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By Paul T. Hacker, Paul G. Saper, and Charles F. Kadow 

SUMMARY 

Trajectories were determined for water droplets or other aerosol 
particles in air flowing through 600 elbows especially designed for two-
dimensional potential motion. The elbows were established by selecting 
as walls of each elbow two streamlines of a flow field produced by a 
complex potential function that establishes a two-dimensional flow around. 
a 600 bend. An unlimited number of elbows with slightly different shapes 
can be established by selecting different pairs of streamlines as walls. 
Some of these have a pocket on the outside wall. - .The elbows produced by 
the complex potential function are suitable for use in aircraft air-inlet 
ducts and have the following characteristics: 

(1) The resultant velocity at any point inside the elbow is always 
greater than zero but never exceeds the velocity at the entrance. 

(2) The air flow field at the entrance and exit is almost uniform 
and rectilinear. 

(3) The elbows are symmetrical with respect to the bisector of the 
angle of bend.. 

These elbows should have lower pressure losses than bends of constant 
cross-sectional area. 

The droplet impingement data derived from the trajectories are pre-
sented along with equations so that collection efficiency, area, rate, 
and distribution of droplet impingement can be determined for any elbow 
defined by any pair of streamlines within a portion of the flow field 
established by the complex potential function. Coordinates for some 
typical streamlines of the flow field and velocity components for several 
points along these streamlines are presented in tabular form. A compari-
son of the 600 elbow with previous calculations for a comparable 90 el-
bow indicated that the impingement characteristics of the two elbows were 
very similar.
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INTRODUCTION 

As part of a comprehensive research program concerning the problem 
of ice protection of aircraft, an investigation of the impingement of 
cloud droplets on airfoils, aerodynamic bodies, and other aircraft compo-
nents has been undertaken by the NACA Lewis laboratory. The investiga-
tion includes theoretical calculations of cloud droplet impingement on 
airfoils, cylinders, spheres, ellipsoids of revolution, air inlets, and 
90° elbows (refs. 1 to 12). These calculations were made with the aid 
of differential analyzers developed at the NACA Lewis laboratory. 

In furtherance of this research program this report presents droplet 
impingement calculations for a 600 elbow with potential flow. This 600 
elbow is similar to the 900 elbow of reference 12 in that the elbow de- 
sign was obtained from the same generalized complex potential function. 
In this study more of the flow field established by the complex potential 
function was used than for the 90 0 elbow in order to obtain an elbow with 
a pocket on the outside wall. This pocket was included in the study to 
determine the effect of such configurations on collection efficiencies 
and distribution of impinging water. The water-droplet impingement data 
as well as the elbow and flow field are presented in dimensionless form 
in order to make the results applicable for a wide range of meteorologi-
cal and flight conditions, as well as for sizes and shapes of elbows. 
The impingement data presented herein are not restricted to supercooled 
water droplets, but may be applied to other aerosol particles as long as 
the drag coefficient of the particles is comparable to spheres of the 
same mass.

rtw*i:i 

Equations of Droplet Motion 

As an airfoil or aircraft component moves through a cloud, the in-
terception of cloud droplets by the object is dependent on the physical 
configuration of the component, the flight conditions, and the inertia 
of the cloud droplets. In order to obtain the extent of impingement and 
the rate of droplet impingement per unit area on the component, the 
cloud-droplet trajectories with respect to the component must be deter-
mined. The differential equations that describe the droplet motion in a 
two-dimensional flow field are derived in reference 4 and are presented 
herein in the following form: 

dvX CDRe l

dT	

1 
24 K 

dVyCDRel	
(1) 
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where

	

2 P a 2U	

() 

(with U in ft/sec), and the Reynolds number Re is obtained in terms 
of the free-stream Reynolds number 

	

U 
= 2apaU	

(3) 

(U in ft/sec) so that 

'Re \2 -	 - v)2 + (	 - v) (4) 

(All symbols are defined in appendix A.) 

Values of coefficient of drag for water droplets CD used in cal-
culations are those presented in reference 13 for solid spheres. In 
accordance with these equations, the droplet trajectories with respect 
to an elbow depend on radius of the droplets, air speed, density of 
water or aerosol particle, air density, and air viscosity as first-order 
variables. The trajectories also depend on the size and geometric con-
figuration of the elbow, since these determine the magnitude of the com-
ponent velocities u and Uy of the air everywhere in the flow field 
inside the elbow.

Elbow Geometry and Flow Field 

As in the case of the 90° elbow of reference 12, the air-flow field 
for the elbow studied in this report was not determined for a given el-
bow, but was determined by establishing from potential theory a two- 
dimensional flow field that makes a 60° turn. From this flow field two 
streamlines were selected as walls of the elbow. Selection of the com-
plex potential function and streamlines as walls was based upon the fol-
lowing criteria: 

(1) The air-flow field should be uniform and rectilinear at some 
point before and after the bend, in order that the elbow may be fitted 
to straight ducts. 

(2) The resultant velocity at any point inside the elbow should not 
exceed the velocity U where the flow is uniform and rectilinear. This 
criterion was selected so as to minimize possible flow separation.
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(3) No streamline should have singular points (0 or aD velocity) 
within the elbow. 

A complex potential function that establishes a flow field, a por-
tion of which nearly satisfies all the criteria of the preceeding para-
graph for an elbow, is given in generalized form by 

/
ie	 (i 

-i8/2	 / e
	 \ 
-i8/R	

i 

	

W	 e 1 18/2 \ 
Ci) (

	

8/2/i = e\51T1 8/2)lu + e\%sin 8/2/lU	 (5) 

where 8 is the angle of bend of the elbow, in this case 600 . This 
equation is identical to the complex potential function that was used to 
establish the 900 elbow of reference 12. The use of this complex po-
tential function to design elbows is discussed in references 14 and 15. 
Details (required for this impingement study) for designing a 60 0 elbow 
and determining its velocity field and other physical characteristics 
from equation (5) are given in appendix B. 

A portion of the streamline pattern given by equation ( '5) is shown 
in figure 1. The flow field between the two streamlines 4, = 15itiU/32 
and 4' = ilU/12 satisfies all the assumed criteria for a 60 0 elbow. The 
first condition is strictly fulfilled only at infinity, but the flow ap-
proaches uniform and rectilinear motion very rapidly before and after the 
bend. Therefore, the ends of the elbow may be selected at some reasonable 
distance before and after the bend without serious error (see appendix B). 
For this droplet impingement study, the ends of the elbow are defined by 

the lines r = 0.5774 - 0.866ti and	 =	 iti, indicated by dashed 
lines in figure 1. These ends are comparable to those of the 900 elbow 

of reference 12 in that they are the same distance ii measured in the 

direction of flow from the origin of the coordinate system. 

Since the flow field between the streamlines 41 = tlU/12 and 
41 = 15iciU/32 satisfies the assumed criteria, any pair of streamlines 
between these two may be selected as walls of a two-dimensional elbow. 
However, elbows defined by pairs of streamlines between 41 = tiij/12 and 
41 = 4xlU/12 are probably the most practical elbows, because they more 
nearly approximate conventional elbows. Of all the possible elbows de-
fined by pairs of streamlines between 41 = lU/12 and 4, = 4itiU/12, the 
most useful elbow is probably the elbow defined by these two streamlines 
because for a given entrance width the average turning radius is smaller 
for this elbow than for any elbow defined by a pair of streamlines be-
tween these two. (Definition of turning radius and elbow entrance width 
and their relation to the linear parameter 7. of eq. (5) are given
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in appendix B.) For this droplet impingement study the streamline pat-
tern of figure 1 is divided into three classes of elbows: 

(1) The elbow defined by streamlines 1V = iUU/12 and r = 4itlU/12 
is defined as the basic elbow. 

(2) Elbows defined by any pair of streamlines between those of the 
basic elbow or by one streamline of the basic elbow and any other inter-
mediate streamline are designated as supplementary elbows. 

(3) Elbows whose outside wall is defined by the streamline 
=

 
15itlU/32 are designated as pocket elbows. 

The entrance width and average turning radius for the basic elbows 
are approximately equal to	 and iti cot 300 + 5A1 (less than 1 percent 
error), respectively (fig. 1 and appendix B), with center of turning lo-
cated at	 = Al and r = - - Al cot 300 (point A fig. 1). The en- 
trance width and turning radii for supplementary and pocket elbows may 
be approximated by equations given in appendix B. 

In order to calculate conveniently the droplet impingement data for 
an elbow over a large range of conditions as well as elbow size, it is 
necessary to express the elbow and its velocity field in terms of dimen-
sionless parameters. This end is accomplished by expressing all dis-
tances relative to an elbow as ratios to the linear parameter 1 and 
all velocities as ratios to the free-stream velocity U. The method of 
obtaining the elbow and velocity field from equation (5) in terms of 
dimensionless parameters is presented in appendix B. The basic elbow 
with some intermediate streamlines (supplementary elbows) and the pocket 
elbow are shown in figure 2 in terms of dimensionless parameters x and 
y. Figure 2, with the elbow entirely in the first quadrant, was ob-
tained from figure 1 by the following transformation equations: 

= 0.866 - 0.5 T1 + 2.00 and y = 0.5 + 0.866 TI + 3.00. (The trans-
formation was made in order to facilitate droplet-trajectory calculations 
with the electromechanical differential analyzer.) Also shown in figure 
2 are some typical droplet trajectories and lines of constant distance 
from the elbbw entrance. 

