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TECHNICAL MEMORANDUM 

ANALYSIS OF SPAR V I  I I SINGLE-AXIS 
LEV1 TATION EXPERIMENT 

I .  EXPERIMENT DESCRIPTION 

A.  Objectives 

Experiment 74-4212, which flew as a part of the Space Processing Applications 
Rocket (SPAR) VIII payload on November 18, 1980, had as primary objectives the 
melting and resolidification of a glass specimen in a cont~inerless condition, and 
the retrieval and examination of the specimen. The absence of container contact 
was to nave been assured by use of a single-axis . .sustic levitation system designed 
and built by Intersonics, Inc. The experimental objedtives were degraded by two 
events. First, the sample contacted R wire cage after being held without container 
contact by the acoustic field for only approximately Q7 sec. At this time, the 
sample was still molten and therefore flowed around the wire and continued to 
adhere to i t .  Second, the sample was lost (and probably destroyed) because of 
failure of a parachute and the resulting crash of the' SPAR payload. We will 
concentrate here on analysis aimed at the first problem; that is ,  why the sample 
did not remain levitated free of container contact. 

B .  Apparatus 

The single-axis acoustic levitation system consists essentially of an acoustic 
generator and amplifier which drive Linear oscillations of a cylinder. The circular 
area forming the cylinder end oscillates in a direction parallel to the cylinder axis, 
producing sound waves which are reflected by a circular plate which is  co-axial 
with the driving cylinder (Fig. 1). The reflected sound wave interferes with the 
primary wave, producing a three-dimensional pressure field which ideally has 
cylindrical symmetry about the cylinder axis. T& pressure field has minima at 
nodal points along the cylinder axis which correspond to the bottonts of three- 
dimensional potential wells. An object placed in the Field will move tc; the center 
of the well o r  oscillate around or through it depending on the initial momentum and 
on the absence of other dominant forces. Figure 2 shows qualitatively the shape 
of these potential wells. The potenti.ul is generally considered very nearly of the 

2 2 form 112Kr for the radial dependence and 1 /2Kz for the axial dependence. That 
is, in this approximation, the motion of a levitated object (neglecting other forces) 
can be described in terms of superposition of two independent motions. One of 
these is a simple harmonic oscillation parallel to the z-direction. 3 he other is motion 
due to a central force of magnitude K r .  This motion CRY be straight line, circular, 
or elliptica! depending on initial conditions. The details of these motions and the 
nature of deviations from them will be discussed in depth in this report. 

The configur0ation for Experiment 74- 42;2 is shown in Figure 3. In addition 
to the sound source and reflector which prod:lce the levitating field, there are 
heater rods around the volume occupied by the sample which provide the heat 
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Figure 1.  Acoustic levitator configuration showing extent of sample motion. 
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Figure 3. Acoustic levitator configuration for SPAR VIII . 
necessary to melt the sample. There is an injection system consisting of a springloaded 
cage designed to hold the sample motionlsss against t l ~ e  reflector for protection during 
launch. At the beginning of the experimre,t, the cage is  moved along the z-axis so 
the sample is free to move without contact with any container. After processing, the 
cage is designed to retract {moving in the +z-direction) so that the sample is  recap- 
tured and held motionless during re-entry and impact. There is an optical system, 
consisting of a mirror and a motion picture camera, for observation of the sample during 
the course of the experiment. 

The experiment package is  mounted on the front end of the SPAR payload (Fig. 4). 
The entire 74-4212  package is within less than 2 of the payload center of mass. (The 
payload center of mass i s  designed to be on the z-axis and near the geometric center 
of the payload.) The orientati )n of the experiment is shown in Figure 3. The axis of 
the levitator (geometric axis through the center of driver and reflector) is parallel to 
the spacecraft z-axis. The camera mounting arrangement produces a view in which the 
positive y-direction is up and the positive J-direction i s  to the right. That i s ,  
although the image produced of the sample is of the side toward the positive x-direc- 
tion, the motion observed is  that which would be seen by looking along the x-axis 
from - to .t with +y upward. In addition, Intersonics, Inc., reported that the camera 
was rotated by approxinlately 6 degrees in i ts  mounting so that in image, the levitator 
acoustic axis would appear to be rotated counterclockwise by approximately 6 degrees. 



Figure 4. SPAR R- 19 science payload May 19, 1980, configuration. 

C .  Sample 

The sample processed in the Intersonics levitator and furnace system was 
reported by Dr. Ralph Happe of Rockwell (the principal Iavestigator) to be a 
gallia(418)-calcia(36%)-silica(23%) sphere having a mass of 0.595 gm. Measurements 
of neither diameter nor density were available for the flight sample. However, using 
the molar fraction conceritrations given by D r .  Happe and the Handbook of Chemistry 
and Physics (50th Edition) values for densities of gallia, calcia, and silica, a density 

3 of 4.43  gmlcm was computed (see Appendix A) .  This yields a value of the sphere 
diameter of 0.635 cm (0.250 in. ) . 

D. Experiment Timeline 

Figure 5 shows the planned experiment timeline superimposed on the SPAR 
trajectory. The experiment functioned as plmncd until the sample contacted the 
wire cage after approximately 87 sec of experiment time (launch +204 sec). 

E.  Data Collection 

The SPAR acoustic single-axis levitation experime~lis yielded dats. of four 
separate types. First, n 16 mm motion picture camera recorded visual observations 
of the motion of the sample sphere in the levitator from sphere injection throughout 
the heating and cooling phases of the experiment. Second, a three-axis acceler- 
ometer (on SPAR V I I I )  allowed monitoring of linear accelerations at the accelerometer 
positions throughout the low-g phase of the flight. Third, a rate gyro system 
provided continuous monitoring of angular rates about roll, pitch, and yaw axes. 
Fourth, housekeeping data for the experiment were provided continuously. These 
included measurements of ricoustic driver voltage, current,  and phase as well as 
vibr .tor amplitude and temperat ure . 
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mission profile, events and conditions. 

