d i f f e r -  
e n t   f o r   t h e   l o w e r   v a l u e s   o f  M ,  b u t  do  converge as M i n c r e a s e s .   I n   f a c t ,  
t h e r e  i s  very l i t t l e  change i n   t h e   f i r s t  10 e igenvalues  when M i s  inc reased  
from 6 t o  10.  Table  X I  con ta ins   e igenva lues   fo r  K = 5 ,  w i t h  a l l  o t h e r  param- 
eters i d e n t i c a l   t o   t h o s e   o f   t a b l e  X .  The e f f e c t s   o f  M a t  t h i s   h i g h e r   v a l u e  
of K a r e   c o n s i s t e n t   w i t h   t h o s e  a t  the  lower  value  of  K. Eigenvalues  have 
also  been  computed  for  K = 4 ,  6 ,  8, and   10 ,   and   t he   e f f ec t s   o f   i nc reas ing  M 
w e r e  a lways   cons i s t en t   w i th   t hose   o f   t ab l e s  X and X I .  

The e f f e c t s   o f   v a r y i n g   t h e  number o f   s t r i p s  on the   e igenvalues   o f   per iph-  
eral  l i n e r s   f o r  K = 2 and K = 5 a r e  shown i n   t a b l e s  X I 1  and X I I I ,  respec-  
t i ve ly .   Va lues   o f  B 1  and B2 employed i n   t h e  two t a b l e s  are i d e n t i c a l   t o  
t h o s e   o f   t a b l e  X ,  and 1 0  s t and ing  waves  have  been  employed (M = 1 0 ) .  I t  i s  
c lear   f rom  these  two t a b l e s   t h a t   t h e  number o f   s t r i p s   a f f e c t s   t h e   e i g e n v a l u e s  
and  subsequently  the  eigenmodes P R ( R r 8 )  even  though  the amount o f   t he   duc t  
which i s  a c o u s t i c a l l y   t r e a t e d   f o r   e a c h   c o n f i g u r a t i o n  is still 50 pe rcen t .  
T h u s ,   t h e   a t t e n u a t i o n   p r o p e r t i e s   o f   p e r i p h e r a l l y   s e g m e n t e d   l i n e r s  w i l l  depend 
on t h e  number o f   p e r i p h e r a l   s t r i p s ,   g v e n   i f   t h e  amount o f   l i n e d   s e c t i o n  is kep t  
f ixed .  

Eigenfunct ions.-  " The a n a l y s i s   p r e s e n t e d   i n   t h i s  work can   a l so   be   used   to  
i n v e s t i g a t e   t h e   e i g e n f u n c t i o n s   o f   p e r i p h e r a l l y   s e g m e n t e d   l i n e r s .   V a l u a b l e  
i n s i g h t   a b o u t   t h e   e i g e n f u n c t i o n s   c a n   b e   o b t a i n e d  by s t u d y i n g   t h e   c o e f f i c i e n t s  
Pgs which  go i n t o   t h e  series expans ion   fo r   t he   e igen func t ion  P R ( R , 8 )  i n  
equat ion  ( 1 2 ) .  I n   t a b l e  X I V  t h e   c o e f f i c i e n t s  PRs computed f o r   t h e  R = 0 
mode o f  table X I 1  a r e  shown.  Only va lues   o f  R which  correspond  to  n = 0 are 
shown ( i - e . ,  each  value  of  s co r re sponds   t o  a d i f f e r e n t   o r d e r   s t a n d i n g   w a v e ) .  
The f i r s t  column  of c o e f f i c i e n t s   i n   t h i s   t a b l e  is f o r   t h e   u n i f o r m   l i n e r   € o r  
which @, = 6, = 1.54 - 1 . 2 9 i   a n d   f o r   t h e  same va lue   o f  K as t h e   p e r i p h e r a l  
l i n e r .   R e s u l t s   o f  table X I V  c o n f i r m   t h a t   t h e   p e r i p h e r a l   l i n e r   g e n e r a t e s  a 
mul t i t ude   o f   s t and ing  waves r e g a r d l e s s   o f   t h e  number of  segments.   This is 
borne   ou t  by t h e   f a c t   t h a t  PRs # 0 f o r  any s f o r   t h e   p e r i p h e r a l   l i n e r s .  
C o n t r a s t   t h i s   t o   t h e   u n i f o r m   l i n e r   c o e f f i c i e n t s   i n   w h i c h  PRs = 0 f o r  s # 0. 