The velocity field for the entire streamline pattern of figure 2 is 
presented in figure 3 in terms of dimensionless parameters. In figure 
3(a), the x-component of velocity ux is given as a function of x for 
constant values of y, and in figure 3(b), the y-component of velocity 
uy is given as a function of y for constant values of x. The compo-
nent velocities u and u are dimensionless and are equal to the 
ratio of the actual component velocity to the free-stream velocity U. 
Streamline coordinates and velocity components as a function of velocity 
potential are tabulated in table I.
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An elbow designed by the use of equation (5) may have any entrance 
cross-sectional configuration. The only conditions that must be satis-
fied are (1) the streamlines that form the wall of the elbow at the en-
trance must remain on the walls throughout the elbow, and (2) the stream-
lines that form the walls of the elbow are identical to or lie within the 
streamlines 4r = iaU/12 and 4 = 15itlU/32 if the assumed criteria for 
an elbow are to be fulfilled. An elbow with a rectangular entrance cross 
section is the most convenient elbow with respect to construction and ap-
plication of droplet-trajectory data in determining area, rate, and dis-
tribution of water droplet impingement. Therefore, the droplet impinge-
ment data presented in the RESULTS AND DISCUSSION apply directly to 
elbows with rectangular entrance cross section. However, the same drop-
let impingement data may be used to find area, rate, and distribution of 
water droplet impingement for elbows with any entrance cross section. A 
method for applying the results to nonrectangular entrance cross sections 
is outlined in appendix C of reference 12. 

METHOD OF SOLUTION 

The differential equations of motion of a droplet in a two-
dimensional flow field are difficult to solve by ordinary means, because 
the values of the component relative velocities between air and droplet 
required to solve equation (1) are functions of the droplet position and 
velocity, and these are not known until the trajectory is traced. The 
total relative velocity at each position is also required in order to 
determine the value of the local Reynolds number Re (eq. (4)). Simul-
taneous solutions for the two equations were obtained with an electro-
mechanical differential analyzer constructed at the Lewis laboratory. 
The results from the differential analyzer were in the form of plots of 
droplet trajectories with respect to the elbow. 

The equations of motion (eq. (1)) were solved for the following 
values of the inertia parameter K: 1/3, 4/7, 1, 2 1 4, and 8. For 
each value of K, a series of trajectories was computed for each of 
these four values of free-stream Reynolds number Re 0 : 0, 32, 128, and 

512. The end of the elbow nearer the origin of figure 2 was chosen as 
the entrance. Trajectories were computed for the various combinations 
of K and ReO for droplets that entered the elbow at several positions 
across the entrance. 

Assumptions necessary to the solution of the problem are: 

(1) The droplets enter the elbow with the same velocity as the air, 
which is approximately free-stream-(fig. 3). 

(2) The droplets are always spherical and do not change size.
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(3) No gravitational fore acts on the droplets. 

RESULTS AND DISCUSSION 

Method of Presenting Data 

The impingement data presented in this section, which apply only to 
elbows with rectangular entrance cross sections, are divided into three 
categories: (1) those for the basic elbow (defined by the streamlines 
= iaU/12 and 4U/12), (2) those for supplementary elbows (defined 

by a pair of streamlines between those for the basic elbow or one stream-
line of the basic elbow and any other intermediate streamline), and (3) 
those for pocket elbows (elbows which have i1r = l5it1U/32 as a wall). 

For convenience in presenting and discussing the impingement re-
sults, the wall with the largest value of ijr is designated as the out-
side wall, and the other as the inside wall. Because of the physical 
configurations of the elbow (flow field) and the direction of droplet 
inertia forces, droplet impingement can occur only on the outside wall 
of the elbow. The area of impingement on the outside wall of the basic 
and supplementary elbow starts at the entrance and extends in a down-
stream direction, the extent depending upon the values of K and ReO. 
The area of impingement for pocket elbows, however, does not start at 
the entrance but at some point downstream depending upon the values of 
K and Re0. 

In presenting the data, use is made of the abscissa values of 
streamlines and droplet trajectories at the elbow entrance. In order to 
differentiate between abscissa values for streamlines and droplet tra-
jectories, the notation adopted herein (illustrated in fig. 4) involves 
the use of double subscripts for the x-coordinate. The first subscript 
of each pair indicates that the abscissa value refers to a streamline 
r or to a droplet trajectory d. The second subscript refers to a 
particular streamline or droplet trajectory; for example, o refers to 
the outside wall, and in refers to the maximum initial value of ab-
scissa of droplets that impinge in the elbow. Symbols having a prime 
superscript refer to the basic elbow, unprimed symbols to supplementary 
elbows, and symbols with an asterisk superscript refer to a pocket elbow. 

An analysis of the series of droplet trajectories computed for the 
elbow showed that all the important information necessary to calculate 
collection efficiency, extent of impingement, rate, and distribution of 
droplet impingement could be summarized in terms of 

(i) Entrance width of elbow being considered
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(2) Distance along outside wall from entrance of elbow to point at 
which droplet trajectory meets the outside wall. (Distance is 
denoted as S' for basic elbow and is dimensionless with same 
dimensionless scale as x. Some lines of constant S are 
shown in fig. 2 along with some typical streamlines.) 

(3) Abscissa value of droplet trajectories at elbow entrance (x 
for basic elbow) 

(4) Values of dimensionless parameters K and Re0 

Presentation of impingement data in terms of the dimensionless parameters 
K and ReO is very convenient, but the physical significance of the 
parameters is often obscure unless use is made of their definitions (eqs. 
(2) and (3)). In order that these dimensionless parameters have some 
physical significance in the following discussion, some typical combina-
tions of K and Reo are presented in table II in terms of elbow size, 
droplet size, free-stream velocity, air density, and air viscosity. 

Basic Elbow 

The droplet trajectory information required to calculate the maximum 
extent of impingement, the collection efficiency, the rate of impingement, 
and the distribution of impingement for the basic elbow is summarized for 
various combinations of K and Reo in figure 5. This figure is a plot 
of the distance S along the outside wall of the elbow from the en-
trance to the point of impingement of droplets that enter the elbow at 
various values of x. (The length of the outside wall of the basic el-
bow is 5.68.) The data presented in figure 5(a) for ReQ = 0 (Stokes' 
law) can be considered as a limiting case, since they apply to an ideal 
situation that cannot be attained in practice. The curves for K = 
represent a limiting case in which the conditions are such that the drop-
let trajectories are straight lines parallel to the direction of the 
free-stream velocity U. 

Maximum extent of impingement. - The maximum extent of impingement 
for the basic elbow S for a given combination of K and Re0 is de-

termined from figure 5 by the maximum value of S' for any value of xá 

within the walls of the elbow. For some combinations of K and Re 
such as K = 1 and Re 0 = 32 (fig. 5(b)), impingement occurs throughout 

the entire length of the elbow with some droplets passing through without 
impinging, as is illustrated in figure 4(a). For other combinations of 
K and Re0, such as K = 4 and Re 0 = 128 (fig. 5(c)), the impingement 

of all droplets is confined to a portion of the outside wall, as is
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illustrated in figure 4(b). The maximum extent of impingement when 
K = 4 and Re = 512 (fig. 5(d)) is 5.31. The maximum extent of im-
pingement 5th is presented in figure 6 as a function of the reciprocal 
of K for four values of ReO and in table II for some typical values 
of K and Re. The value of S varies directly with Reo and in-
versely with K. 

Droplet trajectories were computed beyond the exit of the elbow for 
some combinations of K and Re0 . These extended trajectories were com-

puted for a uniform rectilinear flow field with velocity U such as 
would be present in a straight duct connected to the elbow. The tra-
jectories of the droplets before emerging at the exit of the elbow were 
almost parallel to the air streamline at the exit (fig. 2), and upon en-
tering the uniform flow field of the straight duct the droplet trajecto-
ries became so nearly parallel to the streamlines and outside wall that 
it was difficult to determine the exact point of impingement. Because of 
this difficulty, the data on maximum extent of impingement presented in 
figures 5 and 6 are terminated at the exit of the basic elbow (s' = 5.68). 
Although there is some impingement in the straight duct, the amount of 
water impinging per unit area is small, as is discussed in a later section. 

Collection efficiency. - Collection efficiency E' of the elbow is 
defined as the ratio of the amount of water impinging within the elbow 
to the amount of water entering the elbow. If the assumption is made 
that the water droplets are uniformly dispersed in the air entering the 
elbow, then the collection efficiency can be expressed in terms of the 
width of the elbow at the entrance xj - xj	 and the difference in 

1', 
abscissa values at the elbow entrance of the two droplet trajectories 
that define the extent of impingement. The abscissa value of the tra-
jectory that defines the forward boundary of impingement (S r = 0), de-
fined as x ,0 , has the same value as the outside wall of the elbow 

x4 0 (fig. 4). The abscissa value of the trajectories that define the 
rearward extent of impingement, designated as X.,m (fig. 4), is deter-

mined from figure 5 at the maximum value of 5' for a given combination 
of values of K and Re0. The difference X,m - x ,0 is proportional 

to the amount of water impinging on the elbow wall, and the width of the 
elbow entrance x44 -	 is proportional to the total amount of water 

in droplet form entering the elbow. Hence, the collection efficiency E' 
is given by

X
'	 -x' 

Ey

	

= d,m	 d,o	
(7) 

	

x ir,i	 xir,O
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For the basic elbow, x 1 . - x t	 = 0.7900 (appendix B), and equation (7) 
becomes XI',]-	 ,O 

El 
= X .,m - X&o 

	

0.7900	 (8) 

Values of xà,m - x ,o as a function of K for four values of Re 

are plotted in figure 7. 

