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NOMENCLATURE

Center distance

bearing damping

shaft damping

circular pitch

loading contact ratio
theoretical contact ratio
backlash

dynamic load factor
Young's modulus

gear face width

hub face width

geat web thickness
torsional modulus

gear tooth pair

hub torsional stiffness factor
mass moment of interia
1/2 M. (RBC) 2

shaft stiffness

gear mesh stiffness, N/m
gear pair stiffness, N/m
mass

total mesh static load, normal
Hertz stress

profile error

profile modification

static angular position
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Q - static GP load, normal
QD - dynamic GP load, normal
QDT - total mesh dynamic load, normal
RA - roll angle
RATIP - RA at tip of involute
RAPP - RA at pitch point
RABOT - RA at bottom of involute

RBC - radius of base circle

RCP - radius to contacting point
RCCP - radius of curvature
RH - hub fixity radius

¢ RRC - radius of root circle

SV - sliding velocity

TR - transmission ratio

§ - deflection

¥ - Poisson's ratio

E - critical damping ratio, gear mesh
8 - critical damping ratio, shafts

Y - dynamic displacement, rad

‘e
]

dynamic velocity

¥ - dynamic acceleration, rad/sec2
Superscript:

' ~ instantaneous




Subscripts :

driving element

gear

high contact ratio gearing
mesh arc position

load element

normal contact ratio gearing
shafting

Gear 1

Gear 2
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INTRODUCTION

Many advanced technology applications have a general requirement that
the power to transmission weight ratin be increased. Engineers, as a
result of these requirements, design siar systems to maximum load capacity.
However, accurate determination of gear tooth loads and stresses under
‘ dynamic conditions is noft currently possible. As & result, experience or
engineering institution becomes the controlling factors in transmission
design. The ability to accurately calculate the dynamic loads in geared

systems becomes essential for advanced transmission designm.

The concern with dynamic loads acting on gear teeth goes back at least
to the eighteenth century. A first concentrated effort in defining dymamic
loads was conducted by the ASME Research Committee on Dynamic Loads on
Gear Teqth in the late 1920's and early 1930's. These studies presented a

*
dynamic load equation more popularly known as Buckingham's Equations [1] .

Between 1940 and mid 1950's another era in analyzing the dynamic loads
in gear teeth developed. The studies conducted during this period utilized
more detailed information on gear teeth deflection, and in addition,
mass-equivalent spring models with wedge, cam, or sinusoidal type excitations
were introduced [4, 6, 7, 9]. 1In general, this group of analyses could be

considered as using an equivalent constant mesh stiffness model,

Numbers in brackets designate references at the end of the paper.
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Starting with the late 1950's, a variable gear mesh stiffness model was
considered by a number of investigators (8, 10-12, 14-16, 18-21]. In these
analyses, the gear mesh stiffness was assumed or calculated to be of periodic
rectangular (or nearly rectangular) form, in other cases it was assumed that
the stiffness could be of sinusoidal or trapezoidal forms. The main
simplifications used either singly or in same combinations in these models
can be generalized as follows:

a. GCear tooth errors have negligible effect or no effect on mesh

stiffness. This implies that for a given load a gear with errors

will have equal mesh stiffness as the same gear without errors.
b. Contact assumed to occur only on the line of action.
c¢. Analysis limited to contact ratios below 2.0.

d. The contact ratio and/or mesh stiffness is not affected by

transmitted load, premature or delayed engagement.

e. Dynamic simulations based on uninterrupted periodic stiffness

functions and error displacement strips.

In view of these limitations, the above gear mesh stiffness model can be

defined as a fixed-variable gear mesh stiffness model (FVMS).

The gear mesh stiffness in engagement is probably the key element in
the analysis of gear train dynamics. The gear mesh stiffness and the contact
ratio are affected by many factors such as the transmitted loads, load
gsharing, gear tooth errors, profile modifications, gear tooth deflectionms,

and position of contacting points.
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By 1ntroduc1;g these aspects, the calculated gear mesh stiffness can be
defined as being a variable-variable mesh stiffness (VVMS) as opposed to
the FVMS modeling. The need for an improved modeling or variable-variable
gear mesh stiffness modeling has been recognized or initiated to some

In this study a large scale digitized approach (computer block diagram
in Figure 1) was used for eliminating the previously indicated serious
shortcomings of the FVMS modeling. The concept of the VVMS was expanded by
introducing an iterative procedure to calculate the VVMS by solving the
statically indeterminate problem of multi-pair contacts, changes in contact
ratio, and mesh deflections. In both the static and dynamic portions of the
analysis, the gear train was modeled as a rotating system rather than an
equivalent mass-spring system excited by the error displacement strips or

wedges.

The primary purpose of this study was to develop an uninterrupted static
and dynamic analysis of a gpur gear train. In both the static and dynamic
portions, the gear train was modeled as a rotating system rather than an
equivalent mass-spring system excited by the error displacement strips or
wedges. At this time the modeling is limited to the condition that for a
given gear all teeth have identical spacing and profiles (with or without
surface imperfections). The surface imperfections-faults were gsimulated
by introducing various sinusoidal profile errors and surface pitting. The
extended modeling is illustrated by a few selected situations in the

high contact ratio (CR#2) and normal contact ratio (CR<2) operating regimes.



OVERALL COMPUTER PROGRAM FLOW DTAGRAM

The developed digitized analytical mothod was programmed in
FORTRAN IV, Functionally, the computer program is divided into the following
three parts:
1. A set of subroutines to perform the static analysis. This set of
subroutines can operate as a stand-alone unit., However, this set
is needed to operate Sets 2 and 3.
2. A set of subroutines to perform the dynamic analyﬁis.
3. A set of subroutines to perform the finite element analysis of

gear tooth stresses. (Currently not an integral part of the entire
system program package).

Figure 1 depicts in general terms the block diagram for the computer
program, The main calling program reads in and prints the input irformation
defining the gears. It then passes control first to the static analysis section

and then sequentially to the dynamic analysis section and to the finite element

section,

The MAIN1 routine performs the bookkeeping for the static analysis portion
of the program. This routine calls the necessary subroutines to perform all the
calculations required for the static analysis and the writing out of the

results in the form of tables or X-Y plots.

The static analysis is accomplished primarily by means of three

subroutines: MOD, SLOWM and DEFL.

The purposes of the MOD subroutine is to generate the XY coordinate system
and digitize the gear tooth profiles from the addendum circle to the root circle
for each gear. The MOD subroutine permits to build up a non-standard tooth form,

or to introduce profile modifications, profile errors, and surface pits.
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The SLOW routine determines the contact points and the number of
contacting gear tooth pairs, load sharing, stiffness functions, various
positional vectors, sliding velocity vectors, transmission ratios, ctc. as
the gear tooth pairs move through the mesh arc. In the SLOWM routine all

inertia forces and torques were taken to be negligible,

The DEFL subroutine is used in conjunction with the SLOWM routine to

determine the individual gear tooth deflections,

The XYPLOT routine is used to cross plot as many as four dependent

variables against a single independent variable.

The FAST routine is the main routine for the dynamic analysis. The

routine consists of a number of subroutines listed below:

The VIBS subroutine is used to determine the eigenvalues and eigenvectors.
of the gear train and to set the length of the numerical integration run as

well as the integration time steps.

The RKUTTA and the MORERK subroutines are used to numerically integrate
the system of differential equations of motion. These routines utilize a

fourth order Runge-Kutta integration scheme,

The STCRE subroutine is used in conjunction with the XTPLOT routine to
generate plots of the mesh stiffness function and the dynamic force variation
versus time, The STORE subroutine features a recirculating memery provision

and is used as a buffer between the integration routines and the XTPLOT routine,

The STRESS routine contains the finite element and grid generating
subroutines to perform stress analysis of a gear tooth subjected to dynamic

loads, At this time the STRESS routine is not an integral part of the entire
program, Also see P, 74,

The principal executing subroutines are described in a greater detail in

subgseauent sections and Aonendix



STATIC MODEL - DETERMINATION OF GEAR 7
TOOTH STIFFNESS AND LOAD SHARING

Before the varisble-variable mesh stiffness (VUMS) can be determined,
the actual contacting profiles must be devilopod. In this process, the profile
modifications and errors must be considered.

It is customary to define the profile modifications and errors by means
of a profile chart, In terms of an involute chart, the profile modifications (PM)
and errors (PE) can be expressed as

M = PV(RA) 1)

where

M = deviation from the line of action

RA = roll angle limited to active profile

PV = profile variation (error or amount of modification) as a

function of KA

A true involute profile is defined by

M=PV(RA) = O

The previously discussed MOD subroutine simulates an involute chart-gear tooth profi
relationship shown in Figures 2 and 3. The simulated profile chart can

accommodate the parabolic and straight line modifications of the tip and

root zones, Figure 2a. Tne profile errors were approximated by sinusoidal
representation. By varying the number of cycles and phase angle sinusoidal

profile errors (Figures 2b, 2c)could describe a large number of practical

the theoretical cases. A simulated surface pitting damage is shown in

Figure 2e. The defined surface faults and their respective involute charts

are then numerically transferred to the previously digitized true involute
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FIGURE & - GEAR TOOTH PROFILE MODE!
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profile. This is accomplished by subtracting or adding the specified amounts
of material perpendiculirly to the true involute profile as shown in Figures 3

and §,

After considering several types of "curved" segments and resulting
numericai difficulties, straight line segments were choéen to connect the
densely digitized points involving the "modified" gear teeth. Each gear
tooth profile was defined by one to two hundred digitized points, depending
on tooth size, One hundred points were haed to define the gear tooth heights
up to 25 mm (1 in.). Two hundred points were used to digitize the gear tooth
profiles above 50 mm, (2 in.) in height. The intermediate tooth heights are

proportionally digitized between one and two hundred points.

The digitized profile points incorporating the specified profile
modifications and errors then are transferred to the SLOWM subroutine for
establishing the points of contact, number of contactiﬁg gear tooth pairs,
sliding velocity vectors, and the stiffness of the individual pairs as

well as the variable-variable mesh stiffness.

Figures 4 and 5 will be used to illustrate the computerized method for
determining the VVMS and other parameters. For this purpose three

coordinate systems are used. Following Figure 5.

u, Vv - Fixed global coordinate system for the pinion and gear
tooth profiles, gear 1 and gear 2, respectively.
The global system, (!, V), has its origin at the pinion

center and its V-axis corresponds to the gear centerline.



