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ABSTRACT

In recent years the subject of suppressing aerodynamic
noise by shielding has actively been pursued both analytically
and experimentally. vAlthough there is a reasonably good
agreement between the experimental results obtained under
laboratory conditions and analytical results, the comparison
is far from'being satisfactory under flight conditions where
several physical factors come into play in this problem. 1In
order to make a reasonable study of the problem, the whole
range of the frequency spectrum has to be studied.

In the present study the frequency spectrum has
conveniently been divided into two fegimes: the low frequency
and high frequency regimes. Two separate methods have been
developed for application to each regime.

For the long wave length propagation, the acoustic field
due to a point source near a solid obstacle may be treated

in terms of an inner region where the fluid motion is

essentially incompressible, and an outer region which is a

viii



linear acoustic.field generated by the hydrodynamic
disturbances in the inner region. This method has.been
applied to a case of a finite slotted plate modelled to
;epresent a wing extended flap for both stationary anq
uniformly moving medium.

In the case of short wave length propagation, a very
effective approach utilizing a combination of the method of
ray acoustics, the Kirchhoff's integral formulation and the
stationary phase approximation has been developed. The
examples studied using this method include many limiting
cases. The solutions of these limiting cases agree with the
known solutions. This method, too, has been applied to a
new problem of physical interest. The problem consists of a
semi-infinite plate in a uniform flow velocity with a point
source above the plate and embedded in a different flow
velocity to simulate an engine exhaust jet gtream surrounding

the source.
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Chapter 1I

Introduction:

.+.."Nature operates by the simplest and
most expeditious means"....
-Fermat-

The introduction of more powerful jet engines in civil
air transportation in the 1950s drastically revolutionalized
the aircraft operational speeds and altitudes. The side
effect of this advanced technological advance was the.build
up of noise on approach to land and take off paths on
airports.

Although the later generation of engines (turbofans)
are relatively quieter, the increased sizes and péwer
delivery of such engines still caused unacceptably high
sound pressure levels (generally of the order of 110 dB at
30.5 meters). With a desire to operate aircraft services
close to the city centres and to use shorter runways,  the
Short Take-Off and Landing (STOL) concept using enhanced

lift produced from the interaction of the engine jet with



the wing and flaps has evolved. This arrangement is used
now to shield engine noise from an observer. The concept
has attracted a wide range of research activities both
analytical and experimental.

The numerous studies on diffraction and noise reduction
by barriers can be divided into three groups roughly:
theoretical studies, experimental studies using scaled.
models and full scale experiments under normal enviromental
conditiops.

Comparison of experimental (under laboratory
conditions) and theoretical results shows some disagreement
for the lower frequency although there is a good agreement
for the high frequency end of the spectrum.

A full scale experimental study was extensively carried
by Jeffrey and Holbeche (19) using a Delta wing aircraft. In
the long wave length region, parficularly, the results
showed a marked departure from those obtained by scaled
model experiments or the theoretical ones. Similar

observation is seen in experiments by Conticelli, De Blasi



and O'Keefe (7). Hoch (16) used the Bertin Aerotrain to
study the forward flight effects on aircraft engine noise.
The results are in agreement with cher studies although,
again, there is a disagreement for the low frequency
spectrum. Fink (15) reports results that show similar
phenomena.

There are many physical factors that exist in the real
situation but are generally not included in the analytical
studies. 1In the following discussion, a few of the more
important ones are mentioned.

1. Sound Source: In the analytical studies, the

source is, in general, simulated mathematically by acoustic
poles which are also usually assumed concentrated at a point.
In the real situation, the sound is generated aerodynamically
over a certain region by the mixing of the high speed
turbulent jet with the free stream. Internally, the

rotating compressor and the turbine blades are also sources

of noise which transmits outside the engine. The



4

mechanisms of generation and transmission in the source
region'are extremely complex and by and large. of an unknown
nature. The strength, frequency content and directivity of
the generated sound are not possible to be determined
analytically to any degree of accuracy by the present .
knowledge.

2. Transmission Path: Before reaching the atmosphere,

the sound generated at the source region must transmit
through the jet exhaust. Due to the temperature, density
and velocity non-uniformity and the temporal variations of
these quantities caused by turbulence, the transmission
characteristics of noise in this "near field" region is not
easy to determine theoretically.

3. Shrouding Effect: At the interface between the jet

and the free stream, there are strong temperature and
velocity gradients résulting in reflection and refraction
of the sound waves and causing the intensity, directivity
and frequency content to change in the far field from those

predicted by any simple theory assuming a uniform atmospheric



condition.

4. Reflection and other Effects due to the Geometry

of the Wing and the Airframe: For the engine

under the wing configuration, for example, sound may be
strongly reflected by the under surfaces of the wing and the
flaps. This causes a large increase of the sound intensity
received on the gréund. For the engine over the wing
configuration, on the other hand, noise is greatly reduced.
During landing, the gap between the main airfoil and the
extended flap may cause "leakage" of 59und from the upper
side of the wing to the under side of the wing and thereby
reducing the effectiveness of wing shieldingf

5. Frequency on Diffraction: The aircraft noise

spectrum extends from very high frequency sounds to very low
frequency ones. The low frequency sounds are not very
éffectively shielded by the wing because of the strong
diffraction of waves of long wave length.

6. Forward Flight Effect: To compare laboratory and

in-flight data, it is important to know how the motion of



the aircraft affects the predicted or measured results.

7. Effect of Shed Vortex: Earlier investigations on

wave-barriér interactioﬁ dié n6£ make any noté 6f the sound
that can be generafed by shed vortex for finite or
semi-infinite surfaces. This issue has occupied several
reseachers in the last twenty years: drzag et al (35);

Y

Jones (20); Davis (11); Jeffery et al (18); and

Brogdbent (2), émong others.
These studies have indicateq tha; the trailing edge
shed vortex has three ;ole;:
(i) It acts as a shigld to sound from ope region»of
such a vortex to the shadow.
(ii) Such vor#ex is itself a source of sound.
(iii) The vortex does refract sound if the §ource of
sound is close to the vortex, but it has less
refractive effect if tbe source is far enough,

Cooke (8).

8. Effect of Viscous Boundary Layer: Powell (36)



7

studied the problem of souna caused by boundary layer on the
solid surface. This is what many experimental investigators
have referred to as scrubbing noise. In this case the
dipole source noise as well as the quadrupole sources are
present.,

Many of the above phenomena are studied'in classical
theories in the propagation of light waves. The study of
light refraction,reflaction and diffraction has a long
history. 1In the field of optics, the basic principles
enunciated by Fermat, Huygens and Fresnel have been
formulated into a general integral theorem by Kirchhoff.
These basic principles, borrowed from the field of optics
and later generalized in the general electromagnetic wave
propagation aftér the Maxwell's development of the field
equations,have been found applicable in the study of short
wave length sound propagation. A combination of these
principles has been employed in formulating a method
applicable for short wave length acoustic propagation in the

present study.



8

In recent times, with the rapidVexpansioﬁ of the air
transportation, the subject of acoustic wave-interaction
with a barrier has attracted a considerable amount of
research. Various theories have been explored in the
ensuing search for various solutions to the problem.

The various published theories differ mainly in the
way in which the fluctuating flow is assumed to interéct
with a barrier (with an edge of a plate in particular) to
produce sound and fall roughly into the following four
categories:

(1) General theories based on aerodynamic noise based
on the Lighthill (1952) acoustic analogy. These
have been developed by Curle (10); Ffowcs-Williams
and Hawkings (14); wae.(17); Jones (20);

Powell (36); Ribner (39) among others.
(ii) Theories based on the solution of special
- problems have been tackled by: Broadbent (2,4):;

Cooke (9); MacDonald (31); Orzag and Crow (35).



(iii)

(iv)

Theories based on ad hoc models involve postulation
of source distribution whose strengths and
multipole types are generally determined
empirically. This group would include: Clapper et
al (6); Lan et al (22); Larson et al (23) and
Maekawa (32) among others.

The experimental work that generally may include
analytical background material may be found in the
work of Conticelli et al (7); Fink (15); Hoch (j6);
Jeffrey et al (18); Lush (30); Reshotko et al (38)

and Strout and Atencio (40).

The above list is no way exhaustive but it is

representative of the work that has been performed in
different approaches. In all cases, however, the main
concentration has been the study of short wave phenomena.
The present study, presented in chapter II takes the long
wave length into account to bridge the apparent gap in the

literature.

In the chapters to follow, the wing shielding problem
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will be treated in two aspects: One aspect involves sound
of long wave length aﬁd-the second aspects deals with sound
of short wave length.

The main purpose of the analysis is to develop
mathematical methods and to find physical solutions for the
wave-barrier interaction problems typified by Sommerfeld's
classical treatment of diffraction by a semi-infinite plate.
The particular interest here is in examining the effectiveness
of using the wing as a barrier to shield noise from the
engine installed above the wing under flight cohditions.

In chapter II, the shielding of a concentrated
quadrupole sound source by a semi-infinite plate with a
narrow slot is considered. This problem simulates the
shielding by a wing with the flap in the extended position.
The a;oustic field as affected by the slot is determined by
the method of matched asymptotic expansions, under the
assumptién of long wave length approximation.

In the outer region, far away from the slot, the

presence of the slot can be neglected for a first
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approximation. In such a case the solution is easily
obtained from the principle of ray écoustics. Such a
solutiop, however, would not be satisfactory in the region
close to the slot.

The solution close to the slot is calculated by close
examination of the inner flow. The long wave approximation
together with the Prandtl—Glauert transformation enables one
to derive the inner solution from the Laplace's equation. It
is found that the inner solution contains a second order
term which is a dipole singularity. In order to match the
inner solution to the outer one, it is necessary to calculate
the second order terms for the outer expansion. The dipole
source term in the inner region becomes the generator of the
secondary acoustic disturbances in the far region. It is
observed, in conclusion, that the location of the engine
noise source in relation to the slot is crucial in the
shielding effect of the noise by the wing with a flap.

A method, suitable for deriving solutions for cases of
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short wave length, 'is developeQ in chapter III. The me;hbd
combines the basic techniques of ray acoustics,'thel
Kirchhoff's integral and the stationary phase approximation.
The basic principle of the method is based on the pfoblem7of
a semi-infinite plate with a sinusoidal monopole source
located above it. 1In the limit of very large wave number
Ik, the approximate solution can be divided into three
regions with sharp discontinuities. The soiution is
reasonably accurate and the order of the neglected term is
0(%?). This solution is not accurate at the boundaries
separating the three regions where a transition layer with
contributions to the solution to the order of 0(5%?) are
present.

The method proposed for use is, therefore, to use the
Kirchhoff's integral with a surface of integration lying
outside the transition layers. One can then use the_
solution obtained by ray acoustics for q)and é%gé in the

Kirchhoff's integral to determine the function ¢)at any point

P, including that within the transition layer. The integral
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generates the second order correction term which is of order
O(;%%). The method of stationary phase is used to
determine the second order approximation directly f;om the
Kirchhoff's integral. In a sense, the method is to treat
the Kirchhoff's integral as an integral equation and then
solve it by the iteration procedure, using the ray acoustics
as a stating first order approximation.