The collection efficiency of the basic elbow, obtained by equation 
(8) and the data of figure 7, is presented in figure 8 as a function of 
K for four values of Re 0 and in table II for some typical values of 

K and ReO. For a given value of ReQ, the collection efficiency in-
creases with increasing K until all the droplets entering the elbow im-
pinge upon the outside wall. The value of K for which the collection 
efficiency is unity increases with increasing value of Re0. 

Rate of water interception. - The total rate of water interception 
Wfn is defined for the elbow as the amount of water intercepted per unit 
time by a unit depth of elbow. Depth is measured in a direction perpen -
dicular to the plane of flow (perpendicular to plane of fig. 2). The 
total rate of water interception is determined, by the spacing of the two 
trajectories that define the extent of impingement (x ,m -	 the 

liquid-water content w, and the free-stream velocity U. For the basic 
elbow the total rate of water interception can be calculated from the 
information in figure 7 and the following relation: 

W = 0.33 (x'	
d 

,m - x' 
,o )Uw	 (9)d  

where U is in miles per hour and -w is in grams per cubic meter. The 
total rate of water interception can also be determined from the collec-
tion efficiency E' (fig. 8) and the following relation: 

	

WI = 0.33 E'(x'. - x	 )iUw	 (o) 

	

111 , 1	 *'0 

where x'	 -	 is the width of the basic elbow entrance. Since 

- 4;o = 0.79 for the basic elbow, equation (10) reduces to 
WA = 0.261 E t iUw	 (11) 

The linear parameter i appears in equations (9), (10), and (11) in 
order that W have dimensions, and the depth in these equations is 
measured in feet.
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Local rate of droplet . impingement. - A knowledge of the local rate 
of droplet impingement WA is required in the design of certain types 

of thermal anti-icing systems. This rate, which is defined as the amount 
of water impinging per unit time per unit area of elbow surface, can be 
determined by the following expression: 

dx' 

W=0.33Uw a =0.33tJwt	 (12) 

(where U is in mph). The quantity 0.33 Uw of equation (12) is the 
amount of water entering the elbow per unit time per unit area, and 0' 
is the local impingement efficiency dx/dS'. The values of 0' as a 

function of S' for various combinations of K and Re0 are presented 

in figure 9. The values of 0' were obtained by graphically determin-
ing the reciprocals of the slopes of the curves presented in figure 5. 
The curves of figure 9 show that the maximum value of 131, and therefore 
the maximum local rate of droplet impingement WA, occurs between 

5' = 2.75 and 5' = 4 for all combinations of values of K and Re0 
studied. 

The dashed lines in figure 9 are the limits in S of the impinge-
ment area, and 13' is zero for any combination of K, Re 0, and S that 

falls beyond this limit. For some combinations of K and Re (e.g.) 
K = 1, Re0 = 128, fig. 9(c)), the 13' curves do not meet this limit 

within the elbow (s = 5.68). In these cases, impingement occurs through-
out the entire length of the elbow and may extend into a straight duct 
attached to the exit. The value of 13' and the maximum extent of im-
pingement in the straight duct can be estimated by extrapolating the 
curves of figure 9 beyond S = 5.68 until 0' = 0. The largest value 
that 13' may have at the exit of the elbow for any combination of values 
of K and Re0 is determined by the dashed line and is approximately 

0.09. Thus, for any point beyond the exit on the wall of a straight duct 
the values of 13' are less than 0.09. 

Supplementary Elbows 

In some applications, supplementary elbows, which may be derived 
from the flow field of the basic elbow by selecting any pair of stream-
lines as walls, may be more desirable than the basic elbow. Therefore, 
droplet impingement data for them are desirable. Such data may be de-
termined from the series of droplet trajectories calculated for the var-
ious combinations of K and Reo for the basic elbow. However, the 
presentation of the impingement characteristics for all possible supple-
mentary elbows in the same manner as for the basic elbow is impractical



12	 NACA TN 3770 

because of the limitless number of elbows possible. Analysis of the im-
pingement data for supplementary 600 elbows shows that the relations that 
were valid along lines of constant S for the 900 elbow of reference 12 
were also valid for the 600 elbows. Therefore, all the important charac-
teristics required to calculate the extent, rate, and distribution of im-
pingement for any supplementary 600 elbow can be determined from those of 
the basic 600 elbow by equations that contain empirically determined co-
efficients. These empirical equations are similar in form to those used 
for the 900 elbows of reference 12. In these equations, x, 0 , which is 
determined by the streamline chosen for the outside wall, is an inde-
pendent variable. A supplementary elbow may be formed from the basic 
elbow by choosing other streamlines for either the outside wall or the 
inside wall or both. The empirical equations are, however, either inde-
pendent of the inside wall x	 or depend on it only in the form 

,. -	 the entrance width. The value of x*,i does, nevertheless, 

establish a limit to the range within which the equations are valid for 
the elbow chosen. 

Maximum extent of impingement. - Curves of S as a function of xd, 
similar to those of figure 5 for the basic elbow, can be obtained for any 
supplementary elbow by the following empirical equation: 

(xd)S = ct(,o - 0.9528) + (x .)S	 (13) 

where

(xd)S abscissa at elbow entrance of droplets impinging on outside wall 
of supplementary elbow at distance S	 from entrance 

(x) 5 abscissa at elbow entrance of droplets impinging on outside wall 
of basic elbow at distance S	 from entrance (fig. 5) 

C	 )s denotes that the value of 	 S is the same for	 xd	 and.	 x 

Q empirical coefficient, function of	 S, K, and	 Re0 (fig. 10)

abscissa at elbow entrance of streamline designated as outside 
'	 wall of supplementary elbow 

0.9528 constant, abscissa at entrance of outside wall of basic elbow 

The values of K and Re 0 that apply to (xd)S are the same as 

those for (x) 3 . For some combinations of S. K, and Re 0, equation 

(13) gives values of xd larger than xvi, the inside wall of a supple-

mentary elbow. In this case, all droplets that enter the elbow impinge 
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upon the outside wall. As an example of the use of equation (13), as-
sume that it is desired to find Xd of a droplet that impinges at 
S = 2.5 on the streamline r = 9iclU/32 (x ,0 = 1.1179), which is desig-
nated as the outside wall, for K = 1 and Re  = 32. From figure 5(b) 

at S = 2.5, x = 1,031, and from figure 10(b), CL = 1.241. Substitution 
of these values into equation (13) gives 

(xd)25 = 1.241 (1.1179 - 0.9528) + 1.031 = 1.236 

The range over which values of S may be selected depends upon the 
particular streamline designated as the outside wall of the supplementary 
elbow (see fig. 2). The range of S as a function of x, 0 is pre-

sented in figure 11. After the curves of S as a function of xd are 
established for a particular supplementary elbow, the maximum extent of 
impingement Sm is found in the same manner as for the basic elbow. 

Collection efficiency. - The collection efficiency E for any sup-
plementary elbow can be calculated from the curves of S as a function 
Of Xd as determined in the preceeding section by the following 
equation;

x	 -x E = d,in	 d,o	
(14) x4r,i - x*,o 

which is similar to equation (7) for the basic elbow. However, analysis 
of the impingement data for supplementary elbows showed that the collec-
tion efficiency for any supplementary elbow could be determined from the 
collection efficiency E T for the basic elbow by the following empiri-
cal equation

E = E!(x,,1 -
	 + i(x, -	

(15) x41,i - 

where 

E l

	

	 collection efficiency of basic elbow for given combination 
of K and Re0 

- x4,. 0 entrance width of basic elbow, equal to 0.79 

i	 empirical coefficient, function of K and Reü. (fig. 12) 

- ,c	 difference in abscissa of outside walls of supplementary 
and basic elbow (x ,0 = 0.9528)
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y,1	

'y O 
• - x,	 entrance width of supplementary elbow 

Substitution of the appropriate values for the basic elbow in equation 
(15) gives

0.79 E' + - 0.9528) 
E=  

x_I1r,i - xII(,O	
(16) 

As an example of the use of equation (16), assume that the collec-
tion efficiency for a supplementary elbow defined by x,, 0 = 1.2 and 
x,j = 1.7 Is desired for K = 1 and Re = 128. From figure 8, 
E l = 0.523 for the basic elbow, and from figure 12, r = 0.338. Substi-
tution of these values into equation (16) gives 

E = 0.79 (0.523) + 0.338 (1.2 - 0.9528)	
0.993 

1.7 - 1.2 

In some cases the collection efficiency as given by equation (16) is 
greater than unity. In these cases, all the droplets that enter the 
elbow impinge upon the outside wall ahead of the exit, and the collec-
tion efficiency is assumed unity. 

