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ABSTRACT 

Xost first-order upstream conservative differencing methods can capture 

shocks quite well for one-dimensional problems. A direct application of 

these first-order methods to two-dimensional problems does not necessarily 

produce the same type of accuracy unless the shocks are locally aligned with 

the mesh. Harten has recently developed a second-order high-resolution ex- 

plicit method for the numerical computation of weak solutions of 

one-dimensional hyperbolic conservation laws. The main objectives of this 

paper are (a) to examine the shock resolution of Harten's method for a 

two-dimensional shock reflection problem, (b) to study the use of a 

high-resolution scheme as a post-processor to an approximate steady-state so- 

lution, and (c) to construct an implicit method in the delta-form using Har- 

ten's scheme for the explicit operator and a simplified iteration matrix for 

the implicit operator. 
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I. INTRODUCTION 

The stability, accuracy and efficiency of a numerical scheme should have 

a symbiotic relationship with the types of equations that one intends to 

solve numerically and the methods for treating shocks, contact discontinui- 

ties, and numerical boundary conditions. A typical complaint about the ap- 

plication of a scheme that is developed under the guideline of linear theory 

for the compressible Euler or Navier-Stokes equations is that the resulting 

scheme is not robust and or not accurate enough. Often the root of the ins- 

tability and inaccuracy lies in the improper treatment of nonlinear effects 

[1,2] (shocks and contact dtscontinuities) and numerical boundary condition 

proced~~res [3]. 

In problems with shocks where conventional second or higher-order accu- 

rate central spatial difference methods are used, the resulting numerical so- 

lution exhihits overshoots and undershoots in the vicinity of discontinuities 

141. The oscillations not only degrade the accuracy but can cause nonlinear 

instabilities. One remedy is to add numerical dissipation. Unfortunately, 

ad hoc methods of adding dissipation generally smear the discontinuities. 

This work was motivated by Harten's [S] recent success in developing a 

high-resolution second-order explicit method for one-dimensional hyperbolic 

conservation laws which has the following properties: 

( '.; . > .  :-.me is developed in conservation form to ensure that the 

limit is a weak solution. . 
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(b) The scheme satisfies a proper entropy inequality [l-2) to ensure 

that the limit solution will have only physically-relevant discontinuities. 

( c )  The scheme is designed such that the amount of numerical dissipa- 

tion used produces highly accurate weak solutions. 

The goal of this paper is to examine the shock resolution of Harten's 

method for a two-dimensional gas-dynamic problem, and to investigate other 

z:~plications of his method including the possible extension to a 

high-resolution implicit method for both one- and two-dimension problems. 

We have applied Harten's method to shock tube (51 and 

quasi-one-dimensional nozzle problems. Also, we have made a direct applica- 

tion of his method to two-dimensional transient [5] and steady-state 

gas-dynamic problems. In both one and two dimensions, accurate weak solu- 

tions were obtained. 

A brief description of a particular version of Harten's method and its 

extension is given in sections I1 and 111. In section IV, we will describe 

the two-dimensional implementation of Harten's method by a fractional step 

method and a modified implicit method. Numerical experiments for quasi-one 

dimensional nozzle problems ard a two-dimensional shock reflection problem 

are given in sections V and VI. 

11. HARTEN'S SCHEME 



PAGE 4 

To a i d  t h e  development and mot iva t ion  of the  next  s e c t i o n ,  we b r i e f l y  

d e s c r i b e  n varti_c_ular v e r s m  of Harten 's  second-order  e x p l i c i t  scheme f o r  a 

one-dimensional system of conserva t ion  laws. The reader  should r e f e r  t o  t h e  

o r t g i n a l  paper  [ 5 ]  f o r  a more d e t a i l e d  d e s c r i p t i o n .  

Consider a system of conserva t ion  laws of t h e  form 

where U is t h e  v e c t o r  of m conserved v a r i a b l e s  and F is t h e  f l u x  vec to r .  The 

I Jacobian mat r ix  A(U) = 2 F ( U ) /  2 U  has r e a l  e igenva lues  ( , A , . . . , A=) 

and a complete s e t  of ( r i g h t )  e igenvec to rs .  Let R = (R1,RZ, ..., R ~ )  be a ma- 

t r i x  whose columns a r e  t h e  r i g h t  e i g e n v e c t o r s  of A and let L be a m a t r i x  

whose rows a r e  t h e  l e f t  e i g e n v e c t o r s  of A normalized such t c t  LR = I. 