It is found that the stationary point "window" is of
the order of 0(‘/-%-_) where k is the wave number of the wave.
The acoustic wave received at a point will depend on the
proximitly of the stationary point window to the trailing
edge. It is then determined that the solution at a point
P (observer position) is basically that due to the ray
acoustics modified by the shielding factor F (F) The
shielding factor is a Fresnel integral form and cuts down
the amount of the intensity of the wave as the stationary
point window moves close to the edge, so that in the limit,
the edge blocks the stationary point window leading to the

total zone of silence (shadow).
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The method is tested by solving two classical problems
of wave diffraction. The first one is the interaction of
the sound wave from a three dimensional point source with a
- semi-infinite plate first studied by MacDonald (31) and
later extended by Cooke (9) under the condition of large k.
which is the same as the condition of large distance used
in the present study. The result obtained is in complete
agreement with equation 13 on page 9 of Cooke (9). The
second problem is the interaction of a plane wave with a
semi-infinite plate. The far field solution obtained by the
present method is in agreement with equation 2.86 on page 73
in the book by Noble (34) and with the result obtained more
recently by Candel (5).

The method developed in chapter III has been applied to
solve a problem of praqtical interest in chapters IV. The
problem involves two flows with a semi-infinite plate
separating the two uniform flows of different velocities.

A source is assumed imbedded in the flow over the upper
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surface of the plate. This is intended to simulate the
problem of an engine situated above the wing. The acoustié
field in the region below the wing, caused by the
transmission and diffracted fields is to be determined. The
boundary conditions on the free interface regarding the
continuity of pressure and particle displacements determine
the reflection and transmission coefficients of the wave at
the interface. Using the Kirchhoff's integral for the
semi-circular boundary and the theory deyeloped in chapter
III, the solution is derived without much difficulty. It is
found that, in addition to .the shielding factor F (F)
dependence, such a solution is dependent on the feflection
and refraction of the incident ray at the interface. The
Mach number has the effect of changing the boundaries and
the thickness of the transition zone.

The main conclusions and applications of the developed
principles are outlined in chapter V. From the fesults
obtained in the problem of a semi-infinite plate, results

for a finite plate as a model for an aircraft wing are
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derived and numerical results presented.

The effect of the gaps, angular deflection and thef'
geometrical va;iations of the wing Surface,'which‘represents
the real physical situations has been studied and it is
obserVed that the effects of gapé on the far field is
equivalent to that produced by localized acoustic poles
induced at thé position of the slot.

Another majdr interesting factor regarding the effécts”
of source distribution which has been studied by Thiessen
(41); Levine (27); and Embleton (12) is re—examinéd'for the
geometry of the semi-infinite pléne. The apprdpriafé power 
radiation in the different regions determined by ray
acoustics is presented in integral form.

'Finally, the questién of how the flow velocity affects
the shielding of a semi—infinite plate in a subsonic flow is
briefly studied. It is found that the fluid motion causes
two important effects:

(i) The boundary of the shadowed region'depends only on

the location of the source relative to the plate



(ii)

17

trailing edge.

The angular thickness of the transition zone is
affected by the fluid motion; The quantitative
values of these effects can be numerically
evaluated as a function of the Mach number, as

shown by a numerical example.
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Chapter II

THE SLOTTED WING PROBLEM:

II-1 Background;

In recent years the concept of the Short Take Off and
Landing (STOL) has evolved a principle of externally blown
flap to generate the additional high lift necessary fpr such
operations. In the approach or take off phase, the jet from
the engine interacts with the extended flaps. The slots
between the main wing and the flaps become sources of noise
as shown in figure (2-A). The engine may be situated above
or below the wing. Figure (2-A) shows the case of an engine
below the wing but the principle épplies for the over-~the-

wing extenal blowing as well.

REFLECTED NOISE

LEADING EDGE NOISE

SCRUBBING NOISE

FAN NOISE

JET NOISE

TRAILING EDGE NOISE

Figure (2-A): Under-the-wing jet blowing.
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Although a substantial amount of effort has been made
experimentally to determine the noise emitted from the engine
jet and the wing/flap interactidns (see Lasagna et al (24) .
and Falarski et al (13)) where it has been observed that the
deflection of the flap generates‘a greater amount of sound .
intensity, there has been a limited analytical investigation
of the problem. Ting (42) and Leppington (25) have
investigated curvature effects of barriers on wave .
diffraction but such work did not involve gaps (slot)
effects which is the real situation in the take off and
landing phase of aircraft operation. The mathematical
model, and method used in the study of this problem is
presented in section II-2 below.

II-2 Mathematical Model:

In order to analyse thé,problem described in section
II-1,a model is constructed ag ih figure (2-B) next page to
represent a slotted semi-infinite plate and a quadrupoie
source 8. A uniform flow with Mach number M<l is assumed.

The source S is monochromatic with frequency f = ao/é\,
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where ) 1is the wave length and a, is the speed of the wave.
The dimensions h, b, and L are assumed much larger than the
wave length of the propagating wave } . The plate is

assumed to be of zero thickness and zero angle of attack.

Ty

S
- N
|
| \\\\\\ .
|
— RN
M<g i AN
o - D :le. e————1 . .
L fe—L—i X

EI

—_— 1

~
g

Figure (2-B): Slotted wing and noise source in uniform
subsonic flow.

A method of matched asymptotic expansions using kl=€ as
the small parameter will be applied in the solution of this
problem. In the region far from the slot ( r;8>£ ), the
presence of the slot may be neglected in the firét

approximation. The solution for this region is referred to
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as the outer solution. For convenience, the outer solution
is constructed by the ray acoustics on the account that by
assumption A({ h, b, and L. As a result, the solution for
the outer region has discontinuities at the boundary of the
regions according to ray acoustics and it is neceséary
therefore to relax condition (ii) in sgction II-3 to allow
such discontinuities. In the small neighbourhood surrounding
the slot, the time variation of the fluid motion is nearly
simultaneous and theréefore a quasi-steady approximation may
be applied to the wave equation. The resulting equation is
the steady compressible flow equation which can be reduced
to the form of the Laplace equation by the Prandtl-Glauert
transformation. In solviné for the inner solution near the
slot, the exact boundary condition of the slot must be used.
however.

In the following analysis the total velocity potential
éﬁ will be written as the superposition of the uniform flow

potential Ux and a perturbation potential ¢>, so that:

gS:Ux + qb .(2-1)
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where gb is the potential due to the presence of the source
and Ehe'slotted plate. The solution of qb is sought in the
analysis that follows.

II-3 Field Equations:

The governing equation is the convected wave equation:

@Mz)g)?,_-i-g),z 2.|kM—43+k4> dxa)( S(><+b)5()’—h)] (2-2)

where 96 is the velocity potential defined in equation (2-1)

with

a?. az 2
and T is the amplitude of

a2
aX;AXj (axz > “oxay )372-

the source strength in tensor notation. The boundary

conditions for this problem are:

(1) —3—;?:0 ony = 0; -—oo‘<x\(—/2 and
o & x & (v+da ).

(ii) ¢ a¢ 3 a¢ are continuous everywhere except on
ax oy
the plate surface.
(1iii) The Sommerfeld radiation condition requiring

outgoing wave at infinity must be satisfied.

II-4 The first order outer solution.

The first order outer solution will be derived by the
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use of ray acoustics approxiyation. (This is not a
necessary assumption,.but it will serve to give én explicit
solution to illustrate the procedure better). The outer
region is, by definition, one which is far from the slot.
In this region, one may assume an outer expansion of the
form: |

¢' :i &:i- E%a— 52‘A'§5;+--.--? ('2—3')
The first order solution for 65 corresponds to the case
when E_: 0; that is, (fg can be obtained from equation (2-?2)
with the approximation that the slot does not exist.

The solution for aE for a semi-infinite plate and a
quadrupole soﬁrce above it is derived by the method of ray
acoustics. The acoustic field aue‘to the source, according
to this method, can be divided into thfee regions: a region
where both the incident and reflected waves are present;
another region where only the incident wave prevails and
finally one finds a region (below the plate) which is in a

complete shadow, figure (2-C) next page.
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-0

Figure (2-C): Sound emission from a source in the presence
of a semi-infinite plate.

The solution for a monopole source at position (~b,h)
in uniform flow is known in the literature ( ref. 37 ), and

is given as:

1kmx 0 Lr
¢ =e'™ { H, '———1_M2> :' (2-4)

2 ]2 0
wherer=[<x+b>2 + (@-m") (y-h) :' and  H (4 Mz>

being the Hankel functions of the first kind and zeroth’

order.
The solution for a quadrupole can constructed using

equation (2-4). For the present purpose, only solutions of
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~
qé in regions I and III are needed. In region I above the

plate, qé is given by°

"'_ (92 1 2 (0 ... (0
(k" ax;axj {rﬁj € M {_ I—M"'- ‘—Mz)}] (2-5)

where?=[(x+b) + (- Mz)(y+ h) ]

U)
In equation (2-5) above, the term involving ( =z

gives the potential due to the quadrupole in the absence of
()
the plate; while the second term involving H <1 MZ> is
introduced to satisfy the solid boundary condition on the
plate surface.
The appropriate sign in equation (2-5) is chosen in
such a way that for quadrupoles whose directional
2 2
d d

derivatives involving or terms, a plus sign is

ax2 " By2

selected between the two terms; While a minus sign is used

for quadrupoles whose directional derivatives involve terms
2

of the form e .

oxay

According to ray acoustics, however, there is no

acoustic perturbation in region III under the plate; so that:
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&; = O | (2-6)

From the first order solutions equations (2-5) and (2-6) for
the acoustic perturbation, the velocity field can be
determined. The perturbed velocities for the upper and

lower surfaces of the plate are given by:

Y “
over the plate u, = (gf’ y V=0
Y=o
' > (2-7)

below the plate ﬁoz > '\;oz (o)

The velocity is, therefore, tangential to the plate and
discontinuous across the plate. Such a discontinuity is
acceptable across the plate but is not acceptable across the
slot. Near the slot, a region referred here as the inner_
region (see figure 2-D), an inner solution must be
constructed.

The velocity component at the slot is denoted as:

ﬁ = ..a_cg_ | (2-8)
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where X = 0 and y = O is the location of the centre of the
~ .
slot. [J is an implicit function of the location, strength
and direction of the quadrupole source. The veloéity field
) -~
in the inner region should approach LJ on the upper side of
the plate, but will go to zero in the lower part of the

plate{

IT-5 The first order inner solution.

The inner region is a region of the dimension O(f)
cogtaining the slot figqure (2-D). Since the wave length is
much larger than the width of the slot (2‘§>£ ), the time
variation is nearly simultaneous for all points inside this
region; so that the differential equation to the first order

approximation is a steady flow equation.

