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INTRODUCTION 

Some present-day  aeronautics  studies  center on a i r c r a f t   f l i g h t   o p e r a t i o n s   i n  
the airspace  surrounding  airports.  The Aircraft-Noise  Levels and Annoyance  Model 
( r e f .  1 )  , f o r  example, a t tempts   to   quant i fy   the  noise  impact of a i rpor t   opera t ions  on 
the  surrounding community by combining  descriptive  information of f l i gh t   ope ra t ions  
with a var ie ty  of demographic data  about  the community. In  another  study,  research 
is  being  conducted on the  automation of te rmina l -a rea   f l igh t   opera t ions   in   o rder   to  
improve overa l l  a i r  t r a f f i c   c a p a c i t y  and  efficiency as w e l l  as  approach  and  landing 
capabili ty  during  adverse  weather  conditions  (ref.  2 ) .  

Any study  involving  near-terminal  f l ight  operations  requires  an  adequate model 
of a i r c r a f t  movement along a given  trajectory.  It is w e l l  known, however, that on 
ac tua l   f l i gh t s   t he re  i s  some dispers ion of the   ind iv idua l   f l igh t   pa ths   a long   the  
nominal t ra jec tory .  It is necessary to  simulate  these  dispersions  within the model 
i n   o rde r   t o   accu ra t e ly   a s ses s   t he   e f f ec t  of ac tua l   f l i gh t   ope ra t ions .  

This  paper  addresses  the  problem of s tochast ical ly   represent ing  the geometry of 
f l i g h t   p a t h s  of a r r iv ing  and depa r t ing   a i r c ra f t  a t  a given  a i rport .  The f l i g h t   p a t h s  
are  considered to  be  joined l inear  and curvilinear  segments. The var iables   descr ib-  
ing  these  segments are then   der ived .   S ta t i s t ics  of the  variables  developed from a 
sample of f l i gh t   pa ths   a r e   u sed   t o  select t h e   b e s t   f i t t i n g   d i s t r i b u t i o n  from several  
candidate   probabi l i ty   dis t r ibut ions.   Conversely,   information on the   p robabi l i ty  
d i s t r ibu t ions  of the segment var iab les  are used i n  a Monte Carlo  simulation  to 
generate a random sample of f l i g h t   p a t h s  a t  the airport. The analysis  and  simulation 
techniques  presented are i l l u s t r a t ed   u s ing   ac tua l   f l i gh t   pa ths   r eco rded  a t  Dulles 
Internat ional   Airport .  

DESCRIPTION OF VARIABLES 

The discussion  in   this   sect ion  addresses   the  var iables   used  to   descr ibe  the 
a i r c r a f t   f l i g h t   p a t h s .  The var iables   are   def ined,  and the  procedures  required to 
t ransform  radar   t racking  data   to   these  var iables   are   out l ined.  

Data  Description 

The t racking   da ta   ava i lab le  for  th i s   s tudy   cons is t  of the  three-dimensional 
Cartesian  coordinates  (x,y,h) of a i r c r a f t   t r a j e c t o r i e s   r e l a t i v e  to  a ground-based 
radar  tracking  system  which  records one da ta   po in t   per   revolu t ion  of the  radar  
antenna.  Since  an  aircraft  is usually  tracked  for  several   minutes and the  radar  
rotates a t  a rate of approximately one revolution  every 4.5 sec, one f l i g h t   p a t h  is  
represented by about 300 measurements. Such a la rge  number of measurements for a 
s ing le   f l i gh t   pa th  would make the process of f i t t i n g   d i s t r i b u t i o n s  t o  many pa ths  
complicated  and  computationally cumbersome. 



Segment Representation 

The ana lys i s  and simulation  processes  are  simplified by def ining a more global 
geometric  representation of a s ing le   f l igh t   pa th .  To accomplish this, each f l i g h t  
path is assumed to   cons i s t  of a l t e rna t ing   l i nea r  and cu rv i l i nea r  segments. The 
segment  extending  from  the end of the runway is  always  taken t o  be  a l i n e a r  segment 
since,  during  a  departure  or  an  approach,  the  flight  path i n  this  area  approximately 
coincides  with  an  imaginary  linear  extension of the runway. Line  segments  are 
described by the  three  var iables:   length R, track  angle Y (measured pos i t i ve ly  i n  
the  clockwise  direction from t rue   nor th) ,  and change i n  a l t i t u d e  Ah between end 
po in t s   ( f i g .  1 ) .  The curv i l inear  segments a r e  assumed t o  be a r c s  of c i r c l e s .  As 
such,  each is described by the  radius of t he   c i r c l e  r, the  angular  measure of the 
a r c  8, and the  change i n  a l t i t u d e  Ah between  end p o i n t s   ( f i g .  1 ) .  The ground 
t rack,  which is the  project ion of the   f l igh t   pa th   on to   the  x-y plane, i s  defined by 
R and Y for   the   l inear  segments and by r and 8 for   the   curv i l inear  segments. 
Each l i nea r  segment i s  assumed t o  be tangent  to  the  adjoining  arc i n  order  to 'achieve 
a smooth path. 

To fu r the r  limit the number  of descriptive  variables  r 'equired,   each  f l ight  path 
i s  r e s t r i c t e d   t o   f i v e  segments a t  most. Thus, the  path of a s ing le   t r a j ec to ry  can  be 
represented by a maximum  of 15 var iables .  I n  addition,  only  the  nine  possible  ground 
t r a c k s   i l l u s t r a t e d  i n  f igu re  2 are   a l lowed,   s ince  the  near- terminal-area  a i r   t raff ic  
tends to  follow  certain  specified pathways.  This means t h a t   f o r  an a rb i t r a ry   a i rpo r t  
and runway, segments  near  the runway ( f o r  example, L2)  w i l l  be heavily  represented by 
data,  while  segments  farther from the runway (such  as L7) may not be represented a t  
a l l .  However, the  nine  allowable ground t racks  provide  basic   pat terns  one might 
expect  to  see  near  an  airport. 

In i t ia l   Coordina tes  

The f ina l   var iab les   requi red  to describe a f l i gh t   pa th   f i xed  i n  space a re   the  
i n i t i a l   c o o r d i n a t e s  of the  t ra jectory.  Given the  coordinates of the runway endpoint, 
the  point on the   f l igh t   pa th   (x ,y ,  h)  which is closest   to   the runway endpoint and 
exceeds  a  specified minimum a l t i t u d e  h* i s  considered  to be the f irst  point on the 
track. The minimum a l t i t u d e  h* is a  value  greater  than  the runway a l t i t u d e   t o  
ensure   the   a i rc raf t  is  airborne. Hence, a l l   d a t a   r e l a t i n g   t o   a i r c r a f t  movement  on 
ei ther   taxi   aprons  or  runways are  eliminated from the  analysis.  Furthermore,  since 
runway i d e n t i f i c a t i o n  may not be g iven ,   loca t ing   the   c loses t   pa i r  of f l igh t -pa th  and 
runway-end coord ina tes   a l so   ident i f ies   the  runway used. 

