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ON THE SHAPE AND ORIENTATION CONTROL OF All ORBITING SHALLOW
SPHEF':'IAL SHELL STRUCTURE*

P.M, Bainum and A.S.S.R. Reddy

Department of Mechanical Earinearing, Howard University
Washington, D.C., 20059, USA.

Abstract. The dynamics of orbiting shallow flexible spherical ahell struc-
tures under the influence of control actuators is studied, Control lawn are
developed to provide both attitude and shape control of the structure. It
is seen that the elastic modal frequencies for the fundamental and lower
modes are closely grouped due to the effect of the shall curvature. The
shell is also assumed to be gravity stabilised by a spring-loaded dumbbell
type damper attached at its apex. Control laws are developed based on the
pole clustering technique and it is assumed chat the dumbbell state informa-
tion may not be directly observable. Numerical results verify that a signi-
ficant savings in fuel consumption can be realized by using the hybrid shell-
dumbbell system together with point actuators. Other results indicate that
for the less robust systems instability may result by not including the
orbital and first order gravity-gradient effects in rho plant prior to con-
trol law design.

Ke_ wY ords:. Modelling of orbiting flexible structures; pole placment;
awae auk, mrrors; hybrid control aystemL.

INTRODUCTION

Future proposed space missions would 'involve
large inherently flexible systems for use in
communications, radiometry, and in electronic
orbital based ma.11 systems. The use of very
large shallow dish type structures to be em-
ployed as receivers/reflectors for these
missions has been suggested. In, order to
satisfy misaion requirements control of the
shape as well as the over-all orientation
will be often required. The proposed paper
is devoted to a study of the shape and ori-
entation control of such an orbiting shallow
spherical shell structure and, to the authord
knowledge, represents the first such treat-
ment of this subject.

A related recent paper (Kumar and Bainum,
1981) treated the dynamics and stability of
a flexible spherical shall in orbit in the
absence of active shape and orientation con-
trol. For small amplitude elastic displace-
ments and rigid rotational modal amplitudes,
it was seen that the roll-yaw (out-of-plane)
motions completely separate from the pitch
(in-plane) and elastic motions. Furthermore,
the pitch and only the axi-symmetric elastic
modes are coupled within the linear range.

*Research supported by NASA Grant NSG-1414,
Suppl. 3.

With the symmetry axis nominally following
the local vertical, the structure is gravi-
tationally unstable due to an unfavorable
moment of inertia distribution. A rigid
dumbbell connected to the shell at its apex
by a spring loaded double gimballed joint
with damping was proposed to gravitationally
stabilize the structure (Fig. 1). It was
noted that the dumbbell motion could excite
only those elastic modes having a single
nodal diameter (Reissner, 1955) and that to
completely damp the system transient motion
in all of the important lower frequency
modes, the use of an active control system
would be required.

The present paper represents an extension
of the paper by Kumar and Bainum (1981) to
include in the mathematical model of the
dynamics the effects of point actuators lo-
cated at pre-selected positions on the shell
surface (Fig. 1)..

DEMOPIMENT OF MATHEMATICAL MODEL
OF THE PLANT

The mathematical model of an isotropic shal-
low flexible spherical shell in orbit was
developed by Kumar and Bainum (1981) under
the assumption that the shell's elastic dis-
placements were principally in the transverse
direction (parallel to the symmetry axis)
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and were small as compared with the ocher
characteristic dimensions of the shall. The
assumption of shellownesa further insures
that the ratio of the displacement of the
shall's apex point above its base plane (H)
is small as compared with the radius in the
base plane, a, (Pig. 1).

The resulting linearized equations of motion
for the rigid rotational and generic elastic
modes were developed as:

ON 4gz0+(I-.n V+' - Cz/J£Wz

e"-3Qye-2Ecil(i) 1/Jy n Cy/J w2
i

en+(S=2n-3) e^+28' Iln) /r RR - 31 (n) hf 4

+ Ea/ awcf'	 (n - 1,2,...- J	 (1)

where the variables and constant coefficients
are defined in the Appendix 	 (An
order of magnitude analysis also indicated
that the coupling between the rigid (orbital)
translational modes and those described in
Eq.(1) was extremely small for structures
with characteristic lengths of 100m. so that
these modes are essentially governed by the
orbit' ..acs +--....an.rCo of zns system mass center.)

It was further assumed that a dumbbell could
be attached by a spring loaded gimbal damper
to the shell at its apex and could provide
both gravitational stability of the uncon-
trolled system as well as passive restoring
and dissipative forces.