11. EXPERIMENTAI, OBSERVATIONS 

A .  Primmy Duta 

1. Film Record. 

The motion picture record of the experiment shows the sphere in the cage 
assembly prior to injection into the levitating acoustic field. Injection i s  observed 
at the expected time. The sphere then is seen to develop a rotational motion about 
an axis internal to the sphere. This rotation uppears to build up to a rate which 
becomes comparable to the camera frame rate (24  frames per sec). This fact, 
coupled with low cantrast between sample and background, makes the observation of 
sample spin rather qualitative. 

The sample i s  also seen to begin an oscillatory motion which has components 
in the direction of the levitator axis and along a levitator radius. Since only one 



J 

camera view is available, we are able to observe only a projection of the sample 
motion ontg the camera viewing plane. This oscillatory motion is observed to persist 
for approximately 87 sec after sample injection. Drifts cue observed in the apparent 
centers of motion both axially and radially during this 87-sec period. A: the end 

L: of this period the sample is  observed to move abruptly a short distance (about a 
sample radius) and then come to r e s t ,  npp~rent ly  adhering to the sample cage. The 

% 
sample was molten at that time and appeared to have flowed around one of the cage 
wires and centered itself on the wire. 

..* 
n~ ' 2. Accelerometer - Drita. 

The three-axis accelerometer records are shown in Figures 6 through 8. The 
A02 record indicates an oscillatory behavior of that component of acceleration having 

an amplitude no greater than appm:.imately 1.5 x lo-' g .  These oscillations are 

about a steady background level of approximately -5  x 1 0 ' ~  g. Assuming that the 
zero calibration of the accelerometer represmts  zero gravity, the excursions of - 
mendured acceleration levels for A02 lie between approximately 1 x lo-" and - 2  x 

g. It is likely that the rne:lsured steady component at -5 x g represents 
a zero reading from the instrument. This would imply thkt. acceleration levels 

- 5 - 5 
fluctuated between approxirnntely + l .  5 x 10 g and - 1.5 x 10 g. Whichever inter- 
pretation represents t k  real situatior., the magnitude of observed acceleration levels 

c 
for A02 never exceeds approximately 2 x g. Accelerometer A03 recorded a 

- 5 mean background acceleration level of approximately -1.5 x 10 g wit:: maximum - 
-- 5 fluctuations about this level of approximately ~ 2 . 5  x 10 g. As:,.~mixlg agr'n that 

the accelerometer zero level is unshifted, the range of acceleration excursions in 

this direction i s  approximately c1.0 x l o k 5  g to -4.0 r g. If the -1.5 x l o S 5  g - 
reading indicates the w-o acceleration level. then the range i s  *2 .5  x g to - 
-2.5 x l o e 3  g. Accelerometzr A04 indicates a background acceleration level which - 

- 5 - 5 decays from approximately 1.0 x 10 g to approximately -0.2 x 10 g over the 
low-g phase of the flight. Maximum excursions from this mean are approximately 

i:. 5 r l f 5  g .  Assuming zero shift in accelerometer calib-ation, acceleratiais in this 

direction lie within the limits +3.0 w lo-' g to - 2 . 5  x g. 

3. Angular Rate Data. - 
Data are available for SPAR VIII from the payload's rate gyro system giving 

rotation rates aboct roll, pitch, and ynw axes (Figs. 9 through 11). ~ o t a t i o n s  
about each of these yaw axes can potentially give rise ta ncce1era:ions of the sample 
in at least two different wnys. First,  centrifuge1 accelerations cnn srise due to the 
rate of change of angular position according to 

This can be broken down into motion about each af these independent axes (yaw, 
pitch, and roll). We will h~ .ve  then : 



Figure 6 .  Accelerometer A 02.  
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Figure 7 .  Accelerometer AU3.  



Figure 8 .  Accelerometer A 04 .  
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Figure 10 .  Pitch rate. 
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Figure 11 .  Ynw rate. 



where w , and LI are rotations about the pitch, roll, and yaw axes respectively: 
P r '  Y 

r . r and r are distances from the pitch, roll, tmd ynw axes to  the enperirnent 
pe r e '  Ye 

location ; and a 
pe '  "re ' 

and a twe acceleration components experienced by n sample 
Ye 

at the experiment location. These accelerations are directed outward from the rots-  
tion axes. 

In uddition, there Rre accelerations which wise due to changes in the rotation 
rates. T hese acceleratiorls are of the form : 

Conlponents of this t~ccelertltion will hnve the following magnitudes: 

where 1;1 ' are the time rates of change of rotation rate about the roll. 
P * ''Ir ' "IY 

pitch, and yaw axes respectively (Figs. 12 through 14) : tlnd b . bre. bye are 
Pe 

the components of acceleration experienced by n sample ~t the experiment location 
due to rates of change of rotation about the respective trxes. The ~ccelerat ions here 
are directed perpendicularly to the rotation axis and to the radius from the given 
axis out to the experiment. 

The flight data must be examined to determine acceleration levels induced by 
residual spacecraft motion. The levitated snmple was lost c~fter less than 100 sec of 
experiment time, which fell within the period t = 104 sec to t = 204 sec on the 
experiment timeline. Good angulw data exist for this  period, so the required 
analysis is  possikle. During this period, roll rates began at -0. 14°1sec, went 
through 0 .  rind climbed to +0.05°/sec. The mnximum value (i~bsolute vnlue) of roll 
rate was 0. 14°1sec. The average rnte of chnnge of roll rnte over this period was 

0.0021°/secf Pitch ~ a t e s  rangvd from n beginning value of -0.07°/sec to OOlsec a t  
204 sec. Maximum absolute value was 0. O'io/sec. Average rate of change of pitch 

11 
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Figure 12. Rate of change of roll rate. 

Figure 13. Rate of change of pitch rt~te. 
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Figure 14. Rate of change of yaw rate. 

2 rate was 0.0007°/sec . The yaw rate ranged from an initial -0.07°/sec to a final 
rate (at t = 204 sec) of -0. 2°1sec. Maximum absolute value of yaw rate was 0.2°/sec. 

2 Average rate of change of yaw rate was 0.0013°/sec . None <if the angular rate 
changes varied greatly from linearity with time. 