— - BN a
395 g hN 2 =0
=0- ’ \ 0
ay jI\ \\ y
I >
e e g e e e e T P
) ] ¢x
L% % )
o

Figure (2-D): Configuration of the slot region;
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More preéisély, one may write the potential qb in terms of
the following inner expansion:

b~ ¢ +ed+t.. e
Substituting such an expansion into the governing equation
(2-2); and after the quasi-steady state approximation is
applied;"the first order inner solution iE satisfies the

(o]

following Prandtl-Glauert equation:
L

omr—

yl

l
O

(2-10)

For the potential ¢# » the exact boundary conditions at the
. -]
slot will be used. However, since the slot is narrow, the

plate may be treated as infinite in both directions. In

—

addition, q5 must match the outer solution at large
(o]

distances; so that the boundary conditions may be stated as

follows:

QO
o

|

(1) ' —OO<X<£/2 and £/2<x<cb

Q
~

(ii)

nys=
’ ajé must be continuous in the flow

o8-
;&l

X,

region.

(ii1) qé is to match the outer solution.
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This last condition requires'that the velocity field

obtained from ag must match with the outer velocity field,

thus:

Q
3l
xR

as Yy —»+ @

o
L X
li%

and

il
o

as y —»~-

Q
x

The above boundary value problem may be solved by

introducing the complex potential FO ( Z1 ) given by:,

Fo(z1)=¢(z1)+i\,[f(z1)
where qb( Z1 ) and 'HU ( Z1 ) are the velocity potential and

stream functions respectively. The solution f; ( Z1 )

adapted from ref. 33 is given by:

- - ' 2 2 .
F, (2, )=U/2 [21 +\/z1 -—£/4 ] (2-11)

where Z,=X|+'.!Y, 3 xlé_—_x, \A:y’]-mz ) -}: i

A

2
The function\//z12 - £ /4 is defined as
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below. The functions EE and ‘]f, can now be written as:

- ~ 8,+ O

(R(P) =U/2lix1 + r, r_ Cos T}

r~
T 8, + 6.
'\.P( P) =U/2 l:y1 W ATR S Sin -—t—é——
o

where 6 _ and 6_ are such that the point P should not move
across the cut in figure (2-F) next page.

In terms of (b . the analysis above gives; at large"
(o]

distance from the slot:

3 o Ty _ U
¢~ Ux - —— X +..¥>0; (2-12) (a)
Ie[x +@A-M) Y J

Rzﬁx
Ib |sz+ M) y?2

ey
2

-+

Figure (2-E): Geometry of the slot for large diétance’
solution calculation.



ngure(Z—F) :. The definition of the complex function

/1 — (2/4'

LE
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The first term of the solution given by equations (2-12)
matches with the velocity of the first order outer flow

ﬂ .
field (ﬁ ; while the second term has a form of a dipole and

o .
represents the effect of the slot.

The inner solution has some rather interesting features.
In equation (2-11), the first term []21‘/2 represents a
~ .

uniform flow of velocityll/Z along the direction of the

~/
2
positive X-axis, figure (2-G). The second termll}h /Z?—uz /@

represents a flow past a slot as shown by figure (2-H) below.

4

A

l

v

v

Figure (2-H): Flow paét a slot.
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The streamlines are adapted from (Ref. 33) Qith a change
in the branch cut. When the uniform flow represented in
figure (2-G) is superposed to figure (2-H), the flow
velocity in the upper plane approaches the uniform velocity
N .
[]at la;ge distances; while in the lower.region, the flows
in the two figures are in opposite dirgction and tend to
cancel out, so that only the flow velocities of lower ofder
are present. The resulting flow pattern is shown in figure
(2-1I) beloﬁ. Attention is called to the fact that the flow
depicted here represents the perturbation potentialcb of

equation (2-1).

Figure (2-I): Uniform and slot flow superposed..
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It is noted that at large distances, the flow field
under the plate looks like that of a dipole with a source at
(-#£/2, 0) and a sink at (£/2, 0) figure (2-J) below.
This flow is represented by the first term in the asymptotic
expansion in equation (2-12)(b). 1In the upper half plane,
the streamlines bend downward toward the plate on the left
éide of the slot and turn away from the plate on the right
side of the slot. At large distances, the flow pattern is
equivalent to the superposition of a uniform flow of
velocityij'and a dipole with a sink located on the left edge

( - 272, O ) of the slot, figure (2-K).

Figure (2—3):'Flow under the plate
in the slot region.

@ &
Figure (2-K):

Flow over the plate
in the slot region



35
Thus the far field generated by the slot in a basic
~

flow of velocitYU for yl>0; and zero velocity for Y'<O is
of a rather peculiar nature, namely, the perturbation at
large distances are the pertubation given by dipoles of
different signs. Note also that at both edges of the gap
( Xl= + 2/@, O ) the X - velocity‘component has a well known
square-root singularities which arise due to the assum?tion
of the plate being of zero thickness.

On the line yl=_0, downstream of the plate, the
velocity fields generated by the two dipoles of opposite
signs are discontinuous. The velocity components given by
the two dipoles are both zero at~%l= O and hence are
continuous, but the W — components are non-zero and of
opposite signs and hence discontinuous. Since\1'==o is the
boundary between the acoustic field generated by the two
dipoles ( one on the upper surface and one on the lower
surface of the plate ) this discountinuity is acceptable
according to ray acoustics.

There are three important observations to be made about
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the inner solution.

(i) The slot acts like a dipole.

(ii) The axis of the dipole is along the surface of the

plate (Xraxis)-

(iii) The signs of the dipole are different for the

region y|>0 and y'<0.
A simple explanation of these features is given'aé
follows:

(a) Due to the long wave length assumption ( g//'\<<i ),
the effect of the slot is mathematically equivalent to the
scattering of a plane wave by the incompressible flow region
surrounding a small particle (Rayléigh scattering of scalar
waves). The inner solution surrounding the slot, therefore,
acts like a dipole to the outer acoustic field.

(b) By the assumption of a thin plate lying on the Xraxis;
the dipole must 1lie én the Xraxis ( % = O ) with an axis
directly along the plate. A vertical dipole would generate

a vertical velocity component at X = 0O and this cannot

satisfy the boundary conditions imposed on Y, = 0.
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(c) The reason that the dipole has a different sign is
mathematically due to the choice of the branch cut for the
9 2
function Z1 —-Z /@ as shown on page 31. .
In the branch cut as in figure (2-L) below, the

infinity point will not be contained in the cut. 1In such a

. 2 2
case, the real part of zy - 2 /% denoted by (J will

approach the same value X, both for yl—roo and yl—>-°°‘

Figure (2~L): Infinity point not in the cht,

In the present problem, however, the matching condition
imposed by the outer solution requires that (]-a»Xlas %f—DOO

and Cl-—»-xlas y*—. In order to obtain this result it is
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necessary to draw the branch cut from x|=‘— Z/h to —00 and
from X ZAz to +00 . 1In this way, the infinity points of
the two upper and lower planes, in figure (2-F) are on two
different Riemann sheets in figure (2-L) so that the
behavipur of the function and hence the dipoles have different

sign for >d and y<£0. Physically, the reason that the
’i >;

matching conditions reguire the real part of Z% —£/4' to
behave like X, for Yy >0 and —X1 for ¥, <O is that the outer

1 y 1
solution for the upper and lower regions are obtained by ray
acoustics, and there are strong discontinuities at the
interfaces of the different regions.

IT-6 The Second Order Outer Solution:

The differential equation for the second order outer

solution is:

X 9 2
(1 M )-——J- +——§-—- lkM—?—-}- K (I) =0 (2-13)
)/ aX I
The appropriate boundary conditions are:
(i) (l) % a¢l D) ad,) must be continuous except
{

ox 9y
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at the plate and at the boundaries according to ray

acoustics.

(ii) Radiation at infinity must be satisfied.

(iii) (ﬂﬁ; must match i«vith the inner solution.
This means that as X and y approach the position of the slot
(X=y=0); (’é takes the asymptotic values below. One
must note that the discontinuity of the solution on Y =AOA
for X:mﬂ/? must be admitted just like the discontinuities on

ray acoustics boundaries.

over the plate C’E"‘— ’ ez Ux '\
1

_$ (2-14)

16(x2 + (1-4%) v3)

16(x2 + (1-M2) y?)

below the plate $c:.'+ eZ Ux
{

The solution for 4H May be obtained by direct observation as

follows:.

* Considering ¢1 in region I above the plate, one may write:

r 9 %#g%%t' Wl Kk
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Where A is a constant to be determined. The above
expression for &a represents a two-dimensional acoustic
dipole in a uniform flow, and is obviously a solution of the
governing equation (2-13). Such a solution also satisfies
the radiation condition at infinity since it represents an
outgoing wavg. To determine the constant,A by the marching
condition one must expand the expression for small valﬁes

of X and y to obtain:

&<’§ = & %[Lﬁi_{“ (/x‘2 +-)Y* ” (2-16)
- klAi 9 [En( 24 @-m) )’)]

™ X
2kl A X

T [xa + (1—M?) yZJ

Comparing expression (2-16) above with the inner solution

l

as presented in equation (2-12) one obtains:

~ 02
2kfai _ Ut
T - 16

Pa 4

1U ¢4
32k

>
l
I

so that (2-17)
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Hence

2 1kMmx |
~_ wlUt 3 i-m2 W Kk [, 2 2)] -
%= 3% ax[e HO(T—T?/ ¢ M 2 (2-18) (a)

)’)‘O

Similarly, one finds that in region III below the plate:

—t ®

$:+rf0i6
1 32 oX

o\ 1-m?

1kMx ,

[ei —m* Hm(_k_ X2+ (4-M%) )’2):’

| L (2-18). (b)
y<o

II-7 Discussion and Conclusions:

(1) From the equations (2-18), one observes that the
effect of the slot is equivalent to a dipole situated at the
position of the slot. The strength of the dipole is
directly proportional to‘LIwhich is the velocity at the

' l ~
sur face location of the slot due to the quadrupole. [J-is a

scalar function of the strength, directivity and location of

. , and may be determined by the use of

the quadrupole Tij

equations (2-5) and (2-8), when the value of Tij is
explicitly given. Note that the dipole is of opposite sign
on the two sides of the slot figure (2-I).

(2) The sound field pattern generated by the slot in the



42

uniform moving medium is sketched in figure (2-M) below and
the relative amplitude pattern for the velocity potential is
in figure (2-N) below.

(3) The strength of the induced dipole is proportional
to (‘22 ), so that if the slot width £ is reduced by half

‘(say) ,the strength of the dipole is reduced four times.

VN
| —

Figure (2-M): Sound field generated by the slot.

vX

Figure (2—N): Relative am litude of the velocity
potential || .
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(4) The asymptotic behaviour of the Hankel function of

argument O is: .
(1) 1%
O I

Jx

Hence the strength of the induced dipole is proportional

to '-}—- when r°>>£ and r g =/ b? + (1-—M2_) .hz ~as shown in
Yo

figure (2-0) below. This means that when M is not too small,
b has a greater weighting in the determination of the value
of r, , soO that an increase in the horizontal distance is

more effective in reducing the strength than the increase

in vertical distance from the plate to the source.

Figure (240): Induced dipole is proportional to — «
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(5) When the original sound source has a directivity
(such as a quadrupole), it is advisible to locate the slot

in the direction of minimum radiation (see figure (2-P) below.

