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SUMMARY 

This report documents the efforts of Task I "Vibration Analysis" of NASA 
Contract NAS3-22480. The objective of this program was to develop a method of 
dynamic analysis which would be able to identify and remedy the vibration problem 
at 1540 Hz which had been observed during Mark-48F turbopump testing in LIMA test 
stand of the Advanced Propulsion test facility (APTF). This method could then be 
used in the dynamic analysis of other high speed turbomachinery as a design tool. 

The Mark-48 fuel turbopump shown in Fig. 1 is a small, high-pressure liquid 
hydrogen turbopump which has been developed to establish the technology for 
turbopump applications in small, high-performance, reusable, versatile, staged 
combustion rocket engines. During previous test programs of the turbopump, a 
vibration problem was encountered near the speed of 92,400 rpm (1540 Hz). The 
turbopump design operating speed is 95,000 rpm. 

Critical speed analysis using the rotating assembly-only model had indicated no 
rotor resonance condition at or near the design speed operating point. Previous 
analysis and limited test stand rap testing had indicated the possibility of the 
resonance being in the test stand structure. As a result of preliminary analysis 
it was recommended that further modal analysis and impact testing of the rotor 
and casing be done to clearly define the cause of the resonance condition and to 
develop a better understanding of high-speed pump dynamics. 

As higher turbopump speeds are used with advancing technology and state of the 
arts, better methods and definition of the dynamic models must be used in place 
of the generally acceptable practice of using rotor-only dynamic analysis to pre­
dict turbopump dynamic behavior. Rigid body assumptions commonly used for the 
turbopump casings with rotor-only dynamic analysis becomes inadequate for turbo­
pumps operating at speeds in excess of 60,000 rpm (1000 Hz). This condition dic­
tates that for turbopumps designed for speeds above those cited, a more complex 
analysis is required. This study has been directed at developing the analysis 
procedure, definition of component models, and superposition analysis to determine 
the sources of the existing condition experienced on the Mark-48F turbopump. 

To complete the requirements of this study, the Mark 48 fuel turbopump casing 
was assembled without the internal rotating components. Similarly, the rotor 
components were assembled including the three impeller stages, the inducer, the 
two turbine stages, and the inner races of the bearings. These assemblies were 
instrumented with accelerometers in the appropriate places. Free-free simula­
tion modal testing of the rotor and case was performed using an HP5451C Modal 
Analysis System. Simultaneous with this effort, free-free finite element dynamic 
models of the rotor and case components were developed and run on the computer 
for natural frequency and mode shape predictions. The results of the modal test­
ing and the analysis were compared and correlated to refine the dynamic models. 
The correlated rotor and case models were modally superposed with boundary condi­
tions modeled to those of the LIMA tests at APTF. The results of this combined 
turbopump model indicate three possible problem modes, the most likely being a 
backward precessional mode indicated at 95,200 rpm (1587 Hz). 
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The other next likely candidates include a backward precessional mode indicated 
at 107,000 rpm (1783 Hz), and a turbine-end bearing support axial mode indicated 
at 97,260 rpm (1621 Hz). These candidates and others less likely are reported. 
Recommendations are given for structural modifications of the turbopump to eli­
minate the problem and requirements for further analytical effort are presented. 
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INTRODUCTION 

HISTORICAL BACKGROUND 

The Mark 48F was designed to establish the technology for a fuel turbopump of the 
Advanced Space Engine (ASE) during 1973. Through October 1979, cold flow pumping 
tests of a developed prototype were conducted at the Advanced Propulsion Test 
Facil'ity (APTF) of Rocketdyne's Santa Susana Field Laboratory (SSFL). During 
these tests, the Mark 48F was driven by pressurized hydrogen gas and pumped 
liquid hydrogen. As the pump approached the operational speed of 95,000 rpm, it 
consistently experienced accelerometer redline test cutoffs at approximately 
92,400 rpm. (1540 Hz rotor synchronous frequency.) Although critical speed 
analysis using conventional methods indicated no rotor problem, concern existed 
that the pump as a whole may have a design related dynamic problem. It has been 
evident in other turbopump development programs on turbopumps of speeds above 
60,000 rpm that conventional rotor-only dynamic analysis was not adequate to 
define the vibration characteristics of a turbopump. At increased frequency 
levels developed by the high speed machines the basic assumptions of using solid­
body casing and ducting become invalid. Subsequently, impact testing was con­
ducted at APTF to isolate apparatus natural frequencies which might be causing 
the cutoffs. Based upon functional and impact test data and rotor-dynamic analy­
sis, it was concluded that the resonance which caused cutoff was most probably 
the test stand structure. As a recommendation of the report, further impact 
testing of the rotor and casing was advised to verify this conclusion and to 
obtain a more complete understanding of pump dynamics. In October of 1980, 
follow-on contract NAS3-22480 was awarded to Rocketdyne. As one of the major 
objectives of this contract (Task I), development of an advanced more accurate 
method of dynamic analysis was to be initiated. This method was to use the cur­
rently available computer analysis tools and testing was to be conducted on the 
Mark 48 Liquid Hydrogen turbopump to identify the cause and determine a remedy 
for the vibration problem observed in previous testing. In this analysis and 
testing, three potential problem modes were predicted for the Mark 48-F turbopump 
near the 1540 Hz operating condition. These modes are two backward precessional 
rotor modes and a turbine-end bearing support mode for the casing which could not 
be predicted in the original "rotor-only" analysis. It is recommended that these 
modes be moved above the required operating range by stiffening the casing using 
stiffening ribs located around the turbine-end bearing and pump-end bearing 
housing. This report documents the methods, results and conclusions of this 
analysis. 

ANALYSIS SCHEME 

An accurate approach to the dynamic analysis was essential to the success of the 
program. A verifiable approach was required utilizing testing in order to con­
firm the accuracy of the methods used. The approach also had to utilize cur­
rently available methods of dynamic analysis and testing. Using a combination of 
Rocketdyne's conventional finite element modeling and the newly acquired modal 
testing technology, the overall scheme was developed. That approach is depicted 
in the flow chart of Fig. 2. 
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The basic tenet of this scheme is that of modal superposition. In order to 
verify the rotor model accuracy, the rotor must be tested independent from the 
casing such that measurements may be directly related to rotor dynamics. Later 
in the analysis, verified rotor and case models are superposed to obtain the 
overall pump dynamics. A theoretical discussion of the modal superposition prin­
ciple is contained in Appendix A. 

The scheme proceeds along two simultaneous paths. The analytical path develops 
finite element models of the rotor and casing which are processed to obtain 
natural frequencies and mode shapes for free-free versions of each component. 
The experimental path tests the rotor and case independently using modal impact 
testing (see Discussion; Test Description; Procedure). Free-free conditions and 
component operating fits are simulated. By obtaining transfer functions at 
selected points on the components, frequencies and mode shapes can be obtained. 
The analytical results are then compared with the experimental results for corre­
lation. Adjustments are made to the finite element models where required until 
correlation is very good (within ±lO% difference). The correlated models are 
then translated from their physical coordinates into modal coordinates with the 
appropriate Advanced Propulsion Test Facility (APTF) boundary conditions added. 
The models are modally superposed producing a complete turbopump model at test 
conditions. Where the design has not been developed into testable hardware to 
verify the analytical models, the analytical finite element models must be used 
without verification. The accuracy of the model is dependent upon the care and 
expertise used in the model development. Even so, this method of using combined 
dynamics of rotor, casing, and boundary conditions will provide improved recogni­
tion of possible high speed vibration modes. 

