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USE OF PROHLICH-RAIMES AND OTHER ELECTRONIC MODELS
FOR PHYSICAL PROPERTIES OF METALS AND ALLOYS®

+

Jomes T, Waber

The effectiveness of the Fr%hlich—daimes model in treating
force constants and alloy behavior is discussed. Typical predic~
tions of trends which have been made are: of the deviation of
Vegard's Law and the variation of the bulk modulus with pressure
and with alloying elements., The simple model of Koskimaki and
Waber using the linear combination of the density of states has
lead to several useful predictions for titanium-based alloys.

This model will be discussed and recent resuits are reviewed.

* This research was supported in part by the National Aeronautics
and Space Administration and by the U. S, Atomic Energy
Conmission. The work was initiated while the author was at
Los Alamos Scientific Laboratory.

+ Department of Materials Science, Northwestern University,
Evanston, Il. 60201
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Several yecars ago Brooks1 and Wigner and Scit:z2 took up an

investigation on the effectiveness of a volume-dependent theory
of metals originally developed by Fr'éhlich3 in 1937 and modified
by Raimes4’5to include several conduction electrons per atom,

In an unpublished thesis, Bernstein6 applied this Frohlich-
Raimes (FR) method to rare earth metals. DBrooks motes that the
equilibrium lattice spacing in normal metals is essentially
determined by pressure of the Fermi gas of free electrons.

In 1961, Larson and Waber7 reinvestigated the problem and
noted a undetected asymptoiic singularity existed in the basic
equation. When this was removed by retaining more terms
before truncation of a series expansion for the wave function,

better sgreement with experimental data was obtained,

Another modification by Waber, Larson and Smith8 was to der-
ive the equations assuming that the state at the bottom of the
conduction band could have an angular momentum greater than §=0,
This permitted them to investigate transition metals, A brief
review of the theory and some results will be given below before
applying it to alloys, since the recent developments have not

been reported in the literature,

Before continuing with that topic, it is desirable to give
a little background on the second model which will be used inas-
much as it is apparently unknown cxcept to a small circle of
colleagues. In the case of wmetals, the Pauli exclusion prin-
ciple requires that a distinet set of quantum numbers be assgigned
for ecach conduction electron coming from an atom in the solid.

Instead of the usual set of n, 4, m and spin for free atoms, they
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ond spin, and are associated with the momentum k

%

are kx’ ky, k

of itinerant clectrons, TL the density of atoms per cubic cen-
timeter vecomes lawge enoupgh, the discrete spectrum of encrgics asso-
ciated with each J¢ value can be replaced by a piccewise continuous
E(k) curve, The number of discrete states within any energy

range I to E+dE is replaced by the density of states function

N(E). The band structure of metals is concerned with calculating
such N(E) curves for a pure metal and with deducing various
observable quantities from them,

When the original proponents of this theory, such as Jones9
and Hume—Rotherylo theory applied it to metallic alloys, they assumed
a Rigid Band model (RB). Slaterll made ong of the first uses of
this model to explain the variation of magnetism of alloys; the
famous flater-Pauling curve12 was the result, These men were
keenly aware of the limitations of the model, but insufficient
informaltion was available for them to regard it initially as any-
thing but a working hypothesls, It has proved to be very success-
ful in making important predictions during the last thirty-five
years and many experimentalists have verified the essential
features; the comments of RaimeslB are interesfing. However,
repeatedly small and sometimes large deviations from the Rigid

Band prediction have been noted.

In an extensive series of band calculations for 3d transition
metals, Waber and Snow14 showed that the band structure was far
from rigid for such a series of metals; but they also showed
why the Rigid Band (RB) model worked well., Despite changes in
the shape and the location of the bands for individual metals, the
plot of N(EF) at the Termi level EF when plotted against the
atomic number had the two hump shape of the original E(k) curve

computed for pure metals by Manningl5 and by Chodorowl6.

Waber proposed that it would be preferable to use a linear
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combination of the two (oxr three) density of states for the

constituents in dealing with alloys., In discusslons during the
conference on the Blectronic Densilky of States held at the

Bureau of Standards, Waber used the LCDS model to estimatel7(a) den~
sities of states curves which have three humps and (b) a typical
curve of N(EF) versus composition for one type of titanium alloy.

He also presented the three peak N(E) curves for several 4d metals,
Koskimaki and Waberls have computed these for a number of alloy
systems, Colliags and Gegellg have made cffective use of the
calculations recently. It is appropriate to present further the
justifi. ation of thig LCDS model and to record some of the results

obtained with it. Independently, Sterns?0 studied a form of the LCDS

model and concluded that EF should be constant,
Let us contrast these two approaches to the behavior of alloys,
They depend very directly on the average spatial density of elec~
trons in the metal. The modifications of the Frdhlich-Raimes
Theory ignore all questione about the arrangement of atoms in
the solicd. Tt is also assumed that the Fermi energy (hzkzF)
depends only on the number of electrons per atom (i.e., on the
(e/a) ratis). N
The LCDS theory is predicated on the detailed E(k) curves
for each constituent, which in turn is based on the local ar-
rangement of atoms. That is, Snow and Waberl4 have shown that
the E(k) curve is not the same for the BCC and FCC forms of the

same metal.

Thus, the LCDS model is better able to cope with alloys ant
such phenomena as short range order and clustering, than is the
wlum? dependent FR model. It in turn is more effective than the
(e/a) dependent RB model. Each model has a range of problems

for which it is effective. For the calculation of cohesive
energy, compressibility, ete., the FR approximation will be

very useful. Toxr thec behavior of the specific heat and magnetism

[T

{

“
#
i
L
i
H
|




g

e

of alloys, the LCDS model will be a distinct improvement over the
RB model., In prineiple, the volume (oxr pressure) dependends of k(k)

curves ean be caleculated Ly a band caleulation such as by the APW
9

method, Avcx::ill"l and independently Perrot** have caleulated

the cohesive encrgy for alkali metals with considerable success,

Very roecently, Snow23 has done it for copper. However, these were

extensive calculations which consumed large amounts of time on
the computer, It is not practical to do exploratory research on

alloys by such methods,

The two approximations outlined in contrast are very simple
to carry out and therefore lend themselves to treating compli-
cated problems, It is with these justifications and limitations

in mind that we undertake to study the behavior of alloys.

Formulation of Frohlich-Raimes Model

The basic assumption is that the behavior of the conduction
electrons in a metal closely approximates those confined to a
sphere of radius RS. Next one assumes that tbe ion core with
its charge of Ne (or N, in the atomic units where eih=m=1) does
not occupy a significant Eraction of the sphere. One solves the
Schroedinger equation for one electron confined to the Wigner-
Seitz sphere, which also contains an ion core. We will call

fzo(x) the radial part of the wave function in this field

(averaged over the 4 m solid angle). The subseript zero indicated

the ground state for the angular moment £, The Schroedinger

equation can be written as

dF df
.910 K _2_ .PIO n .2 ﬂl .Q 'l‘ 1 . -
drz b T +[LO(RS) - Vz(" )= ~—§~————lr2 } 1‘_@0 =0 (1)
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The usual Wigner=-Seitz boundary couditionz' is applied, namely
that the gradient vanishes

8 (2)

In. the space available, Lt is not practical to discuss the
mathemetical part of this problem. Only the results in the form
aof the principal cquations will be indicated,

25
As Waber, Larson and Smith =~ show, the lowest ecigen-value
Eo depends on RS in the following simple way

2
y (B T 2R,
ERY =Y [-9 g 2L o
0 '8 Rs RZ R2 SRS
s s (3)

The parameter Ro corresponds the radius of which the encxgy
becomes a minimum, At the other extreme end, when R_ becomes
infinitely large, Eo approaches In which is the nEh ionization
potential for removing all but one of the valénce clectrons from

the atom in question.