X, ¥ = Local coordinate system fixed at the root of individual
testh for the pinion and gear, respectively. The origin
0 (X,Y) is located at the intersection of the centerline of the
tooth and the line tangent to the root circle of the teeth.
The Y-axes coincide with the tooth centerlines. The X, Y
coordinate system is used in digitizing the profiles and for

determining the appropriate deflections of the teeth.

W, 2 = Intermediate coordinate system rotating with the pinion and
gear respectively. The origins of the W, Z coordinate
systems for each gear are at the respective gear centers.

The Z-axes coincide with the tooth centerlines.

The transformations between the coordinate systems for each considered

gear pair (k=1, n) are:

Wl = X1; W2=X2

Z1 = Y1 + RRO1; Z2 = Y2 + RRO2

Ul = W1 sin PSIITP(k) + Z1 cos PSI1TP(k)

V1 = -W1 cos PSIITP(k) + Z1 sin PSI1TP(k) (2)
U2 = <W2 cos (PSI2TP(k) -1,5%) + 22 sin (PSI2TP(k) - 1.5%)

V2 = C- [W2 sin (PSI2TP(k) - 1.5%) + 22 cos (PSI2TP(k) - 1.5%)]

For each angular position defined by PSILITP (k) and PSI2TP(k) the
profile coordinates (X,Y) are first transformed into an intermediate

coordinate system, (W,Z), and then into a global coordinate system, (U, V).

In each transformation step, the first profile point (point 1) is located at the

addendum circle, and the final point is located at the root. Each tooth

is defined by the same number of digitized points.
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PSI2TP(K)

A'(UCP(R), VLP(K))

RCPIXK) = 0)-A'

rCPZAk) = 05-A°

RCCPI(k) = (:|-A'

RCCP2(k) = Cx-A'

LA = instantancoun line of action
TLA = theoretical line of action
8] = deflection of touth k at A, Gear |
63 = deflection of tooth k at A, Cear 2

31

PSILTP(K)

FIGURE 6 - INSTANTANEOUS CONTACT F"QINT FOR INCOMING TOOTH PAIR
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For example, using 100 digitized profile points there are:

X1 (100), Y1 (100) X2 (100),Y2 (100)

w1 (100), z1 (100) w2 (100),22 (100)

UL (100), V1 (100)|Gear 1 U2 (100),V2 (100) |Gear 2
jk= 1, n k=1, n

The locations of the contacting gear teeth and the number of contacting
gear tooth pairs are determined by using a three step process. First, the
gears are preloaded by a unit load and rotated by incrementing the
PST'TP (k) and PSI2TP (k) angles and examining the potential contact
between the calculated (Ul, V1) and U2, V2) profile points for several
gear tooth pairs. The search technique is described in Appendix 1. The
beginning and the end of the meshing arc are establ%shed by tracking the
gear pair 3, (GP3) through its complete meshing arc. After the limiting
points of mesh arc are determined the mesh arc is divided into fifty
pcsitions. Next, the gears are fully loaded for further analysis. The
actual load sharing and deflections are calculated for fifty arc positions by

tracking the movement of fully loaded gears through the established mesh arc.

By tracking five tooth pairs simultaneously, it is possible to
analyze the mesh behavior for the contact ratios up to 3.0. Tracking seven
tooth pairs instead of five expands the capacity of the program to analyze

/

gear systems with contact ratios between 3.0 and dﬁh, atc.

»

The gear tooth pair deflection 6(k)i can be expressed in the following
form: k) = :
6( )i 6}(k)i + 62(k)i +46H(k)i
Gl(k)1 = deflection of the k'" tooth of gear 1 at mesh arc posftion i
az(k)i = deflection of the kth tooth of gear 2 at mesh arc position i

6H(k)i = Jocalized Hertz deformatfon at the point of contact

(3)
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For the contacting pairs,the gear tooth deflections él(k)i and 62(k)i
incorporate a number of constituent deflections; See [17] and Appendix 2,
s 1

and sinilarly for Gear 2. 1In equation (4),
GM = gear tooth deflection due to bending

§, = gear tooth deflection due to normal force

8, = gear tobth deflection due to shear force

8, = gear tooth deflection due to deformation of surrounding hub
B area (rocking action)

gear tooth deflection duc to gross torsion of the rim or hub (Appendix 2)

Dy
]

The gear tooth deflections can be considered as equivalent positive profile

errors for the pinion and gears causing premature engagement and delayed

disengagement [24, 29]. The presence of positive manufactured profile errors

(material addition) will increase the total equivalent positive error at the

point of contact thus moving it farther away from the theoretical line of

contact and causing an earlier engagement, The negative profile errors or

material removal at the tips will reduce the equivalent positive errors.

In the third step, the él(k)i and 62(1:)i and approportioned SH(k)i deflections
wera returned to equations 2 and added ﬁerpendicularly to the respective
digitized profiles in order to simulate the above gear behavior. Now, the
iterative search and calculate process is repeated under the '"loaded and
deflected" conditions. In this step the contacting points and the mesh
are determined under full load. These events are illustrated in Figure 5,
where the limiting points of meshing arc occur at points A' and B' as compared
i to the theoretical true involute mesh arc A-B under no load. As a result,
the contact arc, and therefore the contact ratio of the gears is increased.
In the same procedural step, the final number of pairs in contact, locations

of contacting points, gear tooth deflections, load sharing, stiffnesses, etc.,

L are computed as the load gear tooth pairs move through the mesh arc (A'-B').
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If the geometrical variations in surfaces do not permit contact in

Steps | and 2, then the non-contacting gear teeth are still subjected to

GR deflections.  For example, 1f GP1 and CP3 are in contact, then for GP2
61(2)1 - 6R1 (2)1 and 62(2)i - 6R2(2)1 (5
These deflections are due to torque transmission at GPl and GP3 and

the resulting circumferential hub deformation at GP2., If the 6R1(2)1 and

6R2(2)1 deflections are sufficiently large to overcome the geometrical gap

(errors) between the approaching teeth profiles of gears 1 and 2 at the
angular position {, then the contact will be established for GF2. In
this case the final load sharing and deflections will be recalculated on
the basis of three contacting pairs (Step 3). These calculation methods
can handle both the involute and non-involute gear actions, high contact
ratio gearing, etc.

For any mesh arc position i, the calculated kth gear tooth pair
stiffness KP(k)i, mesh stiffness KGi, and load sharing incorporate the
effects due to manufactured profile errors, profile modifications, and
deflections by means of the iterated numerical solutions of equations 3
through 8.

The individual gear tooth pair stiffness can be expressed as

Ke(k), =Q (k) IO (6)
If the effective errors prevent contact, KP(k)i = 0,

The sum of gear tooth pair stiffnesses for all pairs in contact at

position i represents the variable-variable mesh stiffness KGP

K
KuP. ® I KP(k) (n
i 1 1

The load carried by each of the pairs moving through the mesh arc in the

static mode can be determined as

N IOF
Q0 = gy, () (8)

where P 1is the total ncrmal static load carried by the gears at any mesh

position i in the static mode

K
p =E Q(k)1 9)
1
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The contact ratio under non-conjugate action can be more properly
defined as the ratio of the traversed arcs. For example, referring to
Figures 5 and 6, the loaded contact ratios for an errorless gear pair can be

approximated as

LA (10)
CR P
where
(A' - B') = [PSITP1 (3) ,, - 81(3)] - [PSITPL(3) - 82(3)] B (11)

(A' - B')is the loaded arc length from GP3 first engagement to GP3
disengagement with Bl being the variable angle between the tooth centerline
and the contacting point. In this modeling GP2, GP3 and GP4 participate in
the mesh arc for 1<CR<2; GP1l, GP2, GP3, GP4, and GP5 participate in the
mesh arc for 2<CR<3, etc.

For the instances when the contact points are not on the theoretical
lines of action (non-conjugate action) we must refer to instantaneous pressure
angles, instantaneous lines of action and transmission ratios. The need for
instantaneous lines of action were indicated in [15]} and [23]). Utilizing
Figure 6, the instantaneous parameters* for the contact point A' (defined by

RCP1 and RCP2, or UCP(k) and VCP(k) in the U, V coordinate system) are:

PPD' = RBCl/coa(aAl 4‘031) Distance to instantaneous pitch point
1 = arcsin (UCP(k)/RCP1)
% = arcsin (UCP(k)/RCP2)

ay = arctan (RCCP1/RBCl)

a' = et %, Instantaneous pressure angle

TR' =  (C-PPD')/PPD' Instantaneous transmiassion ratio

TR = RPC2/RPC1 Involute (theoretical) transmission
ratio

RBC2' =  RBCIxTR' Instantaneous base circle, gear 2

* Designated by superscript '

(12)

(13)
(14)

(15)

(16)



‘- 2 2 Equivalent instantaneous radius (17)
socPl V(RCPI) = (RBC1) of curvature, gear 1

> 2 Zquivalent instantaneous radius (18)
RCCP2' -‘/(ncpz) - (RBL2') of curvature, gear 2

The same procedure is used for determining the instantaneous parameters as

the above gear pair k traverses the mesh arc and, similarly, for other gear

pairs. The instantaneous transmission ratio TR' is influenced by the deformations
in the contact zone and tooth profile errors. It is important to note that for

no-load and no surface fault conditions TR' = TR, and similar analogy exists

for other parameters.

1f the actual loaded contact occurs above the theoretical line of action,
the effective base circle radius of the driven gear will be decreased.
Consequently, the instantaneous transmission ration, TR' will be smaller than

the theoretical transmission ratio, TR.

In this study, it is assumed that the instantaneous transmission ratio
is dominated by the incoming tooth pair at point A' in Figure 6 as it moves
through one gear mesh stiffness cycle. The approximate variation/cycling of

TR' is illustrated in Figure 9. The maximum variation in TR' is defined as ATR.

The described static analysis determines the variable-variable mesh
stiffness (KGP), transmission ratios (TR), and the contact position vectors

(RCP1, RCP2, RCCP1', etc.) for subsequent dynamic calculationms.



DYNAMIC MODEL

A gear train shown in Pigure 7 was used in dynamic simulations. This
mode’ is assumed to represent one of the practical cases in gearing. The
model includes the input and load units; a pair of gears; interconnecting
shafts; damping in shafting, gears and bearings; non-involute action

caused by gear tooth deflections; and loss of contact.