1 4  



Resul t s  similar t o  those  of table X I V  have  been  computed f o r   o t h e r   v a l u e s   o f  
i n   a d d i t i o n   t o  2 = 0 a n d   f o r   o t h e r   v a l u e s   o f  K, B,, and 6,. For  each 
va lue   o f  2 ,  t h e   p e r i p h e r a l   l i n e r   e i g e n f u n c t i o n   P R ( R , 8 )   c o n s i s t e d   o f  a mult i -  
tude  of   s tanding  waves,   whi le   the  uniform l i n e r  con ta ins   on ly   one   s t and ing  
wave.  Thus, t he   mu l t imoda l   expans ion   o f   t he   acous t i c   f i e ld   fo r   pe r iphe ra l ly  
segmen ted   l i ne r s  (eq. ( 4 ) ) ,  w i l l  con ta in  a mul t i t ude   o f   s t and ing  waves f o r   a n y  
g iven   source .  

T r a n s n i s s i o n   l o s s e s . -   B a s e l i n e   t r e n d s   f o r   t h e   t r a n s m i s s i o n  loss of a 
p e r i p h e r a l l y   s e g m e n t e d   l i n e r  are g iven   by   t he   a t t enua t ion  of t h e  l ea s t  a t t e n -  
ua ted  mode ( t h i s  wou ld   co r re spond   t o   s e t t i ng  AR = 0 i n   e q .   ( 3 3 )   f o r  R # 0 ) .  
The a t t e n u a t i o n   o f   t h e  least  a t t e n u a t e d  mode is -8.69 I m ( K O L )  dB i n  which 
I m (  ) deno tes   t he   imag ina ry   pa r t   o f   t he  complex expres s ion   w i th in   t he   pa ren -  
theses   and  dB deno tes   dec ibe l s   o f   sound .  

The a t t e n u a t i o n   o f   t h e   l e a s t - a t t e n u a t e d  mode R = 0 i s  assumed t o   p r o v i d e  
a rough estimate o f   t he   t r ansmiss ion  loss f o r   t h e   p e r i p h e r a l   l i n e r .   T h i s  
a t t e n u a t i o n  would equa l   t he   t r ansmiss ion  loss i f   t h e   d u c t  w a s  i n f i n i t e l y   l o n g  
and  the mode = 0 c a r r i e d  a l l  t h e   a c o u s t i c   e n e r g y .   F i g u r e  30 a l lows  com- 
pa r i son   o f   t hese   a t t enua t ions   fo r   un i fo rm  and   pe r iphe ra l ly   s egmen ted   l i ne r s  
f o r  L = 1. The u n i f o r m   l i n e r  i s  chosen so t h a t   t h e   a t t e n u a t i o n  i s  optimum a t  
K = 3 ( t h i s   i m p l i e s   a n   a d m i t t a n c e   o f  B = 0.81 - 0.78i ) ;   whereas ,   the   per iph-  
e r a l l y   s e g m e n t e d   l i n e r  i s  chosen so  t h a t  - 0.81 - 0.78i   and B2 = 0 .  
Resu l t s  of f i g u r e  30 show t h a t   p e r i p h e r a l   l l n e r s   w i t h  a small number o f   s t r i p s  
(S  = 2 and S = 4 )  have   poor   a t t enua t ions  compared t o   t h e   u n i f o r m   l i n e r .  The 
S = 6 and S = 10 l i n e r s   a t t e n u a t e  more for   f requencies   >3 .5   than   the   un i form 
l i n e r .   T h i s  i s  r a t h e r   s u r p r i s i n g ,   s i n c e   o n l y  50 p e r c e n t   o f   t h e   d u c t  w a l l  i s  
t r e a t e d   w i t h   p e r i p h e r a l  strips; w h e r e a s ,   t h e   u n i f o r m   l i n e r   c o v e r s   t h e   e n t i r e  
wal l .  P e r i p h e r a l   l i n e r s   w i t h  a l a r g e  number o f   s t r i p s   h a v e   b r o a d e r   a t t e n u a t i o n  
cha rac t e r i s t i c s   t han   un i fo rm  l i ne r s ,   and   t he   peak   a t t enua t ion   occu r s  a t  a h ighe r  
f r e q u e n c y .   T h e s e   c h a r a c t e r i s t i c s  may be a s i g n i f i c a n t   a d v a n t a g e   f o r   a c t u a l  
engine  sources   which  produce  noise   over  a wide  frequency  range. 