Experiment distances from the roll axis are on the order of 0.1 m .  Distances 
from the yaw and pitch axes are less than 2 m. These values can be used to place 
upper limits on the magnitudes of accelerations experienced by a sample at the 

experinrent location due to i l  and c). 

a and a are in the same direction, but their combined effect is still on the order re Ye 
of 1 0 ' ~  g. 



, 
- 
a' 

These acceleration levels are all too small by at least two orders of magnitude 
to have any significant effect on the motion of the levitated sample. 

4. Levitator data. 

Figures 15 through 19 show levitator housekeeping data. These data indicate 
that the levitation system acoustic output was normal throughout the experiment and 
that the vibration temperature was within allowable limits. It can be inferred from 
this that electrically and mechanically the acoustic driver and vibrator functioned 
normally. The loss of sample by drifting into the cage then was caused by some 
other factor or  factors. 

Figure 15. Acoustic driver voltage. 

nrr 

Figure 16. Aca dstic driver current. 



Figure 17. Acoustic driver phase. 

Fibwe 18. Vibrator amplitude, 

B .  Secondary Data 

4%' 

m- 

1. Digitized position data. 

- 

nLWt 

The motion picture film of the SPAR VIII experiment was analyzed frame by 
frame to obtain n record of the projection of the sample trajectory onto the film 
plane. This set of measurements from the film was done by Intersonics, Inc. The 
data were compiled in tabular form silowing frame number and s~rnple coordinates 

Figure 19. Vibrator tcmperature. 



( r ight ,  lef t ,  top, and bottom sumple edge positions were shown). This tabulated 
data set w u s  provided to the Marshall Space Flight Cenier Space Sciences Laboratory 
for analysis. Here the data were transferred to magnetic tape so that data presen- 
tation and analysis could be more readily accomplished. All the position data dis- 
cussed later were plotted from this tabulated data set. 

In the simplest approximation to the sample motion, the two-dimensional pro- 
jection of the three-dimensional sample trajectory provides a fairly complete descrip- 
tion of the sample motion. As noted previously, the motion in this approximation 
can be described by an axial (2-direction) simple harmonic motion superposed on a 

2 central force motion [with V ( r )  = 112 K r  1 .  The radial motion can further be 
described by a superposition of two linear harmonic oscillators with the same force 
constant K .  A measurement of the period of any projection of the radial motion onto 
a line is then sufficient to calculate the force constant. Details of the actual 
trajectory, i .e. , x( t )  and y ( t )  , are not interesting in this approximation for this 
application and would require knowledge of x(to) and y ( t  ) ,  where t i s  any value of 
time (initial condition) . 0 0 

It was observed in the analysis of SPAR VIII experimental results that the 
motion of the sample in the acoustic field does not fol )w exactly this simple harmonic 
oscillator description. The deviations from tilis model are both interesting and 
critical to the outcome of the experiment. The use of a single-view camera system 
is adequate when the motion is near simple harmonic, but information about sample 
behavior (hence about the nature of the acoustic field) is lost when deviations from 
this motion are significant. The use of an optical system which provides projections 
of the motion on two perpendicular planes would permit a frame by frame plot of 
sample trajectory which would allow calculations of acoustic forces (magnitude and 
direction) a s  a function of time. 

2.  Axial motion. 

Figure 20 shows a plot of the projection of the sample motion onto the z-axis. 
The motion is seen to be cyclic with a varying amplitude and period and with a net 
drift in the mean sample position. Figure 2 1  shows the amplitude of the axial oscil- 
lation as a function of time. Time variation of the period of the axial oscillation over 
the duration of the experiment is shown in Figure 22 .  A plot of average axial posi- 
tion with time gives a direct indication of drift of the axial "center of motion" or 
"equilibrium position". This is shown in Figure 23. 

Using simple harmonic oscillator approximation to the axial motion, an approx- 
imate force constant can be extracted from the sample period as a function of time 
(from !o = 2nIT = m m )  . Axial force constant, in this approximation, is shown in 
Figure 24. A s  indicated elsewhere, this approximation i s  not adequate for a full 
description of sample behavior, but does serve to provide a lowest order description. 

3. Radial motion. 

Sample radial motion-that i s ,  the projection of motion in the x-y plane onto a 
line in that plane (perpendicular to the camera viewing direction)-is shown in 
Figure 25. The radial motion shows some of the characteristics of the axial motion. 
That i s ,  there is an oscillatory motior, which varies in amplitude and frequency over 
the duration of the experiment ; and there is a drift in the average sample position. 
The amplitude of the radial oscillations as a function of time is shown in Figure 26. 



Figure 20. Axial motion of sample center. 

Figure 21. Amplitude of axial oscillations as a function of time. 



Figure 22.  Axial period variation. 

Figure 23.  Axial position (100 frame averages). 
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Figure 24. Axial force constant variation (harmonic oscillator model) . 
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Figure 25. Radial motion of sample center. 
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Figure 26. Radial amplitude variation. 
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Figure 27 shows the time behavior of the period of ~*cidial oscillation. "Center o? 
motion" drif t ,  o r  average radial position a s  a f:nction of time, is shown in Figure 28. 

2 The 1 / a r  r potential approximation of the radial motion albws ca!- ,Lulation of a 

force constant from the oscillation frequency. It i s  computed a s  in the t r i a l  case 
and is  shown plotted a s  a function of time in Figure 29. 

< 

4. Sample t r~ jec tory  in the y-z  plane. 
?, - 

Appendix B consists of a sequence of plots of sample trajectory projected c- to 
the y - z  plane (camera film plarlc) . P l ~ t  s are shown in their correct rime sequence, 
with each plot representing I d 0  film frames or approximately 4.17 sez. 