The dynamic model is based on the same coordinates as the static model.
The instantaneous parameters which were determined for various mesh arc
positions in the static analyais will also be utilized in the dynamic

simulation,

The equations of motion for this model along the instantaneous

(non~-involute) line of action can be given in the following form:

Jp¥p * Cpp¥p *Ch Yy * Cpg( ¥ - ¥ tK(Y -¥) = T,

Yo ¥y * Gps( ¥y -+ K(Y - v+
[ccpi(nncxil- RBC2'Y,) + KGP (RBClY, =- RBC2'Y,)] RBCL = 0

: .
Jaa¥a v Oty - YD)+ Ky, M)+

[CGP, (RBC2'Y, - RBC1Y,) + KGP, (RBC2'Y -~ RBC1Y,)] RBC2' = 0
1 2 1 i 1

) L » Py _ - '
Jo¥L * Cp¥y G ¥y *CO(Y -Y) +K (v -¥) =T, x TR

= T (TR')
L

The bearing damping on the drive and load shafts was lumped as

effective damping at their respective drive and losd masses.

(19)

(20)

(21)

(22)
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The bracketed terms in equations (20) and (21) represent the dynamic
gear mesh force which is dependent on the dynamic displacements of engaged

gears, gear mesh stiffness and damping in the mesh.

In equations (20) and (21), KGP, represents the variable-variable mesh

1
stiffness. KGP1 1s a function of gear tooth profile errors and modifications,
deflections of gear teeth, load sharing, height of engagement, and an

angula: rosition 1 of engagement as the gear pairs move through the mesh

zone. The mesh stiffness cycle is illustrated in Figures 9 and 10. The
basic sources of excitation for a rotating pair of gears are the variable-
variable mesh stiffness and the changes in the transmission ratio caused by

non-involute action. The input torque TD is assumed to be constant while the

output or load torque T, is a function of the instantaneous transmission

ratio shown as Tt (TR'), ana bearing losses. Also see Appendix 5. If
contact occurs above the theoretical line of action, the effective base
circle radius of the driven gear will be decreased by an amount equivalent to

the percentage decrease in the transmissiorn ratio.

Operational situations, which may involve momentary disengagement of
gears iun mesh can impost several conditions on the dynamic gear mesh forces

in equations 20 and 21. By defining the relative dynamic displacement CRM as

CRM = RBC1 x v, ~- RBC2'YvY, , (23)
if CRM >0 . .
(QDT), = CGP, x (RBCly, =- RBC2'Y,) + KGP, x CRM (24)
1 1 1 2 1
if (CRM = 0) and DDELT > |CRM| (25)
(@T), = 0

1f (CRM S 0) and DDELT <|CRM| ,
(QDpT) = OGP, x (RBC1 "’1 - nscz'vz) + KGP, x (CRM-DDELT) (26)

Also, vhen KGP1 =0, (QDT)1 =0



The equivalent demping in gear mesh ccri vas related to !91 by means of a
critical damping coefficiert (T).

P, = 2 er 1
4 ¢ 1 3 5 27)
@’ o+ apcp’
o1 o2

The indicated equations of motion (equations 19 = 22) were numerically
integrated in the FAST routine by means of a 4th order Runge-Kutta

integration scheme described in Appendix 5.

The initial displacements ?D(O), YI(O). 72(0) and YL(O) were determined by
statically twisting the entire system with the prescribed TD and TL torques.
Por the initial velocities ¥ (0), ¥,(0), ¥,(0) and ¥ (0) the anticipated steady

state involute action velocities were selected.

The numerical integration of the equations of motion is
carried out for a length of time equivalent for the time required for the
start-up transient to decay. This time is assumed to be 2qual to five times
the longest system natural period. The integration time step is taken either
as one tenth of the shortest system natural period or one percent of the mesh
stiffness period with CR < 2 (two percent for CR > 2), whichever is smaller.

Also see Appendix 4.

As the first step, the FAST routine calculates the dynamic force in the
mesh defined by equations 23-25. Next, the FAST routine interacts with the
SLOWM subroutine to determine the adjunct dynamic information:

a. how the dynamic load is shared by contacting tooth pairs during
periods when multiple tooth pairs are in contact.

b. the variation of the load magnitude along the tooth profiles of
a contacting tooth pair as the pair moves through the contact zone.

c. the sliding velocity, the maximum hertz pressure and the sliding
velocity-hertz pressure product along the tooth profiles.
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In order to save computational time, it was assumed that the loaded
meshing arcs (Points A'and B' in.Pigure 6) in the static and dynamic modes
will be of the same length. It is believed thit this is also a reasonable
assumption because the rapidly fluctuating loads should not produce a lasting
change of the meshing arc lemgths. With this assumption the determined dynamic
absolute angular displacements can be compared/interpolated with the
equivalent mesh arc positions in the static mode PSI1TP(k), PSI2TP(k) for
selecting the associated RCP1(k), RCP2(k), RCCP1(k), RCCP2(k) and other
vectors for further calculations. Some of this information is illustrated
in Figures 5 and 6. Consequently, the above-listed adjunct parameters a,
b and ¢ were determined by utilizing the calculated dynamic mesh force (can

be zero for certain conditions) and interpolations between the dynamic and

static mode positions.
For example, by establishing the correspondence between the ?1, ?2 and

interpolated PSI1TP(k), PSI2TP(k) positions and associsted RCP1(k), RCP2(k)

vectors it is possible to calculate the sliding velocity for the dynamic mode.
The necessary vector relationships for determining the instantaneous

sliding velocities can be seen in Figure 6. In the kinematics of gearing

the tangential velocities Vl and Vz at the point of contact are perpendicular

to their respective contact radii with the sliding velocity perpendicular to

é the line of action, Reference [211],
§ velocities &1 and &2, the instantaneous sliding velocity SV is determined
1
% bv solving the vector equation 28 (vector polygon in Figure 5).
o T e Em - e
=} sV(k), vy -V, RCP1' (k) Y RCP2' (k) Y, (28)

(Equation 27 can also be written in a scalar form as Equation 28).

sV(k), = V("Rz + WPt - v v, 008 (ay +a,,) (29)
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The dynamic load (QD(k) for a contacting gear tooth pair in the dynamic

mesh position i was established as

ww, = @, (30)
i

For the same position the Herts stress Pn was calculated by using an

equivalent cylinder approach, aquation 30,

n @yt 2O, . | +——) (31)
T FA RCCP1" (k) RCCP2" (k)
where
RCCP1'(k), RCCP2'(k) = equivalent instantaneous radii of curvature
F = minimum gear tooth face width
2 2
A= (2 M oy e 2y
El E2
In this study the dynamic load factors were defined as
oF1), = (@0, (32)
i P
and
(oF), = LW, (33)
Q(k)1

DF1 can be interpreted as the dynamic load factor for the mesh or as

the dynamic load factor for the gear pair, adjacent shafts and bearings.

DF2 is the dynamic load factor for an individual gear tcoth pair
traversing the mesh arc. DF2 is of main importance when the strength of
the gear teeth is of primary importance. The larger of the two dynamic load

factors will be defined as the dynamic load factor for design, DF.
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RESULTS AND DISCUSSION

In the extended modeling which includes the variable-variable mesh stiffness
(VVMS) method, the pgear train was modeled as a rotating system excited by the
variable~-variable mesh stiffness and the profile error-induced interruptions
of the stiffness function. The non-invelute action was described by the use of the
instantaneous line of action and consequent variations in the transniss;on
ratio.

The VVMS method defines the gear mesh stiffness as a function of load,

errors and position of contact. This is in contrast with the fixed-variable

stiffness (FVMS) method where the gear-mesh stiffness was treated
independently of the transmitted loads and gear tooth errors. In the FVMS
method it is generally assumed that the mesh stiffness function is the same
for identical gears with or without errors with the contact in both cases

occuring only on the theroretical line of action. The non-involute action of

the gears in the FVMS method was simulated by means of the error/displacement

strips acting along the line of action.

Static Analysis

The described digitized VVMS method removed many of the previous
assumptions and simplifications thus improving the determination of the gear
mesh stiffness, The extended modeling which includes the VVMS method will
be illustrated in the static and dynamic modes by a few selected cases in
the high contact ratio (HCR with CRz2) and normal contact ratio (NCR with

g CR<2) gearing, respectively.

Tables 1A, 1B, and 2 and accompanying Figure 8 show the mesh stiffness
characteristics for error-less gears. Presented results indicate the obscure
but important influence of equivalent hub stiffness on the overall gear mesh

stiffness. By increasing hub torsional stiffness (higher HSF, Appendix 2)
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the loaded contact ratio decreases, -céh stiffness increases, changes in
transmission ratic decrease, and sensitivity to gear tooth errors increases.
The opposite occurs by decreasing the hub stiffness.

The tabulated results indicate substantial changes in the contact ratio
with increasing loads and/or gear hub flexibilities. Por example, starting
vith a theoretical contact ratio of 2.14 for a 32 & 96 tooth gear pair the
loaded contact ratio can be 2.47 or higher within practical load and gear
hub flexibility ranges. In addition, some of the NCR gear pairs could be
theoretically made to operate in the HCR regime by selecting an appropriate
combination of the transmitted load and gear hub flexibilities.

Profile errors and pitting can affect the mesh stiffness characteristics
to varying degrees. A case where only one of the meshing gears has surface
imperfections will be considered first. With torsionally flexible hubs where
the circumferential fixity is approximately equal to the minimum shaft size
required to transmit the applied torques (HSF=.5),the sinusoidal errors of
.013mm (.0005 in.) and narrow surface pits .5mm wide (.02 in.) were absorbed
by the mesh flexibility without affecting the errorless mesh stiffness
characteristics. On the other hand, when the hubs were torsionally rigid
(HSF = 1) the mesh flexibility was not able to absorb the errors of above
magnitudes. Unabsorbed errors cause non-contact zones resulting in significant
changes in the mesh stiffness characteristics (Figures 8 andl9). With
increasing hub flexibility there was a gradual return to normal mesh stiffness
characteristics, i.e. the flexibilities in the mesh were ablg to narrow or
bridge the non-contact zones. For example, a 32 & 96 tooth gear pair mesh with
HSF = .6 was able to absorb a portion of the sinusoidal error by eliminating

about fifty percent of the mesh stiffness interruptions shown in Figure 9.
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TABLE 1A

EFFECTS OF GEAR HUB FLEXIBILITY ON MESH STIFFNESS,
TRANSMISSION RATIO AND CONTACT RATIO

Gears: 32 & 96T, 8DP, 14.5°PA, F = 25.4mm (1 in.), CR, = 2.14
Normal Load: 44SON(1000 1b ) or 175 N/mm (1000 1b/in)