Let us call az the positive energy difference between the
free ion and the Eozfor the metallic case, and call the loni-
zation potential w”. After substituting Ro for Rs in Equation
3, we find that

2
a= B, (R) - I )

- 2N £ (L) - w2
R 2
0 Ro

(4a)
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In the procedure outlined initially by Frohlich, one expresses

the eigen=-function where
J

-k
fzo(r) = exp (-wr) rP ja Ck x
k=0 (5)

in terms of a power serics P = n/w,

The recursion formula for the coefficients in the power series

can be shown to be

kbl | @okel) (Boke2) ~4(41)

Ck -2w(let1) (6)

.

Then one requires that the function be well behaved at the
special value RO of the sphere boundary, Thus, as a generalization
of the solution which Frdhlich and Raimes found, one can write

._l~< df£o> i Ro(s—A) cot aRo ~(1+gRbA)
: e = —
fzo dr r=R R, (1+Aro cot Bho) )

where A is an arbitrary small constant (which”it will be convenient

to set to zeru).25

Substitution of the wave function altexnatively leads to

- i
d in ££o(r) ) %,( k)Ck/l )
dr 1?=Ro 1 I
E,Ck r r=Rb (8)
numerically by iteration.
7
Waber
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By expevience one need include at most six temms and in many cases
two will suffice. These equations reduce to the ones given by Raimes
whan one sets £4=0.

A plot of the ground state radius Rh is presented in Fig., 1,
as a function of Iq. A disecontinuity is found because the cotangent
function approaches () when Lts argument equals m. This behavior
of the logavithmic derivative corresponds to fﬂo vanishing at the
celi houndary for a specific energy. If one desives, this difficulty
can be eliminated by vetaining the terms multiplied by A in the
logarithmic derivative, as the smenth curves show. Insets for other
values of N are shown,

The next step in this volume dependent theory is to put n-~1 free
electrons back into the spherical cell. Ther» are several types of
interactions between the clectrons. The first is Coulomb encrgy of
the N electrons, The sccond is the mean Fevmi energy of these elec-
trons sonfined to sphere of radius RS. The third is the free electron
exchange energy. A small covrection is also included for correlation.
Thus, the total energy for the N valence electrons is given by the
simple formula

E (Rs) - Eo (Rs) + é.ZN N 2é21 b 2.916 © Seorr

s g 5 (9)

B

Inherent in this expression is the wudea that fﬂo(r) is approximately
constant throughout a significant fraction of the sphere (for cases
Raim034 studicd, the fraction was approximately 90 percent.) 1In
uniform electron gas, we can set ¥, as the radius of the Fermi hole,
namely RS/%ﬁg. The simplest form of corxrelation was used, namely

that based on Wigner's approximation formula
PP

. -0.288
cory RS+5.1

(10)
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While improved treatments of exchange dare avallable such as
those by Slatexr and his colleagu0326 and by bibcrman27,
significant preeision shauld not be expeeted with this over-
simplificd model, 'ypical interxaction terms which are independent
of the clement involved, axe presented in i, 2 fLox Nm4,
While it might be desirable to cmploy an impwuved
treatment of correlation done by Pines and bnaiéieszs, it 46
not likely to lead to significantly different rvesults., Just
as Slater has indicated in his recent studies that the exchange
term should be multiplied by & constant @gy one could
coxrect the kinetic energy by dividing by the effective mass,
m*c cach of the coefficients might be regarded as adjustable
parameters,

It has been decidnd to apply the mowe stringent test to
the model, namely, the original free-electron coefficients have
been used in this heuristie study.

The energies EO(RS) and ET(RS) are presented in Tig. 3 For
titanium and zirconium. The equilibrium radius corresponding to
a minimum iIin ET(RS) is designated p. Even though the inter-
action cnergies depend only on N and arc independent of the
specific metal being studied, the curxves of Eo(Ra) may be

different for two very similar metals as titanium and zirconium.

Bstimation of Other Physical Quantities

Brooksl noted that the experimental cohesive energy pexr valence
electron is surprisingly constant, For 23 elements it ranges

from 0.060 for Cesium to 0.137 Rydbergs per atom for carbon,

The cohesive energy data tabulated for the lanthanides by
2
G.~3chne:’u:1n(n:‘9 and the data of Trulson, Hudson and Spedding?o
for the heat of sublimation at 298°K wexre divided by the number

Waber
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of valence electrons., This enersy was found to vary for the
lanthuanides fxom 0,106 Rydberg for lantharum and 00,0636 for
thulium,

The cohesive cnexrgy S, i.c, the heat of sublimation of 0°K,
can be obtained from the total energy at p by means of the
expreesion,

n
S = E Ij = NE.(p) (11)
J
wherein the several ionization potentials Ij are summed,

The pressure~volume relation which leads to the compres-
sibility x at any pressure can be obtained in a straightforward
manner from the ET(RS> curve, Raimes4 points out that the
pressure P corresponding to a relative change in volume can be

obtained from the expressions

-N T

P = 5
41 Rs 5 (12)

qyl 3 . .
A ‘(I*s/") (13)

Note that 1 atomic unit of pressure used in (12) is equal
to 150 = lO6 kg/cmz. No attempt has been made here to correct
these data to absolute zero although generally speaking this
change would tend to improve the agreement between calculated
and experimental values. The compressibility x at zero pressure
can be obtained from the second derivative of ET(RS). With
one exception, the listed values of the experimental compressib-
ility were all taken from Bridgmen's tabulation31 of the
quantity % using the more recent data for 75°C. The value for

, 32
silicon is from Pearson and Brattain
Experimental and calculated values of the three physical

10
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constants p, S and ¥ are presented in  Table T for a number of
metals and semi=metals, In as much as § is the diffewensce of
two laxge temms, the effect of any crror in estimating the indi-
vidual cleetwonic energies is greatly magnified. Yo partially
overcome Lthis objection, an experimental value of ET wasxgbtuined
by adding the several cxperimental ionization potentials &}j to
the experimental heat of sublimation. These two values of

ET(p) are included in the table. The encrgy conversion factor
used was one Rydberg per atom cquals 313,66 kcal/mole. The
values of the heat of sublimation S§ for monatomic guscous spe-
eies and cdrrected to 298°K were taken from Teatum ct a133.

-

Wherever po-sible, the ionization potentials obtained by C. L. Moore-
Sittcrly34 from spectroscopic data were used. One of the most
readily vsable and complete tabulatilons of donlzation potentials

has been presented by Finkelnburg and coworkersss. The Lloniz-

ation prtentials for HE IIT and HE IV were recently given by
Klinkenberg, van Kleef and Noormnnse. The ilonization potnntials

for thorium are not well known, the sum is probably accurate to
better than 5 per cent.

: 3
Values of x, S8 and p were obtained independently by Raimes 7
who used the simplified theory cited ubovea. For comparison, these
values for trivalenl and tetravalent metals are presented in  Table IL.