1 -  

Turning now t o   t h e   e f f e c t s   o f   t h e   s o u n d   s o u r c e ,   f i g u r e   3 1  is  a comparison 
o f   t r a n s m i s s i o n   l o s s e s   f o r   a n  optimum u n i f o r m   l i n e r   t o   t h o s e  of a n   a r b i t r a r i l y  
c h o s e n   p e r i p h e r a l l y   s e g m e n t e d   l i n e r .   R e s u l t s   i n   t h i s   f i g u r e  are f o r  a plane-  
wave source  (Q = 1) wi th  L = 2. The u n i f o r m   l i n e r  i s  optimum a t  K = 5 so 
t h a t  = 0.34 - 0 .59 i  fo r  t h i s   l i n e r  ( ref .  8 ) .  The admi t t ances   o f   t he  
p e r i p h e r a l   l i n e r  are chosen   such   t ha t  Bl = 0.40 - 0.59i  and B2 = 0.5 - 0 .2 i .  
The t r a n s m i s s i o n   l o s s  w a s  computed  from  equations  (30)  to  (33).   Both  peripher- 
a l l y   s e g m e n t e d   l i n e r s   g i v e   t r a n s m i s s i o n   l o s s e s   c o m p a r a b l e   t o   t h a t  of the   uniform 
l i n e r   f o r  K 5 6 a n d   f o r  K 2 17.   For   values   of  K be tween  these   va lues ,   the  
p e r i p h e r a l   l i n e r   g i v e s   g r e a t e r   t r a n s m i s s i o n   l o s s e s   t h a n   t h e   u n i f o r m   l i n e r   f o r  
t h i s  p lane-wave   source .   Fur ther ,   the  S = 4 p e r i p h e r a l   l i n e r   g i v e s  a 
5 0 - p e r c e n t   i n c r e a s e   i n   t h e   a t t e n u a t i o n   o v e r   t h e   u n i f o r m   l i n e r   f o r  K = 8. 

CONCLUSIONS 

An a n a l y s i s  method  has  been  developed  for 
t r a n s m i s s i o n   l o s s e s   i n   d u c t s   w i t h   p e r i p h e r a l l y  

comput ing   t he   acous t i c   f i e ld   and  
s e g m e n t e d   l i n e r s ,   a r b i t r a r y  
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sources,   and  any number o f   p e r i p h e r a l  strips. Based  upon t h i s  work, t h e  
fo l lowing   conc lus ions  are made: 

(1) P e r i p h e r a l l y   s e g m e n t e d   l i n e r s   r e d i s t r i b u t e   t h e   e n e r g y   i n   s t a n d i n g  
waves composed of on ly  a s i n g l e   c i r c u m f e r e n t i a l  mode a t  t h e   s o u r c e   i n t o   o t h e r  
waves  which c o n t a i n  a m u l t i t u d e   o f   c i r c u m f e r e n t i a l  modes i n   t h e   l i n e d   s e c t i o n .  

( 2 )  The accuracy  of the eigenvalues   and  e igenfunct ions  computed  f rom  this  
ana lys i s   i nc reases   w i th   bo th   t he   f r equency   and   t he  mode o r d e r .  

(3)  Transmiss ion   losses   computed   f rom  th i s   ana lys i s  were de termined   to   be  
a c c u r a t e   f o r  wave numbers g rea t e r   t han   fou r ,   wh ich  i s  the  approximate  cut-on 
v a l u e   o f   t h e   f i r s t   o r d e r   r a d i a l  mode i n  a hard-wall   duct .  

( 4 )  R e s u l t s   b a s e d   o n   t h e   a t t e n u a t i o n   o f   t h e   l e a s t - a t t e n u a t e d  mode show 
t h a t   p e r i p h e r a l l y   s e g m e n t e d   l i n e r s   c a n   a t t e n u a t e  more  sound  over a b r o a d e r   f r e -  
quency  range  than a un i fo rm  l i ne r ,   a l t hough  50 p e r c e n t   o f   t h e   p e r i p h e r a l   l i n e r  
w a s  ha rd  wal l .  

(5)  F i n a l l y ,   r e s u l t s  show t h a t ,   f o r  a plane-wave  source,  a nonoptimal 
p e r i p h e r a l l y   s e g m e n t e d   l i n e r  may a t t e n u a t e  as much sound as an  opt imized  uni-  
form l i n e r  a t  t h e   o p t i m a l   p o i n t ,   w h i l e   g i v i n g  more no i se   suppres s ion  a t  o t h e r  
f r equenc ie s .   These   r e su l t s   l end   c r edence   t o   t he   concep t   o f  a p e r i p h e r a l l y  
segmented l i n e r  a n d   e n c o u r a g e   f u r t h e r   a n a l y s i s   u t i l i z i n g   o p t i m i z e d   p e r i p h e r a l l y  
segmented l i n e r s  and  more r e a l i s t i c   s o u r c e s .  

Langley  Research  Center 
Nat ional   Aeronaut ics   and  Space  Adminis t ra t ion 
Hampton, VA 23665 
August 5 ,  1981 
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TABLE I.- EIGENVALUES  AT  OPTIMUM  ADMITTANCE FOR PLANE-WAVE  SOURCE 

Radial mode 
number, R 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

(K = 2, 6 = 1.54 - 1 .29 i )  

E x a c t   s o l u t i o n  t o  t r a n s c e n d e n t a l  
equat ion:  xI1 J;(A~) - 2 i 6  J~ ( x R )  = o 

2.885 - 0.489i  
3.062 - 3.083i  
6.592 - .422i  
9.902 - .299i  

13.122 - .23Oi 
16.310 - .186i 
19.482 - .157i  
22.645 - .135i  
25.803 - .119i  
28.957 - .106i  

Numerical s o l u t i o n  
computed from s o l v i n g  

equat ion   (21)  