Because the modal superposition method combines the effects of each mode to 
describe the structure dynamics, the results are sensitive to the number of modes 
included from the component finite element models. Typically, modes from 2 to 
5 times the highest mode desired are necessary. Therefore, the performance of a 
sensitivity study, where the effect of progressive inclusion of higher frequency 
modes is examined, is desirable. True results are obtained where the inclusion 
of higher modes yields no change in the turbopump frequencies and mode shapes 
(the modal solution becomes stable). The frequencies and mode shapes obtained 
from the modal superposition describe the turbopump dynamically throughout its 
operating range. Conclusions and recommendations are based, in part, upon those 
results. 

TECHNOLOGY DEVELOPMENT 

As a product of the Mark 48F dynamic analysis, a method of problem analysis has 
been developed which can be of use in future pump development. The requirement 
for verifiable results imposed by the special problem presented had mandated the 
development of such a method. The use of the superposition method of casing and 
rotor models in high speed turbomachines without means of model verification by 
rap testing is still considered a more reliable method than the conventional 
"rotor-only" analysis. This method is considered to be useful as a tool in both 
design and development areas of high speed turbomachinery. Having been success­
fully demonstrated, its utility in the solution of future structural development 
problems is apparent. As such, this method of analysis represents a new 
technology. 
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The method, as described in the Analysis Scheme (above), employs the already 
developed engineering tools of finite-element modeling and modal testing in a 
manner of problem solution which maximizes the advantages of both tools. As 
stated previously, the method proceeds along the two simultaneous paths of analy­
sis and test. Finite-element analysis has the advantages of providing as much 
detail as required and the opportunity for the evaluation of structural changes. 
Modal testing has the advantage of providing real, measured information about a 
structure's dynamic characteristics. So long as basic assumptions of the testing 
are preserved, and the test is conducted with integrity, the information obtained 
is valid. Modal testing may be conducted in such a way as to obtain the predomi­
nant, lower frequency modes of a structure. Finite-element modeling may be as 
detailed as is necessary. Finite-element mode shape predictions are then com­
pared with those of testing to identify key modes to be used for correlation. 
Adjustments (consistent with engineering theory) are then made to the finite­
element model(s) to optimize overall correlation for the key modes. This having 
been accomplished, the finite-element mode(s) may be used with their full level 
of detail to predict natural frequencies and mode shapes to be superposed (Appen­
dix A) or for response analysis. Results obtained may be viewed with confidence 
because finite-element modeling was correlated with actual testing and because 
the tenets of modal analysis are well developed and verifiable. Further, if 
problems are indicated, changes to the structure may be modeled to evaluate the 
effects of such changes. Thus the advantages of the method become apparent. 

1. Verification of analysis means structural recommendations may be pro­
posed with confidence 

2. Verified models may be able to predict modes undetectable during modal 
test (due to insufficient input or instrumentation) because of their 
detail and theory-based modal extraction (number of natural frequencies 
= number of dynamic degrees of freedom) 

3. Changes to structure may be evaluated through modification of verified 
analytical models 

4. Analysis of turbomachinery includes effects of casing dynamics and thus 
provides a more complete picture of machine dynamics 

The accuracy of the modeling can be: enhanced by the use of rap test verification 
of the components. It should be noted however, that in the progress of this 
study it was found that the analytical rotor and casing model developed without 
rap test verification did provide a relatively good model. This does indicate 
that with proper care and attention to detail, a model can be developed for a 
turbomachine in the initial design stages. The accuracy will be directly related 
however to the expertise of the analyst and the detail of the model. The 
approach is most certainly more accurate than the conventional rotor-only analy­
sis. The conventional analysis uses the assumption that the turbopump casing and 
test stand monitoring are absolute rigid bodies. This is the method originally 
used for the Mark 48-Fuel turbopump analysis. In the original analysis no high 
speed vibration characteristics were identified in the turbopump operating 
range. 
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The particular analysis scheme employed for the Mark 48F is that of Fig. 2 (less 
sensitivity study). This is the first time Rocketdyne has used such an approach, 
but results obtained were very good. Based on these results, it is recommended 
that the method by employed in future pump design and development studies. 
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APPROACH 

GENERAL DESCRIPTION OF MODAL TEST METHOD 

The modal test method employs the theoretical concepts of modal analysis 
(Appendix A) and recently developed hardware and software to experimentally 
determine the frequencies and mode shapes of a structure. The hardware generally 
includes a calibrated excitor (e.g., a vibration shaker or load cell hammer), 
accelerometers, a Fast-Fourier Analyzer (FFA), and a digital data recording 
device. The software includes programs for curve fitting raw data, performing 
various types of spectral analyses (e.g., power spectral density, transfer func­
tion gain, phase, coherence), and data reduction routines for the comparison and 
normalization of like measurements. 

A series of measurements is made on the test structure which form a geometric 
grid capable of defining the structure under motion. The purpose of these meas­
.urements is to obtain transfer functions between the excitation and response 
points. To obtain each measurement, an accelerometer is placed at one of the 
grid locations to record response while a broadband excitation is applied at 
another grid point. The broadband excitation may be produced by broadband random 
signal through a shaker system or by impact from a load cell hammer of suffi­
ciently short period. The input and response motion signals are amplified, 
passed through an anti-aliasing filter, simultaneously sampled (digitized), and 
recorded on a digital recording device. At this point, the FFA performs spectral 
analyses of the time sampled data to produce transfer function gain, phase and 
coherence between input and response. Gain and phase define the relationship 
between motion at each grid point while coherence is used by the experimenter to 
evaluate the validity of the measurement. 

When all transfer functions for the grid have been thus obtained, normalized and 
compared, the motion of the structure at a normal mode of vibration can be 
described. 

In order to assure the validity of results obtained via modal testing, two basic 
assumptions of modal analysis must be preserved. These are: 

1. The test structure is linear. In order to develop true modal parameters 
during frequency domain curve fitting, the structure must be linear. 
Discontinuities of structure, nonlinear springs and nonlinear damping may 
exist in real structures. The extent of their existence should be deter­
mined before testing begins. This is accomplished through preliminary 
reciprocity checks. Stated simply, reciprocity says that a transfer 
function from point A to point B will be the reciprocal of a transfer 
function from point B to point A in linear structures. 

2. All modes in the frequency range of interest may be identified and 
curve fit. Sometimes, structural modes are closely spaced so that 
the existence of several modes appears as a single peak. The experi­
mentor must exercise care in the selection of a sufficient number of 
test grid points to be able to discern such modes. Having identified 
these, capability must exist to independently curve fit each mode. 
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Because a linearly elastic structure will demonstrate reciprocity (i.e., transfer 
function from point A to point B is reciprocal of transfer function from point B 
to point A), it makes no difference whether the excitor or accelerometer remains 
stationary while the other instrument moves to each grid location. In testing 
the Mark 48F rotor, the accelerometer was moved to grid locations while the 
impact location remained fixed. In testing of the Mark 48F case, the accelero­
meter remained fixed while the hammer was moved to the various grid locations. 
Also, because reciprocity is an assumption of this test technique, pretest reci­
procity checks must be performed on the structure to determine the degree of 
validity of this assumption and to isolate nonlinear areas of the structure. 

Both components .were tested by the impact method under simulated free-free 
conditions. 

EQUIPMENT 

The following equipment was used in the modal testing of the Mark 48F. 

Equipment 

1. HP5451C Modal Analysis System with Fast-Fourier 
Analyzer and Tektronix Graphics Plotter (1) 

2. PCB Load Cell Hammer with 500 pounds force 
transducer (1) 

3. Endevco Model 22 lightweight accelerometer 

4. Endevco Model 2E3 accelerometers (14) 

5. Charge amplifiers (3) 

6. Elastic Suspension Cords (bungee cords) and 
Safety Cables (2) 

(1) 

Figure 

3 

7 

5 

5,7 

3 

6,7 

No. 

