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ABSTRACT

Computer models have been developed for analyzing the state-of-stress
beneath traction-drive type of contacts. The analyses involve computing
stresses and stress-reversals on various planes for points beneath the sur-
face. The effect of tangential and axial friction under gross slip conditions
can be evaluated with the models, Evaluations performed on an RC (rolling
contact) tester configuration indicate that the classical fatigue stresses are
not altered by friction-forces typical of lubricated contact. Higher values
of friction (f > 0.25) can result in surface shear reversal that exceeds the

2tresses at the depth of maximum shear reversal under rolling contact.
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STRESS EVALUATIONS UNDER
ROLLING/SLIDING CONTACTS

by

J. W. Kannel and J. L. Tevaarwerk (Consultant)

INTRODUCTION

Rolling elements such as roller bearings and traction drive trans-
missions are subject to failure from rolling contact fatigue. Such fatigue
failures cause a serious restriction on the operating life and reliability of
such devices. In the case of the traction drive transmissions, rolling con-
tact fatigue failures could conceivably restrict the use of such transmissions
in motor vehicles, despite the increased efficiency such transmissions could
afford. Although a number of factors contribute to fatigue failure, the ef-
fect of traction and slip on the state of stress between rolling elements is
not understood. A better understanding of the role of traction on fatigue
could greatly assist in the evaluation of materials for and operational limits
of traction components.

The fundamental theory for rolling contact fatigue is the one pub-
lished by Lundberg and Palmgren(l)* in 1947 and summarized by Coy, et
al.(2), This theory is based on the assumption that failure is in the form
of shallow pitting and is related to subsurface shearing stresses within the
rolling elements., In essence, any irregularity in the material beneath the
surface can manifest itself as a failure initiation point. The significant
stress field has been hypothesized as being bounded by the surface, the depth
of the maximum and reversing shear stress, and the width of the rolling track.
The magnitude and depth of the reversing shear stress have been found to be
very significant with regards to fatigue failure.

The reversing stress field has been well established for pure rolling
contacts(3,4), However, when surface tractions are imposed, this stress
field becomes very complicated. The classic study for line contact is by
Smith and Liu(5), Smith and Liu's research indicated that friction is a key

*References are listed at the end of the text.
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factor with regards to reversing stresses. For example, at some level of fric-
tion, the reversing stress was found to be at the surface, which would greatly
reduce fatigue life. Hamilton and Goodman(6) developed a theory for a cir-
cular sliding contact. The results of their theory are in the form of useful
graphs for predicting friction effects for this specific type of corntact.

Other researchers, such as Kuznetsov(7), have studied the influence of fric-
tion on contact stress, but not on the subsurface stress field under slip
conditions.

One complication to the reversing stress field is that the stress
reversals occur over the width of contact and depend on orientation as well as
depth. See, for example, Figure 1. The maximwm stress occurs at the center
of contact and the depth and magnitude are straightforward to compute., Com-
puting the reversing stress becomes more complicated because the reversals
occur over a finite region. Consider, then, the complication when the magni-
tude of T4 or 1. depend on the orientation out of the plane of the paper.

The goal of the project has been to develop computer models to deter-
mine the magnitude of reversing shear stresses beneath (and very near) the
surface of rolling/sliding contacts. Sliding in both the tangential direction
and the axial direction are considered. Considerations are given for line
contacts as well as crowned rollers. In order to insure accuracy in modeling,
two independent models were developed, one by Tevaarwerk (T-model) and one at
Battelle (B-model)*. This approach allowed for both researchers to be heavily
involved with the problem in modeling and created excellent dialogue, both for
the mathematical intricacies, as well as the ramification of the predictions.
A comparison betwzen the two models is given in Table 1, which demonstrates
the consistency of the two approaches. The approach for the development of
the models was as follows:

o Define the stress tensor for any point beneath the surface

e Compute principal stresses and their direction cosines for each

point

e Determine the direction cosines (relative to the x, y, z axes) to

the octahedral plane and the plane of maximum shearing stress

*As discussed in Appendix A, the primary difference in the two models is in
the integration scheme used to determine the stress tensor.
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TABLE 1. COMPARISON OF TEVAARWERK MODEL WITH BATTELLE MODEL
(K= .5, v=.285 f, =0, z/b = .3)
\ 9% % % Txy yz Txz

fr  z/b T B T B T B T B T B T B

0 -9 -.236 -,241 -,212 =-.218 -.37% -.,383 O 0 0 0 .228 .231

-.8 -.251 -.25¢ -.255 ~-.259 ~.511 -,518 O 0 0 0 .222 .225

-5 -.329 -.,333 -.361 -.369 -.,798 -.807 O 0 0 0 .138 . 140

-3 =.374 -,380 -.,404 -.412 -.896 -.907 O 0 0 0 .080 .081

0 -.401 -~.408 -,428 -.436 -.948 -.,958 O 0 0 0 0 0

3 =.374 -~.380 -~.404 -,412 -.896 -.907 O 0 0 0 -.080 -,081

5 -.329 -~.333 -.361 -.369 -.798 -~.807 O 0 0 0 -.138 -.141
.8 -.27t ~.256 =-.255 ~,259 -.511 -~,518 O 0 0 0 -.222 -.,225

9 =-.236 ~.240 -,212 -~-,218 -.375 -.383 O 0 0 0o -.228 -.230
.1 -9 =171 -.174 -,196 -,201 =-.352 ~.360 O 0 0 0 .195 .200

-.8 =-.188 -.,191 -.23% ~,243 -.489 -,495 O 0 0 0 .187 .190

-5 =-.281 -.,284 -,349 -.,356 -.784 ~-.793 O 0 0 0 .095 .097
-3 =346 -.349 -,396 -.414 -.88R -.898 O 0 0 0 .032 .033

0 -.401 =-.408 -,428 -.436 -.948 -.958 O 0 0 0 -.051 -.051
3 =404 -,411 -,412 -,420 -.904 -.915 O 0 0 0o -.128 -.130
. .5 =.376 -.382 -,373 -,381 -.812 -.821 O 0 0 0 -.182 -.184
f .8 -.315 =-.320 -,271 -.276 -,533 -.540 O 0 0 0 -.256 -.260
9 =-.301 -.308 -,228 -.234 -.398 -.406 O 0 0 0 -.264
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® Scan the planes of octahadral and maximum shearing stress in the

direction of rolling and compute stress reversals.

Stress reversals can be computed by the above procedure for condi-~
tions of zero friction, axial friction, and tangential friction for line
contacts and contacts corresponding to a rolling contact fatigue tester. The
basic assumptions for the analyses are:

1. The contact pressure (normal stress) are predictable by Hertz

theory for line or crowned contacts.

2. The contact tractions are a result of a constant traction
coefficient times the pressure. This tacitly assumes a gross
sliding situation,

3. The materials are all elastic and homogeneous.

4, The bodies are isothermal. That is, no thermal stresses are

considered.