Let lJi+* = 
V(Ub ,Udti) deno te  an average of U d . A s imple  exam- 

p l e  is t h e  a r i t h m e t i c  average U j r j i  = (Uj t l  + U. ) / 2  ( s e e  Roe I61 f o r  a more 
1 

s o p h i s t i c a t e d  formula f o r  U 6 + 7 2 f ~ r  i n v i s c i d  gas-dynamic problems). Also l e t  

Ld,h be t h e  mat r ix  L eva lua ted  a t  Uj+lq i .e., 

and 
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Then Harten's explicit conservatlve difference scheme can be written as fol- 

lows : 

with 

where I; t is the time increment, ~x is the spatial increment, with 

and 2 Q I ei+, = 7~ ( Q~ ,& i+$ (4 dl 

. ' l i  ? I\ I g ,, - ! [ ld. I-,$-~I,)/(~&; + 9% - -  ( p;: 

2 At 9 w* = -- A Q+)?, ax 

' -  
i ,TIM i 0, ( 1 $j+al, s ' ]  (41) 

2; - Si+v2 

- 4  c' = u'.,a(8i+n, - j+K I I (49) 

+.  - L [~~h!i+,) -(54M) 3 2  J 
+ I /  - - 2 

(4 h) 

n' e is a function of u\ 
1 +* 
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For a discussion of the choice and properties of the function Q ( ' 3 ) ,  the 

reader should refer to Harten's original paper. Two choices of Q that we 

have investigated are : 

~ i z ;  

€ a fixed constant 

The last term in equation (4b) is designed in such a way that the approxima- 

tion satisfies the guidelines Listed in the previous section; that is, these 

are terms which ensure that a true physical weak solution can be obtained 

with high accuracy. 

We can view this conservative differencing as a form of the second-order 

accurate Lax-Wendroff scheme plus an additional term. The global accuracy of 

this scheme is second-order and it is a nonlinear differencing scheme even if 

the Jacobian A is a constant matrix. In addition, Harten's method, like 

Lax-Wendroff, has n steady-state dependence on At. 

I11 EXTENS IONS 

It is well-known that the time step of conventional explicit schemes are 
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limited by a CFL number of order one and result in long computation times for 

"st1 f f" problems or for steady-s tate calculations. For stiff problems we 

would like to retain Harten's high resolution feature but modify the scheme 

to be implicit. For steady-state calculations, we consider the following 

ways of incorporating high-resolution schemes: 

(a) Compute an approximate steady-state solution by some efficient 

scheme (explicit, implicit or a mixture of the two) and then apply an ex- 

plicit high-resolution scheme like Harten's as a post-processor. 

(b) Modify an implicit scheme in delta form [ 7 ] ,  where the iteration 

matrix on the left-hand side is a simple modification of the original impli- 

cit operator, while the right-hand side is the appropriate representation of 

the explicit high-resolution scheme. 

(c) Develop a fully implicit version of the high-resolution method with 

a proper linearization for the implicit operator. 

Qne-Dimensional Problem: 

Preliminary numerical experiments with techniques (a) and (b) for the 

quasi-one-dimensianal nozzle problems showed encouraging results (see section 

V for details). However, ~reliminary analysis of technique (c) shows that 

Harten's scheme is highly nonlinear and special techniques need to be devel- 

oped for a fully implicit efficient implementation; therefore, technique (c) 

will not be discrssed further in this paper. Here we will describe technique 

(b) for the one-dimensional problems. 



For simplicity, c o n r i d e r  t h e  c l a r s  of i m p l i c i t  l i n e a r  one-etep time d i f -  

f e renc ing  i n  a  n o n i t e r a t i v e  delta-form (81 f o r  t h e  ryr tem of c o n r e r v r t i v e  

laws( 1) 

n 9: c l  
where CU = U - U- and should no t  be confused with def ined i n  equa- 

t i o n  (2) .  I f  0 = 1/2, t h e  time d i f f e r e n c i n g  method i s  t h e  t r a p ~ z o i d a l  fo r -  

mula and i f  0 = 1, t h e  time d i f f e r e n c i n g  method is backward Euler. There I s  

no connection between t h e  "8"  i n  equat ion (5) wi th  t h e  " 8. " i n  equat ion & 
(46). For t h e  s p a t i a l  d i f f e r e n c i n g ,  three-point  c e n t r a l  d i f f e r e n c i n g  o r  up- 

stream d i f f e r e n c i n g  is  commonly used. The s imples t  i m p l i c i t  ex tens ion  of 

Herten's method is t o  rep lace  t h e  right-hand s i d e  of (5)  by t h e  right-hand 

s i d e  of equat ion (4a). Some modif icat ion of the  lef t -hana s i d e  of (5)  can 

a l s o  be made. For comparison, t h i s  d i f f e r e n c i n g  of t h e  s p a t i a l  d e r i v a t i v e  

can be viewed as three-point  centr - I?  d i f f e r e n c i n g  p l u s  some "appropriate" 

numerical d i s s i p a t i o n ,  i m p l i c i t  on t h e  left-hand s i d e ,  e x p l i c i t  on t h e  

right-hand s ide .  This method w i l l  be c a l l e d  t h e  "modif l ed  i m p l i c i t  method". 

