@ https://ntrs.nasa.gov/search.jsp?R=19820026255 2020-03-21T06:13:18+00:00Z

NASA Qr - 16SS 977

NASA Contractor Report 165977

NASA-CR-165977 MCR-82-
581 —VOL-2-PT-2-APP-D

12 20072¢ 5 s

Evaluation of Automated
Decisionmaking Methodologies
and Development of an
Integrated Robotic System

Simulation
Appendixes B, C, D, E

J. W. Lowrie, Dr. A. J. Fermelia, D. C. Haley,
K. D. Gremban, J. Van Baalen, and R. W. Walsh

Martin Marietta Aerospace
Denver Aerospace

P.O. Box 179

Denver, Colorado 80201

ot A EAAMEAN
September 1982 B LA —

H
.
» FoLa o L $d

s o o

National Aeronautics and

Space Administration i
LANCLEY RESSARTH CEMNTZR

Langley Research Center Lis2aiir, MADA
Hampton, Virginia 23665 HALPTON, VIRGINIA



NASA CR-165977

September 1982

Appendix Title

B Derivation of
Requirements Tool
Dynamics

C Derivation of
Simulation Tool
Dynamics

D Derivation of
Requirements Tool
Control Law

E Simulation
Methodologies

EVALUATION OF AUTOMATED
DECISIONMAKING METHODOLOGIES
AND DEVELOPMENT OF AN
INTEGRATED ROBOTIC SYSTEM
SIMULATION

Prepared by:

James W. Lowrie

Dr. Alfred J. Fermelia
Dennis C. Haley

Keith D. Gremban
Jeff Van Baalen
Richard W, Walsh

This work was performed for NASA
Langley Research Center under
contract NAS1-16759.

MARTIN MARIETTA AEROSPACE
DENVER AEROSPACE

P.0.Box 179

Denver, Colorado 80201

NEL-34r3/ %



FOREWORD

This document covers the work performed on contract NAS1-16759, Evaluation
of Automated Decision-Making Methodologies and Development of Integrated
Robotic System Simulation, for the Langley Research Center of the National
Aeronautics and Space Administration. It was prepared by Martin Marietta
Aerospace in accordance with the contract, Part II, Statement of Work.

The final report for this study consists of three volumes:

NASA CR-165975 -~ Study Results

NASA CR-165976 — Appendix A, Software Documentation

NASA CR-165977 - Appendix B, Derivation of Requirements Tool Dynamics
Appendix C, Derivation of Simulation Tool Dynamics
Appendix D, Derivation of Requirements Tool Control Law
Appendix E, Simulation Methodologies

Comments or requesté for additional information should be directed to:

Jack Pennington or James W. Lowrie

Mail No. 152D Mail No. 0570

Contracting Officer Representative Martin Marietta Aerospace
Langley Research Center . P.0. Box 179

Hampton, VA 23665 Denver, CO 80201
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1.0

INTRODUCTION

One facet of robotic systems requirements analysis is the analysis of
system dynamics. Dynamic analysis is necessary to ensure that the pro-
posed system will be able to both produce the forces and/or torques re-
quired for task execution and withstand the stresses and strains of op-
eration. Typically, the dynamic equations of complex systems are time
consuming to derive and must be modified and solved repeatedly as sys-—
tem design concepts change. However, in the case of manipulator sys-
tems, the entire process of formulating and solving dynamic equations
can be automated.

This appendix describes the derivation of a set of dynamic equations
that can be used recursively to calculate forces and torques acting at
manipulator joints during operation. The equations are valid for any
n-link manipulator system with any kind of joints connected in any se-
quence. The derivation is based on a technique described in Orin, et
al (Ref 1). '
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2.0

INITIALIZATION

This section sets up the tools that will be used in deriving the dynam-
ic equations. Notation is defined and coordinate systems (as well as
the transformations between them) are described.

Consider an n-link manipulator. Define the base to be link 0O and the
end effector, or tool, to be link n. Define.joint i to be the joint
between link i-1 and link i. With each joint, associate a right-hand-
ed, orthogonal, Cartesian coordinate system;_let X; denote the coor-
dinate system associated with joint i. Let X; denote a coordinate
system associated with the base.

The location and orientation of X; with respect to link i is fixed.
For rotary joints, the origin of X; is placed_at the intersection of
the joint axis and the link axis of link i. X; is oriented by defin-
ing the x axis to point towards the center of gravity (cg) of link i
and the y axis to point along the joint axis. The z-axis is defined
uniquely by the requirement that X; be right-handed and orthogonal.
For roll and sliding joints, the origin of X; is fixed only with re-
spect to X , with the x-axis pointing along the link axis, and the y-
and z-axes deflned to make X right-handed and orthogonal (Fig. B2-1).

Matrix quantities will be denoted by capital letters; small letters
with an underscore will indicate vectors. Hence, T is a matrix, while
Lt is a vector. To distinguish magnitude and direction in a vector, the

following convention is used: t = tuy where t is the magnltude of t
and p¢ is a unit vector in the same direction as t.

Vectors and matrices may have different representations when expressed
in different coordinate systems. A left subscript will be used to de-
note the coordinate system in which a quantity is expressed. Hence,
iy denotes a vector expressed_in terms of X;; jv denotes the same
vector expressed in terms of X:. When no left subscript is written,
quantities are assumed to be in base coordinates (i.e., in terms of

%)

i/i-1 Joint Axis ' :
cg of Link 1

‘yy f link 1-1
o -
}Ay cg in
P X /-{—_——-—bx
z z"/r

Figure B2-1 Joint Axes Orientation



[B-1]

(B-2]

[B-3]

Transformation matrices and displacement vectors accomplish transforma-
tions between coordinate systems. The transformation matrices account
for rotational differences between coordinate systems, while the vec-
tors account for translational differences between origins.

Define ;P; to be_the matrix that transforms a vector expressed in
terms of system X; into terms of a rotated system zj‘ That is,

P : X, + X
RRERRE- PP

or ,

.P =

ji i jX

Once again, the transformation matrices only account for rotational
differences between coordinate systems. The result, ;v, can be in-
terpreted as being a vector of equal length as ;v and with the same
orientation, but originating from Ej’ rather than X; (Fig. B2-2).

Figure B2-2 Coordinate Trans formation

To perform some calculations, the transformation of inertia matrices
from one coordinate system to another will be required. Transforma-
tions of matrix quantities requires two matrix multiplications. The
formula for transforming the inertia matrix of link i, I;, from the

system Xj to the system Xj is given by

I, = P -1
3t = 5P LTy 4By

As the approach to dynamics is developed, certain quantities will be
needed in many of the equations. Instead of defining them as required,
the following is a list of the vectors, matrices, etc, that will be

used in this appendix:

= Linear velocity of z& with respect to an inertial

Si
coordinate system;

Wi = Angular velocity of z; with respect to an inertial
coordinate system;

i = Angular velocity of g} with respect to z&_l;

r



5o

o = = Angular acceleration of z; with respect to an
inertial coordinate system;
hd . . - . ) .
aj; =83 = Llnea? acceleration of X; with respect to an inertial
coordinate system;
hj ;= Position vector of X: with respect to Xi’ if i # j; _

Position vector of the cg of link i with respect to Xj,
if i = j;

I; = Inertia matrix of link i with respect to the cg of link ij;

=)

j = Mass of link i;

f; = Reaction force acting at Xj;
t; = Reaction torque acting at Xis
g = Gravitational acceleration.

The use of a tilde "~" over a vector will denote the 3x3 skew-symmetric

matrix of a vector cross product. That is, if a = ay and P_= bl
a2 b2
a3 b3
then
5b= = -
ab=axb={0 -a; a, 1
a 0 -a

B-5
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3.0

A DYNAMICS SOLUTION

The derivation of the dynamic equations of an n-link manipulator system
can now be described. .

The following application scenario is envisioned. A designer receives
a set of requirements for a manipulator arm. He creates an initial de-
sign, which he then subjects to the motions that would arise from a
typical operation, thereby obtaining a position, velocity, and acceler-
ation profile for each joint. Using these profiles, the reaction
forces and torques acting on the system can be computed.

To solve for forces and torques from the motion profiles, a recursive
procedure can be used. First, working from Xb to X the veloci-

ties and accelerations with respect to an 1nert1al system will be cal-
culated using the motion profiles as input. (The motion profiles are
assumed to contain information on relative values like the angular ve-
locity of Eg with respect to i-—l ) Once this has been accom-

plished, the relations f=maand £ = Io +w x'1Iw -can be used to
solve for the forces and torques actlng at the origin of each coordi-
nate system. If the system joints are single degree of freedom, one of
the resultant terms represents an actuator force or torque, and the
other terms represent the dynamic reactions acting on the system due to
the motion.

To simplify notation, all quantities will be assumed to be in base co-
ordinates, and Xb, the base coordinate system, will be assumed to be

an inertial system. After the dynamic equations are derived, transfor-
mations will be considered.

B-7



3.1

[B~4]

[B-3]

[B-6]

[B-7]

COMPUTING INERTIAL MOTION

The equations that will be derived are recursive--the values at Eg
are calculated from knowledge of values at X _Xj.1 and from knowledge of
the relative motion of Xj with respect to X;_p.

Figure B3-1 depicts the coordinate systems Xi_l and z; separated by

a single link. 1In (a), the joint is rotary; in (b), the joint is slid-
ing. 1If the joints were held fixed, velocities of X could be calcu~-
lated by knowing velocities at X -1 and the dlsplacement between ori-
g}ns. In particular, the angular velocity of X would equal that of
Xj-1, while the linear velocity would be a vector sum of the linear
velocity at 51 -1 and the angular velocity crossed with the displace-

ment vector h; hj_3,4¢

=W

L

5 T8 Y s

If the joint between the coordinate systems was free, movement at the
joint would contribute to the velocities of the system Xj. The rota-
ry joint of (a) would add to angular velocity of X;, while the slid-
ing joint of (b) would contribute to linear velocity. The angular ve-
locity of the rotary joint is Q ;s and the velocity of the sliding joint
is

4 = h,

ac g, ¥, i-1,i%h

i-1,1 i-1,1i

Putting these terms into the equations [B-4] and [B-5] yields

€
I
g

0
i
1]
+
£
=

i . +h
5; T 511 T Ei-15-1,1 1—1,15111_1’i

Equations [B-6] and [B-7] can be used repeatedly to calculate _the abso-
lute velocities of each of the coordinate systems X through X,

given the values for the system X, and the relatlye velocities at

the joints.



r—

1

a) Rotary Joint -i-1,1

|

£ ]

VAUVA

1 /
h

b) Sliding Joint

Figure B3-1 Joint Coordinate Systems
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Formulas for the angular and linear accelerations of 2—1 can be found
from [B-6] and [B-7] using the definitions

d d
a = d—t(y_) and a = E(E)'

o =L [w.]
=i dt i
d
=q gty
d d
= it [Y-i-ll +’(E [Qi]
_ 4
_Ei—l + at [Qi] £Qi+ Qi dc [u Qi]
Tyt Og A G xag)
(B-8] 8 =gy + Oy +¥; 8
d
2 =g 5!
- T . iy ]
dt —=i-1 " S-1 —i-1,1 * dt ‘i-1,i’ “h, . .
1-1,1
d d
air T IR AR R TS I P R R L PR RY
d .d
taelae oy, ) By ]
i-1,1
~ a
=AYy Xhy Lyt X dt[hi—l,l]lhi_1 1 *
. 2 ?
d d_.
w. . xh,_ . . [u 1+ 52, _, Du
d d
+—C, , ) == )
dti-1,47 deehy
~ 4
=gyt Xhy gt X dt(hi—l’i)ghiq i *
. 2 ’
d
W, q xh, o .(w, . xu ) + gezthy
i-1 i-1,i—4-~-1 —hi—l,i des™i-1,1 _hi-l,i
d
+—=(h, . )(w, ; x ¥ )
ilt i-1,i7 "= 1~ —hi—l,i
(B-9] 2, =3; ;1 +2 184,47 zﬂi-l(hi‘l’ikhi-l i)
A CIR W h1-1,1l*hi_1 s
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Formulas [B-6] through [B-9] can be used repeatedly to calculate the
absolute velocities and accelerations of each of the coordinate systems
§i through Xn’ given the values for the system Xb and the rela-

tive accelerations at each joint.

If the end effector is holding a body, then a coordinate system can be
attached to the body (call it X :L+1) Velocities and accelerations of
the body can be calculated by applying formulas [B- 6] through [B-9],
using the values calculated for X .

B-11



3.2

[B-10]

[B-11]

COMPUTING REACTIONS

Once velocities and accelerations have been calculated, the values for
forces and moments can be obtained.

Assume that the end effector is holding a body. Let f and t denote the
external force and torque acting on the body. Let §n+1 denote the
coordinate system located on the body. Then the resultant of all the
forces.-and torques acting on the or1g1n of §n+l are found by using

the equations below:

f =m [a

-+l ntl ©

21 ¥ Sy e ¥ &y +183041,ne) ~ 81 - £

bl = L1t ¥ ¥ Tnei¥oer ¥ l-‘n+1,n+1“‘n+1 2

a
NI NSLE RNV B AP\ AR RRED B -
- h f -
-hh+1,f -t

where h,;) ¢ denotes the vector from the origin of §£+1 to the
point of application of f.

The forces and torques on each of the systems z& can be found in a
recursive manner, beginning with those at X, and working down to Xy
using equations similar to formulas [B-6] to [B-9].

Assume that the forces and torques acting on Xj4] are known and those
at X are sought (Fig. B3-2).

m,

1<l

m i‘g'

Figure B3-2 Force and Torque Diagram

B-12
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[B-13]

The values fj4) and ti4] can be viewed as forces and torques
applied to the system X; at a point located by.hi 141" Similarly,
mjg can be viewed as an applied force and mjaj as’a reaction

force (or inertial force) acting at a point located by El 1+ The
forces and torques transmitted to the origin of X are given by

£y = £y toyla; +a ashy ;W Ghy ) - gl

LT hi,i+1 Liop ¥ Ty + By ymlay +35hy

tu by 0) - gl T,

Equations [B~12] and [B-13] are the recursion formulas that can be used
to calculate the reaction forces and torques at each joint from the

"tool back to the base.