In the caleulation by Bernstcine, of the cohesive energy of
the lanthanides, the expevimental values of the third ionization
pntentgzl Iy were used, where available, to obtain the R, Waber and
Larson”  recalculated p, % and Ro for a number of rare earth metals,
These dala ave presented in Table XIL., Values are given for both di-
valent and trivalent forms of ytterbium and europium. The use of both

. valences 45 much more questionable in the case of luteteum,

5 .
Raimes™ pointed out that, aside from the systematic errors

due to the approximations made in deriving the equations, one

11
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Tuble I, CGompardson of the Caleulated Values of the

. Motallie Radius p, Neat of Sublimation §
il Compressibility § with the EBxperimental
. Values,  Values of the Potal Bleetrvonde

Buewgy B, and Ground State Radius v also
Y Foy 0

used,

Element Radius Radius™ Heat 8 Comprens W Total ET
, , v ) 2 5
vousidered o AU, p AU, kGal/mole  x x ln(cm [k, kGal/mole

i
Trdvalent Blements
Aluminum J.132 3,190 26 0,78 1253
B, LT 2,990 15 L, 34 1502
Seandium 24080 3,035 10D 1,37 1117
Exp, mma—w 3,407 80,8 "o w7
Gallium 1.913 2,073 13 2,01 1332
Exp. - J.101 0o 2,0 1384
Yetrium 3.198 4,358 47,7 L T 949,32
Exp, - 5 e 3,700 82,6 2.95 984, 1
Landdum 20173 3,435 2 .82 1238
Exp. - o v 3,478 59,1 2.5 1373
Lanthanwum 3,466 4,653 60 .32 R
Exp, e 3.921 99.5 3. 24 932
Thalliwm 2,008 3,050 3 0,60 1301
Exp, - 3.577 43 2.7 L1341
Totyavalent Klemeals
Silicon 1.840 2.875 =40 0,298 235%4.,8
. Exp. e 3,184 105 1.00 2497.6
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Table L.

(continued)

Element

Radivs Hoat §

Radius Compress. Total ET
6
Consldorcd rn, A, p AU. KkCai/mole  x x 10 cmzlkg kCal/mole
T4 Lanium 1,948 2.988 95 0,342 2195
EX}). ialadalaial 3.178 lllol 00868 2212
Germanium 1,816 2.840 =21 0,290 2370
Exp. i 3.308 89 1,364 2480
Zirconium 2,015 3,735 82 0,810 1864
Bxp, - 3.347 142.2 1,106 1942
Hafndum 2.672 3,799 29 0.816 1836
Bxn, T 3.301 168 0.881 1975
Thorium 3,077 4,250 17 1.321 1657
Bxp, 0 meee- 3,754 127 1.846 (1760)
Peatavalent Elements *

Vanadium 1.634 2.628 109 0.14 3869
Exp. —— 2,817 122 0.609 3892
Niobium 2,237 3.310 75 0.34 3163
Exp. e 3.071 185 0.57 3273

* fhe experimental values ol

the volumes V em

per gram

Wabersa, using the formula

the Wigner-Scits radius were obtained from

atom listed by Teatum, Gschneidner and

01,3880 4 V.

“Experimental compiessibilities ave for 343°K,
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HMetal

Trivalent Metals

Al
Se
Y

Ga
In
Tl

Lattice Constant

o (R)

Calc.

Obs.
Lbs,,

1.72 1.58
1.99 (L.8)
2.36 1,97
1.60 1.67
1.74 1,84
1.65 1.89

Tetravalent Metals

Tl 1.61
r 2.02
Sn 1.74
\Y 1.42
Semi-Conductors
8i 1.55
Ge 1.53

1.62
1.71
1,86
1.48

1.68

1.74

Table II  Unpublished Calculations by Raimes

METALS OF HTGHER VALENGY

Compressibility

lOlax(cmz/dyne)
0.9 L.4
1.5 =we
2.8 ===
0.7 2.1
0.9 2.7
0.7 2.3
0.4 ===
0.9 ===
0,5 1.9
0.2 -
0.3 0.3
0.3 1.4

Cohesive Energy Deviation

S(Keal./mole) %irgi %
Calec, QObs,

8 55 -12
75 70 2
28 90 -29
- 0 52 =12
52 ~11
- 17 40 -13
132 100 4
14 110 -20
- 30 78 -18
100 85 + 1
~ 063 85 ~18
- 59 85 -17

*The author is indebted to Prof, Raimes who made this information

available for use,
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Table LTI,

Comparison of Results Obtained in Recent Cohesive
Encrgy Calculations for the Lanthanide Metale

(Bohr Units)

Wigner~Seitz Radius p

Compressibility

e 106 cmz/kg

Parameter R.o

(Bohr Units)

BS s 0BS. BS ¥  OBS. IW BS
Sc(3) 3.69 3.635 3,427 1,37 1.27 ~--- 2,54 2,56
Y (3) 4,40 4,358 3,760  2.69 2.44 2,95 3,198 3,20

“ La(3)  4.70  4.653 3,921 3,47 3,22 4,13 3.466 3.47
Ce(3) 4.65 4,464 3.81(y) 3.29 2,75 4.10(y)3.295 3.42
Ce(4) 4.31  3.490 3.57(x) 1.58 0.61" 4.72()2.387 3,09
sm(3) 4.50  4.174  3.76L 2,88 2,15 3,52 3.684 3,28
Eu(2) 4.84 4,829 4,290 8,13 7,76 4,91 3.715 3.67
Eu(3)  s=-- 4,088  4.290  =m== 1,98 4,91 2,953 ===
Yb(2) 4.54 4.485 4.044 6,33 5,92 7.84 3,389 3.28
¥b(3) ---- 3,986 3,986  ---- 1,80 7.84 2.860 ~---
Lu(3) 4.25 3,771 3.628 2,36 2.51 2,33 3,198 3.06
Lu(2)  ~=-=- 4,358 3,628 -~~~ 3,10 2,33 2,70L -e--

BS = reference 6

IW = reference 38

Waber
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source of crror in the cohesive encrgy avises Lwom the estimation

ol the pround state energyy & two per cent change in Eo(p)

yields slwost a 20 per cont change in 8, It is shown in IMg. 1
that forx certain regions of the ionization potential, an appre-
eiable error could be made in determining R0 by means of the
Raimes equation due to the steps, Sueh errors would have a
strongexr effcect on the ground state cnexgy at RS = Rb’ thaa at

Rs = p, However, here we will not go into problems of estimating

R,Q accuyately.

BrooksBQ presented a simplififed theory of cohesion which
involved a modification of the quantum defect method used by
kubn™® to determine E,(R,). Values of r_ determined in this
way are compared in Table IV with those’computed herein., The
equilibrium radius p was evaluated using Equations (8) and (9)
as abova. The values of p obtained in these two ways ave also
comparad with the experimental value in Table IV. It will be seen
that Brooks' small r, values result in better agreement with the
experimential wvadii. Also the expevimental values of S for tha
five metals studied by Brooks agree with his calculated values
better than they do with those caleulated by the present method,

The Wigner-Seits radius p and cohesive energy of the noble
metals, copper, silver and gold are compared with experimental
values in T able V. Brooksl noted that the experimental values
of § for these monovalent metals were three or four times larger
than the values of §/N for any of the other 32 elements he con-
sidercd. lla concluded that the closed d-shells contribute sig-
nificantly to the binding, It is interesting that for the
IIB, IIIB and IVB clements which follow these transition metals
in the Periodic Table, the binding {s normal and the values of
§/N lie in the same range as mentioned in the [irst part of this
paper. Thus the ion cores ave more cflectively scparated from

each othex by the gas of frce electrons; an error arises when

12
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Table 1V,

Comparison of the Brooks' Values of R.Q and p with

Present Computations of these Radii in Atomic Units

Element Ground State Radius Ru Wigner=-Seitz Radius,p
Treated Brooks Present Present Brooks  Exper,
Na 2,97 3204 T 4,147 3,886 3,991
My, 2,38 2.563 3.601 3,437 3.345
Al 2,03 2.132 3.190 3.088 2,990
Si 1.755 1.846 2,875 2,75 3.184
Zn - 2.003 3,024 2,784 2,904
Waber
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Table V. Comparison of Calculated and Experimental

. 1
Values Lox the Noble Metals (after Brooks )

Cohesive Enewpy, S

Rydberps/electron

Wignev~sSeits

Radius, Bohr Units

Compressibility

% X l()6 cm2/kn

Gale, Exp. Cale, Lxp. Calc, Exp.
Copper 0,087 0,260 2,608 2,669 2,80  0.734
Silver  0.086 0.221 2,606 3,017 3,03 1.004
old 0.085 0,264 2,146 3,012 1.43 0,570