For a  s teady-s ta te  c a l c u l a t i o n ,  t h e  right-hand s i d e  d i f f e r e n c i n g  d e t e r -  

mines the  so lu t ion .  We can keep the  left-hand s i d e  t h e  way i t  is  rbr ( t o  im- 

prove convergence) add a  s c a l a r  d i s s i p a t i o n  term [ 9 ]  t o  t h e  left-hand s i d e ;  

n I( n n w VI 

3(A*dun) , _ - _  A;,,AIJ+, - A i . i ~ T ' ~ ,  + j,pq,i . - 2 $44' - -t $I; 1 due" -21 

ax 2 AX 2AX 



with - x , A  A A conatant vers ion  of  t h e  scalar 61.11- 

pat ion term of equat ion (6) is obtained by s e t t i n g  - cons tan t  f o r  a l l  j f 
and n. h i s  form of d i e r i p a t i o n  is sometimes c a l l e d  second-order imp l i c i t  

numerical d i s s ipa t ion .  

Although, Harten's scheme was developed f o r  one-dimensional problems, 

the scheme can be implemented i n  two s p a t i a l  dimensions by applying a Strang 

type sequence of f r a c t i o n a l  s t e p  (time s p l i t t i n g )  [ l o ] .  Again, numerical ex- 

periments f o r  the two dimensional shock r e f l e c t i o n  problem show tha t  the  

technique descr ibed i n  (,) i s  appl icable .  

The extension of technique (b)  i n  two dimensions is  not s t ra ightforward.  

It is  well-known t h a t  f r a c t i o n a l  s t e p  methods have the  property t h a t  t he  

s teady-state  ( i f  one e x i s t s )  depends on A t  even i f  t he  o r i g i n a l  

one-dimensional vers ion of the scheme does not depend on At .  For e x p l i c i t  

methods, a f r a c t i o n a l  s t e p  procedure does not introduce a s e r ious  e r ro r .  

However, i f  one could take a l a rge  time-step by maki . :~ the method i m p l i c i t ,  

then the  s teady-state  accuracy w i l l  be degraded. In general ,  t he  

s teady-state  dependence on A t  f o r  i m p l i c i t  methods can be avoided by using 

an a l t e r n a t i n g  d i r e c t i o n  imp l i c i t  method. Recall  t h a t  Harten's 

one-dimensional scheme has an inherent  dependence on A t i n  t he  s teady-state .  

Consequently, technique (b)  w i l l  a l s o  have a s teady-state  dependence on A t  

even i f  we use the  a l t e r n a t i n g  d i r e c t i o n  imp l i c i t  method. This dilemma is 

the subjec t  of f u r t h e r  inves t iga t ion .  For t he  purpose of t h i s  paper, a p re l -  

iminary vers ion of technique (b)  i n  two space dimensions i s  c a l l e d  t he  "modi- 
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f l e d  imp l i c i t  method. In  the  next sec t ion ,  we w i l l  descr ibe  t h e  implemnta- i 

t i o n  of Harten's method and the  modified imp l i c i t  w t h o d  f o r  the  F % 

two-dimensional i nv i sc id  comprersible (Euler) equations of gar  dynamicr. 

IV .  APPLICATION OF HARTEN'S METHOD TO TWO-DIMENSIONAL EQUATAJNS OF GAS DYNAMICS 

In two s p a t i a l  dimensions,the inv isc id  compressible equations of gas  dy- 

namics can be wr i t ten  i n  conservative form a s  

where 

with m = p u  and n = j v .  The pr imit ive var iab les  of (8)  a r e  d e n s i t y p ,  velo- 

c i t y  components u and v, and the  pressure p.  The t o t a l  energy per un i t  vo- 

lume e is r e l a t ed  t o  p by the equation of s t a t e  f o r  per fec t  gas a s  



where 3 is the ratio of rpecific heatr. 