Consider f; and t; as each being composed of three constituent vec-
tors directed along the X; coordinate axes. That is,

eI FLITS Bl LT Bl B B
£, 0 £
i“iy i“iy
£, 0 0 £,
|1 1z | 1 iiz
and
i85 = [ats | = [atae| ¥ [0 ] *
P o t
iiy i iy
t 0 .t
Q} iz | _ i iz

If joint i has only a single degree of freedom, then one of the con-
stituent vectors of f; and tj represents the actuator force or

torque. The other five constituent vectors represent reactions at the
joint due to the manipulator motion and external effects.



3.3

[B-14]
[B-15]

[B-16]

[B-17]

[B-18]

[B-19]

INSERTING TRANSFORMATIONS :

To simplify the notation, transformation matrices were not included in
the derivations of Sections 3.1 and 3.2. However, in any application,
transformation matrices must not be overlooked.

In Section 2.0, lower left subscripts are used to denote the coordinate
system a quantity is expressed in. In this case, jPi 1s used to
represent the transformation matri; from X; to X;. The base coor-—
dinate system will be denoted by X and will be assumed to be an in-
ertial coordinate system.

Equations [B-6] through [B-9] are the equations used to calculate in-
ertial velocities and accelerations, given the relative velocities and
accelerations between coordinate systems.. These equations are executed
recursively, and so quantities that are calculated at one step are used
in the next step. By storing the results of transformations performed
at each step, transformations need only be applied at succeeding steps
to terms that have not already been operated on. Therefore, including
transformations only when necessary, equations [B-6] through [B-9]
become

p¥i = b1 F pPala!
b2 = 81t 9o GPao1lalyg,a D bPi—lKhi—l,i)i-lﬁhi_l i]

i = p2i-1 T bPiK§i>iH-Qi] +owg BP0 D
b1 = b1 ¥ b1 G-l 1D

2951 P By, o gatn )

+ o9y 1 G¥so1 GPmr Lymihyg, 1))

+.p, IR, D, ]
b i-1"4i-1,i"i-1 hi—l,i

Equations [B-10] and [B-11] for calculating the forces and torques act-
ing on a body held by the tool become

bEatt = et B2ak1 ¥ bl bPntt lnkiBar, ] ~ b8
- an+1[n+L£]

b+l = GPot1lnrilntt bPar1)) b1
* o¥0t1 @GPt bt T bPnt Db

[ ]

+ Pt bnrrPorr! * o1 G2nr1 b2+l bEotl ot 1Patl, ntl

B bg) b n+1[n+1—n+1'f nt+l1— £] - b n+1[n+1 tl

B-14



and equations [B-12] and [B-13} become

(B-20] bi1 = bEi+1 T PGBy 0y phy g 7 18

B . -1
(B-21] bt = bEi+1 t b4, 441 plisr Tt 1[111 R
by m Gyt b—i " b8
+ iy Py 5Ty P ])b31

Equations [B~14] through [B-21)] form the complete set of equations
needed to calculate reaction forces and torques resulting from a given
manipulator motion.
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1.0

INTRODUCTION

Dynamic simulation of a robotic system requires derivation of the
system equations of motion. The derivation can be both difficult and
time-consuming. By constraining the system being considered to a
specific class of systems, a general set of equations can be derived.
The equations of motion for a given system within the class can then be
obtained by specifying the values of the coefficients of the general
set of equations.

This appendix describes the derivation of the equations of motion for
the class of manipulators consisting of rigid links interconnected by
rotary joints. 1In addition, a technique is outlined for reducing the
system of equations to eliminate constraint torques. The derivation of
the equations and the technique used to reduce the system were both
initially described in a paper by W. W. Hooker in 1974 (Ref 1).
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2.0

INITIALIZATION

To carry out the derivation of the equations of motion, the notation
and terminology to be used must be presented.

The links of the manipulator will be referred to as bodies. The base
of the manipulator will be designated body 0, and other bodies will be
numbered consecutively from the base. Let P, be a fixed reference
point on body 0. Let P, be the point fixed at the center of the

joint between body i-1 ind body i; P, can be thought of as the point
of contact of body i-1 and body i. *

The following definitions will be used:

Ei = External torque (not acting through a joint) acting on body i;
IE = Hinge torque acting on body i through joint ij;
E& = External force (not hinge force) acting on body 1i;
FH = Hinge force acting on body i through joint i;
._i
m, = Mass of body i;
. n

m = Total system mass (m = iglmi);
R = Vector from Pi to the center of gravity (cg) of body ij;

- . . e '
LY i # j - vector from Pl o PJ,

i=3j - vector from Pi to cg of body i (égij);
@i = Inertia matrix of body i about its cg;
Qi = ¢, -m R, R;
ik 17 Ryg Ry
W = Angular velocity of body i with respect to an inertial system;
2, = Relative angular velocity of body i with respect to body i-1;
H, = ¢, w, - the angular momentum of body i;
—i i—
mi = 0if i = 0,
¥y % Qi + yi_l, othezYise;

= z . 4
Yy wor(ugxh; ) + yxhy, + Ly woxGuxhy, ) 0y
EO = Vector from inertial origin to PO;
Xi = Vector from P0 to cg of body 1i.



The use of a tilde "~" will denote the 3x3 skew-symmetric matrix of a
vector cross product. That is,

ifa=)a, |, and b = b1 , then
42 >
43 b3
ab=axb=1{0 -a;  a, b,
ag 0 -a, b2
-a, a 0 b3

The definitions above correspond in most cases to those in Hooker (1974).

Figures C2-1 and C2-2 illustrate some of the definitions.

C-4



e Center of Gravity

Inertial Coordinate System

Figure C2-1 Definition of Terms - Position Vectors

Figure C2-2 Definition of Terms - Forces and Torques
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3.0

3.1

3.1.1

[c-1]

DERIVATION OF SYSTEM (JOINT O) EQUATION

ROTATION ABOUT Pg

We will start by summing the external torques acting on each of the
bodies and equating this to the sum of moments about Py, of each
body. The equation is particularly easy to obtain if each body is
considered separately.

Body O about Pg

The external torques acting on Body O about Py are: Tg, the
external torque; and Fys the moment about Py created by the

external force.

The moment about Py of body O has three components:

b - the moment of m0 times the acceleration of P0 with

i 03
m0%00%0
respect to the inertial system;

2) mORbOiO - the moment of m, times the acceleration of the cg
of body O with respect to Py;

d
) dt(@ogo) - the change in angular momentum of body 0

Therefore we have
R Y
O 00 0 00‘0 00‘0

The equation [C-1] is useless unless it contains the quantities known
or desired. That is, we need to rewrite equation [C-1] in terms of
link lengths, joint velocities, and accelerations.

+ =
o, tm (@O_O) I, + R

By definition, an expression for Y5 can be given as

Y =h
=0 00
so

«+ _ d

.4 - h
Iy = ac Byg) = ¥ * by,

and

. d
XO = 4t (V_‘Zoxh.oo) "Ox‘b'oo + EOX(EOXhOO)

because all links are rigid and all joints are constrained to rotate -
‘only. Furthermore, an expression for the angular velocity is given by

¥y = 24 hence wy = £+ u, (Y =

C-6



That being the case, the acceleration can be written as

¢ h
Yy = 8y % hog + g x hoy + ¥y x gy X Byy)

where the last terms may be expressed as yg, i.e.,

wO X EOO +w. x (w xh

-0 00) %o

In addition, the first term on the right-hand side of the previous
equation is

0 * Bop = "Roofp sinee Bog = Byg

(O

Combining the above equivalent expressions produces

_ R Y =-nR R & +mR
(C-21  moRoo¥g = "MRo0R00%0 T Mo 00%0

recognizing that

d
= ¢ +w x (dw
a9y’ A %’

and using v, = Q. + ¥,, and éOEO = EO produces
H

c-3 bw)=080 +0y +w X
(c=3) (oo) 0-0 A
Substituting equations [C-2] and [C-3] into [C-1] yields
moRoolo = MoRoRoolly + MoRoo¥o * 0—0+®0320+30x50=20+R0050

Combining terms using the identity ¢

=0 -mR R _ and moving terms
to the right-hand side yields 00 0 00000

-~ X3 0 -
4] mR + 9 =T +R_(F. -my) - -
(€41 moRo020 * %000 = T + RoolFp ~ mp¥y) ~ ¥, x By - 8%

3.1.2 Body 1 about Pg

0

The external torques acting on body 1 with respect to P0 are:

1) Il = External torque on body 1;

2) ROLEI = Moment about Py of the mass my times the acceleration

of PO with respect to the inertial origin.



[C-5] m

The moment contribution due to the mass times acceleration of body 1
about P, again can be expressed in three terms:

0
1) mlROIQ0 = Moment about P0 of the mass my times the acceleration
of PO with respect to the inertial origin;
2) mlﬁOLX = Moment about P0 of my times the acceleration of

the cg of body 1 with respect to PO;
3) -%t(élyl) = Change in angular momentum of body 1.

Again, as in 3.1.1, the moments and torques are set equal to each
other.

+ m ﬁ ? + W

~ .. d ~
1R012p * MBRor Xy + &) = I; + Ry Ey



And, as in Subsection 3.1.1, the equation above must be expressed in
terms of link lengths and joint velocities.

By definition, the position Y; is given by

Y3 =hoy +hy3

differentiation yields

e

1 = ¥y X Byy vy x By

and
I =¥y x By twox gy xhy)) +wy xhyy vy ox () xhyy)

Inertial angular velocity is given by

20=90
El =.§.20+9-1

hence, angular acceleration is given by

-o=—0+390

¥ = dt @y + &)

=Q—0+91+20xﬁl

8ty t Yy
Substituting in for EO and w1 and rearranging terms yields
_l—Q xh01+_lkoxh01+_0xh _1 +_ylxh

+ ¥, % (_0 + h01) + wl X (w x hll)

Combining terms containing _0 yields the expression

_Y.]_"

100

0 ¥ (h

Boy +Byy) + 8 xhyy +wy x @y x hyy) + 3y x by,
oy x (g xhyp) tgy xhy,

By returning to the definitions, the terms on the right-hand side of
this equation can be given as

8y * (o * byy) = “Royys &y x by = -Rj,8;; and

Ho ¥ (o xBop) ¥ g xhgy vy x (@) xhy)) +y xhyy =y

0
Making the substitutions given above, m] il can be written as

[c-6] g +m

mRo ¥y = -mRy R0 - mRo RS+ my Ry1¥p

c-9



Substituting the values of wgy and wy into d (QIEI) yields
' ' dt

d .

wE(0¥y) = %y t gy x dw,

or
d - Ll

[c71 q¢ (%)) = i+ ) + gy + ¥ x by
Substituting equations [C-6] and [C-7] into equation [C-5] produces

MRoo = MRoiRoifg - MRoRy gy + mRy vy + 080 + €0,

oy ty xH) =T + Ry E
. A 1 : 1 ~
Use of the identit = - = ¢ - R
entities o, 2, mlROIROI and @01 2 mlROIRll and
rearrangement of terms yields: ,
~ .. 1 . 1 . . -~
[c-8] mRyjeg + 20o8g* 20018y = I + Ry By - m¥y) -y x By - o)

3.1.3 Body 2 about P
The external torques on body 2 with respect to P0 are:

1) Eé = External torque on body 2;

§02§2 = Moment about P0 of the external force acting on body 2.

The moment contribution due to mass times acceleration of body 2 about

2)

P0 can be expressed in three terms:

1) mZROZBO = Moment about P0 of m, times the acceleration of PO with
respect to the inertial origin;

2) mZROZXQ = Mgment about P0 of m, times the acceleration of the cg

of body 2 with respect to PO;
3) gz(ézyz = Change in angular momentum of body 2.

Equating the sums of external torques to the moments of m, about Po‘yields:
d v
+de(ouy) = I, + RgpE,y

[c-9] + m.R

myRpag T MpRo2ky
Once again, equation [C-9] must be rewritten to be useful. The equation
must be put in terms of link parameters.

As in the expression for body 1, the position of body 2 is given as

Y, =hy *hy, +hy,



Differentiating this equation yields the velocity

I) " ¥y X by +¥) xhyy +wy xhy,

and the acceleration

Y, = ;
d2 ¥ X by v ¥y x @y xhy) +wy xhyy 4wy x @) xhy,)
Ty X hyy tuy x (@) x hy,)

Using the definitions:

¥y = & >
¥y =20+,
W, =25+ 8 +82,
the angular acceleration can be written as:
¥o = 8y + ¥,
=8yt 8ty
ir_2=§_.)_0+_§2_1+92+11+w1xg2
= Qo+ 8 + 8 + 3,
where Y. + w. x , =Y

Making the above substitutions into the expression for ié and

rearranging terms yields:

Xp =8 = gy + hyy ¥ Byp) +.8y x (hyy x Byp) +.8, x (yy)
tHyx W x b))ty x by ey ox (g xhy,) kg xhy,
tuy x (@) x Byy) + 4y x hyy

or,

2 = Roolg ~ Rrofy

" Ryl t ¥y

c-11



Therefore, the second term on the left of equation [C-9] can be written
as

~ ~

[C-10] myRy Yy = ~myR(,Rp,R0 = myRgoRy 58 = myRgyRyofy + myRpo¥y
The expression %E(QZEZ) can also be simplified as:

d L. :
ac (%) = %y + Wy X QW)
Substituting in the expressions ﬁ =_§O +_Q

= H
into this equation yields: 2

+QZ+_1Q2and¢E H,

1 2-2

C_ll .d_ - - - .
[C-L1] Ge(oguy) = 2yl + 0,8 + 9ty + b, + 0, x Ky
The expressions [C-10] and [C-11] can now be substituted into equation
[C-9] to produce
myRq900 = MyRgoRopflg = WyRosR oy = MyRayRyafly + myR,5¥,
+ 08y + 0,0y + 0,8, + &b, + Wy x Hy =T, + RpFy

. . . . 2 _ X
Rearranglng.terms and using the identity QOk = ¢2 - m2R02Rk2 produces
the expression :

[C-12] n. R .p 2 & 2 9 28 = R -
m2R0220 * %ot * %5its t %02 = I * Rea(E, - mpy,) - ¥

02 = I 2% 2 X Hy - %4,

3.1.4 Combining Equations

By carefuily examining equations [C—4], [C-8], and [C-12], a pattern
for the equations of torques and moments about Py can be identified.
The general equation of body i is about Py is easily seen to be:

- ~ . ' i ) i ° i . = ~ _ L
[C-13] miROiEO + q>009'0 + @019_1 + .. 0+ @Oiﬂi li + RO]_(:_F.j_ mj_Y-i)
oy X By - oogdy
For a system of N+l bodies, the equation [C-13] can be summed for all

bodies i (i = 0,1,2,...,N) to obtain the equation of motion for all
bodies with respect to PO. In the interest of simplifying notation,

define
PN N .n
%i = nki %0i

Then the system equation can be written as:

oo~ z z L
- z ’ : . .. =T + ...
[C-141 ;Z,[m 2o F 2018y oy Tyt Lt

i®0i2o! * %00 ot L
+3EN + ROO(EO - mozo) + .. .+ RON(EN - mNyN) - ¥y X EO
-—w xH - ... - W x He - ¢0y0 = .. e = Oy

c-12



4.0

4.1.1

[c-15]

[c-16]

[c-17]

DERIVATION OF JOINT 1 EQUATION

The next step in deriving the complete set of equations of motion is to
work outward from Py and formulate an equation for each joint. 1In
formulating the equation of motion for joint 1, the moments and torques
are considered only for bodies beyond that joint. The hinge torque

TH must then be considered as an external torque. One way of

looklng at this is to say that TH represents the angular effect of
bodies 0 through 1 to the reactlon at Py

ROTATION ABOUT Py

Body 1 about Py

The external torques acting on body 1 about Pj are:

H
D T,
2) 1,

3) RILEI = Moment of the external force F, about P..