Rate of water Interception. - The total rate of water interception 
per unit depth Wm for a supplementary elbow can be obtained from the 
following equation, which is identical in form to equation (10) for the 
basic elbow:

Wm = 0.33 E(x ,1 - x, ,0)LUw	 (17) 

where 

E	 collection efficiency of supplementary elbow (determined 
by eq. (16)) 

x
*,1 

• - x
*,O 

entrance width 

U	 free-stream velocity, mph 

w	 liquid-water content, g/cu in 

Local rate of droplet impingement. - The local rate of droplet im-
pingement W for a supplementary elbow can be determined by 

W=0.33Uw--=0.33Uw13	 (18)
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which is identical in form to equation (12) for the basic elbow. The 
values of the local impingement efficiency J3 as a function of S may 
be determined by two methods. Curves of S as a function of xa are 
established by equation (13) for a particular supplementary elbow and 
values of K and Re0. The reciprocal of the slopes of these curves is 

equal to P. The second method is based upon the definition of the local 
impingement efficiency

dxd	
(19) dS 

Differentiating equation (13) with respect to S gives 

d(xd)s La______ 
13 =	 =	 (x.4,c - 0.9528) +	 (20)

dS 

where 

da/d2	 derivative of a, curves (fig. io) 

X*.90	
abscissa at entrance of outside wall of supplementary elbow 

d( Xà)s/dS equal to 13' for basic elbow at given value of S (fig. 9) 

Equation (20) may also be written 

d(L 
13 =	 (x41, - 0.9528) + 13' 

Values of da,/dS as a function of S for various values of K and 
Re0 are presented in figure 13. These values were determined graphically 

from the data of figure 10.

(21) 

The values of K and Reo that apply to 
for (31• As an example of the use of equations 
required at S = 2.5 on the supplementary elbo 
which is defined by the streamline lc = 9iUU/32 

K = 1 and Re0 = 32. From figure 13(b), da/dS 

from figure 9(b), 13' = 0.148. Thus,

0 are the same as those 
(21), assume that 13 is 
i, the outside wall of 

= 1.1179), for 

= 0.188 at S = 2.5, and 

13 = 0.188 (1.1179 - 0.9528) + 0.148 = 0.179 

Some caution must be exercised in using equation 18) to calculate 
local rate of impingement for a supplementary elbow, because values may 
be obtained that do not apply, depending upon which streamline is selected 
as the inside wall of the elbow. The inside wall for some values of K
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and ReO determines the maximum extent of impingement Sm. Therefore, 
equation (18) should be used in conjunction with the maximum extent of 
impingement Sm when calculating 13 or W13 for a particular supple-

mentary elbow; 13 and W13 are both zero for distances greater than S. 

Pocket Elbow 

Although there are an infinite number of streamlines between 

	

= 4itlU/12 (outside wall of basic elbow) and 	 = 15nlU/32 that could 
be selected as outside walls of the pocket elbow, only one has been 

	

selected for this study. The one selected is 	 = 15T1.U/32, because it 
creates the deepest pocket (fig. 2). The droplet trajectory information 
required to calculate extent, rate, and distribution of droplet impinge-
ment for the pocket elbow is summarized for various combinations of K 
and Re0 in figure 14. This figure is a plot of the distance S along 

the outside wall of the elbow from the entrance to the point of impinge-
ment of droplets that enter the elbow at various values of 4. The 

length of the outside wall of the pocket elbow is 6.92. 

Because of the shape of the pocket elbow, the forward limit of drop-
let impingement on the outside wall does not start at S = 0 as it does 
for the basic and supplementary elbows, but at some distance downstream 
depending upon the values of K and Re 0 . For the following combinations 

of K and Re0 there is no impingement on the outside wall of the elbow: 

K = 1/3, Re = 0; K = 1/3, Re = 32; K = 1/3, Re = 128; and K = 1/3, 
4/7, Re0 = 512. For other combinations of K and Re0, trajectories of 
droplets that enter the pocket elbow at 4 = 0.5239 (entrance abscissa 
of outside wall) are tangent to the outside wall with all other trajec-
tories missing. These values of K and Re 0 are: K = 4/7, Re0 = 0; 

K = 4/7, Re0 = 32; K = 4/7, Re0 = 128; and K = 1, Re 0 = 512. These tan-

gent points are indicated by a single point in figure 14. 

Maximum extent of impingement. - The maximum extent of impingement 
for the pocket elbow S can be determined from figure 14. The maximum 

extent of impingement depends on three factors: (i) the end of the * 
curves of S as a function of

*xd, (2) the choice of inside wall 
and (3) the elbow exit (S* = 6.92). 

Collection efficiency. - Collection efficiency of pocket elbows is 
given by

x*	 x* 
E* = d,m	 d,o 

* - * 
X ,,i	 Ili ,o
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where $,m - 4,0 is difference in abscissa at the entrance of droplet 
trajectories defining the area of impingement, and 4. - 4,0 is the 
entrance width. A plot of $,m - 4,0 as a function of K and ReO 
is presented as figure 15. The entrance width of a pocket elbow can have 
any value up to 1.2189, which-is defined by streamlines ill = 154U/32 
and r = au/12. Collection efficiencies of two types of pocket elbows 
are presented in table III. Type A has an entrance width of 0.79 which 
is the same width as the basic 600 elbow, and type B has an entrance 
width of 1.2189. Also presented In table III are values of collection 
efficiencies for the basic 600 elbow. For the same values of K and 
ReO, the collection efficiencies of pocket elbows are less than for the 
basic elbow, with type B elbows having the lowest collection efficiency. 

Rate of water interception and local rate of droplet impingement. - 
The local rate of water interception W for pocket elbows can be ob-

tained by substitution of appropriate values for pocket elbows Into 
equations (9) or (10) for the basic elbow. The local rate of droplet 
impingement Wi for pocket elbows is obtained by equation (12) with the 

substitution of the local impingement efficiency of pocket elbows 
for 31. Plots of 

3* for pocket elbows as a function of S, K, and 
Re0 are presented in figure 16. A comparison of figure 16 with figure 
9 shows that local impingement efficiencies for pocket elbows are gen-
erally higher than for the basic elbow, although E* is lower. 

COMPARISON OF IMPINGEMENT DATA FOR 600 AND 900 BASIC ELBOWS 

A comparison of the collection efficiency of the basic elbow of this 
report with the basic 900 elbow of reference 12 showed that the collec- 
tion efficiency of the .60 0 elbow is slightly higher than that of the 900 
elbow at low values of K for all values of ReO. For high values of 
K the reverse Is true. The collection efficiencies of the basic elbows 
are summarized in table III. A comparison of the local impingement ef-
ficiencies for the 90° and 600 basic elbows at various combinations of 
values of S, K. and ReO, showed that the two elbows were very com-

parable, with the 900 elbow having slightly higher local impingement ef-
ficiency values than the 600 elbow at some conditions and slightly lower 
values for other conditions. This small difference in collection effi-
ciencies and local impingement efficiencies between 600 and 900 elbows 
would have been difficult to predict before the trajectory calculations 
for the 600 elbow were made, since the impingement in a straight duct 
would be zero, and thus it would be assumed that the collection efficiency 
of a 600 elbow would be less than that for a 90 0 elbow.
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IMPINGEMENT IN CLOUDS OF NONUNIFORM DROPLET SIZE 

The impingement data and equations presented in the preceding sec-
tions, by which the extent, rate, and distribution of droplet impingement 
can be determined for the basic, supplementary, and pocket elbows, apply 
directly to clouds composed of droplets of uniform size. Clouds, how-
ever, are not necessarily composed of droplets of uniform size but may 
have a large range of droplet size. For clouds composed of droplets of 
nonuniform size, the maximum extent of impingement for elbows is deter-
mined by the smallest droplet size present in the cloud. (This is in 
contrast to the situation involving external aerodynamics or flow around 
a wing or other body, where the largest droplet determines the maximum 
extent of impingement.) In order to determine the total and local rates 
of droplet impingement by equations (10) or (17) and (12) or (18), re-
spectively, for clouds composed of droplets of nonuniform size, the col-
lection efficiency and the local impingement efficiency must be modified. 
These modified values can be obtained for a given droplet-size distribu-
tion pattern by weighting the values of these two quantities fora given 
size according to the amount of liquid water contained in a given droplet 
size. A detailed procedure for determining a weighted collection effi-
ciency and local impingement efficiency for a given droplet-size distri -
bution pattern is presented in reference 16. 

CONCLUDING REMARKS 

The 600 elbows for which droplet impingement data are presented in 
this report are suitable for aircraft air-inlet ducts and would probably 
have lower pressure losses than bends with constant cross-sectional 
areas. However, these impingement data are based upon theoretical cal-
culations for an ideal fluid flow and hence there might be some differ-
ences between theoretical and experimental impingement for the same elbow. 

Although the collection efficiency of the 600 pocket elbow with the 
same entrance width as the basic elbow is less than for the 600 basic elbow 
and the pocket elbow would not be as useful as a droplet inertia separa-
tor, the pocket elbow has some impingement characteristics that may be 
useful. The droplet impingement for pocket elbows is limited to a much 
smaller area than for the basic elbow; therefore, less area would have 
to be heated to prevent or remove ice. There is also a region from the 
entrance to a surface distance of 3.75 on the outside wall of the pocket 
elbow where there is no impingement. The impingement data for supple-
mentary elbows defined by streamlines near the inside wall of the basic 
elbow can probably be used to approximate droplet impingement in conven -
tional elbows with long radii of curvature, because the streamlines in 
this region are approximately equidistant at all points throughout the 
elbow. 