111. OBSERVED PHENOMENA REQUIRING EXPLANATION 

The data presented p i . c ? ~ i o ~ ~ l y  comprise tile complete :et of raw datr from the 
flight experiment and a set ot secondary data based ,n sample positio~l a s  a function 
of time. An aim of this work i s  to explain the phenomeha ~ b s e r v e d  in the data a s  
completely as  possible. Key phenu~nena tire the following: 

1) Oscillatory motion of the samp!e 

a )  axial component of oscillation 

b) radial component of oscillation 

2) Rotation of sample 

a)  Buildup of rotation abcut internal a d s  

b j  orientation of rotational axis 

c) magnitude of observed rotation ante 

3) Variations in oscillation freqccncy 

a) axinl variations 

b) radial variations 

4) Variations in oscill~tion amplitude 

a) axial variations 

b) radial vnri~tiorls 

5 )  Drift in average sample position 

a) axinl drift 

b) radial drift 



Figure 28. Radial position (100 frame averages). 

radial K 

t i me-sec 

Figure 29. Radial lorce constant variation (harmonic oscillator model). 



6) Sudden n~otioll of stimplc followed by the sulnplo coming to rest and remain- 
ing tit rest for the durtttion of the experiment. 

IV. P O R C H  ACTING ON SAMPIX 

Before tulalyzing stlniple motion in dettiil, it is useful to catcilogue the forces 
which can act on the sample. These tune : 

1) Forces due to the paylotid and its motion were metis~ired by the low-g 
accelerometers and are deri-ged from the rtite gyro datti. Menswements indicttted 

that none of these is larger tlltin ti few times 10-5 g. 

R )  Ilrtlg from tlie intert~ctior. of the puylot~d with the very tenuous catn~o- 
sphere encountered during the low-g trajectory phase of the flight would be expected 

- 7 
to be less thtin 10 g. 

b) Impulses due to othcr cx:>eriments o r  from the ptlylotid assembly ( e . g . ,  
gtis venting) were not expected to be t i  problem. tmd the ticcelerometer data yield 
upper limits for these effects. 

c )  Centrifug:il ttccelerations :it the experiment location due to payload 
- 6 

rotations were shown to  be n few times 10 g or  less. 

d )  Poinct~re forces (:\ \ r) due to t~ngultir nccelcrations were shown to be 
- 6 

also of the level of ti few times 10 g or  less. 

2) The sounci field p:-oduccd by the ticoustic driver und reflector htis t~ dc 
component which produces the positioning (or lekitating) force. This will be dis- 
cussed in further dettdl in Section V .  This dc  field is affected by severul factors. 

i 'I'lle density of the mediuni is related to the mttgnitude of the levitti- 
ting force. Thus implies t i  tempertiturc dcpcritience. 'I'ht~t i s ,  a s  tur temperature 
goes up (and density goes dowr;). the lcvitnting force decrctises. 

b) Geometricttl effects in thc ncoustic systcni cnn be v2ry importtint . For 
example. urlwttnted rcflcctiolls ctin produce distoriions ill the nxinl syn~metry of thz 
dc  sound field. Thesc rcflcctions c t~n  bc produced by objects such ns the sample 
injection tlssernbly which intrude into tile sosoulid field. 

C )  CI~tinges ill moisture content 01' the levittitirlg medium ctin rcs~ i l  t in 
sound nbsorption wluch cnn reduce pressure Icvcls, 

3) Acoustic strctiming is  illso discussed in Sectian V .  This flow produces 
aerodyncimic forces on the sttniple. 'I'lit-sc forces nitly bc importctnt when the srtniple 
moves very netlr the ctigc ~~ssen:bly. 

4) Aerodynnmic fo~.ces clue to stlmplc tilotion (d rug  und nitignus effect) rlrc 
discussed in Section V. 'I'licsc forces :ire tcx) s!11&111 to influence snniple niotion uppre.- 
cinbly . 



5 )  Surtitco tc11~1ot1 I'O~C'(!H ~)(!c:oIII(! ( I O I I I ~ I I I I I I ~  W~I(:II  1 tit! 111olto11 H I I I I I ~ ) ~ ~  C Y ) I I ~ I I C ~ H  

tho c ~ g e  11ssc111bly. Thiu caueea the final rapid motion (about 1 slrmple rediw in r 
time less thr.11 1 / 2 4  sec). See Appendix C for n discubsion of this. 

V .  ANALYSIS OF MOTION OF SPHERE 

A .  The Pressure Field 

. t 

'Ihe force on a sphere in a high-intensity, standing-wave acoustic field.waa 
-~ first predicted by King [ 11 and has since been verified experimentally. (The exis- 

tence of radiation pressure in a sound field was originally predicted by Rayleigh, 
and the theory was developed in a series of 28 papers from 1902 t a  1905.) The 
effect is one of second order in the fluid equations for the pressure in the sound 
wave. 

The basic equations are 

where the viscojity term has been omitted from the first equation. This is accept- 
able for determining the pressure -;relocity rel~tionship but no' for predictinp; acoustic * 

streaming (to be discussed lttter). 

For m irrotationnl fluid. King defines the velocity potential by 

and gets. in the simplest approximation. 

where c = - is the speed of sound. Taking p to be the variation frcm ambient 

pressure p the result for p to second order in u2/c2 is  
0 '  - 

where po is the ambient density. 



King ignored any space dependence of <I1 other thum that along the axis of 
sound source and reflector. I f  we generalize King's result to include a radial 
dependence, using cylindrical coordinates with cyclir -..;rlcal eymmetry , ws have 

+ = A R(r)  cos kz cos w t ,  

where A is  canstant. Since the standing waves in a St .  Clair genelator arc not 
confined to a well-defined cavity, we cannot treat the system by standard bf~undary-  
value theory. We can, however, require thnt the function R (r) give rz r ,dial depend- 
ence of the force on the sphere that corresponds to that which is  observed. (We 
have done laboratory work on the force on a stationary sphere suspended from a 
microbalance, which can be combined with the work of Oran. et 81. [ 2 ]  , to qive a 
coherent picture.) 

Taking 

we get 

2 - a1 2 9  where 7 - - 2 K". (Note thnt if  there is raditd dependence in g .  k # wlc.) 
C 

Such nn effect (k # . , ~ l c )  is appn~ent  in data already ~ ~ A i l a b l e  from O r ~ n .  et 
d. [ 21.  They measured the axial fmce in (1 sphere at room temperature and got 

- 1 force maxima at a separation of' 1.41 cm. corresponding to a k value of 2.22 cm , 
-- 1 - 1 compared to t i e  value of ,,l/c (at 15 kHz) of 2 . 7 3  cm , and giving y = 1.59 cm . 