MODEL DEVELOPMENT

The Stress Tensor

The objective of the analyses is to evaluate subsurface stresses in
rolling/sliding contacts of the type seen in traction drives. Consider, for
example, the system shown in Figure 2, where two cylinders are loaded together
under rolling or possibly rolling/sliding contact. The assumed Hertzian con-
tact pressure di_tribution produces a state of stress throughout the cyl-
inders. Likewise, the frictional forces associated with sliding produce an
additional state of stress such that a typical point beneath the surface
is undergoing a complicated and changine stress state. For crowned cylinders,
this stress state varies axially (in the y direction) as a result of axially

varying pressures as well as in the x direction, as shown in Figure 3.




PR ——

Fertz contact pressure distribution

Typical point beneath surface

FIGURE 2. CONTACT BETWEEN ROLLING/SLIDING BODIES
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In tensor notation, the stress at any point can be wsritten as

Gij or Oij (1)

where Eij = Y43/py (1, §=1,2,3) ,

where py i1s the maximum Hertz contact pressure. In more conventional

terminology

9% = 011 » Oy ®022 » Oz ™033 ,

(2)

Txy = %12 » Txz = 013 and 1y, = 033 .

It should be noted that the stress tensor is symmetric such that 014 =
oji'

To determine 04 requires that expressions be developed for the
effect of point loads on stresses and that the point loads be integrated over
the conditions of interest. These equations are discussed in Appendix A and

Equation A-27 shows the general relationship for'aij of interest here.

Principal Stresses

From the preceding discussions, it can be noted that the state of
stress at any point has six components*. The components discussed in the pre-
ceding section describe the stress when the axis is oriented in the x, y, z
system. However, the stress can look considcrably different at different ori-
entations. Since the objective of the study is to evaluate “worse case” shear
stresses, it is necessary to evaluate the effect of axis rotation (see Figure
4) on stress. The first step in this phase of the study is to determine the
parameters that are not a function of rotation; these are known as the invari-

ants of the stress tensor(8). These invariants are:

*Actually nine components are required, but some are equal because of
symmetry.



Iy = 0y + 022 + 033,

-~
S
-t

IIp = 05 Oy + 01 0334 099 033 - 0152 - 0132 - 9542 , and (4)

IIIp = 01| O)p 033 + 2047 023 013 - 01] 0232 ~ 0520132 - 0330122 . (5)

FIGURE 4. ILLUSTRATION OF AXIS ROTATION

With the knowledge of the invariants, it is possible to determine the
plane of the principal stress (i.e., the rotated axis on which no shear forces
exist) and the stress magnitudes. Ths equations for the principal stres.es
can be written

34+ 1,82+ 11,8+ 11, =0 . (6)

—— S ———— - - -



Equation 6 can be readily solved by cubic equation solutione and will produce
three real roots for principal stresses. These roots will be known as Sj,

Sy, and S3 with S| being the largest and S3 the smallest.

Angles To The Principal Stresses

In tensor computations, the angles are given in terms of direction
cosines to the various axes. If we define ap,, Any» and a,, as the
direction cosines from a ziven principal stress (say S;) to the x, y, and 2z
axis, then it can be shown that the following equations must be
satisfied(8);

anx1? + anyl2 +ag=1 , (7)
(011 = S1) anx1 + 012 anyl + 013 8nz1 =V (8)
O128nx1 + (922 - S1) any] + 023 apz1) =0 , and 9)
013 8ax! + 923 8qy1 * (933 - S1) apz) = 0 . (10)

By solving Equation 7 and any two of Equationes 8 through 10 simul-
t ineously, anyx}, 8py] and apz) can be determined. In a .ike manner, the
direction cosines for locating the S (a;x2, anz2, 8pz2) and the Sj
(anx3, 8ny3, apz3) stress can be determined.

Other Planes of Interest

The solution of equation 7 through 10 permit the determination of the
location of principal stresses. However, the objective of the project is to
evaluate shear stresses and by definition there are no shear stresses on theze

planes. Therefore, other planes must be considered.
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Plane of Maximum Shear Stress

The maximum shear stress for an element lies on a plane bisecting the
S} - S3 plane. The direction cosines for the normal to this plane rela-

tive to the plane of the principal stress axes can be written

by = 1/V2 (11)

by = 0. , (12)

2 . (13)

bn3

To relate these cosines back to the x, y, z axis requires an angle

transformation of the form

Cnx = bpl anxl t bn2 anx2 t bn3 anx3 (14)
Chny = bn] anyl + bp2 apy + bp3 any3 (15)
Chz = bnl apzl t bn2 apnz2 + bp3 apz3 (16)

where cn), c¢n2 and cp3 are the direction cosines from the normal (to the

shear plane) to the x, y, z axes,.

Plane of Octahedral Stress

The location of the normal to the octahedral stress can be written

by = 1/V3 an
ba3 = 1/V3 . (19)

That is, the normal is situated at equal angles from the principal axis.
Likewise, Equations 17 through 19 can be used in conjunction with Equations 14
through 16 to relate the normal to the x, y, z axes.

e Y AR



Seeking The Maximum and Minimum Shear Stresses

Using the angle transformation equations discussed in the previous
section, it is possibl2 to locate the normals to various critical shear stress
planes, The final step in this process is to locate maximum and minimum shear
stress on those particular planes for various x positions. Let us define the
direction cosines to a given location on a shear plane as agy, agy and

agz+ It can be shown that(s)
8gx Cnx + 8gy Cpy + 8gz Cpz = 0 and (20)

agyl + asyz +agl =1 . (21)
If, then, we choose a particular angle, say ag,, we can compute
agy and ag, by Equations 20 and 21.
With a knowledge of the arngles between the shear vector on a plane
and the x, y, z axes and a knowledge of the stress tensor as oriented to the
x, ¥, z axes, the shear stress can be computed. The equation for the stress

is given by(a)
T = cpx 3gx 01 * Cpy 3gy 922 ¥ Cpg g2 O ’
+ Cnx 8gy 012 + Cpy agx 012 + Cnx 35z 913 (22)

+ Cng 8gx 913 + Cpy 85z 923 + Cpg gy 923

In the computer model, values of ay, were assumed in the range
-1 to +1, For each value of a,y, the shear stress was computed at various x
positions and both the maximum and minimum values were stored. In the compu-~
tation, the maximum shear stress and the maximum reversal Tpgy = Tpin Were

sought.
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Construction Of Model

computer model is constructed as follows:

Input values of x (b/a), v (Poissons ratio), z/b (depth) fp
(tangential friction coefficient), f, (axial friction
coefficient), and case number.

Compute the stress tensor for approximately eleven (11) x
locations (STRSSC). For K = 0 (line contact), the Smith-Liu(3)
solutions are used.

Compute the principal stresses at each x location (PRINC).
Compute the angles to the principal stresses at each location
(ANGLP).