Flight-Path  Processing 

Given t h e   i n i t i a l   p o i n t  of the  f l ight   path,   the   Cartesian  coordinates   are  
processed  sequent ia l ly   to   the  outer   extremity of the   t ra jec tory .  The processing 
cons is t s  of grouping  the  coordinates   into  a l ternate   l inear  and curv i l inear  segments 
wi th   the   res t r ic t ion   tha t   the  first segment  be l inear.   This  approach  requires  that  
data  corresponding  to  landing  aircraft  be processed i n  reverse  time  order. 

Detecting  Transit ion  Points 

The essential   requirement  for  grouping a s e t  of Cartesian  coordinates   into 
l i n e a r  and curv i l inear  segments is the   ab i l i t y   t o   de t ec t   t he   t r ans i t i on  from l i n e   t o  
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.curve and  from curve to  l ine .  Two methods of determining  the  t ransi t ion  point  were 
examined.  For  each  method,  consecutive triplets of x-y coordinates are sequent ia l ly  
processed,  beginning  with the point   nearest   the  runway. The f i r s t  method, re fer red  
to  as the   c i rcu lar  method, cons is t s  of f i t t i n g  a circle through the three   po in ts  by 
f ind ing  the parameters of the equation (x  - aI2 + (y - b)2  = r2, where a and b 
are the x- and  y-coordinates of the  center of the circle. The second method, known 
as the t r iangular  method, involves  the  construction of the  perpendicular  bisectors of 
any two s ides  of t he   t r i ang le  formed by the three points ;   the  two bisectors i n t e r s e c t  
a t  the  center  of the  c i rc le   through  the three points.  (See app. A. ) I n  tests of 
these two methods,  both  gave i d e n t i c a l   r e s u l t s  and required  approximately  the same 
amount of computer programming effor t ,   s torage,  and  execution t i m e .  Theref  ore, 
nei ther  method o f f e r s  any advantages  over  the  other. The t r iangular  method w a s  
a r b i t r a r i l y  chosen €or a l l  subsequent  computations. 

The t r iangular  method y i e lds  a value of the  radius  r of the circle through  the 
three  points .  When the   po in ts  are co l l inear ,  r i s  i n f i n i t e ;   i f  the poin ts  are 
approximately  coll inear,   then r is  large.  Hence, t he   c r i t e r ion  is es tab l i shed   tha t  
t he  points are considered  coll inear when r exceeds some value ro; otherwise,  the 
points   def ine a circle of radius  r. To reduce  the  chances of de tec t ing  a f a l s e  
curved segment because of  random errors on x and y ,  the  new curved  segment is not 
considered to be  legi t imate   unless   the  cr i ter ion i s  f u l f i l l e d  a t  three  consecutive 
t r i p l e t s  of points   ( i .e . ,   f ive  consecut ive  data   points) .  The f i r s t  of the  f ive  data  
points  then  defines  the start of the  curve. 

Determining  Turn  Direction 

Figure 3 i s  an i l l u s t r a t i o n  of the method for   determining  the  direct ion of t he  
t u r n   ( l e f t   o r   r i g h t ) .  The o r ig in  of the axes is t rans la ted  to t h e   f i r s t   p o i n t  on the 
curve,  then the axes are ro t a t ed   such   t ha t   t he   f i r s t  t w o  po in ts  of the  curve l i e  on 
the  new x-axis. The sign of the y-component of t h e   t h i r d   p o i n t   i n   t h e  new coordinate 
system  determines  the  turn  direct ion  (posi t ive is  l e f t ,   nega t ive  is  r i g h t ) .  

STATISTICAL  METHODS 

This  section  considers  the  techniques  applied to  the  var iables   descr ibed  in   the 
previous  sect ion  in   order  to  develop  the  dis t r ibut ional   propert ies  of those  vari-  
ables.  A brief  discussion  then  follows on t h e   u t i l i z a t i o n  of t he   d i s t r ibu t iona l  
properties i n  a Monte Carlo  simulation to generate   f l ight   paths .  

Continuous  Variables 

Before  discussing how the best f i t t i n g   d i s t r i b u t i o n s  are found, some comments  on 
the var iab les  are i n   o r d e r .   F i r s t ,  l e t  Yi and Yi+l be the  t rack  angles  of two 
l i n e  segments  and ei the   tu rn   angle  of the  intervening  curved segment f o r  some 
pathway. Then, i f  ei i s  always  defined to  be pos i t ive ,   the  geometry  of a smooth 
f l i g h t   p a t h   r e q u i r e s  that Yi+l = Yi + Qi f o r  a r i g h t   t u r n  and Yi+, = Yi - ei f o r  
a l e f t  turn.   In   other  words, i f  any two of these  angles  and the   tu rn   d i rec t ion  are 
known, then  the  third  angle  can be determined  from  one of these   equat ions .   In   th i s  
study,  the  track  angles are s tochast ical ly   represented by best f i t t i n g   d i s t r i b u t i o n s  
and turn  angles   calculated  determinis t ical ly  from the  appropriate  equation. 
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Second, t he   l i ne  segment lengths R are posi t ive,   cont inuous  var iables  bounded 
below by zero and ( theo re t i ca l ly )  unbounded above.  Since  the  changes i n   a l t i t u d e  
Ah are measured  from the runway out   a long  the  f l ight   path,  one  would expect them to 
be  similarly bounded  below by zero. As a result,  the  three-parameter  lognormal 
d i s t r ibu t ion  (see app. B ) ,  which is  defined on the   pos i t ive  real ax is ,  i s  considered 
as a poss ib le   representa t ive   d i s t r ibu t ion .  

Measurements  obtained  with  an  electronic  instrument  such as a radar  device, or 
the random errors  associated  with  those measurements, are usual ly  assumed to  be  nor- 
mally  distributed. However, it is poss ib l e   t ha t  some of the  variables  considered 
here are more widely  dispersed;  that is, the   d i s t r ibu t ions  may have " fa t t e r "  tails 
because of p i l o t  differences,  local a i r  turbulence, etc. S ince   t he   l og i s t i c   d i s t r i -  
bution  (app. B) is shaped l i k e  a normal d is t r ibu t ion   bu t   has  more area i n   t h e  tai ls ,  
the  normal d i s t r ibu t ion  and the logis t ic   dis t r ibut ion  are   considered  candidate  dis- 
t r ibu t ions .  The uniform  dis t r ibut ion (see app. B )  is the  fourth  continuous distri- 
bution  considered  since,   in some mall  samples, the   var iab les  may appear to  be 
uniformly  distributed. 