N

Figure (2-P): Direction of minimum radiation.
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Chapter III:

GENERAL METHOD FOR HIGH FREQUENCY WAVES:

II1-1 Background:

The development given below indicates a general method
that will be used in solving problems of acoustic wave
propagation in the high frequency end of the wave spectrum.
The method is deVeloped out of a combination of the ray
acoustics, Kirchhoff's integral and the stationary phase
method and applied to the problem of a semi-infinite solid
plate.

The basic principle can be outlined as follows. Consider
a sinusoidal monopole source located above the semi-infinite
plate. 1In the limit of very large wave number|<, the
approximate solution can be constructed by means of ray
acoustics. The solutions are defined in three regions with
sharp discountinuities. The solution is reasonably accurate
and the order neglected is 0({%}. This solution is not
accurate at the boundaries separating the three regions

where a transition layer with contributions to the solution
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of 0<§;%_) are present. The proposed method uses.the
Kirchhoff's integral with a surface lying outside the
transition layers. The solution obtained by ray acoustics
defihes the first approximate solution .for'(IJ and -ad—‘%
that are contained in the Kirchhoff's integral. It is then
possible to determine the function ¢ at any point P including
that within the transition layér. This integral generates
the second order correction which is of order O(y%?a. The
method of stationary phase is used to determine the second
order approximation directly by applying the stationary

phase method to the integral.

In a sense, the method is to treat the Kirchhoff'é
integral as an integral equation which is solved by an
iterative procedure using the ray acoustics solution as
a first approximation.

In order to demonstrate the development and application
of the methbd, a three-dimensional problem is solved as in

Section IIT—2 which follows, From the solution derived for

the three-dimensional problem, the solution for a two
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dimensioﬁal case is deduced and compared to already known
solutions. Such a comparison shows a good agreement for
the present solution with known solutions abtained by more
elaborate mathematical procedures.

ITI-2 An Tllustrative Problem of Diffraction of Sound from

a Three-Dimensional Source.

A three-dimensional source S is situated above a

semi-infinite plate as shown in figure (3-A) below.

Problem Statement: The acoustic field due to a sinusoidal

~monopole source located above a semi-infinite plate in a

stationary medium is to be determined.

- Figure (3-a): Three-dimensional source close to
a semi-infinite plate.
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Assumptions: (i) A simple (three-dimensional) ;ource whose
wavelength is short is used.
(ii) A semi-infinite plane extends along the

-0 XL£0 region.

(iii) The surface of.the plane is rigid so
that ‘the normal velocity vanishes there.

(iv) A stationary medium surrounding the source
and the semi-infinite plane.

Method of solution: With this arrangement, the first order

solution can be obtained by use of the ray acoustics. Such a
first approximation would provide solutions for regions I,

II and III indicated in figure (3-A) as. follows:

Region I: d, _ elkR '__ ej'kR A
I aTR 4TTR
ikR
Region II: (P =2 L (3-1)
I 4T R |
Region III: Cg{ =0

where R and R are the distances from the source and from the
image to the observer at P respectively.

This approximation is reasonably accurate as a first
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solution approximation of the problem, but will‘not be
sufficiently accurate in the thin shaded zones marking
transitions from the source reflection reception to the
source affected zone only; and that from the source affected
zone to the shadow zone.

&he method now formulated will avoid these difficulties
and hence provide a solution that can be applied at‘any point
including the shaded (transition) zone. To do this, use is
made of the Kirchhoff's integral as outlined below. Let G
and ¢ be defined inside a closed surface S as in fiqure

(3-B) below.

Figure (3-B): Boundaries for the Kirchhoff's integral.
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The following equations can be written thus:

§(Y-X)

v*a + kg

V¢ + KB = o

(3-2)

(3-3)

From equations (3—2) and (3-3) one obtains, by the standard

procedure:
dvis — 6 v = $S(Y-X)
Hence

P& = [cbvze—-e.vzcb}ﬁds

S

(3-4)

(3-5)

If the source considered is a point source, and the

acoustic field is three-dimensional, then

-1km; -ikrn,
(b —— Ane 3 G = -e
S 4T 1, 4nr

(3-6)

where rl = IX - Xsl and r,= I Xp - Xl as shown in the

figure (3-C) next page.
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Figure (3-C): Acoustic field from a point source
w1th a boundary present.
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. ~ik v
v ¢ lﬁs[}lki 1+ _17%} e VT,

4L N Y

When k is large, and r1 not too small, the second term is

()C%ﬁ as compared with the first term, and can be neglected.

This gives:

vV oo /45‘< 654‘<r] n
47Ty,

‘7'; = 't::::ﬁSA = “';;ﬁ:;;:‘ =="_A;s
|X-— sl Ix"’ s|

where eys is a unit vector from X to X_ : so that:

- A ' A
COSB,': ex$°n —--"VY;’n

and thus:

A similar evaluation can be done for the function G; but.
in this case the normal vector R is negative and this gives:

ik —ik!}

A
ATIY, € 2
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The Kirchhoff's integral equation (3-5) now becomes, on

substitution of the above:

i =Tk (G 4+1,)
X) =@ Ak e -
P(X) ﬁ er? T <C089,+ Cosez)ds (3-7)

S

With the assumptions of short wave length and hence K is
large, use can be made of the stationary phase approximation
in evaluating the integral appearing in equation (3-7) as

shwon below,

III-3 Solution by Stationary Phase Methos:

The stationary phase method was developed by Lord
Kelvin (21) toward the end of the last century and is based
on thg idea that the value of an integral containing a fést
oscillating integral is essentially given by integrating
over that part of the path where the phgse change of the
integrand is the slowest. The contribution from other parts
of the integ;aﬁion parts will become very small due to

strong cancellations. This method will be applied to the

Kirchhoff's integral: (i)(f’) = J I [C#'j—i - G %E]ds (3-8)
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The surface of integration is shown in figure (3-B). It
consists of two surfaces bounding the left upper quadrant
(surface 81), and a spherical surface (surface_SR) thus
completing the boundary.

In equation (3-8) one may use the ray acoustic solution

d

for qS*, and 5—% . Those solutions are accurate to the order

of (-%:), except in the transition zone. The boundary shown

in figure (3-B) is chosen to be outside the transition zone.
Since ¢ and 5?; are known the itegral could, in

principle, be integrated directly. Based on the assumptions

stated previously, however, the mathematical procedure can

be reduced immensely by the present method.

The expressions for ¢ and G are, respectively:

S
ikr, | ikr,
=~ € ;i G=- S (3-9)
s 4Th 4T,

For large k, the integral shown in equation (3-8) is

approximately given by:

ik . or 'EjkCﬁ+Q)
~ a0 vz .ol
PPy JJ[ ] NG oo ds (3-10)

1bTi2 n on
S, Sr
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It will first be shown in the following discussion that
for any given wave number k, the contribution to the
integral from the spherical surface SR tends to zero as the
sphere radius R tends to infinity. This result is obvious due
to the fact that the distance from a point of integration on
a spherical surface to the source § and the observation point
P approach the same value as R becomes very large; so that
the difference gf the two terms (gﬁ - dn )=+ 0 as R—

on

Hence

jar S B AURLE)
o% _an _ Ol ) o e ofive (3.
[ar:L an] i ds = o). 0(4:)-0@)= ot): (3-11)
R — 0 s R—»00

From the ray acoustics solutions, it is observed that the
integral that extends over the under surface of the plate is
zero because this boundary is in the shadow region where the
value ofAthe velocity potential is identically zero.
Equation (3-8) then reduces to the form:

1k (G + )

PP feTrZIJ 65 ag] . T ds (3-12)
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where SR denotes the half planen_c as shown in figure (3-D).

N

Figure (3-D): Half plane (q)S),

Let ( X v YS ’ Zs ) denote the position of the source
and ( Xp ’ Yp ’ Zp ) the position of the observer and
(6 y 7 s g) the point of integration. The expression for

r, and r, appearing in equation (3-10) are defined by;

W

1, = \/(E—Xs)z-f- (77-ys)2+(§— 25)2

> (3-13) (a,b)

Lo=/06=E)+ (h-7) + (2=
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The method of stationary phase can now be applied if it
is assumed K >>1. For convenience, equation (3-10) is

expressed in the form:

b (P) = "kﬁn[ff: @, £) ;H(?bé)

o -00

dg] (3-14)

where

Fy=_1 [©97 %] 1 15y (a
F(ﬂ;g)—lbﬂ.z[ﬁg 86] — (3-15) ().

and 35(77;4:) =N+ (3-15) (b)

The function f = r, + r, has a simple physical meaning. It
represents the total distance an acoustic ray travels from
the source point § to the observer point P through the point
Po on the integration path. As the integration point Po
moves on the (7) — C) plane, the phase angle k(r1 + r2)

of the exponential function in equation (3-10) varies;
resulting in strong cancellations of the wave for large
values of K.

The attention will now be directed to the main
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contribution of the integral in the neighbourhood of the

stationary phase point defined by:
O’ °

SH(nrm)=e -5—C-<w+m=0 (3-16)

Obviously, (7)0 s g) is the point that lies on the straight
o

line joining the points S8 and P, as shown in figure (3-E)

below.

/rj Vs

A g e’(”)o’gm) e

nt

Figure (3-E): Line joining the points S and P
passes through the stationary point.

To apply the stationary point method, the function

j: (7}, g) is expanded into a double Taylor series around
the point (7)_ s Co)thus:

£ = F st )+ HAODF 8 O] b e
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where ajc — ‘a_)c' at
24

(¢

From equations (3-13) it is found that:

3 _ é"‘zs ZP"é
and

2

(3-1

12

3ndf

sy

ne rZ?

: (rw):__[(é:—zs)(n-ys) +<zp—éf>(yp—77>] :

8) (a, b)
(3-19)
> (a,b,c)

y

At the stationary phase point N=7 g: g , so that
o [o]

2 nn) =R - Yel] <o
and

S (rn)= L% —Zf’;f =0

at I

(3~

20) (a,b)

It follows from equations (3-13 a,b) that at (770 ’ g)
-]
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EXs _ [y 0-w)_ (25 _ [ ) el

]’; Yiz rl'z rz rz

(3-21)

thus,

go-xs — 770—X'> CD-ZS
= (3-22)
Xp=€, =7, X~
That is, the three points (X  , Y  + Z_ ), (go, uX go)
and ( XP,YP,ZP) all lie on the same straight line. Using

a.z
an* (i)

equations (3-13 a, b), the expressions for

2
a%ag (Y,'-l- Ifz) , and G) may be written as:
_62 [ (Z = )2
A ={——(nts —ErT5s
Laé’ <r >J (r 2), ' T2 ]
- - p=Zs s -
B =3776§<r+ ) BNGA (2 2)(YP Ys) (3-23) (a,b,c)
& = " (o=
= 4T s
e=[o7 )= r:z)o[ ]

2
where r =\/(XP"X5> +(\/P—X<;>2+(ZP—2~S)2 and the subscript O

denotes evaluation at 7) = 7)

s L=,
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To carry out the integration separately with respect to77

and gone can write equation (3-17) in the form:

2 .
k(i+n)= kr+ )5‘[\/7\- (C—Q)Jr\/%(’?—?z)]-r-z‘f-@—%z)(ﬂ-')j G-24)(2)

2 2
= kr + o5 + B™- (3-24) ()

where the new variables d;and P are defined by:

= 5[ Ee) s g
> (3-35) (a,b)
p= %[C - %EJ (1-n.) J

then |
d%?—,/lﬁé‘i df ; cl;g—_-\/:gz /C—-E- dn

By substuting the expressions for A,B,C, one finds that:

dp=/k 1L (Xp—Xs)
i \/—;\/Z— (rlrz)o dr)

and

doydp = J;T C—?%&;? dn dC
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The integral of ¢ then becomes:

-X _ £ dk(htre) 3
b ~/zﬂrZU rz[ : T, +xp&§:|e dnd¢
Xo—Xs 1 1k (5+5) (3-26)
IG’ITZ J ), T dqu >
o dkr o o . 2 i’
_1e 1X
- 47r2rj Uwe d%e ap J

P

where the end point value-ﬁ will be defined later. Note that
in obtaining equation (3-26) one has to use the relation that

at the point ('70’ Co),

_5"_X$_ — Mé_ — Xp—Xs (3-27)
n 5] r '

The definate integral in equation (3-26) can be readily

integrated, yielding:

(o] . 2
o |
f e 'do, = ;—T- (1+1) (3-28)

~-~Q0
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For the integral involving P one may define a function F(E)

by:

‘ @ . 2
: 1
Fpy =251 /& f e'” dp (3-29)

Upon substitution of equations (3-28) and (3-29) then

equation (3-26) becomes:
1k y

(b =-£ F (E) (3-30)

4T r?