Lewis Flight Propulsion Laboratory 
National Advisory Committee for Aeronautics 

Cleveland, Ohio, June 19, 1956
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APFENDDC A 

SYMBOLS 

The following symbols are used in this report: 

a	 droplet radius, ft 

CD	 drag coefficient for droplets, dimensionless 

d	 droplet diameter, microns 3.28Xl0 6 ft) 

E	 collection efficiency, ratio of amount of water impinging within 
elbow to amount of water entering elbow, dimensionless 

i	 imaginary number, ,/'__l 

2 pa 2U 
K	 inertia parameter, 	 where U is in ft/sec, dimensionless 9 PI 

L	 width of basic elbow at entrance, 4/4, ft 

1	 arbitrary length, proportional to size of elbow, ft 

Re	 local Reynolds number with respect to droplet, 2aPa/L, 
dimensionless 

Re0	 free-stream Reynolds number with respect to droplet, 2apaU/p., 
dimensionless 

S	 distance along outside wall of elbow, measured from entrance, 
ratio to 1, dimensionless 

Sm	 maximum extent of impingement, dimensionless 

t	 time, sec 

U	 free-stream or entrance velocity, mph or ft/sec as noted 

u	 local air velocity, ratio to U, dimensionless 

v	 local droplet velocity, ratio to U, dimensionless 

V	 magnitude of local vector difference between droplet and air ve-
locity, ft/sec
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Wm	 rate of water impingement on total elbow surface, per unit depth 
of elbow, lb/(hr)(ft of depth) 

W13	 local rate of water impingement on elbow surface, lb/(lir)(sq ft) 

w	 liquid-water content of cloud, g/cu in 

x,y	 rectangular coordinates, ratio to 1, dimensionless 

Xd	 abscissa at elbow entrance of any droplet trajectory, dimensionless 

xd	 maximum value of abscissa at elbow entrance of droplet trajectory 

	

'	 that intersects or is tangent to streamline designated as out-
side wall of elbow, dimensionless 

xd,o minimum value-of abscissa at elbow entrance of droplet trajectory 
(has same value as x, 0 ), dimensionless 

abscissa at elbow entrance of any air streamline inside elbow 

x1,	 abscissa at elbow entrance of streamline designated as inside 
wall, dimensionless 

abscissa at elbow entrance of streamline designated as outside 

	

'	 wall, dimensionless 

empirical coefficient (eq . . (13)), dimensionless 

local impingement efficiency, dimensionless 

y	 empirical coefficient (eq. . (15)), dimensionless 

S	 angle of bend of elbow, in this case 60° 

complex numbers, + ir 

viscosity of air, slugs/(ft)(sec) 

	

,rj	 rectangular coordinates, ft 

P	 density, slugs/cu ft 

time parameter, tu/i, dimensionless 

velocity potential
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stream function 

W	 complex potential, 1P + i4r 

Subscripts: 

a	 air 

S	 constant distance from elbow entrance 

w	 water 

x	 horizontal component 

y	 vertical component 

ii

	

	 vertical component 

horizontal component 

Superscripts: 

refers to basic elbow defined by streamlines ir = 4tlU/12 and 
au/l2 

*	 refers to pocket elbow whose outside wall is Jr = 15nlU/32
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APPENDIX B 

SELECTION OF COMPLEX POTENTIAL FUNCTION FOR DESIGN 

OF 600 ELBOW AND CALCULATION OF FLOW FIELD 

Selection of Complex Potential Function 

The 60° elbows for which droplet impingement data are presented in 
the body of the report were designed by selecting as walls of an elbow 
two streamlines of a two-dimensional incompressible flow field established 
by a complex potential function. This function, which nearly satisfies 
all the criteria outlined in the ANALYSIS for a 60 0 elbow, is discussed 
in references 14 and 15 and was employed in reference 12 to establish a 
900 elbow for which droplet impingement was determined. This complex po-
tential function can be expressed in the following form: 

(ie_16/'2\

 

(ie-'\w

	

	 (le'5/2'\wsin 
8/2)1 =	 8/2/lu +
	

8/2/lU	
()

e sin 

where 

i	 imaginary number, 

8	 angle of bend of elbow, in this case 600 

complex number, + ii 

1	 arbitrary length, proportional to size of elbow, ft 

U)	 complex potential, ' p + it 

U	 free-stream velocity (constant ) velocity at infinity before and 
after bend) 

(	 velocity potential 

4r	 stream function

Calculation of Flow Field 

Streamlines. - Parametric equations for the flow streamlines are 
obtained from equation (5) by separating and equating the real and
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imaginary parts of the t function to the real and imaginary parts of 
the w function. The results of this procedure are: 

csc 2 5/2	
cot2 -	 cot +	 2 +	 + sin	 + 

cot [arc tan(tanh 	 tan	 (Bi) 

-I.

S 
2	

+---- 
csc 8/2LW	

cot	 _(lfl 2)(cot 

(cot _(ln	 + sinli2	 + arc tan (antii j tan	 (B2)zu 

Equations (Bi) and (32) are general equations in that they may be 
used to find, the streamlines of a flow field with any angle of turning, 
since S in the equations is the angle of bend. For this report 
S = 600 . When mapping a streamline ( r = constant) in the ,j-plane by 
equations (Bi) and (B2), the velocity potential P is considered as a 
variable parameter. A portion of the streamline pattern given by the 
equations is presented in figure 1. 

Velocity. - Parametric equations for determining the velocity com-
ponents of the flow field are obtained by differentiating equation (5) 
with respect to t and separating the real and imaginary parts. The 
real part is equal to the c-component of velocity and the imaginary part 
is the 'q-component of velocity. The results of this procedure are: 

sinh 2 .2- +(cot2 .)(cos 2	 + cosh 2 .2-)+ cot . sin 2 
=U	

zu

 (cot 2 _ (cosh 2 -+cos 2+ 2 cot sin 2	 -cos 2	 +cosh 2 

(B3) 

and

sin 2 j +(cot —os 2	 + cosh 2 -_ cot - sinh 2 

U71 =U(cot2 cosh 2 -j +cos 2 -+ 2 cot	 sin 2 -_ cos 2 -j+ cosh 22	 Ili

(B4)
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Equations (B3) and (B4) are also general in that they contain b 
the angle of turning of the flow field. When the velocity components are 
determined along a streamline (r = constant) by these equations, the ve-
locity potential p is considered as a variable parameter. 

Walls and ends of elbow. - It can be shown (ref. 14) that the flow 
field between the two streamlines . 	 15tiU/32 and 1tU/12 shown in 
figure 1 satisfies all the assumed criteria for a 600 elbow. The first 
condition is strictly fulfilled only at infinity, but the flow approaches 
uniform and rectilinear motion very rapidly before and after the bend. 
Therefore, the ends of the elbow may be selected at some reasonable dis-
tance before and after the bend without serious error. For this droplet 
study, the ends of the elbow are defined by the lines 

0.5774 - 0.866l and	 = itl (indicated by dashed lines in fig. 
1). The error in assuming that the flow between streamlines 4i = 15tlU/32 
and itlU/12 is uniform and rectilinear with free-stream velocity U at 
the entrance and exit is approximately 1 percent. 

Since the flow field between the streamlines	 = i(1U/12 and 
= 15itlU/32 satisfies the assumed criteria for an elbow., any pair of 

streamlines between these two may be selected as walls of a two-
dimensional elbow. However, elbows defined by pairs of streamlines be-
tween ir = u/12 and	 = 41iU/12 are probably the most practical el-



bows, because they more nearly approximate conventional elbows. Of all 
the possible elbows defined by pairs of streamlines between 	 = itlU/l2 
and 4i(IU/12, the most useful elbow is probably the elbow defined by these 
two streamlines, because for a given entrance width the average turning 
radius is smaller for this elbow than for any elbow defined by a pair of 
streamlines between these two, as is discussed in the next section. In 
this impingement study, the flow field of figure 1 is divided into three 
classes of elbows, basic, supplementary, and pocket, which are defined in 
the ANALYSIS section of the report. 

Relation between 1 and elbow size. - The linear parameter 2 of 
the complex potential function (eq. (5)) is related to the size of the 
elbow through two quantities, the width of the entrance and a quantity 
that may be regarded as the turning radius of the elbow. The relation 
between the coordinates and the stream function r at 	 =	 is 

=
	 (B5) 

from which the spacing of streamlines (width of elbow) can be determined 
at infinity. For example, for the basic elbow defined by ijr= iaU/12 
and i = 4U/12, the width of the elbow at 	 =cc is	 /4 or 0.7854, 
whereas the width of the elbow terminated at 	 = 4 cl is 0.7900. The 
error in elbow entrance width caused by terminating the basic elbow at



NACA TN 3770
	

25 

= 3a/4 (fig. 1) and assuming that the elbow entrance width is 
is less than 1 percent. Since this error is small, equation (B5) can be 
used to find the approximate width of any elbow defined by a pair of 
streamlines between 	 = 153tiU/32 and	 u/4. 