Discrete Variables 

S ince   the   a l t i tude  of  an a i r c r a f t  i s  measured i n  1 0 0 - f t   u n i t s ,   i n i t i a l   a l t i t u d e  
ho and  the change i n   a l t i t u d e  Ah along any  segment  can  be  considered d i sc re t e  
var iables .   Three  discrete   dis t r ibut ions were considered as candidate  representations 
of the change in  alt i tude:  binomial,   negative  binomial,  and Poisson  (app. B ) .  
Binomial var iab les   a re  bounded  below  and above. The d i s t r i b u t i o n   i t s e l f  may be sym- 
metric or skewed i n  e i the r   d i r ec t ion  and  has as one cha rac t e r i s t i c  a mean value which 
is greater  than  the  variance.  Negative  binomial  variables are bounded  below, bu t  
unbounded  above; f o r   t h i s   d i s t r i b u t i o n ,   t h e  mean is  less than  the  variance.  Poisson 
var iab les   a re   a l so  bounded  belaw  and  unbounded  above, but   the  mean and the  variance 
are equal .   Since  these  dis t r ibut ions are defined  for  nonnegative  integer  values and 
s ince  the minimum values of t h e   i n i t i a l   a l t i t u d e  ho  and the change i n   a l t i t u d e  
Ah may be posi t ive,   the   data   are   t ranslated by the minimum value. The appropriate 
d i s t r ibu t ion   t o   u se  is  (app.. B )  : 

The negat ive  binomial   dis t r ibut ion,   i f  z - z* < s 

The Poisson   d i s t r ibu t ion ,   i f  z - z* = s 

The b inomia l   d i s t r ibu t ion ,   i f  z - Z* > s 

- 2 

- 2 

- 2 

where z* is  the minimum value  and z i s  the mean of the random variable  z.  Since 
equal i ty  is  unl ikely,   the   Poisson  dis t r ibut ion is  chosen i f  ( 2  - z*)  and  the sample 
variance s2 d i f f e r  by  no more than 5 percent.  Estimation of t he   d i s t r ibu t ion  
parameters is  given i n  appendix B. For a sample of s i ze  one, the   d i s t r ibu t ion  i s  
assumed t o  be binomial  with a zero  variance. 

- 

Sta t i s t ica l   Representa t ions  

Given  samples of var iables   descr ibing  the a i r  t r a f f i c  on the  various  pathways 
from  one runway of an  a i rport ,   the   procedure  for   determining  s ta t is t ical   representa-  
t i o n s  of the   var iab les  i s  relat ively  s t ra ightforward.  For each of the  variable  types 
of a given  segment,  the sample mean and variance are calculated.   In   addi t ion,   the  
three-parameter  lognormal statistics and the  upper  and  lower limits of the  uniform 
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dis t r ibu t ion   a re   ca lcu la ted   for   the   cont inuous   var iab les .  The lognormal mean and 
variance  are found by calculat ing  the mean and variance of the  natural   log of the 
data.  The "threshold"  parameter  (lower  bound) of t h i s   d i s t r i b u t i o n  is  taken  to be 
sl ightly  smaller  (about 0.1 percent)  than  the minimum value of the  data.  I n  ref  er- 
ence 3, t h i s  is c i ted   as   the   s imples t  and leas t   accura te   es t imate ,   bu t  it is a l so  
shown tha t   t he   d i s t r ibu t ion  is no t   s ens i t i ve   t o   e r ro r s  i n  the  "threshold" 
parameter. The uniform limits are   the minimum and the maximum values of the data. 

F i t t i ng   D i s t r ibu t ions  

Select ion of t he   bes t   f i t t i ng   con t inuous   d i s t r ibu t ion   t o  a s e t  of segment var i -  
ables  is made  by applying the  Kolmogorov-Smirnov one-sample test ( r e f .  4 )  t o   t he  
var iab les  on each  segment and t o  each of the  four   cont inuous  dis t r ibut ions.  The 
Kolmogorov-Smirnov t e s t   p rov ides  a   nonparamet r ic   s ta t i s t ica l  measure of the  deviation 
between  a  hypothesized  distribution and the sample d i s t r ibu t ion  of the segment var i -  
able.  The s ignif icance  level  is  def ined  to  be the  probabi l i ty  of r e j ec t ing  a d i s t r i -  
bution when the  data   actual ly   are  a  sample  from t h a t   d i s t r i b u t i o n .  The b e s t   f i t t i n g  
continuous  distribution i s  the one w i t h  the m i n i m u m  s ignif icance  level   based on the 
Kolmogorov-Smirnov s t a t i s t i c .  For t h e   i n i t i a l   a l t i t u d e  and change i n  a l t i t ude ,   t he  
appropr ia te   d i scre te   d i s t r ibu t ion  is  chosen  according  to  the  relationship  between  the 
mean and the  variance. 

P robab i l i t i e s  of Alternative  Paths 

As indicated i n  f igure  2, an a i r c r a f t  can  follow  three  or more a l t e rna t ive   pa ths  
a t   p o i n t s  A, B, and C. Based on the  or iginal   data ,   the  ground t r a c k   a t   p o i n t  A, f o r  
example, is  modeled a s  a l i n e  segment (L l )  , a l e f t  t u r n  (Cl ,   i f  8 > 900; C2, i f  
8 < 90° 1 ,  or  a r igh t   tu rn  (C5, i f  8 < 90°; c8, i f  8 > 90° 1 .  By counting  the 
a i r c r a f t  on each  segment,  the  probability of an a i r c r a f t   u s i n g  a p a r t i c u l a r   a l t e r -  
native  path is  readi ly   ca lcu la ted   as  the  r a t i o  of the number us ing   the   a l te rna t ive  
path  to  the number using  the  previous  segment. 

Once t h e   b e s t   f i t t i n g   d i s t r i b u t i o n s  of the  var iables  and the   pa th   p robabi l i t i es  
have  been  determined,  the a i r   t r a f f i c   f o r  a  given runway has  been s t a t i s t i c a l l y  
modeled.  Although it was not  a  part  of t h i s   s tudy ,  it is a lso   easy   to   s tochas t ica l ly  
model t o t a l   t r a f f i c   f o r  an a i r p o r t  by determining  the  probable  use of each runway. 

MONTE CARLO SIMULATION METHOD 

A l l  of the random numbers required  for   s imulat ing  the  f l ight   paths  can  be  calcu- 
l a t ed  from standard  normal and uniform random variables  generated by standard  tech- 
niques  ( ref .  5). Random var iab les  of spec i f i c  normal  and  uniform d i s t r i b u t i o n s   a r e  
obtained by appropriate   t ranslat ion and sca l ing  of the  respective  standard  vari-  
ables .  Lognormal var iab les   a re   ca lcu la ted  by logarithmic  transformation of standard 
normal var iables .   Logis t ic  and d i sc re t e  random variables   are   obtained by applying 
the  appropriate  inverse  cumulative  distribution  function  to  standard  uniform random 
variables .  

Given  a s t a t i s t i c a l  model of f l i g h t   p a t h s  on each runway, a Monte Carlo  simula- 
t ion  can  be readily  performed.  Let N be  the number  of f l i g h t   p a t h s   t o  be generated 
f o r  one runway. For  each f l i gh t   pa th ,  t he   i n i t i a l   coo rd ina te s   (xO,yO,hO)  and the 
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var iab les  of t h e   f i r s t   l i n e  segment are randomly generated;  Cartesian  coordinates of 
po in t s   a long   t h i s  segment are generated.  (See app. A. 1 A uniformly  generated random 
number is  compared to the   un i t   i n t e rva l  which has  been  subdivided according to the 
path  probabi l i t ies   in   order   to   determine  the  next  segment t o  be  generated a t  poin ts  A, 
B, and C.  The general  procedure is to  randomly select a path when necessary, 
generate random var iab les  appropriate to  the   d i s t r ibu t ions  of the   cur ren t  segment, 
and  generate  coordinates of po in t s  on t h a t  segment before moving to the  next segment 
of the  f l ight  path.   This  procedure is repeated N t i m e s  for   the   des i red  N f l i g h t  
paths.  