If the common forms of Fresnel integrals are used:

z n

C(=) :f Cos (Iztz> dt

5 } (3-31)

2
S(z):j sin(TEY dt

F(-P-) may be written as:

F(Ry=4 -5 C(ER)+S(ZF)]| e

The asymptotic behaviour of C(2Z) and S (2) are given by the

following equations.
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1 Sin (£2%) 1
CE o ot S+ Tz + O ":%—3'> (3-33) (a)

(z—®, 2>0)

| .
S(E):_v_-%-— C°5_”(_2;) + O (7:3[3) (3-33) (b)

It can then be easily seen that:

l 1+1 B (1 > (' )
F(B) 21 + e __ + Olss )5(gro
Var B P (3-34) (a,b)
_ ip* _
F(B) 1~ 1’2” /Q +O(—é—.=,)3(ﬁ<°)

In deriving the second expression in equation (3-34) (a) and
(b) above, use has been made of the relations C(-Z) = =C(2)

and S(-2) = -5(-2).

The Lower Limit B :
¥

One recals that the equation (3-26) is integrated using

the new variables defined by:
w[EEEE) + fe (1=n.)]
5 (3-35) (a,b)
p=/k [€-8&) (n-n))
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The line o(°= O is the locus of point on which if:o-
4
This means that along such a line, the function f has
stationary values with respect to the variablec . The
range of the limit of integration for F'is, therefore, from

% -—
P to P=00 as shown in figure (3-F) below.

nf po-oe

(M2 &) ///i : I/ //
7~
C—»-m'/% J/

r——

[
-0
n

Yor

Figure (3-F): The range of the limit of integration
for B-

* _
The point P lies on the trailing edge of the plate where

QJE = O. From equation (3-24) (b) it can be seen that

of
T%z= kr; — kr (3-36)

*
where r,=r, + r, at the point P .
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To derive the expression r , one may writelr1 and~r2 in

the form:

-3

"i/’? + ({—2s) | (3-37) (a)

2 > 2
e=/Ff + <2P—'C) (3-37) (b)

where /? and [g are the projections of r, and r, on the

(6 » 7)) plane figure (3-G) below.

AN

g3

Figure (3-G): Acoustic lengths on the projection
of the plane (q,g ).

At p*, Csatisfied the eguation: gg:-éaz-(r;Q-Yi) (3-38)

Using equations (3-37) (a),(b), this becomes:

g*"'zs 2 —C*
- £ = 0 (3-39)

NG Y S CE )
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which can be written in the form:

_t-=, zg*

\/P +(¢E 2y ,\/P +(z,-CY

e
Z2-0- &

1 -2
T 2s= — (®vR)
y Zp— Zs

\/(P+ 6) +(z,,—-2 )

= J (say) (3-40)

? (3"41) (a,‘b,c,d)

At the point g: g*one has, therefore, the following

relation:

C —Zs 2p—(

Z

V) /p+czp Ly /60+P)+<z: 2)

(3-42)
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Equation (3-42) i; presented graphically by figure (3-H).

t o
P . p
A/}/ | IZP‘C*/g
v

- 1
f | v £z
| < I

Figure (3-H): Graphical sketch of acoustic length |
in relation to the stationary point.

. *
The distances r1 and r, at P are seen to be:

2 2 A
o= fleaf+ (zo-nf

-2

so that P can then be expressed as:

2 2. 2 2 \
B = k[ /(@ .+ P )2-}. (2p—2%s) = (’<p‘><s)2+ (‘Ip‘?’s)‘l’ (21»"25)] (3-44)
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ITII-4 Conclusions and Discussions:

Based on the geometrical configuration shown in figure
(3-I) the main results of the above analysis can be

summarized.

—

3

Figuré (3-I): Wave reception at P due to three-dlmen51onal

source in the presence of a semi-infinite
plate.

The formulae that have been developed in the analysis take
into account only the radiation from the source S. To

obtain the complete solution, the contributidn from the
reflected waves from the hpper sur face, which can be célculatéd
by the same procedure, must be included.

The formulae for calculating the acoustic field by a
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source at $§ are as follows:

Let ¢O(P) denoted the potential at the point P due to the

source S in the absence of the plate.

¢ (p) = - _e'*" (3-45)

4Tr

The velocity potential ¢(P) in the presence of'the plate will
be:

@) =¢ (&) F (B) (3-46)
where F ( E ) is the diffraction factor. The function F ( E )

is defined by the integral:

: © §p°
=y _ 1=1 /2 -47) (a
F(B) == ﬂf & dp e
-
-1-LleER+is(FF)] o o
o F-»oo
- _;: B—o ' (.3-47) (c)
{ B — o

—

The following three cases for the values of ,3 are considered;

Case 1 B=0:

This corresponds to the case when the line drawn from



71
the observer point P fo the source passes through the edge
of the plate. 1In such a case,
F(E) = 1/2 and therefore

¢

This means that half of the radiation emitted by the source

/2 ¢_(2) (3-48)

is received by the observer.

Case 2 E(b:

In this case, the observer is on the upper side of the
line F; ='O.. The edge of the plate lies below the
stationary phase point. The diffration factor F( -ﬁ) is
greater than half, and increases to unity, as the observation
point moves further upwards. In the limit,tﬁ(P) takes the

value ¢6(P) so that the sound emitted is not obstructed.

Case 3 B>O$ ‘

This occurs when the observer is at the lower side of

the ﬁ = O line. The value of F is positive and continues

to increase as the observation point P moves downward. The

—

value F('F ) decreases as p increases, and in the limit ¢



72
tends to zero, so that the observer is in the shadow region.
For any given value‘of —ﬁ- , the variation of the
diffraction factor F( B ) is shown in figure (3-J) below.
As the observer moves from P in the transmission region to
P_ in the shadow region, the sound:varies from complete
reception to zero. The transition of F( }'3' ) from zero to

unity occurs in the range of approximately (ref. 1)

-20 & B < 20

ol y

Figure (3-J): Variation of the diffraction factor F(p).
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One may note that for large values of Ky the value of
¢(P) depends on the integration over a small region around
a stationary phase point. If the edge of the plate lies
inside this region, it will make no effect on the transmission
of sound from the source to the observer.

III-5 Applications and Comparisons with known Solutions:

Cooke (9) has derived an approximate expression for the
far field due to a three-dimensional source over a
semi-infinite plate. He gives the solution for ¢ for the

direct radiation from the source as:

1kr . s o6y
_ e |1 _ 1-1 )
G (P) = — [2 - =5 [C(ﬁ) + 1 ?]J (3-49)

The solution derived in the present study is given by the

multiplication of the results obtained in equations (3-46)

and (3-47) (b), so that

Tkr . |
o == [2 - L c(ER+ 15 VFH] oo

4TTY

Apart from the difference in the factor ( — ), the

4T

solution obtained in the present study agrees with that
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obtained by Cooke.

The two-dimensional problem shown in figure (3-K) below
may be considered as a special case of the above
three-dimensional problem, and it's solution may be obtained
by letting Z = Z, = O and @-»oo in equations (3-44) and

(3-46). In taking the limit, the equations

dpy= PP F (E)
. © Iﬁzcj
2y— 11 2[2
F:(ﬁ>'”' 2, '7f _ P
. B
remain unchanged. The two important quantities that need
to be calculated whené%+u:are r, the distance from the point

P to the source, and Y,,the acoustic length given by equation

(3-43).

B 2\ e<
= ———'f_i'_ — 0 | : . '

3

;Figtfe f3-K): Two-dimensional problem sketch.
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In terms of the notations used in figure (3-K), one finds:
2 2
r-_—%+e — 24P Cos (@—0)
@—-@ Cos (P-0) as R—+

and Y;:las-l-lg

R

Using these values, the expressions of ¢(P) and E are

simplified to the forms: .

1kR  -ikpCos (B-8)

ppy=—E__ €
P 4T (3-44)

e—ikp Cos (6-6)

o2

(after removing the non-essential constant multiplier by

| re-normalization) and: .B_ :./k (r; _r.) =/</o (11—Cos (@_e))

= /2l<,0 Cos (.@gﬁ)

Note that the sign of F is either negative or positive

depending on whether the plate tip (,B:F ) is below or
above the stationary phase point ﬁ:o, figure (3-L).shown

on the next page. For the incident wave, ﬁ is below the

point IB = 0, so that it's value is negative and is given by:

-P- = —-Rkp C(os (@—;)
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Plane wave

Figure (3-L): Plane wave'prqglem showing ranges of
integration (ﬁ ).
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For the reflected waves, ® must be changed to — ® and the

value of F is positive as given by:

—

P = /2kp Cos (@-272>

The total velocity potential due to both waves is then:

- F 0 e
e-ikpCOS(‘?ii@) F{/2ks Cos (222)}

-7’<p Cos(8— ®}

(3-45)

This result is identical to that given by equation (2.86) on
page (73) of Noble*. When 6 is sufficiently far from @-'IT'
and T — @ , the asymptotic expression for ('b'f for large values
of kp may be obtained using the asymptotic expression of F
given by equatioﬁs (3-34) (a,b). With- the aid of the
trigonometric identities: 2 COSZ (—e—i-@-) =1 + Cos (6 t@-)

2 CoS(BHE)COS (e ~0) = Cos8+Cos®

* Noble B., "Methods based on the Wiener-Hopf technique"

(1958) ; where P is denoted by r and F(V ) is replaced by
~1M/a @ 7PZ
£ FO with F)= f' e'Fap

v
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it is found that . ] ,
~ikp Cos(e=®@)  —kp Cos (0+6)
¢ ~ e + e + ¢

R

where 7

/2 in £Sin@ 9 m
¢ = (amkp) 250 gsin® ket 1
d Cos e + Cos @

¢d is the asymptotic expansion of the diffracted wave and is
the same expression expressed by Candel (5) except for the

sign in the complex exponent.
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Chapter IV

TWO-STREAM-FLOW ACOUSTIC PROBLEM °

IV-1 Nature of the Problem:

In conventional and short-~take off and landing aircraft,
the high velocity exhaust gas from the engine is usually the
dominating noise source. The so-called "mixing noise", which
is produced by the-turbulent eddies in a region near the
nozzle exit, together with the turbine and other engine noise
is transmitted through a jet stream into the ambient
atmosphere, which, in most cases, is in relative motion with
respect to the aircraft. Figure (4-A) below shows the

situation when the engine is installed over the wing.