Photographs of the rotor and case test apparatus and configuration are given in 
Fig. 3 through 7. 

8 



ROTOR ANALYSIS AND TESTING 

ROTOR ANALYTICAL MODEL 

An analytical, finite element rotor model was developed under previous contract 
(NAS3-21008/ NASA Report CR-159821, pp. 179, 183-189). This model consists of 
59 modes and 67 beam elements. Figure 8 shows the model configuration and the 
load-line diagram from which rotor stiffness is developed. Because the one 
objective of the modal testing was to verify the accuracy of the model, the 
rotor was analyzed in a free-free condition (without bearings or supports) and 
at zero-spin (no gyroscopic effects) for frequencies and mode shapes. These 
results were compared to modal test results for correlation. Adjustments can 
then be performed on the model to make predicted results more accurate, if 
required. 

ROTOR MODAL TESTING 

Several basic considerations guided the design of the rotor modal test technique. 
Foremost in any test is the assurance of test integrity. In modal testing, this 
means verification of the basic assumptions of the modal analysis method. 
Important among these assumptions is that of a linearly elastic structure or 
"reciprocity." Therefore, before the acquisition of measurements, pretest 
reciprocity checks are required. Another consideration is that of matching 
analysis and test conditions so that results can be compared. Since free-free 
conditions were required, and given the very light weight of the rotor, a very 
flexible suspension would be required. This would ensure that rigid-body modes 
have frequencies far below that of the first structural mode and thus not affect 
test data. 

Because of rotor axisymmetry, general bending modes could be described by a 
single-plane survey requiring a relatively few axial measurement stations. Other 
stations could be assigned to disk locations to monitor their effect on the dyna­
mics of the rotor. With these considerations in mind,. the procedure described. 
below was used. 

The Mark 48F rotor was assembled as closely as possible to test conditions 
present during pump tests in which the resonance had been observed. This 
included matching the rotor assembly load (i.e., axial preload) including ball 
bearing inner races. Checks were made to assure no loose fits existed which 
might buzz in test and thus introduce non-linearities in data. The rotor was 
instrumented with two accelerometers located 90 degrees apart, midway between 
the first and second stage turbines. This allowed the experimentors the option 
of moving the hammer along the grid while response position remained fixed. The 
rotor was then taken to the Analog Room facility and suspended for test. Fig­
ures 3 and 4 show the reSUlting test configuration. The rotor was suspended 
from the ceiling of the facility by web straps in series with heavy rubber bands 
to produce a very low frequency suspension. Safety ties with slack were used 
as shown. Next, a series of reciprocity checks were performed to evaluate 
elastic linearity of the rotor. These were done by affixing a roving accelero­
meter a given location A, striking the rotor at another location B and obtaining 
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a transfer function from B to A. Input and response locations were then switched 
and the A to B transfer function was obtained. Comparison of gain, phase and 
coherence for the two measurements quickly evaluated the degree of linearity. By 
moving measu~ements axially outboard to inboard, a nonlinear region of the rotor 

. was identified. The region where this occurs is shown in Fig. 5. Examination 
of a rotor cross-section drawing reveals that there is an axial discontinuity in 
the structure just below the pump-end bearing inner race at the location where 
the nonlinearity is noted. As such, this portion of the rotor is somewhat free 
to pivot. Further along there is a washer which also provides some axial discon­
tinuity between the speed nut and tie-bolt stretch nut. These two features 
account for the observed behavior. In test, measurements were not taken in this 
nonlinear region. Several trial runs were then made to obtain measurements and 
evaluate the best technique and measurement locations. The final test resulting 
from these evaluations used 14 axial stations and 10 radial stations, two on each 
disk, for a total of 24 measurement locations. It was decided to take measure­
ments by roving the lightweight Model 22 accelerometer and striking the rotor 
radially just downstream from the third-stage impeller. Each input and response 
was digitally sampled in the time domain and stored in computer memory. Because 
of the short period impulse required for excitation, a rapid sample rate was 
required. Time history plots for each measurement were evaluated to assure 
validity. The stored, digitized data were transformed from the time domain to 
the frequency domain. Five valid measurements thus obtained were averaged and 
a multidegree of freedom curve fit was performed to describe the average. This 
curve fit represents the input and output frequency response functions. The 
transfer function is obtained by dividing the input transform into the response 
transform to obtain plots of gain and phase. Typical gain and phase plots from 
the rotor test are given as Fig. 9 and 10. A coherence plot may also be produced 
and is used to indicate how much the measured response is due to the input. A 
coherence of 80% or greater indicates a good relationship and a valid measurement. 

After valid transfer functions were obtained for each measurement point, the 
modal analysis system was used to normalize the functions and specify the 
relative gain and phase at each measurement point on the structure. This 
information could be graphically displayed and animated at the graphics terminal 
when the operator assigned definitions for the degree of freedom of the measur~­
mente Thus, an animated mode shape is produced. Estimates of modal damping, 
mass and stiffness obtained from analysis of transfer function gain and phase 
are also produced. 

RESULTS OF ROTOR ANALYSIS, TESTING AND COMPARISONS 

The results of the rotor analysis and testing are given in the following tables 
and figures: 
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1. Table 1. Modal Test Results for Free-Free Rotor 

2. Figure 11. Mark-48F Rotor, First Bending Mode Shape From Impact Testing 

3. Figure 12. Mark-48F Rotor, First Torsional Mode Shape From Impact 
Testing 



4. Figure 13. Mark-48F Rotor, Second Bending Mode Shape From Impact 
Testing 

5. Table 2. Rotor Modal Test Analysis/Frequency Comparison 

6. Figure 14. Free-Free, Zero Spin Rotor Rap Test/Analysis Mode Shape 
Comparison 

Table 1 presents the modal test results for a free-free rotor along with the 
developed modal parameters of mass, stiffness, and damping. The three natural 
frequencies given correspond with the mode shapes presented in Fig. 11, 12 and 
13. It should be noted that a torsional mode was indicated from the test data 
at 1251 Hz (75,060 rpm) along with the first and second bending modes at 638 Hz 
(40,980 rpm) and 1721 Hz (103,260 rpm). Table 2. presents the comparison of 
modal test to analytically predicted natural frequencies for the two bending 
modes. The results show a very good comparison between the analytical prediction 
and the test results. The comparison of the first and second bending mode shapes 
between calculated model prediction and the measured test results also show good 
agreement in Fig. 14. 

DISCUSSION OF ROTOR CORRELATIONS 

The percent differences indicated in Table 2 and the mode shape comparison of 
Fig. 14 indicate excellent correlation of the rotor model with modal test 
results. As such, the use of the rotor model in the modal superposition process 
should introduce virtually no error in the final analysis of the turbopump and 
may be used with confidence. 
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CASE ANALYSIS AND TESTING 

CASE ANALYTICAL MODEL 

An analytical, finite element model of the Mark 48F case was developed during 
this contract as part of Task 1 using the STARDYNE computer code. This Computer 
Code is an automated finite-element program for dynamic structural analysis. It 
is capable of natural frequency and response analysis including transient, random 
and steady state conditions. The program is available for use on the CDC® 6600 
Computer Systems. *(See Footnote). The model is very detailed and contains 624 
nodes, 592 quadrilateral plate elements, 12 triangular plate elements, 20 elastic 
beam elements, 45 rigid beam elements, and has 3288 dependent or 168 dynamic 
degrees of freedom. Figures 15, 16 and 17 give views of this model. Structural 
features included in the model are the entire external case structure, pump end 
and turbine end internal case structures, LIMA test facility test configuration 
turbine inlet duct and midcase beam elements representing third stage impe1ler/ 
volute section properties. Internal case weights for pump crossover ducts and 
turbine end components which contribute no sifnificant stiffness have been 
distributed around external case nodes. Bearing support structures have been 
modelled in detail (Fig. 16 and 17) to facilitate later modal superposition of 
rotor and case. As was done with the rotor, frequencies and mode shapes were 
produced for free-free conditions for correlation with modal test results. 
Several iterations were required with the case model incorporating minor 
structural modelling changes before the final correlated model was achieved. 