RH1 RH2 KG KGp HSF ATR * CR

mm £ mn f ngax N/om2 X

8 4
10.0 14.5 3.07x10 1.21x10 476 2.4 2.47
12.7 18.3 3.80x108  1.s0x10%  .591 1.9 2,42
12.7 38.1 s.08x10°  2.00x10%  .794 1.6 2.36
? 18.1 114.3 6.36x10°  2.50x10%  .992 1.0 2.32
47.2 148.8 5.45x108 2.54x10" 1.0 1.0 2.32
TABLE 1B

LOAD EFFECTS ON MESH STIFFNESS,
TRANSMISSION RATIO AND CONTACT RATIO

Gears: 32 & 96T, 8DP, 14.5°PA, F = 25.4mm (1 in.), CR; = 2.14, HSF = .992

Load Kcmax KGF ATR* CR
N/m N/m N/mm? %

88 6. 36x10° 2. 50%10 " 0.8 2.29
175 6. 36x10° 2.50x10" 1.0 2.32
350 6. 36x10° 2.50x10" 1.0 2.38
525 6. 36x103 2.50x10 " 1.8 2.43
700 6.36x10° 2.50x10 " 2.2 2.45

KGpax = maximum attainable stiffness in the meshing arc

All gears without errors or modifications

Fl= F2e FHl= FH2 = 25.4mm (1.0 in.) KG, = —oaX
RRC1 = 47.25mm RRC2 = 148.84mm
*I1lustrated in Figure 9




TABLE 2

Gear Mesh Stiffness Characteristics

29

CR

Normal Leoad: 4450N(1000 1b.) or 175 N/sm (1000 1b/in)
Gear i ,
Combination Rﬂlf RHZf KG x K?Lz S TR
- - n/a* N z
A 10.0 16.5 3.07x10°  1.21x108 476 2.4 -
47.2 148.8 6.45x108  2,54x10 1.0 1.0
B 10.0 14.5 2.89x10° - 1.14:102 714 2.6
55.1 55.1 4.05x108  1.59x10 1,0 1.3
c 10.0 14.5 3.52x10°  1.39x104 852 3.1
37.5 37.5 4.13x108  1.62x10 1.0 2.6
D 10.0 14.5 1.63x10%  Lex10} 517 .6
37.5 37.5 4.89%108  1.92x10 1.0 0.5

A - 32 & 96T, 8DP, 14.5°PA, CRy = 2.14
B - 20 & 20T, 4DR, 20°PA, CR, = 1.56
C - 26 & 26T, 8DP, 14.5%PA, CR; = 1.89
D - 40 & 40T, 4DP, 20°PA, CR = 1.71

All gears without errors or modifications
Fl=F2= FHl= FH2 = 25.4mm (1.0 in.)
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GEAR MESH STIFFNESS, KG(N/m)
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.,....!\i,.~. GP2, GP3, GP4

STIFFNESS, (HCR GEARING)

GP2 and GP3
‘.'J
GP] exits GP2 exits
IEP-1
CP1, GP3} G¢P2, GP4
Gears: 32-96™ 8DP, 14.5°PA
i F = 25.4um (1 in.)
HSF = 1,0
Pit width = ,S5mm
~ CP3 enters Pit depth = .25 nz
GP4 on Gear 1, Figurc.Ze
P4 enters — Load=4450 (1000 1b)
b
- - lost contact zomes
stiffnegs cycle it
e
ATR ™'
¢
T !
Y PSITPl
FIGURE 9 <« EFFECT OF SURFACE PITS ON GEAR MESH



32

CEAR MESH STIFFNESS, KG(N/m)

7.0 4‘

8 upPl, P2, GP3
x10 -

0.0 ¢

50 ¢

GPl exits

CPl, GP3

b~ .P3 entors

stiffness cycle

GP2, GP3

- S em an - e
- = - -~~
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GP2 only

IEP-1

-

-GP2, GP3, GP4

\S----- -y

(

GP2 exits

GP2, GP4

e GP& enters

Gears. 32-96T 8DP, 14.5° PA

F = 25.4mm (1 in.)

HSF = 1,0
Load = 4450N (1000 1b)
PEl = .0l3am, Figure2b

- = = Jost contact zones

I ATR T®R'
A

¥ |

FIGURE 10 =~

¥y PSITPL

EFFECT OF SINUSOIDAL ERROR ON GEAR MESH
STIFFNESS,

(HCR GEARING)
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The VVMS method can also be used to investigate other error combinations
acting on both gears. VFor example, errors shown in Figure 2b with PEl and
“E2 of ,013mn are nearly self-compensating in terms of very small changes from
the normal meshing stiffness function. Other profile error combinations,
especially of large error uagnitudes.‘could lead to non-operational contact
ratios below 1.0 or to very frequent interruptions of the mesh stiffness
function. The sinusoidal profile errors of approximately one cycle (Figures la,
1b) and .013mm in magnitude are probably the maximum tolerable profile errors
in accurate spur gearing applications.

The gear tooth contacts due to deflections do not occur on the theoretical
line of action. This results in non-involute action producing variations in the
transmigsion ratio, ATR. The ATR can be viewed as a variation in the cutput
torque. These variations are cyclic as illustrated in Figures 9 and 10

could reach 5% for high load and hub flexibility ranges. Some additional
discussion of ATR is given in gection on Dynamic Anelysis.

The calculated results also indicated that the load distribution in a
gear pair without errors remained practically the same for the considered hub
flexibility ranges. Another observation could be made that for the gears
with rigid hubs the attainable maximum gear mesh stiffness value remained
approximately constant over a wide range of load.

1t is important to indicate that the FVMS and similar methods can not

directly consider the absorbtion of errors.

Dynamic Analysis

The dynamic loads are influenced by a large number of variables such as
the mass moments of inertia of all elements, shaft stiffnesses, transmitted
loads, gear mesh stiffness characteristics, damping in the system, amount of
backlash and speed.

The presented information on dynamic loads in Figures 11, 12, and 13 is

intended to show the limiting ranges and effects of some of the parameters.




Figure 11 shows the dynamic characteristics of a gear drive (Figure 7)
with an errorless 32 and 96 tooth gear pair, "soft" and "stiff" nh;ftlng and
gear hubs, and varying amounts of damping. The trends indicate that various
gear drive systems could be designed for best perfocrmance in terms of
acceptable dynamic load factors DF (equations 31 and 32) by proper selection
of masses, gear mesh and shafting flexibilities, and damping.

The shaft stiffnesses and the masses of the drive and load elements in
most cases will determine the lower natural frequencies of the system. The
gear masses and mesh stiffness will dominate the highest natural frequency.
The harmonic content of the mesh stiffness characteristics will excite at
various speeds a number of natural modes. The mesh stiffness functions shown
in Figures 8, 9, and 10 suggest a considerable variation of the harmonic
contents for various situations. Changes in the transmission ratio TR' also
refer to the same mesh stiffness cycle. Tha2 analyses tend to suggest that the
main sources of excitation are the variable-variable mesh stiffness and its
interruptions. The ATR quantity whicﬁ represents variations of load torque
due to non-involute action appear to be of secondary importance as a source
of excitation as shown in Figure 1k,

Two severe types of interruptions of the HCR mesh stiffness function
resulting in a partial loss of mesh stiffness are shown in Figures ¢ and 10.
The effects of unahsorbed profile surface imperfections (sinusoidal and
pitting) are illustrated in Figures 1’ and 13 for the HCR and NCR gearing,
regpectively. In the presented carcs, momentary gear separation can occur
when DF>2.  The resonant peaks are the average dynamic load factors based
on the backlash between zero and .25mm,

The unabsorbed cerrors in the NCR situations considered caused a momentary
loss of mesh stiffness resulting in high dynamic loads and gear separation

over wide regions of considered speeds. In the slow speed range
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there is a large zone of high dynamic load factors affccted by a number of
the mesh stiffness function harmonics and separation of gears. These high
dynamic loads can be reduced by introducing higher damping, higher applied
loads and lower HSF's. Reference [33] indicated & 300 percent increase in
dynamic amplitudes caused by a zero stiffness zone due to a single tooth pit.
In this study surface imperfections vere assigned to all teeth for a, given gear.
There is a requirement for a minimum amount of damping to prevent the
Mathjeu-Hill type instabilities [25, 32]. 1In the considered cases only for
a 32 g 96 errorless gear pair, "soft" shaft, "soft" hub and zero backlash
case there was a narrow instability band at approximately 11,000 rpm with
£ = .05 and g, = .005. This instability was eliminated by increasing & to
about .07. The above instability could also possibly be prevented without
changing £ by including the bearing damping. However, for limiting the
number of variables the bearing damping in this study was taken to be zero.
There are also additional remedies for removing or minimizing these

instabilities [25, 32].

The extended modeling has the capability for analyzing the distribution
of the dynamic loads, dynamic factors, load sharing, contact Hertz stress
(PH) and the contact stress-sliding velocity product (PV) for the entire meshing
zone. The maximum dynamic loads, dynamic factors, maximum PB’ and maximum PV
do not necessarily occur at the same or any fixed position. These quantities and
their lacations are dependent 8n the transmitted loads, speed, amount of
damping, mesh stiffness function interruptions due to errors, and location of
the contact points (contact point vectors and radii of curvature). Figures 1k
and 1% show the range of the maximum PH and maximum PV values corresponding to
the dynamic conditions illustrated in Figures 11,12 , and 13. In general,

these values were lowcr with higher damping and higher contact +atios.
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The contact pressures in the approach arc using the method of instantaneous
radius of curvature (eqs.i# , 19 and {i) were, in many cases, somewhat lower
in comparison with the true involute sﬁlutions. The incorporated gear tooth
deflections increased the length of the contacting and curvature vectors thus
causing a decrease in the contact pressures. These findings are supported by
[27 and 36]. The instantaneous sliding velocities (eq.28 ) on the other hand

are higher than those in the true involute case.

SUMMARY

A large scalc digitized extended gear modeling including the
variable-variable mesh stiffness (VVMS) method was developed to analyze
spur gearing in one uninterrupted sequence for both static and dynamic
conditions. This approach can be used to eliminate many deficiencies of the
currently used fixed-variable mesh stiffness (FVMS) modeling.

In the extended modeling an iterative procedure was used to calculate
the VVMS by solving the statically indeterminate problem of multi-pair
contacts, changes in contact ratio, and mesh deflections. The developed
method can be used to analyze both the normal and high contact ratio gearing
with a minimum number of simplifications.

The associated computer program package calculates the VWS, the static
and dynamic loads, and variations in transmission ratios, sliding velocities and
the maximum contact pressures acting on the gear teeth as they move through
the contact zone. The following findings were obtained for some typical

single stage spur gear systems:
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The gears and the adjacent drive and load systoms can be matched

for optimum performance in terms of minimum allowable dynamic

loads for a wide range of operating speeds.