Let A denote bhr Jacobian matrix 2 F(U)/ a U  whore eigenvaluse are 

( A , ' , ~ ' , ~ , ~ ' )  = (u-c,u,u+c,u), where c ir the local speed of round. The 

a 3 right eigenveetors form the matrix R, - (R: ,R, ,R, ,R: ) given by 

Let the grid spacing be denoted by A x  and ~y such that x = jdx and y = b y .  

Using the same notation as in section 11, the vector & of equation (3) for 

the x-direction (omitting the k index) is 

(aa - b b v 2  

(aa +bbv2  

L 

where 2 



Similarly, let B denote the Jacobian eatrix 3 C(U)/aU whoee eigenvalues are 

A ,  = (v%,v,~,v). The right eigenvectore form the matrix 

1 2  4 
R = (R, *aa ,d4 ,R? ) given by 3 . 

The vector o( for the y-direction (omitting j index) i s  

where 

c c  = (4k +v+ -i44+, J) - Y4&4fim) -$+k(d!bmi * 



Am ment ioned p r e v i o u ~ l y ,  t h e  s imp l i ee t  form of Uj,thJt is 

Roe i n  (61 uses a s p e c i a l  form of averaging t h a t  ha s  t h e  computat ional  advan- 

t age  of p e r f e c t l y  r e so lv ing  s t a t i o n a r y  d i s c o n t i n u i t i e s  ( f o r  one-dimension). 

R o e ' s  averaging t akes  t h e  fo l lowing  form: 

In  a l l  t h e  comprltational r e s u l t s  presented  i n  t h i s  paper ,  we used Roe's aver-  

aging. 

F rac t iona l  S tep  Method: 

Harten 's  e x p l t c i t  method can be convenient ly implemented i n  two space 

din.-.nsions by t h e  method of f r a c t i o n a l  s t e p s  with h = A t  a s  fol lows:  



- 1 
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t h a t  is 

where 

j! Here, i t  is  understood t h a t  t h e  s c a l a r  va lues  and t h e  v e c t o r  R i n  t h e  s u m a -  

t i o n s  i n  e q u a t i o n s  (19) and (20) a r e  va lues  of (4c-4k) eva lua ted  a t  t h e  cor-  

responding x-coordinate by us ing  equa t ions  (10-12) and a t  t h e  y-coordinate by 

us ing e q u a t i o n s  1 1  1 3 1 4 .  We use  t h e  s u b s c r i p t s  j f o r  x and k f o r  y f o r  

t h e  indexing of t h e  computat ional  mesh. Reca l l ,  f o r  s i m p l i c i t y ,  t h a t  we om- 

i t t e d  t h e  k index i n  equa t ion  (12) and omit ted  t h e  j index i n  equa t ion  (14). 

I n  o r d e r  t o  r e t a i n  t h e  o r i g i n a l  second-order  time accuracy  of t h e  meth- 

od, we use  a S t rang  type of  f r a c t i o n a l  s t e p  o p e r a t o r s ,  namely 



.. . . 
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We will call equation (21) the half-step fractional step plethod. For 

steady-state calculations, the intermediate steps of equation (22) are just a 

part of the iteration procedure. Therefore Lf we handle the boundary data 

for the intermediate steps correctly, we can combine the adjacent 

f l  .f+k C i " J* C, ,..* operators into and the adjacent '$3 7 operators into G ? ~  . 
C 

The half-step operators need only be applied at the first and last itera- 

tions, i.e. 

We will call equation (23) the full-step fractional step method. Nu~erical 

experiments on the shock reflection problem show that equation (22) and (23) 

give almost identical numerical results and the amount of CPU time required 

for equation (23) is half that required for equation (22). 

M l o r  Two S~gtlal D m :  

The two dimensional alternating direction implicit version of (5) is 
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n me modified imp l i c i t  method i. obtained by rep lac ing  F. + G; on the  

right-hand sSde of (24) by 

where C and 6 a r e  given by (19) and (ZO), and the  left-hand s i d e s  of (24) and 

(25) a r e  replaced by the  appropr ia te  analogues of (6). 

V. NLMRICAL RESULTS FOR QUASI-ONE-DIMENSIONAL NOZZLE PROBLEM 

A de t a i l ed  implementation of Harten's method f o r  t he  one-dimensional 

inv isc id  compressible equat ions of gas  dynamics can be found i n  Harten's o r i -  

g i n a l  paper [ 5 ] .  Here, we w i l l  only descr ibe  some of our numerical r e s u l t s .  

