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ON THE SHAPE AND ORILENTATION CONTROL OF AN ORBITING SHALLOW
SPHERVJAL SHELL STRUCTUREW

P.M, Bainum and A.S.S.R. Raddy

Department of Machanical Enginearing, Howard Univarsity
Washington, D.C., 20059, USA.

.

Abstract. The dynamics of orbiting shallow f£lexible spharical shell struc-
tures under the influance of control actuators is studied, Control lawe are
daveloped to provide both attituda and shape control of the stpuctura. It
is seen that the elastic modal fraequencies for the fundamental and lower
modes ara clossly grouped due to the effect of the shell curvature. The
shell is also assumed to be gravity stabilized by a spring-loaded dumbbell
type dampaer attached at ics apex, Control laws are devalopad based on the
pole clustering technique and it is assumed chat rhe dumbbell state informa-
tion may not ba directly observable. Numerical results verify that a signi~
ficant savings in fuel consumption can be realized by using the hybrid shell-
dumbball system together with point actuators. Other results indicate that
for the less robust systems instability may vesult by not including the
orbital and first order gravity-gradient affects in rhe plant prior to comn-

trol law design.

Kezgords. Modelling of orbicing flexible sé;d;turea; pole placment;
wuue.

iGg ©TTOTS} hyorid CORTTol syscems.

INTRODUCTION

Future proposed space missions would ‘involve
large inherently flexiblu systems for use in
communica:ions, radiometry, and in electronic
orbital based mafl systems. The use of very
large shallow dish type structures to be em=-
ployed as recaivers/reflactors for these
missions has been suggested. In order to
satisfy mission requirements control of the
shape as well as the ovar-all oriantation
will ba often required. The proposed paper
1s davoted to a study of the shape and ori-
entation control of such an ovbiting shallow
spherical shell structure and, to the authord
knowledge, represents the first such treat-
ment of this subject.

A related recent paper (Kumar and Bainum,
1981) treated tha dynamics and stability of
a flexible spherical shell in oxbit in the
absence of active shape and orientation con-—
trol. For small amplitude elastic displace-
ments and rigid rotational modal amplitudes,
it was seen that the roll-yaw (out-of-plane)
mnotions completely separate from the pitch
(in-plane) and elastic motions. Furthermore,
the pitch and only the axi~-symmetric elastic
modes are coupled within the linear range.

*Research supported by NASA Grant NSG-1414,
Suppl. 3.

With the symmetry axis nominally following
the local vertical, the structure is gravi-
tationally unstahle due to an unfavorable
moment of inertia distribution. A rigid
dumbbell connected to the shell at 1its apex
by a spring loaded double gimhalled joint
with damping was proposed to gravitationally
stabilize the structure (Fig. 1). It was
noted that the dumbbell motion could excite
only those elastic modes having a single
nodal diameter (Reissner, 1955) and that to
completely damp the system transient motion
in all of the important lowar frequency
modes, the use of an active control system
would be required.

The present paper reprasents an extension

of the papar by Kumar and Bainum (1981) to
include in the mathematical model of the
dynamics the effects of point sctuators lo-
cated at pre-selected pouitions on the shell
surface (Fig. 1).

DEVELOPMENT OF MATHEMATICAL MODEL
OF THE PLANT

The mathematical model of an isotropic shal-
low flexible spherical shell in orbit was
developed by Kumar and Bainum (1981) under
the assumption that the shell's elastic dis~
placements were principally in the transverse
direction (parallel to the symmetry axis)
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and were small as comparad with the other
characteristic dimensions of the shall. The
agsumption of shallowness further insures
that the ratio of the displacement of the
shall's apex point abova its base planae (If)
is small as compared with tha radius in the
bage plane, a, (Fig. 1).

Thae resulting lineavized equations of motion
for the rigid rotational and ganaric elastic
mode? wara developed as:
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whare tha variables and constant coafficients
are dufined in the Appendix . (aAn
order of magnitude analysis also indicated
that the coupling batwean the rigid (orbital)
translational modes and those described iIn
Eq. (1) was extremaly small for structures
with characterlstic lengths of 100m. so that
these modes are eesentially governad by the
orhitel machandics of the Iystem mass centaer.)

It was further assumed that a dumbbell could
be attached by a spring loaded zimbal dampexr
to the shell at its apex and could provide
both gravitational stability of the uncon-
trolled system as wall as passive restoring
and dissipative forces.