Torsionally flexible design of gear bodies/hubs/rims offers an
excellent means for absorbing or minimizing the geometrical errors

in mesh.

The gear mesh stiffness and its distribution are significantly
affected by the transmitted loads and tooth profile imperfections.
The dynamic factors can be decreased by increasiné the demping and/or
contact ratio. Local damping appears to be the most efficient means

for decreasing the dynamic load factors.

The high contact ratio (HCR) gearing has, lower dynamic loads and

peak Hertz stresses than the normal contact ratio (NCR) gearing.
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APPENDIX 1
CONTACT POINT SEARCH METHOD

Since the location of tﬁe contact point is not constant and directly
affects the amount of tooth deflection and vice-versa, it was necessary
to develop a search technique that was able to determine accurately where

. contact occurred., More importantly, because of gear errors, it was
necessary to be able to predict where contact would not happen for a

given angular position,

Figures A. 1-1 and A. 1-2 illustrate the search technique for the
contacting points. In the search stage, the digitized points include the
profile errors, modifications and appropriate deformations. Each gear
tooth profile was described by one to tow hundred digitized points. In
the majority of practical cases, this would trarslate into .13 to .25 mm

(.005 to .01 in.) radial intervals between two adjacent digitized points.

Although basically the same, there are three distinct serach procedures
in the SLOWM subroutine. These establish:
1. Location of first contact in the meshing arc and its angular position
. (Position 1);
2. Location of the contact point on the tooth profile as the tooth
traverses through the contact zone (Positions 2 through 49);
3. Location of the final contact in the meshing arc and its angular

position (Position 50).

Each procedure makes at least two checks in the distance between the
gear teeth to establish whether or not contact occurs at that particular

angular gear tooth position.



For example, for cntablishing the actual loaded initial point of
the meshing arc, Point A', Figure 6, the gears were counter rotated to
be outside the theoretical initial contact point equation A, 1l-1. Then
the loaded gears are rotated by subtracting small increments (DELTA x
NLIM x DPELT) from P1SL in the direction of actua® rotation and comparing

the gaps between the approaching loaded teeth.

P1SL = PSS1SL + DELTA x (NLIM x DELT) (A. 1-1)

P1SL starting search angle

PSSISL - theoretical starting angle for meshing arc

DELTA - angular increment in the contact zone

NLIM - arbitrary number such that NLIM x DDELT = any integer
greater than 5

DELT - 1/N, where N is any interger greater than une

The product (NLIM x DELT) determines how many angular increments,
DELTA, the gear teeth are set back. The product (DELTA x DELT)
DELTA, the gear teeth are set back. The product (DELTA x DELT) will
later determine how much the gear teeth are incremented in the search
for the initial contact. Generally, for light loaded, fairly rigid,
non-modified gear teeth, (NLIM x DELT) can be in the range of 5 to 8.
NLIM should be larger for systems with modified teeth or relatively
soft teeth or hubs. Smaller values of DELT will give more accurate
results as to the location of the initial contact. Both large values

of NLIM and small values of DDELT result in more interations, more

accurate results, but require more computer time.

Each gear tooth is described in space by the Ul (J), V1 (J) and
U2 (L), V2 (L) coordinates. In searching for the initial point of
contact, the search is stirted with the tip of the driven gear, point

L = 1 by examining the gaps between the tooth profiles of both gears.
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U2(L+1), V2(L+1)
L+1 Driven Gear, Gear 2

u1(3), vi()

J+1
Ul(J+1), V1(J+1)

Pinion,
Gear 1

Figure A. 1-1 SEARCH FOR INITIAL MESH ARC CONTACT
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FIGURE A. 1-2 - CONTACT POINT SEARCH METHOD -

1*"  MESH ARC POSITION
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For any

V1 (J) > V2 (L) > Vi(J+1)

Ull can be calculated by similar triangles from Figure A. 1-1 to be

o1t = R x frrae) - "“"ﬂ +UL(T) A 1D

1f, Uil > U2 (L)

and

a permissible amount of jamming or overlap has occurred; contact is
established and the rotational angles for this position defined (Point A',

Figure 6).

If the condition (A. 1-3) was not satisfied by any of the digitized
profile points, then the same points were reanalyzed for the "minimum

contact/gap" condition (A. 1-4)

abs|UL1 - U2 (L)] < (.00001 in. or .00025 mm.) (A. 1-4)

Using this second test, a contact was declared if the condition

(A. 1-4) was satisfied.

There 1is no contact, if neither of the above two conditions are met.
In this case, L is incremented by one, and the process repeated. If all
the values of L in the search region have been exhausted and no contact
found, then the angular position of the gears is advanced by an amount

(DELTA x DELT), and the search process repeated with L = 1, etc.
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The technique for finding the final contact point is similar to
the one just described. This time, the aearch’is initiated with the

tip of the pinion point J, J = 1.

After the initial and final contact positions are found, the

contact positions for the remaining 48 meshing arc positions are determined.

For any ith mesh arc angular position, the contact points or absence
of them are established by analyzing from 20 to 40 digitized points for :
each gear pair profiles in the approach or estimated contact zones. This
is accomplished by incrementing the vertical search distance V1l (common
for each pair profiles) and comparing the corresponding horizontal "U"
distances between the profiles by means of the previously discussed

conditions A, 1-3 and A. 1l-4.

The allowance (A. 1-4) was introduced to account for small deviations
in the profile digitizing and other numerical processes. It should be
noted that the longer horizontal rather than the shorter perpendicular
distances were analyzed thus increasing the probability of contact. The

(A. 1-3) and (A. 1-4) conditions were established by investigating a

large number of gears for the known theoretical "contact" and "no contact"
points. For the situations fajiling both tests, there was an unacceptable
gap or no contact., In the search method the initial or the highest point

for the pair in the ith angular mesh arc position,

This process was repeated for all tooth pairs expected to be in
contact in the ith mesh arc position. Referring to Figure A. 1-1, contact
was established at point P for the gear pair GP (k+1). There is no contact

for GP (k). Next, the gears are advanced to a new angular position, and the

process is repeated for the entire loaded mesh arc.
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DEFLECTION AT POINT OF CONTACT

Numerical integration of digttizedvgear tooth slices (Figure A. 2-1) was
used to obtain the bending (6M), shear (Gs) and normal force (GN) deflections
used in equations 3 and 4. These calculation were performed in the DEFL subroutine.
The circumferential deformation of the gear hub and deformation of the
adjacent part of the gear body were reflected to the contacting point as

(6R) and (GB) deflections, respectively.

The methods for calculating the GB and the localized hertzian deflection

6, are amply described in [3, 17, and 29]. The 8o, Sp and & deflections

were calculated in the SLOWM subroutine.

The 6R deflections cannot be easily defined. Following [17], these

deflections can be approximated for Gears 1 and 2 as shown below.

2 2 2
§ .(k), = _Q(k)i (RCP1(k)i)™ COS a Bl 1 1
R 4 n GL(FHI) [ Cwar) - Cwar,— 1 427D
where
Q(k)i = load along the instantancous line of action at the

contact point, kth pair.

RCP1(k)= radius to the contacting point, Gear 1, kth pair

FH1 = hub face, Gear 1

RHl0 = outside hub/rim radius, Gear 1
RHlf = effective radius of circumferential hub fixity, Gear 1
Gl = torsional modulus of elasticity, Gear 1

Similarly, for Gear 2
2
Q(k)1 (RCP2(I)1)” cos a B2 r( 1 ) _(——l—) ] (a.2-2)

b2 (k)y = % n GZ(FH2) RH2, RH2
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In many cases, it could be assumed that RHl, and RH2, will be '

approximately equal to RRC1 and RRC2, respectively. The radius of circumferential

fixity RH_ for individual hubs cannot be as readily assumed. RH_ will depend

f f
on the hub disk face width (iIF), hub web thickness (HW), type of gear

mounting, shaft size, cutouts, etc.

The torsionally rigid hubs can be theoretically obtained when the

radius of circumferential or torsional fixity will coincide with the root
circle resulting in GR = 0. The opposite case can be visualized with the
thin hubs being fixed to small shafts. In general, an increase in the hub/rim
flexibility will increase the total deflection of the tooth and thus will
decrease the gear mesh stiffness. The hub stiffness factor (HSF, eq. A2-3)
will be used to indicate a degree of influence of the hub flexibility on the
overall gear mesh stiffness,

HSF = %‘,‘%}; (A, 2-3)
where

*
Kcmax: maximum mesh stiffness with torsionally rigid hubs

I(Qmaxt maximum mesh stiffness with designated hubs

A combination of rigid hubs will be identified by HSF = 1.
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FIGURE A. 2-1 - GEAR TOOTH BENDING, SHEAR AND
NORMAL DEFLECTION MODEL
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APPENDIX 3

PROFILE DIGITIZING SUBROUTINE~-MOD

The MOD subroutine is used for digitizing the spur gear tooth

profiles. Both standard and non-standard gear forms can be digitized.

This subroutine can accomodate the parabolic and straight line modifications

:
;
3
1
1
i
E"

of the tip and root zones, sinusoidal profile errors and surface pits as

shown inFigures 2 and 3 and discussed in the static analysis section.
The main parameters needed for describing standard and/or non-
standard profiles for each gear are:

DP - diametral piteh (English input only)

M - gear module (metric module only)
PHID - pressure angle, degrees

TG -~ number of gear teeth

AD - addendum

WD - working depth

GRRF - generating fillet radius of basic rack
PATM - vparabolic tip modification

STTM - straight line tip modification

RATM - 7roll angle of tip modification, degrees
PABM ~ parabolic bottom modification

STBM <~ straight line bottom modification

RABM - roll angle of bottom modification, degrees
PER - amplitude of sinusoidal error

PAP - vphase angle of sinusoidal error

CYC - number of cycles of sinusoidal errors

IPIT - profile coordinate points over which pit occurs
DEEP -~ depth of pit

Other symbols used in the computerized profile equation in the MOD
subroutine are defined in the Program Listing, Apvendix 8.

A number ot figures are included in this Appendix to show the
graphical relationship of the principal profile-defining symbols.