The moment due to mass times acceleration of body 1 about P1 can be
expressed as three terms:

1) mlRllgO = Moment of mlgo about Pl;

2) mlRMX1 = Moment of mlzl about P

3) EE(QIEI) = Change in angular momentum of body 1.

The moments and torques above can be equated, yielding:

~ . H
mRy 8+ mRy Y+ g—t(q’ll’l) = I +I) + R F

As was the case in Section 3.0, the equation [C-15] must be expressed
in terms of the link properties and relative joint velocities.
Fortunately, much of the required algebraic manipulations were
performed in the preceding section. Thus, we have

I) = Rofly - Ry +yy

Substituting this into mlill

m Ry 8 = -myRygRy8 - 1R11R1191 + mRy v

(@ ) can be rewritten as

?1 yields

As in Subsection 3.1.2, dt

d -
qE@qEy) <@gy + 0y + oy twy x Hy



[c-18]

4.1.2-

[c-19]

[C-20]

Substitution of equations [C-17] and [C-16] in equation [C-15] produces

mRy0, = MRy Ry Ry = MR R 8y H Ry Yy 08, + 08

-~

1
+ oy, + H =10 +7T +RF
Wty xE =L 4L R
. 1= _ 3 B
If terms are rearranged and the identity ¢kj @1 mlelel is used,
the result is

h — H g '
g =1 + .11 + Rll(El - mlll) -w

174 x B -0y

1 1 1-1

Body 2 about Py

The external torques acting on body 2 with respect to Pj are:

1) 1,

2) Ry,F,

The moments of body 2 about Pj are:

Equating the external torques to the moment due to the mass times
acceleration yields

WyR 90y + MRy oY, + g—t(q’z‘lz) =TI, + R,F,

Note that IE is not being considered. This is because if we

included it here, then a TIE would have to be included in the body

1 equation. The two torque values would then cancel when the equations
were combined.

As before, equation [C-19] must be rearranged. From Section 3.0, we
have

¥y = “Rooly ~ Ryplly = Ryply + 3,

Substitution of this equation into m2R12X2 yields:

myRy ¥,y = ~MyR;5RGofg = MyRyoR o8y = MRy oRy o0y + myRy 5,

c-14



Furthermore, from Section 3.0,

[C—2l =
] (@2_2) @290 + q>2 1t @292 + @231{2 + W, X ﬂz

[C-21] can be substituted with equation [C~20] into equation [C-19]
giving
MRy 500 = MyRypRooRy = MyR oRyHily = MoRy pRopfy + MRyaYy

R0+ Oyl + 0y + 20, +uy x By = T, + RyoE,

simplifies the equation to:

[C-22 2 24 24 23 R -
] 2R12Pg T 21080 + 0118y F 98y = Iy + Ry (Ey - myvy)
- ¥y x Hy = 00,

4.,1.3 Combining Equations

By examining the pattern of equations in Section 3.0 and by closely
examining equations [C-18] and [C-22], we can see a pattern. The
equation of motion for body i about P; can be easily written down:

[c-23] 14 = R -
mRy8y + ofofy + ofydy + o - ¥ Ry = T+ R E - mpyy)

- - |
Wy x Hy = %90

The equations of motion about Pj for all bodies beyond Py (that is, for
i=1,2,...,N) can now be summed to obtain the joint 1 equation. To
simplify notation, let

z N n .
= s k = max(1l,1i
°11 7 nfk %11’ (1,3)

Then the joint 1 equation can be written as:

L g
[C-24] 1—1 [mR Bo) + o @y + o5 @ + . . .+ of

H
=T+ AL, L+ T

R (E - myy) e Ry (B - v

Wy x By



5.0 ADDITIONAL JOINT EQUATIONS

From the experience gained in following Sections 2.0 and 3.0, it is
apparent that the equations of motion for a regular system of bodies
like a manipulator am.have a pattern associated with them. One need
only derive equations step by step until the pattern becomes clear, and
then write out the rest by induction. Examination of the complete
joint equations [C-14] and [C~24] reveal a distinct pattern in the
joint equations. Using the convention

ot = Nonm

ij " nkklyyr 7 max(hd)

the equation of motion about joint i can be written:

N oo % e T s L
C-25 »
[C-251 %y ImRypogl + 05 @)+ 0538 + o o . + 050
_ . H
IS A SIS

Ry (Ey momy) e Ry (B - mgvy)

; X Ei T e e s T HyX EN

T 32 SRR Y

- W

C-16



6.0

[C-26]

[C-27]

THE SYSTEM OF EQUATIONS

The set of equations of motion for each joint can now be expressed

together in matrix form:

- - — <
N -
Z Z Z Z ..
n20 ™nRon %60 201 %2 . . . %% %0
N ~
z L]
nE1 R 1o °f; Q?
i .. . . .
DL
1‘121‘]—1 mnRN_‘l s 11 N-1 3 0 é
N R, oL oL oL S
rEN n Nn N,O N1 * © NN QN
- -— -— -1 - -
N
0 z R -
- n=0 [In + ROn(-l-?n nzn) - Eh X-'En - Qnin]
TlH N .
T z R - -
= 2 + n=1 [In * Rin(gn mnyn) Fn X"Ilin - ¢nYn]
. N . .
T z - -
N n=N [In + RNn(En man) Eh X'Hn - QnQn]_

The matrix equation [C-26] contains N+l equations in N+2 unknowns.

Several ways exist to make the system square.
may be derived, or an unknown may be dropped.
is best suited for ROBSIM dynamics.

An additional equation
The latter alternative

For all the situations to be

considered during the initial ROBSIM effort, the manipulators will have

fixed bases, so Py = 0.
we are left with

W] [
9 T
® :1 =§ + | Eao)
Q T.
o JeYd Y4 L

Hence, the first unknown is unnecessary, and



7.0

[C-28]

[C-29]

[C-30]

[c-31]

SOLVING THE SYSTEM OF EQUATIONS

To simplify notation further, denote the system [C-27] as
A =T+E

Vector quantities were used in deriving this system. Therefore, the
angular acceleration, § , is given as QF = [Qf, QE, cens Qﬁ]where each
of the components of (; is a 3x1 vector. Therefore, Q »I, and E each
are composed of N+l quantities, each of which is a three-vector, so
each has 3N+3 scalar components. Thus, A is 3N+3 x 3N+3. For N = 7,
solving the system would require inverting a 24x24 matrix. Such a
matrix inversion is acceptable.

We have been tacitly assuming that only the Q are unknown and all the
quantities on the right hand side of equation C-28 are known. Consider
the vector T, and examine the component Iy of T. By definition,

Ig represents the torque on body i acting through the joint i.

For single degree of freedom joints, one component of Ig

represents the known actuator torque at joint i. The other two
components are unknown constraint torques. In order to solve the
system, the unknown constraint torques must be eliminated and the size
of the system reduced.

The way to eliminate constraint equations is by projecting the system
onto the unconstrained axes. For example, suppose we are solving for
the motion of a single link around a joint. Then we have a system of
three scalar equations in three unknowns, which can be represented as:

p=tte
where A is 3x3 and x, t, and e are 3x1.

Suppose our single joint has only a single degree of freedom - rotation
around some axis. Let g denote the free axis of rotation. Then the
effects of reaction forces and torques on motion around g can be
computed by projecting all the effects onto the g axis. Since the
vector dot product is a projection operator, the-projection can be done
by taking the dot product of the unit vector along g, g', with the
equation [C-29]. Writing x, and t, to represent the free

components of x and t, the resultant scalar equation can be written:

t
(' Ag! = 't
g g)Xn tn+ge
The equation [C-30] is then integrated to obtain a solution.
To solve equation [C-28], let gy, 89,+..,gN denote unit vectors
along the axis of rotation of each joint. Then, to reduce equation

[C-28] to solvable size, the projections of the system onto the gi's
must be obtained. The resultant system is: -



where G = [g] t .and izn, En are the components

ok

of & and T along the free axis.

c-19



8.0

LINEARIZED DYNAMICS OF N-LINK SYSTEM

[c-32]

[C-33)

The governing equations of an N~link manipulator system are given by

to. .zl
200%01

£1.51
%01%11

IN_ IN
¢NO¢

IN
. . ¢ON
IN

o« . @lN

IN
®NNJ

H
0

13

. -
n=0[zn + Ron

N ~
X [In + Ron

n=1

z[T +R
n=N

F,

(F,

LE

-mV ) -w

n-n

\74
-n

where the specific parameters have been defined in Section 2.0,
Equation [C-32] can be written in matrix form as

M2, 5) X
where
%gg
.k
£
X' =[98

IN)

.« <%0y

=N
|

and the vector, g, is :

=T+ g(p, £, v, w, ¥)

- N T
w [
T
-0 n=OIn
' + y ;
H N
T
=N J ZIn
(=0 "]

a function of the position vector, p; force
vector, f; a vector, v, which represents the moment due to

centripetal—type force; the absolute angular velocity, w, and term, Y,
which corresponds to cross—coupling effects.
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[C-34]

[C-35]

[C-36]

[c-37]

Equation [C-33] can be linearized by letting

x = x* + 6x
p=p*+3p
v=yk+dy
W= wk+ oW
Y = y*+ Y
M = M* 4+ M
T =Tk + 6T

where the * terms correspond to nominal values of the respective terms
and the §( ) are perturbations about the nominal. Using equation
[C-34], Equation [C~33] is given by

(M* + §M) (X* + 8X) = T* + 6T + g* + &g

Manipulating Equation [C-35] and keeping only the linear terms yields

Mk §X + MR* = 6T + &g

This equation, in conjunction with Equation [C-34], represents a linear
system equivalent to Equation [C-32]. Further clarification of the
terms given in Equation [C-36] will now be given, :

Consider the second term on the left-hand side of Equation [C~36], i.e.,

[ To Nl [ ]
¢ - L] -
00 20n 2
SMx* = §| :
IN N :
] « o .
NO NN || 8

It can be shown that the subinertia matrices are functions of the
position vector, p, i.e.,

Qij = £(p)

c-21



where
R' = [Ryg Ry« + « Boyl = By By - - -l

Examination of Figure C-3 further clarifies the definition of these
position vectors.

Figure C-3 Position Vector, p

At this time, it will be convenient to change notation.

That is, let
the inertia matrix be given by 3x3 submatrices,
[ M M M, ]
11 12 ° * * "1In
[C-38]dM = & | M,, ; i
M o« e e
| nl Mnn )
where
R



Substituting Equation [C-38] into Equation [C-36] yields

6M1L§1 + 5M12§2 + .. .+ aMlnEn

[C-40]oMx* = | . )

IGMhlzl + 6Mn2§2 + ...+ GMnnEn

n e

and examination of the variation of Mjj reveals that

“1® k) %3
ik

_ ook _
[C-4LIoM, xt = 8| ay) (@) 0wy, (R)  ayq(p) X
a3y (R) ag5,(p) agyy(p) i

where use has been made of the fact that the subinertia matrices are
functions of the position vector, p.

Substitution of Equation [C-41] into [C~40] yields equation [C-42].
This equation may be manipulated into [C-43], where the subscript, p,
refers to the fact that the partial derivative of each element is taken
with respect to the position vector, p. For example, the notation,

, means the partial of the 1ij component is taken with respect to p.
.The result of this operation is a 1x3n row vector that when multiplied
by the 3n x 1 change in position vector, §p, produces a 1x1 quantity.
Also, it should be recognized that the definition of x was substituted
in its place--see previous definition of x.

Equation [C-43] is further expanded to illustrate that [C-40] can be
written as a product of a 3nx3n matrix, T, and the 3nxl position

vector, p, which produces a 3nxl vector. Specifically, this is given by
6Mx = T Sp.

To ease the coding of the previous equation, it is convenient to
further decompose this equation. This can be done by partitioning the
3ux3n matrix T and the perturbed position vector, 6p, into its 3x3
submatrices and 3x1 position vectors, p s P2>+++,Ppn, respectively.
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[C-44]

mwﬂawﬁ
Al

g+ ...

(3)

-+

+ mﬁawo

drr_ Xt
A S

(4

g

gl
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Performing this partitioning will produce the following result,

p— - p— -

622
[C-45] 6H§"‘ =
r
nl Pon GRH

where the 3x3 submatrices, I, are given by

— 1 =j — é* =
@y %12y %137 (i-Dx ° 0
n : ok
C-46]T, . = %
[ ] S %21x %22y %23z 0 Yi-1yy ©
g.z*
%31x 32y %332 s | 0 0 (i-1)z_
Ay ™ T By ]
%11y %122 %13x 0 (1-1x °
g.z*
%21y %222 %23x 0 0 (i-1)y
ok
®31y %33, %33 | | Fa-1)z O 0
L. ~1ij - -
— -Rj - g‘zx T
+ 0Lllz oL12x OL13y 0 0 (i-1)x
{.2*

%1z %22x %23y (i-1)y ° 0
a o o
%312 %325 %33y | y 0 (1-1z ° |
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[C~48]

[Cc-49]

[c-50]

where the a matrices correspond to partial derivatives with respect to

the x, y, and z components of the position vectors, ps;. Equation
[C-47] represents the desired form of the second term on the left-hand

side of [C-36]. Because the first term of Equation [C-36] is
self-explanatory, attention will not be turned toward the right-hand
side of [C-36].