The point A in figure 1 may be regarded as the center of turning for 
the elbows. The coordinates of this point are 	 = . icl and 

= - ol cot 300. A radius of turning of an elbow or any streamline 

may be defined as the distance from A, measured along the lines defining 
the ends of the elbow, to the elbow wall or streamline. The radius of 
turning for a particular wall or streamline is proportional to 7. and is 

determined by adding	 Al cot 300 to the distance between the wall or 

streamline and the c-axis. This distance can be approximated by equation 
(B5). For example, for the basic elbow, the average radius of turning 
may be defined as the distance from point A (fig. 1) to the midpoint of 
the entrance. The streamline 'fr 5itl,U/24 defines the midpoint of the 
entrance, and the distance between this point and the c-axis is approxi-
mately 5icl./24 (from eq. (B5)). The average turning radius for the basic 

elbow is therefore approximately equal to	 il cot 300 + 

Inasmuch as the width of an elbow at the entrance and the radius of 
turning are both proportional to 7., the basic elbow is probably the most 
practical elbow, because for a given entrance width (physical units such 
as feet) the turning radius is smaller for this elbow than for supple-
mentary elbows. 

Elbow cross section. - An elbow with any entrance cross-sectional 
configuration that satisfies all the criteria outlined in the body of 
this report may be designed by the use of equations (Bl) and (B2). The 
only conditions to be satisfied are that those streamlines forming the 
walls of the elbow at the entrance must remain on the walls throughout 
the elbow and that the streamlines must be identical to or intermediate 
to i = 15idl.U/32 and i = rciU/4. For an elbow with a rectangular en-
trance cross section, the cross sections at all points along the elbow 
are rectangular. However, the width of the elbow changes while the depth 
remains constant. For an elbow with a circular entrance cross section, 
the cross sections become egg-shaped in the center of the elbow. The 
depth, however, remains constant throughout the elbow. 

Elbow and flow field in dimensionless form. - For droplet impinge-
ment studies for airfoils and other aircraft components, it is convenient 
to express the results in terms of dimensionless parameters, so that the 
results may apply to a wide range of flight and meteorlogical conditions 
as well as a wide range of sizes of airfoils and aircraft components. In 
order to obtain the impingement results in terms of dimensionless param-
eters by analog computer technique, the aircraft component and the flow
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field must be expressed in terms of dimensionless parameters. This nec-
essity is met for airfoils by expressing all distances as ratios to chord 
length and all velocities as ratios to free-stream velocity. The elbow 
and its velocity field can be expressed in dimensionless form by expres-
sing distances as ratios to the arbitrary length 1 and velocities as 
ratios to the free-stream velocity U; thus for the elbow walls and in-
termediate streamlines, both sides of equations (Bi) and (B2) are divided 
by 1, and for the flow fields, both sides of equations (B3) and (B4) are 
divided by the free-stream velocity U. 

Some typical streamlines are presented in terms of dimensionless 
coordinates in graphical form in figure 2 and in tabular form in table I. 
Figure 2 and table I, with the elbow entirely: in the first quadrant, were 
obtained from figure 1 and equations (Bi) and (B2) by the following trans-
formation equations:

x = 0.866	 - 0.5 11 + 2.00 

and

y = 0.5	 + 0.866 TI + 3.00 

The translation of the origin was made in order to facilitate trajectory 
calculations by the differential analyzer. 

The velocity field is presented in figure 3 and table I. Figure 
3(a) gives the x-component velocity u as a function of x for con-

stant values of y, and figure 3(b) gives the y-component of velocity 
u  as a function . y for constant values of x. The component veloci-
ties ux and u are dimensionless and are equal to u/U and uTI/U, 
respectively.
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TABLE I. - STREAMLINE COORDINATES, VELOCITY COONENTS, AND DISTANCE FROM ENTRANCE AS FUNCTIONS 
OF VELOCITY POTENTIAL 

Velocity Stream function, * 
poten- 
ti Streamline Streamline Velocity Distance Streamline Velocity Distance Streamli ne Velocity Diøtance 

4/lU coordinate component from coordinate component from coordinate component from 
entrancc en trance mtranci 

X Y Uy S X 3' ux u S xj
y

u 

15sIU/32 14rlU/32 1371U/32 

Entrance -0.5239 0.6438 -0.0068 0.9939 0 0.6228 0.6438 -0.0055 0.9928 0 0.7217 0.6438 -0.0039 0.9919 0 
-2.2 .5227 .8041 -.0092 .0018 .157 .6218 .8049 -.0074 .9902 .158 .7210 .8055 -.0053 .9889 .158 
-2.0 .5204 1.0061 -.0136 .9876 .358 .6200 1.0074 -.0109 .9852 .358 .7197 1.0083 -.0078 .9834 .359 
-1.8 .5170 1.2092 -.0202 .9813 .562 .6172 1.2110 -.0161 .9778 .562 .7177 1.2125 -.0114 .9752 .565 
-1.6 .5118 1.4138 -.0299 .9716 .768 .6131 1.4166 -.0236 .9665 .768 .7148 1.4187 -.0165 .9629 .772 

-1.4 .5039 1.6208 -.0441 .9565 .970 .6068 1.6250 -.0342 .9493 .973 .7104 1.6282 -.0234 .9443 .976 
-1.2 .4919 1.8317 -.0643 .9327 1.182 .5974 1.8381 -.0489 .9227 1.186 .7040 1.8428 -.0324 .9162 1.192 
-1.0 .4735 2.0487 -.0922 .8944 1.402 .5832 2.0586 -.0677 .8815 1.410 .6947 2.0655 -.0425 .8740 1.416 
-.8 .4446 2.2761 -.1279 .8315 1.633 .5618 2.2915 -.0887 .8173 1.644 .6815 2.3017 -.0506 .8112 1.654 
-.6 .3981 2.5227 -.1649 .7281 1.883 .5294 2.5469 -.1035 .7191 1.902 .6644 2.5611 -.0484 .7208 1.913 

-.4 .3199 2.8095 -.1785 .5649 2.182 .4828 2.8475 -.0910 .5782 2.210 .6479 2.8628 -.0190 .6002 2.218 
-.2 .1841 3. 2088 -.1128 .3454 2.604 .4368 3.2514 -.0148 .4064 2.614 .6616 3.2397 .0603 . 4627 2.595 
-.1 .1036 3.5380 -.0306 .2356 2.943 .4529 3.5251 .0564 .3240 2.886 .7090 3.4621 .1229 .3983 2.819 

.1 .5859 4.3734 .2190 .0911 3.981 .7717 4.0773 .2524 .2108 3.535 .9544 3.8870 .2835 .3056 3.309 

.2 .9113 4.4682 .3555 .0750 4.320 1.0007 4.2282 .3594 .1903 3.807 1.1233 4.0393 .3705 .2835 3.533 

.4 1.3249 4.5503 .5785 .1279 4.742 1.3735 4.3902 .5463 .2103 4.211 1.4428 4.2396 .5293 .2837 3.910 

.6 1.6124 4.6260 .7130 .2213 5.041 1.6571 4.5001 .6745 .2699 4.519 1.7123 4.3762 .6484 .3185 4.215 

.8 1.8492 4.7090 .7840 .3050 5.291 1.8945 4.5998 .7521 .3318 4.777 1.9455 4.4910 .7278 .3618 4.474 
1.0 2.0607 4.7977 .8206 .3673 5.522 2.1070 4.6977 .7972 .3821 5.011 2.1566 4.5977 .7781 .4002 4.712 
1.2 2.2578 4.8902 .8399 .4107 5.742 2.3050 4.7957 .8235 .4190 5.235 2.3542 4.7010 .8096 .4301 4.936 

1.4 2.4464 4.9653 .8504 .4401 5.954 2.4942 4.8940 .8342 .4450 5.448 2.5432 4.8027 .8295 .4518 5.152 
1.6 2.6296 5.0819 .8564 .4599 6.156 2.6778 4.9929 .8488 .4628 5.653 2.7268 4.9037 .8421 .4672 5.356 
1.8 2.8094 5.1798 .8599 .4731 6.362 2.8579 5.0921 .8549 .4750 5.859 2.9069 5.0043 .8503 .4777 5.563 
2.0 2.9870 5.2783 .8621 .4820 6.566 3.0357 5.1915 .8587 .4832 6.063 3.0847 5.1046 .8556 .4850 5.769 
2.2 3.1631 3.3774 .8635 .4879 6.767 3.2120 5.2911 .8612 .4887 6.263 3.2610 5.2049 .8591 .4899 5.970 

Exit 3.3025 5.4565 .8642 .4911 6.924 3.3520 5.3709 .8625 .4917 6.421 3.4014 5.2851 .8609 .4925 6.128 

1271U/32 11lrsU/32 4irlU/12 

Entrance 0.8207 0.6438 -0.0023 0.9913 0 0.9198 0.6438 -0.0005 0.9910 0 0.9528 0.6438 0.0001 0.0010 0 
-2.2 .8204 .8060 -.0030 .9881 .158 .9197 .8062 -.0007 .9878 .158 .9529 .8062 .0001 .9878 .158 
-2.0 .8196 1.0089 -.0044 .9823 .359 .9196 1.0092 -.0009 .9819 .360 .9529 1.0092 .0003 .9819 .360 
-1.8 .8185 1.2133 -.0063 .9736 .564 .9193 1.2137 -.0011 .9730 .566 .9530 1.2138 .0006 .9731 .567 
-1.6 .8168 1.4201 -.0089 .9607 .773 .9191 1.4206 -.0012 .9600 .773 .9532 1.4206 .0014 .9601 .773 