The linearized equations of motion for the
shallow spherical shell-dumbbell system
were developed as.,
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R
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-(cyY''ZyY)" C(n)
. n

-(czd'+k'zd) in-- , Cyn)+EE(cyen+kyea)Cma

+ E(czea z en) Cyrn ' En/ n
IW

c 	 (2)m

Y"+cy(i+cl)Y^+{3+ky(l+cl)}Y+3(l+lty)B

-(l+cl) Zl(cyti+kyci)Cii)+2(ieIIR/Iy) n0

6'4cz (1+c2)b'+(4+kz U+c2))d+4(l-Az)4

-(l-Cz)V+-(1+c2)iE (cz C^+kzci) Cyi) ' 0

It is seen from Eq. (1) that for the uncon-
trolled system without the dumbbell that the
out-of-plans roll-yaw motions are completely
decoupled from the in-plane pitch (e) and
elastic motions (ca). Within the linear
raagj )only the axisymmetric elastic modes
(1, % 10) are coupled to the pitch motion.
Futhermore from the analysis of F.q. (2) by
Kumar and Bainum (1981) it was concluded
that the dumbbell 'motion could excite only
those elastic modes having a single nodal
diameter =d that to completely damp the
system transient motion in all of the impor•
cant lower frequency modes, the use of an
active control system would also be required
However, it was hoped that a properly de-
signed hybrid control system consisting of
the passive dumbbell and active control
actuators could provide satisfactory per-
formance with a savings in fael co°zzumptioa
as compared with the active thrusters oper-
ating alone.

The formulation of the uncontrolled dynamics
assumes an a priori knowledge of the fre-
quencies of all the elastic modes to be
incorporated within the system model. The
frequencies (p) of the spherical shell are
evaluated using the following identities,
as presented by Johnson and Raissner (1958):

U	 [ 
0a4 (

p2-p,2 ]	 (3)

where the u's are calculated from

U.
Ja (u)	 1 (4)

2 [Jn+l(u) + 
In +-- 75), 1-v for n `4),l

where a represents the number of nodal dta-
maters (meridians), llwEh 3/12(1-v Z), and p4
g/aR2. For n>1, Eq. (4) must be replaced
by a more complex form as follows:

U4 Sn(u)

(5)R(u) -
1 

where 
Sn00 - 4n2(n2-1)(1-v)(u[Jn(u)I,1(u)

-Jn'(u)In(u)1+(n+l)(1-v) [In(u)- All Ia(u)]X

[Ja(4)- u Jn(4)]3Ra
(4)	 {(1-v)[uJn(u)

-n2Jn(u)]+u2Jn(u))((1- v)n 2 [uIn(u)

-In(u)]-u3la(u)}-{(1-v)n2[uJn(u)

-Jn(u)J.'v3Jn(u))((1-v)Iu In' (u)

-n2Tn(4))-p2ln(0)
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and J ,I are Bessel functions of the fast
kind andnmodified Basset functions of the
first kind, respectively. Eq. (4) or Eq.
(5) is satisfied by an infinite number of
the parameter, u, for every value of a
(j°1,2,...a). For the sample calculations
in this paper,we will consider only three
such values of u (j° 1,2,3) for the cues
where a - 0,1.

The values of the natural frequencies and
mode shape functions of the axisymmetric
modes will be slightly modified by the
presence of the dumbbell. However, f.=ar,
this application, an order of magnitude
analysis for the system parameters involved,
indicates that the coupling between the
axisymmetric modes and the rigid pitch mode
is extremely weak and that, to a good first
approximation, the small number of axi-
symmetric modes included can be considered
independently of all the rigid rotational
codes. In view of this the axisymmetric
frequencies and mode shapes as given Johnson
and Reissner (1958) are used here as a first
approximation to the actual values in the
presence of the dumbbell. The natural fre-
quencies and mods shapes of the other
elastic modes characterized by nodal diame-
ters (mr:ridians) remain unaffected by the
presence of the dumbbell (Kumar and Bainum,
1981).

The point actuators are modelled as follows.
An actuator located at (x,y,z) with com-
ponents (fx ,fy ,fz) provides the following
torques,

Tx - yfi zfy ; Ty - -xfz+zfx;

Tz a Xfy yfx 	(6)

and the corresponding generic force in the
nth mode,

En ° t OAf dm	 (7)

For the shallow spherical shell it is
assumed that the major elastic displacement
occurs in a direction normg to the base
(y,z) plane. - i.e. 0 : 0 A L Thus for a
point actuator locate at Ix,y,z)

E 'a ^xn)(x,Y,Z) x a	 (8)

where I(a) (x,y,z) is the nth modal shape
fuaction evaluated at (x,y ,a), f  repre-
sents the component of 'f in a direction
normal to the bass plane and M is the mo-
dal mass, here considered to be the total
mass of the shell, since the shell mode
shape functions have each been normalized
with respect to the mass of the shell.