The change in torque, given by § I,
motors which control each manipulator joint.
8, will now be examined.

is the torque to be supplied by the
Variations in the vector,

Since the vector is given to be a function of p, f, v, w, and ¥, its

variation is given by

) . ]

z + £
w 0 Ty

Y

v +

where it is assumed that f is a constant over the interval jof interest
and therefore does not effect the variation of g.

Referring back to the specific definition of g from Equation [C-32], it

was shown that ™ —
811 2 R (F -mV)-w xH -0V
=0 On ™™ nn T n n—n
n
A A I R —mv) - -
&= 821 = n=1 ROn(-gn mn—n) l,n X Hn Qngn
n ~
A F - - -
a1 2 1 Ron('—n thn) Eﬁ X Hn ¢ngn
n=n

Using Equation

o

(¥4

(I

11

A

n

z

n=n

On n "1 -n

Gl:ﬁ (F -nvV) -w xH
On>n —mo - n

Cc-28

[C-49], the variation in g can be written as

6[:? (F - mVvV)-w xH -0 E,:]
n nn

-% Yy
nn

]




and because the terms inside the summation are identical, §g may be
obtained from examination of the variation in gjj;, i.e.,

- +
[C-51] 88, AA+B +C

where
ALSIR) (F - mnvn)]
BAS|w xH :]
= -n

n
cAaEw ]
= nn

Derivation of the A, B, and C contributions to the variation will now
be discussed. Consider the expansion of A, i.e.,

C_52 = R -— v - o
[ 1 A (SROn(Fn mn_n) m Ron sv
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[C-53]

[C-54]

or

~ ok ~ * ~k
= F - v - v
A GROn n mnGROn—n mnROnG-—n
It can be shown that
f
nx
~ * 1 I 0
GROnFn B Bnlx: Bnly'. Bnlz ]
0]
_ 0
] |
+ [Bnly; Bn2z: Bn3x 0
£
nz
0
] {
| f
* [Ban| Ban: Bn3y ny
0
where the 3x1 column vectors Enl ’-§n2 , and
B On On On —1
11 Ti2  Ti3
iy On On On
Ron & | Ta1 T22  Ta3
On r On r On
| 31 " "32 "33 _

4

Specifically, the B s

é(r T

are given by

On

21

On

r

r

On

31 )

On

32 )

On

T3y )
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B

—n3

|l |

are defined using,




and

- On
- ] (arll 8r210n 8r310n

—Bnls S S 9s
/
In other words, the B s given in [C~54] correspond to the partial

derivatives of the column vectors of the 3x3 matrix Rg, with respect
to the x, y, and z components of the position vector, py.

); SAx, vy, z.

Similarly, the second term of Equation [C-53] is given by

-, —_
v 0 0
: \ nx
~ * 3
- = }
[C-55] mnGROnVn M [Bnlx: Bn2y| Bn3z] 0 Vny 0
*
0 0 v
nz
- c—
— % —
0 v 0
nx
| | x
| |
* Bnly ! BnZZ | Bn3x ] 0 0 Vny
: . o * 0
L nz ) _
o o v
nx
I | *
* Bnlz : Bn2x : Bn3y Vny 0 0 [ Spn ]
. *
0 Viz 0] —]

[c-56]

Continuing on with the derivation of A, Equation [C-53], the last term
will now come under consideration. Using the definition of vj from
Section 2,0, this term can be written as
n-1
R 6v =m R & I +
™ Son %'n T ™1 Son 5-0 Ej X (Ej xﬁj,j'*'l) —q']j xﬁj,j'*'l]

+w x(w xh )+VY¥ xh
-n ~n ~ —-nn -n  -—nn

Propagating the variational operator through the summation yields



n-1

m§6=m§ Z[G,xw,xh.
ol T ('J By,3+1)

\'2
n On —m n On| .

j=0

+w, x (dw, x h, , +w., x (w, x 8h, .
=J =3 'J,J+l) =3 ('J 'J,J+1)

x Sh

+ 8¥Y, x h, . .
=3 -J,J+l]

... Y
=3,ijt1  =j

+6w x(w xh )Y+w x Bw xh )
-n -n ~ -nn -n ~n = —nn

+w x(w x6h )+8Y xh +Y¥Y xnh .
-n -n -nn -n -nn -n -nn

Examination of this expression indicates that by considering the term
in the summation, the treatment of terms outside the summation will
follow the same manipulative treatment. Therefore, consider the term

internal to the summation, i.e., let

n-1
[C-38]  r ) =a +b +c +d +e
n On . -n mn -1 -m —m
j=0
where
a AZX
= Sw, x h, .
e J -] —jaJ‘+l)
b AL
=, w, x (8w, xh, ,
B —3 —J,J+l)
c AT w. x (w x6h, .
™=y 3 5,3+
d AZ &Y, xh, .
S B PR i
A y Sh
R B P50

[C-59]

The first two expressions, a and b, can be written in terms of the 3x1
vector, nj , and the variation in Wi as follows:

e —— r— —
-1 | 0 My My Swix
= 7 -
T2 (M 0 'm Susy
j=0
N,y N 0 Sw,
- 21 11 __Jj b JZ.J
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where

]
11

>

(w

n jy

Gy,

fie=>

j
h
No1 i,3+1,x

i A (
HES]

)

., h, | )
Yix i,3+L,y

h , .
J,J+l,z)

*

_(w

- (

jz

Vix '3,541,2

~

)

. h, ", '
(wﬁy J,J+l,x)

h, ,
J,J+1,Y)

*

*

*

Similarly b is given by the product of two matrices and a column

vector, i.e.,

n-1 0 Yiz
= X —w,z 0
B y=0 J
W, o "W,
| 1Y 1x

»

%
-1, 0
Jy
w, =h, .
Jx Jsjt+l,z
0 -h

h,j+l,z

C -h, .
| 3.3+L,y 5, 3+1x

-h

h, .
j,i+l,x

0

-

3,3+L,y

*

To clarify the propagation of the ¢ term, consideration of a set of
coordinate frames and definition of the hj 4+ term become a

necessity.

definition of Ej,j+1°

h, .
-] s jtl

jth Link

Figure C8-1

Definition of h Vector
Cc-33

Therefore, consider Figure C8-]1to help clarify the

4,2
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This figure defines_hj g+1 as the vector from the origin of the jth
link to the origin of t j+1 link., Because we have inferred the
definition of coordinate frames in the definition, these frames will
now be discussed.

Because the equations of motion [C-32] are written with respect to an
inertial coordinate frame, this is a natural starting point. Let an

inertial coordinate frame be dgfined by an origin at I; axes x, y, and
z; and unit vectors I, ?, and k.

Consider body frames attached to the respective links at the joints.
Referring to Figure C8-1, let the origin of the first 1ink be defined as
A; axes as X3, y], and zl, and unit vectors, el, ez, e3.
The coordinate frame of link z is defined by an origin at B; its axes
as Xy Yy», and z9; unit vectors as e4, e5, and e6.

Similarly, the coordinate frame of the jth link is defined by its
grigin at J; its axes as xi, Y3 and zj3 unit vectors as e s

e+l and ej+2. These coordinate frames are summarized in Table C-1.

Frame Origin | Axes

Inertial I XYz 3%

] > > >
Link 1 A X ¥y 2 e; e, e,

j > > o
Link 2 B Yy Yo Yo e, €5 €
Link J z e, e... e
nk J X3 Y5 %5 | %3 S5h Sy

Table C-1 Definition of Coordinate Frames

Returning to the discussion of the ¢ term of Equation [C-58], it is
recognized that the variation of hj i;; must be expressed in the

inertial reference frame. However, ’since this term is conveniently
defined in the jth link frame of reference, a transformation from the
jth reference frame to the inertial frame of reference is required.
This can be expressed as follows:

[C-61] hy +1 = TIJEj,J'ﬂJ
I

where the Ty transformation matrix takes components of h expressed
in jth reference frame and expressed them in the inertial frame.



To further clarify the notion of the transformation matrix, consider
BD,l as shown in Figure(C8-2. Using this figure, hpj can be
expressed in the link 1 reference frame as

- %

[c-62] P +
b A 01| €1

01

and in the inertial reference frame as

[c-63]1h l -t h
a |y ‘Iaor |,
where TIA:Q [ Wo ] [ Qp ] [ ¢0 ] .

Figure C8-2 Two-Link System

The matrices ¥; , 05 , and ¢y correspond to yaw, pitch, and roll

of link 1 with respect to the inertial frame. That being the case,
these matrices are further defined as:
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0
[C-64] ‘I’Oé sin ‘YO cos ‘PO 0 H eo At O 1 0
-0 0 . l_] ;sin 60 0 cos 60—J
rﬁl 0 0 ]
¢U=é 0 cos ¢0 -sin ¢O

[C-65]

[C=66]

[C-67]

¥y —~gi ;
cos 0 sin ‘1’0 0 cos 6 0 sin 60

0 sin ¢O cos q)o

In a similar fashiom, hj 2 can be expressed in the inertial frame as

where

T1g = T1a TaB

and

wwsn ][ 4] [ ]

where the matrices ¥; , 0;, and ¢; are defined as in Equation
[C-64] with exception that these quantities correspond to yaw, pitch,
and roll of the second link with respect to the first link,

In a similar fashion Ej,j-i-l can be given as

h, . T__h
=3,3+1 |, 1J 3,3+l

J
where

T T « . .
1J 4 IA TAB r]"J--l,J

SR KA1

Using Equations [C-66] and [C-67], the variation of

il

T

hjij + 1 i1s given by
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e { (][00
L300
TR [N ) O

Then using Equation [C-66], equation [C-68] can be expressed as

—
, n-1 | i1 O 0
- L. !
[C-69) 92y 541| = m [tm [ tyg 18y 0 0 0
I i=0 il i! i
0
0 0 ]
[0 ey O
N r | | J’J l
| Fue,f T2y ! a0 ] 0 0 0
1 1 1
0 0
- 0 J
0 0 h, . )
+ t | t It ] 0 0 0 46
0 0 0 8Y.
L J i

where tj, t, and t3 are defined to be the column vectors that
makeup the Tyj; transformation matrix. Taking the partial of these
vectors with respect to yaw, pitch, and roll is then used to form

Equation [C-69].

The expression for c¢ from Equation [C-58] can now be written as

n-1

c-70 c = W, 6h, |
[e-70) - < jz=:0 J =33+l

c-37
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_ _ * x 7
[C-71] wJ. = (E‘j)(ﬂj)

and
—_—
r_0 -w W,
- Jz Jy
[C-72] [ W ].A W, 0 -W
- Jz jx
-w W, 0
Jy JX
b e

(Note that 1 denotes transpose and * corresponds to nominal values.)

The next step in the derivation is to expand the d term of Equation
[C-58]. Recall that

n-1
dA ¥ &Y., xh, |,
dA Y, LIPS
j=0 3 3,3+l
and since

Yo=v x40
I R it St
then
n-1
c-73] d = X (8w, x 2, xh, . +W x8Q. x h, .
(e=731 < Pl e R EN LR 25,540

It should be noted the Equation [C-73] is of the same form as a and b
of Equation [C-58]. Since that is the case,
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Sw

n-1 31 21 (3-Dx
[C-74] 4 = .Z €4 0 11 Gw(j-l)y
j=0 0
€1 11 & (5-1)z
J
 a— *—
0 W, . -w,,
G-z G-y | |0
-W, . w N _
(3-1)z G-Dx| |y, 541, 2

where

e a@ b, )
11 = "y j,jtl,z
el A h )
21 = “jz j,j+l,x
ed

312 Oy By g1,y

L"(j—l)y Y(3-1)x

*

*

0

- (R, h, .
(JZ J,J+l,y)

- (R

- (@

., h, .,
jx j,itl,z

)

. h, .,
iy J,J+l,x)

From the previous discussion the term

e AZV¥, x h, |,
—= T3 Ti.l

can be written as

h, |
[c-751 e A TP, 4 Q@ By 441

*

h, .
j,i+l,z

=h, .
J,Jtl,x

-h, .,
j,itl,y

h, |,
j,jtl,x




where

o v, |
j-1,z j-L,y
[c-76]1 P A -w
j-1= Yi-1,2 0 j=1,x
-W W 0
ji-1, j-1,x
L J y J |
and
[ o o, —a,
Jz Jy
[c-771Q, A -Q, 0 Q,
J Jz Jjx
-Q. 0
Jy JX
. —

The term m R. 8v_ can now be summarized as
n On —n

[C—78]m§ v =mR a+b+c+d+e
n On 8§ —n n On = = = =

+mR
mn On [ Glln x (-‘-]n x-1--1nn)

+w x (¥ xh Y+¥ x (¥ x 6h )
=n -n -nn" - -n

n =nn

+8Y xh + Y x6éh ]

-n -nn -n =In
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Recognizing that the terms in the last set of brackets can be
represented similarly to those in this first set, Equation [C-78] can
be written as:

n-1

_ 5 - . .
[C-79] m Ry 0¥, = m Ry J.EO [Mlz(J’Jﬂ) HRETAS ’J+l)] o

+ __MIS(J) + M18(J—l,3):| 6hj,j+l|I

+ | M. (§,3+1) 6w, . + M__(j-1,3,j+ ,
| M1 (> 3H) Oy g T M, 0 “1)] %Y

B +1) +
+ LMlg(n,n 1) M (n,n+l) + Ml,lZ(n)] G.V_Jn

1,10

HECTEELON N TR
where
aldZl M4 Sw
bazy, b
cA Mg -j,j+1|
AT Mposw )+ M 60,
ed?l M18 6b’j,3+l|1
and
GV—‘7'11 x (w Xﬂnn) - M19 5En
“n ¥ Gu, * hnn) - M1,10 Su
W, X (_Vgn x Sh n) = Ml,ll (Shnn
o *h, = Mpap 0¥y P 45 08
gn x Sh = M1,14 <SEnn
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The expression for B (see Equation [C~51]) can be obtained by noting
that

BA- 5(Eh x Hn)

= - (6Eh X Hn + WX GHn)

Using suitable definitions from Section 2.0, this can be written as

[C-80] B A M, | (n) Sw_

where '

B 0 vV -V 0 w -
31 0 21 nz ny
= e — + - 0
M1,15 vy O V11 Yz Ynx
- —w 0
Var M ° "ny  'nx i