Waber
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one assumes that the d=eleetrons ave conkined to a very small region

associated with the ion core and have nepligible probability of being
found at the cell boundary., This is equivalent to the old tipht
binding approximation which is inadequate for transition metals,

Typical behavior of the ecaleculated compressibility x as a funetion
of pressure is shown in Fig, 4 for four tetravalent metals, iy

in the noble wetals, the interatomic distance, however, is gov-

erncd by the interaction between d-clectrons and the ion cores, Con-
gravy to the twend found for most metals in Table I, the calculated
values of p in Table V are less than the observed values. Thus, one
¢« would anticipate that, due to ienic repulsion, the actual compressibil-
ity of copper, silver and gold would be substantially lowex than that /%
caleulated by the present method, whieh only includes clectron-clectron
repulsiens, This is borne out in Table V. where the experimental x
values are only 0.3 to 0.4 that of the calculated values. Thus, it is
reasonabtle to conclude that for these noble metals, the interaction
between the valence electrons and those fowmning the ionic core is much
stronger than in normal metals and that the present cimple method is

not satislactory,

The importance of such repulsion is illustrated in the pressure-

volume praph, Fig. 3, for nickel, As a shock wave passes through a i
metal, it is subjected to large negative pressures during the ravefac-
tion wave--although that portion is not plotted in Tig. 5., As an
atom, nickel has only one 4s electron Lo act as a valence electwon. To ;
incorporate the elfect of the 3d electrons, we have assumed that N is
higher than two, In doing the cnlculnﬁians, N=3 gives better agrecment

with the experimental shock wave data4l.

. A more significant way7 of dealing with the ion cores is to add
-Si

. Eionic = b exp —f~i
P 1M (14)

to the terms in Equation 9.

13
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Heve b 15 an adjustable econstant approximately cqual to 1012 exrEs
and Sii ig given by

Sij TR (15)

where v, and Ty are the fonic roadii cuch as most chemists use, Con-
cerning the repulsive parameter ppy which occurs in the Boxn-Mayer
expression for fonie exystals, anneiﬂter and Zahrt*? showed that
values of pp could be caleulated divectly from overlap integrals ==
normally it is an experimentally adjustable quantity approximately
equal to 0.345A°, We have established that including ionic terms ime-
proves the agreement with shock wave data on gold as Fig. 6 shows,
Inasmuca as the inclusion of ionfe vepulsion has been made only for
limited cases here, it would toke ue away from the main theme of this
paper to go into Lurther detall about how the quantities b and pyy
are cstimated, This will be discussed in a fortheoming paper.

owlication of the Frdhlich-Raimes Model to Alloys
e

The Frohlich-Raimes method has been applied to alloyssg. One

reasonable assumption is that the ground state cnergy of the alloy is
given by a lineaxr combination of E, terms. That is,

+ 2 2

"B, (CpRg) = SATA (3 N T (3 - Ry >
TR\ R R 2

Yoh oB (16)

where C,, n, and ROA arc, respectively, the atomic concentration, the
valence and the Frbhlich~Raimes parameter for component A, and Ry is
the variszble radius of a Wigner-Seitz sphere. Here it 1s agsumed that
2=0, TYor the interaction energy, the mean number CAnA + CBnB of
valence clectrons was used, This n iy inserted in the remaining temms
of Equation 9 rather than averaging the two Ec values, To distinguish
expressions, we will denote the total energy of an alloy by EL. Values
Et’ radius p, and compressibility y have been obtained as a function
of concentration for a large number of alloys, Most of thrse results

14
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will be reported elsewhere, but vne type of wesult will be summarized
here,

It has become common for metalliurgists to compare the observed
average lattice spacing of alloys with the spacing of alloys with the
spacing obtained by averaging the lattice spacings of the components,
One can calculate p(CA) and compare it with Vegard's Law which states
that the volumes of components are additive. We have assessed this
deviation from Vegard's Law by computing

Such deviations, Ap(CA) are illustrated in Fig, 7 for T4 and two dif-

ferenl valences of cerium, A large negative deviation can be seen for
tlie tetravalent Ce,

The total energy Et (CA,p) has been piotted for three other binary
systems, Tig, 8 is for Na-Ag for which little solubility exists at
either end, However, the calculated curve cannot illustrate this fea-
ture, The large positive deviation from Vegard's Law which can be seen
in the plot of p(CA) is the clue, Of course, strain energy in the lat-
tice has not been included in the present model., So direct evidence
for phase separation cannot come from the intentionally restricted model
used at the present time. Fig. 9 is for Na-Mg alloys, -The heat of
formation of these alloys AE is the deviation from the straight line
which would be given by a mechanical mixture., In almost all cases
studied, the solid solutions would tend to be more stable than a two
phase mixture, Note that this stability does not result from including
the usual entropy of mixing but is strictly electronic in origin. No
electronic entropy term has even been included, Both would increase

the stability of any solid solution.

The results of a large number of calculations about Vegard's Law
are summarized in Table VI. 1In some cases, there is experimental
evidence for positive and negative deviations. In a number of cases
predictions are made which may be verified using additional lattice
parameter data not readily available to the author when this summary

was originally made,.
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Table VI, .

Comparison of Calculated Deviation from Vegard's Law with Observed Deviation

Note:®

. Sinaxy C, &b Max. Cale. Exnerimantal Doviaszion Cale, Deviation of ‘
 Systom cile, ap3 | 100 A[p(CA>] Cubic Henagonal 100 A[ps(CA)] Cell Noa~-
a a, l e, Vol, Cubic
‘- nee ~ * Monovalent Solvent
K=Rb 0.5 +0.15 neg. - m=== | =0,07
 K=Cs 0.5 +1.08 neg. - - ~0.58
Cs=Rb 0.5 +0.43 neg. - - ~0.24
"Na- Mg 0.55 Na ———— - ———— ——— ~3.58
-Na Ag 0.45 Na - ————— - - -1.73
Na Zn 0.55 Na - - .- ———— -6.98
‘ Divalent Solvent
Mg-Li 0145 Mg -3.38 neg. neg. | neg. -1.63
‘Mg Zn 0.5 +1.65 ———— none none ~0.28
Mg Sn (2) 0.5 -0,04 - pos. neg. -0.01
fMg Al 0.55 Mz »27.00 -——— neg. neg., -1.38
:Mg Ga 0,55 Mg -3.49 - neg. neg, -2,11 ‘
‘Mg In 0.55 Mg -2.53 S pos. pos, -1.23
Mg T1 0.55 Mg -3.27 - pos. neg. -1.83
Mg La 0.5 +12.80 —-———— pos. pos. . 43.32
Mg Ce (3) 0.55 Mg +10.20 ~om— only one point| 42.77
Mg Ce (4) 0.55 Mg —1.75 ———— only one point " -0.70
Mg Sn (4) 0.55 Mg =5.75 ————— pos. neg. -2.46
Mg Bi 0,55 -3.39 -—— neg. neg., -1,97
{ ca sr 0.50 +0.40 neg. ceem | e | 0017 .
Ca Ba 0.50 +2.,50 neg., ——— - =1.,23 -
! Ba sr 0.50 +0.91 neg. - - ~0.48
Ca Zn 0.50 +9.85 ——— - m——— 0 =2,40
Ca Ti 0.55 Ca -13.09 ——-- T -12.67
| ca mn 0.55 ca | -21.26 ceme | meem | eem | -20.76
y Ca Cx. 0.55 Ca -30.51 - - - ~23.39

The linear combination of volumes CAPB(CA) + CBQS<CB) does’ not lead to the same
deviations (occasionally even differing in sign) as does the linear combination

of cell diameters as used in Eq.