APPLICATION M DULLES AIRPORT DATA 

This   sect ion  presents   the  appl icat ion of the  preceding  analysis  and  simulation 
procedures to  fl ight-track  data  supplied by the  Federal  Aviation  Administration (FAA) 
f o r   f l i g h t s  a t  Dulles   Internat ional   Airport  as an i l l u s t r a t i v e  example. A l l  of the 
calculat ions  required  for   these  procedures  were performed on Control Data CYBER 170 
series computers a t  NASA Langley  Research  Center. 

Description of Dulles Data 

Shown i n   f i g u r e  4 are the runway configuration,  the runway numbering  scheme, and 
the   re la t ive   loca t ion  of the radar a t  Dulles  International  Airport .  The system 
coordinate  origin i s  the Dulles  terminal  radar  located a t  38°57124"  North;  77°2715001 
West. The r a w  FAA data cons i s t  of a i rc raf t   type   ident i f ie r ,   un ique   t rack   ident i f ie r ,  
f l i g h t  number, time tags,  and Cartesian  coordinates of 678 f l igh t   opera t ions  a t  
Dulles on July 24 and July 30,  1979. The  x-y coordinates are measured i n   u n i t s  of 
2 5 6 t h ~  of a naut ical   mile   (1  n.mi./256 = 23.75 f t )  from the radar, and t h e   a l t i t u d e  
is  given i n  hundreds of f ee t .  A l l  data   points  were coarsely  snoothed by the FAA 
using a three-point moving average. 

All of the  general-aviation,  nonscheduled-commercial, and m i l i t a r y   f l i g h t s  were 
discarded from the  data set in   o rder   to   focus  on the   t r a j ec to r i e s  of commercial j e t  
t ransports .  The ground t racks  of the  remaining  arr ivals  and departures   are  i l l u s -  
t r a t e d   i n   f i g u r e s  5 and 6;  these plots include  data  points  corresponding to a i r c r a f t  
t ax i ing  on the ground.  These la t ter  poin ts  were eliminated from the   ana lys i s  by 
using a mini,mum a l t i t u d e  of 500 f t .  Some of t h e   i l l u s t r a t e d  ground t racks  were a l s o  
eliminated  because  they  represented  aircraft   passing  through  the  area,   practicing 
landings,  or  incomplete  data-point sets. For example,  the  loop  south of runway 5 i n  
f igu re  5 represents   an  a i rcraf t   performing a "touch  and go" prior to the  actual  
landing. 

Modifications  for  Dulles Data 

The set of f l i gh t   pa ths   s e l ec t ed   fo r   u se   i n   t h i s   s tudy   cons i s t s  of 135 a r r i v a l s  
and 105 departures on runways 1 to 5. Table I is a l i s t  of the number of f l i g h t s  by 
runway. Throughout  the  study,  arrivals and departures are considered  separately 
s ince   t he   cha rac t e r i s t i c s  of the two types of f l i g h t   p a t h s   d i f f e r .  For a depart ing 
f l i g h t ,   t h e   i n i t i a l  l inear  segment ( L 2 )  is  qui te  s t r a i g h t  and . i s  usual ly   shorter   than 
the  same segment f o r  an a r r iv ing   f l i gh t .  The d i f f e rences   i n   l eng th  and l i n e a r i t y  of 
t h i s  segment f o r   t h e  two types of f l i g h t s  are a r e s u l t  of the  navigational freedom  of 
a depa r t ing   a i r c ra f t  to turn soon a f t e r   l eav ing   t he  runway and the requirement of an 
a r r i v i n g   a i r c r a f t   t o   a l i g n  i ts  path w i t h  the  runway. For many a r r iv ing   f l i gh t s ,   t he  
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. i n i t i a l   l i n e a r  segment contained  several   shallow  turns  indicating  possible overcom- 
pensation  for  crosswinds  and  other  turbulence.  In  order to  reduce  the  effect  of the 
shallow  turns when de termining   the   t rans i t ion   to  a " t rue"  curvi l inear  segment, the 
x-y coordinates of on ly   the   a r r iva l   da ta  were addi t iona l ly  smoothed with a five-point 
moving average. 

A value of 2.5 n.mi. w a s  used  for  the  threshold  radius ro t o  d is t inguish  
between l i n e a r  and curvilinear  segments. The choice of ro is c r i t i c a l   s i n c e  a 
small value w i l l  cause  points on wide turns  to be  t reated as l ines ,  and a large  value 
w i l l  cause  noisy  points on a l i n e   t o  be t r ea t ed  as turns .  The la t ter  s i t ua t ion  may 
be a r e s u l t  of atmospheric  turbulence  or  shallow  maneuvers  during a landing 
approach. The value of 2.5 n.mi. w a s  determined  experimentally from the  Dulles  data 
and is acceptable  based on a visual  comparison of the  data  and the f i t t e d  segments. 

Treatment  of  Track-Angle  Anomalies 

With the  exception of the  track  angle Y, the  segment var iab les  are well-defined 
by the  radar  data. The track  angles  for  north-heading  linear  segments  present a 
special   problem,  par t icular ly   for   the  ini t ia l   segments  from  runways 2 and 4. For 
a i r c r a f t   f l y i n g  w e s t  of north,   the  track  angle is  near 360°, and f o r   a i r c r a f t   f l y i n g  
e a s t  of north,   the  track  angle is c lose   t o  Oo; the  mean of a l l  such  northbound  track 
angles is, therefore,  about 180° (south) .   This   error   can be corrected by adding 360° 
t o  the  east-of-north  track  angles  before  calculating any statistics. 

Pa r t i cu la r   a t t en t ion  w a s  requi red   for   the  one d i f f i c u l t y   t h a t   a r o s e   i n  
generating  track  angles from the  distributions.   Because of snall sample s i zes  and 
large  dispersions,  the  track-angle  distributions  for  successive  linear  segments (for 
example, L5 and L6 i n   f i g .  2) sometimes intersected.  The r e s u l t  w a s  a loop   in   the  
simulated  ground  track.  For  example,  the  path  from L5 t o  L6 requi res  a l e f t   t u r n  
through C3, with  the track angle on L6 being less than  that  on L5. When the 
d i s t r ibu t ions   i n t e r sec t   ( s ee   ske t ch ) ,  it i s  possible   to   generate  a track  angle on L6 

I 

0 

greater  than the track  angle on L5 which  would suggest a r igh t   t u rn ;  however, the 
model spec i f i e s  C3 as a l e f t   t u r n  and a l e f t   t u r n  of almost 3600 t o   t h e  new t rack  
angle on L6 resu l t s .   In   o rder  to v i r tua l ly   e l imina te   i n t e r sec t ing   d i s t r ibu t ions   fo r  
this   var iable ,   the   s tandard  deviat ions of the two in t e r sec t ing   d i s t r ibu t ions  were 
adjusted down and  both  dis t r ibut ions were the rea f t e r  assumed t o  be  normal. The 
standard  deviations w e r e  adjusted so that   the  midpoint between the two means is a t  
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least  3.2 standard  deviations from  each mean. This  reduces  the  chances of the two 
d i s t r ibu t ions   i n t e r sec t ing  by a f ac to r  of 100. 