" N
EXTERNALLY BLOWN FLAP
OVER THE WING

Figure (4-A): Over the wing external blowing.
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Since the shielding of the wing is more effective on the
high frequency end of the noise spectrum, the effect of

shielding is studied based on the model problem shown in

figure (4-B) below.

Incident plane ) ' N\
wave. Reflected wave. \

Solid plate. O©O| Free interface. \

»

- T
\

v

v

Figure (4-B): Two stream flow with plane wave
and solid plate.

- The problem consists of a wing surface which separates
two of different velocities. 1In the region above the wing,
the flow represents the exhaust of jet. The source of the
noise is embedded in this flow at some distance from the

surface. The flow below the surface represents the forward



81

motion of the aircraft, and the.interest here is in studying
the acoustic field below the wing.

The following assumptions will be used for the study of
this problem.

(i) The problem is treated as two dimensional.

(ii) The wing surface is approximated by a semi-infinite
thin plate lying along the negative X-axis.

(iii) The dorminant frequency of the source is high
enough so that the short wave length approximation
may be used.

(iv) To simplify the mathematical treatment, the
incoming sound wave is treated as a plane wave as
an approximation to the case when the source is
very far from the edge of the plate.

(v) The jet stream is attached to the wing surface and
extends over the entire half plane.

The method to be used in studying this problem is
basically that discussed in chapter III. The first

approximation of ‘the problem is obtained by applying the
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method of ray acoustics. The boundanry surface consists of
not only solid surface but also the interface between the two
streams where transmission and reflection take place.
In solving this classical problem (transmission of sound

through a shear layer), no consideration will be attempted
in the stability of the problem. The study here will be
confined to the study of the sound field below the plate, so
that the boundary chosen for the Kirchhoff's integral consists
of the half circle bounded by the flat plate and the free
layer.

The solution for this problem is obtained for the case
of a large wave number. Since the problem involves no
characteristic length, this solution will be wvalid for any
value of K at a large distance also. The effects of the free
stream, the deflection and reflection.at the interface are
contained in the results obtained. However, no numerical
calculations have been attempted.

IV-2 Problem Formulation:

The problem outlined in section IV-1 above is
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represented in figure (4-B). The field equations are

appropriately given as:

2 2 2

8¢ ., ¢  a'¢ _ ' 0 9. =0 4-1
=t 37 -!-d‘22 5 + U'ax A ( )_
\ |

54, 96, , b _ 1 a)‘ S _

s 0)’2"+ -+ ( <t U,2. )¢ (4-2)

where ¢1 and ¢2'are velocity potentials above and below the

Y = O plane respectively. The boundary conditions are:

(1) éii!:-éﬂ£ = 0 on Yy=0; - <L x<0
ay 4y |

(ii) P1 = P2 and V), = "]z on ¥ = 0; O < X<oo where P1

and P2 are the pressures and q‘ and rb_the particle
displacements aSove and below the ¥ = O, X>O0 plane
calculated from ¢1 and ¢2
(iii) The Sommerfeld radiation condition is to be‘satisfied.
The above problem will be solved b? applying the
Kirchhoff's integral over the lower half plane. To do this
one has to find the boundary value of ¢2 at the interface by |

the analysis given in section IV-3.
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IV-3 (1) The Dispersion Relation of a Plane wave in a

Uniform Stream:

The convected wave equation in a stream of velocity U

2 2 ' '
. 3¢ 9o 1 (0 Q_) -0 4-3
is = +'2;?1 Ei:(:;f—k L]ax ¢ (4-3)

7 (kX +koY)—jwt

If 4)-'—" e then equation (4-3) becomes,
with the definition of k =L : M =--t-,-
(“8 d,
0 ) . _ L
Mk K k
k, + z).;. 2 = A (4-4)
» 1-m =M% () -m?)

The locus of relation (4-4) is an ellipse as shown in figure

(4-C).

Figure (4-C): An ellipse showing the locus of the
incident wave number ki'
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It is to be noted that for any given value of K1 , two
solutionns of Kz'are possible. The oné denoted by’f; has g
possitive K2 and corresponds to a plane wave propagating
upward away from the;Y = O plane; while the one denoted by'§£
has a negative value of K2 énd corresponds to a plane wave
propagating downward into the half-plane.

(2) Reflectiéh éhd déf1ééti6n ét the'inferface'of two uniform

flows with different velocities UT‘andvUzi

If two flows are involved as in section IV-2, then there
will be equations for the two conic sections (ellipses)
determined in the manner outlined in the last section, The

two ellipses which intersect one another are shown in figure

(4-D) below.

Figure (4-D):

Superposed ellipses showing the two
stream flow acoustic structure.
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The equations are given below:

(k Mk >2 + k% kz
+ = ; *20
Lo T () Y ~ (4-5)

( Mok 2 2 - K2 _
K R —_— s e 3 <0
-+ + chtt)z ) Y

, (4-6)
At the interface Y = O separating the two streams U1 and U2
an incident wave will produce a transmitted wave as well as a
reflected one. As will be shown in the next section, the K,
component of these three waves must be equal. With a given
incident wave K3 propagating towards the interface, the

reflected wave K. in the upper half plane Y > O is determined

from the ellipse M = M, which is the Mach number of the upper

—
stream, and the transmitted wave Kt in the lower half-plane

V<O is determined from the other ellipse denoted by M = M,

which is the Mach number of the lower stream. Thus, in the
case M1 > M2 as shown in figure (4-D), sound waves are
deflected toward the shadow region under the plate due to the

presence of the velocity discontinuity.
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(3) The Transmission ‘and Reflection Coefficients:

In this case the solution of equations (4-1) and (4-2)

in the absence of the plate (that is, if the interface Y = O

extends from X ; -® to x‘= +® ) are considered. The results
are used to determine the boundary condition at Y = 0, X > O
in the Kirchhoff's integral to solve the two—sfream problem.
In the region ¥ » O, the solution of equation (4-1)
consists of an incident and a reflected wave while in the
region ¥ <O the solution of equation (4-2) consists of

transmitted wave only. If one selects:

¢ =

I

¢,

+ dL (4-7)

¢
%,

3 (kyx —kpy —wt)

where qSi -_-_-'Ai ‘ )
1 (kX + koy—wt) |
<$r;: AM' = ’
i (kyx + Kpy -t (46
ql.)_t_: Ai_ e ( | Zy )

where A1, Ar ’ At are the wave amplitudes for the incidence,
reflection and transmission,

The boundary conditions on the interface (Y= 0)
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require that:

(1) There must be a pressure balance across the interface;
hence P|=Ez
where H:—/g (%—i— '3X>¢
and h=-r(&* Zax)¢
oL v
(Brud)b= (BrUg)h = veo wo
(ii) The particle displacement of the two streams should
be the same at the interface. This means that
n="N,=N
where the expression of the interface is taken to be:
geoy,t) =y — "l(" t) (4-10)
and the equation of g (X,y,t) is:
ggl +Ud-vg =0 . (4-11)

When this equation is linearized and applied separately

to the upper and the lower streams, the following kinematic

conditions result. 'Vl :_-%_LL,*.U'gX y V= ?9 on y>O -~

V=§_"1_3+U2_§__"?. b 2._._6.252: on )<O
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On matching these conditions, one obtains:

9¢ 3 v (4-12)
+ ) _( ) at Y=o
(&t U2 3y st Udx Y

On substituting expressions (4-7) into equations (449)
and (4-12) and setting Y = O in the result, each term in the
resulting equations will contain the factor e
A necessary condition to obtain a consistent solution is,

therefore, to choose the same kl for all three wave solutions

¢1 ’ ¢r' and ¢%. This is what has been used in writing

Engd —
equation (4-10) and in determining kr and kt using the ellipses

in section IV-3 (2).

-—p
Since the wave number ki of the incident wave is given

e s —
as a boundary condition, the value kl' k2 and k; for all three
expressions in equation (4-8) are determined. The two

equalities resulting from the two conditions at the interface,

namely, equations (4-9) and (4-12), serve to determine the

A
reflection coefficient R€=-—£ and the transmission
A Ai
coefficient T.= ___t_. Let D] =W + U]K1 and D2= w + U2K1.
A,

i
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Equations (4-9) and (4-12).yie1d:_.

A

Dy Ay + A ) = DyhAy

S (4-13)
LT , / R 3 ;
kDA —a )= Ky DA,

then

(4-14)

IV-4 Solution of the Two-Stream Problem:

The interest Hére is in determining the wave transmission
and refraction in the region under the wing (see figure:4-E)}
for this reason the Kirchhoff's iﬁéegral is applied using a
contour enclosing the lower half'plaﬁe, and composed'of thé‘
semi-infinite plate, the interface and a semi-circle of
infinite radius. 1In addition, use is made of the short wave

w

length approximation (that is’k =5 >>1) to find the
: o

asymptotic solution of 4)2 ‘valid to the order 0( —;-’-(:) .



Incident wave \\\33

Reflected wave
/-\-~'transition layer

Transmitted wave
transition layer

Figure (4-E): Transition zones in ray acoustics.

L6
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Two important approximations are then made possible.
These are:

(1) The method of stationary phase caﬁ be used to evaluate
the Kirchhoff's integral. As'shown in chapter III, the point
of stationary phaée is located oh the part'éf the control
surface which lies between the acoustic:.source and the point
of observation. Thus, in the bresent.problem the point of
stationary phase lies oﬁ the surface coﬁposed of the solid
plate and the interface. Any contribution from integral over
the semi-circular arc is of highervorder and need not be
considered.

(2) As shown in figure (4-E) the region of the transition
layers approach two narrow sectors as K becomes sufficiently
large. Outside these two sectors, the solution given by the
ray acoustics is accurate to the extent that the neglected
error terms are of the order 0(—%r). The solution sought for
the transmission transition layer is of lower order ( that

is O -JE‘ , and hence can be determined by the Kirchhoff's
JK .
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integral using the boundary value on the ¥ = O axis given by
the ray acoustics.

With these in mind, one may reformulate the problem in
a way that one can solve it by the general method outlined
in chapter III. Since the interest in this problem is in the
transmitted wave across the iﬁterface, the field equations
will be developed for the lower flow regime.

IV-5 Field equations and solution procedure.

(1—m )axz ay2 ~2kMl 98 417 = (4-15)

where k =

Blg

The appropriate boundary conditions are:
(1) At the interface, Y = 0; X>0, the solution of ¢2
is the same as the one given by the ray acoustics, namely, the

form expressed in equation (4-7) as discussed in section IV-3.