The radial equation given previohsly has a solution 

where J is the zeroth order Hessel function and ) is  to be determined experirnent- 
0 

ally. Ilsing this result in the pressure equation. we get 

p = - r )  L L ~ A  J o r )  cos kz sin 
1 "0 2 2 2 

0 0 A~ J o o r )  cos2 kz sin ,~)t  
' + , 2 Lo 



dJo with = - YJ ( ~ r ) .  We get tht. "dc" pressure by averaging over one or more 

cycles : 

- 1 p = -  2 1 2  1 
Po y 2 ~ 2 [ ~ o  (1') - .ll O r )  cos t z  + - 4 6) o k 2 ~ 2 ~  c (:F! cos 2 kz. 

The last term, with Jo + 1. is the resu!t obtained by King, valid for yr <<  1. 

I f  we take the force on the sphere to be given by 

we can compare the radial and axid parts. This Is equivalent to defining a 

potential-energy function V(r,z) with V ( r  ,z)  b. I) and taking 

We find kz /kr  at the equilibriunl point (near r = 0, z = n/2k) to be given by 

If  we determine the periods of small rtidial oscillations, we have 

giving 

2 had, ofcourse,  k 2 +  7 = o \  /c 2. Taking :he data f r o m  SPAR V111. we get 
Tr /Tz  =: 3. This gives 

- 1 
With c,\/c = 1.09 cm at 1575OC. we get 



We can use these values to estimate the departure of the potential energy func- 
tion from Hooke's law. There is obviously more to be done in the study of the - 
pressure function, includinp. a reconciliation of King's result FZ = -: V dpldz. 

Plots of the force and potential from the preceding calculations are given in Figures 
30 through 33. 

B.  Orbit of the Sphere 

Consider the radial motion of the sphere. Since k and kZ are essentially r 
constant, we can treat the axial motion and the motion in the radial plane as inde- 
pendent. We approximate V ( r )  by 

With the substitutions 

the-, equation for the orbit becomes [3] 

2 The substitution x = u gives an integral of the form 

with the result 

' 1 - s i n  2 - %I]  , -Z=  2 2 r r  
0 

where A = y, B = mkr 
!2 7 -  



Figure 30. Radial dependence of force in equilibrium plane. 
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Figure 31.  Radial dependence of potential energy function in equilibrium plane. 



Figure 32. Axial dependence of potential - energy function. 

Figure 33. Axial dependence of force. 



The energy equation is [ I ]  

and so the turning points of the radial motion given by [ 4 ]  

The simplest form is obtained by choosing Bo = r/4, so that 

2 2 - A +  /A2 - 48 (COS 6 - s i n  9).  2 - 2  Z r 
which is easily shown to be an ellipse with the center at. the origin, major axis along 
the x axis, and semi-major and semi-minor axes r and .r given by 1 2 

The period T of the motion follows from Kepler's second law [ 2 ]  : 

where S is the are0 of the ellipse. We find - 

The idealized motion of the sphere (no perturbations, no departure from 
Hooke'~ law force) is  thus an eliiptical orbit with angular velocity o modified by r 
axial oscillations with angular frequency UI = f i  r z 

The problem is  also separable in Cartesian coordinates, and we get for the 
time dependences of the motion, 

y = A 2  cos (drt  + $2)  

If the ellipse is oriented as given previously, the x and y equations are 
I *  

y = r  2 sin wt. 



C .  I'crturbation~ of the Orbit 

1 ' Bertrand pmved [3] that the only central forces that give exactly closed orbits 
are the inverse-square force and the Hookls law force. Thus, any modification to 

i the potential in P ~ I I * ~  B will give an orbit that is not closed. The time-independent 
+ modification takes the form of a fourth-power term in the expansion of the radial 

'jL . potential. For approximately circular orbits the effect of such a correction can be 
1 estimated. The correction to u 5 - is given by [3] r 

u = u + a cos 8 0 ,  
0 

where B = 2 for a klookels law force. One can then shdw [4] that 

where r is the average value of r and Fr i s  the radial force. 
0 

From the expansion 

and the definition of a fourth-power coefficient, 

we see that b = a y2, and 

This gives 



- 1 for y = 0.66 cm qnd ro - r  max ' 

The significance of this result is that the correction term causes the elliptical orbit 
to precess in the angulm direction of the orbit. Q ~ ~ l i t a t i v e l y ,  this occurs because 
angular momentum is  conserved; but the sphere stays near rmax longer than it 

would for a pure Hooke's law force. The amount of precession, measured in the 
fraction of one complete cycle of precession for one cycle of the elliptical motion, is  
V 6. That i s ,  after one cycle of 8 in a space-fixed reference frame, the sphere has 
not quite returned to i ts  original radial position. Our estimate shows that the pre- 

1 cession could be up to -200° in 1 4  cycles, or  slightly more than of a revolution. 

During the total motion of the sphere, the amplitude could thus ga from a minimum 
to a maximum and back, or vice versa. 

2. Time-dependent force constant. 

The data on the position of the sphere indicate a time variation of the force 
constants kZ and kr in such a way that kz/kr  L constant. This indicates a decrease 

in the dc pressure in the sound field, the explanation for which i s  discussed else- 
where. We consider here the effect of this time-dependence of kZ and kr on the 
motion. 

The equations of motion retain their same form and are modified only by the 
fact that the force constarit s are time dependent : 

m i '  = - kZ( t )z  

with L ,  the angular momentun; in the plane of the orbit,  still constant. 

Starting at t = 5 sec 5 to,  we find from the data that kz( t )  makea an abrupt 

change of about 50 percent during the first 5 sec and a gradual change of about 
40 percent during the next 60 sec,  after which the motion becomes quite erratic. 
Let us consider the middle portion during which the change is relatively slow. 