Figure A.3-1 shows a basic standard involute tooth profile. Figures
A.3-2 through A,3-L depict several modifications of a standerd involute
tooth profile. The fillet radius RF1 for gear 1 is described as

RF1 = ,7*(GRRF1+WD1-AD1-GRRF1%#2)/
(. 5*PD1*WD1-AD 1*GRRF1) (A.3-1)
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and, similarly, for Gear 2. In equation A.3-1, PD1 is tue pitch diameter.
Other symbols are defined at the beginning of this Appendix.
The sinusoidal profile error PEl for Gear 1 was defined as

PE1(J) = PER1®*SIN((®RATI1-RA1(J))
*CYC1/RATIP1)+PAP1)

(A.3-2)

and, similary, for Gear 2.

In equation A.3-2 the phase angle PAPl refers to the peak of the error
from the pitch point. The sinusoidal error covers the region between the

tip and root vrofile modifications as shown in Figure A.3-3.

A straight line tip and root profile modification model in terms
is shown in Figure A.3-3. A similar model was used for Geatr 2 as well
as for the parabolic tip and bottom modifications.

By introducing negative profile modification in the root zone as showm
in Figure A.3-L several types of undercuts can be developed.

The program has several protective features. For example, in the
case of very severe profile modifications the contact ratio could fall
below 1 or there could be an interference, then & special notice will

be printed and the program execution stopped.
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Case: RBC

RPC

/

RTF.__ ™~ RLM

RRC

o
,“5j(:ARG nj -

R ej_
7 RTI-
. ;o RAC-
RRO ‘ b 2 RPC-
RBC-

, A

; . 7~ BETA
| | / RLM-
| ! /// ' RRC-
i ‘ RLI-

e RF -
‘//' RTF-

Y - “+'O(W,Z)

PRINCIPAL SYMBOLS
STANDARD INVOLUTE

Figure A. 3-1

digitized points
/

‘\‘\lipsc,

RTF
RRC
RTF

"

RBC
RLM

v

w

RTI, RAC

RLI

Normal to profile

THETA (J), Normal angle
Radius to top of involute
Radius to addendum circle
Radius to pitch circle
Radius to bhase circle
Radius to limit circle
Radius to root circle
Involute limiting radius
Filled radius

Radius to top of fillet

TOOTH PROFILE
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N 3 normal to original
. involute

N normal to modified
—

- n
m’/ / profile

T
i - 6 “.‘
RA(J #1) —
JvZ :
Q 6,= THETA(J)
'
em‘1= THEM(J)

"~ involute -

+PE material addition
-PE material deletion

Figure A.3-2 MATERIAL ADDITION OR SUBTRACTION FOR
A TYPICAL PROFILE LOCATION
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RAT1, Roll Angle at tip.also RA1(1l)

RATM1

RAM1
;% PAP1 | ~~. sinusoidal profile error
=
RAN1

RABM1

RABl, Roll angle at original involute
STBM1 bottom, also RAL(LI1)

Firure A.3-3  STRAIGHT LINE MCDIFICATION OF PROFILE AT TIP AND ROOT



Figure A 3-4

‘I~ end of involute, RAN

'Ram

TOOTH ROOT MODIFICATION-MATERIAL REMOVAL
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APPENDIX &

VIBS SUPROUTINE

The VIBS subroutine based on a Jacobi interation technique is used t6
determine the eigen-values of the gear train from which the length of the
numerical integration as well as the integration time step were determined.
Using the undamped version of the model shown in Figure 7, the equations of
motion eipressed in matrix form become

[3] (¥} +[K] (¥} = {0} ‘ (A. 4-1)

The inertia matrix (J) is

P* -
DJD 0 0 0

0 bJGl 0 0

(A, 4-2)
0 0 DJG2 0
0 0 0 DJLJ
The stiffness matrix (K) is )
B TKDE -DKDS 0 0
-DKDS  DKDS + DKAVG x (DRBCl)?' -(DKAVG x DRBC1 x DRBC2) 0
(A. 4=3)
0 -(DKAVG x DRBC1 x DRBC?) DKDS + DKAVG x (Dmacz)2 -DKLS
0 0 ~DKLY DKLS
S— -nd

DKAVC is the averape gear mesh stiffness, 1t {s determined by summing
up the stiffness function over one cycle and dividing by the number of

positions in the cycle,

n
DKAVG = % f . KGP, 3 n=IEP ~ 1 (A. 4=4)
=

Shown in double precision format

T
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In equation A, &=4:

KGPi - gear mesh stiffness at the 1th position of the mesh arc.

n = number of the mesh arc positions in one stiffness cycle

IEP = start position index for new stiffness cycle (Figure 9)

Having defined the constituent parts of the above matrix equation, the VITS
routine is called to determine the natural frequencies and the modal shapes.
The natural frequencies were used to determine the time period o.er which the
system is to be evaluated and the length of the integration ti.es steps. It
was assumed that the startup transients would decay within a time period
equivalent to five times the longest natural perfod. This time period plus
the time required for 2 or 3 additional cycles, depending on the contact
ratio, constitutes the total time span TTOTAL in the integration portion of
the FAST routine. The integration time step DT is taken either as one tenth
of the shortest system natural period or one percent of the stiffness period

with CR <2 (two percent for CR > 2), whichever is smaller.
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APPENDIX 5
PROCRAM INTEGRATION

The faagt routine hnz been developed to nnnlyze.a four mass, mathematical
model of a geared torsional system shown in Figure 7. This model

also includies the gear mesh stiffness variations; damping in the shafts,
gears eand bearings; non-involute action effects and loss of gear

tooth contact due to dynamic conditions.

The Kast routine (Fipure 1), which constitutes the dynamic portion

ot' the entire propram, consists of the natural frequency subroutine
VIBS, the inteprating subroutines RKUTTA and MORERK, and the storing

and plotting subroutines STORE and XTPLOT, respectively.

The differential equations of motion were programmed in the double
precision on IBM 370/158 computer. The equations of motion (equations
19 - 22) are shown in the computerized symbols as equations A.5-1
through A.5-<4, A1l variables used in these equations were declared

double precision, This ulso inecludes the symbols preceded with letter D.

PSDPLL = (-DCDS*( (PSDPD+DOMGAD )~ ( PSIPD+DOMGAL))
~DCbu™ { PSDPD+DOMGAT}-DCB1* ( PS1PD*DOMGAL ) (A.5-1)
—DKDS* ( (PSDP+DT*DOMGAD ) - ( PS1P+DT#*DOMGAL ) )+ TD)/DJD

PSIPDD = (=DCDO#*( (PS1PD+DOMGAL )-( PSDPD+DOMGAD) )

-DKDS*( (PS1P+DT*DOMGAL ) - ( PSDP+DT*DOMGAD) ) (A.5-2)

~CGP*(DRBC1%*( PS1PD+DOMGA1 )~ (DRBCN*PS2PD + DRBC2%DOMGAZ2))
#NRBC1

-K(P*(DRBC1#%( PS1P+DT*DOMGAL ) - (DRECN®*PS2P + DRBC2#DT
%1,U1YGA2) ) #DRBC1) /DJG1

PS2PDD = (-DCLS*( (PS2PD+DOMGA2 )-( PSLPD+DOMGAL))
-DKLS#*( ( PS2P+DT*DOMGA2) = ( PSLS+DT*DOMGAL) ) (A,5-3)
~-CCP*( ( DRBCN*PS2PD+DRBC2#DOMGA " ) -DRBC1* ( PS1PD+DOMCAL) )

*DRBCN

.-KGP'((DRBCN‘PSQP‘DT'DOMGAQ)-DRBCl'(PSlP+DT‘DOMGA1))
*DRBCN/1JG2

PSLFDD = (-DCLS*( (PSLPD+DOMGAL)-(PS2PD+DOMGA2) )
~DCBL*( PSLPD+#DOMGAL) - DCB2% (PS2PD+DOMGA2 ) (A.5-b)
~DKLS*( ( PSLP+DT*DOMGAL)-( PS2P+DT#DOMGA2) )= TI, | /DJL



The effective load torque is equation (A.5-k) is decreased to account for the
bearing losses by redefining the load torque as |

TL = (TD-DCED*( PSDFD+DOMGAD) ~ DCB1%(PSIPD+DOMGAL ) J*IRN
‘ - DCB2%(PS2PDADONGA2) - DCBL*( PALPD+DOMGAL )

For maintaining greater numerical accuracy by working with larger numbers the absolute
sngular displacements and velocities were introduced into equations A.5~1 through
A.5-b. For example, in equation A.5-2, DPS1P is the angular oscillatory displacement
and DT*DOMGAl is the swept out constant angular displacement of Gear 1. The absolute
angular velocity at any instance consists of DPS1PD+DOMGAl terms where DPS1PD is the
oscillatory component of the constant angular velocity of gear 1, DOMGAl., Similar
expression were introduced for gear 2 by using the effective base circle radius

DRBCN, DT and DOMGA2 values. The initial displacements were determined by statically
twisting the entire system with the drive and load torques, TD and TL, respectively.

Thus, at time equal zero, the initial displacements are:

Text Computer Program

vD(o) - DPSID = TD/DKKS (radians)
\rl(o) - DPSI1 = 0.0

we(o) - DPSI2 = - TD/KGP x DRBC1 x DRBC2)

\rL(o) - DPSIL DPSI2 - TL/DKLS.

The initial velocities are set to nominal steady-state velocities

Text Computer Pregram

iD(o) =i3(o) DPSIDD = CPSILD 2 x RPMIN/60 (rad/sec)

(DRBC1/DRBC2) x DPSIDD.