For t ' numerical experiments, we chose t he  quasi-onedimensional  nozzle 

problem with two nozzle shapes (divergent  and convergent-divergent),  In  a l l  

of t he  ca l cu l a t i ons  the computational domain was 0 5 x ( 10. Two mesh spac- 

ing  were considered f o r  the  divergent  nozzle; A x  = 0.5 and A X  = 0.2. The 

mesh s r~ac ing  f o r  t he  convergent-divergent nozzle was A X  = 0.2. 

Analyt ical  Boundary Conditions.: 

We snsc i f i ed  a l l  th ree  pr imi t ive  va r i ab l e s  JJ , u and p f o r  the  superson- 

ic  inflow case,  the  two pr imi t ive  va r i ab l e s  S a n d  p f o r  t h e  subsonic inflow 

Lase, and t h e  va r i ab l e  p f o r  the subsonic outflow case. 
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Numerical Boundary condition?: 

We use first-order space extrapolation for the outgoing characteristic 

variables [ l l ]  to obtain the numerical boundary conditions for the unknown 

flow variables at the boundaries. Since Harten's scheme ie a five-point 

scheme in space, we also need the values of g. and 8 .  on both boundaries. 
b d 

For convenience, we will use zeroth-order space extrapolation for these va- 

lues. 

m e  Form of 0 and U 

In all of the numerical experiments for the one-dimensional test prob- 

lems, we use equations (4j) or (bk) for the representation of the Q function 

and Roe's formula for the evaluation of U j+yl. Numerical experirnts 

show that the two forms of the Q function have little effect on the 

steady-state numerical results of these test problems. 

Initial Conditions: 

We use linear interpolation between the exact steady-state boundary va- 

lues as initial conditions. 

Disussion of Results-: 

To illustrate the shock-capturing capabilities of Harten's method and 

the modif led implicit method, we compare in figures (1) and (2) the computed 

results with the first-order flux-vector splitting scheme [ 9 ] ,  and a conven- 
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tional implicit method ( 5 )  using three-polnt central spatial differencing 

with an added fourth-order explicit numerical dissipation [8].  From the re- 

sults, we can see a definite improvement in shock resolution by liarten's 

scheme and the modified implicit method, especially for the coarse mesh spac- 

ing. 

To demonstrate the advantage of using Harten's method as a fine tuning 

process for the conventional implicit scheme, we plot in figure (3a) a more 

difficult flow solution with the conventional implicit scheme as a 

pre-processor to obtain the steady-state solution. The undershoot and over- 

shoot near the shock are typical of the three-point central spatial scheme. 

Figure (3b) shows the improvement of the solution after we applied Harten's 

scheme as the post-processor. Figure (4) also shows the solution improvement 

after we applied Harten's scheme as the post-processor for the solution il- 

lustrated in figure (Id). Note that it took approximately 700 steps for Har- 

ten's method alone as opposed to 50 steps of the implicit flux-vector split- 

ting method plus 40 steps of Harten's method to converge to the steady-state 

solution. Figures (3-4) illustrate how well the method can capture the 

shock, especially for the more sensitive subsonic inflow, subsonic outflow 

case. In all of the above test problems (except for Harten's method), we 

used the backward Euler method as the time differencing. 

VI. NUMERICAL COMPUTATION OF TWO-DIMENSIONAL SHOCK REFLECTION PROBLEM 

Various first-order upstream conservative differencing methods have been 
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developed f o r  systems of onedimensional  hyperbol ic  conservat ion law8 

[6,9,12-141. When these methods a r e  appl ied t o  the  onedimensional  invieci.? 

equat ions of gas dynamics, most of t he  methods capture  shocks very well. 

However, a d i r e c t  app l i ca t i on  of these  methods t o  problems i n  two-dimensions 

does not necessar i ly  produce the  same type of high r e so lu t ion  near shocks un- 

less the  shocks a r e  a l igned  with one of the  computational coordinates .  This 

is  due t o  t he  f a c t  t h a t  f i r s t -o rde r  methods a r e  genera l ly  not  a d e ~ u a t e  t o  

so lve  a complicated flow f i e l d  accu ra t e ly  except on a very f i n e  mesh. On t h e  

o ther  hand higher-order extensions of these  f i r s t - o r d e r  upstream methods a r e  

usua l ly  r a the r  complicated t o  use ( see  f o r  example, van Leer 1151). Harten's 

method i s  less complicated than o ther  recent ly  proposed second-order 

high-resolution methods; however, i t  was developed f o r  one-dimensional prob- 

lems. 