2.950 - 0.461i  
2.740 - 3.120i  
6.600 - .373i 
9.903 - .265i  

13.121 - .204i  
16.309 - .165i  
19.481 - .138i 
22.644 - .117i  
25.802 - .101i  
28.956 - .087i  

" 

TABLE 11.- EIGENVALUES  AT  OPTIMUM  ADMITTANCE  FOR  PLANE-WAVE  SOURCE 

( K  = 2 ,  6 = 1.54 - 1 . 2 9 i )  

Radial mode 
number, R 

1 0  
11 
1 2  
1 3  
14  
15  
16 
17  
18 
19  

E x a c t   s o l u t i o n  t o  t r a n s c e n d e n t a l  
equat ion:  A %  J;(x%) - 2 i ~  J~ ( x R )  = o 

3.146 - 3.041i  
4.683 - .534i  
8.199 - .359i  

11.473 - .263i  
14.684 - .207i  
17.869 - .171i  
21.040 - .146i  
24.204 - .127i  
27.362 - .112i  
30.517 - .101i  

Numer ica l   so lu t ion  
computed from s o l v i n g  

equa t ion  ( 2 1 )  

2.860 - 3.070i  
4.720 - .476i  
8.202 - .32Oi 

11.472 - .235i  
14.683 - .185i  
17.868 - .152i  
21.039 - .129i  
24.203 - .llli 
27.361 - .096i  
30.516 - .083i  
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TABLE  111.-  EIGENVALUES AT OPTIMUM  ADMITTANCE FOR PLANE-WAVE  SOURCE 

Radial  mode 
number, R 

20 
21 
22 
23 
24 
25 
26 
27 
28 
29 

(K = 2, 6 = 1.54 - 1.29i) 

Exact  solution  to  transcendental 
?quation: X J' (X - 2iB J~ ( X R )  = o R 2 R  

3.537 - 2.876i 
6.203 - .485i 
9.680 - .318i 
12.962 - .238i 
16.183 - .191i 
19.377 - .159i 
22.555 - .137i 
25.725 - .12Oi 
28.888 - .107i 
32.046 - .096i 

Numerical  solution 
computed  from  solving 

equation  (21) 

3.277 - 2.8601 
6.216 - .433i 
9.680 - .286i 
12.961 - .214i 
16.182 - .171i 
19.376 - .142i 
22.554 - .121i 
25.723 - .105i 
28.886 - .092i 
32.045 - .092i 

TABLE 1V.- EIGENVALUES  AT  OPTIMUM  ADMITTANCE  FOR  PLANE-WAVE  SOURCE 

- 

Radial  mode 
number, 

- _ _  ~ 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

Exact  solution  to  transcendental 
?quation: xR J; ( x R )  - 5ip J ~ ( x ~ )  = o 

~ 

3.058 - 0.277i 
1.668 - 3.485i 
6.589 - .217i 
9.881 - .159i 
13.101 - .124i 
16.291 - .101i 
19.465 - .086i 
22.630 - .074i 
25.790 - .065i 
28.945 - .058i 

Numerical  solution 
zomputed  from  solving 

equation  (21) 

3.096 - 0.26Oi 
1.476 - 3.370i 
6.609 - .194i 
9.894 - .141i 
13.111 - .109i 
16.299 - .089i 
19.422 - .074i 
22.637 - .064i 
25.796 - .055i 
28.953 - .047i 
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TABLE V.- EIGENVALUES AT  OPTIMUM  ADMITTANCE FOR PLANE-WAVE  SOURCE 

(K = 5, p = 0.34 - 0.59i )  

Radial mode 
number, R 

10 
11 
1 2  
13  
1 4  
1 5  
16 
17  
18 
1 9  

E x a c t   s o l u t i o n  t o  t ransce 'ndenta l  
equa t ion :  J;(X~) - 5iB J~ ( A R )  = o 

= . .  

4.744 - 0.268i  
1.790 - 3.354i  
8.182 - .188i 

11.450 - .141i  
14.663 - .112i  
17.851 - .093i  
21.024 - .08Oi 
24.190 - .07Oi 
27.350 - .062i  
30.505 - .055i  

- ~. ~ .. . .. ~ 
~ 

Numer ica l   so lu t ion  
computed f r o m  s o l v i n g  

equat ion   (21)  

4.772 - 0.244i  
1.615 - 3.226i  
8.197 - .168i 

11.461 - .3_26i 
14.672 - . 1 O O i  
17.858 - .082i  
21.031 - .07Oi 
24.196 - .06Oi 
27.356 - .052i  
30.512 - .045i  

TABLE V I . -  EIGENVALUES  AT  OPTIMUM  ADMITTANCE  FOR  PLANE-WAVE  SOURCE 

(K = 5, 6 = 0.34 - 0 .59 i )  

~ ~~ . 