If k ( t )  changes sufficiently slowly, we can represent the motion by 
Z 

(adiabatic approximation). This approximation will be good if A w l w t c l  for one 
cycle, a condition which holds reasonably well during the period from t = 10 sec to 
t = 70 sec. Einstein proved [ 31 that in the adiabatic approximation the ratio of the 
mean energy to the frequency remains constant. The problem was earlier solved by 
Rayleigh as  the starting point of his study of radiatiorr pressure (1902). 



Einstein's result also follows from the Boltzmann -Ehrenfest theory of adiabatic in- 
variance (1913). The energy in this approximation is  (considering the axial motion 
only 

2 1 so we get wA3 = const or A3 a - . The change in w is from w l  5 3 . 5 1 s ~  to 
,'G 

u2 : 2.6lsec. This gives about a 20 percent increase in A3. The actual behavior 

of A3 is  quite different from this. indicating that some other perturbations are 

dominating the amplitude but not significantly affecting the period. 

3. Numerical analysis. 

The preceding analysis indicates that the potential function describing sample 
motion in the acoustic levitation system is  time dependent and requires terms in 
the radial equation higher than second order. For the radial potential function we 
use the form: 

From the flight data KO is determined to be approximately 1.5 in cgs units. B Ss 

estimated from the time behavior of the period to be approximately 8.6 x 1 0 ' ~  sec-l. 
A is obtained by applying the solution of the time-independent correction (discussed 
in Section V.C. 1) to the geometry of the flight acoustic levitator. A is estimated to 

have the value of -0.33 em-'. Other parameters are the sample mass (0.6 gm) and 
an estimate of initia: orbital angular momentum of the sample ( <  0.2  gm cm sec-l) .  
The estimate of angular momentum comes from assumption of near-circular orbit and 
measurements of sample mass and orbital period. 

The force derived from the preceding radial potential function is : 

The equation 

was solved numerically, using the parameters shown previously, to yield a sample 
orbit. Figure 34 shows the first 23 cycles of the computed orbit. The important 
qualitative feature that can be seen here is that an orbit approximating a precessing 
ellipse has been obtained. The integration has been carried out for 90 sec, and a 
projection of the resulting orbit onto a line in the orbital plane is shown in Figure 35. 
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Figure 34. Calculated saml;!e orbit. 
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Figure 35. Projection of calculated orbit onto a h e .  



This projection of the orbit reveals some features seen in the flight data. Firat, 
there is a secular amplitude variation reminiscent of the variation seen in the flight 
data (Figure 26). This is the result of observing the orbit from the orbital plane 
and ~ e e i n g  projections of the orbit which vary as the orbit precesses. We also see 
an increase in the orbital period with time, as is  noted In the flight data (see Fl.gure 
27). Figure 36 is  another projection of the radial cornpollent of motion with the same ,. 
input parameters as previously, except that A = -0.5 cm-'. The result is  qualita- 
tively the same as  before, but the increase in the orbital period is faster than 
before. The change in A represents a shallower potential well, as indicated in 
Figure 2. 

2 If  A = 0 (that is ,  the potential is restricted to an r dependence in i ts  spatial 
variation), the first few cycles of the resulting sample orbit will be as shown by 
Figure 37. We see that the precession of the orbit is now very slight. The fairly 
rapid precession implied by the radial amr~litude variations then dictates the need 
for spatid variations of higher than second order. 

4. Drag. 

There will be drag forces on the sphere because pf i ts  motion relative to the 
air ,  which itself also has a time-independent flow known as acouutic streaming. The 
force is usually represented by the equation 

-5 2 = (3.02 x 10 ) v CD (cgs units), 

where F is  the drag force, A is the cross-sectional area of the sphere, v is the D 
speed of the sphere relative to the air, and CD is the drag coefficient [5]. The 

drag coef":cient depends only on the Reynolds number R (for uniform flow without 
boundaries) , defined by 

where D is the diameter of the sphere, v is the kinematic viscosity, and v 5 p t i .  
0 

where LI is the (dynamic) viscosi.:y. For our s;zhere at 1575O 

for v in cm/sec. C has been determined for a broad range of values of R and is D 
plotted, e. g. , in Reference 5. 

We firat estimate the drag force which wouid exist in stW air due to motion 
of the sphere. A typical maximum speed is obtained from the amplitude and 



Figure 36. Projection of calculated orbit onto a line. - .  
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Figure 37. Sample orbit. 





outer one n s  Rayleigh streaming. Flow in c free nonuniform sound field i s  known as 
Eckart streaming. For all threc 'vpes, stability i s  governed by viscous forces. 

The nature of streaming I i standing wave field is known qualitatively and 
quantitatively at  low intensities, and some work has been done at high intensities. 
An 2stimate of the magnitude of the dc  velocity can be obtained from the measure- 
ments of Borisov and Statnikov [91 at high intensities. They used three different 
methods to measure the axial component of the dc flow velocity in a circular tube and 
reported the maximum values versus dc pressure, giving 

2 2 with b = 2 . 2  x 10-~(cmlsec)  /(dyne /cm ) . The curve was determined for sound 
pressure levels between 163 and 168 db,  with measurements at loher SPL giving 
values smaller than those predicted by the curve. 

The basic relationships are : 

sound pressure level : 

SPL = 20 loglO (Prms/p,) 9 

where Prms is the root -mean-square pressure in the sound wave and p is the stand- 
2 s 

ard reference pressure o = 2 x dynelcm . 
S 

dc pressure: 

where p c 2  = y Po for ideal gns, with j ? ratio of heat capacities of air and P = 
0 0 

mean reference pressure = meall pressure in payload. Thus,  

3 according to Rorisov and Stutnikov. For 11 sample density p of 4 .48  gmlcm we can 1 
calculate the approximate value of P using an equation given by King [ I ] .  King's 
result gives rms 

where n is  the angclar frequency of axial oscillations of a sphere in the sound field. 