Compute the angle to the normals of the maximum shear plane, the
octahedral shear plane, and the orthogonal plane (ANGTRAN).
Compute the shear stresses and shear reversals on the shear
planes (RVSTRS).

computations are in the form Uij/pH and are applicable for

contact pressure level. A source listing for the model is given

in Appendix B and a typical printout is given in Table 2,

In t
K =

Fp =
Fp =
Sxx »
SxY»
51,

x -

TAU-

AN (
t
d

his table
b/a (aspect ratio)
(Poissons ratio)
z/b (depth into surface)
fr (tangential friction coefficient)
fs (axial friction coefficient)
Syys Szz are the normal stresses (oy, Oy, 0;)
Syz» Sxz are the shear stress (tyxy, Tyzs Txz)
S2, S3 are the principal stresses
pos = x/b is the x position being evaluated
MAX = maximum shearing stress as computed by scanning different
planes
1), AN (2), AN (3) are the direction cosines to the normals on
he planes containing TAU-MAX and, AS (1), AS (2), AS (3) are the
irection cosines to TAU-MAX on the shear plane,

[N T
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TAU-REVERSING is the maximum reversing shear stress on the planes

specified.

ANALYSIS FOR RC FATIGUE TESTER

One objective of the project has been to evaluate the effect of mag-
nitude and direction of slip on the stresses in a rolling contact (RC) fatigue
tester. The RC tester consists of a rotating cylindrical specimen loaded
between two large diameter crowned rollers. In the test, the specimen is
driven by an electric motor; the crowned rollers are only driven by the speci-
men. The rcllers are loaded to a level to produce fatigue in the specimen in
a reasonable time period. Normally, the RC tester is used to evaluate rolling
contact fatigue and has been used in bearing-material evaluations. The tester
is also being corsidered as a candidate device for evaluating the effect of
friction on fatigue.

Two approaches could be used to induce friction between the
cylindrical specimen and the crowned rollers. One technique would be to
induce a drag between the two elements by driving or braking the rollers.

This approach could be quite complicated for simple fatigue testing and an
alternate could be more desirable. This alternate approach could consist
simply of skewing the specimen relative to the rollers. However, skewing
produces an axial traction, whereas braking the rollers produces a tangential
traction. The stress model can be used in determining the stress fields
associated with these two types of fatigue test concepts.

Typical dimensions for an RC rig are

Dg = 9.5 mm (0.375 inch)

Dy = 190 mm (7.5 inches)

Re = 6.4 mm (0.25 inch).

Dg is the specimen diameter, D, is the roller diameter, and R, is the

crown radius., For these dimensions, a value of K = 0.8 has been computed.
The upper limit traction coefficient should be nominally 0.1 for lubricated
tractions.

Figure 5 shows the effect of traction on the reversing shear stresses

in the RC tester, As can be observed, the maximum stress is unaffected by the

PP
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friction as is the depth to maximum stress (z/b = 0.38). There are some dif-
ferences in the stresses near the surface, and it is impossible to be certain
how these differences affect life. However, in the Lundberg-Palmgren theory,
only the orthogonal shear reversal and its depth are important. If this
theory is valid, it says that a traction coefficient of up to 0.1 should not
alter life. There is, however, a difference in off-set between axial and
tangential-friction, but this effect is not a part of fatigue theory. Fatigue
tests are badly needed to clarify the effect of stress on life.

The general observation from this aspect of the analyses is that the
directicn of the traction is not significant with regards to fatigue type stress
for low traction coefficients typical of lubricated contacts assuming Lundberg-
Palmgren's theory. It should be noted that at least three stress related
factors that have not been included in these stress analyses could have a
profound effect on fatigue. These factors are:

(1) the effect of temperature (due to friction) on stress

(2) the effect of non-Hertzian pressure on stress

(3) the effect of asymmetric surface traction,

All of these can produce an asymmetry in stresses which can amplify the stress
reversal. 1In fact, there will be a different stress state in the driver and
driven for effects (1) and (3). The influence of the non-Hertzian pressure
should be the same on both bodies provided that we do not invoke hysteresis
effects in the material.

If we examine the influence of (1) and (3) on, say, the reversing
orthogonal stress and assume that the traction is caused by the shearing of an
elastic/plastic-like material, then the surface traction in the latter half of
the contact is larger than in the front. Also the traction stresses will be
negative in direction on the driver and positive on the driven. This means
that the stress reversal in the driven is increased from the non-traction
condition while it 1is decreased in the driver, possibly explaining some of the
experimental findings reported elsewhere. The depth at which the maximum
orthogonal acts is also reduced by an asymmetric traction stress., Traction
produced by an elastic/plastic-like matcorial may also explain why gears fail
by pitting fatigue in the region directly below the pitch circle because the

positive sliding conditions may produce a region of maximum surface traction
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asymmetry and, hence, the largest magnitude of the reversing orthogonal shear
stress. The thermal stresses produced by the sliding would also alter the
stress profile for the orthogonal shear stress in a similar fashion but now
because the driver (i.e., the faster moving body) would see a lower flash tem-
perature than the driven. Thermal stresses would tend to increase the ortho-
gonal shear stress in b-:h bodies but more in the driven than the driver. Also
besides the increases in the amplitude of the stress reversal, the depth at
which this occurs is reduced, giving a further reduction in fatigue life on
the driver. Further research is needed in this area to establish the influ-

ence of the effects just mentioned.

DISCUSSION OF EFFECTS OF FRICTION ON FATIGUE STRESSES

The subsurface stress model represents a useful tool for evaluating
the role of friction on fatigue type stresses. The results of the evaluations
of the stress analyses from the RC tester showed some interesting (although
perhaps not profound) implications of the effect of lubricated traction on
stresses. The purpose of this section is to further explore the effect of
friction on stress.

Figures 6 through 8 show predictions of the reversing orthogonal
shear stress for various conditions of friction and aspect ratio (b/a). This
reversing stress is normally considered the significant stress for
fatigue.(l) Note, however, in Figure 6, that friction does not alter the

magnitude of the difference betwezen maximum and minimum shear stress (i.e.,

stress reversals). This implies that the magnitude of the orthogonal stress
reversals are not dependent on friction. Changing aspect ratio does alter the
magnitude of the stress as shown in Figures 9 and 10, but this dependence of i
stress on aspect ratio is not affected by friction.

The effects of friction on the magnitude and depth of the maximum
shear stress, are shown in Figures 11 and 12 for various values of aspect
ratio. Some increase in stress accompanies an increase in friction. However,

for fr = .1 and v = ,285 which are reasonable values for lubricated traction
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drives, only very small changes in stress depth and magnitude occur. Higher
value of friction (f = .2) produces sizable increases in stress. The observa-
tions concerning shear stress also occur with regard to the octahelral shear
stress as shown in Figures 13 and l4.

Figure 15 shows the effect of friction coefficient, f, on surface-
shear-stresses-reversals for line (K = 0) contact. As can be observed, the
magnitude of reversing stresses on the surface does not exceed the reversing
orthogonal shear stress for values of f < 0.25. This implies that for this
contact situation, fatigue-related stresses are not altered by friction for
£ < 0.25. Smith and Liuf3) shtowed sizable effects at f = 0.33, which would
be consistent with our computations. However, values of f of this magnitude
should occur only in very poor lubrication situations and are not relevant to
lubricated traction drive theory. As can be observed, friction does mate-
rially alter the shear stresses near the surfaces, even for low (< 0.1) fric-
tion coefficients. This implies that friction alters the overall stress field
and could alter the propensity of the system to incur a surface or near sur-
face initiated fatique failure. Fatigue tests in conjunction with the stress
model are badly needed to further extend our knowledge of the role of low
levels of friction on fatigue.