The three basic changes were: 

1. Incorporation of turbine end internal case structure to reflect 
the available load path through the first-stage stator 

2. Adjustment of section properties of mid-case beam elements to 
correct values 

3. A sensitivity study of turbine inlet duct connection features; 
original features were retained. 

Once these changes were incorporated and good correlation with modal testing 
was obtained, pump tie-down features were modelled per the test configuration. 
These features consisted of trunnion attachments and inlet and exhaust ducting 
for the pump and turbine. Load carrying capability for each connection was 
retained in the model consistent with the actual hardware. Effective masses 
due to each connection were lumped at appropriate nodes based upon first mode of 
vibration for pump inlet and exhaust ducting and static analysis for turbine 

*The computer program STARDYNE was originally developed by Mechanics Research 
Inc. (MRI) of Los Angeles, California. STARDYNE is now maintained and developed 
by System Development Corporation of Santa Monica, California. It is available 
for use to any customer on CDC® 6600 Computer Systems operated by Control Data 
Corporation (CDC) CYBERNET® Service and Data Services/International. 

12 



exhaust ducting. Ducting stiffnesses were generally quite low and thus a duct's 
main effect was due to its mass. Stiffnesses which were found to be significant 
were added in the modal superposition stage. Frequencies and mode shapes were 
then generated for this configuration model for use in the modal superposition 
program. 

The analytical model of the case yields a total of sixteen dominant frequencies 
and mode shapes up to 3200 Hz. The results of the analysis are given in the 
following figures: 

1. Figure 18. Mark 48F Case, Free-Free Analytical Mode Shape for 
Structural Mode 1, 247 Hz 

2. Figure 19. Mark 48F Case, Free-Free Analytical Mode Shape for 
Structural Mode 2, 336 Hz 

3. Figure 20. Mark 48F Case, Free-Free Analytical Mode Shape for 
Structural Mode 3, 537 Hz 

4 Figure 21. Mark 48F Case, Free-Free Analytical Mode Shape for 
Structural Mode 4, 798 Hz 

5. Figure 22. Mark 48F Case, Free-Free Analytical Mode Shape for 
Structural Mode 5, 906 Hz 

6. Figure 23. Mark 48F Case, Free-Free Analytical Mode Shape for 
Structural Mode 6, 1010 Hz 

7. Figure 24. Mark 48F Case, Free-Free Analytical Mode Shape for 
Structural Mode 7, 1339 Hz 

8. Figure 25. Mark 48F Case, Free-Free Analytical Mode Shape for 
Structural Mode 8, 1400 Hz 

9. Figure 26. Mark48F Case, Free-Free Analytical Mode Shape for 
Structural Mode 9, 1418 Hz 

10. Figure 27. Mark 48FCase, Free-Free Analytical Mode Shape for 
Structural Mode 10, 1621 Hz 

11. Figure 28. Mark 48F Case, Free-Free Analytical Mode Shape for 
Structural Mode 11, 1747 Hz 

12. Figure 29. Mark 48F Case, Free-Free Analytical Mode Shape for 
Structural Mode 12, 1769 Hz 

13. Figure 30. Mark 48F Case, Free-Free Analytical Mode Shape for 
Structural Mode 13, 2313 Hz 

14. Figure 31. Mark 48F Case, Free-Free Analytical Mode Shape for 
Structural Mode 14, 2410 Hz 
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15. Figure 32. Mark 48F Case, Free-Free Analytical Mode Shape for 
Structural Mode 15, 2521 Hz 

16. Figure 33. Mark 48F Case, Free-Free Analytical Mode Shape for 
Structural Mode 16, 3071 Hz 

In the figures given, the free-free structural mode shapes are individually 
presented for each of the natural frequencies predicted by the analytical model. 
The mode shapes are shown in the casing meridional'view and the deflections are 
exaggerated to provide perspective. The coordinate Xl represents the axial 
direction for the turbopump. The X2 and X3 represent the plane normal to the 
turbopump axis (Xl axis). Note the mode shapes include those of the turbine 
inlet duct welded onto the casing. 

CASE MODAL TESTING 

The same considerations regarding test integrity apply for the case modal test 
as did for the rotor. Several differences may be cited in the testing of the 
case, however. First, the Mark 48F case is a very complex structure containing 
many asymmetric features. As structure complexity increases, the certainty 
of modal test measurements and the results obtained from them decreases. This is 
because there are likely to be many more nonlinearities associated with a more 
complex structure. Modal test tools assume linear behavior. Thus, a basic 
assumption of the method can be violated. The analyst must, therefore, either 
quantify nonlinearities or associate less certainty with results obtained from 
testing of complex structures. Another difference is that the case is much 
heavier than the rotor and requires a stiffer suspension for simulation of 
free-free conditions with stability. 

Mark 48F case components were instrumented with internal casing accelerometers 
prior to final assembly. The purpose of this was to obtain transfer functions 
between internal case bearing and seal locations and points radially outward on 
the exterior of the case. Stiffness and damping additions could be applied to 
the model using transfer functions i~ such additions were found to be significant. 
A triaxial accelerometer block was also affixed to the case exterior at the 
turbine exit flange. These accelerometer locations are shown in Fig. 34. The 
case was then assembled ensuring that no loose fits existed. After assembly and 
inspection were complete, the case was taken to the Analog Room where it was 
suspended as shown in Fig. 6 and 7. The bungee cords provided a low frequency 
suspension and were mechanically safety tied with cables as shown. 

Testing of the casing was subdivided into three test series. First, checks were 
performed on axial and radial reciprocity. Results indicated good linearity 
axially and fair linearity radially. These results imply that gross bending 
modes of the case obtained from a modal test will be good while the hoop modes 
(generally referred to as breathing modes) obtained are less certain. This was 
considered in the analysis of results and during model correlation. The second 
test series was for obtaining the internal case transfer functions. The final 
series was to perform the actual modal survey of the case. 
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A grid of 60 measurement points was selected to describe the modes of the case. 
A plot of these 60 points is given as Fig. 35. Radial positions are assigned 
a constant value so that sections of flexure may be easily identified. In this 
test, it was found to be most convenient to have the response location remain 
fixed while the hammer" impact was roved over the grid. Response was measured 
radially by a fixed accelerometer at the turbine exit duct. All impacts were 
applied radially to the grid. A typical transfer function gain for the casing 
test is given as Fig. 36. Those points where case response amplitude increases 
represent natural frequencies of the casing. The same test procedure was 
followed in the acquisition and reduction of data for the case as was followed 
for the rotor test. Frequencies, mode shapes, and modal parameters were 
obtained for predominant modes and special modes of interest from 0 to 2500 Hz. 
Because of its large mass and likely effect on case dynamics, several transfer 
functions were also obtained from the turbine inlet duct to aid in the 
correlation phase. 

The results of the modal testing were completed and various natural frequencies 
and mode types have been tabulated in Table 3. The table identifies the mode 
number and type, natural frequency and modal parameters of mass, stiffness 
and damping. 