We have checkrd the relation of u to p given by Borisov and Statnikov in the 
labor~tory at room temperature by photographing spheres of uniform density (50 pm)  
in the sound field at me~sured intensity, ~ i s ing  a well-defined laser beam for 



illuminution. The results rlgrec retisonc~bly well. For a determination of u at 1575OC, 
however, we must ~ l s o  take clccount of the vtlrii~tion of kinematic viscosity with tem- 
perature. Reynolds' principle of similarity (see ,  e . g. . Reference 5) gives u a v .  
For the same value of Prms, then,  the expected value of u will be greater by the 

ratio of kinematic viscosities : 

The resul ts ,  using the formulae of King and of Borisov and Statnikov with the 
preceding factcr ,  give the values shown in Table 1. The values of n are  the o 
values quoted in Section V.  C .  2 .  

TABLE 1. ESTIMATED MAXIMUM VALUES OF ACOUSTIC STREAMING VELOCITY 

From the discussion in Section V . C . 3 .  we find that for u = 10 cmlsec, R = 2 ;  
this is still within the range where Stokes' law holds (force a velocity) , and we find 

- 2 that typical forces on the sphere due to acoustic streaming are less than - 4 x 10 
dynes. 

Although our data on acoustic streaming are not yet definitive, i t  appears that 
the himhest streaming velocities occur at the greatest distances from the equilibrium 
positio~. . within the ran@ of motion of the sphere. This i s ,  of course, also where 
the restoring fwce is  greatest. B y  comparison, the restoling force is - 1 dyne. 
Thus ,  while streaming forces are not of the same order of magnitude, they are  not 
negligible ir. determining the shape of the position versas  time curves and appear to 
be of about the ssme relative importance in this  respect (shape, rather than period) 
as the precession and the time variation of the force constants discussed previously. 

It should be pointed out here that one cannot determine the streaming velocities 
from the equations in Section V . A . ,  since they are produced by the s t ress  term 171, 

2 
p V u, - which was omitted from these equations in a calculation of the pressure.  

Whettier we could make accurate predictions of the shape of the position versus 
time curves by detailed studies of the streaming is  relatively unlikely. However, we 
believe that a knowledge of the direction and magnitude of the streaming velocities in 
kigh-intensity sound fields will be important for implemeritation of acoustic levitation 
devices. Certainly streaming is  primarill- responsible for the shearing forces which 
cause samples to spin ,  cnd we know that the spin can be affected by adjusting the 
angle and/or the position of the reflector. 



VI. SUMMARY AND CONCLUSIONS 

A.  Summary 

In this report we have given a description of the single-axis acoostic levitation 
experiment on SPAR-VIII. We reviewed the primary data, mainly a fiim of the 
sample mation, and various graphical and digital representations of these data. 

Having presented the data, we then identified the phenomena which, in our 
judgment, could or should be explained. This led to an analysis of the forces acting 
on the system, an estimate of their relative magnitudes based on a theoretical model, 
a r~d  a study of the effects of those forces which seem to be significant. 

B. Conclusions 

Here we list, briefly, the conclusions which we have drawn based on our anal- 
ysis, as discussed in more detail in the body of the report. 

1) There are no forces due to anything external to the experiment package 
itself which had any significant effect on the motion of the sample. 

2) The shift in the axial equilibrium position was caused by the cooling of the 
air on injection of the sample and its subsequent return to operating tem- 
perature as the experiment progressed (see Appendix D) . 

3) The shift in the radial equilibrium position was due to a combinaticn of an 
asymmetric distortion of the acoustic field caused by the injection device 
and the temperature change and axial shift discussed above (see Appendix 
Dl. 

4) The gradual increase in the radial and axial periods (with constant ratio) 
was due to a lowering of the sound pressure level. This resulted from 
increased water vapor due to evaporation from the injector and sample as 
they heated up. Conclusions 2 ,  3, and 4 are drawn pending further 
experimental con firmation from Intcrsonics , Inc . 

5) The gross features of the motion were what one would expect from the 
theoretical model which was presented. They consisted of an elliptical 
motion in the radial plane coupled with axid oscillations. 

6) The modifications in the amplitude are due to a combination of effects. In 
the absence of three-dimensional data, these effects cannot be isolated. 
The primary ones are coupling between the radial and axial oscillations due 
to the nature of the pressure field, elliptical precession due to the fact 
that the radial potential is not purely simple harmonic, and drag due 
primarily to acoustic streaming. 

7) The apparently random changes in shape of the position -versus-time plots 
are due primarily to acoustic streaming. We draw this conclusion based on 
our estimated magnitude of the streaming velocity and the elimination of 
other effects from consideration. 



8) The finul loss o f  the sample w n s  due to a combination of weakening of the 
sound field cmd lilt? tlttrnctive force of acoustic stretuning when the sample 
neared the cage. 

9) The find, rapid motion of the sample w n s  a wetting effect after the I-,olten 
sample contacted the cclge. 

The following recommendnt ions are mnde : 

1) Reduce the input of wt~ter vapor to the sound field during and after injec- 
tion. This  could be ~ccomplished by purging the package with dry  air 
prior to flight tind setding i t .  or by preheating the sample and injector 
during flight to 800 d e b ~ c c s  C .  

2) Esptmd the ct~gc so that it i s  outsidz the rtixige of the restoring force of 
the sound field. Tliis will insure that the stimple will not be drnwn to the 
cage by tlcoustic streaming unless it is first lost from the sound field. 

3) Provide a second vicw oi' the st~mplc! so thtlt t lusee-dimensional motion can 
be reconstructed. T ius  should be t~ccompliuhed by a mirror arrangement 
:uld composite photopnphs using ti  single cclmerti. 

4) Use color film to incretise contrt~st .  

5) Check the injector design in the Inborntory to assure that it does not 
significantly distort the sound field, or plnn for the distortion. 