Waber
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' Table VI, (cont.)

Comparison of Caleulated Deviation from Vepard's Law with Observed Deviazion
Eiqafy C&,ac xag. Cale. . Ex?arimenﬁnl Jeviation Calc.3 Dcvia;ianqgf ‘
Sys b Cdle. Ap 100 alp(C,) 1| Cuble Haxajonal 160 Alp (CA)] Cell Noa~
a, g, e, Vol. Cubile
Trivalent Solvent
1Al Ca 0.45 Al ~4,09 neg. ———— - ~7.38
Al Z2n 0.45 Al +1, 59 pos. - - +0.40
1 Al-La 0.50 48.36 insufficient data -2.35
1Al-Ce (3) 0.50 +6.55 pos. - - -1,73
1 Al-Ce (4) 0.50 +2,25 pos. - - +0., 54 ‘
Al-T1 0.55 Al -1,09 none neg. pos. ~0.41
1Al Mn 0i55 Al ~5.064 ———— _——— ———- -2,92
{AlL Cr 0.55 Al +9,19 - - - ~3.52
Tetragonal )
%o %
! In-Cd 0.45 In ~-1.05 - pos. m——— -0.39
In-Su (2) 0.45 In -3.01 - pos. pos. «1,65
In-Pb (2) 0.45 In +2., 54 m——— pos. pos. -1.24
In-T1l 0.50 +0.17 - pPos. pos. «=0.03
T In-Sn (4) 0.50 -0.49 - pos. pos. ~0.16
1 In-Pb (4) 0.50 -1.02 ———— pos. pos. -0.38
| In-sb 0.55 In -2,52 | e weee|  =0.87
Tetravalent Solvent:
Ti Ca 0.45 Ti ~13,09 ———— neg. neg. ~-12.67
Ti Zn 0.42 Ti ~-0.53 insufficient data -0.15
Ti-Sn (2) 0.40 Ti - m——— neg. pos. ~4.04
Ti Al 0.45 Ti -1.09 -——- neg. pos. ~0.41
Ti«Cq (3) 0.45 Ti ———— insufficient data -6.22
Ti La 0.45 Ti - ———— - - -7.66
Ti 2y 0.50 +2.60 none none noné -0.52

Waber
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Comparison of Balculated vaviation from Vepard's Law with Obscrved Deviation

Tabie VI, (cont.)

BinaF? G, at Mag. Cale. Fxngrimenual aovffniaa Culc.s Doviagion ».

Systain Cile, Ap 100 Q[p(CA)g Cubic daneyoaal 100 alp (CA)] Cull Noa-

_ al a, l ¢ Vol. Cusat
Tetravalent Solvent (cont.

14 Ce (4) | 0.50 - | insEficient data -0.21

TL Sn (4) 0.50 ———— - neg. pos., -0.22

i HE 0.50 +3,03 neg. neg. pos. ~-0,62

T Th 0.50 - nane - ———— ~1,64

iV 0.50 - pos. - - -0, 54

Ti Mn 0.55 Ti -0.63 - - - -1.006

T4 Nb 0.50 +2,16 neg. | neg. neg. ~0.40

1 Cr 0.55 Ti +3,57 neg. none none ~-1.57

Ti Mo 0.55 Ti - neg. neg. neg. 10,10

2r HE 0.50 +0,02 pos. none none -0.004

Zr Nb 0.50 +1.36 neg. neg. ncg; =0.98

HE Nb 0.50 -1.44 pos. | memm | | =mes -1.18

¥ La 0.45 Zx - T - ~4.09

gy Ce (3) | 0.45 Zr S IR S - -0.21

2r Ce (4) | 0.50 - B mee| 22,95

Zr Th 0.50 - B -

PO

PO
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The ealeulated data in Table VI are avranged by the valence ol the
solvent, The cases treated were [ox binavy systems cited by Puaruon(
{n his lovrge tabulation of lattice parameters. Without becoming involved
in detailed evaluation of the experimental doviations of different al=-
loys, as well as making a decision about the comparative weliability of
specific experimental data, it appeaved to be sufficient at this time to
veport the sign of the deviatiom, One complication, for cxample for
magnesiuw band alloys, is that small alloy additions do not stabilize
the & cubic phase. S$ince the CG/a ratio of Mg is not fdeal, packing of
fudividual spherical cells in which the electrons exert a pressure can
not be the sole eriterion Lor detemmining the volume, Some modification
of the model to inelude either structuxe gengltive properties ox perhaps
covalent bonding may be necessavy Lo understanding the lattice dimen-

sions in these alloys,

one illuminating test of this simple electron gas theory is the

group IVh wmetals such as titanium, zirconium and hafnium, which do exist
{n both cubic and hexogonal modifications, In the upper poxtion of this
drawing, the ay 1s pletted fox the cubic phase 2r-Ti alloys, lHowever,
in the widdle porniou, two separate branches are shown for the a  para-
meter of hexagonal Zr based and Ti based alloys. The associated ¢,

values are presented in the lower portion of big 10, These might be
interpreted in tewrms of the definitely positive “deviation from Vegaxd's
Law presented in Fig. 11, Phase separation to the lavger cubic phase
would be compatible with the present model. At this time it is not
clear why haifnium-niobium alloys remain cubic nor why the Zr-Hf do not

form a cubic g phase.

The relative deviations 100y(CA)/pA can be used to reduce confusion
about units, and values are presented in Table VII for cerium based
alloys containing 10 per cent of several solutes. The relative devia-
tions have the correct sign in both thorium-poor solid solutions when
compared with the recent data of Waber, Harris and kaynor4 but are
smaller in magnitude than the observed values (4.14 for o and -1.31
for y). The relative deviations they computed using Triedel's Blastic
are similar (3.14 for & and -0,57 for v) to those listed

above,

INSERT PAGE 163 HE%EL>FOLLOWINC END_OF PAGE 16
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Variation of Lattice Parameters of

Solid Solutions
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Table VII. Relative Deviations Lxom Vegard's Law

Calculated for Cerium-Base Alloys

Solute Alpha Ce Gamma Ce
. Magnesium ~1.47 46,75
v Aluminum 2.07 4, 57
Lanthanum ~1.84 ' -0.09
Zlreconium +0.,32 ~2,29
Thorium +2,73 -0.89

[,
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The sipn of y(UA) does agree with that reported by Gschneldnerx
for dilute Mg alloys but does not agree well with the Lindings of
Harris and Raynoral for cerium dissolved in a-Zrv.

Davison and § amith48 estimated the enthalpy of formation of CaMgz
in a relatlvely similar manner, They indirectly allowed for the shift

e

in the bottom of the bond Ec(Rs) with concentration, The volume of

the intermetallic compound was found from the cequation

bopd A
7R = (CARSA»PCR“B" (18)

Further, they assumed that RSA/RSB was 1,225 ¢o correspond to a Laves
phase. 1In this authox's opinion, it would have been preferable to
have estimated the average number of electrons per atom and the cal-
culated p and Et values, They used Brooks' values Zg R for Ca and
Mg. Their data axe presented in Table VIII. Smith has found this

prescription works reasonably for a number of intexrmetallic compounds,

T g e e
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Table VIIT. Comparison of Three Physical Quantities for Laves
Phases Calculated by the Fridhlich-Raimes Method
with Bxperimental Values

{
(After Davison and Smith *8)

Heat of Fommation  Volume of Formation Compressibiliiy

=AH ¢ in kCal =AV in AB x in szlkg,

Smith DBrooks Exp. Cale., Exp, Cale, Exp.