Radial mode 
number, R 

20 
2 1  
22 
23 
24 
25 
26 
27 
28 
29 

I E x a c t   s o l u t i o ?  t o  
?quat ion:  X R  J2 (AR 
~ . . ~  . . 

2.157 - 
6.212 - 
9.658 - 

12.940 - 
16.164 - 
19.360 - 
22.540 - 
25.711 - 
28.875 - 
32.035 - 

- ~~ ~ 

~- 

t r a n s c e n d e n t a l  
1 - 5 i B J  2 R  ( X )  = O  

. . .. 

2.930i  
-264 i  
.169i  
- 1 2 8 i  
.104i  
.087i  
.075i  
-066 i  
.059i  
.053i  
" 

Numerical s o l u t i o n  
computed from s o l v i n g  

equa t ion   (21 )  

2.003 - 2.770i  
6.234 - .223i  
9.671 - .152i  

12.949 - .115i  
16.171 - .092i  
19.366 - .077i  
22.546 - .066i  
25.717 - .057i 
28.881 - .05Oi 
32.042 - .043i  

- 
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TABLE VI1.- EIGENVALUES AT OPTIMUM  ADMITTANCE  FOR  PLANE-WAVE  SOURCE 

Radial  mode 
number, R 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

(K = 10, B = 0.21 - 0.45i) 

Exact  solution to transcendental 
equation: J; (xR) - 1oiB J ~ ( x ~ )  = o 

2.865 - 0.194i 
6.395 - .219i 
9.736 - .179i 
2.086 - 5.024i 
12.988 - .145i 
16.198 - .121i 
19.387 - .103i 
22.573 - .09Oi 
25.730 - .079i 
28.892 - .071i 

Numerical  solution 
computed  from  solving 

equation  (21) 

2.912 - 0.185i 
6.439 - .191i 
9.769 - .152i 
1.742 - 4.713i 
13.013 - .121i 
16.220 - .1OOi 
19.406 - .084i 
22.580 - .072i 
25.748 - .062i 
28.911 - .052i 

TABLE  VII1.-  EIGENVALUES AT OPTIMUM  ADMITTANCE  FOR  PLANE-WAVE  SOURCE 

( K  = 10, B = 0.21 - 0.45i) 

Radial  mode 
number, R 

10 
il 
12 
i3 
14 
15 
16 
17 
18 
19 

Exact  solution  to  transcendental 
equation: J ; ( A ~ )  - loiB J~ ( ~ 2 )  = o 

4.521 - 0.232i 

2.142 - 4.927i 
11.321 - .162i 
14.561 - .133i 
17.766 - .112i 
20.952 - .096i 
24.126 - .084i 
27.293 - .075i 
30.455 - .068i 

8.011 - -202% 

Numerical  solution 
computed  from  solving 

equation  (21) 

4.571 - 0.211i 
8.048 - .175i 
1.816 - 4.618i 
11.349 - .138i 
14.583 - .112i 
17.785 - .091i 
20.969 - .079i 
24.142 - .068i 
27.309 - .059i 
30.473 - .05Oi 
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TABLE 1X.- EIGENVALUES  AT  OPTIMUM  ADMITTANCE  FOR  PLANE-WAVE  SOURCE 

- 

R 

- 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
- 

T 

Radial  mode 
number, R 

20 
21 
22 
23 
24 
25 
26 
27 
2 8  
29 

(K = 10 ,  6 = 0.21 - 0.45i )  

E x a c t   s o l u t i o n  t o  t r a n s c e n d e n t a l  
equa t ion :  J ~ ( A ~ )  - 1o iB  J~ ( A l l )  = o 

5.994 - 0.239i  
9.504 - .188i 
2.323 - 4.628i  

12.822 - .15Oi 
16.069 - .124i  
19.280 - .105i  
22.472 - .091i  
25.651 - .08Oi 
28.822 - .072i  
31.987 - .065i  

Numer ica l   so lu t ion  
computed from so lv ing  

equat ion   (21)  

6.041 - 0.213i  
9.536 - .162i  
2.019 - 4.291i 

12.846 - .128i  
16.089 - .104i  
19.297 - .087i  
22.487 - .075i  
25.666 - .065i  
28.836 - .057i  
32.003 - .048i  

~~ 

TABLE X.-  EIGENVALUES FOR TWO-STRIP  PERIPHERALLY  SEGMENTED  LINER 

(T = 1, S = 2,  K = 2, Bl = 1.54 - 1 . 2 9 i ,  B2 = 0.0 + 0.Oi) 

1 

1.363 - 1 .918 i  
3.450 - .388i  
6.824 - .209i  

-0.044 - .144i  
-3.225 - .109i  
.6.391 - .088i  
.9.549 - .074i  
!2.703 - .063i  
!5.853 - .055i  
!9.002 - .048i  

3 

1.346 - 0.339i  
2.484 - 1.283i  
2.830 - 3.0443. 
3.416 - .266i  
5.041 - .213i  
6.483 - .231i  
6.813 - .188i 
8.370 - .153i  
9.831 - .15Oi 