1 (kx+ ks y-wt)

gbZ:A,ce

with At and k; likewise determined by the method outlined in

that section. Thus:

{kﬁ ag . 7 ikm 3
$,= A, € ana g* =TAK,e " at ));-g (4-16)
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(ii) At the backside of the plate, (that is,in ¥ <O,
X <0), the sound is completely shielded according to the ray
acoustics. So,

=0 at y=o0,X<o  (4-17)

¢, =

(iii) The radiation condition is satisfied at ¥y =—o0o0 .
1kMx

Let b =e =Y (4-18)

o Q
\<L;9-

This gives, on substitution into equation (4-3):

2 -
fo, L Sr, 2y oo s
axz  1-m? d)"2 (1 M"‘)

with the boundary conditions of the form:

10X Y _ sa 10X
i = 3 k s Y=
(i) Y=A.e Sy = 1Ak € Y=o
where L = k| - M2 k
I—M2
(ii) Y= Ji—o on Y=o , X<o | (4-21)

ay

(iii) The radiation condition at ¥y = -

On introducing new variables: -
K I3
X=x; y=yp/ 1M ¥ ; Ko = =2
, ! 2 1-M "2 2
2 1-M,

The equation (4-19) reduces to the standard form:

2

. |
%% +%.</,££1 +Ky=0 (4-22)
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with the boundary conditions:

X . -  1oX
(1) """‘Ate 5 —‘3:3,-’:1Atkze on j:oW
X >0
S
(ii) ‘V—-;i"0 on Y=o , X<o (4-23)
(a,b,c)
(iii) The radiation condition is satisfied at ¥ ='—oo_

Equations (4-22) and (4-23) cqnstitute a standard wave
scattering problem which has been discussed thoroughly in
chapter III.

The solution of these equations is:

i (aX+K2Y) ~
V(X,Y, k) =Ate F(P)» (4-24)

— "
where k, =— [g2-0

1+i (© U
and F(F):—_: —_,Fl J_ € du
P
-2 -— — —
with p = k [Y-m ""'Y;] as shown in figure

(4-F) next page. The final solution for O is obtained by a

direct substitution:

¢=TA € F(B)

(4-25)

where 7 , §.,®, 0 are defined next page.

-i[k,)(— kz+2kM2k,-(l*M§')k?\/] -
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x)

Figure (4-F): The geometry showing the transformation
as in the solution in equation (4-25). .

- Sin (5—2®

=M

N

o= \/x2+(1—r1§)\/2 3 R o=

V(EW

I~MZ

2

Sin B =— '-XF‘ = - —
° 2
\/xz+(l—H§.)Y |

Sin 8- £

o ‘—'-'/kz + 2k kM, ~ (1—M2 )k

(—n3)
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Chapter V

CONCLUSIONS:

The methodology that has been designed and used in the
previous chapter proves extreemely powerful in handling the
problem of current interest in noise shielding by aircraft
wing. Additional features and utility of the.mathematical
method formulated can be illustrated in the following
aspects of noise shielding.

V-1 Shiéidihg.by a Finite Plate: -

The solution method for a semi-infinite plate can be
used to obtain the solution for a finite wing. The following
.discussion is based on the two-dimensional case. As shown in
figure (5-A) next page, the potential ¢P (P) at a point P
below the semi-infinite plate is due to the direct radiation
and given by:

¢ =+ ¢ F(B) D (5-1)
where F?(E) is the diffraction factor, and

R —_ —> .
{3=k[§’o+ p— P] (5-2) (a)
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S
6/
|
A
al —
O X
| Eg==l<[:éE5'# EFP.-éﬁf]

P

Figdre (5-A): Geometry defining the diffraction
factor for the two-dimensional case.
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When P is very far away, ﬁ is given approximately by:

2 / + 29
B = k. [_ro ~ Y, Cos © J = 2ky; Sin 7 (5-2) (b)

or

(5-3)

/. . 5=
in this formula, @ is the angle between the line SP and the

—
line OS figure (5-B).

0’~6 if P is in the far field.

Figure (5-B): Far field approximation of wave
reception at Pp.

When P is very far away, this angle becomes approximately
equal to @ , which is the angle between the line op and a

line passing through the two points S and O. According to
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ray acoustics, the line OP defines theuboundary line between
the propagation and the shadow regions.
The potential at P, to the first order of accuracy, may

be written as:

¢ =¢, F(B)
with ’5 = — [2kr Sin _g_
As shown in figure (5-C) next page)the transition from full
transmission to complete blockage takes place inside a sector
centred at the trailing edge of the plate. The angular width
of the sector decreases as the wave number K increases;
Figure (5-D) next page shows the acoustic fieid due to the
reflected wave. Again for large K, the tran#ition takes place
within a narrow sector.

The implication of the above observation is thét for the
case.of large K, the solution of ¢MP) for a finite plate can
be obtained by combining two solutions: one solution
corresponds to waves diffracted around the trailing edge and

the other corresponds to waves diffracted around the leading

edge.
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\
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7 / / / / 7\ - Full . . 14)
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—f + / L

. / Transition
4 / / zone. ‘
7 7 | Shadow
/ 7 . / zone.
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Figure (5-C): Incident wave field variation.

[::::]Transmissiong
[::::] Transition
Shadow.

Figure (5-D):
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It can be shown that, fqr a long plate, the resulting solution
will not significantly violéte the boundary conditions imposed
on the problem (figure 5-E) below. Using this approach the
diffréctedvfiéld around a plate of”finite length has been
calculated numerically. Figurés (5-F, 5-G and 5-H) next three

pages show the results of such calculations.

Figure (5-E): Configuration of a finite plate and a
simple source above it.

Incident and Reflected wave.
Transition between 1 and 3.
. Incident wave only.
Transition between 3 and 5
Complete shadow.

N WN =
*® e o @ L]
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Figure (5-F): Finite plate solution for A= 1.
with the source centrally located.
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Figure (5-G): Finite plate solution for A= 2
with the source centrally located.
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V-2 Effect due to Gaps, Angular Deflection and other

Geometrical Variation of the Wing Surface:

The audible range of the aircraft‘sound lies essentially
between 20 to 20,000 Hz, corresponding to wave length of
about 16 metres to 2 centimetres. " If the dimensioq of any
geometrical variation for the assumed plate and a gap on the
plate surface is less than the dominant wave length of the
sound, the fluid pressure and velocity variation over that
part of the wing surface is nearly simultaneous. Therefore,
the solution to the region of the acoustic field may be
approximated by the solution of the steady.compressible flow
equation. A 1qcal solution obtained by this equation is
needed in order to smooth out any descontinuities in velocity
pressure or mass flow due to ignoring such geometrigal
variation in the first approximation. In the gap problem
discussed in chapter I1I, for example, the tangent velocity
over the upper and the lower surface given by the wave

equation and neglecting the presence of the gap will be
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discontinuous and a local solution near the gap is necessary
to remove this discontinuity. In the far field, this local
steady solution around the gap acts like localized acoustic
poles. The strength and phase of these induced poles depend
on the nature of the original sound source.

V-3 Effect of Source Distribution on Power Radiation:

The problems of acoustic interactions with barriers poses
the more fundamental question of the nature the acoustic
power is distributed in the region of interest. The clear
understanding of this will facilitate the approach to the noise
shielding.

It is known that the interaction of acoustic waves by
any barrier has the effect of inducing distributed sour;és
on the surface of the barrier and hence the problem then
becomes one of understanding the nature of interactions from
such sources and the effect these have on the power generated
from the original source. The study on such problems is

nearly a century old beginning with the study of such problems
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in.the field of radio waves. Reégntly, however, the effectvof
a bouﬁdary on the radiated power hasvbeen studied_by Thiessen
(41), Embleton (12) and Levine (27). In such sﬁudigs, i; h;s
been indicated that the distribution of sources affects the
impedance of the power transmission. In this study, the
radiative power of a three—@imensiohal_monopqlg source placed.
in‘a stationary medium in the presence of a semi-infinite
plate will be briefly di;cussed. The mathematical expressions
given below are in terms of the spherical coordinates whose
vcentre is the point on trailing edge that liesAin the same
plane as the source point § (figure 5-I). The line through
the point O into the paper is chosen as the polar axis whose

azimuth and polar angles ;are_ 9 and UV respectively.

RS

A N

Flgure (5 I) Spherlcal geometry for sourcé' .
distribution solution. b

NI SLITIBAT YL T TA TR B AN P S ra e oaoe o r o, R T o aidan ® 5 0ic: EAT DRETERE 34524 st Lh-airiirat 1_::. ~:
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The ranges of such angles are:
ogoegar 3 O <«vgT/,

The poteﬁtial ¢(p,t) at a point P(r,Y¥Y ,8) is obtained

as in chapter III as:
i(kp —wt) i(kn-wt)

b= S FB) — S F(R) 50

where r, and r, are the distances from the point P to the
points S and §/. F(B—') and F(PJ.) are the diffraction
factors with E, and Flgiven by the expressions (assuming

r very large):

B, = —J2knsmy Cos (828)

i1

? (5-5)

Ba =+ J2kn Sinv G (818)

#X
The function F may be written in the form F '-A

A‘( ﬁl) and ‘Xi(ﬁ") be denoted by A; and &, ; and AZ(E;_)
X (P by A and 0(1. Then the following expressions for

large r may be easily obtained:

P _ 1(kr wt+o<) 1fkr, ~ot+et) -

Aze (5-6)
4wr 4wr
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T A 1 Z /‘2> - ,00002 AZ 2 C
Lo SP > =g ,+A2+A‘AZ_os[k(\r,-z)ﬁu(o(,-a,ﬂ
&7

where, for large r: Y;-—Yi ~ —-21 Sin 8, SinvV Sind

The total radiated power W is then given by the ekpression:

2T

. |
W = gﬂ‘% o J [Az,+ K+, Cos[k(r,-rz)-f(o(l—ul‘ﬂ Sinvdpde

V:o 0=0 ) (5-8)

which may be evaluated numerically. For the purpose of the
present discussion, it suffices to comment on the following
simple example. Consider the source to be at a distance h

above the edge of the plate (figui:e' 5-J).

s
I
T hi

I

1

|

__ |

=
T S - .

Flgure (S—J)" Set up for power approxlmatlon fori ;
_distributed sources. . . .. i

R e S R EE R
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Assuming the wave number is very large, then the ray acoustic
solution gives a good approximate solution.

The acoustic field then comprises of Ehree regions with
sﬁarp boundaries. 1In region I, which is the region of direct
radiation andreflection, sound is received from both the

/
original source S and its image S so that:

v (kn ~wt) ei (kry—wt)

= — 5-
¢ 4T, Z e

The total radiated power from two identical sources with a

separation distance 2h in a free space without boundaries can

be easily be found.
' 2 . _
_ 9, w { Sln P
where H — 2kh

The power radiated in region I is 1/4 of this value and:

is hence equal to:

R

In region II, which is the region of direct radiation with

no reflection, the radiated power is equal to 1/2 of the
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power radiated by a source in the free space and is given by:

2 w2 .
W]I = —-——-,’:Tm (5-10) ()

In region III, where there is no radiation
W= O | (5-10) (c)
The total power radiated by the simple source in the

presence of the plate is then:

Vvt —_— VVI +‘VVIj+ “ﬁn
2 . (5-11)
_@_[1 + L ;S_'_"_P_]
8-"_00 2. H
so that Wr = 4+ 4 2inH
Wo H
_ Lwr . . :
where W, = ——— is the power radiated by a simple source

W a,

in the free space. In figure (5-K), the variation of Jag
/]

is plotted as a function of }1 .