In order  t o  see  how well  Harten's method and the  modified imp l i c i t  meth- 

od can capture shocks f o r  two-dimensional i nv i sc id  gas-dynamic prohl-ems, we  

consider  a simple i nv i sc id  flow f i e l d  developed by a shock wave r e f l e c t i n g  

from a r i g i d  sur face  ( f i g .  5). The s teady-state  so lu t ion  can be ca lcu la ted  

exac t ly  and thus can a i d  us  i n  eva lua t ing  the  q u a l i t y  of the numerical meth- 

od. Figure 5 shows the  indexing of the computational mesh. 

Analyt ical  Boundary Conditions: 

The boundary condi t ions a r e  given a s  follows: (a)  supersonic  inflow a t  

j = 1, k = l , . . . ,K which al lows the  values U t o  be f ixed  a t  f reestream 
114 

condi t ions;  (b )  prescr ibed f ixed values of U a t  k = K, j = l,...,J which i ,k 
produce the des i red  shock s t r eng th  and shock angle;  ( c )  supersonic  outflow 
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a t  j = J, k = l , . . . ,K;  (d )  a r i g i d  f l a t  sur face  a t  k = 1, j = l,...,J which 

can be shown t o  be properly represented by the  condi t ion v = 0, with the ad- 

d i t i o n a l  condi t ion ; ) p l a y  = 0 a t  k = 1 from the  normal y-momentum equation. 

I n i t i a l  Condi t Lone: 

I n i t i a l l y ,  the  e n t i r e  flow f i e l d  i s  s e t  equal  t o  t he  f r e e s t r e a a  super- 

sonic  inflow values  p lus  the a n a l y t i c a l  boundary condi t ions a s  described 

above. 

Numerical Boundary Conditions [ I l l :  ----- 

The s t~personic  outflow values U- , k = l,...,K-1 a r e  obtained by zer- 
u,k 

0th-order ex t rapola t ions ,  i .e. ,  

The values of p. 
a l l  ' on the  r i g i d  sur face  with j a 1,...,J a r e  a l s o  obta- 

ined by zeroth-order  ex t r apo la t i ons ,  i .e.  

Three d i f f e r e n t  methods were used i n  approximating 2 ~ 1 . 3 ~  = 0 t o  ge t  e a ' , ~  * 
j a 1,...,J 



PAGE 21 

(a) n o ~ l  derivative of e e q u l  to zero (f irrt-ordar) 

'$,A = ei,2 (30.1 

(b) normal derivative of c equal to zero (secor~d-order) 

(c) normal derivative of p equal to zero (second-order) 

Equation (30a) together with equation (29) is an approximation to 

p l ; ~  * Pj,2i  i.e., a firat-order approximation for the normal derivative of 

p equal to zero. Equation (30b) together with equation (29) is an approxima- 

tion to equation (30~). We use equations (30a) or (30b) for the implicit 

methods mainly because of their ease of application with implicit numerical 

boundary conditions. From the numerical experiments, we found that equation 

(30b) or (30d) produce better numerical solutions near the wall than equation 

Since Harten's scheme is a 5-point scheme (in each spatial direction), 

we also need the values of g 9 8  s g  +* ' g5k A 1  $,Y 'ea,k'  is is 
@,;r * for j = l,....J or k = l,...,K. For convenience, we will set 
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In all of the numerical experierents for the shock reflection problem, we 

use equation (43) for the representation of the Q function and equation (161, 

(Roe's formula) for the evaluation of !Ji+,b,k. 

Boundary Data for the Intermediate Steps: 

When fractional steps are ueed for the two-dimensional problems, there 

are intermediate boundary data which are not required for non-fractional step 

and alternating direction implicit methods, For example, in order to advance 

rh fi!l from equation (17) (the Z x  operator) to equation (18) (the 2 operator), we 3 
t 

need values of Uiji for j = l,...,J. Since we are solving for steady-state 

4 n U 
solutions, we set v = 0 = v at the rigid surface, and Us j = l,...,J hi  i, 1 1) K 
equal to the precribed boundary values. For the remaining intermediate boun- 

4 rr rL 
dary data J. 

1 , ~  ' m4,i and e , we use equation (17) to solve for the values. a;i 
The reason is that we know the values of the entire flow field at level n. 

Therefore we can advance to the next step by equation (98), and update the 

numerical boundary conditions by equations (28-30). We can repeat the pro- 

cess by using the sequence indicated in equation (22). 