The linearized equations of motion for the
shallow spherical shell-dumbbell syatem
were developed as:
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It 18 seen from Eq, (1) that for the uncon-
trollad system without the dumbbell that the
out=~of-plane roll-yaw motions arae complataly
dacoupled from the in-~plane pitch () and
alastic motions (£n). Within the linear
rangz only the nxisymmatric elastic modas
(I )#0) are coupled to the pitch motion.
Futhermore from the analysis of Eq. (2) by
Kumar and Bainum (1981) it was concluded
that the dumbball motion could excite only
those alastic modes having a single nodal
diamater und that to completely damp the
system transient motion in all of the impor~
tant lowar fraquancy modes, tha use of an
active control system would also be raquired
Howevar, it was hoped that a properly de-
signed hybrid control system consisting of
the passive dumbbaell and active control
actuators could provide satisfactory per=-
formance with a savings in fual consusption
as compared with the active thrusters opaz-
ating alone.

),
cy 0

The formulation of tha uncontrolled dynamics
assumas an a priori knowledge of the fre-
quencies of all the elastic modes to be
incorporated within the system model. The
frequencies (p) of the spherical shell are
evaluated using the following identities,

as presented by Johnson and Raissner (1958):

[N
wu [ 1880 (p2p2) % &)
where the u's ara calculated from
u JalH I,

- + forn = 0,1
2 N L (4)

whaere n reprasents the number of nodal dia-
maters (maridians), DeEh3/12(1~v2?), and p2=
E/eR?. For n>l, Eq. (4) must be replaced
by a more complex form as follows:
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and Jn,I are Bassel Hunctions of the first
kind dnd"modified Bessel functions of the
first kind, vespectively, Eq. (4) or Eq.
(5) is satisfied by an infinite numbar of
ths paramater, U, for every valua of n
(j=1,2,¢44%)., For tha sample calculations
in this papar, we will consider only three
such values of u (j= 1,2,3) for che casas
whera nw 0,1.

The values of the natural frequencies and
moda shape functions of the axisymmetric
modes will be slighctly modified by the
prasence of tha dumbball, Howaver, for
this application, an order of magnitude
analysis for the system parameters involved,
indicatas that tha coupling betwaen the
axisymmacric modes and the rigid pitch mode
i3 extremely weak and that, to a good first
approximation, the small number of axi~
symmatric modes included can be considerad
independently of all tha rigid rotationsl
modes. In view of this the axisymmatric
frequancies and mode shapes as given Johnson
and Reissner (1958) are used here as a first
approximation to the actual values in rhe
presence of the dumbbell. The natural fre-
quencies aud mode shapas of tha other
elastic modes characterized by nodal diame-
ters (meridians) remain unaffected by the
presence of the dumbball (Kumar and Bainum,
1981).

The point dctuators are modellad as follows.
An actuator located at (x,y,z) with com=
ponents (E f £ ) provides the following
torques,

Tx ] yfz-zfy; Ty - -xfz+zfx;

Tz = xfy-yfx (6)
and the corresponding generic force in the
ath mode,

E =/ 0:Fdn (7

For the shallow spherical shell it is
assumed that the major elastic displacement
occurs in a direction no to the base
(v,z) plane. - L.e. &_ = ¢ %L Thus for a
point actuator located at ix,y,z)

ziéﬂwﬂ¢nu (8)

where ¢( )(x,y z) is the nth modal shape
function evaluated at (X,7>2) fx repre-
sents the componant of T in a direction
normal to the base plane and M_ is the mo-~
dal masg, here considered to be the total
mass of the shell, since the shell mode
shape fimctions have each been normalizaed
with respect to the mass of the shell.

NUMERICAL EXAMPLE

As an example a large flexible shallow shell
is selected with the following dimensions
(Fig, 1) and material properties:

e lm am 100m; p » 27.68kg/m?; h = low;
v = 1/3; E = 0,744x10%%kg/m?; R = 5000.0m

Six elastic modes are included in the trun=-
cated model and ara salected to have either
no or a singla nodal diameter, The numbar
of nodal vircles is varied from 1 to 3 such
that tha elastic modal frequancies ara cal-
culated using Eqs. (3) and (4). The results
are summarized in Table 1.

TABLE 1 - Elastic Modal Frequencies of
the Shell (six’ModaqL

# of nodel ° ffof nodal pz(ug)

diamaters (n) circles ()
0 1 0.107593022
1 1 0.107678417
0 2 0.107946351
1 2 0,108475664
0 3 0.109516711
1 3 0.111142560

It is obsarved thac all tha frequencies are
groupad with only a difference of 3% batween
maximum and minimum valuae of the flaxible
frequarncies considered in this model. This
close grouping 1is due to the dominancs of
the curvatura of the shell on the assumed
model, and further emphasizes tha importance
of a careful consideration of potantial mo=-
delling errors on the design of the control
system..