L0.039 - .134i  

M 

5 

1 .276 - 0.254i  
2 . 8 2 6  - 3.044i  
3.323 - .374i  
3.710 - .471i  
3.638 - 2.3693. 
4.616 - .684i  
5.045 - .209i  
6.469 - .23Oi 
6.810 - .19Oi 
7.810 - . 1 8 O i  

6 

1 .285 - 0.23Oi 
2.823 - 3.0463. 
3.300 - .326i  
3.581 - 2.393i  
3.817 - .311i 
5.044 - .212i 
5.024 - 1.552i  
5.765 - .409i  
6.483 - .195i 
6.813 - .183i 

10 

1.289 - 0.228i  
2.825 - 3.048i  
3.295 - .325i  
3.599 - 2.414i 
3.830 - .323i  
5.045 - . 2 1 2 i  
5.179 - 1 . 5 5 9 i  
5.851 - .628i  
5.514 - .19Oi 
5.817 - .179i  

22 



R 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

TABLE XI.- EIGENVALUES  FOR  TWO-STRIP  PERIPHERALLY SEGMENTED LINER 

(T = 1, S = 2, K = 5, 6, = 1.54 - 1 . 2 9 i ,  6, = 0.0 + 0 . 0 i )  

1 

2.815 - 0.3883. 
3.346 - 3.786i 
6.478 - .442i 
9.828 - .314i 

13.067 - .244i 
16.266 - .198i 
19.446 - .166i 
22.614 - .141i 
25.776 - .121i 
28.934 - .103i 

M 

I ~5 

~ 

1.352 - 0.124i  

4.786 - .158i  
3.111 - .149i 3.159 - .147i 
1.319 - 0.142i  

7.544 - .205i  9.816 - .219i 
6.362 - 6.624i  9.611 - .315i  
5.959 - 6.944i  8.130 - .198i 
6.516 - . 2 1 1 i  5.950 - 6.938i 
6.101 - .29Oi 6.516 - .215i  
4.561 - 3.024i  6.108 - .442i  
4.796 - .151i  3.681 - 3.579i 
3.971 - .204i 

6 

1.258 - 0.126i  
3.083 - .148i 
3.765 - .238i 
4.793 - .157i 
5.404 - .355i  
6.211 - .247i  
6.533 - . 2 1 2 i  
5.960 - 6.939i  
6.477 - 5.563i 
6.392 - 6.567i 

10  

1.281 - 0.113i 
3.088 - .143i  
3.869 - .193i 
4.796 - .153i 
5.651 - -345 i  
6.330 - .186i 
6.566 - .193i 
5.959 - 6.945i  
6.377 - 6.634i  
7.557 - . 1 8 2 i  

TABLE X I 1 . -  EFFECT  INCREASING NUMBER OF S T R I P S  HAS ON EIGENVALUES  OF 

PERIPHERALLY SEGMENTED L I N E R  (T = 1, K = 2, 

R 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

6, = 1.54 

2 

1.289 - 0.228i  
2.825 - 3.0483. 
3.295 - .325i  
3.599 - 2.414i 
3.830 - .323i 
5.045 - .212i  
5.179 - 1.559i  
5.851 - -6283. 
6.514 - .19Oi 
6.817 - .179i 

- 1 . 2 9 i ,  6, = 0.0 + 0 . 0 i )  