-1.4 .8145 1.6302 -.0121 .9415 .979 .9189 1.6309 -.0007 .9409 .980 .9537 1.6308 .0030 .9409 .980 
-1.2 .8113 1.8456 -.0155 .9130 1.194 .9188 1.8464 .0011 .9130 1.194 .9547 1.8463 .0065 .9137 1.194 
-1.0 .8071 2.0694 -.0176 .8715 1.418 .9196 2.0701 .0062 .8733 1.418 .9572 2.0698 .0137 .8748 1.419 
-.8 .8023 2.3066 -.0148 .8119 1.653 .9229 2.3063 .0181 .8181 1.653 .9628 2.3052 .0284 .8211 1.651 
-.6 .7996 2.5655. .0005 .7303 1.913 .9325 2.5615 .0434 .7451 1.913 .9759 2.5622 .0564 .7511 1.908 

-.4 .8077 2.8598 .0408 .6270 2.213 .9592 2.8442 .0909 .6565 2.198 1.0076 2.8370 .1059 .6667 2.188 
-.2 .8557 3.2040 .1201 .5145 2.560 1.0257 3.1583 .1691 .5625 2.515 1.0782 3.1420 1.1836 .5778 2.500 
-.1 .9126 3.3915 .1760 .4623 2.753 1.0847 3.3226 .2201 .5168 2.687 1.1371 3.2996 .2332 .5364 2.665 

.1 1.1172 3.7460 .3124 .3836 3.162 1.2635 3.6317 .3393 .4500 3.042 1.3092 3.5976 .3479 .4702 3.010 

.2 1.2512 3.8891 .3855 .3612 3.355 1.3758 3.7647 .4026 .4276 3.214 1.4161 3.7273 .4086 .4479 3.175 

.4 1.5253 4.1027 .5226 .3489 3.702 1.6145 3.9793 .5231 .4070 3.531 1.6450 3.9410 .5245 .4251 3.487 

.6 1.7761 4.2569 .6322 .3656 4.002 1.8460 4.1438 .6236 .4101 3.816 1.8706 4.1078 .6222 .4244 3.767 

.8 2.0017 4.3839 .7105 .3931 4.262 2.0622 4.2797 .6994 .4247 4.076 2.0832 4.2457 .6969 .4352 4.024 
1.0 2.2095 4.4984 .7635 .4205 4.497 2.2652 4.4006 .7532 .4420 4.311 2.2842 4.3683 .7507 .4493 4.256 
1.2 2.4054 4.6066 .7985 .4431 4.721 2.4585 4.5131 .7902 .4575 4.535 2.4765 4.4821 .7880 .4625 4.481 

1.4 2.5936 4.7116 .8214 .4602 4.936 2.6451 4.6209 .8152 .4698 4.749 2.6626 4.5908 .8135 .4732 4.695 
1.6 2.7767 4.8146 .8364 .4726 5.142 2.8274 4.7258 .8320 .4790 4.956 2.8444 4.6963 .8308 .4812 4.902 
1.8 2.9366 4.9166 .8464 .4813 5.351 3.0066 4.8291 .8432 .4856 5.163 3.0234 4.7999 .8424 .4871 5.108 
2.0 3.1341 5.0178 .8529 .4873 5.556 3.1839 4.9311 .8508 .4902 5.369 3.2006 4.9022 .8502 .4912 5.315 
2.2 3.3103 5.1186 .8573 .4914 5.757 3.3598 5.0325 .8558 .4933 5.571 3.3764 5.0038 .8553 .4940 5.517 

Exit 3.4509 5.1988 .8596 .4936 5.915 3.5004 5.1136 .8585 .4951 5.729 3.5170 5.0850 .8582 1 .4956 15.675
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TABLE I. - Continued. STREAMLINE COORDINATES, VELOCITY COMPONENTS, AND DISTANCE 

FROM ENTRANCE AS FUNCTIONS OF VELOCITY POTENTIAL 

Velocity Stream function, * 
poten-
tial 

,
Streamline Velocity Distance Streamline Velocity Distance Streamline Velocity Distance 

6/lu coordinate component from coordinate component from coordinate component from 
entrance entrance, entrance, 

x y u u, x y U U x y U Uy S  S S 

101TIU/32 9irlU/32 87lU/32 

Entrance 1.018 0.6438 0.0012 0.9911 0 1.1179 0.6438 0.0030 0.9915 0 1.2169 0.6438 0.0045 0.9922 0 
-2.2 1.0191 .8061 .0017 .9879 .158 1.1184 .8058 .0040 .9885 .157 1.2177 .8053 .0061 .9895 .157 
-2.0 1.0196 1.0091 .0026 .9821 .360 1.1194 1.0086 .0060 .9830 .360 1.2192 1.0079 .0092 .9845 .361 
-1.8 1.0202 1.2136 .0041 .9734 .567 1.1210 1.2129 .0091 .9748 .566 1.2216 1.2117 0137 .9771 .564 
-1.6 1.0213 1.4203 .0064 .9608 .772 1.1234 1.4192 .0137 .9629 .772 1.2252 1.4174 .0203 .9663 .771 

-1.4 1.0232-1.6303 .0103 .9423 .978 1.1271 1.6286 .0208 .9457 .976 1.2306 1.6258 .0303 .9508 .972 
-1.2 1.0262 1.8459 .0170 .9159 1.193 1.1330 1.8425 .0317 .9214 1.192 1.2390 1.8381 .0450 .9290 1.186 
-1.0 1.0317 2.0679 .0283 .8788 1.418 1.1427 2.0631 .0486 .8876 1.142 1.2522 2.05,.0 .0667 .8991 1.405 
-.8 1.0420 2.3014 .0479 .8286 1.647 1.1589 2.2929 .0745 .8426 1.639 1.2830 2.2813 .0986 .8596 1.626 
-.6 1.0619 2.5508 .0809 .7640 1.900 1.1866 2.5351 .1136 .7859 1.882 1.3066 2.5158 .1421 - .8101 1.862 

-.4 1.1013 2.8204 .1335 .6876 2.172 1.2346 2.7916 .1700 .7196 2.143 1.3600 2.7599 .2018 .7525 2.114 
-.2 1.1776 3.1090 .2104 .6075 2.472 1.3156 3.0589 .2461 .6503 2.423 1.4426 3.0093 .2775 .6916 2.379 
-.1 1.2359 3.2557 .2577 .5700 2.613 1.3722 3.1927 .2908 .6173 2.568 1.4972 3.1330 .3205 .6619 2.511 

.1 1.3966 3.5339 .3648 .5082 2.960 1.5193 3.4474 .3892 .5605 2.858 1.6334 3.3690 .4130 .6085 2.783 

.2 1.4944 3.6577 .4209 .4859 3.101 1.6068 3.5633 .4401 .5382 3.003 1.7133 3.4781 .4602 .5861 2.915 

.4 1.7062 3.8682 .5287 .4594 3.401 1.7978 3.7671 .5382 .5071 3.283 1.8879 3.6744 .5508 .5510 3.180 

.6 1.9200 4.0371 .6213 .4520 3.673 1.9959 3.9369 .6238 .4913 3.544 2.0726 3.8426 .6305 .5281 3.432 

.8 2.1260 4.1790 .6936 .4558 3.926 2.1919 4.0820 .6925 .4859 3.787 2.1590 3.9889 .6954 .5147 3.668 
1.0 2.3231 4.3046 .7469 .4640 4.155 2.3828 4.2109 .7444 .4859 4.014 2.4436 4.1197 .7453 .5073 3.889 
1.2 2.5131 4.4206 .7847 .4726 4.380 2.5690 4.3296 .7821 .4881 4.234 2.6258 4.2400 .7821 .5035 4.110 

1.4 2.6978 4.5308 .8109 .4801 4.695 2.7512 4.4417 .8086 .4909 4.450 2.8054 4.3534 .8083 .5017 4.324 
1.6 2.8788 4.6374 .8288 .4859 4.801 2.9307 4.5496 .8271 .4933 4.654 2.9832 4.4624 .8267 .5008 4.525 
1.8 3.0572 4.7417 .8410 .4902 5.006 3.1082 4.6548 .8397 .4952 4.860 3.1595 4.5683 .8393 .5004 4.732 
2.0 3.2340 4.8446 .8492 .4933 5.213 3.2843 4.7583 .8483 .4967 5.066 3.3348 4.6722 .8480 .5002 4.935 
2.2 3.4096 4.9465 .8547 .4954 5.415 3.4595 4.8606 .8541 .4977 5.269 3.5095 4.7748 .8539 .5001 5.139 

Exit 3.5500 5.0278 .8577 .4966 5.573 3.5995 4.9420 1	 .8572 .49831 5.426 3.6490 4.8563 1	 .8571 .50001 5.296 