Dis t r ibu t ions  of  Continuous Variables 

The  number of b e s t   f i t t i n g   d i s t r i b u t i o n s  found for   the  cont inuous  var iables  are 
shown i n   t a b l e  11. Each b e s t   f i t   d i s t r i b u t i o n  results from applying the Kolmogorov- 
Smirnov tes t  to  the   poss ib l e   d i s t r ibu t ions   t ha t  may f i t  a l l  .measurements  of  one 
variable  (such as r) on one  segment. Table I1 does  not   include  resul ts   for  samples 
of s i ze  one or two f o r  which the   d i s t r ibu t ions  are assumed t o  be  normal; f o r  a sample 
of s i ze  one, the variance is  taken to be zero (i.e., the var iab le  is de terminis t ic ) .  
Comparison of t h e   b e s t   f i t t i n g   d i s t r i b u t i o n s   f o r   v a r i o u s  sample s i zes   i nd ica t ed   t ha t  
there  w a s  a sl ight  correspondence between sample s i ze  and  type of d i s t r ibu t ion  which 
b e s t   f i t s  a sample.  For t h e   i n i t i a l  ground-track  coordinates  (xo  ,yo),  the  type  of 
distribution  appears  to  be  independent of sample size.  The numbers in   pa ren theses   i n  
t ab le  I1 indica te   the  number of b e s t   f i t t i n g   d i s t r i b u t i o n s   f o r  which the  s ignif icance 
l e v e l   i n   t h e  Kolmogorov-Smirnov test  is  less   than 0.1. 

For the  dis tance  var iables  ( 2  and r ) ,  the normal was t h e   b e s t   f i t t i n g   d i s t r i -  
bu t ion   for  sample sizes  ranging from 3 t o  45. The l o g i s t i c   d i s t r i b u t i o n  w a s  b e s t  
f i t t i n g   f o r  sample s i z e s  from 4 t o  29, and the  lognormal  distribution w a s  b e s t  
f i t t i n g   f o r  sample s i z e s  from 3 t o  33.  However, t h e   b e s t   f i t t i n g  normal  and 
log i s t i c   d i s t r ibu t ions   occu r red   f a i r ly   un i fo rmly   ove r  a l l  the sample sizes;  whereas, 
10 out  of 13 lognormal   dis t r ibut ions best f i t  samples of s i z e  ' IO or less. The 
lognormal d is t r ibu t ion   tends  to  f i t  smaller samples,  apparently  because a small 
sample is more e a s i l y  skewed  by one or two random values  than a large sample. The 
uni form  d is t r ibu t ion   bes t   f i t s   on ly  one sample of s i z e  6; t h i s   ev iden t ly  i s  the 
r e s u l t  of a small  sample  appearing  uniformly  distributed by chance. In   general ,   the  
continuous  variables  appear  to  be f i t   b e s t  by d i s t r i b u t i o n s  which are symmetric and 
unimodal  (normal or l o g i s t i c ) .  

Dis t r ibu t ions  of Discrete  Variables 

Presented   in   t ab le  I11 are the   r e su l t s  of f i t t i n g   d i s c r e t e   d i s t r i b u t i o n s   t o   t h e  
a l t i t u d e   d a t a   ( i n i t i a l   a l t i t u d e  ho and  change in   a l t i t ude   a long  a segment  Ah). 
The table   does  not   include  binomial   dis t r ibut ions  resul t ing from  samples of s i z e  1. 
P r i o r  to comparing the mean and the  var iance  in   order  to select the  appropriate 
d i s t r i b u t i o n ,   t h e   i n i t i a l   a l t i t u d e  was sh i f t ed  to  the   o r ig in  by  h* and the  change 
i n  a l t i t ude  by the minimum Ah value  for  each segment. As ind ica ted   in   t ab le  111, 
these two types of var iab les  are overwhelmingly best   represented by negative  binomial 
d i s t r ibu t ions .  The i n i t i a l   a l t i t u d e s   i n   t h e   a r r i v a l   d a t a   b e s t   d e s c r i b e d  by a Poisson 
dis t r ibut ion  occurred on  runway 4 where a l l  12 i n i t i a l   a l t i t u d e s  were equal to the  
minimum value of 500 f t .  The binomial and Poisson   representa t ions   resu l ted   in  sets 
of s i ze  11 and 3,  respect ively,  and may be chance  occurrences.  Generally,  the 
var iances  of these data exceed the respective means because ho and Ah have f ixed 
lower limits and somewhat res t r ic ted  upper  limits. The upper limits resul t  f r o m  
ascent/descent rates constrained by a i r c r a f t   c a p a b i l i t i e s  and  passenger  comfort. The 
n e t   r e s u l t  i s  that   the   negat ive  binomial   dis t r ibut ion  general ly   provides   the  best  
representat ion of the a l t i tude  var iables .  I t  is i n t e r e s t i n g  to note that a l l  i n i t i a l  
a l t i t u d e s   i n   t h e   a r r i v a l   d a t a   ( t h a t  is, a l t i t u d e s  a t  the   po in t  closest t o   t h e  
runway end) were less than 1100 f t ;   i n   t he   depa r tu re   da t a ,   on ly  60 percent of the 
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i n i t i a l  a l t i tudes  were less than 1100 f t .   This   d i f fe rence  is  indica t ive  of the 
pilots'  attempts to land  smoothly  along  shallow slopes and to  ga in   a l t i tude   rap id ly  
during  takeoffs. 

Test of Simulation Model 

To tes t  the  simulation model, 50 f l i g h t s  each  of a r r i v a l s  and  departures per 
runway on runways 1 t o  5 were generated  using the best f i t t i n g   d i s t r i b u t i o n s  from the 
a r r i v a l  and departure  data  analyses.   Arrival  paths on  runway 1 and departure   paths  
on runway 4 were not  generated  because of the mall number of f l i g h t s  on those 
runways in   t he   o r ig ina l  data. The ground t racks  from the simulations are shown i n  
f igu res  7 and 8 .  Comparison of f igu res  5 and 6 wi th   f igures  7 and 8 i nd ica t e s  the 
accuracy of the simulation model. However, three  thoughts must be k e p t   i n  mind  when 
examining these f igures:  ( 1 ) some of the ground  tracks shown i n   f i g u r e s  5 and 6 were 
eliminated from the   ana lys i s ,  ( 2 )  the s imula t ion   resu l t s  are based on only a f ive-  
segment f l ight-path model,. and ( 3 )  the number of f l i g h t s   p e r  runway i n  the o r ig ina l  
data is  generally less than 50. In  general, .the model s imula t e s   t he   ac tua l   f l i gh t  
paths  very w e l l .  