&2(0) wi'L(o) DPSI2D = DPSTLD




The general intepration schemetic for progranm 1ntegrntion:in the FAEST routine ia
shown in Fipgure A.5-1. ‘The actual numerigal integration is performed in the
RKUTTA and MORERK subroutines based on the fourth order Runge-Kutta method f26].
The RKUTTA subroutine (Figure A.5-2) keeps track of the iterations across the
integration interval. The MORERK subroutine (Figure A.5-3) evaluates the

derivatives and performs the aummations,

. The RKD&TA call statement argument conteins the integration step sige. The

MORERK call statement argument coatains the variable to be integrated, its
:derivative value, and the integration time step. At first glance, it would seem
that the variables are being integrated in reverse order, But, it must be

remembered that the integrated values are those that will be used in the next
integration step. Therefore, the positional values are integrated first, and then the
angular velocities. The MORERK subroutine is called eight consecutive times after
RKUTTA to evaluate each element's change in position and velocity; PSDP, PADFD,

PSIP, PS1PD, PS2P, PS2PD, PSLP, and PSLPD, The variable NE 1s a counter used to
index the integrated variable and its derivative in two- eight element vectors,

X1 and DXI. It is reset to zero at the start of every interation. NP is the
variable controlling the iteration time step and denoting the iteration step for
MORERK. NRK is a variable used in the calling subroutine to check for the conclusion
of int~gration for a given time interval,

The integrated values of angular displacements and velocities (equatione A.S5-la
through A.5-ka) for each element represent the deviations from the nominal constant
velocities and swept out displacemernts. These values are when added to the constant
velocities and swept out displacements to give the espective absolute angular
velocities and displacements. 1In addition to being used to initialize the next
integration step, the absolute angular position is used to interpolate a new value

for KGPj and TRNi.
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Calculations in FAST are based on & stiffness cycling shown in Figures 8 and 9.

he cycle starta with the initiation of eontaét on a tooth entering tane contact

gone and ends vith the initintion of contsct with the tooth immediately following
it., In the program, this is éone in the SLOHQ aﬁh?ouﬁine by examining the developed
stiffuess function. The position of footh_#3 whenrih comes into contact is defined
as IEP, Consequently, (IEP-1) ie the endpoint of thc'stif?besaicycle started vhan“
tooth # 3 came into contact as illustrated in Figure 9. This process is repeated
unﬁil the total number of stiffness cycles (NCT) equivalent to TTOTAL is reached,

At this point, it is assumed that the system is at a steady state and the values
of gear pair stiffpess, dynamic force, angular poaiéiou, angular velocity,
stiffness, hertz stresses and dynamic load factors are printed out. Tﬁe RCP1,

RCP2, RCCP1l, RCCP2 vectcrs needed in some of thesse calculations were similarly

interpolated as KGP,

The total integration time TTOTAL and the integration time step DT are based on
the lowest natural frequency of the system. More details on TTOTAL and DT are

given in Appendix k.

The description of parameters and relationship between the text and computer

program symbols is given in Table A,5-1.
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[XI(NE) = X
NP2l gl DXI(NE) = DX
X=X+ (DX x DT)
| NP=2 | DXI{NE) = DXT(NE) + (2 x DX)
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Figure A.5-3
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TABLE A,5-1

RELATIONSHIP BETWEEN THE

PROGRAM DESCRIPTION
PR Poisson's ratio
TDEFL1, TDEFL2 Tooth deflection, Gearl and 2
ZETAG Gear.mesh, critical damping ratio
ZETAS Shaft critical damping ratio
TRN Instantaneocus transmission ratio
DRBCN Ingstantaneous base circle, Gear 2
RCC1 Instantaneous radius of curvature
RCC2
{vd) Inertia matrix
[aM] Stiffness matrix
Y,  PSDP,PSDPD,PSDPDD Dynamic Displacement, Veloeity,
- _ and Acceleration, Driving Unit
91 PS1P,PS1PD,PS1PDD Dynamic Displacement, Velocity,
“', and Acceleration, Gear 1
2 PS2P,PS2PD,PSPDD Dynamic Displacemert, Velocity,
- and Acceleration, Gear 2
VL’ ?L' L PSLP,PSLPD ,PSLPDD Dynamic Displacement, Velocity,
: abd Acceleration, Load Unit
TD,TDIN Input torgue
TL,TOUT Output torque
OMGAD Constant angular velocity, driver,rad/sec
OMGCAL Constant angular velocity, gear 1,rad/sec
OMGA2 Constant angul:r velocity, gear 2, rad/sec
OMGAL Constant angular velocity, load, rad/sec

Letter D preceding the computerized symbols identify double precision.
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- APPENDIX 6

PROPOSED FINITE ELEMENT PROGRAM ~ STRESS

INTRODUCT ION

The external spur gear program which was developed by the Mechanical Enginsering
Department, Cleveland State University under NASA grant NAS3~-18547 curreatly lias

the capability to solve for the instantaneous static and dynamic loads of an
external spur gear mesh. The program ale. calculates the instantaneous transmission
ratio, sliding velocities, maximum contact pressure, and maximum PV values. For
determining the gear tooth bending stresses the finite element approach is

proposed.

Several types of elements and mesh generators were considered. In order to
conserve computing time without compromising the accuracy, it was decided to use
an isoparametric incompatible displacement finite element. The entire external
spur gear program was developed in a modular form, thus facilitating introduction
(if needed) of other types of finite elements or even the major finite element

programs such as NASTRAN, SAP IV etc.

The quadrilateral elements used are a four node quadrilateral having two
incompatible displacement modes that were developed by Wilson, et. al., [37].
This element was selected because it gives excellent results for bending
applications, while maintaining a narrow band width. For large computer systems
where the band width is no problem, the more common eight or nine node
isoparametric elements could be used. The incompatible displacement model is
diecussed in more detail in the subsequent sections of the appendix. A special
purpose finite elemant mesh generstion routine was developed that takes into
account the digitized aspur gear tooth shapes from the MOD routine thus minimizing
the input on the part ~f the analyst. The static and dynamic portions of the

external spur gear program ccntain the required definitions of the gear tooth

e s et gt S5



geometry, definitions of the material properties as well as the instanteneous

gear load, its location and orientation.

The finite element and mesh genaration routines were combined as a single
STRESS routine as shown in Pigure A. 6-1. Linking, the proposed STRESS -
routine with the above described external spur gear program is & function of
computer size and type. This finite element program, due to its large scale,
at this time is not an integral portion of the gear load analysis program.
Currently the proposed STRESS program uses the pre—proceaned data from the
above external spur gear program - there is no direct link between the load
and finite stress analyses. Work is to be continued to develop a direct link

between these two programs for usage on various computers.

In the STRESS program the stresses can be calculated on a gear or pinion
tooth at any profile position along the line of action. For efficiency, the
stiffness matrix is assembled and decomposed only once for each structure

as shown in Figure A, 6-1.

The decomposed matrix is then stored on a disk file for subsequent use for

each selected load case. Since most of the computer time involved in the

stress calculation is in the assembly and decomposition procedure, this
approach represents a considerable savings in execution time for gear sets
having the stress routine called more than once, The following load cases

can be called:

a. Maximum dynamic load (at any position).
The calling index FELGR = 1, Control Name List, CONTRL.

b. Dynamic load at pitch
The calling index FFLGR = 2, Control Name List, CONTRL

c. Maximum dynamic bending moment
The calling index FELGR = 3, Control Name List, CONTRL

d. Maximum static load (at any position)
The calling index FELGR = 4, Control Name List, CONTRL



This program takes advantage of generic shape of the spur gear tooth. 7
The finite element mesh is divided into two separate areas, the tooth (Figure A-S-?)

and the gear blank (Figure A.6-~3) modeled as a triangular zone.

The gear tooth portion is composed of quadrilateral elements as illustrated
in Figure A.6-2. An algorithm was devised that causes nodal points near the
gear surface to be more closely spaced than those near the centerline of the
gear tooth. In the horizontal direction using symmetry six nodal points
were selected. The relative coarseness in the horizontal direction - X
direction is shown in Figure A.6-2. In the vertical direction, the total
number of nodal points must be even., It is felt that about six to eight
nodal points will be sufficient to describe the working portion of the profile.
The fillet zone can be described also by 6 to 8 nodal points. The vertical
distance between two adjacent nodal points encompass several digitized profile

points. The relative coarseness between the nodal points on the gear tooth

profiles is suggested in Figure A. 6-2.

The only input that is required for the stress analysis is the desired total
number of the surface nodes on the gear tooth profile (NNODE) and their respective'
index numbers (NODES). The name list heading is FINLEM for NNODE and NODES. The
coordinates of the desired nodal points are contained in the MOD and STRESS
routines. The grid generator automatically generates the required data from the
designated surface nodal points for the analysis of the tooth based on a symmetrical
side input. Coordinates of the involute profile points are transferred by a
common block statement. The mesh is generated by defining the number of nodal

points (NNODE) and their respective index number (NODES).

The lower portion of the structure is a triangular shape as illustrated in
Figure A. 6-3. Point O is the center of the gear. This area is composed of
triangular and quadrilateral elements. The locations of the nodal points are

dictated by the nodal points at the base of the tooth and the geometry of the



of the triangle AOB as illustrated. No nodal point inputs are required in

this case.

INCOMPATIBLE DISPLACEMENT
FINITE ELEMENT

This analysis uses an isoparametric finite element having two incompatible
displacement modes. This type of element allows for a linear strain field
having comparable accuracy for bending problems of eight or nine node
isoparametric elements, but result in a band width identical to a constant

strain element.

The basic problem with constant strain elements is that they behave poorly
under pure bending. When using this type of element for the analysis of a

structure in a location when bending stresses predominate (for example

in the area of a gross structura. discontinuity on a pressure vessel) the
stress analyst must take special care to define a “inite element mesh that is
sufficiently refined to agssure reasonable convergence. As a result, this type
of analysis often requires large amounts of the stress analyst's time to

be devoted to setting up analytical mocdels and to interpret a large amount of
output data. Also, by refining the finite element mesh, an increased number

of equations must be solved. This may appreciably increase the computer time,

The usual approach to circumvent these problems is to use a higher order
element, This type of element uses a higher degree polynomial to approximate
the displacement field and usually has one or more mid-side nodes., Onme
type of higher order element which has no mid-side nodes and is used in

this study was reported by Wilson, Taylor, Doherty and Ghaboussi A[37].
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The approach used by Wilson, et, al., in their higher order slement
development is to add higher order terms to the displacement modes of lower
order elements to compensate for the errors in the lower order element, A

brief discussion of their technique follows.

Consider the two-dimensional element which is illustrated in Figure A. 6-4.

The exact displacements are of the form

us=cyxy ' (A.6-1)

2

veli2e (a2 - x%) + ¢ ®? - y9) (A.6-2)

These displacements are illustrated in Figure A. 6-4b. For a constant
strain element, the assumed displacements are of the form

us®=c xy (A.6~3)

ve=20 (A.6=4)
and illustrated in Figure A. 6-4C.

0 From equations A.6-1 through A. 6-4, it can be seen that the error in the

constant strain solution is of the form:

ved a2-x%+d, 0 -yh

(Ao 6-3)
Wilson et al. proposed that the error described by equation A.6-3 could be
eliminated by adding displacements of the form of equation A.6-5 to equations

A. 6-3 and A. 6-4. 1n this way pire bending, free of shear strain, may be

represented exactly. The complete displacement fields for this element are given by:-

4

u= L Njug+ (1 -8 up+ (1=t?)u
1=1 (A.6-6)
4

ve I N+ (L-8?)ve+(1-t?)v, (A.6~7)

i=]




The displacement wodes which are represented by 1 = 5 and 6 iu Equations

A, 6=6, and A. 6~7 are associated with internal degrees of freedon and are
illustrated in Pigure A. 6-5. These displacements are quadratic and are
defined by only two nodsl points along the edge of the elements. Since a
quadratic can not be uniquely defined by two points, the displacement field !
along a common edge of two elements generally not equal; hence, the displacements

are referred to as incompatible.