7lrfU/32 -	 6lrfU/32 Sin 0/32 

Entrance 1.3158 0.6438 0.0059 0.9933 0 1.4145 0.6438 0.0071 0.9945 0 1.5132 0.6438 0.0079 0.9960 0 
-2.2 1.3169 .8046 .0080 .9909 .157 1.4158 .8037 .0096 .9926 .156 1.5146 .8027 .0109 .9946 .156 
-2.0 1.3189 1.0068 .0119 .9865 .358 1.4183 1.0055 .0143 .9891 .358 1.5174 1.0040 .0161 .9920 .358 
-1.8 1.3219 1.2101 .0177 .9801 .562 1.4219 1.2082 .0212 .9839 .561 1.5214 1.2058 .0238 .9882 .559 
-1.6 1.3265 1.4150 .0262 .9708 .766 1.4272 1.4120 .0312 .9763 .766 1.5274 1.4086 .0351 .9826 .761 

-1.4 1.3334 1.6221 .0387 .9575 .970 1.4353 1.6176 .0458 .9654 .965 1.5363 1.6126 .0513 .9745 .960 
-1.2 1.3438 1.8324 .0565 .9387 1.177 1.4474 1.8257 .0666 .9606 1.172 1.5494 1.8181 .0744 .9628 1.165 
-1.0 1.3598 2.0471 .0825 .9130 1.394 1.4655 2.0369 .0958 .9289 1.385 1.5696 2.2057 .1065 .9464 1.374 
-.8 1.3843 2.2674 .1184 .8790 1.614 1.4925 2.2520 .1357 .9006 1.600 1.5975 2.2555 .1499 .9240 1.586 
-.6 1.4218 2.4942 .1668 .8364 1.844 1.5324 2.4711 .1881 .8645 1.823 1.6387 2.4472 .2061 .8945 1.802 

-.4 1.4783 2.7268 .2295 .7863 2.082 1.5904 2.6930 .2539 .8211 2.051 1.6968 2.6594 .2754 .8572 2.020 
-.2 1.5606 2.9610 . 5057 . 7320 2.334 1.6714 2.9140 .3315 .7723 2.290 1.7757 2.8688 .3553 .8130 2.244 
-.1 16131 3.0762 .3479 .7048 2.456 1.7216 3.0224 .3735 .7469 2.404 1.8238 2.9710 .3979 .7890 2.356 

.1 1..7405 3.2970 - .4365 .6537 2.708 1.8414 3.2300 .4601 .6969 2.645 1.9376 3.1671 .4843 .7391 2.526 

.2 1.8141 3.4000 .4811 .6307 2.830	 - 1.9101 3.3276 .5031 .6732 2.759 2.0014 3.2598 .5264 .7142 2.688 

.4 1.9759 3.5884 .5662 .5919 3.082 2.0611 3.5093 .5841 .6304 2.998 2.1434 3.4329 .6047 .6671 2.912 

.6 2.1489 3.7537 .6409 .5627 3.320 2.2242 3.6694 .6546 .5952 3.226 2.2981 3.5893 .6716 .6257 3.130 

.8 2.3266 3.8996 .7021 .5420 3.550 2.3941 3.8136 .7121 .5678 3.449 2.4608 3.7308 .7253 .5918 3.346 
1.0 2.5051 4.0309 .7494 .5279 3.770 2.5669 3.9445 .7565 .5474 3.664 2.6283 3.8605 .7664 .5655 3.558 
1.2 2.6831 4.1520 .7846 .5185 3.987 2.7407 4.0658 .7895 .5327 3.877 2.7983 3.9812 .7966 .5458 3.767 

1.4 2.8600 4.2663 .8099 .5123 4.194 2.9148 4.1803 .8132 .5223 4.094 2.9697 4.0954 .8182 .5317 3.972 
1.6 3.0359 4.3758 .8276 .5081 4.398 3.0889 4.2901 .8299 .5152 4.293 3.1419 4.2056 .8334 .5217 4.171 
1.8 3.2110 4.4822 .8399 .5054 4.602 3.2627 4.3966 .8415 .5103 4.498 3.3145 4.3116 .8439 .5147 4.373 
2.0 3.3856 4.5865 .8484 .5036 4.806 3.4364 4.5011 .8494 .5069 4.701 3.4873 4.4160 .8511 .5100 4.574 
2.2 3.5597 4.6894 .8541 .5024 5.007 3.6100 4.6041 .8548 .5047 4.903 3.6602 4.5190 .8559 .5067 4.776 

Exit 3.6985 4.7707 .8572 .5018 5.164 3.7478 4.6647 .8577 .5034 5.059 3.8070 4.5996 .8585 .5048 4.932
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TABLE I. - Concluded. STREAMLINE COORDINATES, VELOCITY COMPONENTS, AND DISTANCE 

FROM ENTRANCE AS FUNCTIONS OF VELOCITY POTENTIAL 

Velocity 
poten--  

Stream function, * 

tial, Streamline Velocity Distance Streamline Velocity Distance Streamline Velocity Distance 4/ZU coordinate component from coordinate component from coordinate component from entrance, entrance x y u u a y u Uy
entrance, 

S x y u S S 

4lriU/32 3riU/32 'n U/12 
Entrance 1.6117 0.6438 0.0087 0.9977 0 1.7100 0.6438 0.0090 0.9993 0 1.7428 0.6438 0.0088 1.0000 0 -2.2 1.6132 .8016 .0117 .9968 .156 1.7116 .8004 .0121 .9991 .155 1.7444 .8000 .0121 .9999 .155 -2.0 1.6161 1.0023 .0174 .9953 .358 1.7146 1.0006 .0180 .9987 .357 1.7473 .9999 .0180 .9998 .351 -1.8 1.6204 1.2034 .0257 .9929 .557 1.7190 1.2008 .0266 .9979 .555 1.7517 1.1999 .0267 .9996 .555 -1.6 1.6268 1.4049 .0378 .9895 .758 1.7255 1.4011 .0392 .9967 .755 1.7582 1.3999 .0394 .9992 .755 

-1.4 1.6362 1.6071 .0552 .9843 .957 1.7351 1.6014 .0574 .9949 .951 1.7678 15996 .0577 .9993 .952 -1.2 1.6501 1.8101 .0801 .9767 1.158 1.7492 1.8018 .0834 .9914 1.150 1.7819 1.7991 .0840 .9965 1.148 -1.0 1.6703 2.0139 .1145 .9656 1.363 1.7695 2.0020 .1197 .9857 1.352 1.8021 1.9981 .1207 .9927 1.348 -.8 1.6995 2.2185 .1610 .9492 1.570 1.7986 2.2015 .1688 .9761 1.552 1.8310 2.1959 .1706 .9853 1.548 -.6 1.7410 2.4232 .2209 .9263 1.779 1.8394, 2.3995 .2325 .9601 1.755 1.8714 2.3918 .2355 .9719 1.749 
-.4 1.7982 2.6264 .2941 .8950 1.989 1.8949 2.5944 .3104 .9351 1.958 1.9262 2.5841 .3152 .9490 1.950 -.2 1.8744 2.8254 .3777 .8549 2.205 1.9680 2.7839 .3990 .8988 2.164 1.9982 2.7706 .4059 .9139 2.149 -.1 1.9202 2.9222 .4217 .8318 2.310 2.0117 2.8758 .4452 .8762 2.264 2.0411 2.8608 .4531 .8915 2.248 .1 2.0275 3.1080 .5095 .7811 2.518 2.1134 3.0520 .5362 .8237 2.470 2.1411 3.0340 .5455 .8381 2.452 .2 2.0884 3.1961 .5515 .7546 2.623 2.1712 3.1357 .5788 .7949 2.570 2.1978 3.1096 .5886 .8085 2.551 

.4 2.2226 3.3616 .6281 .7022 2.839 2.2987 3.2938 .6546 .7363 2.776 2.3233 3.2719 .6643 .7475 2.760 .6 2.3700 3.5128 .6917 .6545 3.049 2.4397 3.4394 .7153 .6814 2.979 2.4624 3.4155 .7239 .6899 2.961 .8 2.5265 3.6510 .7416 .6140 3.258 2.5908 35737 .7609 .6342 3.182 2.6118 3.5484 .7680 .6404 3.162 1.0 2.6895 3.7796 .7789 .5819 3.465 2.7490 3.6987 .7938 .5965 3.382 2.7688 3.6723 .7993 .6009 3.362 1.2 2.8556 3.8980 .8058 .5577 3.670 2.9122 3.8113 .8169 .5679 3.584 2.9310 3.7894 .8210 .5709 3.562 
1.4 3.0244 4.0115 .8248 .5400 3.871 3.0787 3.9287 .8328 .5471 3.783 3.0967 3.9013 .8357 .5492 3.758 1.6 3.1948 4.1208 .8380 .5274 4.070 3.2474 4.0372 .8436 .5323 3.979 3.2649 4.0095 .8457 -.5337 3.955 1.8 3.3662 4.2271 .8471 .5187 2.471 3.4176 4.1430 .8509 .5220 4.179 3.4348 4.1151 .8524 .5229 4.155 2.0 3.5381 4.3313 .8532 .5127 4.470 3.5888 4.2470 .8559 .5149 4.377 3.6057 4.2189 .8569 .5155 4.354 2.2 3.7105 4.4342 .8574 .5086 4.672 3.7607 4.3496 .8592 .5101 4.579 3.7774 4.3214 .8599 .5105 4.555 Exit 3.8464 4.5144 .8596 .5065 4.828 3.8955 4.4292 .8610 .5075 4.734 3.9119 4.4008 1 .8615 .5078 4.710
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Figure 13. - Empirical coefficient 	 - for equation (21) 
as function of distance along outside wall of supplemen-
tary elbow. 
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