Figure 16 shows a shear stress plot of Tyy versus T,y for the
plane of maximum shear stress at the center of contact very near the surface.
The magnitude of the stress reversals envelope (= .6) is very consistent with
the Smith-Liu(5) computations and further illustrates the effect of severe
friction (f = ,33) on fatigue inducing stresses. However, the effect of
friction on these stresses is not a factor at lower friction.

In conclusion, it can be said that based on the computer models dis-
cussed herein, low friction coefficient (f < .1) do not alter the fatigue
stresses. At higher friction levels, changes will occur, but these cannot

explain the observed effect of friction on fatigue. Other factors such as

non-Hertzian pregsures, thermal stress, and nonsymmetric tractions should then

be included to understand the -oll of friction on fatigue stress.
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SUMMARY

The performance life of traction drives can be a very important
factor in evaluating the overall effectiveness of the drive concept. Intui-
tively, this life shouid be heavily related to the state-of-stress in the
elements as a result of higch loads and tractions. The purpose of the project
has been to develop a mathematical tool for evaluating this stress-state. Two
independent, but similar, approaches (one at Battelle and one by Tevaarwerk)
to developing the stress model have been pursued. Essentially, the models
involve the computations of subsurface shear stresses (and stress reversals)
as a result of normal and frictional loadings. Where possible the models have
been checked against existing theory and against each other.

One use of the stress models has been to evaluate fatigue test
methodology for a rolling contact (RC) fatigue tester. The standard RC tester
consists of a small driven cylinder loaded between two larger crowned cylin-
ders. The RC tester is a candidate device to evaluate the effect of traction
on fatigue, either b, driving the crowned rollers (tangential slip) or by
simply skewing the rollers (axial slip); the skewing technique would be
easier. The stress model was used to evalute the effect of lubricated type
tractions on stresses for a typical RC configuration.

The general conclusion from the RC evaluations was that the fatigue
inducing stresses (shear r.ress) reversals and depth of shear stress are not
seriously altered by tractions (axial or tangential) which are typical of
lubricated contacts. There are some changes in the stress field, but these
are difficult to relate to fatigue. To further explore the effect of friction
on stress, additional computer cases have been evaluated.

The general conclusions from additional computer analyses 1s that
friction coefficients of the order of (0.25 are required to materially alter
the state of fatigue inducing stresses; this is much larger than would occur
in lubricated contact. This implies then, that other effects not incorporated
in the current stress-models should be included. These effects include non-
Hertzian stresses distributions and thermal stresses. Both of these effects
can impose nonsymmetrical (about the center of contact) shear stresses and
thus will produce shear stress reversals which will superimpose on the normal

and friction stresses.
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COMPUTATIONS OF THE STRESS TENSOR
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APPENDIX A

COMPUTATIONS OF THE STRESS TENSOR

Stress Due to Point Loads

The state of stress at any point on or beneath the surface of a
system under concentrated contact is quite complex. To define this stress
state at each point requires the computations of nine components of the stress
tensor as related to contact pressures and tractions. The effect of pressures
and tractions on stress were developed by Mindlin(g) for point loadings on the
surface of a semiinfinite body using the coordinate system of Figure A-1, and

2 2 2

letting R = x2 + y“ + z°. These equations appear as follows.

Normal Load.

' PN (1 - 2v)z 3 x2 z (1 -20)1 x2 xzw
% 3 T 5 Lo D
2n R R R(R + z) L R(R + 2z) R™ |
' PN (1 - 2v)z 3 y2 z (1 -20)1T y2 y2'
yn T 3 0T .5 L= 4D
2n R R R(R + 2) [ R(R + 2) R" |
' 3 Py z3
e (A-3)
N 2n R
3
1 L 3 PN y z (A 6)
‘[ = r W e e ———— ’ -
Yy Y2y > B

-+ —
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XZy ZXN m R
' P, xy
) N 3z (1 - 2v)(2R + 2)
T T Txyy -5t 3 VIl
XN N 2n R R7(R + z)
Tangential Load.
oo Pp XLy (- 2v) x2(3R + z)
% ~ S i e 7 3T
T 2n R R R(R + z) R7°(R + 2)
s - PrX -2 3y -2 . y2(3R + 2)
Y1 2 R3 R>  R(R + z)2 RY(R + z)
. Py, 2
92, " T T 75 ’
T 2n R
' 3P,r Xyz
zy - Tyz = 5
T T 2n R
2
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%z, " Tx_ " T 5
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s A S (T D NN ¢ L)
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(A-6)

(A-7)

(A-8)

(A-9)

(A-10)

(A-11)

(A-12)

(A-13)
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oo tal i ot - [1 _ Y OR + 2]
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FIGURE A-1. COORDINATE SYSTEM FOR STRESS COMPUTATIONS
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Hertzian Pressures and Surface Tractions

For a point on the surface, the normal load could be written

Py = pdxdy where p is the local pressure (A-19;
Also, Pp = prdxdy and (.4-20)
P, = pfpdxdy (A-21)

where f;. aad f, are the effective coefficients of friction acting tcngential
or axially to the surface.
If the surface were suhjected to a Hertzian pressure distribution,

the pressure could be expressed (see Figure A-2):

_\f (x - xp? -y’
p= pH 1 - ] - 2 ’ (A-22)

b a

where py 1is the maximum Hertz pressure, a and b are the major and minor éxes
of the contact ellipse, x and y are the coordinates with origins at the cente~
of the ellipse and x, and yy are locations of the point load relative to the
center of the Hertz ellipse. The Battelle analyses were restricted to the
case where y; = 0. Tevaarwerk allowed y; to he a variable and found Y, = 0 to
be the interesting region.

The general approach for determining the nine components Jf the

stress tengsor at any point can be written

°ijN f‘r"ij,r fA"ijA (x - xl)2 2
— * —5— * — 1 - — -15 dxdy , (A-23)
A N a”

T A

vhere 944 cepresents nine components of the ltresl tensur® for Hertzian
pressures and various frictional forces and qij are the results of Mindlin's

analyses (discussed in the previous section). In further computations, we

* In tensor notation o4 implies O11s 9129 T30 O9] « « <033 where 911 is 9y
912 is T". 972 is o y’ 923 is ¢ y" etc.

o —— ——
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shall use‘Eij = oij/p“ such that all computations will be normalized on the
Hertz maximum pressures.

It would serve no purpose to show all substitutions of Mindlin's
equations into the general stress tensor equation. It can be noted that any
of Mindlin's equations containing the term y" (n odd) will produce a zero
integral since the integration involves tnat function timer the even Hertz

trossure over the whole pressure region for y; = 0. As an example of how the

substitution occurs, consider the normal stress 3; for fp and f = 0.
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12- dxdy , (A-24)
a

/ 2
where the lower limit L = xl - b 1 - 17 , and
a
2
the upper limit U = X, +b\/1 - .
a

ool

N

pdxdy

- X

y
FIGURE A-2. LOADING CHARACTERIZED BY HERTZIAN ELLIPSE
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Scaling the Stress Tensor Equations

The foliowing substitutions were used to facilitate computations:

Z = z/b £ =x/z n=ylz K = b/a and il = xl/b .
With these substitutione Equation A-24 appears
1/Xz ki
) Vi -(m-x)? - (kz)? aan ,  (a-25)
z =5 I
2n R
- 1/KZ T

where

=
|l
|
—
~
o
]
et
Z
N
[y
]
g
L —
N

al
[}
%)
—
S
N
+
[
~
N}
—
1
E?
| ——
N
g
Q.