As a fu r the r  comparison of the simulated  data  with the Dulles data, plots of 
a l t i t u d e  w i t h  respect t o  x- and  y-coordinates are p resen ted   i n   f i gu res  9 to  12 f o r  
t he   o r ig ina l  and  the  simulated data. Comparisons of ac tua l  and simulated  data are 
i l l u s t r a t e d   i n   f i g u r e s  9 and 10 f o r   a r r i v a l   d a t a  on  runway 3 and i n   f i g u r e s  11 and 12 
for   depar ture  data on  runway 5. These  runways were chosen f o r  comparison  because 
they  bore the h e a v i e s t   t r a f f i c   i n  the o r ig ina l  data. The f igu res   i nd ica t e   t ha t   t he  
s imulated  f l ight   paths   fol low the same general   trends as the   ac tua l   f l i gh t   pa ths .  
The most v i s i b l e  weakness of the simulation model appears to  be the larger   disper-  
s ions  of the s imulated  f l ight   paths .  The la rger   d i spers ions  are apparently  because 
of la rge  estimated variances of segment var iab les  which could  be  caused by the small 
samples available.  Small samples can  be expected on segments 4 and 5 of  any  pathway 
unless   the pathway bears  a large  proport ion of t h e   t r a f f i c  or the  corresponding 
runway is frequently  used. 

CONCLUDING REMARKS 

In  the  analysis  discussed  here,   the  radar  tracking  coordinates of points   a long 
a n   a i r c r a f t   f l i g h t   p a t h  have  been  used to  recons t ruc t  the f l i g h t   p a t h  as an 
a l t e rna t ing  sequence of joined  l inear  and  curvil inear  segments  in  three-dimensional 
space. Each of the segments is completely  described by three var iab les  and, f o r  
curvilinear  segments, a turn  direct ion.  The basic l i n e a r  and  curvilinear  segments 
were combined t o  produce a nine-path model of a i r  t r a f f i c  applicable to any runway. 
Several of these runway t r a f f i c  models  can  then  be combined to model the a i r  t r a f f i c  
a t  any airport. 

The model discussed w a s  applied to  radar   t racking  data  of commercial f l i g h t s  a t  
Dulles   Internat ional  Airport. The continuous  segment  variables  (length,  radius,  and 
i n i t i a l   p o s i t i o n )   d e r i v e d  from the Dulles data were generally  found to be best repre- 
sented as normal or normal-l ike  probabili ty  distributions.  The d i s c r e t e . a l t i t u d e  
var iab les  ( ini t ia l  a l t i t u d e  and  change i n   a i t i t u d e   a l o n g  a segment) were best 
described by negative  binomial  distributions.  A Monte Carlo simulation  of  Dulles 
a r r i v a l  and  departure   f l ight   paths   based on the der ived   probabi l i ty   d i s t r ibu t ions  
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TABLE 1.- NUMBER OF  USABLE  COMMERCIAL  FLIGHTS 

I N  DULLES DATA S E T  

R u n w a y  A r r i v a l s  

1 1 
2 

0 6 
49 5 
12 4 
54 3 
19 

Total I 135 

" 

. . 

D e p a r t u r e s  

21 
17 
24 
3 

40 
0 

105 

TABLE 11.- NUMBER OF B E S T   F I T T I N G   D I S T R I B U T I O N S   F O R  

CONTINUOUS  VARIABLES 

r ~~ 

probabili ty d i s t r ibu t iona  
V a r i a b l e  I N o r m a l  I Lognormal I Logistic I U n i f o r m  

A r r i v a l s  
.. "_ 

xO l(0) 2( 0) l(0) 0 
2( 1) 

0 1( 1) 4(2) 12(6) 
0 0 2(0) 

r 4( 4)  4 (  4) 1( 1) 0 
7 

D e p a r t u r e s  

*O 2( 0) 2( 2) 1( 1) 0 
3( 1) l(1) 

a N u m b e r s  i n  parentheses show number of distri- 

0 2( 1) 2(2) 5( 5) r 

0 l(0) 'n" id( 4) l(1) 3(  1)  3( 1) 

butions w i t h  significance level less than 0.1. 
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TABLE 111.- NUMBER O F   B E S T   F I T T I N G   D I S T R I B U T I O N S   F O R  

DISCRETE  VARIABLES 

Probability d is t r ibu t ion  
variable 

B i n o m i a l  Poisson N e g a t i v e  binomial 

A r r i v a l s  

ho 1 3 0 
Ah ( l i n e )  

0 Ah ( c u r v e )  
0 16 1 
1 8 

D e p a r t u r e s  

h0 0 5 0 
L!h ( l i n e )  

0 Ah ( c u r v e )  
0 17 0 
0 9 
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Figure 2.- Possible flight paths  emanating from  runway. 
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Figure 3.-  Discrimination between l e f t  and right  turns.  
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Figure 4.- Orien ta t ion  of runways  and radar a t  Du l l e s   In t e rna t iona l  Airport. 
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Figure 5.- Ground tracks of a c t u a l   a r r i v a l s  a t  Dulles  International  Airport .  
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Figure 6.- Ground tracks of actual  departures at  Dulles  International  Airport.  
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Figure 7.- Ground t racks  of s imula ted   a r r iva ls   a t   Dul les   In te rna t iona l   Ai rpor t .  
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Figure 8.-  Ground tracks of simulated  departures at  Dulles  International  Airport. 
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Figure 9.- Altitude of arr ivals  on runway 3 a t  posi . t ions  east (+) 
radar  beacon a t  Dulles  International  Airport. 

and west ( -1  of: 
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Figure 10.-  Altitude of arrivals  on  runway 3 a t  posit ions north (+) and south ,(-) of 
radar - beacon at   Dul les  International  Airport. 
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Figure 1.1.- .Altitude of departures on  runway 5 at posit ions  east  (+) and w e s t  ( -1  of 
. radar  beacon a t  Dulles  International  Airport. 
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Figure 12.- Altitude of departures on  runway 5 a t   pos i t ions  north '(+I and south- ( -1 
of radar  beacon a t  Dulles  International  Airport. 
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APPENDIX A 

ANALYTIC GEOMETRY OF FLIGHT PATHS 

Triangular Method of F i t t i n g  a Circle 

L e t  (x l , y l ) ,   ( x2 ,y2 ) ,  and  (x3,y3)  be  the  Cartesian  coordinates of t h ree   po in t s  
i n  two-dimensional space. Without loss of generali ty,   consider  the  l ine  segments 
between ( x l , y l )  and. (x2,y2)  and  between  (x2,y2)  and  (x3,y3).  Points  along  the 
perpendicular   bisector  of e i t h e r   l i n e  segment are equid is tan t  from the two poin ts  
def ining  the segment. The in t e r sec t ion  of the t w o  perpendicular   bisectors  is, 
therefore ,   equid is tan t  from a l l  th ree   po in ts  and def ines   the  center  of the circle 
through  the  points.   If   the  perpendicular  bisectors do not   intersect ,   then 
e s s e n t i a l l y  the poin ts  l i e  on a circle of i n f i n i t e   r a d i u s ;   t h i s  is equivalent   to  the 
three  points   being  col l inear .  