The rasulting state vectors for the system
now take the form:

KTm [9,618,E0 0080808 ,0" 60, 00nel]

18x1 o .
without the dumbbell; and

Xon [¥,8,¥5¢,8, 51""5’7'-5""'eé]

22x1 (10)
with the dumbbell.

The equations of motion nzn be writtem in
the state vector format:

X = AX+BU (1)

where the B matrix is evaluated using the
location of the actuators, the valuas of the
elastic modal functions at these locations
(Johnson and Reissnar (1958) and Itao and
Crandall (1979)) and the diraction coasines
of the actuator thrust vectors.

It is assumed that six actuators are posi~
tionad along the surface of tha shell (in
the x,z plane as shown in Fig. 1). Force
directions are selected so that when the
actuators are operating torquaes will be pro=
vided directly about each of the shell's
principal axes. The assumed actuator loca~
tions and force directions are summarized

in Table 2.

A e e e



TABLE 2 - Actustor Locations and Foyce

Dir-gsiogg

Actuator No, ﬂo ] x b4 z
1 %° 0.28 £ 0 0
2) 90°  0.57 &, 0 0O
3) 90° 0.8 £ 0 £,

0

4) 270° 0.28 £, 0 £
5) 270° 0.57 g, & 0
6) 270° 0.84 £, 5 £

The location of the non-zero elemants of
tha system "A'" matrix is illustrated in Figs.
2 and 3 for tha systam without the dumbbaell
and containing the dumbbell, respectively. A
comparison of thesa figures illustrates the
graatar coupling with the rigid and flaxible
modas that is provided by the dumbbell, Nu-
merical values for tha complaté A and B ma-
trices ore listed in Bainum and co-workers
(1981). It is seen that thu ¥ matrix of the
shall with the ducbball has the form:

0
By = I:%?J (12)

whazs 4! ia tha (Ix6) lowar portion of the
B matrix without the dumbball.

Control lawas ara salected using tha pola
cludtaring algorithm davelopad by Armstrong
(1978) for tha sphevrical shall without the
dumbbell, This same control law is then
applied ta tha casa of the shell with the
dumbball, i.a.~ it is assumad that the dumb~
ball position and rate information may not
ba diractly obsaxvable and ia not includad
in the contyol law., (As long as the dumb-
ball~shell system is controllable and sta~
bilizable, the dumbbell will return to its
deaired local verticsl equilibrium ordenta-
tion aftar the transients have been ramoved.
It is possibla to dasign a control law for
the dumbbell~shell systam that results in a
controllabla~stabilizable aystem without
dncluding the dumbbell information within
the contyol law.)

A typical timae history of the required
control forcas for the shell without the
dumbbell is shoun in Fig, 4 for non=dimen~
sional initial position displacemants in all
state compongnts of 0.01, with tha control
law based on plscemant of all tha poles so
as to have a dimensionless negative real part
of (~1.72). This will provide a syatem cime
constant of 461 saconds in all modes. A
similar response was generated vsing the same
control law for the case of the shell with
the dumbbell where the dumbbell inexcia
ratios (c,=c,) were assumed to be 0.9, the
dumbbell spring constants, k, = k_ = 100,
and dacping coafficients sel¥cred®so as to
provida 0.1 critical damping.

P T ™ S e A e B wms e ™ W v o e

A comparison of tha maximum forca amplitude
in each of the actuators and also of the
total force impulse required is given in
Tahla 3 for tha two cases, It can be sean
that although there is littla difference in
the maximum forca amplitudas, thare is ap~
proximately a 25 parcent savings iu fual
consumption by using the shell-dumbbell sys-
tem,

TARLE ] ~ Maximum Force Amplitudes of
the Shell with 6 Actuators

Wichout With
ducbbell  dumbball

. 103.411N6.  103.410NE.