- MWr 4

i

Figure (5-K): Power variation as a function of the.
- wave number k and height h.

PR Y
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It is seen that, as the source approaches the plate (that is
h—»o0 or }4——"0 ), the radiated power approaches a value
which is 50% greater than the value for the source without

the plate, so that

_WWI__)los qas P_'O

On the other hand, when h is much larger than the

acoustic wave length, then

W a — o
W, 1 o F

Between these two limits, the value of -%%T oscillates
-]

through a series of maxima and minima about the value %%&::1
[}

The crossover points with TNWI =1 are H=nTl’ where n=1)2;—-

0
. . 2T
The corresponding values of h is ( A = & = wave length)
with hnz n/'\/4 5 (n—_—.ijzj_..--)
As h is increased, Wr changes from greater than unit

Wo

1 to less than 1 as h passes the series of values hn’
n=1=1,2,....
The acoustic impedance as seen by the source ié, therefore,
greater or smaller than that in the absence of the plate

depending on where the position of the source is. This effect
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on the radiating power is due to the reflection effect of the
plate.

V-4 The Effect of the Uniform Flow:

Consider a monopole in a uniform flow in the presence

of a semi-infinite plaze as shown in figure (5-L).

<
v
*

X
S S — >
Figure (5-L): A monopole in a uniform flow in the
presence of a semi-infinite plate.
The governing diffrential equation and the boundary
conditions for fhe potential ¢ are given by
(1.- )ax,_ + aYZ +éa'§z Z’IkM 45 = 5(X—Xo) S(‘{’Yo)ﬁ(Z—E‘Q (5-12)

where -
K= a. -
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The boundary conditions are:
(1) -3—\‘/?:0 - at Y= 05 X<0
(ii) ¢ and its derivatives are continuous elsewhere.
(iii) The Sommerfeld radiation conditionvat infinity is
satisfied.
éhis problem can be reduced to the standard form by

letting .
BT 1Y o
= e Y (%,¥,2,k) (5-13)

where: )—(:x ;) 7: Y ,/l—Mz' b3 %: Z /1_,.17_3 .}:-.: Ii("ll

The equation and the boundary conditions for\y are then:

-‘iﬂ 3y oY Ry = O (R~X,) 6(J=Y. 5(%—?) (5-14)
xt ay: T3+ = ) 8(Y=Ye) X

(ii) QI and it derivatives are condinuous elsewhere.
(1ii) Sommerfeld radiation condition at infinity is
satisfied.
Therefore, the diffractidn problem for \P in the new variables

is identical to that for a monopole source in a stationary

medium.
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If the potential due to the incident wave only is

considered the solution of VY is

V=1 F(®) (5-15)
T o
where 1"= - -%—TF-F- and F( ﬁ) is the diffraction factor.

Assuming, for simplicity, that both the source and the
observation point lie on the X-Y plane, thenE is given by the

relation (figure 5-A):

——

2 —_
B :k(§8+cﬁ—sp

In term of the original variables, the expression is

2 = ' = =
B = i__%z [\/;oz-l-(l—f“iz))’} + ><Z+(l-—Hz)Yz-\/(><—><o)z+("”1)6/‘7')z ] (5-16)

It will first be shown that along the straight line sop’
shown in figure (5-M) the value of E'ié equal to Zefo for all

values of K and M. YT

Figure (5-M): Geometry to show the'bogndaryjffi “;j',:d
according to ray acoustics. .boopoc
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/ .. .
Obviously, if SOP is a straight line, its end point (XO,YO)
and (X,Y) satisfy the relations:
X==MX, 3y Y=-=1"Y,
where r'is a positive constant. By a direct substitution,

it is found that:

-\/xi + (1-M2) 3? +\/ X24 (-M2)y% — \/(x—-xo)2 + (1-M2)E-3)°

(5-17)

=\/x3+ -M3)y, + 1 / X2+ (M2 \/(:pz)[xf +(1~-M?) \j’:] = 0

This proves that -ﬁ‘ bas‘ a zero value evérywhere on the line
sop’ for all values of the wave number K and flow Mach numbér
M. When, in particular, the wave ngmber becomes very large
(k —» ), then the transition layer collapses onto thié

line sop’. Therefore, the line SOPf is the boundary line
between the regions of transmission and the shadow according
to ray acoustics for all Mach numbers as long as the wave
number K is large. Latter in this section, the effect of the

Mach number on the transition layer thickness will be shown.
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From this, it is concluded that the line drawn from the
source to the trailing edge of the plate completely defines
the position of the ray acoustics boundaries irrespective of
whether the medium is stationary or moving figure (5-N). 1In
the special case of a plane wave incident on the plate, the
above conclusion agrees with the result of Candel (5) asAf 
;hown be;ow.

The incident field due to a monopole at (rb y Bo) and

Z = 0 is given by the expression:

-ikml: (X+ % Cos0.) —/(X+7o Cos BeY + (1=H2) (35 Sin e,)z]

(!)',:— e (5-18)
‘/(X—HT, Cos8s)* + (4=M?) (Y — Fo Sin 8,)*

‘ N
e
el
Y
\9,,\
][0

Figure (5-N): A monopole source field in two-dimensional -
geometry 1nAthe_p;esence of a uniform flow.i
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When the source is moved to infinity along the line 0S
figure (5—N), the incident wave on the plate due to the
concentrated source becomes identical to that of a plane wave

with its potential given by the asymptotic expression of

equation (5-18) with r —+CO as:

) Cos B Sine (5-19)
X (o peslen ), ysno: ]
"‘7“['-"1" (M A-Msice, ) T/ T-1 4% sins,
b~ e
1
The potential due to a plane wave of incidence angle @

figure (5-0) is given by the expression in the equation 19 of

Candel (5) as:

| XGs® ~_ySin® _
ﬂ{ 1-MGs® + 1—HC06®] (5-20)
¢ =e
¢

M

| 4

_Figure (5-0): A plane wave field in two-dimensional :
geometry in the presence of a uniform flow. .
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Comparing equation (5-19) and (5-20) it is seen that
the incidence angle ® is equal to M-8, only when M=0. 1In
general, when M # O, the incidence angle @ of the plane wave
given by equation (5-20) is a fuqction ofleo and the
relationship is obtained by comparing the exponents contained
in equations (5-19) and (5-20) thus:

Cos ®

_4i [M-— Los O, ] = (5-21)(a)
I-ML VA-M23Site. ]~ 1-MCos®
Sin_ 6. | an.@ |
and = = (5-21) (b)
V1 —m= Sin?6, 1-MCos ® .

The following relation is then obtained from equation (5-21)

b) : .
( as Sm ®

tan B, =
M — Cos ® (5-22)

This relation is also found to satisfy equation (5-21)(a).
According to the conciusion mentioned above, the angle

90 is also the angle of the ray gcoustic boundaries which

were determined and denoted as O+ énd &6~ by Candel (5),

figure (5-N). Thus:

in ®
tan 0t = tan (£8,) =0 (5-23)
M — Cos ®
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This relationship between 6:!: and @ derived by the present
general method is identical to eéuation 35 obtained by Candel
(5) fér the case of the plane wave.

The effect of the Mach number on the thickness of the
transition layer is now examined. An angle & is introduced,
for this purpose, using the line ?§='0 as the.baseline
(figure 5-P). The angle & is defined as positive on the side
adjacent to the radiation zone, and is negative on th& shadow
region.

In terms of &X , the asymptotic expressiqn of '—B_‘2 for

large r is obtained by a lengthy but straightforward

calculation.

S
—_————— —_—)
X
P X,Y)

Figure (5-P): Transition zone layout.
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The final result is given as:

2

— : 2 . N en
ﬁ -— 1E_Y;M2[;/1“M2'3;n29° + Mksln (eo d) 5”790-65?’ | (5-24)
| J1 =42 gin2(6.-9)

+ 0 (")
This result is derived by assuming § and P are in the same

plane. The sign of E is chosen so that 'F<O when & >0 and

P DO when ol £ 0. It follows from this choice that:

t

(i) P—* - and F(B)—»1 as d—>®
(ii) BP=0, F(B) =1/2 at o=0 (5-25)
(iii) B—+o , F(B) —»0as d—v-®

From the mathematical table of F({ E ) (Ref. 1), 1it is
found that F( F ) is practically equal to 1 when E =~ -20.
The corresponding value of @ , denoted by oL+ defines the
position of the "bright" edge.of ;he transition layer.
Similarly, when B o~ + 20, F(F) is practically equal to
zero, and the corresponding o , denoted by ol , defines
the position of the "dark" edge of the transition 1ayér.

-
As one can see from the expression for p 2 O[+ and .
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are functions of kr_ , ©_ and M. In table I and figure (5-Q)
next page, the values of /4 and ol_ are listed. These
values are calculated by assuming kro= 2500, Qo =7T/4 for
various values of the Mach numbers.

From this example, it is seen that the thickness of the
transition laye; at the trailing edge of the plate becomes
narrower when the Mach.number increases, and the decrease in
thickness is more pronounced on the side adjacent to the
shadow region (under the plate). The effect of the Mach
number is, therefore, to increase the size of the shadow

region and hence make the shielding more effective. Table Il

shows such calculations.
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Table I

Transition layer thickness as a function of the Mach number.

Mach number (M) 0 0.2 0.4} 0.6 0.8 0.95

(degrees) | . 32.9 | .32.7| 32.2| 31.2| 29.5| 27.7

O(— (degrees) | . -32.9|-32.0{ -29.5 |[-25.5| -20.3| -15.7

Layer thickness . .
(degrees) 65.8 64.7 61.7 56.7 49.8 43.4

- Layer thickness

Figure (5-Q): Transition layer thickness.
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' g‘able II

Values of B when kr = 2500 and B = /4
¢ M=0 M=.2 .M=. M= .6 M= .8 M= .95
-35| 21.263 21.820
-30| 18.301 18.759  20.318  23.763
~25| 15.304 15.667  16.891 19.546  25.706
-20| 12.278 12.551 13.463 15.402 © 19.670
-15{ 9.229 9.419  10.049 11.358 14.096
-10| 6.162 6.279 6.660  7.437  8.982
-5| 3.084 3.137 3.308 3.649  4.297
0 0 -1.456793 _1.019703 _1.651703 _2.543703 _3.863703
5| -3.084 -3.125  -3.258  -3.512  -3.959  -4.522
10| -6.162 -6.235  -6.464  -6.894  -7.628  -8.514
15| -9.229 -9.322  -9.614 -10.154 -11.053 =12.105
20| -12.278 -12.382 -12.708 -13.304 -14.277  -15.388
25| ~15.304 -15.411  -15.747 -16.355 =17.335 -18.439
30| -18.301 -18.405 -18.732 -19.321 -20.264 =-21.307
35| =21.263 -21.361 . -21.666 -22.216
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