Ca Mg, 0,8 11.2 3.2 5.66 , 5.66 265 3.77
S'l‘-' :‘15') 709 9.39 1-'7 9064’ 8042 - - -
Ba l‘igz 2-8 3«69 005 15-35 7.03 - lakataliad

B e e

g
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one interpretation of the faflure of HI=Zr Lo separate into a cuble
phase can be made in terms of the compressibility of the host lattices,
As Tig, 4 shows, the x values for Hf and Zr ave very similar, In con-
trast, T4 is significantly less compressible, The present adaptation ;
of the Frohlich~Raimes model to binary alloys pemmits one to calculate »?
the variation of % with composition, A set of curves for Ti~Zr oalloys @
i5 shown an g, 12, This resultr crom evaluation of Fq. and not
from a sinple scaling of the cwo P~V curves for the pure metals, We
have not verified that the experimental compressibillity of alloys is as
variable as indicated by Fig, 12, The literature indicates that very
little dava has been enllected, It scems that this would be a use-
ful test which could be made of this volume dependent theory, f

! B
To sunmarize, the major fectures of this FR model for a metal and

its alloys depend on the relation between the pressure and the density

of electrons, This in turn depends on the volume in which they are

confined, However, any details of the spatial arrangement of the

atoms are ignored. As such, it leads to a good interatomlc force 5

law, In the Fréhlich-Raimes model it is assumed that the lowest energy

of an electron ET(CA) lies between L, for one clement and ET for the

T
other, Because of the gimplicity of the TR model any 3rillouin zone
cffects have not been dealt with, .

L

Ilectron Cell Model

In preparing this manuscript, the author came upon a very similar
50,51,52 It
’ H

teo, is based on Frdhlich's equationsl. lowever, the spirit of their

recent trcatment ©i alloys by Bolsaitis and coworkers

study is different since they have paramaterized all terms and in-
cluded several further thermodynamic corrccetions., They represent the
cohesive energy by the equation

AP B |4
= - — = ? ...f-; o 15
S=1, + 3 + 2 + R + By )Ip P (19) .
. s S ) é
1
@\
17
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Fig, 14,

‘ Variation of the pressurc volume curves caleulated for Ti-Zy alloys.
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Coefficient A could have been obtained rrom Kq. 3 and cocefficient F
could have been obtained by combining the vemaining temms in kq, 3
with the thiwd tewm in Bq. 9. Since they dealt only with copper,
silver and pold, B would have been equal to (1.2 =~ 0.910), Their Ep
is piven by Eq, 14 cexcept that the v, and rj were not included in
uheﬂnumufator. They also included a Van de Waals attractive temm
C/Rg, and a vibrational energy temm, By virtue of having a consider-
able number of parvameters to adjust, excellent agreement with the
experimental deat can be obtained. They introduced further arbitrar-
tness whan dealing with alloys by integrating the Grineisen equation
Lo get an entropy correction

.T C)"Cf l’-l«‘ D)
§! w 5 '--—L-;F Rl \) (‘&’h\n},l,d'l‘ (20)
3] ’ o

They further Limited the ionic wvepulsive tewm from Eq. 14 to unlike
patrs of atoms,

They variced the loecal chaxpe density and cell radii according to
“

> stability rvotios SR and in later papers, they used a

Sanderson's
definition given by Coulson lor the stability. Both delinitlons as-
sumed that the charge dengities were uniform within an Electron Cell
and could be scaled, Specilically, they chose fhe radius of the

copper and pold atoms according to the prescription

.3 "

P en (x) Yau . ‘kcu

b (3 (21)

au 1uu bRau

and the wmean alloy =lume
l( kés u 3 3

! i " oo 0 2
Ve 3 (xcu ¥en } Xau boab ) (22)

Since neither radius is dts equilibrium value, they estimate the
volume of Mixing VM by replacing L and F ot by their cquilibrium

Q

valuas rauU and L in the paventhesis and then wultiply it by

(LM@Q« This is an ad-hoe but plausible procedure,

18

Waher




.

Let us turn now Lo a sceond simple model which depends on knowing
the band structure of cach compunent, This model is sensitive to the
details of the erystal avvangement. In general, it is available fow
only one interatomic distance and a complicated caleculation is needed
for cach atomic volume as subtle changes way occur in the relation of
one band or E(k) curve to another, Tor practical reasons, the following

model may be regarded as independent of the atomic volume,

LINEAR COMBINATION OF DENSITY OF STATES

In the basic theory of band structures, one allows one state and
two spins for cach atom in the picce of metal, and in general, the dis-
crete spectrum of E(k) is veplaced by a continuum if 1023 atoms are ivn-
volved, One observes that when one discusses impurity effects in semi-
conductors, the interesting case occurs when the impurity level lies in
the gap between the conduction and the vulhnce bands., 8inece the indivi-
dual impuritics ave far apart in general, and are screened by a dielect-
ric medium between them, the levels can be treated as discrete, However,
if several types of defects ave present, several very narrow evergy
ranges &nd henee spikes appear in overall density of states. The height
of these rellect tn a reasonable cxtent how many impurity atoms of a
given type are present, As a seccond observation, where band structure
calculations for intermetallic compounds have heen made, one can fre-
quently assign encrgy ranges where the states im the E(k)curves can be
identified as coming primarily from states derived from one constituent.
ixamples of this are the important studies on R-CuZn alloys and isomor-
phic phases by Keith Johnson and his colleaguessa?ss, The third observa-
#ion comes Lrom Soven's study of the Coherxent Potential Mode156’ for an
AB alloy. lhis work shows a modest increase in N(E) values near ends of
the allowed rangs of cnergies for constituent A and constituent B where

NA(E) and NB(E) do not overlap--otherwise the N(E) curves appear additive,

. 18
These observations lead Koskimaki and Waber ™ to propose as a work-
ing hypothesils that a simple linear combination of Lhe two density of
states would suffice to substantially wodel the case of randowly distri-

buted solid solutions,

¥

In oxdexr to do this adequately it is necessary to abandon the
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traditioral 1idea of weasuving all states L{rom the bottom of the cnergy
range (usually a point in,5~9pace called 1), DBoth must be referred to a
common energy. When the cnergies are measured with respect to vacuum

the B, Values for different metals, they occur in a relatively small

I

I/
range. This lmportant observation has been discussed by Snow and Wnborl+
whereas the boltom ol each band Lalls @elaLlvely) swoothly with the atom-

ic number. The curves for the two pure metals are swown in Flyg, 13,

The LCDS model gives answers veadily Lf the N(E) -data is available
for both constituents, and these alloy N(E) curves are in good agrec-
ment with the experimental facts., In Fig, 14, a typical waleulation of
the composition dependent N(E) eunves are presented for a solid solution
of copper and nickel, It is vevy interesting that the set of these

curves obtained with the LCDS model show many of the features exhibited

‘” ' : " .
57'and'8picerJ8Csho used photoemission

9

in alloy results of Kastman

]
spectroscopy and Clifet, Curry and ThompsonJ who used soft X-rvay

‘spectroscopy. At least the morphology of the alloy N(E) is compatible

with expericence, Mo detailed comparison is’appropriate at. this. stage

of davelop wutl,

One observation wmight be wmade in passing. Since the individual

values of EF are similar in energy, no large transfer of electrons to
(o 0] ey -~ ' .
one type of atom occurs. Charging cffects such as those discussed at

60

the recent conference ~ will be less than if one combined. the N(E)

curves after the bottoms of the two bands had been aligned at the

arbitrary zero,

Now to locate the Fermi level for the alloy, one knows that the
number of electrons is Cpny b CB“B il there are no major charge transfer
effects, The bottom of the alloy band will occur at the lower energy of

the two N(E) curves although it way not be heavily weighted, One finds

the mean number of valence electrons n per atom from CA“A + C,n Then

BB’
one f£ills up the weighted states of the linecarly combined NA(E) and
a
P
Y. The curve obtained in

NB(E) data to contain n electrons. Thus, the E, values will have a
‘,{1
4-1“

this wmanner for copper-nickel alloys is presented in Fig. 14.

definite composition dependence, as will N{
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For background information, the LCDS curves of N(E;) are present-
ed in Tig., 15 for Ni and Al, and in Fig, 16 for Cu-Ni alloys. The
decrease in N(E?) near 60 per cent solute has been attributed to
filling of the d~-states in nickel, Analysis of the data shows that
some d-like states are unoccupied even when the concentration of solute
exceeds the traditional amount needed at room temperature to £ill 0.6

hole in nickel.