L | J_ L

Similarly, C can be written as
CA-6 I:cp w]
= n -n
=~ ¢ &Y
n -
which can be expressed as

C'—81 = -
[ Ic Ml,l6(n) 5}111 + M 17(n 1 csgn

-1 1,
where
0 Q ]
nz ny
A - -
Ml,l6= (I)n an 0 an
Q -Q 0
| ny nx ]
- -
0 Yh-1z En—ly
A-9 -
M,1727 % ] Mg, O ¥h-1x
'ﬂn—ly Fh-l1x 0
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In summary, the linearization of the right-hand side of Equation [C-36]

can be characterized by the linearization of the §gj; term given in
Equation [C-50]. Combining equations, the appropriate equations for

the variation in gy can be expressed as
c-82 =5l . - Sp - A
[ ]<Sgll ze 0, Mlz) P

-0 R - -M
+ o omm R Gy My gp F My o)

. - M Q +M 6w

My By T [M1,13 1,17] 8, T M 16 -1
- ' . -+ . 3

A A m R .Z [Mi3(J,J 1) + Mla(J,J 1)] 635

+[150) +upGLD oy

+ Mlﬁ(J »j+1) 6EJ_

+ s
1t M, (-1,5,5+) o,

Using this procedure it can be shown that the N-link case can be
written in the general form as a linear 3nx3n matrix equation

[c-83] M®+ 8 + K8 =T + Dp

where

M = 3nx3n Inertia Matrix

€C = 3nx3n Damping Type Matrix
K = 3nx3n Stiffness Type Matrix
T = Applied Joint Torques

D = 3nx3n Position Modifier

p = 3nxl Position Vector

The clarification of Equation [C-83] is easier to obtain using the two
link case. This case is presented in the next section.
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9.0 LINEARIZATION OF THE TWO-LINK CASE

The equations formulated for the N-link case will now be applied to the
two-link configuration. For this case the equations of motion are
given to be:

[c-82] 1, ¢ 1 o _ . H + iy _
Gpp *+ %0) o + ¥y &y = I + I + I + Ry (B - move)
+ Ry (El-mlll) - ¥y x Hy
“ %% T W xE -4
[c-831 ¢l & +ol g =T+ +R F,-mv)-w xH -0V
10 TR L P YRy oy Ty x By 04

Using the definition of the inertia dyadics from Section 2.0, these
equations can be written as:

[c-84] (2, -m R, R +o -m R._.R._.)G& R. R )&
I @y = my Ryg Rog + @) = my Ry Rop) @ + (2, - my Ro1 Ryp) &
H ~ ~
=t _q¢ _p 4 - - :
=0 "o "Lt Ryy & -mpve) ¥Ry E -mov)
- W [0} - -
Yo * (% wp) — Wy x (4 wp) = @) (wy x Q)
[c-85] (2 R C -m R.. R ;
I (@) - m Ry Ry G+ (@ - m Ry R
e _3
"5 E T Ror By momyp) m o x (9gu) - 0 (wy x )

These -equations are now of the form

[C"'86] Mé = '_I‘- + g
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17 ™ Rop Ryg

[c-87] M _ e = m Rop Rog
-m R R —m B R
°1 7™ R Roa 217 ™ ®u1 R
H
(c-88] Ip v+t L
Z= T Hig
| 1 T A
F - + R -
Roo o ™ M%) * Rop & T MYy
[c-89] &= - ¥y x Q¥ - wy x (2wy) - @) (wy x &)
~ + - _ _ w Q
Ryp By = myy) -y x (%) - @) (Ypx ) i
and
SN 5

Following the discussion for the N-link case [C-86], can be written as

[C-91] siisx + sMx™ = 6T + og

where in this case the term involving the perturbed inertia matrix is
partitioned into its 3x3 submatrices as

[C=92] sig* = |~ oLl 5p

where

- ]
Cc-93 R R
[ ] ép A [:Roox R00y R002 : R01x Oly Ol;]
e \—v——/
é'p_l Gp_z
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Using this fact and Equation [C-90] allows the left—-hand side of
Equation [C-91] to be expressed as _

* i -

¥ % .
[c-94] M x + oMx = | My Mpy 88, ro T | oy
- +
M., M °
21 22 89, Tyy Too | |82y

Manipulating the equations on the right-hand side of Equation [C-86]
can be given as

8811
8g _

58,1
where

N _ R F. - - ¥ x (.w,)
- uy % (@w) - o (G xﬁl}]
and

[c-96] &gy, = 5|}01 E) - myy) - ¥ x (¥ - @ (wy x Ql)]
Using the results from the N-link case it can be shown that
[C-97] 0gyq = Ay + By + o

where

A, _§[r - R

1= [oo o = mp¥p) * Ry ¢y - “‘131)]
R [‘“0 * (0y89) + oy x (‘Dlﬂl)]

€1 9 [(Dl (¥ % 91)]

Similarly the goj element can be written as

=A +B_ +
88y = A, + B, + Gy

where

C-46



A . =68]R -
[ Ry (Fy = mpv))

_—

B =8l w, x (<I>l Hl)]
C2 _ —6[@1 (E{) le)]

Then, because (see N link development)

* ~ *
[C-98] SR F -m &R v =ii (n) 6pqn—t‘i'12(n) GP“n

the quantity Aj can be written as
= - + M, (2) - M, (2)] §
Ay [Mll(l) Mlz(l)] 64 [ 112 12 ] 2y
+{ “my Ryg 0¥y = ™y Ryy OF }
Examination of the last term in brackets yields

- Mo R00 6‘—’O ™ 01 ) Roo

+¥_\TOX(SE0 XEOl
+ w, X x ¢h

+5ﬂ XWIXhll

+ W, ox 621 X hll

+w, xg{lxdhll]

Following the procedure given in the previous section, Aj can be
written as



A= [Mll(l) - Mlz(l)] 6p, + [Mll(Z) - MlZ(Z)] e,

—nio [gn + En + En]

a =m R ,i &g% X (E%fx hj,j+l)

= R Sw,x (Sw,xh, , )
bn mn Onjéo Yy ( =i j,jt+l

-~

)

7. x (w, x 8h, |,
n R0nj=0 %3 (’j j,itl

Following the description given in the N-link linearization, the terms

above can be written as

[ o B}
1 "31 My
a =m R_ I -
T T M Ron 520 | 21 0 M1
M1 M1 O}
- -3
p— ﬂr P~
0 v, -V,
. 1 ]z Jy
b =m R z -y, 0
n n On i=0 iz ij
w, W, 0
L Jx JL
L1
i:n B mn ROn z W

. , &h, .
j=0 3 "—j,j+1

where wj is defined in Equation [C-71].
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-
raw.
JX
Sw,
Jy

Svw,

Jz

0

Ry 41,2

h, |
Jjsjt+l,z

h, . -h, .
j,j+l,y " j.jt+l,x

-h, .
i.jtl,y

h, |
J,j+l,x




Expanding these equationms yields

- - - -
n n - 0 w -t
_ 0 13 nlz 0z woy 6w0x
a. +b =m_ R - 0 + _ '
~0 =0 "0 00 13 11 Yo 0 Vox oy
N2 ™ 0 Wa, W 0 Sw
12 11 7
- JO L Oy Ox B 0z
0
13 M2
a, + b, =
-1 -1 ml 01 nlz 0 nll
n., -n 0
12
11 1
- 0 h -h —W} S
0 Y0z wa 01z Oly Yox
+ |- -h 0 h : Sw
. Y0z 0 Y ox Oly 01x Oy
h ~h 0 6w
w -w
oy ox 0 | 0y olx “) 0z
0 -
13 “f1p
+
ts 0 &y
12 6y O
0 - 0 h ~h \%
le wly 11z 1ly S 1x
+ - v - v
iz O Y1x B112 0 hy1x Sy
le —wlX 0 _J hlly —hllx 0 éwiz

co t ey = moRgy (W) (g) TShy; +mpRy; () (W) “6hyy
() (wy)"6hy

where all terms have been previously defined.
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Summarizing up to this point, 1t has been shown that

[C=99] oA+ B 4
_ 8gyq =8 T B F &

and that
4 = [-Mll(l) - MlZ(l)] o2, +|:M11’(2) - Mlz(z)] Sp,

[a +b +a+b + c +c]

-1 -0
or that
[C-100] él = Sll (Sp_l + 812 622 - »Sl36HO - 514@1 - 8156301 - 5166h11
where
S;p A M) - M (2)

S M__(2) -
All() M

124 (2)

12

Sl3

>

"o Roo [‘-ﬂfﬂ * ) [+ ROl[(nl) + () ‘%1’]
S14 80y Ry | &) + () (gll)]

Continuing on, the manipulation By and C; into a suitable form will
now be conducted. Recall that

Elé— G[W x dowy + Wy x @lyl]

and because

By = =0y x 9quy = Wy x88uy = Swy x &y ¥y - wy ¥ ¢)8w,

this can be written as

[C-101] B, =M (0) OSw,+ M (1) 6_31

1,15 —0 1,15
where
l 0 vy vyl
Ml’ls(n) A - E_v3l 0 v, . [Enj
]\)21 Vi 0
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and [w,] is defined in Equation [C-72],

In this case,

€, A-38 2.(uyxQ)

which can be manipulated into

c, = - @l[éyo x_Q1+E0x6Q1:|

Therefore, following the N-link derivation

c-102] . - 0) &9
[ ] gl Ml 16(1) 5__‘,:7_0 + Ml,l7( ) 249

9’
where the M matrices have been previously defined.

Now returning to equation [C-99] and substituting appropriat

ely from

[C-100], [C-101] and [C-102], the variation in gj; can be written as

Sp Sw
Pq ~
~103 - | - 9] -

[C-103]8g); [311 312] 5p [513 Sla]‘ s [515 516]

= % - PH
0 0 )

+

[Ml,ls( ) MlS(l)] 6w, | 7 I:Ml,16(1) M,17(0)

Attention will now be turned to the linearization of the g
element. Because

v)) -y X 0wy - 0 (wy x 8)

[C—104]6§21:é 8 ROl(El - myv,

and that
4, = Ry (Fy = myyy) - my Ryy 09y

=51, 02y ~m Ry 6%y

c-51

—

*Ro1

6
By

Suy

69,



Now noting that

~

mp Rop 84 T2 th e

1 1

§(w; x 9w))

§ [@l (EO x Q_l)]

Then the variation in go7 is given by

M),15¢0 8wy

b

M) 16D Suy+ My ,(0) 68,

B - -5 - Sh
[C-10518g,; = Sy, OB, = Sy3 8wy = Sy, 0¥y = Syg Shy = S16 OB11

(1) dwy * (1) duy + M) 4,00 0

M
tMo1s 1,16

Equation [C~103] can then be written as

Gp_l

C-106 = -{(s, ., - -

[ 1685, [0 S12] [(513 Ml,l6) (514 M1,15_;J
622

. Shyy 0%,
- [315 S16:| + [0 M1,17(0)]
oh, 50

At this point Equations [C-104] and [C-105] can be combined into the
vector form

811 511 512 o,

8293 0 Sip] |9y

[512 - M3,15(0) - Ml,lf,(lf] [SM - Ml’15<1>:| A

[513 } Ml,16(1)] [514 ) Ml,ls(l)] 2wy
515 516 | | o1 0 M@ %
- +
| 515 516 ] [*Bna 0 M ;O] [°%
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This equation can be placed into simpler notation as

Sgll 621 620
c-108 =
[ ] o [Ull] s + [Ulz] s
521 By Y

11 9,
- [os] + [UU]
8h 62,

—11

where the matrices, U, have obvious definitions.

At this point additional definitions are used to further decompose
[C-108]. For example, it can be shown that (see Equation [C-66] in
section 8.0 on N-link linearization)

op 0 O
[c-109]16h A [t e 1t ] o 0 0
01 6o 1 205 1 "3Y,
01 o 0 0
0 hy, O
| I
+]¢ ty |t o 0 0
[160 C oy | 3d>0:|
o1 fo o o
B §
0 0 hy ¥
I ! :I
+1]t t { t 0 0 0 60
[ lWO : 2¢0 l 360 0
o1|o o o 8¥,

or

6301 = TOl(O) é0
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where the 3x3 matrix Tg] comprises elements internal to the brackets
and the 3x1 vector 620 is given by

687 & I:a% 88, wo]
Similarly, it can be shown that

c-110
[ l6h,, + T,1(0) 884 + T, (1) 88

In addition, the fact that wg is equal toQ_ and that wj equals the
Bl 29 2
sum of 2 and 2, allows:

fO 1
c-111 =
[ IGEO QQO
[c-112] . _
b, = 8, + o,

Therefore, using Equations [C-109], [C-110], [C-111l] and [C-112] in
[C-108] yields

Ggll §El I 0 690
C"‘113 = .
[ ] [ull] + [Ulz] .
Sg)1 §224 I I %
N EMORCEN N EX
10s]
| 1,0 T )| |ee,
88,
; [ul 4] .
88,

Where the fact that £ is defined to be the first derivative of the
relative angular position. This can be further compressed to yield

11| op; % %
- [}HJ] * [?1%] T [?1#]
Sp, 88, 88,

$8,1
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At this juncture the right and left-hand side of Equation [C~42] can be

written as

. .
r
M1 M %%, 11 T2 |
[c-114] +
Mo My 68, Tor Taa| 9B
s 88
%p, %8, =0
- 52+[U11:| + [Ulz] | [U13:|
%, 89, %8,
Combining terms, this equation is given as
— e . 66
M1 M| | % % =0
[C-115] - [Ulz] - [U13:|
.. [ 3 66
21 Moz %8, %8, 21
Dip DPpp| %Ry
= I-}-
Dyp Dyp| |02y
where

a[v] - [1]

This completes the linearization of the two-link case.
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10.0 STATE-VARIABLE REPRESENTATION
As discussed in the main body of this report, the simulation framework
required for the manipulator dynamics is state variables. This being
the case, this section will show how the linearized equations for the
two-link case can be placed into the S.V. format. This will be used as
a stepping stone to obtain the N-link representation.
- Consider the linearized equations of the 2-1ink case, 1i.e.,
Mg My { 1% 11 Ci2] [%Bo] [Fir Kzl |%%
+ +
0 5 K K
Mpr M ] 18] [Car G2l %% 21 Koz |9
[C-116]
8Ty D1y Do} |y
= +
&12- D21 Dyy QRZ
where
C11
~[oaa) 2~ [o]
C21 C22 K21 K22
and the torque terms, 621 and 622, corresond to the torques
supplied by the servo motors at the respective joints. Equation
[C-116] can be rewritten in the form
[C-117]M x +Cx +Kx =t+Dr