This type of substitution permitted reasonable computations near Z = Q.

In the computer solution

5 -3 (2)[ f YA degdn (A-26)
z 5
27 0 J R

where

,1 - (= - Tl)z - (th)z (A positive)
A=

0 (otherwise) .
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All other stress componc were treated in the same manner using the

general expression

- - »

[+ -3 (-]
T... £08... £,3,.
6i,=2/ / ~P-i—3-§+ 513T+ ';13“ V& df dn |, (A-27)
] J _1 Ux T A '

where by substituting £ = x, n = y and z = 1, all equations for 01j become the
equations for oij .

Review

This is the most involved section in the report and may be difficult
for the reader to readily grasp. Basically, all it involves is to take
Mindlin's equations (A-1 - A-18), replace x with £, y with n, and z with 1 and

integrate equation A-27. For example, suppose we want to calculate 613 =1

X2z
from the normal load equation
913 N 3
5 =T = (Equation A~S5) . (A-28)
N 2n R
From the tangential load equation
[ 2
-i%—! = - 3 53 (Equation A-11) . (A-29)
T 2r R
From the axial load equation
%13 A g
5= - --—'; (Equation A-16) , (A-30)
A 2n R

where R= \‘1 + 52 + n2 .

PR
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Equation A-27 then becomes

T, = -2 °3§5 +e2 4 YA dt d (A-31)
13 = >m g £ £n E dn .

0

This equation can be solved by numerical computation. In the Battelle
computations, the integral on { was performed by a Gaussian quadrature

approach and the y integration was performed by a Trapezoidal rule.

Check of Numerical Solution

Hamilton and Goodman(6) developed an exact solution for circular
contacts (K = 1). The numerical solution is compared with the exact solution
in Table A-1; the exact solution was generated as a part of the work of
Tevaarwerk. The agreement tends to verify the numerical accuracy.

Smith & Liu(s) developed an exact solution for line contact (K =

0). The numerical solution is compared with the exact solution in Table A-2.
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PROGRAM SUBSTSCINPUT,,OUTPUT»TAPE 1) 000100
COMMON/F? ISTRSSsX1(2291)sGNUsZoYpXKpFTyFAyMX 000110
COMMON/C/7 STRSS5(3,3,22) 000120

. DIMENSION AN(3,3)5ASM(3,22)9AS(3,22)58N1(3)pbrn2(3) 000130
1oCNL1(3,22),CN2(3922)9CN3(3,22) 000140
REWIND 1 0001%0
BN1(1)=,70711 000160
8N1(2)=0. 000170
BN1(3)==,70711 000180
BN2(1)e.57735 000190
BN2(2)#,57735 000200
BN2(3)=,57735 . B 000210
CN3(1,11=0, 000220
CN3(2,1)=0. S 000230
CNI(3,1)e], 000240
SIGNs=+1, 000250
SIGNAs+1, 000260
8 PRINT 6 000270
6 FORMAT( * INPUT,ASPECT RATIOsINU»2»FToFA,X=POSS»CASE=NO*) 000280
READ®, YK GNU»Z»FTsFAp MXy NCASE 000290
IF(XX.LT404) GO TO 7 000300
WRITE(1p13) NCASE 000310
13 FORMAT(//7/,50Xs% CASE NUMBERs#*,18,///) 000320
WRITE(1,9) XKpGNU,Z»FT,FA 000330
PRINT 99 XKsGNUsZo FTFA 000340
9 FORMAT( & Ke®yE12,59 & NUa®,E12,5)% 2a®,E12.59% FTe®,E12.5)% FAu®,000350
1812.5511) 000360

TMXXMsTMXXOesTAURYM=TAURY(Q=Q, €00370 -
IF(XK,LTo1,E=6) CALL STRSSC(1) 000380
- IF(XKGTalaE=6) CALL STRSSC(S) 000390
wRITE(1,12) 000400
12 FORMAT(* IX 3XX SYY Stz Sxy 000410
15Y2 Sx2 51 52 S3 X=-P0S 000420
. 1¢//7) 0004630
00 1 IXs1l,MX 000440
CALL PRINCISTRSSeIXyS51,52,53) 000450
CALL ANGLP(STRSS»S1,52»S3sAN,IX,SIGNA) 000460
CALL ANGTRAN(ANSBN1,)CN1,IX) ) 000470
CALL ANGTRAN(AN)BN2,CN2,1IX) 000480

X X R X 000490
1STRSS(L,25IX)pSTRSS(2, 35, IX)»STRSS(1s35IX)sS19S52»S3» N1 (IXs1) 000500
11 FORVAT(IS,10E12,.5) ) 000510
1 CONTINUE 000%20
WRITE(1,28) 0005130
28 FORMAT(//7+65X,¢ FATIGUE SHEAR STRESS SUMMARY ¢ //) 000540
NG 21 IXRFs],MX 000550
XRFeXI(IARF,]1) 000%60
CALL RVSTRS(STRSS,CNIoASM)TRYMyTMAX, IXRF,SIGN) . 000570
PRINT 99,TMAX 000580
99 . FORMAT( & THMAXS$,E12,5) . - 0003590
IF(ABS(TRVM),GT.ABS(TAURVM)) TAURVMeTRVM 000600
TIECABS(TMAX) ;GT ARSC(TMXXN)) 22,23 000610
22 THXXMaTMAX 000620
e e . 1XRFHeIXRF — _00063Q
SIGNs==]1, 000640
2% __ CALL RVSTRS(STRSS,CN2yAS)TRVMO, TMAXOs IXRFHSIGN)  __ . ... 00063%0
IFCABS(TAVMO)GT.ABS(TAURYVO)) TAURYVOSTRYNO 000¢00
JECAGSC(YMAXQD) «GToARSCTHXXOE) 24023 000670
24 THXXQ=TRAXD 000680
v IXRFOSIXRF . 000690
29 CONT INUE c00700
PRINT 29,IXRF,TRVYM, TFAN, TRYNO, THXXD . 000710