Since one condition for monotonic convergence is that compatibility must
exist between the elements. Since displacements in general are not compatible,
monotonic convergence is not assured. However, since the incompatible modes

satisfy the requirements for pure tending, an inproved solution is obtained.

BOUNDARY CONDITIONS

The boundary condition at the support are illustrated in figure A. 6-3.
Point O is assumed to be fixed, while other nodal points along
lines OA and OB are asaumed to be on roller wupports. ' This wvas
accomplished by rotating the degrees of freedom associated with each
of these supports into a local coordinate system that is parallel
and normal to the roller supports. The force and displacement
vectors in this coordinate system are:

{r} =« [r] (M

('} = (r] (&
where {F} and {6} represent the force and displacement vector
respectively. The prime indicates the local coordinate system,

and [R] is a rotation matrix as follows:
cos® sind
&) - [—.m cosd

vhere @ is the angle between the global x axis and the local x axis.



The above matrix escuation is porfoma on the slament ﬁim
matrices only. All elements in the triangular portion of the
structures are checked to determine if one or more of its nodal
points are one of the rotated supporta. The only terms in the
stifthess matrix that are modified are those that correspond to the
rotated support. |

SOLUTION ALGORTTHM

The computer program developed used a blocking algoritha for an out
of core equation solver that was presented by Lestingl and Prachuktam [38]
This approach permits a very large number of equations to be solved
on a computer having limited core capacity. This is because during
the assembly and decompuccition steps only a portion of the structure
stiffness matrix ﬁu to be in core. The balance can be stored on a -
disk. Similarly, during the back substitution step, only a portion

of the decomposed stiffness matrix must he in core.

It should be noted tnat this solution algorithm takes advantage of
the symmetry and banded nature of the stiffness matrix. The only
terms stored are the main diagonal and the upper triangular portion
within the upper band width. Therefore, all of the zero terms outside

the band width are not processed.

Since [R] is an orthonormal matrix

mt . @
be stiffness equation in the global coordinate systen
{r} > [k] (&)

becomes (ry = [r] (x] [l]r'“'}

in the local coordinate system. The stiffness matrix in the local

system Decomes

x'] = [x] (] ("
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APPENDIX 7

DATA INPUT

The gear data set is input via the NAMELIST arrays defined

in the main program.

Numerical data maybe input without format statements,

and fields are generated as required. The input variables required,

along with their respective NAMELIST headings are:

/CONTRL/

IRPUT

OUTPUT

IFLOT

MODF

NTYPE

FELGR

/PHYPAR/ (two

E

PR

GAMA
* JG

alphanumeric code used to designate type of
input data

'ENGL' - English (1bf,in.,sec.)

'SI' -~ metric (newtons,mm,sec.)

alphanumeric code used to designate output;
codes used are same as for input

0; tabulate all dynamic results
1; plot frequency response starting at time = 0
2; plot steady - state frequency response

alphanumeric code used to designate whether
or not profile modifications are input

'‘NO! - no modifications
'YES' - modifications listed under /PRFDEF/

1; static analysis only

2; static and dynamic analysis only

3; finite element analysis based on static loads
L; finite element analysis based on dynamic loads

1; finite element analysis based on maximum dynamic
load experienced

2; finite element analysis based on maximum dynamic
load applied at pitch point

3; finite element analysis based on maximum dynamic
bending moment

k; finite element =nalysis based on maximum static
bending wmoment

data points (one for each gear) required per varisble)

~ Young's modulus
- Poisson's ratio
- specific weight
~ polar moment of inertia



83

/GENPAR/
* DP - diametral pitch (English input only) -
M - gear module (metric noduel oaly)

DELTP < backlash

TIN - input torque

RPMIN -~ input RPM

ZETAS - damping coefficient of shaft

ZETAG - damping coefficient between gear teeth
PHID - pressure angle (degrees}

CBD -~ driver bearing damping coefficient

CBl - pinion bearing demping coefficient

CB2 - driven gear bearing damping coefficient
CBL - load bearing damping coefficient

* JD - mass moment of inertia of driver
= * JL - mass moment of inertia of load
* KDS -~ toraional spring stiffness of driving shaft
* KIS -~ torsional spring stiffness of load shaft
i * LDS - length of drive shaft
&

LIS - length of load shaft

/GEOPAR/ (4two data points required per variable)

TG - number of gear teeth
AD - addendum
WD - working depth
GRRF - fillet radius of basic rack

* RI - hub radius
W - face width

/FINELM/
NNODE - even number of profile points used in mesh gencration
NODES - index number of those profile points used in mesh
generation

NGEAR « 1; stress analysis done on pinion
2; stress analysis done on driven gear
3; stress analysis done on gear set
* optional, if no value entered. Program will generate values
as shown at the end of this section.

The pear thooth profile can also be modified to simulate tip
relief or undercutting. Sinusoidal errors can be iniroduced, as well as
pits, to simulate involute errors due to menufacturing and surface damsge,
respectively. These modifications are introduced in /PRFDEF/ namelist,
If MODF= NO, /PRFDEF/ need not be included in the data card set,

/PRFDEF/  (two data points required per variable)

PAT™ - parsbolic tip modification

ST'™ ~ gtraight line tip modification
wiaTH - roll angle of tip modification



parsbolic bottom modificaton

PABM -

STEM - gtraight line bottom modification

RABM = roll sngle of bottom modification

PER - amplitude of sinuscidal error

PAP - phase angle »f sinusoidal error

CYC - pnumber of cyeles of sinusoidal errors

IPIT - profile coordinate points over wvhich pit occurs
DEEP - depth of pit

Q - radius to top of undercut, PFig. A.3-4 automatically

calculated, if not given.
Use of the RAMELIST arrays offers a simple, unformatted

means of inputting data and is convenient for looping more than one data
set, After the initial data set, subsequent data sets need just to
input revisions. If a later NAMELIST array contains no revisions, only
a card with the array heading and ending need be submitted. Unlisted
variables default to the previous values. Examples of input data card
sets illustrate the following NAMELIST data card format (Figure A. 7-1);

1. Column one is blank.

2, '&' is used to signify new NAMELIST array.
3. '&%' is followed by the NAMELIST name.

4. A blank separates the NAMELIST name and the first variable

name. Subsequent variables are separated by commas.

£
£
g
FH
H
{
§
¢

5. There are two methods for defining the two element variables.

The elements are defined in the order they are to be entered

in the variable and separated by commas, i.e., TG=32,96 defines
7G(1)=32, and TG(2)=96. If both elements are equal, they may
be entered by listing the number of identical values, the
multiplication symbol, and then the value itself, i.e., AD=2%0,125,
defines AD(1)=0.125 and AD(2)=0.125.

6. The last listed array value is followed by a blank and then the
symbol from column 2 is repeated. The word END immediately follows
the symbol and signifies the end of that array.

The program has the capability for accepting either SI or

English gear input data and has options to print the results in either

&

. LG Dt e

SI or English units. Input and output 4o not necessarily have to be
of the same regime, i.e., SI output can be obtained from English input and

vica-versa, Data submitted under the 'ENGL' code should be in pounds-
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force, inches, and seconds., The data submitted under the 'SI' code
should be in newtons, millimeters, and seconds. The only exception to

this is the density value under the 'SI' code should be in kg/m>.

PROGRAM DEFAULT VALUES

RI(1) = (8.0 * TIN)/[(PI * TAUMAX) ** (1/3)] in.
RI(2) = (8.0 * ToUT),/[PI * TAUMAX) ** (1/3)] in.
. TAUMAX = 10,000 psi

JG(1) = 0.5 * GAMA(1) * PI ® FW(1) * (RPCL ** 4)/386. in.-1bf -s>/radian
36(2) = 0.5 * GAME(2) * PI * Fw(2) * (RPC2 #* L)/386. 1n.-1bf -s2/radian

JD = 0.5 * JG(1) in.-lbf-“alradian
JL = 0.5 * JG(2) inelbf-S°/radian
LDS = 6 in.

LLS = 6 in.

KDG =

PI * (2.% RI(1) ** L) # [E/(2.# (1 + PR)}}/(32.*% LDS) in.-1bf /radian
KLS = PT * (2.% RT(2) #* L) * {E/(2.% (1 + PR))]/(32.% LLS) 1in.-1bf /radian

The listing of the program could be obtained by contacting the Project
Manager at NASA Lewis Research Center.
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APPENDIX 8

SAMPLE OUTPUTS
In the static and dynamic portions the following basic groups of
parameters are calculated:

a. Gear tooth and mesh deflections and the accompanying gear mesh and
gear tooth pair stiffness.

b. Load distribution among the contacting tooth pairs.

c. The sliding velocity, the maximum Hertz contact pressure, and the
sliding velocity-hertz pressure product (PV) along the tooth profiles.

These parameters can be printed out in tabular form or plotte: is ‘ndividual
graphs on a line printer for both static and dynamic conditions.

Some of theses plots are illustrated for 32-96 T, 20° PA, 8 DP, standard

full depth tooth form, gear pair, HSF22.5, transmitting a torque equivalent

to a normal load of 175 N/mm (1000 1b/in) at 2000 rpm. CR,= 1.758, CR =
2.123. Gears are without profile modifications and errors. £ = .05, £ = .005

Figure A, 8-1 Gear Tooth Deflections

Figure A. 8-2 Gear Mesh and Gear Tooth Pair Stiffness

Figure A. 8-3 Load Distribution

Figure A. 8-4 Hertz Contact Stress

Figure A. 8-5 Slicing Velocity

Figure A, 8-6 PV: Hertz Contact Stress - Sliding Velocity Product

Firues A.8-1 through A.8-6 are fcr the pinion (Gear 1) for equivalent static
load cendition at 2000 rpm. Similar plots can be generated for Gear 2, and
as well as for the dynamic Toad conditions. The program accomodates the
AGMA and metric gears,as well as the English and SI units.

The dynamic simulation resuits can be also given in both the tabular and
graph forms. For example,

Figure A. 8-7  Gear Mesh Dynamic Load

Figure A. 8-8 Tabulation of Dynamic Load Factors

Figure A. 8-9 Dynamic Load Retween Contacting Gear Tooth Pair
Finure A. 8-10 Dynamic Hertz Stress
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