For the full-step fractional step method, every step is an intermediate 

step. The process is as follows: 

Ck 
step 1: the d, operator 
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A 0  

where F 
&,k 

is the value of F evaluated a t  t he  i n i t i a l  value of 

R 
s t e p  2: the  X operator  # 

s t e p  3: t he  6 operator  

Thus, 

ff* 

AX 

* we can s t a r t  out by s e t t i n g  the intermediate values  of v .  , 
t * It a )  1 

, m ,j,i ed,l ' a ; ~  j = l,...,J the same way a s  

4 2  the  ha l f - s tep  method a t  s t e p  1 ( d, operator) .  The reason i s  t h a t  w e  know 

the values of the  e n t i r e  flow f i e l d  by the i n i t i a l  condi t ions and the  ana ly t -  

i c a l  boundary condi t ions.  Therefore we can advance t o  the next s t e p  by equa- 
44 

t i o n  (33). After  the values of U , k = I , . .  . ,K and j = 2,.. . ,J a r e  calcu- a, k * 
l a t e d ,  we use the  precribed values a t  the inflow a s  U and equat ion (28) a s  

A, k 
4 * 

UTJk i n  equat ion (33) t o  so lve  f o r  U and u*, . A t  t h i s  s t age  s t e p  2 
l,k 3, k ' opera tor )  i s  f in i shed  and we can apply s imi l a r  process t o  s t e p  3 ' .'a 

( a:operator). We can repeat  the  process by using the  sequence shown i n  

equat ion (23). 

Modified Impl ic i t  Method: 
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Recall we use of the term "modified implicit method" to denote the al- 

gorithm obtained by applying technique (b) of section I11 to equation ( 7 )  

(i.e., by the alternating direction method as described at the end of section 

I V ) ,  A fully implicit form of the Harten's method results in a more compli- 

cated solution inversion procedure. Work is underway to develop a proper li- 

nearization procedure. Here we only study the applicability of the less com- 

plicated iteration matrix as the implicit operator. 

Other Numerical Methods: 

We choose four methods for comparison with Harten's method and the modi- 

fied implicit method: (a) a first-order explicit method of Roe 161, (b) the 

first- and second-order flux-vector splitting method [ 9 ] ,  (c) the 

explicit-implicit MacCoreack's method (finite volume) [ 16 ] ,  and (d) a conven- 

tional implicit method with three-point central differencing in space and a 

fourth-order explicit numerical dissipation term [8] .  In the calculations 

with the implicit methods (except MacConnack'o method), we use the backward 

Euler for the time differencing. 

Discussio~of Results : 

The main purpose of the two-dimensional numerical experiments is to eva- 

luate the shock resolution of Harten's method and the mod.ified implicit meth- 

od. Convergence rate and computational efficiency wili De investigated and 

reported elsewhere. We expect that techniques (b) and (c) proposed in sec- 

tion 111 will speed up convergence for subsonic (dominated) steady-state 

problems . 
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In all of the numerical experiments, the incident shock angle war 
0 

29 and the freestream Mach number Ma wae 2.9. The c~.~outationcl domain was 

0 6 x f 4.1, and 0 ,< y ( 1, and the grid size was 61x21. The appropriate 

analytical boundary conditions are applied along the boundaries cf the dona- 

in. Only pressure contour and pressurc coefficients will be illustrated. 

Here, the pressure coefficient is defined as c = (-f- 7 Me P a  - '> with 
pd the f reestream pressure. The exact minimum pressurz corresponding to 

v -  29* and M, = 2.9 is 0.714286 and the exact maximum pressure is 2.93398 

(ece Fig. 6). Forty-one pressure contour levels between the values of 0 and 

4 with uniform increment 0.1 were uaed for the contour plots. The pressure 

coefficient was evaluated at y = 0.5 for 0 4 x ( 4.1. 

The exact pressure solution is shown in figure G. Pressure contours and 

the pressure coeffic1r:nt evaluated at y = 0.5 are shown in figure 7 for seven 

different methods. Both the first-order explicit method of Roe and the im- 

plicit first-order flux-vector splitting method yield smeared discontinuities 

as shown in figures (7a) and (7b). The second-order (in space) flux-vector 

splitting method, the second-order (in &pace) conventiona~ impl~cit method, 

and MacCormack's ex?licit-implicit method are shown in figures (7c)-(7e). 

(The results for MacCormack's method were provided by W. Kordulla, National 

Research Council resident research associate at NASA Ames Research Center.) 