NUMERICAL EXAMPLE

As an example a large flexible shallow shell
is selected with the following dimensions
(Fig. 1) and material properties:

H n lm; a . 100m; P n 27.68k&/m2; h ° lcm;

v - 1/3; E ° 0.74440 10kg/m2 ; R ° 5000-Om

Six elastic modes are included in the trun-
cated model and are selected to have either
no or a single nodal diameter. The numbar
of nodal uirclas is varied from 1 to 3 such
that the elastic modal frequencies are cal-
culated using Eqa. (3) and (4). The results
are summarized in Table 1.

TABLE 1 - Elastic Modal Frequencies o f
the Shell (Six Modes)

A of nodal ' #of nodal	 P2(H2)
diameters (n) circles (j)

0	 1 0.107593022
1	 1 0.107678417
0	 2 0.107946351
1	 2 0.108475664
0	 3 0.109516711
1	 3 0.111142560

It is observed that all the frequencies are
grouped with only a difference of 3% between
maximum and minimum values of the flexible
frequencies considered in this modal. This
'---	 '- ._ due	 L_ d '----- eGiVaR ^r^i3pw-g is due to taaa v7ss.a°ua.a Gr

the curvature of the shell on the assumed
model, and further emphasizes the importance
of a careful consideration of potential mo-
delling errors on the design of the control
system..

The resulting state vectors for the system
now take the form:

XT' N ' O' 9,E1...e6,^^,Q^,A'^Ei,...E6

	

18x1	 (9) .

without the dumbbell; and

T
X ° [Y,6,V'y$,9, F1...E6,Y',d', ... e6]

	

22.'cl	 (10)
with the dumbbell.

The equations of motion rza be Written in
the state vector format:

X AX+BU	 (11)

where the B matrix is evaluated using the
location of the actuators, the values of the
elastic modal functions at these locations
(Johnson and Raissner (1958) and Itao and
Crandall (1979)) and the direction cosines
of the actuator thrust vectors.

It is assumed that six actuators are posi-
tioned along the surface of the shell (in
the x,z plane as shown in Fig. 1). Force
directions are selected so that when the
actuators are operating torques will be pro-
vided directly about each of the shell's
principal axes. The assumed actuator loca-
tions and force directions are summarized
in Table 2.
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TABLE 2 Actuator Locations and Fores
DirecttiopA

Actuator No. B0 6 x y x

1) . 900 0.28 fl 0 0

2) 900 0.57 f2 0 0

3) 900 0.84 f3 0 f3

4) 2700 0.28 f4 0 f4

5) 2700 0.57 f5 f5 0

6) 2700 0.84 f6 f6 f6

The location of the non-zero elements of
the system "Ar' matrixx is illustrated in Figs.
2 and 3 for the system without the dumbbell
and containing tha dumbbell, respectively. A
comparison of these figures illustrates the
greater coupling with the rigid and flexible
modes that is provided by the dumbbell. Nu-
merical values for the complete A and B ma-
trices are listed in Bainum and co-workers
(1981). It is seen that tht+ U matrix of the
shell with the dumbbell has the forms

0
B  . 13x6	

(12)
B'

where V is the (9xd) lower portion of the
B matrix without the dumbbell.

Control laws are selected using the polo
I cludtaring algorithm developed by Armstrong

(1978) for the spherical shall without the
dumbbell. This same control law is then
applied to the case of the shell with the
dumbbell, i.e.- it is assumed that the dumb-
bell position and rate information may not
be directly observable and is not included
in the control law. (As long as the dumb-
bell-shell system is controllable and sta-
bilizable, the dumbbell will return to its
desired local vertical equilibrium orienta-
tion after the transients have been removed.
It is possible to design a control law for
the dumbbell-shall system that results in a
controllable-stabilizable system without
including the dumbbell information within
the control law.)

A typical time history of the required
control forces for the shell without the
dumbbell is shouu in Fig. 4 for non-dimen-
sioaal initial position displacements in all
state components of 0.01, with the control
law based on placement of all the poles so
as to have a dimensionless negative real part
of (-1.72). This will provide a system time
constant of 461 seconds in all modes. A
similar response was generated using the same
control law for the case of the shell with
the dumbbell where the dumbbell inertia
ratios (chc,,) were assumed to be 0.9 1 the
dumbbell spring constants, k w k r 100,
and damping coefficients salLted z so as to
provide 0.1 critical damping.

A comparison of the maximum force amplitude
in each of the actuators and also of the
total force impulse required is given in
Table 3 for the two came. It can be saes
that although there is little difference in
the maximum forca amplitudes, there is ap-
proximately a 25 percont savings iv fuel
consumption by using the shell-dumbbell sys-
tam.