Examples of these N(E;) curves are presented for several binary
alloys below. The curve for Ti plus Al in Fig, 17, is rather unintexr-
esting since no sharp pecaks and deep valleys occur in either of the

component N(E) curves,

The case of Ti plus V, which is shown in Fig. 18 is more inter-
esting, particularly at the vanadium rich end. Two curves have been
shown in TFig, 19 for the solvtuon of Ti with Molybdenum., They are
based on two different configurations of titanium, used as input to
the APW program., It is more likely that the effective configuration

14

in the solid BCC phase is d351 as Snow and Waber™' discuss. Despite
whichever curve one choses to use, the shape of N(E;) curve is surpris=-
ing since one might at £irst, have anticipated simple curves with
slowly changing slopes, as one saw for aluminum additions. Tﬁe reason
for the rapid variation of -N(Eg) with composition is because the
individual N() curves have a considerable amount of structure.

One even more striking curve is that presented of N(E;) for zircomium

and molybdenum in Fig. 20,

Before closing this topic, another illustration of the power of
the LCDS model might be made, Calculations were done for the BCC
and FCC forms of secveral pure metals, In the case of iron, calcula-
tions by Koskimaki and Waber61 showed that the o or BCC form of ivon
is more stable at room temperature than austenite. This was establishe
ed by integrating E'N(E) over the occupied states. The transition

energy occurs with the right sign, but was slightly too largeﬁl.
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We ancauigaﬁe&jstwo typical alloy additionsn to dren, using th.
LCDS model=~namely, chromium and warganese., 7The total alloy encrgles
are shown for the two cases, The flvst, namely Fig, 21, ochows that
MY, a well knewn austenite formex, will stabilize the v phase at O°K,
. The exosgover point is suxprisingly close to the value determined ;

from the Fe~Mn phase diagram., In contrast, as Fig. 22 shows, no
concentration: of chromium will stabilize the ganma phase at 0°K,

A logical extension of this work would be to study the effect of /
temperature on these two kinds of alloys. One defines formally the en- j:
ergy EF(T) the Fermi level fLor any tewperature, as the energy at
which the probability of a given cnerpy state, being occupied is one-

! half-~this is wmore general than the usual definitdon which only per-
taino to 0°K. Specifically, one would multiply the alloy N(E) ecurve
by the Fermi distribution function

<I~J~I°:F(T)> -1
ECE,T,EL) = |1+ exp |~ 23)

to obtain the repopulation of the clectronic levels in an alloy., With

Yo ——— e

good luck, something approaching a phase diagram would be obtained,

It is worthwhile to cwphasize here that 1o thermodynamic facts
have been built into the investigation, The atomic number and the in- g -
teratomic distance are the only pieces of information fed into this to

obtain individual densilty of states curves and the raw N(E) curves in

Fig. 23 werce then combined to get the results just presented. Inciden-

tally, the metals were "mized" in the paramagnetic form and so the d&- .
8 Curic transformation was not usced to bring about -the change in m
stability of. the o« and v phascsﬁz. Many rolinements such as a better

treatment of exchange, and the sepavate handling.of spin up and spin {

down states, could be introduced. These would probably lead to an im~
proved agrecment with experimental results., Lt Ls, however, striking .
that the present simple treatments outlined above do lead to uselul |

predictions and increcased understanding,

22 ]
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Hellman=Foeyaman Calceulations

The Hellman Feynman theorem shows that the fovee F, acting
on the th nueleus of a solid or molecule can be deduced (almost)
classically from the total electronic charpge density even though
the latter is obtained Lrom a quantum mechanical caleulation,

More specifically, the x component of I* can be written as

R S -k 0P8 K\ s
LI A DA P4 3 d7r
pe P g . n )2 R ' r
(hp Rq) it p .
, (24)

where Z) is the eharge on that nueleus, where xp is the x compon-
ent offgp and p(r) is the total one electron density such as

is found in a sclf-consistent calculabion., That is, the force

on the nucleus is the eleectrostatic force on a nucleus due to
other nuclei and to the detailed distribution of surrounding clec-

trons,

While this fowmmulation is the adiabatic one, there have

been dynamic treatments such as

OW )
O N I G A 3.
1\11) ;\p b}{p S p (1‘3") bx) d X )
‘ @5)

where WN i85 the iaternuclear conlombic Lorce and av/cxp 15 the
instantancous forvee acting on the nucleus due to varying chauvge

density p(x,t).
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chsoa has wade a very up~to-date wveview of the force concept
deduced from the lellman-Feynman Lheory, Slatch4 has rederived the
theorem based on multiple scattering Xo wethod he has used for de-
riving molecular wave functions. ‘The promise of this Hellman-Feynman
theory has been less than erpected and the difficulty has been attri-
buted to the poor quality of molecular wave functions which have been

available.

This theory looks particularly useful for obtaining the relative
movement and rearrangement of atoms at a free or an internal interface,
Tt also appears to have a recady application Lo absoxption of gascous

speeies on a wmetal,

SlnterM pointed out that the equilihrium spacing of the surlace
nuelei will increase if there is an excess charge density on the side
away from bull; it will pull the nuelei out, In the contrary situa-
tion, it will decrease the interatomic distance, The vector sum of
forces arising from the non-spherical clectron distribution will give

rige to a surlace prassure.

In 1969, Wannier ot §$§S caleulated the force for lithium atoms
at the surface. They found a large positive internal pressurxe which
would have led to considerable dilation, After pointing out some
arrors in Wannicer's treatment, KleinmanGG showed that the forces on
individual atoms will vanish if one assumes a slight increase of
surface charge by 0.049e and with a slight outward movement of the
nuclei in tha surface plane by only 0.00395&0. Without this dilation,
Kleinman found a very substantial negative internal pressure vedistri-

bution near the surface,
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DLSCUSSTON
Using an ionic wodel, GiLmanG7 wag able to show that the clastic
compressibility modulus K of a sevies of AB cowpounds was proportional
to the inverse fourth power of Tape When applied to wetals, it was
found that I depended on r Vwhera v approached five,

The compressibility is properly obtained in the following manner

dR 2d%% d%%
L 8 i) n 1/ T 26
Beg =N\ 7% TR\ 2 (20)
' dR; s\dR:

. . \ , ar
s an alternative procedure, one might consider caleulating I from
. : , 8
Equation 12 'which would lead to a tewm in dV/AR . lowever, this
[

equation Ls already another fomm of

dr ) dET >
. Y 7
P = -N{ 3y aw, (27)

In either form, onc would obtain an expression involwving Rsl before

the sccond derivative, but the numerical factor would be significantly

different.

One can readily compute the second devivative of ET with respect

ke Rs. This is

2 I 2 "
T 4ot ! + o
d ET t {_3NR0 4 Gﬁ(ﬁ'fl)J " 3 L()A"(.Qll) wly 4D &]

2 3D A
dR R? R

—

o [N - 1N 0916 0] | 4b OXD( _"_}_L>
3 5 CXP\= =
Rg Py LM (28)

where a involves the cube root of N,
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Thus, B con be written as

2
CTRARC aag(erl) | 188(R41) - 13.26a
B = 6 6 + 5 i L <29)
12nRs lﬁnRS l&rka
since both Rs and Ro are greater than unity, the lead terms become
9
RH
B o= Y0, 32(441) (30)
n 5
R” 21‘1Rq

This deduction can be checked by using ecxperimental values of B,
The slope in Fig. 24 is for various transition wetals and metals with
differing valences and crystal structures is larger than 6. Subsequent
plots given by Gilman68 show that the slope is larger than 5 for trans-
ition metals, This is merely a further indication of the type of
success which the volume-dependent TR model can be expected to yield.