29 FORMAT(IS,6EL4.3) 000720
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21 CONTINUE 000730
WRITE(1,15) 000740
15 FORMAT(//7,20Xx,¢ PLANE OF MAX SHEAR STRESS¢//) 000750
B WRITE(1,)18) TMXXM,CNL(]p IXRFM))CNL(2,) IXRFM)pCNLICI,IXRFM),XJ(IXRFM,000760Q —
19E13,5+¢ X=-REF=*,E13,5) 000790
WRITE(1919) TAURVM,ASM(LyIXRFM)oASM(2)IXRFM),ASM(I,[XRFN) 000800
19 FORMAT( * TAU REVERSINGe®,E13.5,% AS(1)we,E13,5,¢ AS(2)e#,E13.5, 000810
18AS(3)*,E13.5) 000820
WRITE(1,16) 000630
15 FORMAT(//,20X%,% PLANE OF “AX OCT SHEAR STRESS *//) 000840
WRITE(1o18) TMXXO,CN2(L1»IXRFODI)CN2(2,IXRFO)PCN2(3,TIXRFN),X1(IXRFO,000850
11) 000860
WRITE(1519) TAURVO,AS(1, IXRFOQ)IsAS(2, IXRFO)sAS{3, IXRFQ) 000870
CALL RVSTRStSTRSS»CNIHAS)TRVM,THAX,1,SIGN) 000880
WRITE(1,17) 000890
R 1? FORMAT(//,20%, ¢ PLANE OF REVERSING SHEAR STRESS *//) ~ QO09QQ0
WRITE(1518) TMAXeCN3(1»1)+sCN3(2,1)9CN3(301) 000910
WRITE(1,19) TRVMaAS(1+1)505(291)sA5(3s1) 000920
WRITE(1,20) 000930
20 FOPMAT(1H]) 000940
GO0 TO 8 000950
1 CONTINUE —0009¢0
END 0009790
SUBROUTINE STRSSC(IFLAG) 000980
COMMON/FZ ISsX112251)9GNU»Zs Yo XKy FTerArMX1 000990
COMMON/C/ STRSS(3,3,22) 001000
DIMENSION FI(22,17)+GINT(22),ICALC(22)» TEMPL(22),FX(22),FIY(1T) 001010
10Y1(17) 001020
PI=3,14159 0010130
nys17 001040
MXsMX] 001650
CaLL xpQS$ 001060
IF(IFLAG.EQ.1) GO TO 10 001070
. DQ 9 ISTRSS=1s6 001080
ISeISTRSS 001090
00 & JYs]l,MY 0011C0
IFLJY.EQ.1) Y=0. 001110
IF(JY.EQ.2) Ym,2 001120
IF(JY.EQ.3) Yu,b 001130
JIECIYLEQ.6) Yo,b 001160
IF(JY.EQ.5) Ye,.8 001150
IFLJY.EQ.6) Y=1,2 001160
IF(JY.EQeT) Yeolsb 001170
IF(JY.£Q.3) Ys2, col11e0
IF(IY.EQ.9) Y=2,5 001190
JFC(JY.EQ,1C) Ye3q 001200 =
IF(JY.EQ.11) Yms4, 001210
IFLJY,EQ,12) Y36, 001220
IFtJY.EQ.13) Yoy, 001230
IFLJY.EQ,14) Yel0, B 001240
TFLJY.EQ.15) Ye20, 00129%0
1F(JY.EQ,16) Y=30, 001260
IFCIY.EQ.1T7) Ye30. 001270
Yl(JY)sy - e - 001200
BLe=2./1 001290
TFCBL.LT,~20,) BLe=20,  ___ _ . - 001300
Sues-8L 001310
1ELE=) 001320
CALL GAUSSINY,;19209191e€=3214E=398LsBUsGINT,ICALCHTENPL,FX) 001330
00 9 IXel,iX . 001340
FILIXsJY)eGINTILIN) 0011350
] CONTINUE e . . 001360
L} CONTINUE 001370
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DN & Jxs]l,mMx 001380
D7 8 [Yel,My 001390
8 FIVCIY)oFI(IXyiY) 001400
CALL YINT(FIY,YleSIGLsMY) 001610
IFCIS.EQ.1) STRSS(1,1,IX)sS1IG1 0il1620
IF(IS.EQ.2) STRSS(2,2,1IX)2S16G1 001430
IFCIS.EQe3) STRSS(3,3,1X)=516G1 001440
IF(IS.EJ.4) STRSS{1,2,IX)uSTPSS(2,1,IX)s51G] 001450
IF(IS.EQ.5) STRSS(2,3,IX)eSTRSS(3,2,IX)=S51IG1 001460
IF(15,60,6) STRSS(1p3,IX)eSTRSS(I,1sIX)eSIG] 001470
-] CNANTINUE 001480
9 CONTINUE 001490
RETURN 001500
10 CONTINUE 001510
0N 12 ISTRSS=1,% 001520
IS=ISTPSS 001530
00 11 Ivs]l,NX 001540
Xex1(IX,1) €01%5%90
XK1ls(l.eX)¢82+7082 001%60
XK2e(le=() 40247682 001570
ClesSQRT(XK2/XK1) co13%80
C2=90RT(2,¢CLle{XKLoexXK2~4,)/UK]) 001999
SIePI/XKL®(1l.=Clh/CL/C2 001600
SIBsPI/XK1e{].+Cl)/C1/C2 001610
SUNS=]l /PISIO((Lot2,9X00242,07692)05[R=2,0P[~-3,0X8S]) col1620
SIN==2/Ple(SIB-x*S]) 001630
TUINs=1,/P]02¢¢2¢5] 001640
CT7o=1o/PIO((1,92,0X08242,87082}8705[R=2,0P[82-3,8X07e5]) 001650
TXIT=FTOCT 001660
TYITaFASCT? 001670
CAT =1, /P8 ((2.6X902-2,-3,82¢02)65]42,0PIXe2,8(]1,=X002=-7092)0) 00168680
1#518) 001690
SXTesFTOCXT 001700
SYT=EA®CXT €01710
SITes=(FTeFA)/PI0200205] 001720
IFLISSEQ.1) STRSS(LlplpIX)aSXNESKT 001730
TFUIS.EQe2) STRSS(2525 IXIOGNUS(SANISXTHSINGSIT)eSYT 001740
TF(IS.EQ.3) STR3S(3,3,IN)eSINGS2T 0017%0
IFCIS.EQ.&) STRSSU1,2,IX)eSTRSS(2,101X)=0, 001760
JF(IS<E9.9) STRSS(2,3,[x)oSTRSS(I:2,IX)mYY¥2T 001770
IF(IS.EQe6) STRSS(1,3sIX)aSTRSS(Io1pIX)nTAINGTXLT 001780
11 CONTINUE 001790
12 CONTINUE 001800
RETURN 001810
END 001820
SUBROUTINE YINVSFL,Y),SIGl,oMY) 001830
DIMENSION FILLT)eY1I(1Y) 0010840
CleFl(lletYLI(2)-Y1(1)) 001830
C2=FI(NY)S(YLINYDI=YL(MY=-1)) 001860
SUMeQ, . . 001870
pYlepy~] col1e00
DO 1 I=2,mY] 0016890
1 SUNSSUNSFI(TIIotYL{I*))=Y1(I=1}) 001900
—- . SlGleCleCResUN e 01910
RETURN 001020
_.___._ END S e . 001930
SUBROUTINE FEVALIX,FX,JF,1CALC) 001940