~ ~~ 

S 

4 

2.046 - 0.7683. 
2.504 - .678i 
2.982 - 2.808i 
3.393 - 2.013i 
3.912 - .265i 
5.063 - .275i  
5.098 - 1.202i  
5.926 - 1.033i  
6.529 - .173i 
6.836 - .167i  

~~~ 

10 

1.568 - 1.77Oi 
2.224 - 1.715i  
2.978 - 1.5393. 
3.476 - .479i 
3.917 - 1.313i  
4.888 - 1.208i  
5.138 - .355i  
5.813 - .704i 
6.524 - .283i 
6.844 - .252i  

1 
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TABLE X I I 1 . -  EFFECT  INCREASING NUMBER OF STRIPS HAS 

PERIPHERALLY  SEGMENTED  LINER (T = 1, K 

B 1  = 1.54 - 1 .29 i ,  B2 = 0.0 + 0.Oi 

R 

0 
2 
3 
4 
5 
6 
7 
8 
9 
10 

ON EIGENVALUES  OF 

= 5 ,  

1 

~~ ~ ~~ 

2 

1.281 - 0.113i 
3.088 - .143i 
3.869 - .193i  
4.796 - .153i  
5.651 - .345i  
6.330 - .186i  
6.566 - .193i  
5.959 - 6.945i  
6.377 - 6.634i  
7.557 - . 1 8 2 i  

S 

4 

1.869 - 0.332i 
2.885 - .351i  
4.154 - .394i  
4.697 - .248i  
6.077 - .862i  
6.296 - .226i  
6.664 - .302i  
6.814 - 1 .011 i  
6.092 - 6.825i  
6.381 - 6.390i  

10 

2.603 - 0.453i 
3.895 - .768i 
4.882 - -6633. 
5.656 - 1.024i  
4.732 - 3.420i 
5.982 - .953i  
5.625 - 3.190i 
6.396 - .809i  
6.864 - .604i  
6.576 - 4.165i  

TABLE X1V.-  REDISTRIBUTION OF ENERGY  INTO  MULTIPLE  STANDING  WAVES BY 

PERIPHERALLY  SEGMENTED  LINER (T = 1, K = 2 ,  13, = 1.54 - 1 . 2 9 i ,  

I 
S e r i e s  

Uniform l i n e r  
v a l u e s  

Zoef f i c i e n t s  , 
'Qs 

'000 
Po10 

Po20 
P 

030 
'040 
'050 
'060 
'070 

'080 

0.213 + 0.188i  

-000 + . O O O i  
.OOO + . O O O i  

-000 + . O O O i  

-000 + . O O O i  
-000 + . O O O i  
.OOO + . O O O i  
- 0 0 0  + . O O O i  
.OOO + . O O O i  

-000 + . O O O i  

P e r i p h e r a l   l i n e r  
w i t h  2 strips 

( S  = 2 )  

-0.347 - 0.188i  

.834 + . O O O i  

-.200 + .208i  

-187 - .028i  

.001 - .084i 

.067 - .084i  
-014 - .027i  

-.027 + .031i  
-.010 - . O l O i  

-014 - .021i  

P e r i p h e r a l   l i n e r  
w i t h  4 strips 

( S  = 4)  

-0.063 + 0.266i  

"340 - .336i  
.539 + . O O O i  

"275 - .347i  

-077 - .075i  
.155 + .197i  

-.006 + .009i  
-005 - .036i  

-.018 + .045i  

"018 + .008i  

P e r i p h e r a l   l i n e r  
w i t h  1 0  strips 

(S  = 1 0 )  

0.525 + 0.OOOi 

-.301 + .337i  
-.238 - .094i  

-.015 + .124i 

"115 - .024i  
-004 + .087i 

-.086 + .017i 
-015 + .094i  

- -092 - .034i  

.039 + .272i  
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Figure  1.- Duct l i n e r   c o n c e p t s .  

l i n e r  

25 



".. 

Z 

Figure 2.- Semi-infinite  circular  duct. 
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Figure 3.- Peripheral  liner  with  periodicity of T = 4 .  
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. 5 0  1.00 
R 

Figure  4.- Real par t  of E = 0 r a d i a l  mode for  K = 2 ,  
B = 1.54  - 1.29i ,   and  Ag = 2.885 - 0.4889i.  

1 , " -Value  computed f r o m  t h l s  a n a l y s l s  

E x a c t   v a l u e  

-2.00 I 
0 

I - 
. 5 0  1.00 

R 

F igu re  5.- Imaginary par t  of 2 = 0 r a d i a l  mode f o r  K = 2, 
6 = 1.54 - 1.29i ,   and = 2.885 - 0.4889i.  
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R 

F i g u r e  6.- R e a l  par t  of R = 4 radial mode fo r  K = 2 ,  
6 = 1 .54  - 1.29i, and x = 13.122 - 0.23i .  R 

1 Value computed from t h i s  analysis 

0 .50  1.00 

R 

Figure  7.- Imaginary par t  of = 4 radial  mode for  K = 2, 
6 = 1.54 - 1.29i ,   and  xR = 13.122 - 0.23i .  
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0 . 5 0  1 . 0 0  
R 

F igure  8.- R e a l  p a r t  of J?, = 9 r a d i a l  mode f o r  K = 2 ,  
B = 1.54 - 1 . 2 9 i ,  and xR = 28.957 - 0.106i.  

5 . 0 0 -  

V a l u e   c o m p u t e d   f r o m   t h i s   a n a l y s i s  

E x a c t   v a l u e  - 
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O w  - 

-5.00 
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I ” 
. 5 0  1 . 0 0  

5 . 0 0 -  
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E x a c t   v a l u e  - 
9 

a 
E 

O w  - 

-5.00 
0 
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R 

Figure  9.-   Imaginary par t  of  % = 9 r a d i a l  mode f o r  K = 2,  
6 = 1.54 - 1.29i ,   and  x, = 28.957 - 0.106i.  
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-Value  computed from this a n a l y s i s  

I I 
0 . 5 0  1.00 

R 

F igure   10 . -  R e a l  part  of % = 0 r a d i a l  mode f o r  K = 1 0 ,  