Harten's method with full-step fractional steps and the modified implicit 

method are shown in figures (7f) and (7g). These methods show a definite im- 

provement in shock resolution. There are practically no oscillations oker 

the entire flow field. Figure 8 shows the pressure contours of Harten's 

method by using the hall-step fractional step method. The solution is nearly 

identical to figure (7f) but required half the number of iterations (i.e., 
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half of the step size, double the CPO time). Figure (9a) shows the results 

after 30 steps of the conventional implicit method. Figure (9b) shows the 

improvement after we applied 200 steps of Hartea's method as post processor. 

All of the above methods required lSF-600 iterations to converge with CFL 

numbers ranging from 0.5 to 0.8 (except figure (9a)). 

At the present stage of development, the prliminary version of the modi- 

fied implicit method for two-dimensional problems has several deficiencies. 

In particular, the implicit operators (left-hand sides of (24) and (25)) are 

not proper linearizations of the right-hand side. In fact, the lineariza- 

tions are crude at best, and one would expect that this would have a serious 

effect on the stability of the method. In addition, Harten's method, like 

Lax-WendroEE, has a steady-state dependence on At. For explicit methods, 

this does not introduce a serious error. However, if one could take a large 

time-step by making the method implicit, then the steady-state accuracy is 

expected to be degraded. Figure 10 shows the pressure contour for the shock 

reflection problem at a CFL number of 1.2. Even at this modest CFL value, 

the accuracy is degraded as compared to the same problem run at a CFL number 

of 0.5 shown in figure 7g. 

I CONCLUSION 

The application of Harten's explicit method to quasi-one-dimensional 

nozzle problems and to a :..,-dimensional shock reflection problem resulted in 

high shock-resolution steady-state numerical solutions. By combining the ad- 
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jacent half-step operators into full-step operators of the fractional step 

method, one can cut the computation time in half. Applications of the 

post-processor method and the modified implicit method for steady-state cal- 

culations show encouraging results for one-dimensional problems; however, 

testing in two dimensions is not complete and further investigation is needed 

for efficient implementation of the implicit method. 

The authors wish to thank Richard Beam for his numerous valuable discus- 

sions and helpful suggestions throughout. Special thanks to Wilhelm Kordulla 

for providing the calculations of the explicit-implicit MacCormackDs method, 

and to Pieter Buning for the use of his flux-vector splitting code and his 

graphics package. 
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(a) Earten's oethod (explicit). (b) lbdlfied implicit method. 

, 1 1 1  
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(c) Conventional Implicit method. (d)  First-order Implicit flux-vector 
splitting method. 

Fig. 1 Density disttibution: supersonic inflow, subsonic outflow. 
7 

Nozzle shape : -- - ; 20 spatial Intervals. 
b- 
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(a) Earten's sethod (explicit). (b) Modified implicit method. 
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(d) First-order implicit f lux-vector 
(c) Conventional implicit method. splitting method. 

Pig. 2 Density distribution: supersonic inflow, subsonic outflow. 

- ; 50 spatial intervals. Nozzle shape: - 
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- EXACT 
0 NUMERICAL 

(a) Conventional implicit method- (b) Harten's method as post-processor. 

Fig. 3 Density distribution: subsonic inflow, subsonic outflow. 

Nozzle shape: 
d - ; 50 spatiel intervals. 

I l l 1  

- EXACT - 
0 NUMERICAL 

- 

Fig. 4 Density distribution: supersonic inflow, s~bsonic outflow. 
Harten's method as post-processor (use the result of fig. 
( I d )  as initial conditions). 
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Fig. 5 Indexing of computational mesh 
for shock reflection problem. 

Fig. 6 The exact pressure solution for 
the shock reflection problem. 
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PRESSUIUS CONTOURS PRESSURE COEFFICIENT 

(a) First-order explicit method of Roe. 

(b) First-order implicit fluxvector splitting method. 

(c) Second-order implicit fluxvector splitting method. 

(d) Conventional implicit method. 

Pig. 7 Ressure contours and pressure coefficients for the shock 
ref laction problem. 
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(e) MacCo~ck's explicit-irplici t method. 

(f) Harten's method (explicit). 

( 8 )  Modified implicit method. 

Pia. 7 (continued). 
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?it. 8 ?reroura Contourr: Harten'r method 
(h l f - r t ep  f ractional rtepr). 

(a) 30 rtepr of the conventional (b) 200 steps of Harten'r lwthod 
Implicit method. (use the result of f ig .  (h) 

as in i t ia l  conditions). 

Flu.  9 Prerrure Contourr: 5r ten8r  method ar port-procer~or. 

Fig. 10 Prerrure Contourr: mdified 
implicit rathod at CFL - 1.2. 
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