(4+],] F X F1) | ("]
DIMENSION FX(22)o ICALCIE22) 001960
Plel,141%9 001970
A2eX002 001980
Y2sY002 . 001960
GNUL el . =2,%GNV 002000
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ReSAIRT(X*824Y002¢1,) 002010
R2sR¢e2 002020
RIsRee) 002030
RSaR*sS 002040 _
RlsR+]l, 002050
IFLISTRSSGEQ.1) 1,2 002060
1 Cle(GNUL1/R3I=3,#X2/R5=GNUL/R/R2® (1., ~X2/R/RZ-X2/R2))/2./P1 002070
C2s(GNUL/R3I=F,#X2/RH=GNUL/R/RTI*928(3,-X2¢ (3 ,9R+]1,)/R2/RZ2))/2.,/P1*XC02080
C3e0, €02090
GO TQ 10 002100
2 IF(ISTRSS.EQ.2) 3,4 002110
3 Cle(GNUL/R3=3,8Y2/RS5=GNUL/R/RZ®(1,=Y2/R/RZ~Y2/R2})/2,/P1 002120
C25(GNUL/R3=3,0Y2/R5-GNUL/R/R2##28(1,-Y26(3,.8R¢1,)/R2/RZ))I®X/2./P1002130
C3e0. 002140
G0 TO 10 002150
4 JELISTRSS «€Qe3) 9,6 002160 _
s Cle=3./R5/2./P1 002170
C2e-3,/2./P10X/RY 002180
C3=0, 002190
60 10 10 002200
6 IF(ISTRSS.EQ.4) 7,8 002210
4 Cl=0, 0022290
C2=0, 002230
CIm(=3,8X2/RS5~GNUL/R/RTI®®24(]1,-X28(3,8Re1,)}/R2/RT))I2./P 10X 002240
60 10 10 002250
() IFCISTRSS.EQL5) 9,11 002260
9 Clse0. 002270
¢2+0, —_Go22m%0 ___
CI==3,/2./P18Y2/RS 00226¢
G0 T0 10 002300
11 Cle~3,/2./PLoX/RS 002310
C2e~3,/2./PI8X2/RS 002320
C3i=0. 0023130
19 ARGuCLleFToC2+FASCT 002340
00 14 Iel,JF 0023%0
TFCICALC(I))14,13,13 002360
13 CCNTINUE 002370
ARGUe ) = (280X=X1(Ipl))ve2=-(B0YOXK)®02 002380
IF(ARGU.LT.0.) 15,16 002390
1% EY¥(l)el,6~-12 002400
60 70 17 002410
15 CONTINUE 002420
FX(I)eSQRT(ARGUISARG 002430
17 CCNTINUE 002440
14 CONT INUE 002450
RETURN 002460
END 002470
SUBROUTINE PRINC(SYRSS,)IX,SMySIN,SHN) 002400
DIMENSION STRSS(3,3,22) 002490
CleSTRSStLolpIn)eSTRSS (2,2, 1X)08TRSS(I,3,1IN) 002%00
Cle=C1 002310
oS TR o870 X)eSIR sSIR
1STRSS(292,IX)0STRSS(3» 30 IX)~STRSS(1,2,[X})002~ 0025130
- 2STRSS(1s 3, IX)002=-8STRSS (2,35 IK)002 e e . 0029%40
C)-SV!SS!lolollDOSflSS(tploll)OSYISS(ioSoIIlO 002550
L CL240STRSS(192,IXIOSTRSS (2,3, 1X)0STRSS(1s 31N )~ . 002%60
ZSYISS(IoloIIl‘SYlSSCInSolllO'l- 002570
982 002380
631!8!(3.3.ll)‘STISS(lolo!l)OOI 002590
Cls=(C) 002600
CALL CUBIT(C19C2+C3,51,32,%0) 002410
§NeS] 002620
IF(S2.6T7.80) Snes? 002630
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IF(S3.6T.5M) 5M=S3 002640
SHNeS] 002650
IF(S2.LT SMN) SMNeS2 002660
_ IF(S3.LT.SMN) SMNe$3 002670
SIMeS 002680
IF(S2.GT.SMN,ANDLS2.LT,SM) SIMeS2 002690
IF(S3eGTeSMNGANDLSILTSM) SIMeS) 002700
RETURN 002710
END 002720
SURRQUTIN, CY3IC(C),C25C3,51,52,53) 002730
PI*3,14159 002740
Aala/3.0(3,0C2-Cl02) 302750
Bale/27.0(2.9C1%03-9,0C1eC2+27,¢C3) 002760
IF(A.LT.0.) GJ TO 3 002770
$1=52e513e0, 002780
REJURN 002790
3 CONTINUE 002800
PHI®ACOS(~B/72./SART(~A®83/27,)) 002910
S102.0SQRT(~A73.0¢COSUIPHI/II~C1/Y, 002820
$202.9S0RT(~A/73,)*COS{PHI/I, +2.%P1/3.)-C1/]3, 0028130
S!'Z-‘SORY(~lI3.b‘CCS(’NlI!.OQ."XIJ.l-ClI!. 002840
RETUSN 0020850
END 002860
SUBRTUTINE ANGLP(STRSS»S19S2,S3sAN»IX»SIGNA) 002870
DIMENSTION STRSS(3,3,22),AN(3,3) 002880
S11aSTRSS(1,1,1IX) 002890
$12=STRSS(1,2,1X) 002900
S$13257R8SS¢1s3,12) 002910
$22=STPSS(2,52,1X) 002920
$23eSTRSS(2,3,1IX) 002930
$33sSTRSS(3, 3 1X) 002940
ERe),E-) 002950
00 2 191,) 002980
1FC1.EQ.L1) $eS1 002970
IF(1.6Q,2) $m=S§2 C02980
IF(1.E0.3) $s83 002990
TFLABSISI1=S).LTLER) 3,4 003000
3 AN(I,1)m]), 003010
AN{Is2)2AN(T,3)e0, 003020
60 19 1 003030
4 IFLABS(S22=-S).LT.ER) 9,0 003040
3 AN(Is2)0l., 003030
AN(Is1)eAN(Es3)e0, 0030460
60 T0 14 003070
] TFUABS(S33=S) LT ER) 7,8 003000
R aN(lp3)el, 001090
AN(I,1)eAN{1,2)00, 003100
G0 10 14 003110
[ TFLABSIS12) LT ERLANDABSISLIIDLLTER) 9910 003120
16 Ao~ ($]120813-(S11=5)0S523)/(S)12002<(S11~8)0(322~%)) 003130
Cllo((=S120A=-813)/(811~5))0020],0A002 003140
_AN(1,3)eSTGNA®SQRT(},/C0)
AN(Is2)0A0AN(]1,3) 003160
ANET AN (~Si20ANE L 20 -31 00AN(1,3)20/24800-8) 003170
60 70 14 003160
9 ___ JFUABSISI2ILT.ER,AND.ADSIS2D),LT ER) 11p02 ___ 003190
11 Ai-(Sll"!"(’ll""’l"I(Sl"‘l"Sl!'S"(""”' 003200
[ - - ® *024 o400 2 M
AN(lnl)'S‘GNl‘SQI'(‘-ICll' 003220
AN(I»3)sA0AN(T,1)) 003230
AN(T,2)8(=S230ANIT,3)=S120AN(T,1))/(522-8) 003240
60 Y0 14 . - . _ 003250
12 CONTINVE 003260