1 =1 I
where M, C, and K are 6x6 inertia, damping, and stiffness type
matrices; t the applied torque vector; r the 6x1 position vector; D the

6x6 position modifier; and x the 6x1 angular position vector - three
for each joint,

Letting

[C"118]§1 = X%
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and substituting [C-118] into [C-117] yields a set of 12x1 first-order
equations given by

[C-119]M y + Ky = a + Br

where
1 0 0 1
MA ; KA
0 M K C
0 0]
ah ;3 BA
t d
and
z’é[z ] [ 0 0|¢ 6, ]
v
x. X,

Equation [C~119] can now be discretized by solving the 12 first order
equations

[C-120]y = Ay + Eu
where

AAM—lK;E_éM—l[I B]

and the vector u defined as

v Afa £]

The solution to [C-120] is given by the well-known equation

t
[C=1211y (ry = ¢(e,e0) ¥ (t) +J . ¢(t,e) E (1) u (1) dt

o
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Assuming u is constant over the time interval ty to ti+3 [C-121]
can be written as

[C-122] y (ktl) = ¢(k+1,k) y (k) + o(k+l,k) u (k)

where tk+l

o (ktl,k) A S ¢(T,tk) E (1) dt

x

The extension of the state-variable technique to the N-link case is
clear once it is recognized that [C-117] for the N-link case becomes a

3N set of second-order differential equations. Reducing these
second-order equations into first order equivalents produces a set of

6N equations. Because all that changes in going from a two-link case
to a system represented by N-links is the dimensions Equation [C-122]
is valid for the Nth link case.
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INTRODUCTION

This appendix presents in detail one of the many methods by which a
human being can interactively control an n-segment manipulator arm, in
which segments are connected by rotational joints. The method present-
ed here is known as coordinated rate control, and was first introduced
by D. E. Whitney in 1969 (Ref. 2). Since then, the method has been used
other workers and modified. This presentation explains the principles
behind the method, as well as some of the details needed to implement
it. The coordinated rate control algorithm derived here has been in-
corporated into ROBSIM to drive the requirements analysis tool de-
scribed in Chapter IV of the main volume.

Coordinated rate control was developed to provide a method of manipula-
tor control whereby an operator could input directly details of end-ef-
fector control, rather than dealing with the end-effector indirectly,
as when controlling individual joints. 1In coordinated rate control,
the operator specifies the rate of end-effector motion (e.g., 2 in./s
straight up) and the control algorithm transforms this command into
rate commands to individual joints. The resultant of the joint motion
is then the end-effector motion that was specified.

The algorithm for calculating joint rates from end-effector rates can
be summarized as follows. The movement of every joint contributes to
the motion of the end effector. In fact, end-effector motion is the
resultant of all the contributions made by the joints. By expressing
end-effector velocity as the sum of joint contributions, a system of
equations is obtained that relates end-effector rates to joint rates.
The system of equations is linear, and can be solved by using tech-
niques from matrix theory.

Manipulator joints consist of two general types--rotary and sliding
(Fig. D1-1). The development to follow considers arms having only
rotary joints, but the logic behind the development is useful for ar-
bitrary arms containing both types of joints.

In addition to end-effector rate to joint rate conversions, this docu-
ment also discusses some of the accuracy problems with which a control
system must contend. Generally, the joint solution derived from a de-
sired end-effector rate is valid only instantaneously. As the joints
move, the relationships between links change, and the coefficients of
the control equations are also altered. Physical limitations prohibit
instantaneous re-calculation and solution of the control equations.
Approximations can be made to simplify the system and speed up computa-
tions, but the accuracy of the solution is reduced. Some tradeoffs be-
tween speed and accuracy are discussed.

Occasionally, the matrix defining the relationship between joint and
end-effector velocities may be singular. Singularity would occur, for
example, if a motion could be effected in more than one way, or if a
motion was not possible. In Section D.2 a solution to this problem is
presented.

by
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2.0

COORDINATE TRANSFORMATIONS

To perform kinematic analysis of a manipulator system and develop con-
trol equations, we must define a variety of coordinate systems and un-
derstand the procedures involved in converting from one system to
another. This section defines several coordinate systems and develops
the transformations between these systems. An example is described.

Let Xp denote the inertial reference frame that is fixed with respect
to the manipulator base. Call Xg = (Xg, Yos Zo) the set of

world axes. Let Xo = (Xe» Je, Ze) denote the system of coor-

dinate axes fixed with respect to the manipulator end effector. Call
Xo the end-effector axes. In addition to end-effector axes, define a
set of axes with origins fixed at joint centers:

Xi = (Ki, ¥y gi) is the set of coordinate axes at joint 1i.

All the coordinate systems are right-handed, orthogonal systems. 1In
the case of joint systems, it is understood that the y axis points
towards the terminal end of the manipulator along a line parallel to
the terminal link associated with the joint.

Figure D2-1 shows a four—joint manipulator and its coordinate systems.

Note, however, that due to space availability, X4 was left out of the
figure.
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Figure D2-1 Manipulator Coordinate Systems

It is apparent (Fig. D2-1) that the coordinate systems differ from each
other in two ways: their origins are displaced, and the axes may be
rotated out of alignment. Therefore, if a vector is known with respect
to one of the systems, the rotation and tramslation between systems may
have to be considered to write the vector in terms of a second system.
The transformation between systems is accomplished by using transforma-
tion matrices and displacement vectors.

D-3



2.1

TRANSFORMATION MATRICES

An orthogonal matrix can describe the transformation between Cartesian
coordinate systems that have been rotated with respect to each other. .
This orthogonality property is important, because it means that if P is
an orthogonal matrix, then p~l = pt, That is, the inverse trans-
formation is just the transpose of the original matrix.

The following is a development of the transformation matrix for a sim-
ple, two-dimensional case (Fig. D2-2).

¥ x

Figure D2-2
Two-Dimensional Coordinate
Trans formation

The matrix for the trangformation from system Xj to system Xp, when
applied to a vector in Xj coordinates, will yield the coordinates of
the vector in the ¥; system. The matrix can be obtained by writing
the coordinates of xj and yj in terms of xy and yg. That is,

if gPy is the matrix describing the transformation from X to X,
then

o1 = [0}‘{1 : 021]

where each of xj and gy are unit 2-vectors in ¥Xg. So, de-
composing Xj, y1 in terms of x5, yp, We obtain

cos O -sin 6
X, = Yy =
0=1
=1 sin 6 cos B
Thus,
oPl _| cos 8 - sin 6
sin 6 cos 8



And, the reverse transformation, jPy, from Xy to Xj, is given by

cosd sin®

-sin0® cos®

Applying trigonometric identities will show that this approach is equivalent
to the more familiar approach, in which the entries are the cosines of
the angles between coordinate axes (Fig. D2-3).

cos ex % cos ex
P 0*1 0’1
cos 6 cos B

Figure D2-3
Two-Dimensional Coordinate Transformation Matrix

In three dimensions, the concept is easily generalized.

To develop the transformations between coordinate systems on a manipu-
lator arm, we do the following:

1) Compute the transformations between adjacent coordinate systems
with the manipulator in a reference position. (Call this matrix

jP%o

2) Compute the transformation matrix for each joint in terms of the
joint motion from reference position as a function of 9j3). Call
this matrix jP%.

3) " Then the complete transformation 3Pi is given by
1 = (5D (3P

Now, a vector given in any manipulator coordinate system can be trans-
formed into any other manipulator system by repeated use of the jPi
matrices. For example, suppose v is a vector given in terms of the
end-effector axes. (Denote the system a vector is expressed in by a
left subscript.) To find gv apply the sequence of transformation
matrices:

oV = oP1 1P2 -+ ¢« ¢ n-1Pn nPe e¥



Once again, the inverse transformation would use the transpose of the
matrices above.

el (oP1 + - - nPe)t oY

nP& « + « OPL o¥

=ePn - -« 1Pp o¥

DISPLACEMENT VECTORS

Transformation matrices only account for the rotation between coordi-
nate systems, not for displacement between origins. Therefore, using
the transformation

jx

j¥, of the same length and direction as j
(Fig. D2-4).

yields a vector

originating from the origin of Xﬁ

v, but
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Figure D2-4 Coordinate System Displacement

v

To obtain a vector representing distance and direction--e.g., from the
origin of Xj to the tip of jv--the displacement between the or1g1ns
of different coordinate systems must be known.

hj, j denote the vector from the origin of ¥j to the origin of

Let
Xj Thus hj ,j = hj,i- By applying the parallelogram law for
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vectors, the vector from the origin of Xj.to the tip of jv can be

obtained by adding j¥ and jhi,j° That 1is,
34 = g * ghy,a

or

4 = Piiv + jBy,4

Note that, to be added, vectors must be expressed in the same coordi-

nate system. Using this notation, this means that the lower left sub-
script of every term must be the same.

Now, the use of transformation matrices and displacement vectors will
be combined by means of an example. Figure D2-5 shows a three-joint
manipulator. Let .d denote the location of an object in the end-ef-
fector coordinate system. Then the location in world coordinates can
be calculated by working backward through each coordinate system until
the world axes are reached and gd is determined.

éﬁl

Figure D2-5 Three-Joint Manipulator

To X3: 3d = 3P3d + 3h3 ¢
To X3 2d = 2P3 [3Pe od + 3B3,e] + 2823
To Xp: 1d = 1P2 [2P3 [3Pe ed + 3h3,¢] + 211.2,3] L

=N

And, to Xo: od = oP1[1P2[2P3[3Pe o + 3D3,e] *+ 2h3,e] + 1B1,2] + oho,1

Simplify the notation by multiplying out the quantities in brackets and
extending the notation by defining jP; = jPj41 j+1Pj+2 - - « i-1Pi for i>j.

Then,
od = oPe ed + 0P3 3h3,e + oP2 2R3 3 + oP1 1h1,2 + oho,1
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3.0

D3-1

CONTROL EQUATIONS

In the preceding section, the notation and concepts needed to derive
the control equations for the S0S manipulator were described. This
section presents a derivation of those equations.

The inputs to the control equations are end-effector rates. Any motion
can be described by six rates: velocities in the %, y, 2z directions,
and angular velocity around the x, y, z axes. Desired end-effector
rates are input by the operator. The outputs are the individual joint
velocities needed to effect the input motion.

The derivation to follow is a means of resolving joint velocities to
obtain a resultant end-effector velocity. Equating the resultant to
the input yields a set of linear equations of the form

[Input] = J e [joint velocities],

which may be solved by inverting J (in some sense) to obtain the joint
rates.

The goal in designing a human-operated, interactive control system for
a manipulator arm is to minimize the variables the operator must con-
trol. A simple control system can be designed so that the operator
directly controls the rate of motion of each individual joint. How-
ever, this is not a desirable system because to produce a specific mo-
tion of the end effector, the operator must somehow anticipate the re-
sultant of a set of joint motions. For one or two joints, this is not
difficult, but for a six or seven-joint manipulator, the task is quite
complex. For sensitive operations, this kind of control system is not
practical.

A better control system allows the operator to control only the end-ef-
fector motion. A computer reads the input commands and performs the
necessary calculations to produce the required velocities of each
joint. Such a control system is practical for most any task. This is
precisely the control system to be implemented.

Consider angular rotation of a manipulator end effector. The rotation
is about a single axis and has associated with it a velocity. Both the
axis and the velocity comprise an angular velocity vector. Let W,
denote the angular velocity of the end effector. Then W, can be de-

composed into components about the x, y, and z axes of some coordinate
system. So, in world axes,

0¥ex
0% = 0¥y

0¥ez
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D3-2

D3-3

D3-4

Let w;j denote the angular velocity of joint i; that is, the angular
velocity due to the motion of joint i alone. If the angular velocity
of the first link is wj, then the angular velocity of the second link
is the sum of w; and wy. The angular velocity of the end effector

is the sum of the angular velocities produced by each joint. To sum
these velocities, they must be expressed in the same coordinate sys-
tem. This summation requires the use of the transformation matrices
from the previous section. Expressing everything in terms of the world
axes, we have:

O¥e = oP1 1¥1 + P2 2up + ... + oP7 77

This single-vector equation yields a system of three linear scalar
equations.

To solve a system requires as many equations as the system has un-
knowns. Consider any one of the joint angular velocity vectors wi.
Expressing this vector in terms of the system Xj, we have

iVix

i¥i = iViy

and so it appears that each wy; has three unknowns.

However, the joints of the S0S manipulator are single degree of freedom
joints. Therefore, all rotations take place around a single axis. By
determining the relationship of the system Xj to the joint axis, the
number of unknowns is reduced to one. In general, one of the Xj axes
will coincide with the axis of rotation, so that equation (D3-3) will
be of the form

depending on which axis of Xj is in alignment with the joint axis.

Thus, the system of equations (D3-2) in actuality contains at most
seven unknowns. To obtain the remaining control equations, and to com-

pletely determine end-effector motion, consider end-effector transla-
tional velocity.

Translational velocity can be represented as a three-vector, the com-
ponents of which represent the magnitude of the velocities along the x,
y, and z axes. Let Vo denote end-effector translational velocity.

Then vy, becomes



D3-5

D3-6

To see how rotational joints can be used to produce translational mo-
tion, consider the rotating bar (Fig. D3-1).

\

- s e e - —-— -—

- - — = - —

Figure D3-1 Rotating Bar

The bar is rotating with an angular velocity of w, and is r units
long. However, at any instant of time, the motion is translational,
along a line tangent to the curved path. The velocity at any given
point is proportional to its distance from the center of rotation. A
formula from mechanics gives the exact relationship as

That is, at any instant, translational velocity is equal to the vector
cross product of angular velocity and the radius vector, plus the ve-
locity of the origin.

Thus, the rotational motion at each joint produces an instantaneous
translational motion of the connecting joint. ZLet rj denote the
radius vector from the ith joint to the origin of X,. = Then W, xxr,
is the vector cross product or translational velocity of the end
effector that is produced by the angular velocity vector of joint 1i.
Therefore, summing all such components yields the total translational
velocity of the end effector: ‘

o¥e = OP1 (1¥1 X 1X1) + . . . + oP7 (747 X 7L7)

Note that equation (D3-6) applies only to arms that have no sliding
joints.