RESULTS OF CASE ANALYSIS, TESTING AND COMPARISONS 

The results of the case free-free analysis and the free-free modal rap tests 
on the case were compared in order to determine refinement requirements or to 
verify the model. The comparison of these results is presented in the following 
table and figures: 

1. Table 4. Case Modal Test/Analysis Frequency Comparison 

2. Figure 37. Mark 48F Case, Test/Analysis Mode Shape Comparison, 
Mode No. 4 

3. Figure 38. Mark 48F Case, Test/Analysis Mode Shape Comparison, 
Mode No. 5 

4. Figure 39. Mark 48F Case, Test/Analysis Mode Shape Comparison, 
Mode No. 6A 

5. Figure 40. Mad4W Case, Test/Analysis Mode Shape Comparison, 
Mode No. 6B 

6. Figure 41. Mad4W Case, Test/Analysis Mode Shape Comparison, 
Mode No. 12 

7. Figure 42. Mark 48F Case, Test/Analysis Mode Shape Comparison, 
Mode No. 13 

8. Figure 43. Mark 48F Case, Test/Analysis Mode Shape Comparison, 
Mode No. 15 
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9. Figure 44. Mark 48F Case, Test/Analysis Mode Shape Comparison, 
Mode No. 16 

10. Figure 45. Mark 48F Case, Test Mode Shape for an Uncorrelated Mode 

11. Figure 46. Mark 48F Case, Test Mode Shape for Minor Resonance at 
1543 Hz (Special Analysis) 

The comparison of the casing modal analysis to test data frequencies are given 
in Table 4. The difference between analysis and test are made for comparison 
purposes and indicate variations between predicted and test frequencies of up to 
14% in the turbopump operating range. These differences between the analytic 
model and the test values are relatively good in relation to the complexity of 
the turbopump casing model. Comparisons of test to calculated values were used 
to fine tune the analytical model. This improved the accuracy of the component 
rotor and casing models to the final differences indicated by Table 4. 
Comparison of the individual finalized mode shapes between the analytical and 
the test model were developed and are presented in Fig. 37 to 44. In the 
analysis of the gross bending modes, it is convenient to present a turbopump 
case cross-section which is a projection of the grid on a meridional view. The 
measured data points are only assigned radial degrees of freedom. The mode 
shape comparisons presented in Fig. 37 to 44, therefore, show a section view of 
modal test results which is the same view as the projection of the analytical 
models meridional plane (X3-X1 plane). This plane contains and is normal to 
the turbopump axis (Xl axis). The experimental mode shape of the casing is given 
for both the upper and lower boundary of the casing. 

An experimental mode shape was found at 2454 Hz on the case which did not have a 
corresponding calculated mode shape from the analytical mode. The mode shape 
indicates a hoop mode or breathing mode occurs on the pump inlet. This mode is 
given in Fig. 45. An additional minor resonance condition on the casing was 
found in testing. This response is located at the 1543 Hz level and is corre­
lated to an analytically predicted mode at 1418 Hz in Fig. 46. It is relatively 
minor in amplitude as evidenced in the casing response shown in Fig. 36 but 
is apparent in both model and test results. 

DISCUSSION OF CASE CORRELATIONS 

The percentage differences indicated in Table 4, and the Test analysis mode 
shape comparisons of Fig. 37-44, and 46 indicated very good correlation of the 
free-free case model was obtained for frequencies up to 2200 Hz. The higher 
percent error for modes 15 and 16 is attributed to the breathing nature of these 
modes and their localization at the flange areas. These flanges were not modelled 
in great detail (i.e., with exact geometry and holes) and therefore may predict 
different frequencies than measured from actual test. However, correlation for 
these modes is fair and should not affect results in predicting predominant 
casing modes in the 1500 Hz region of interest. Use of this case model should, 
therefore, introduce little error in the modal superposition process and may he 
used with confidence. 
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MODAL SUPERPOSITION ANALYSIS 

TURBOPUMP ANALYTICAL MODEL 

One rotor and case free-free condition models were correlated, the generation 
of the modal superposition model for the entire turbopump at test facility 
conditions was possible. This was done using the in-house modal superposition 
computer program. This program is a Rocketdyne developed program called NEWSUP. 
The program was developed for modal superposition of turbomachinery rotors and 
casings. It includes capability for varying coupling element (bearings and 
seals) stiffness and damping as a function of pump speed. Damped critical speeds 
as a function of pump speed are output as shown in Fig. 47. Rotor stability may 
also be analysed with this program. Effective weights due to connection ducting 
were determined and lumped at the appropriate nodes in the STARDYNE casing model. 
Mode shapes and frequencies were generated for this model. These were then input 
with free-free rotor mode shapes and frequencies into the superposition program. 
Rotor and case were connected by stiffness additions of 5.254 x 107 N/m 
(300,000 Ib/in.) at each bearing. This value has been derived by calculations 
extending the general theory of reference 1 and has been substantiated by 
Rocketdyne dynamic test and analysis correlations. Seal coupling forces were 
investigated, but found to be insignificant. Ducting effective stiffnesses and 
trunnion mount connection stiffnesses (pump to ground) were also added. This 
model was run to produce turbopump natural frequencies and mode shapes as a 
function of pump speed (to account for any speed dependent characteristics such 
as gyroscopic forces, speed dependent spring rates, etc.). The final results 
are presented on the predicted speed dependent natural frequency and interference 
plot of Fig. 47. A summary of the Natural Frequencies of the turbopump for the 
LIMA test facility configuration is given in Table 5. These natural frequencies 
are identified as they intersect the synchronous frequency line on Fig. 47. 

RESULTS OF MODAL SUPERPOSITION ANALYSIS 

The results of the modal superposition analysis for three specific modes in 
the frequency range of 1540 Hz have been summarized in the following figures: 

1. Figure 48. Mark 48F Turbopump Model, LIMA Configuration at 95,000 rpm: 
Predicted Rotor Mode Shape for Mode at 1338 Hz 

2. Figure 49. Mark 48F Turbopump Model, LIMA Configuration at 95,000 rpm: 
Predicted Case Mode Shape for Mode at 1338 Hz 

3. Figure 50. Mark 48F Turbopump Model, LIMA Configuration at 95,000 rpm: 
Predicted Relative Deflection Mode Shape for Mode at 1338 Hz 

4. Figure 51. Mark 48F Turbopump Model, LIMA Configuration at 95,000 rpm: 
Predicted Rotor Mode Shape for Mode at 1587 Hz 

5. Figure 52. Mark 48F Turbopump Model, LIMA Configuration at 95,000 rpm: 
Predicted Case Mode Shape for Mode at 1587 Hz 

6. Figure 53. Mark 48F Turbopump Model, LIMA Configuration at 95,000 rpm: 
Predicted Relative Deflection Mode Shape for Mode at 1587 Hz 
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7. Figure 54. Mark 48F Turbopump Model, LIMA Configuration at 95,000 rpm: 
Predicted Rotor Mode Shape for Mode at 1783 Hz 

8. Figure 55. Mark 48F Turbopump Model, LIMA Configuration at 95,000 rpm: 
Predicted Case Mode Shape at 1783 Hz 

9. Figure 56. Mark 48F Turbopump Model, LIMA Configuration at 95,000 rpm: 
Predicted Relative Deflection Mode Shape for Mode at 1783 Hz. 

These figures identify the three component shapes for the rotor, the casing, and 
the relative deflection between rotor and casing for each of the three modes pre­
sented. In order to understand the representations of the given mode shapes an 
explanation follows. 

Rotor Group Mode Shape 

The rotor group mode shape illustrations of Fig. 48, 51, and 54 show the orbits 
of the rotor centerline at six axial stations. These orbits are generally 
elliptical having major and minor axis oriented identically in phase. The line 
shown connecting the orbits is the rotor centerline at a given instant in time. 
At a later instant in time, the centerline will move to a new location in each 
orbit defined by a singular angular change about the pump axis (Xl). 