f3 = 0.21 - 0.45ir   and xR = 2.865 - 1 . 9 4 i .  

2 .00  

- 
d 

' L o  
u 

-2.00 

0 

Exact   va lue  

Value  computed from t h i s   a n a l y s i s  

.50 
R 

1.00 

Figure  11.- Imaginary part  of  R = 0 r a d i a l  mode f o r  K = 10, 
f3 = 0.21 - 0.45ir   and = 2.865 - 1 .94 i .  
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R 

Figure  1 2 . -  R e a l  p a r t   o f  = 4 r a d i a l  mode f o r  K = 10, 
B = 0.21 - 0.45i,   and = 12.988 - 0.145i .  

4 . 0 0  - 

Value  computed  from t h i s   a n a l y s i s  

Exact   va lue  

a 0  
E 
H 

-4.00 I I 
0 .50  1.00 

R 
0 .50  1.00 

R 

Figure  13.-   Imaginary part o f  R = 4 r a d i a l  mode f o r  K = 10 ,  
6 = 0.21  - 0.45i ,   and = 12.988 - 0.145i.  
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Figure 14.- Real  part of % = 9 radial  mode for K = 10, 
B = 0.21 - 0.45i, and xQ = 28.892 - 0.071i. 
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Value  computed from this  analysis 
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-5.00 ~L I 
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Figure 15.- Imaginary  part of % = 9 radial  mode for K = 10, 
B = 0.21 - 0.45i, and Ag = 28.892 - 0.071i. 
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3 -  

2 
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a" 

Exact   va lue  

Value computed  from t h i s   a n a l y s i s  

-2 

0 .50 1.00 
R 

Figure  16.-  R e a l  part  of r a d i a l   d e r i v a t i v e  of t h e  2 = 0 r a d i a l  mode f o r  
K = 2 ,  13 = 1.54 - 1.29i ,   and = 2.885 - 0.4889i. 

Value  computed from t h i s  analysis 

-1 - Exact   va lue  

0 .50 1.00 
R 

Figure  17.-   Imaginary par t  of r a d i a l   d e r i v a t i v e  of t h e  2 = 0 r a d i a l  mode 
for  K = 2, 6 = 1.54  - 1.29i,   and = 2.885 - 0.4889i. 
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F igu re  18.- R e a l  par t  of r a d i a l   d e r i v a t i v e  of t h e  J? = 4 r a d i a l  mode 
f o r  K = 2 ,  B = 1.54 - 1.29i ,   and xJ? = 13.122 - 0.23i.  
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Figure  19.-   Imaginary par t  of r a d i a l   d e r i v a t i v e  of t h e  J?, = 4 r a d i a l  mode 
f o r  K = 2,  B = 1.54 - 1.29i ,   and hJ? = 13.122 - 0.23i .  
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Figure  20.- R e a l  p a r t  of r a d i a l   d e r i v a t i v e  of = 9 r a d i a l  mode 
€or  K = 2,  f3 = 1.54 - 1.29i ,   and = 28.954 - 0.106i.  
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Figure  21.- I m a g i n a r y   p a r t   o f   r a d i a l   d e r i v a t i v e   o f  = 9 r a d i a l  mode 
f o r  K = 2 ,  6 = 1.54 - 1.29i ,   and A R  = 28.954 - 0.106i .  

35 



3 -  

2 -  

1 -  

Value  computed from t h i s   a n a l y s i s  

m a: Exact   value 

-1 - 

-2  - 

- 3  I I 
0 . s o  1.00 

R 

F igure  22.-  R e a l   p a r t  of r a d i a l   d e r i v a t i v e  of 2 = 0 r a d i a l  mode 
f o r  K = 10,  f3 = 0.21 - 0.45i,   and A2 = 2.865 - 0.194i.  
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F igure  23.-   Imaginary  par t  of r a d i a l   d e r i v a t i v e  of 2 = 0 r a d i a l  mode 
f o r  K = 10,  B = 0 . 2 1  - 0.45i,   and A t  = 2.865 - 0.194i .  
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F igure  24.-  R e a l   p a r t   o f   r a d i a l   d e r i v a t i v e   o f  2 = 4 r a d i a l  mode 
f o r  K = 1 0 ,  B = 0.21 - 0.45i ,   and = 12.988 - 0.145i .  
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Figure   25 . -   Imag ina ry   pa r t   o f   r ad ia l   de r iva t ive   o f  = 4 r a d i a l  mode 
f o r  K = 10,  6 = 0.21 - 0.45i ,   and = 12.988 - 0.145i .  
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26.- Real part of radial  derivative of !?, = 9  radial  mode 
K = 10, (3 = 0.21 = 0.45i, and = 28.892 - 0.0171i. 
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Figure 27.- Imaginary  part of radial  derivative of !?, = 9 radial  mode 
for K = 10, (3 = 0.21 - 0.45i, and x!?, =I 28.892 - 0.071i. 
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Figure 28.- Comparison of transmission loss predicted at 
optimum  admittance for plane-wave source. 
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Figure 29.- Even  peripherally  segmented  liner  with 
eight  strips (S = 8). 
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