This single vector equation yields three linear, scalar equations.
Because the matrices ;P; and the vectors r; are functions of the
joint positions, the only unknowns are the single nonzero components of

the vectors wj.



D3-7

Combining equations (D3-2) and (D3-6) into a single equation:

v P
0~e ) 01 (IHI X 1;1) + ... + 0P7 (7g7 X 727)
0% of1 1¥1 * -0t of7 7Y

The vector equation above yields six linear, scalar equations in seven
unknowns. These are not enough equations to completely solve the sys-
tem. There are ways of arriving at an answer by introducing another
constraint (e.g., minimum energy expenditures), hence yielding a
seventh equation. However, the configuration of the SOS manipulator
offers another alternative.

Examining the drawing of the SOS arm (Fig. D3-2) reveals that shoulder
joints control elbow-position orientation. It is possible to select
one of the joints to be controlled separately. 1In this case, the value
of w; for the shoulder joint selected is an input, rather than an un-
known, and can, therefore, be eliminated from the control equations.
This leaves six equations in six unknowns, so the system can be solved

uniquely.
Articulated
Counterweight Terminal
‘ Device
Roll Drive Elbow

Yaw Drive

Shoulder Yaw Drive

Wrist Yaw, Pitch,
and Roll Drives

Counterweight Clearance Yoke

Shoulder Pitch Drive

Alternative Mounting
Position

X

Z (Out of Plane)

Figure D3-2 The SOS Manipulator
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For the sake of notation, let joint 1 be selected to be the joint con-~

trolled directly by the operator. Then the control equation (D3-7)
takes the form: :

o0¥e of2 (gip ¥ pLp) * .eo + Py (g x ry)
D-3-8 P N P Ceetieesesenteacecns Ceeeecesassanens
0% of2 2% o0 T oFy 7Yy
Evaluating the cross prodﬁcts-and performing the internal matrix multi-
plications, a matrix equation is obtained of the form:
Whe
v 272j
p-3-9 [.9®. 1 =|; :
w .
0—
¢ 797Kk

where Vn is the angular velocity of joint n, and j represents the
axis of rotation (because joints have one degree of freedom, the rota-
tion will be around a single-coordinate axis). 1In the case that joint
n revolves around the x-axis, wpy = wy, = 0, therefore wyy is the
unknown that must be calculated.

Once the system of equations is in world coordinates, it is necessary

to find only the matrix inverse (or pséudo-inverse) of J to solve the
system. . o

First, evaluate terms of the form gP; (j¥Wji x i;i):

. T
i ix i ix
-3-1 = R X LT,
b-3-10 (iyi X izi) iwly i iy
W, . T
i'iz iiz
i 3
= w

W, LW, W,
i“dix i'iy 4iiz
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0if11 o0if12 o0if13

p-3-11 oP3 G¥; ¥ 3I3) = |oif21 o0if22 o0if23

0if31 o0if32 0if33

(

+ Gif11 1T, T
+ GiP21 iFiz T
* (P31 iTip T
* Gif12 iFix T
+ (oiP22  iTix

* (oif32 1Tix T

0if13 ifiy ~ 0it12 1%

(01F23 ifiy ~ 0if22 1%y

0if13
0if23

0iF33

0if11

= 0if21

0if31

LW, i e W, X,
11X 1 1y 11y 1 1X

(01F33 ifiy ~ 0if32 i%iz) i"ix

1T1x) 11y
)iwiy

).w

i1y

P
1 1X

i
1 1X

LT, )W,
iTiy’iTiz

LT, ).W.
i7iy’i iz

LT, ). W,
itiy’i iz

In actual practice, the vector pP; (Wi X jri) will have

three terms, instead of nine. The reason is that the ith joint will
have only one degree of freedom. Hence, two of the factors wj,,
Wiy, and Wi, will be zero, eliminating six terms from equation

(D3-11) above.
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Now evaluate terms of the form P; {wi:

0if11 o0if12 o0if13] [iVix

1<
1

D-3-12 P, ;9 = hif21 o0if22 o0if23] |iViy

0if31 0iF32 0iF33| |{iViz

P.. W
0i°11 i"ix * 012 1Yiy T 0iP13 Vi

P
= Joi'21 i¥ix T 0if22 i¥iy * 0if23 iVig

P . |
0i°31 i¥ix * 0i%32 1¥iy ¥ 0iF33 1Vis

Again, since two of the components jwiy, iViy» and jwj,
will be zero, the vector gP; jw; will have only three terms.

So, the final form of J is:

9 F. T
021k 2525 7 02F13 2%k 07F1k 7775 T 07%13 7V7k| | 2¥21

D-3-13 Jw = | 09Ppk 2T25 ~ 02%25 2%2k  *** 07%2k 7575 ~ 07725 757k 3734

02F3k 2523 T 02833 22k c*+ 0783k 7573 T 07F3j 7F7k| | 4Va1
P, .
02F11 e 07" 11 551
Py W, .
02F21 0721 661
e e w .
02F31 0731 771
L omnd — —
where, for each column, one of the following three cases holds:
1 1i=x,1 2) i=2,3 3) i=1y,2
j=v,2 j==x,1 j=2z,3
k = 2,3 k =1y,2 k = x,1
Which of the three choices is to be used depends upon the joint axis of
rotation.

All that remains is determining the solution to the matrix rate
equations.
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4.0

4.1

SOLVING MATRIX EQUATIONS

A matrix equation with as many equations as unknowns has three possible
classes of solutions: (1) one unique solution, (2) infinitely many

solutions, and (3) no solution. If a unique solution exists, it can be
found by inverting the matrix J. If many solutions exist, some:criter-
ia must be developed by which to select the best solution. If no solu-
tion exists, then the closest approximation to a solution must be found.

One technique of matrix inversion is the simple procedure generally
taught in general math courses-—-Gaussian elimination. The procedure
for inverting a nonsingular matrix M is as follows:

1) Form the augmented matrix (M : I) = A;

2) Use elementary row operations to change M into the identity
matrix. These operations are .

a) 1Interchange the position of rows,
b) Multiply a row by a constant,
¢) Add a row times a constant to another row.

These steps yield an augmented matrix of the form B = (I E M'), instead
of A= (M. I). It can be shown that M1 =y,

In general, a linear system Mx = b is solved by finding M"l, then x =
M'lh. However, using Gaussian elimination, it is not necessary to
explicitly find M1,

It can be shown that the performance of elementary row operations is
equivalent to multiplication by a matrix:

(M . I)—»row operations—s(I : M71) .
is equivalent to:
(M . I)—=P(M: I)=(PM: PI) = (I: M71)

Furthermore, it can be shown that P = M1, Therefore,

P(Mb) = (M Pb) = (IiNMIR) = (T x)

This means that the solution x = M"lg can be found by row-reducing
the matrix (M - b) to the form (I . x). ‘

THE PSEUDO-INVERSE

Not all matrix equations have unique solutions. It is possible for a
system to have no solution, or for the system to have an infinite num-
ber of solutions. As might be expected, each of the above alternatives
leads to a different approach to solving the system.
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D4-1

D4-2

D4-3

If a system of equations has no solution, then a best or closest system
solution must be estimated. Of course, the best possible estimate is
desired. One criterion for a best estimate is minimal difference be-
tween estimated and true output. That is, if AXx = b is the original
system (X is unknown) and X' is an approximation with AX' = b', then we
seek to minimize |b-b'|. We call the approximation that produces the
minimum difference the "least squares” solution, or "least error”
solution.

The situation that has no solution often arises in "overdetermined"
systems, in which there are more equations than unknowns describing the
systeme.

If A is of full rank--i.e., if all the columns of A are linearly inde-
pendent--then the least-squares solution, g, of Ax = b is given by

% = (ata)y 1l atp

If a system of equations has an infinite number of solutions, then some
criterion must be derived to select a solution. If the criterion is
that of minimal vector length in the Euclidean sense, we call the solu-
tion selected the "least effort” solution. That is, if (x;, xo,

X3, «+-) all satisfy Ax = b, then the least effort solution is R where

A .
X = min |§j|

The situation of infinite solutions often arises in "underdetermined”
systems in which there are fewer equations than unknowns. 1In this
case, there are not enough constraints to completely determine the sys-
tem. The underdetermined system can be represented by Ax = b where A
isnx k; xiskx 1; bisnx 1l; and n< k. If A is of full rank,
then the solution of least length, g, or the least effort solution, is
given by

£ = At 1y
The pseudo-inverse is a matrix that combines all the above cases--as

well as that of the unique solution--into a single matrix formula. ILet
At denote the pseudo-inverse of a matrix A. Then, for Ax = b,

1) At =a"1l if A is square and nonsingular;
2) At = (ata)~l At if A is n x k of full rank (n > k);
3) At = At(aat)™l if A is n x k of full rank (n < k).

In addition, if A is not of full rank, then A" provides the least-er-
ror solution of least length.

The pseudo-inverse can be found by row-reducing the matrix A (Gaussian
elimination) to a reduced row-echelon form.

If A is n x k of rank r, this reduction proceeds to the point where,
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D4-4

D4-5

1) The first r rows of A are nonzero;
2) The last n - r rows of A are identically zero;

3) The first r linearly independent columns of A are the first r col-
umns of the identity matrix.

€ego, 1 0' 2 0 1 2 0 5 are reduced row-echelon forms;

0 1 1 O 0 0 1-2

0 0 0 11]°]0 0 0 O

0 0 0 O 0 0 0 @

2 1 0 O 2 5 1 0 are not reduced row-echelon

1 0 1 0 0-2 0 1 forms.

o 0 0 1}]°l0o 0 0 O

0 0 0 O 0 0 0 O

Given a reduced row-echelon form of A, then A can be written as A = CD,
where C is the n x r matrix consisting of the first r linearly inde-
pendent columns of A (these are in the same positions as the columns of
the identity matrix in the reduced row-echelon form), and D is the r x
k matrix consisting of the non-zero rows of the row-echelon form of A.
The equation A = CD is called a rank factorization of A.

If A =CD is a rank féctorization, then it is easy to find A™:

A procedure for solving the matrix problem

797
can now be outlined.

First, formulate the problem as if J were nonsingular and proceed with
row-reduction to find the inverse. If row-reduction produces one or

more rows of zeroes, then J is singular, and the pseudo-inverse must be
found. Use the row-reduced submatrix K to find a rank factorization of

K. This, in turn, is used to find the pseudo-inverse of K, which can
be used to solve the system.

The pseudo-inverse of K may be used instead of the pseudo-inverse of J,
provided the row-reduction matrix operations are used on | X Con-

sider the system .&.
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where A and b are known. Solve for x. This is completely analogous to
the original equation (D3-9).

Form the augmented matrix and proceed with Gaussian elimination:
D4-7 [A . 1]

If A is singular, row-reduce matrix A as far as possible to obtain
matrix K. The augmented matrix becomes

D4-8 [K - E]
where E is the matrix operator that transforms A to K:
D4-9 E[A:I] = [EA: EI] = [K: E]

Solving the system using the pseudo-inverse of K is equivalent to solv-
ing the original system if we replace b by Eb:

p4-10 ¥ = K'Eb = (EA)YEp = ATETER = AMh, since E'E = I -
SO
D4-11 ¥ = A'b, or X = K'Ep.

Using the pseudo-inverse of K is easier computationally because the
formula for K reduces to

p4-12 K = gt(cet)~l Ft
where K = FG is a rank factorization of K.
To see this, if K is a row-reduced matrix, then the first r linearly

independent columns are only the first r columns of the identity ma-
trix. Hence,

D4-13 F =[I]} n rows

0 } n-r rows
and
p4-14 'Ryt = 117 0] [1] a1+ 0.0t et o
0 _
D4-15 Thus,

(FtF)~1pt = 1Ft = pt
which yields the simplified formula for K.

A flow diagram for the problem is presented in Figure D4-1.
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Figure D4-1 Joint Rate Algorithm Flow Diagram
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For a more detailed description of the development and the properties
of the pseudo-inverse, see Subsection D7 of this report.



5.0

TIMING

The solution obtained for the matrix problem is only a instantaneous
solution. That is, it remains correct only in a finite interval of
time or distance from the position and instant in which it was calcu-
lated. This is true for several reasons:

1) Because the joints of the SOS manipulator are rotational, the
end-effector motion will generally be only approximately linear,
In fact, the end-effector path will usually be curved.

2) The valﬁes used in computing the J matrix depend on joint posi-
tions, which change as the manipulator moves. Therefore, the
values of J (and hence J ) are constantly changing.

To produce accurate motion, the matrix problem must be solved repeated-
ly. Frequently computed joint commands produce more accurate motion.
Therefore, part of the problem in calculating the system is to solve it
as rapidly as possible. This section briefly explores various tech-
niques that can be used to speed up the solution of the matrix problem.

The method originally employed for use in the SOS manipulator was to
separate the translational and rotational control problems, and solve
each using a different set of joints.

The method implemented was to use the shoulder roll joint as separate
operator input. The remaining three joints of the arm below the wrist
were used to affect translational motion. Translational commands were
input, producing a 3 x 3 control matrix that could easily be inverted
to find the needed joint rates.

The angular velocity of the end effector produced by these joints was
then calculated and subtracted from the input angular velocity commands
to obtain the net angular velocity. The three wrist joints were used
to affect this net velocity, requiring the solution of a second 3 x 3
matrix.

The flow chart for this control systém is depicted in Figure D5-1.

Using this scheme, it is only necessary to invert small matrices, so
that the entire solution process is accelerated. A problem with this
technique is that while rotational effects of shoulder and elbow joint
motion are considered in solving the rotation problem, the translation-
al effects of wrist joint motion are not considered in solving the
translation problem.

A second option is similar to the first, but feeds all results back
into succeeding calculations. Briefly stated, the translation commands
are input, and any translation due to wrist joint motion is subtracted
from them. This operation yields the net translation. The shoulder
and elbow joints are used to produce the net translation, requiring the
inversion of a 3 x 3 matrix.
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Figure D5-1 Separate Translqtiondludnd Rotational Control Flow

The shoulder and elbow joint motions produce an end-effector rotation.
This rotation is subtracted from the input commands to yield a net ro-
‘tation. The wrist joints are used to effect the rotation, again re-
quiring the inversion of .a 3 x 3 matrix.

A flow diagram for this system is shown in Figure'DS—Z.