6) Test the experiment packt~ge on one or more KC-135 flights exactly as  i t  is 
to be flown on n SPAK flight. Thus test should include an analysis of the  
nwtion similar to thc one in this report ,  so 11s to givc m accurate predic- 
tion of the gross fecitures over the longer period of time an a SPAR flight. 
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APPENDIX A 

The sample used in the flight experiment was reported by D r .  Ralph Happe of 
I ' Rockwell to be composed of gallia (41 percent), calcia (36 percent, and silica (23 

percent), where percentages are mole-percentages. Mass was reported to be 
0.595 grn . Measurements of sample diameter and density were unwailable . These 

.r.. 
were computed as shown below from densities of the components as reported in the 

1E\ Handbook of Chemistry and Physics. 
* 

densities: 

gallia- 5 .88  gm /cm 3 

calcia- 3 . 3 0  gm lcm 3 

Define : N A Y  NB, N ils thc mole fractions of gallia, calcia, and silica, respec- 
C 

tively , and MA, MB, and N C  as the molecular weights. Similarly, define C A ,  C~ ' 
and CC to be the weight hactions of the respective components. Then: 

The density cf the sanple is given by 

where c, A '  ?B'  
and L? are the densities of etllia, calcia, and silica, respectively. c 

= 4 . 4 3  gmlcm 3  
" ABC 

From the sample density and weight, the s~mple  radius is calculated to be 
0.318 c m ,  or 0.250  in. 



APPENDIX B 

The projection of sample trajectory onto the y-z plane is shown in the series 
of plots in Figures B - 1  through B-20. Each plot represents positian data from 100 
consecutive motion picture frames, or approximately 4.17 sec of data. Each plot, 
then, contains approximately two-thirds of a radial period and approximately two 
axial periods (on the average). 

AXIAL (INCHES1 

B -  1. Sample trajectory for time t = 4 . 2 1  to 8.34 sec. 

AXIAL (INCHES1 

B-2. Sample trajectory for time t = 8.38 to 12.50 sec. 



AXIAL (INCHES) 

B-  3 .  Sample trajectory fcr time t = 12.55 to 16.68 sec. 

AXIAL (INCHES) 

B 4 .  Sample trajectory for time t = 16.72 to 20.81 sec. 



.2 .4 .6 

AXIAL (INCHES) 

Sample trajectory for time t = 20.85  t o  24.98 sec. 

AXIAL (indrr) 

B - 6 .  Sample trajectory for time t = 25.02 t o  29 .15  see. 



AXIAL 1-1 

B - 8 .  St mple trajectory for time t = 29.88 to 34.01 sec. 



AXIAL (i-1 

B -9 .  Semple trajectory for time t = 3 5 . 0 5  to 38.18 sec.  

AXIAL (inohrl 

B - ll). Sample trajectory for time t = 38.22 to 4 2 . 3 5  sec. 



AXIAL ~indml 

B - 11. Sample t ~ a j e c t o r y  for time t = 42.39 t o  46 .52  sec. 

AXIAL (-1 

B-12. Sample trajectory for time t = 46.56  t o  50 .69  sec. 



AXIAL (inchus) 

a -  14. Sample trc3;ectory for time t = 54.98 to 59.03 sec. 



.2 .4 .8 

AXIAL (Indu) 

15. St~mple trajectory for time t = 59.07 t o  6 3 . 2 0  sec 

AXIAL (m) 
B - 16. Sample trajectory for time t = 63.23 t o  67.37 sec. 



.2 .4 .6 

AXIAL hh) 

. Sample trnjectory for time t = 67.41 ta 71.54 sec. 

.6 .8 

.8 

.6 

.4 

.2 

AXIAL ( i n a d  

. Sample trajectory for ?ime t = 71.58 to 75.71 sec. 

I 

.2 .4 



AXIAL (imhr) 

E- 19. Sample trajector} for time t = 7 5 . 7 5  to 79.88 s e c .  

AXIAL ~imhr) 

B-20. Sample trajectory for time t = 79.92 to 84.05 sec 



APPENDIX C 

The sample is observed to move a distance approximately equal to i ts  radius in 
a time less than 1 / 2 4  sec; that is ,  the sample moved that distance between successive 
motion picture frunies with the camera operating at 24 frames per sec. After this 
motion, the sample position remained fixed. The interpretation placed on this is that 
tne sample contacted the wire cage and, because of capillary forces, flowed around a 
wire and remained centered on the wire because of these forces. 

The force required to uniformly accelerate a mass over R distance d in a time t 
is given by: 

for this sample : 

f = 218 dynes. 

The accelert~tion of the scln;ple is :  

In terms of g ,  this is:  

This acceleration is too high to come from any available source except surface tension. 



APPENDIX D 

An approximation of the drift in the average radial position of the ~ ~ a n p l e  as a 
function of time is given by: 

where R is  the sample average position in thousandths of an inch. A plot of this 
. function i s  shown in figure D - 1 .  Similarly, an approximation for the average ~ x i a l  

position as  a function of time is given by: 

This is shown in Figure D-2. 

If we make linear approximations to the radial and axial force cons tan?^ (ft-om 
Figbres 24 and 29) .  we may write 

and 

2 where K and KA have units of dynestcm or gmlsec . R 

If we assume that the drift in the sample average position is due to some 
extenla1 force s~rperimposed on the acoustic field, we may use the expressions for 
R ,  A ,  K I i .  and KA to compute these forces a s  functions of time. They may be 

expressed as  : 



0.3 L: 4 

= ' 2 R I R Z S ~ R ~ 8  
t ino (oooondm) 

Figure D - 1 .  Average radial position as a function of time. 

Figure D - 2 .  Average axial position as ti function of time. 



Corrverting R and A to cgs units, we have: 

= 12.54 x 1 0 - ~ ] [ 1 . 1  - 0.0095 t][285 (1 - e -0.035t 
F~ 11 

and 

These forces are plotted in Figures D -  3 and D-4, respectively. 

To compare the magnitudes of these forces to bthdrs operating in the system, 
it is  convenient to normalize them with respect to gdavitationnl forces. In terms of 
g ,  the accelerations a mass m would undergo because of these forces are:  

and 

For the sample with m = 0.595 gm, we have: 

and 

From Figures 3 - 3  and D-4, these have values of approximately loe4 g and g. peapee 
tively. Since these values are so high (1  to 2 orders of magnitude greater than 

' measured values), we can conclude that the observed drifts in average sample posi- 
tions do not arise from external forces. They must be due to changes in the 

, acoustic field itself. 



ORIGINAL PAW 1s 
OF POOR QUALIFl 

t i m m  (mecondo) 
Figure D - 3 .  Apparent radial force. 

Figure D-4. Apparent axial force. 
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