Casing Group Mode Shape 

The casing group mode shape illustrations of Fig. 49, 52, and 55 may be 
interpreted the same way as those of the rotor. The line connecting the orbits 
represents the actual centerline of the casing at any instant of time. 

Relative Deflection Mode Shape 

The rotor and casing group mode shapes represent normalized, absolute mode shapes 
with respect to the coordinate system. The relative deflection mode shapes pre­
sented in Fig. 50, 53 and 56 are merely the difference between the rotor and 
casing mode shapes at an instant in time. It may be roughly visualized as rela­
tive radial displacement between rotor and case centerlines. The line connecting 
the patterns at each station is then a plot of relative deflection between rotor 
and case centerlines as a function of axial station. At a later instant in time, 
the line has shifted to a new location on each pattern defined by a single 
angular change about the pump axis (Xl). In viewing these figures, it is 
important to realize that as plots of relative deflection, they do not represent 
the motion of an individual pump component. 
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DISCUSSION OF RESULTS 

The objective of this analysis effort was to develop an advanced more accurate 
method of dynamic analysis for high speed turbomachinery. This method was to 
use currently available computer analysis tools and test procedures. The 
Mark 48 Fuel turbopump was to be used as a model with the objective of iden­
tifying the cause of high-speed vibration characteristics on the turbopump 
and recommendation of a remedy to correct the problem. 

The results of the independent rotor and case analysis have indicated that both 
analytical models correlated very well with modal test results and could be 
used with confidence in the formulation of a complete turbopump model via the 
model superposition method. Since the method has been well established as 
reliable when basic assumptions are preserved as in this analysis, confidence 
can be expressed in the validity of the results obtained. The basic assumptions 
required were defined in the test method description. 

Given that a ±15% criterion is reasonable in the prediction of potential problem 
modes at 95,000 rpm, any modes predicted between 80,750 and 109,250 rpm are 
suspect as the turbopump vibration problem. Two basic sets of data obtained from 
the analysis effort may be referred to in the formulation of conclusions. Fore­
most are those modes predicted by the modal superposition model in the afore­
mentioned speed range. Secondly, are those highly localized case modes which 
appear in the free-free case analysis and cause little or no boundary condition 
motion. Using these criteria, the following may be cited as important results 
in their order of importance: 

1. Figures 47, 51-53. Backward Precessional Critical Speed Indicated 
at 1587 Hz (95,200 rpm) 

2. Figures 47, 54-56. Backward Precessional Critical Speed Indicated 
at 1783 Hz (107,000 rpm) 

3. Figures 47, 48-50. Pump-End Case Predominant Mode at 1338 Hz 
(80,300 rpm) 

4. Figure 27. Turbine-End Bearing Support Axial Mode at 1621 Hz 
(97,260 rpm) 

The modal superposition analysis has indicated backward precessional modes 
present at 95,200 and 107,000 rpm. In this mode the rotor precesses or whirls 
in a direction opposite of its spin. It may also arise when structural 
dissymetry exists (thus, could not be predicted by the rotor model). The 
case of the Mark 48F is highly unsymmetric, especially at the turbine end. 
This dissymetry creates unsymmetric stiffness and gives rise to both backward 
precessional modes cited above. The mode at 1587 Hz is, therefore, a very 
likely candidate for the vibration problem. Next most likely is the mode at 
1783 Hz. 
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It should be noted that generally, backward precessional modes are difficult to 
excite in practice. However, with the Mark 48F there is an indication that these 
modes can be excited. Backward precessional modes generally have a steeply 
decreasing natural frequency with increasing spin speed (e.g., >1000 rpm per 
5000 rpm increase in speed). This phenomenon is due to the effect of the gyro­
scopic forces on the rotor. For the two backward precessional modes cited, 
however, there is only negligible decrease in frequency as speed increases 
«500 rpm per 5000 rpm increase in speed). This observation indicates that the 
backward precessional component of motion for these modes is not predominant. 
Observe the flat mode lines for these modes in Fig. 47. This suggests that 
gyroscopic forces are not significant for the rotor. Indeed, examination of the 
geometry of the Mark 48F rotor intuitively bears out this conclusion. Impellers 
and turbine wheels are stoutly proportioned, lightweight and integral to the 
shaft. As such, the modes may be thought of more as a general structural vibra­
tion than as a backward precessional rotor mode and will be far easier to excite 
than the backward precessional modes generally predicted. 

The pump-end case predominant mode at 1338 Hz is a possibility, but unlikely 
because of its highly localized nature. LIMA test data indicated a rise in 
pump-end accelerometers prior to cutoff but with the cutoff due to turbine-end 
levels. 

The mode of the turbine end bearing support structure predicted from the free­
free case model is a good possibility for the problem. Although the model is 
free-free, this mode occurs locally in the region where the turbine-end accelero­
meter was mounted and leaves boundary connections virtually motionless. The 
predicted frequency is probably valid for LIMA test conditions. The location 
of this case motion also coincides with the location of the turbine-end 
accelerometers in LIMA testing. Because it is the bearing support structure, 
rotor unbalance forces would be transmitted through this region. 

The backward precession modes and the bearing support mode are all potentially 
damaging to the pump. 

Because the precessional modes arise due to case dissymmetry and flexibility it 
is recommended that stiffening ribs could be incorporated on the exterior case 
structure between both pump inlet and impeller housing and turbine and impeller 
housing at stations around the circumference 120 degrees apart. This would move 
these modes up away from the operational speed and decrease the effect of 
dissymmetry upon case flexibility. 

For the turbine bearing support mode, additional stiffening for the support 
structure is also advised to increase frequency. 

Incorporation of these design recommendations should eliminate the vibration 
problem at 1540 Hz for the Mark 48F. 
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CONCLUSIONS 

1. It has been shown that the conventional rotor-only dynamic analysis failed 
to predict all the possible vibration modes of the Mark 48F Fuel Turbopump at the 
high operating speeds required. This is caused in part by the influence the 
casing and supporting structure stiffness parameters have on the rotor~dynamics 
at the higher speeds and frequencies encountered. The assumption of treating the 
casing and support structure as rigid bodies in a rotor-only analysis at high 
speeds has been shown to be invalid. This does require an increased complexity 
in the analytical design of a high speed turbopump in order to define more 
accurately its dynamic characteristics. 

2. The risk to future turbopump designs could be reduced if modal superposition 
methods were to be used in the design stages. On first build the dynamic models 
could be verified through modal test and analysis. 

3. Very good correlation was obtained between analytical and test results of 
the Mark 48F rotor and case enabling the results of the modal superposition 
analysis to be viewed with confidence. 

4. The confidence in the superposition methods validates its use to correct an 
existing design problem. 

5. Three potential problem modes are predicted for the Mark 48F. These are rated 
in their order of probability in causing the 1540 Hz problem during LIMA testing 
as follows: 

a. A backward precessional mode at 95,200 rpm (1587 Hz) 

b. A backward precessional mode at 107,000 rpm (1783 Hz) 

c. A turbine-end bearing support mode for the case at 1621 Hz. 

6. Structural modifications to the Mark 48F case can eliminate the 1540 Hz 
problem (see recommendations). 
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RECOMMENDATIONS 

1. Because of complex dynamic problems encountered with high speed 
turbomachinery, it is recommended that casing models be incorporated with 
rotor models using the modal superposition method during final design stage 
of turbomachinery intended to operate at speeds generally above 60,000 rpm. 
In all designs, care should be exercised to determine if the operating conditions 
and turbopump design structure warrant the assumptions of the case and support 
structure acting as rigid bodies. In cases where the assumption is unwarranted, 
the modal superposition method is recommended. 