Ae=(S513¢523-512¢(533-5)1/(S130#2-(S511-5)¢(533-5)}) 003270
Cllo((~S23-5139A)/(533=5))002¢]1,44002 003280
AN(I»2)oSIGNA®SORTI(1,./C11) 003290
S— L LS YR S LEL L LY ¥ 3 003300
AN(Tp3)e(~S130ANCI,1)=S230AN(],2))/(S33=5) 003310
14 CONTINUF 003320
2 CONTINUE 0033
RETURN 003340
END 003350
- SUSROUTINE RYSTRS(STRSSoAN,AS,TRYM THXX I SHCGN) 003360 .
COMMON/F/ ISTRSS»X1(2291)sGNU»ZReY o XK, FT Fa,mX 003370
DIMENSION STRSS(3,3,22),AN(3,22),A45(3,22) 003380
TRYM=0, 003390
TMXX=0, 003400
EPe=l,E-] 003410
00 L ASels2) 003420
AST1e=1e%,1¢FLOAT{IAS-1) 003430
TFORBSCANC2, 1)) LT ERANDJASUANILSTD) LT ER) 8,9 003440
8 AS3s0. 003430
AS2eSIGNOSORT(l.~A5'002) 003460
G0 10 13 003470
9 JF(ABS(AN(LPI) DALY ER,ANDADS(AN(I D )LLTLER) 20000 0 003480
10 AS2+0. 003490
AS3eSIGNOSCRT(1l,.>ASLlee2) 003300
GO 70 13 003510
11 TF(ABSUAN(2, 1)) LT ER,AND,ABS(AN(IS 1)) LT.ER) GO TC 12 003520
TFCABSUANGR2, 1)) el ToER) 16,17 003530
16 A§3e-AN(],J)0ASL/ANIDsT) 003340 _
CCel,~ASlwe2-a53802 003550
IF(CC.LT.0.) G2 TO 22 001560
AS2eSIGNSSQRT(CC) 001570
GG 10 13 009380
17 TCtABSIANC(I,I) )L T.ER) 18,19 00.590
1¢ A52°-ASIOANI], ) /ANI2,]) 003800
CCol,=A51002-A52002 003810
IF(CC.LT.0.) GO TO 22 003820
ASIsSIGNeSORTICC) 003630
G0 10 13 003540
19 TFAASSUANCGLo 1) )aLT.ER) 20,21 003650
20 AS2eAN(3,])eSIGHOSQPT(]l,~AS)0e2)
AS3e=AN{2,1}/7AN(Y, 108482 003670
60 70 13 003800
21 AsAN(2o1)0020AN(3,1)002 003490
Be2 . 0AN(L,1)0AN(3,]1)0a8]) 003700
CoAS10020ANI1o1)0020aN(2,1)10020481082-AN(2s1)002 003710
CCoBood~s, 0000
IFLCC.LT.0.) GO TO 22 co3730
ASIo (=805 IGNOSIRTICCIN/2./4 003740
AS20=(ASIOANII TN ASIOAN(IL, 1)) /7ANI2,1) 003750
13 CONT INUE 003760
Thye=],E+20 003770
I.E_‘_‘l!.lo
00 2 lXxe},nx 003790
TAUCANI]»1)0AS10STRSS 1oL IX)OANIZ2110AS2OSTRIS(252:1X) - - 003800
104NI351)0ASICSTRSS(393s IX)OANILI)OAS20STRSS(),2,1X) 003810
20ANI2,1)0AS10STRSS (102, IN)0aN(1,])048305TRES(1)D,10) 003020
JOANII IICASIOSTRSS (1,3 INDGANIZ, J)OATIOSTRES(2,3,1X) 0038130
- Qe AN(3 11005205 TRSS(2,3510) 003880
TE(TAULGTTHX) 34 0030%0
3 Tnzetay 003060
AST1eas] 003070
4ST2482 003880
AST3e0a8) 003090



L} IF(TAULLT.THN) 5,56 003900
$ THN=TAU 003910
6 CONTINUE 0013920
@ _CONTINUE _ __ 003930
TRYeTMY=-TMN 003940
TIFLABS(TRV) . GT. ABS(TIYM)) TRVMeTRY 003950
IFCABS(TMN).GT ABS(TMY)}) TMX=ABS(TMN) 003960
JFATMY GT.THXX) 23,22 0013970
23 TaX(aT MY 003980
e _AS(1a0’eaST] Q0399¢_
AS(2,1)maA5T2 0064000
AS(3s1)eaAST] 004010
22 CONTINUE 94020
1 CONTINUE 004030
RETURN 006040
M2 MRITESLNsX3) . 004030
1% FORMAT( ¢ SOLUTION NCT APPROPSIATE o) 004060
RPETURN 004070
END 004080
SUSROUTINE ANGTRANCAN, BN,CNypIX) C040%0
DIMENSION AN(3s30,BN(3),CN(3,22) 006100
EN(LoIX)wON(L)OANCL L) *BN(2)OAN{R,L)¢ON(D)OAN —
CNE2-)IR)oBNCLIIOAN(L,)2)*BNI2)CAN(2,2)¢BN(3)0ANLY,2) 004120
CNCIIX)aBNLLIO®AN (L 3)eBN/2)0AN(2,3)¢8N(3)0AN(3,)) €04130
RETURN 0046140
END 00617¢C
SUBRQUTINE xPOS 004160
. COPMON/F/ ISe X (R2210eGNUp Lo Yo XK FToFAPMX =~ Q04170
TF(MX,EQe7) 192 004180
1 X1(1yl)e-, 8 004180
210251 )e-.5 004200
X1(351)e=-,3 004210
X1t4,1)e0, 004220
_¥1(%1)=,3 006230
A1(6s1)e,5 006240
X18Tol)e,9 0042%0
RETURN 002260
2 IF(MX,EQ,11) 3,4 004270
3 X1(ly1)e=], 004290
X1(2+10e-,9 004290
X1€3p1)e=, 8 €04300
X1(4p1)e=,3 0041310
¥1(%,1)e~.3 004320
X116,1)e0, 004330
X1(751)e,) 004340
21(0851),9
¥1(9,1)e,6 0043060
11810p1)e,9 008370
X1€1151)e}, 004300
RETURN 004390
4 1FINX.EG.1%) 9,5 004400
5 X1€is1)e-1,) 004410
X1i2,1 501, 004420
X1l43sl)e=a9 e e e - 004430
¥1(4,1)0=,8 004440
X1(551)e=,7 0044950
X1C6sl)e=ed 004460
2ltTs))e-,) 004é70
11(8,1)r0. 0044180
X108,1 00,3 004450
K1€10s1)00,% 004300
Yi€llsl)ee? 004310
2161251010, 0 004520



B-8

X1(13,1)=,9 004530
X1{1l4sl)=1. 004540
X1(15,1)#1.1 004550
RETURN 004560
6 PRINT 10 004570
10 FORMAT( ¢ MATRIX NQT AVAILABLE # ) 004580
RETURN 004590
END - . 004600

T 11.11.12. LS12 IOLCOLC 0000518 LINES PRINTED //7// END OF LIST 747/