One purpose of this paper is to cwphasize how directly many of the
properties of metals and alloys are tied to the pressure of the electw
ronie gas which comes from the eclectrostatic repulsion between the
electrons. Bquilibrium distances, heats of formation as well as com=
pressibility can readily be computed using slight modifications of
the Frohlich-Raimes model,

-

In the TR model, the kinetic cenergy texm is computed as though
the clectrons were represented by a parabolic band, i.e. by a8 structure-
less N(B) curve, But we know that such a description is inadequate
pexr se. To offsct this deficieuncy, we have incorporated a discussion

of the use of the richly structured N(E) curves for actual melals,

Lot us turn to the LCDS model which is structure sensitive. The
volume dependent cffects are not included here, but they could readily
be incorporated when sufficient data on the variation of the LE(k)

curves as a function of RS become avajilable.

The Rigid Band model assumes that the Fermi level and hence the

26
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N{B4r11) and N(E-3l) values at EE are readily calculated fyvom (e/a)ratio
without knowing partial spin bands of the constituents,

One successful aspect of the LODS model is that it offers a
simple logical reason for the deviations from the idealized Slater-
Pauling curve of unpaired spins N(E), Tor differing atomic numbers,
the N(E) curve may be very different in width and variable in location
with rcspect to vacuum. The number of paived sping at L, is thus
not simply related to the density of states curve of either constituent
since it depends on the response of the two partial spin up and two
spin down bands in a binary alloy to the internal wmagnetic field gll.
Even in a pure metal, N(EFT) is not equal to N(EFJ') and hence
transfer of electrons frow one partial band to another occurs and
leads to an unbalance in the pairing of spins, 1L the two constituents
are clements of very different atowic number, the cffect of a magnetic:
ficld on ecach N(E) curve may be quite different while the cffect of
solute additions may result in recopgnizable trends in Slater-Pauling
curves, There 1% no reason to anticipate that the height and the width
of the individual alloy curves could be superimposed when plotted
against (e/a) values. .

R. E. Hummel et 2199, using differential reflectivity, observed
that the adsorption edge (or change in the imaginary component €y of
the diclectric constant) associated with the d-bands of copper, did
not move to lower cnexrgy with nickel additions. The energy separation
batween the peak energy did not move. They also measured the reflec-
tivity of Cu-Zn alloys and noted that the cnergy separation between
the Jd-bands and EF does increase with Zn content, This they rational-
ize by making the energy of the state Ll the same in pure Gu as in
a~brass. Thus, the enerpy lovel EF should increase with CA due to
the inecrease in the mean nuwber of valence clectrons. These observa-

tions on CuNi and CuZn alloys arc not inconsistent with the LCDS model.

Otheyr theoretical predictions for CuNi alloys have been made by

27
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Lang and Ehrcnreich70 and by Stoeks, Williams and Faulkner7l. The
former group preéicts that N(Eg) should decrease lincarly with Ccu
whereas the Oak Ridge group which used the CPA approach predict a moxe
rapid initial deexcase followed by a leveling off above 60 per cent
copper. It is interesting to note that lufiner et 2172 point out that
their experimental density of states for the alloys "...to a very good

approximation, be made up by superimposing those of Ni and Cu."

To date, no synthesis of these distinct approaches has been
attempted, Pragmatically, they are two limiting cases of the more
complex true situation. While my colleagues and I are working on such
a synthesis, it is hoped that this review will stimulate some readers
to understake the overall problem, and make a significant contribution

to the science of metals, ’
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Fig., 2,

Fig, 3.

Fig., 4.

Fig., 5.
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Fig. 8,

Fig, 9.

Table of Captionn

Plot illustrating the dependence of Ro on the ionization
potential w2 and on the valence N, The continuous curve
is band Ne=4, Waber and Larson used v, in place of Ro.
Their Iq. (7) corrvesponds to Eq. (6) herein and their

Eq. (5) is obtained by sctting A=0,

Plot of the different electron-electron interaction temms
in Eq. (9) (after Larson and Wuber7).

Determination of ko and p from Eo and ET curves of
titoanium and zirvconium,

The calculated pressure dependence of x for four different
tetravalent metals,

Comparison of experimental shock wave data of McOueen and

4
+l {or nickel with two calculated P versus V curves,

Maxrsh
The higher valence N=3 (which is chemically stable) is an
approximate way of taking account of repulsion between
d~electrons and ifon-cores,

Similar Shock-Wave data for gold compared with those

<Rs) with and without Eio from

calculated from %,
T nic

g, (14) included,

Plot of —Et(CA,p) evaluated at the Eomposition dependent
radius p(CA) for titanium-cerium alloys. The effect of
assuming that cerium is tetravalent is to cause only a
slight depression in the ET curve. It is interesting that
g(CA) lies above the straight line connecting the p

values for the two pure materials, A positive deviation

is indicated from Vegard's Law of additive atomlc radii,
Similar plot for sodium-silver alloys which indicates a
large’ positive deviation from Vegard's Law,

The strong negative deviation from Vegard's Law for sodium-
magnesium alloys contrasts with the alloys curves presented

so far,
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13,

16,

17.

18,
19,

20.

Table ol Captions (cont,)

Exporimental values of the two laktice pavameters of a
sories of hexagonal metals, Tu the middle of the com-
position range, titanifum=ziveonium alloys become body-
centered cubie at roow temperature according to Duvez43.
Plot of ’Et(CA) and p(CA) for tiranium=~zirconium alloys,
Variation of the pressure volume curves calculated for
ticanium~ziveonium alloys.,

N(E) curves for pure copper and nickel obtained by Waber
and Snow14 using Slater's exchange parameter xw=l, These
two curves are combined to obtain Mig. 14,

Sct of density of astates N(Es
nickel-copper alloys using the LCDS model of Koskimaki and
wnbcrla.

), eurves caleulated Lor severcal

Composition dependent change in the density of states

N(E;) at the caleculated Fermi level Eg

for homogeneous
nickel-aluminum alloys,

A similar plot of the variation of N(E;) for homogeneous
nickel-copper alloys. The individual Termi levels are
not shown in Fig. 14, *

Composition dependent density of states at the Fermi
level E; caleulated for homogencous titanium~aluminum
alloys,

Similar plot of Nvﬁg)for titanium-vanadium alloys,
Similar plot of N(Eg) for titanium=-molybdenum alloys.
Separate cuxves are given for the configuraticns d232 and
d35 assumed for BCC titanium by Waber and Snowla.

Similar plot for homogeneous zirconium-~-molybdenum alloys.
Total encrgy of occupied electron states at 0°K as a
function of composition using bands calculated for both
pure phases with iron (3d6432) and manganese (3dﬁ452>.
The transformation from FCC to BCC as manganese is added

is indicated.
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Fig. 22,
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Fig. 24.

‘fable of Captions (cont.)

A simflar plot which shows that no chrondum additien ic
sulfieient to stabilize the austenite at 0°%. Based on
data caleulated by Snow and Wabcrlh using chromium
with the 2 qhsz input configuration.

Comparise.: of the density of states curves for FCC and
BCC iron 1in a paramagnetic state. Note the difference
in height and slope at EF' (after Snow and Waborl )
Log~log plot of cxperimental values of the bulk modulus
againgt the cell radius r, (in Angstroms). Slope of
the line is larger than 0,
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