2. The following recommendations are given from the analysis of the Mark 48F 
Turbopump in order to remedy the vibration characteristics found near the 
design speed: 
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a. In order to move backward precessional modes above the operational 
speed, it is recommended that stiffening ribs be applied to the 
exterior case of the Mark 48F between pump inlet and impeller housings 
and between turbine and impeller housings at circumferential stations 
120 degrees apart. 

b. In order to move the turbine-end bearing support structure axial mode 
above the operational speed, it is recommended that additional stiffening 
be devised for this structure. 

c. To ensure that design modifications proposed will work as intended and 
not introduce other dynamic problems, it is recommended that analysis of 
the modifications be performed prior to hardware modifications. 

d. Because time, budget and program capabilities did not allow, it is 
recommended that the modal analysis undergo the sensitivity study for 
inclusion of higher order modes. 
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4LS3l-ll/24/80-ClD* 

Figure 3. Mark-48F Modal Test Equipment 
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Figure 4. Mark-48F Rotor on Elastic Suspension 
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Figure 5. Close-Up View of Mark-48F Rotor in Test 
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IHS56-11/5/80-CIF* 

Figure 7. Close-Up View of Mark-48F Case in Test 
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/ 

.....-------.--.. -t--.----------.. 
x X 
t.) 

Figure 18. Mark-48F Case, Free-Free Analytical Mode Shape 
for Structural Mode 1, 247 Hz 
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Figure 19. Mark 48F Case, Free-Free Analytical MOde Shape 
for Structural MOde 2, 336 Hz 
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Figure 20. Mark-48F Case, Free-Free Analytical MOde Shape 
for Structural MOde 3, 537 Hz 
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Figure 21. "Mark-48F Case, Free-Free Analytical Mode Shape 
for Structural MOde 4, 798 Hz 
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Figure 22. Mark-48F Case, Free-Free Analytical Mode Shape 
for Structural Mode 5, 906 Hz 
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Figure 23. Mark-48F Case, Free-Free Analytical Mode Shape 
for Structural Mode 6, 1010 Hz 
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Figure 24. Mark-48F Case, Free-Free Analytical Mode Shape 
for Structural Mode 7, 1339 Hz 
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Figure 25. Mark-48F Case, Free-Free Analytical Mode Shape 
for Structural Mode 8, 1400 Hz 
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Figure 26. Mark-48F Case, Free-Free Analytical Mode Shape 
for Structural Mode 9, 1418 Hz 
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Figure 27. Mark-48F Case, Free-Free Analytical Mode Shape 
for Structural Mode 10, 1621 Hz 

>< ..... 



· . .:::=. 

.. i 
.1 I ·_ItU··u I 

-.~ 

."'" 

> ... _._ •. -----_ •• - •.•. _---\ ----_.-._----.. 

>< 
I.U 

Figure 28. Mark-48F Case, Free-Free Analytical Mode Shape 
for Structural Mode II, 1747 Hz 
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Figure 29. Mark-48F Case, Free-Free Analytical MOde Shape 
for Structural Mode 12, 1769 Hz 
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Figure 30. Mark-48F Case, Free-Free Analytical Mode Shape 
for Structural MOde 13, 2313 Hz 
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Figure 33. Mark-48F Case, Free-Free Analytical Mode Shape 
for Structural MOde 16, 3071 Hz 
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Figure 34. Mark-48F Turhopump With Axial Inlet Showing 
Accelerometer Locations 
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Figure 35. Mark-48F Case, 60 Point Grid Locations Used in Modal Test 
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Figure 55. Mark-48F Turbopump Model, LIMA Configuration At 95,000 rpm: 
Predicted Case Mode Shape for MOde at 1783 Hz 
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TABLE 1. MODAL TEST RESULTS FOR FREE-FREE ROTOR 

MODAL PARAMETERS 

NATURAL MASS STIFFNESS DAMPING 
MODE MODE FIG. FREQUENCY 

(lb/in. X 106) (N/m X 106) NO. NAME NO. (Hz) (SLUGS) (Kg) (lb-sec/in. ) (N-sec/m) 

1 

2 

3 

FIRST 11 683 0.0963 1.41± 0.148 25.9 0.0594 10.4 
BENDING 

FIRST 12 1251 4.20 61.3 21. 9 3850.0 40.9 7150.0 
TORSION 

SECOND 13 1721 0.0928 1.35 0.905 158.0 0.470 82.3 
BENDING 

TABLE 2. ROTOR MODAL TEST/ANALYSIS FREQUENCY COMPARISON 

MODE MODE TEST ANALYSIS PERCENTAGE DIFFERENCE 
NO. NAME FREQUENCY (Hz) FREQUENCY (Hz) BASED UPON TEST (±%) 

1 FIRST 683 690 +1.02 
BENDING 

2* TORSIONAL 1251 - -

3 SECOND 1721 1757 +2.09 
BENDING 

*TORSIONAL MODE DETECTED IN TEST; TORSIONAL DEGREE OF FREEDOM NOT MODELLED 
ANALYTICALLY 
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(X) 

/-J 

MODE 
NO. 

4 

5 

6A 

6B 

12 

13 

15 

16 

NOT 
CORRE-
LATED 

MODE 
TYPE 

(NAME) 

1ST BENDING 
PUMP INLET 
CONTINUOUS 
1ST BENDING 
CONTINUOUS 
1ST BENDING 
TURB. END 
DOMINATED 
CONTINUOUS 
1ST BENDING 
TURB. END 
DOMINATED 
CLASSICAL 
2ND BENDING 
COUPLED 
WITH TURB. 
INL T. DUCT. 
TURBINE END 
HOOP BREATH-
ING/BNDG. 
TURBINE EXIT 
HOOP BREATH-
ING/BNDG. 
PUMP INLET & 
TURB. EXIT 
BREATH. BNDG. 
TURB. END 
BNDG./PUMP 
INL T . BRTHNG. 

TABLE 3. MODAL TEST RESULTS FOR FREE-FREE TURBOPUMP CASING 

MODAL PARAMETERS 

NATURAL MASS STIFFNESS DAMPING 
FIG. FREQUENCY 

(lb/in. X 106) (N/m X 106) NO. (Hz) (SLUGS) (Kg) (lb-sec/in. ) (N-sec/m) 

37 828 2.39 34.9 5.39 944. 1.61 282. 

38 999 0.203 2.96 6.67 1170. 1.06 186 

39 1085 1.39 20.3 5.39 944. 1.28 224. 

40 1174 5.79 84.5 26.3 4610. 6.25 1090. 

41 1886 0.296 4.32 3.46 606. 7.11 1250. 

I 

i 

42 2152 0.815 11.9 12.4 2170. 7.74 1360. I 

43 2206 1.23 18.0 19.6 3430. 9.77 1710. 

44 2416 0.781 11.4 15.0 2630. 5.72 1000. 

45 2454 2.11 30.8 41. 7 7300. 4.25 744. 