Consider f i r s t   t h e   p o i n t s   ( x l , y l )  and (x2,y2).  The l i n e  segment  from the f i rs t  
po in t  to  the second point  has  slope  (y, - y1 ) / ( x 2  - x l )  and is given by the equa- 
t i o n  y = y + (x  - x l )  ( y2 - y l ) /  ( x2 - x l ) . The poin t  of b i sec t ion  of t h i s   l i n e  
segment is a t  (0.5(x1 + x2) ,   0 .5(yl  + y 2 ) ) .  For a l i n e  perpendicular   to   th i s   l ine ,  the 
slope i s  the  negative  reciprocal of the  original  slope,  or -(x2 - x1 ) / (y2  - y1 1.  
Therefore,  the  equation of a l ine  through  the  point of b i sec t ion  and perpendicular   to  
t he   l i ne  segment  from (x1  ,yl )  to  (x2,y2)  is: 

1 

By a similar argument,  the  equation of the  perpendicular  bisector of t h e   l i n e  segment 
from (x2,y2)  to  (x3,y3) is: 

Y =  y3) [x - 0.5(x 
2 

+ x 11 (x3 
3 

- X , ) / ( Y ,  - y2 

The center  of the circle i s  the  simultaneous  solution of equations (A1 and ( A 2 1  

Generating  Points Along Segments 

L e t  t he   i n i t i a l   po in t   (x i , y i , h i ) ,   a l t i t ude  change  (Ah),  length (A), and  track 
angle (Y) of a l i n e  segment  be  given. In  order  to  generate  points  spaced AR u n i t s  
apart along  the segment, l e t  m = R/AR be  the number of po in t s   t o  be  generated. The 
coordinates  of the po in t s  are given by 

x = xi + j A I  s i n  Y 

= yi + j A I  cos  '4 

j 

y j  

h j  = hi + j Ah/m 

where j = 1,2,...,m. 
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APPENDIX A 

For curved  segments  beginning a t  (x. ,yi,hi) and having  radius (r)  , turn  angle (e ) ,  
and a l t i t ude  change  (Ah), the   p rev ious   l ine  segment  must be tangent to  the   a rc  a t  the 
i n i t i a l   p o i n t  of the arc. L e t  Y be the track  angle of the previous  l ine segment, 
A I  be  the  spacing of the  points   a long  the arc, rn = re/AR, and A8 = e/m. L e t  t u r n  
d i r ec t ion  be  indicated by T = +1 f o r  a l e f t   t u r n ,  T = -1 f o r  a r ight   turn.  The 
coordinates of the   points  along the  curve are given by the  equations 

Bj = ( n  - j A8)/2 

R = 2 r  cos B 

x = x + R s i n  (Y - T j  A8/2) 

cos (Y - T j  A8/2) 

j j 

j i j 

j Y j  - Y i  + R - 

h .  = h. + j Ah/m 
J 1 

where j = 1, 2, ..., m. 
These  equations are easi ly   der ived from sketch A l .  

Y 

Sketch A1 
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APPENDIX B 

PROBABILITY  DISTRIBUTIONS 

Th i s   append ix   b r i e f ly   desc r ibes   t he   p robab i l i t y   d i s t r ibu t ions   u sed   i n   t h i s  
s tudy .   For   each   d i s t r ibu t ion ,   the   p resenta t ion   inc ludes   the   p robabi l i ty   dens i ty  
f u n c t i o n   ( p d f )   d e f i n i n g   t h e   d i s t r i b u t i o n  and includes  the  equat ions  used to  estimate 
the  parameters of t h e   d i s t r i b u t i o n .  

Cont inuous  Distr ibut ions 

The pdf of a continuous random v a r i a b l e  must f u l f i l l  two condi t ions.  The f i r s t  
condi t ion is  t h a t   t h e  pdf ( f  (2) ) is  nonnegative for  a l l  real values  of z .  Second, 
t h e   i n t e g r a l  of f (2) over a l l  z is  equa l   t o  1 ( r e f .  3). 

Uniform d i s t r i b u t i o n . -  The un i fo rm  d i s t r ibu t ion   ( r e f .  6 )  has  the pdf 

(Otherwise) 

This pdf d e f i n e s   t h e   d i s t r i b u t i o n  of  what are commonly called random numbers. Since 
d and e de f ine   t he  limits of t he   i n t e rva l   ove r  which f ( z )  i s  pos i t ive ,   they  may 
be estimated from a random sample by s e t t i n g  d e q u a l   t o   t h e  minimum of the sample 
and e equa l   t o   t he  maximum. 

1 
e -. d 

0 

The d i s t r i b u t i o n  is i l l u s t r a t e d   i n   s k e t c h  B1. 

I I 
d e 

z 
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APPENDIX B 

Normal dist r ibut ion.-   This  is the symmetric, bell-shaped, or Gaussian distri- 
but ion  ( ref .  3) usual ly   associated  with  instrumentat ion  errors   or   "noise ."  The pdf 
i s  

The parameters p and d are  the  population mean and  the  standard  deviation  which 
are direct ly   es t imated by the sample mean z and  the  standard  deviation s.  The 
d i s t r i b u t i o n  is shown in   ske tch  B2. 

- 

Sketch B2 

Logist ic   dis t r ibut ion.-  The l o g i s t i c   d i s t r i b u t i o n   ( r e f .  6 )  shown in   ske t ch  B3 i s  
shaped  very much l i k e  a normal d i s t r ibu t ion  (see sketch B2) except it has a l a rge r  

Sketch ~3 
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kurtosis  (peakedness)  and  correspondingly more p r o b a b i l i t y   i n  the tails= The 
l o g i s t i c  pdf is 

f o r  -m < z < m. The parameters p and a are the  population mean and the standard 
deviat ion and are estimated by z and s. This  distribution  can  be  derived i n  
several  ways, such as   the   so lu t ion  of an  ordinary  differential   equation  describing 
growth  curves. 

- 

Lognormal dis t r ibut ion.-  The three-parameter  lognormal  distribution  (sketch B4) 
is defined by the  probabi l i ty   densi ty   funct ion (ref. 31, 

In   t h i s   func t ion ,  T i s  the  threshold  parameter  and p and 0 a re   t he  mean and the  
standard  deviation of log (z - 7 ) .  The name i s  derived from t h e   f a c t   t h a t  if z 
has a lognormal d is t r ibu t ion   then   log  (z - 7) is normally  distributed.  This i s  
i l l u s t r a t e d  by subs t i t u t ing   l og  (z - 'I;) f o r  z i n   t h e  normal pdf . The lognormal 
dis t r ibut ion  has   proven  useful   in   descr ibing  the  dis t r ibut ion of particle s i z e s  and 
of c r i t i c a l  drug  dosages. The d i s t r ibu t ion  is skewed to   the   r igh t   ( see   ske tch  B4) 
with the majority of the  probabi l i t ies   associated  with  values   less   than  the mean. 