£, 105. 398 105,398

£ 317.83 317.83

£, 107,55 107,55

£ 77.09 79.09

£ 127.32 127,318

Total

Force impulse: 432.8 Nt=sac 320.49 Ne-sec
{252 aavings
with dumb~
ball. )

Many current invastigations of the shapa
and orlentatior control of flaxible orbiting
atructuras do not incorporata tha effects of
the gravity~-gradient and orbital dynamic
coupling inte the linear modal of the plant.
=i.e. the poles of tha rigid votational
modes of the open loop system are &t tha
origin. A study was made o determine the
affacts of omitting these terms in the davel-
opment of control laws. Control laws based
on pole placement ware first developed based
on the shell model which did not include the
gravity-gradient and orbital coupling terms
in tha plant model. The control laws thus
davaloped were then inserted into the pre-
viously daveloped models which ccutain both
first order gravity-gradient and orbital
dmamic coupling terma. Typical results are
illustrated f{n Figs, 5 and 6. In all cases
gtudied, there is a genswal tendency for some
of the polas of the rigid modes to shifc
towarda the imaginacy axis when the gravity-
gradient and orbital effects are superimposed
into the plant. For the lass robust systewms
(Fig, 5) iustability may result. In genexal,
there 13 no noticeable shift in the polaes
corresponding to the flexible modes. As
expectad, for the mors robust systams, the
relative affact of this shift is less appar~
ent (Fig. 6), but at the expanse of greater
control force gffort (Table 4).

Ly =

T S Ay e
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120 Control law based on pela placament-nagative
rasl parc = 1,72 (dimansioisless)
time constant = 461 saconds

100 +

Force, Newtons
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Fig. 4, Time history of control forces with 6 actuators
for the shell without the dumbbell.
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3 rigid + 6 flaxible wodaes
250n, mila altitude orbit

© (a) designed closad loop poles
model dows not include orbital
and gravity~gradient effacts

(3 (b) closed loop poles resulting from
the control law of (a) when applied
to a wodel tthich includes orbital
and gravity-gradient effects
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TABLE 4 = Posk Force Amplitudas

Control law devalopad without orbital and
gravity-gradient affects in the plant and
then applied to a model including thesa.

Without With orbital &
orbital & gravity=-
gravity- gradient
gradient
fl 516!40“50 565-63“:.
22 , 73,30 164:76
53 239,350 321,11
ia 117.34 117.07
£5 132.45 153.84
EG 146,82 431.61
Tatal
force

impulse: 7020.8Ne~sac 19373.0Nt=~gac

CONCLUSIONS

Orientation and shape control of an orbiting
shallow spherical shell syatem may bae accom
plished by using appropriataly positioned
actuators on the surface of the shell. A
gimballad spring=-loadad dumbbell damper
connected at the shell's apex can provide
gravitational stabilization together with

a source of passive damping. A significant
savings in fuel consumption can be realized
by using the combined active and passive
control systems. For lezs robust systems
instablilicy may result by not including

the orbital and gravity~-gradient effects

in the plant prior to the dasign of the
active control law,
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APPENDIX = NOMENCLATURE

Ah ¢ modal amplitudes

2 t base radius of shell

T ! external torques with components
(CQ,CY,CZ)

c,cy,cz : coefficients of viscous damping

€yC_,C : c/Jywc,cy/J;wc,czlszc

Al
(n)
234 234 (n)
(n) o) , b3 L.
Cyn .Czn H 3y (0,0), 3z €0,0),
respectivaly

(m) , (m), Jy  (m),(a)
€ aC, s ﬁ;%Z' e e,

J
(m) n(n)
4 cmcz

M2 2
m
. . . 2

€11CyCy Jy/I P,/ Jy/mz ,

respactively
D ¢ flaxural rigidicy
E + wodulus of elasticity
Bn ¢ modal component of cxnarnal

forces
I{n) s [ ox ¢(n)pdv

vol

Id ¢ moment; of inartia of the dumb-

bell

. ¢ principal momants of inertia
Terdyr T of the undaformed shell
k,ky,kz : torsional spring constants
T e L o 2 2
k'ky.kz : k/Jywc’kY/Jyﬁlc;kz/Jch
' respectively

2 ¢+ characteristic length (=a, the

base radius)
Mn : modal mass of nCh mode
R : radius of curvature of the

shell
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coordinace of diffarantial
area on the surface abova
the base plans

cime

polar angle of particular
location on shell

angle measured in basa plana
of shell

dumbball deflection angles
A%

pitch, vaw and roll anglaes,
respactively

Polsson's ratio
mags density
Wt (dimensionless tize)

body angular vel.aity vectow,
(o om ) or (uwoa)
TRy z° TR

orbit angular velocity
natural fraquancy of nCh mde
(Jz"Jy) /Jxr (Jx"Jz) /Jyv
(Jy'Jx>/Jz' respactivaly

%E ’ %; » Sespectivaly

trausvarsa component of the
7 th modal shapa function

10
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