C/O 
N 

f«)DE 
NO. 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 

TABLE 4. CASING MODAL ANALYSIS/TEST FREQUENCY COMPARISON 

f«)DE TYPE NATURAL FREOUENCY (Hz) 
(KAME) ~SIS TEST 

1st Bendingi Turb. Inlet Torsion 247 250 
Turb. Inlet Bendingi Body Bending 336 320 
2 Node Bending. Turb. End Torsion 537 565 . 
Focalized Bending of Turb. & Pump Ends - 798 770/828 
·Classical· 1st Bending (Continuous) 906 999 

1st Bending Coupled w/turb. Inlet 1010 1085/1174 
Pump Inlet Breathing 1339 -
·Classicll· 2nd Bending 1400 -
·Classical· 2nd Bending 1418 1543 
Turb. Drg. Support Axial 1621 -
TUrb. End Hoop Breathing 1747 -
·Classical· 2nd Bend. wlTurb. Inlet 1769 1886 
Whipping of Turb. InletlTurb. Breathing. 2313 2152 
Axial Fold-ove~ of Implr. 1 Housing 2410 -
Whipping of Turb. InletlTurb. Exit Brthg. 2521 2206 
Turb. Inlet Bend./Turb. Brthg./Pump Brthg. 3071 2415 

-------------~---- -- - - -

PERCENT DIFFERENCE 
BASED UPON TEST(~S) 

-1.20 
+5.00 
-4.96 

+3.63 to -3.62 I 

. -9.30 
-6.91 to -14.0 

-
-

-8.10 

--. 
-6.15 
+7.48 

-
+14.3 
+27.2 

- -- - - -



TABLE 5. NATURAL FREQUENCIES OF MARK-48F TURBOPu}W, LIMA CONFIGURATION 
AT 95,000 rpm FROM MODAL SUPERPOSITION ANALYSIS 

MODE NATURAL 
NO. FREQUENCY (Hz) 

1 159 

2 178 

3 210 

4 I 299 

5 330 

6 372 

7 I 456 

8 I 506 

9 I 570 
I 10 647 

I 11 702 

12 I 883 

13 I 892 

14 I 954 

15 i 1178 I 
i 

16 i 1198 : 
17 ! 

I 
1338 

18 1587 

19 1783 

20 1956 

21 1985 

I 
I 

I 

I 
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APPENDIX A 

DISCUSSION OF THEORETICAL MODAL ANALYSIS OF DISCRETE SYSTEMS 

Modal analysis is a method of obtaining the response of a system by using the 
modal matrix as the transformation matrix between the system's physical coordi­
nates, used to drive the equations of motion, and a set of modal coordinates. 
The modal matrix is an array of the system's eigenvectors. Since the eigenvec­
tors are uncoupled and independent, the modal matrix may be considered a set of 
n independent vectors in n-dimensional space. This condition is known as 
orthogonality; each eigenvector is orthogonal to every othe'r eigenvector in the 
n - space. As such, any vector in the n - space (any system response, physically) 
may be represented by a linear combination or superposition of the orthogonal 
eigenvectors. The use of modal analysis to predict system response has great 
advantages since the superposition of linear, independent vectors is mathematically 
simpler than the analysis and reduction of any set of dependent, simultaneous 
equations. Its tenets may be used not only to predict response, but also to super­
pose complex structural systems and experimentally to describe a structure's 
dynamics. 

These tenets will now be developed. Consider the multidegree of freedom system 
shown in Fig. A-I. This is a discrete or lumped-parameter system and may repre­
sent real system, finite-element model or an experimental representation. The 
system has n - degrees of freedom defined by the generalized coordinates, ql 
through qn' An equation of motion may be written for each mass as follows: 

l.Lfb 
~ 

kl 
( t) + kl ql (t) + k2 ql (t) - q2 (t) = fl (t) m1 ql 

(t) + k2 q2 ( t) + k3 q2 (t) - q3 (t) = f2(t) m2 q2 

01 I 
I 
I 

mn fn (t) + kn qn (t) = fn (t) 

-C 
I 

G 
~ 

Figure A-I 
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Or, for a general system in matrix form: 

(A-I) 

In order to determine the steady-state response due to sinusoidal motion, let f(t) 
= Feiwt and seek a solution of the form q = Qe~t 

Qe iwt q = 
q iwQe 

iwt 

q = 2Q iwt -w e 

Substituting these expressions into Eq. A-I: 

_w
2 

[m] [Q] + [k] [Q] [F] 

For free-vibration, f = 0, thus: 

w
2 

[m][Q] [k][Q] 0 (A-2) 

Equation (A-2) is a statement of the eigenvalue problem. This set of equations 
has a solution when the determinant of coefficient matrix is zero: 

o 

There is a set of n eigenvalues, wI' w2, ...• wn which yield a zero determinant. 
There is also an eigenvector corresponding to each eigenvalue which is a solution 
to Eq. A-2. The eigenvalues and eigenvectors are the natural frequencies and nor­
mal modes of the system, respectively. If an eigenvalue is designated wr and an 
eigenvector ~r, Eq. A-2 may be rewritten as follows: 

o (A-3) 

It can be shown that for symmetric mass and stiffness matrices, the modal vectors 
possess the orthogonality property. Another solution to Eq. A-2 might be 
designated w and ~. Equation A-2 may then be written as: 

s s 

o (A-4) 

To demonstrate orthogonality exists between eigenvectors, premultiply both sides 
of Eq. A-3 by [~ ]T and both sides of Eq. A-4 by [~ ]T and rewrite as: 

s r 

(A-5) 
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2 w 
s = 

Recalling the [m] and Ik] are symmetric matrices, Eq. A-6 is transposed and 
subtracted from Eq. A-5 to obtain 

= 0 

In general, two system frequencies wand ware not equal, therefore, r s 

o 

(A-6) 

(A-7) 

Equation A-7 io a statement of the orthogonality condition. The property of 
orthogonality implies the modal matrix is a set of independent vectors in n - space. 
Any vector may, therefore, be generated by a linear combination of the linearly 
independent eigenvectors. If such an arbitrary vector is designated by [x). 
this concept may be expressed as 

n 

2: 
r=l 

C 
r 

where C , r = 1, 2, •.. n are coefficients defined by 
r 

(A-B) 

Equation A-B is known as the expansion theorem and is the basis for determination 
of system response by modal analysis. 

The expansion theorem is used to represent the response of thersystem as a super­
position of the normal modes. Hence, 

(A-9) 

where [n] are the modal coordinates. The modal matrix [~] is used as the trans­
formation matrix between system's physical coordinates [q] and its modal coordina­
tes [n]. It follows that 

(A-10) 

Substituting Eq. A-9 and A-10 into Eq. A-1: 

(A-H) 
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Premultiplying both sides of Eq. A-ll by [1/J] T 

(A-12) 

By definition, normal modes are such that 

= [r] 
and (A-13) 

where [I] is the identity matrix 

For a free-vibration, [f) = [0], hence 

(A-14) 

Which is a set of uncoupled differential equations having the form of an undamped 
single degree of freedom system. Modal Analysis uncouples the equations of motion 
via a linear coordinate transformation. The transformation matrix is the modal 
matrix. 

In this form, it is simpler to superpose complex structures or determine system 
response. 

The results obtained using the modal coordinates may be translated back to the 
original physical coordinate system by use of Eq. A-9, A-IO and A-l3. 

In the process of the superposition of component structures (such as 
rotor and case) the uncoupled equations of motion for each component 
coupled again by additions such as springs, damping and gyroscopics. 
turbopump the modal equations of motion become: 

[*]{~: I -[*] { ~~l + · r 1/Ii G 1/IR 0 { ~: I = <P 0 0 

[ 1/1~ Kl1/1R 1/JR K2 1/JC ] { ~~ 1 T 
1/Jc K31/JR 1/Jc K4 1/Jc 

[ 1/Ii C11/1R 
T 

) 1 :: I 1/JR C2 1/Jc 

1/J2 C31/JR 1/J~ C4 1/JC 

90 

turbopump 
become 

For a 

(A-15) 



where subscripts 

R 

C 

rotor 

case 

K 1,2,3,4 

C 1,2,3,4 

partitions of stiffness matrix defining coupling elements 
such as bearing stiffnesses 

partitions of damping matrix defining coupling elements 
such as bearing damping 

G rotor gyroscopic matrix 

Since these modal equations of motion are now coupled, solution of them for turbo­
pump frequencies and mode shapes requires solution of an eigenvalue problem. Bene­
fit is still gained from the modal superposition process because the degrees of 
freedom of the problem may be greatly reduced. 

This superposition process was used in the analysis of the Mark 48F turbopump. 
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