O T  
z 

Sketch E34 

From a random sample of data, the  threshold 'I; can  be  estimated  using a value 
less than or equal to  the minimum of the sample. The mean and standard  deviation 
( p and a) are estimated by transforming  the sample with z' = log (z - 'I;) and 
ca lcu la t ing   the  sample mean and the standard  deviation of 2'. 
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Discrete Dis t r ibu t ions  

Discrete d is t r ibu t ions   descr ibe   the   p robabi l i ty  of discrete   events   occurr ing  and 
are therefore  defined on the  (usually  nonnegative)  integers.  A discrete probabi l i ty  
density  function must be nonnegative  for a l l  integer   values  and  must sum to  one over 
a l l  t he   i n t ege r s   ( r e f .  7 ) .  

Binomial  distribution.-   This  distribution  describes  the  probabili ty of obtain- 
i ng  z successes   in  n independent trials when the  probabi l i ty  of success on one 
trial is p (  0 < p < 1 ) . A common experiment t o  which th i s   d i s t r ibu t ion   app l i e s  is 
the   toss ing  of a coin n times. The probabi l i ty   densi ty   funct ion  ( ref .  7 )  is  given 
bY 

( z = O ,  1, 2, ..., n) 

(Otherwise) 

This   d i s t r ibu t ion  may be symmetric or skewed to  t h e   l e f t  or r igh t .  As shown i n  
sketch B5, the   d i s t r ibu t ion  skewed s l igh t ly   t o   t he   r i gh t .  

O I  0.4 

n = 5  
p = 0.4 

z 

Sketch B5 

Since the mean and  variance are np and  np(1 - p ) ,  respect ively,  n and p 
are estimated from z and s2 by 

- 

-2 - n = z / ( z - s )  2 

and 

2 -  
P = 1 - (s /z) 

Note tha t   es t imat ion  of pos i t i ve  n and p requi res  z > s . - 2 
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Negative  binomial  distribution.-   This  distribution is  complementary to the 
binomial. d i s t r ibu t ion   in   the   sense   tha t  it provides the probabi l i ty   for   needing t o  
perform z number of independent t r ia l s  in   o rde r   t o   ob ta in  M successes when the 
probabi l i ty  of success on each t r i a l  i s  p. In terms of t h i s   de f in i t i on ,   t he  pdf 
( r e f .  7)  is given by 

f ( z )  = 10 
(2 = M, M + 1, ... ) 

( Otherwise) 

This   d i s t r ibu t ion  is always skewed to  the   r igh t ,  as i l l u s t r a t e d   i n   s k e t c h  B6. 

M = 5  
p = 0.4 

O**.. 0.0 0 1 2 3 4 5 6 7 8  

Z 

Sketch B6 

The  mean and var iance  are  M(l - p)/p  and M(l - p) /p  , respect ively.  Hence, 2 

the   es t imates   based on the  sample mean and variance  are 

and 

- 2  
p = z / s  

These estimates r equ i r e   t ha t  s2 > i n   o rde r   fo r  M and p to  be posi t ive.  

Poisson  distribution.-  The Poisson  dis t r ibut ion (see sketch B7) i s  the l i m i t  Of 

b inomial   dis t r ibut ions as n becomes i n f i n i t e ,  p tends to  zero, and the mean 
remains  constant  (np = A ) .  The probabi l i ty   densi ty   funct ion  ( ref .  7 )  i s  
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Oe6 0.4 II 
(Z = 0, 1, 2, ... ; A > 0) 

(Otherwise) 

x = 2  

Sketch B7 

This   d i s t r ibu t ion  i s  often  used  in  queueing  theory and i n   r e l i a b i l i t y   t h e o r y  where 
the  event is  a n  a r r i v a l   a t  a wai t ing   l ine  or t h e   f a i l u r e  of a machine, respec- 
t ive ly .  The  random var iab le  z is the number of events   occurr ing  in  one u n i t  of 
time. 

The mean and the  variance of the Poisson  dis t r ibut ion are iden t i ca l  and are 
equal   to  A. There fo re ,   t h i s   d i s t r ibu t ion   app l i e s   i f  z' and s2 are approximately 
equal; may be estimated from 'z o r  s2 , or   the  average of z' and s2. 
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SYMBOLS 

a ,b coord ina tes  of cen te r  of c i r c l e  

A r B t C  p o i n t s  where a l t e r n a t e   p a t h s   d i v e r g e  

c~,...,ca des igna to r s  of curvi l inear   segments  

d, e lower  and  upper limits of uni form  d is t r ibu t ion  

f ( 2 )  probab i l i t y   dens i ty   func t ion  of z 

h a l t i tude ,   hundreds  of f e e t  (H on computer p l o t s )  

Ah change i n   a l t i t u d e   a l o n g  segment,  hundreds  of f e e t  

h*  minimum a l t i t u d e ,  hundreds of f e e t  

h0 

R l ength  of l i n e a r  segment 

AR increment   to   l inear  segment length  

Ll,...,L12 des igna to r s  of l i n e a r  segments 

i n i t i a l   a i r c r a f t   a l t i t u d e ,  hundreds of f e e t  

m 

M 

n 

N 

P 

r 

r O  

R 

S 

S 2 

T 

X I Y  

x. 'YO 

x' , Y '  

z 
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number of points  generated  along  segment 

negative  binomial  parameter 

binomial  parameter 

number  of f l i g h t   p a t h s   g e n e r a t e d  from  one runway 

p r o b a b i l i t y  of success  on one t r i a l  

r ad ius  of c i r c l e  

c r i t e r i a   f o r   d i s t i n g u i s h i n g  between  curve and l i ne ;   t h re sho ld   r ad ius  

d i s t ance  from i n i t i a l   p o i n t   t o   a r b i t r a r y   p o i n t  on curve 

sample s tandard   devia t ion  

sample var iance  

tu rn   d i r ec t ion   i nd ica to r  (+1 is l e f t ,  -1 is  r i g h t )  

Car tes ian   coord ina tes  ( X , Y  on computer p l o t s )  

i n i t i a l  Cartesian  coordinate  of f l i g h t   p a t h  

Car t e s i an   coord ina te   u sed   t o   f i nd   t u rn   d i r ec t ion  

random v a r i a b l e  



Z sample mean 

Z* minimum value of z i n  sample 

Z '  log  transform of ( z  - z) 

a angle between  x-axis and l i n e  segment, rad 

9 turn  angle,   rad 

A9 increment   to   turn  angle ,   rad 

A parameter of Poisson  dis t r ibut ion 

P population mean 

0 population  standard  deviation 

z threshold  parameter of lognormal d i s t r i b u t i o n  

Y track  angle,   rad 

Subscripts:  

i index of segment parameters 

j index of coordinates  along segment 

Abbreviation: 

Pdf probabi l i ty   densi ty   funct ion 
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