TABLE 3 - Maximum Force Amplitudes of
he She Y1 with 6 Actuators

Without With
dumbbell dumbbell

fl 103.411Nt. 103.410Nt.

f2 105.398 105.398

f3 317.83 317.83

f4 107.55 107.55

f5 77.09 79.09

f6 12 7.32 127.318

Total
Force impulse;	 432.8 Nt-sec 320.49 Nt-sec

(25% sgvinss
with dumb-
bell,)

Many current investigations of the shape
and oriantatior, control of flexible orbiting
structures do not incorporate the effects of
the gravity-gradient and orbital dynamic
coupling into the linear model of the plant.
-i.e. the poles of the rigid rotational
modes of the open loop system are at the
origin. A study was made to determine the
effects of omitting these terms in the devel-
opment of control laws. Control laws based
on pole placement were first developed based
on the shell model which did not include the
gravity-gradient and orbital coupling terms
in the plant model. The control lava thus
developed were then inserted into the pre-
viously developed models which ccntain both
first order gravity-gradient and orbital
dynamic coupling terms. Typical results are
illustrated in Figs. 5 and 6. In all cases
studied,there is a general taadency for some
of the poles of the rigid modes to shift
towards the imaginary axis when the gravity-
gradient and orbital effects are superimposed
into the plant. For the less robust systems
(Fig. 5) instability may result. In general,
there is no noticeable shift in the poles
corresponding to the flexible modes. As
expected, for the more robust systems, the
relative affect of this shift is less appar-
ent (Fig. 6), but at the expense of greater
coatrol force effort (Table 4).
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3 rigid + 6 flexible modes
250x. m114 altitude orbit

p (a) designed closed loop poles
model does not include orbital
and gravity -gradient effects

(b) closed loop poles resulting from
the control law of (a) When applied
to a model urhich includes orbital
and gravity-gradient effects
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Fig. 5. Shift in closed loop poles due to orbital and gravity-gradient effects-designed
response time 613 sacs.
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Fig. 6. Shift in closed loop poles due to orbital and gravity -gradient_ effects-designed
response time - 400 secs.
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TABLE 4 - PpvkForce Amplitu es

Control law developed without orbital and
gravity-gradient affects in the plant and
then applied to a model inclining these.

Without With orbital
orbital s gravity-
gravity- gradient
gradient

fl 516.4ONt. 565.63Nt.

f2 73.30 164.76

f3 239.30 321,11

f4 117.54 117.07

f5 132.45 153.84

f6 146.82 431.61

Tatal
force
impulses 7020.8Nt-sec 19373.0Nt-sec

CONCLUSIONS

Orientation and shape control of an orbiting
shallow spherical shell system may be accom-
plished by using appropriately positioned
actuators on the surface of the shell. A
gimballed spring-loaded dumbbell damper
connected at the shells apex can provide
gravitational stabilization together with
a source of passive damping. A significant
savings in fuel consumption can be realized
by using the combined active and passive
control systems. For less robust systems
instability may result by not including
the orbital and gravity-gradient effects
in the plant prior to the design of the
active control law.
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APPENDIX - NOMENCLATURE

A
	

i modal amplitudes

a	 : base radius of shall

C	 external torques with componeors
(Cx,Cy ► Cz)

c,cy,cz : coefficients of viscous damping

c,cy,cz	: c/Jywc,cy/J,.sac,cz/Jzwc

RB4 (n)	 Ia4 (n)
Cyn).C^n)	

ay (0,0), ez (010),

respectively

C (ma) , C (ma)	 C(M) C(U)
y	 z	 ^R y y

Jz C(m),(n)
M X4 Z z
M

c1 ,c2 ,c3	Jy/Id; Jz/Id ; Jy/M12,

respectively

D	 : flexural rigidity

E	 : modulus of elasticity

En	: modal component of extarnal
forces

I(a)	 l x 0x pdv
1	 Vol c x

Id	moment of inertia of the dumb-
bell

Jx,Jy ,Jz : principal moments of inertia
of the undeformad shell

k,ky,kz . torsional spring constants

k'ky'kz	 • k/JywZ,ky
/Jpwz,kz/Jzw2,

respectively

R	 characteristic length (me, the
base radius)

Mn	modal mass of nth mode

R	 radius of curvature of the
shell

9



1,	 ...._.

xc s coordinate of differentia.
area on the surface above
the base plane

t s time

d s polar angle of particular
location an shell

So angle measured in base plan*
of shell

Y,d s dumbbell deflection angles

C 
s An/R

9,^,¢ s pitch, yaw and roll angles,
respectively

V s Poissoa'a ratio

p ; mass density

T s w 
c 
t (dimensionless thee)

m body angular vssa.0ity vactox,
!w w w 1 nr lm to 41' )

we s orbit angular velocity

wa : natural frequency of a 	 mode

OX, qty , nz s (Jz-Jy) /1x, 
(ix 

Jy)/j 
7  r

(Jy-JX)/Jz , respectively

dt ,	 dr	
:espectivaly

¢(a) transverse component of the
x a th modal shape function
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