5954
6767
797k

Figure D5-2 Combined Translational and Rotational Control Flow

This scheme accounts for the effects of each set of joints on both
translation and rotation, but a problem may remain. It is not possible
to exclude the case of an infinite loop in compensation. That is, it
may be possible that-a rotation A6 may be necessary to compensate for a
translation As, but to compensate for-Af, —-As must be implemented,
which means -A6 is necessary. This matter must be solved in some way
before such a scheme is implemented.
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6.0

6.1

6.2

SUMMARY

The problem considered in this document is that of interactive control
of a robotic manipulator. The goal was to derive a method whereby man-
ipulator end-effector motion can be directly controlled by human opera-
tors without having to consider the motion of each individual joint.

The solution was derived using the concept of coordinated rate con-
trol. End-effector motions are input as rates; therefore, there are
six inputs--three translational rates and three rotational rates, cor-
responding to the three components of translational velocity and angu-
lar velocity vectors. These end-effector rates are used to produce the
necessary joint rates, thus effecting the desired motion.

The transformation from end-effector rates to joint rates involves two
concepts: ‘

1) The resultant velocity is the vector sum of the constituent
velocities.

2) The resultant angular velocity is the vector sum of the constituent
angular velocities.

These concepts yielded the two equations:
oYe = of2<2¥p X 9Ep) * ... * Py (Guy X Jxy)
and

o¥e = oF2 282 t -o- + oFy 7y

which were combined (after multiplying out terms) to yield the matrix
equation

0Ye - 3 2w2j
Oge
7Y7k

The matrix J may be singular, or nonsingular. This means that, given
Ve and We, there may be one, more than one, or no vector [lwli’

2Wop e e .,7W7k]t that produces the specific output motion.

Herice, a versatile way of solving the system was sought. This solution
method was the pseudo-inverse, and an algorithm was outlined (and a
flow chart drawn) for computing the pseudo-inverse of an arbitrary ma-
trix J.

Finally, timing considerations were investigated, yielding two methods

of approximating the exact solution. Both methods require less calcu-
lation time using the pseudo-inverse than the exact method.
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7.0

7.1

D7 . 1—2

SOLUTION OF GENERAL LINEAR SYSTEMS

This section sketches a theoretical development of the matrix pseudo-
inverse, and is intended for the interested reader who is unfamiliar
with the concept of "solving"” singular linear systems. A complete
theoretical development can be found in (Ref. 5). The development pro-
ceeds by analyzing the problems of obtaining best solutions to linear
systems with more equations than unknowns, then systems with fewer
equations than unknowns. The tools developed to solve these systems
are then combined, in a natural way, to yield the pseudo-inverse, the
tool used to solve general linear systems.

OVERDETERMINED SYSTEMS

Consider the matrix equation

Ax = b

where:

A is n x k, known, k<n;
b is n x 1, known;

x is k x 1, unknown.

Note that, in applying matrix multiplication, the first element of x
multiplies every element in the first column of A. Similarly, the
second element of x multiplies every element in the second column of
A. In fact, if the ith column of A is denoted A i, then the equa-
tion above can be rewritten

A.lx1 + A.2x2 + ... A-kxk =b

This formulation shows that, for the system to have a solution, b must
be a linear combination of the columns of A, or, b must be an element
of CS(A), the column space of A.

If b is not contained in CS(A), a solution X is desired such that the
minimum error occurs between the desired system state b and the system
state b produced by X. The Euclidean distance, |b-b|, must be mini-
mized to produce the best estimate for x, denoted as X. The b that
minimizes |b-b| is the projection of b on the column space of A.

Consider an element of an n-dimensional vector space V. CS(A), the
column space of A, is k-dimensional, with k < n. The Gram-Schmidt
theorem says that the basis of CS(A) can be extended using vectors or-
thogonal to those in the basis of CS(A) to form a basis for the n-di-
mensional vector space V. Therefore, V can be considered as the sum of
two vector subspaces—--CS(A) and CS(A)' (V = CS(A) + CS(A)'). The
vector b can now be written as the sum of two vectors, ¢ contained in
cS(A), and B contained in CS(A).

D-23



Since b = a +

-—

B, let bp be the projection of b into CS(A).
NOW)P._EA=2+§.—EA

S0, b - balZ = la + 8 - by12 = |2 - b,|2 + [g]2

because ¢ and 8 are ofthogonal. The vector by is contained in CS(A),

so changing by can only affect the first term, which is minimized
when & = bs; i.e., when by is the component of b in CS(A). Now

that it has been demonstrated that b, minimizes Ib - bl, the original
vector equation can be reformulated.

Recall Ax = b, and AX = by

where ’ _
Aqgxp H ALKy FAx =b

D7.1-3

D7ol_4

and A §i + ... +A

.1 Kk T 2A

The vector X consists of the components of by in the basis of CS(A).
The components of X can be obtained by taking the inner product of b
with the basis of CS(A). Let ie{l,z,...;k}.j Then for b = by + by’

0=5o,, A

—A" o1
D7.1-5 .
= (.t.). - 'b'A) A.i
=b Ay -Bhy Ay
therefore,
D7.1-6 b, «- A, =D - A,
=A i -~ -1
but
D7.1-7 b, = X,A , + X, A , + +XA, = I°%. A
=A 171 272 tet kek j=1 "3 "-j
thus,
D7.1-8 b, = A . = ( Zk X, A.,) +A \
* =A -1 j=1 7§ 7.5 o1
k —
= I X.(A . + A
J=1 J( | -1)

D7.1-9 g - =8+ a=qf g

Recall that, for any vectors g and 8 from the same space,
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Thus, the dot product in D7.1-8 can be rewritten:

k — t
J1-1 . = X . ]
D7 OhA L j=1 xJ(A.J _1)
=% A" A .+ ... +x4A%
1717 k ek -1
or, in vector/matrix form:
. = rat t ]
b.A A'i = [A'lA-i’ cees A-kA-i] %
ik
Now, taking the dot product over all the vectors A i:
t t —
- A ]
By s Al AR e AR R
p7.1-12| = D | = afax
b, - A At A At |l =
<A 'k skl " Tekek k

Noting that b, - A, = A-ibA = A?ihA’ equation D7.1-12 becomes

°i

t_'—-' . = t
D7.1-13A%K = [o, * A ;] = AR
by Ay

The matrix AYA is k x k, made up of the inner product of k linearly
independent vectors. It is therefore nonsingular. Equation D7.1-12
can therefore be solved for X:

p-7.1-14% = ata)~! Aty

The expression (AYA)~1At is the general form of the matrix opera-

tion used to obtain a least-squares solution of Ax = b, where A is n x
k of rank k, k< n.

7.2 UNDERDETERMINED SYSTEMS

Consider the matrix equation

D7.2-1 Ax = b
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D7 . 2—2

where

1]

n x k, known, full rank;
k x 1, unknown;
n x 1, known.

(o ol
]

If k > n, then the matrix equation contains fewer equations than un-
knowns. Thus, fewer constraints exist to completely specify a unique
solution, and thus the system is described as underdetermined.

Due to the lack of sufficient constraints, the system has an infinite
number of solutions. These solutions are said to be in a hyperplane,
(also called an affine space), which is a vector subspace that has been
displaced from the origin.

Formally, a hyperplane can be defined by a vector added to every ele-
ment of a subspace. That is, let U be a subspace, and q be a vector

that is not contained in U. Then q and U define a hyperplane
H by: : ‘

H=q+7U

This definition is shown intuitively in Figure D7-1 by considering the
two—dimensional case. A system with two unknowns but only one con-
straint equation produces an infinite number of solutions, all of which
lie on a line displaced from the origin. The line containing all the
solutions is a one-dimensional hyperplane.

Figure D7-1 One-Dimensional Hyperplane

One criterion for selecting a solution from the infinite set is to
choose the vector in the set that has the shortest Euclidean length.
By examining the two-dimensional case (above), the shortest vector in
the set is seen to be the vector from the origin that is perpendicular
to the line.

In general, the solution sought in the underdetermined case is the vec-

tor from the origin perpendicular to the hyperplane. This solution is
referred to as the "least—effort"” solution.
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D7 . 2—3

D7.2-4

D7 . 2—5

D7 . 2—6

D7 . 2_7

Consider the matrix equation (D7.2-1) in terms of linear combinations
of columns of A. 1In this expanded form, the equation is written as

... +A . x =b

A.lx1 + Tk b

Thus, b can be rewritten as the sum of n vectors. Because each of the
k vectors is n—dimensional, n<k, the vectors A, ,{ are not linearly
independent. (There can be a maximum of n vectors in a set of linearly
independent vectors of dimension n.)

Therefore, there exists a vector y such that

A.iy1 + ...+ A-kyk =0

Any vector y such that Ay = 0 is a member of the null space of A [writ-
ten as NS(A)].

Let x be a solution vector of Ax = b. ©Now, if y is contained in NS(A),
then (x+y) is also a solution. This is proved as follows:

A(xty) = Ax + Ay
=b+0
=b

Every solution of AXx = b can be written as
X=x +x
TR

where x, is a solution of AXx = b, and x,; is an element of NS(A).
Let H be the set of all solutions of Ax = b. Then, if Zp is a given
solution,

H= x, + NS (A)

That is, the solutions to the underdetermined system AXx = b lie in a
hyperplane that is the null space of A translated from the origin.

As discussed above, the least-effort solution to an underdetermined
system is the shortest vector from the origin to the hyperplane. This
shortest vector is intuitively seen (as above) to be perpendicular to
the hyperplane.

Given any solution, Xp> of the equation AXx = b, the perpendicular can
be computed. The perpendicular is the projection of x, onto the
space perpendicular to NS(A). To see this, consider tge two-dimension-

al case shown in Figure D7-2.

The solution, x, is the sum of two vectors perpendicular to each
other. The least~effort solution is therefore the vector component
perpendicular to NS(A) that is contained in every solution.

Let NS(A) “represent the vector space perpendicular to NS(A).
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Figure D7-2 )
Two-Dimensional Underdetermined System

Lemma: The columns of At form a basis for NS(A)~
Proof:

Let g be in NS(A). Then, if ztg = 0, the vector y is an element
of NS(A)~.

D702"8 A}_(n = 0
can be rewritten as

Xx. + ... +A . x =0

D702—9 AO]_ 1 'k k
or
| Allxl + ... + Alkxk =0
D702"10 :
Anlxl + ... + Ankxk =0
but, .
0 = Ailxl + ... + Aikxk = [Ail’ e Aik] X,
D7.2-11 _ 5 4 .
i= X

So every column of AY, when taken in an inner product with x, yields
0. Therefore, every column of Al lies in NS(A)”. Since there are
n such columns and A is of full rank, all the n columns are linearly
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independent. And, since the rank of NS(A) is k-n, the rank of NS(A)~
is n. So, the columns of At are linearly independent and therefore
form a basis for the n-dimensional space NS(A).

The least-effort solution of equation (D7.2-1) can now be found. Let ¥
denote the least-effort solution. Then X is a linear combination of
the columns at At:

t t

~ t
X = clA.1 + czA.2 + ... + an-n

D7.2-12 = A%

Now

D7.2-13 Ax =)

or,
D7.2-14 A(A%¢) = b
SO
D7.2-15 (AAt)e = b

and
-1
D7.2-16 < = (AAH)7'b

But ¢ is not the vector sought. The least-effort solution is X =
Atc. Multiplying both. sides of the equation (D7.2-16) by At, yields

p7.2-17 % = A% = ata%H "l
The expression A':(AA':)'l is the general form of the matrix opera-

tor used to obtain the least effort solution of Ax = b, where A is
nx k, n £k.

7.3 GENERAL SYSTEMS

The solution to general classes of matrix equations becomes the combi-
nation of two solutions: (1) solutions to the overdetermined problem
and (2) solutions to the underdetermined problem.

Consider Ax = b
where
is n x k, known;

A
x is k x 1, unknown;
b is n x 1, known.
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For the general class of problems, n can be greater than k, or, vice
versa, n can be less than k, or n can be equal to K.

Assume A is of the rank r, r < min(n,k). Suppose A is rank-factored
into

7.3-1 A = CD

where each submatrix C, D is full rank. Then A = CD is called a
"rank-factorization” of A.

Then the equation to be solved may be rewritten as

7.3-2 CDx = b

Let z = Dx; then Cz = b.

.

C is n x r and full rank, so the system is overdetermined. The solu-
tion to such an overdetermined system is given by

D7.3-3 z = (th)_lcth

However, Z = DX where D is r x k, r < k, and full rank so that the sys-
tem Z = DX underdetermined. The solution to an underdetermined system
is given by

p7.3-4 § = ot (opp%)~lz.
The complete solution of the general matrix problem is the combination
~of equations (D7.3-3) and (D7.3-4). This solution is given by

p7.3-5 % = ptpHLctey ety

The pseudo-inverse of matrix A is denoted as At:

p7.3-6 At = pE@pt)L(ctey~lct

It can be shown that AT yields the least-effort solution to the
le%st—errOr problem. If A is nonsingular, it can be shown that At =
AT,

Lemma: AT = A7l for a nonsingular.
Proof:

We need to show ATA = AA* = I. We will demonstrate only AtA = 1,
since the proof of the second part is virtually identical.
At = p*@pH t(ctc) lctep since A = D
pt % cte) "t (cteyp
' . ta-1,.t

= ot %)% since (C'C) T (ctc) =1
Because A is non-singular, and C, D are of full rank. (by definition
of rank-factorization), then C, D must also be non-singular. Therefore
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A'A

= ptpH 7 p

Il

ptmY 107D since (aB)”! = B7lA”

for A,B non-singular
1
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APPENDIX E--SIMULATION METHODOLOGIES

The analysis of any physical system must begin by characterizing the
specific process to be modeled. This characterization must consider
(1) the system type, (2) governing equations of the process, and (3)
system questions to be answered. Table E-1 shows these notions.
Table E-1 Process Characterization

e Types of Systems

- Deterministic, i.e., Noise-Free System

- Stochastic, i.e., Systems with Noise
®System Description
- Ordinary Differential Equations }Linear or
Nonlinear
- Partial Differential Equations

- Algebraic Equations

eSystem Questions to be Answered

Solution to Governing Equations

Estimation

Identification

Control

Systems may be typed as being either deterministic or stochastic. A
deterministic system is defined as one that incorporates no uncertainty
and the stochastic type as one that includes uncertainty in the model.
True systems may be represented by physical laws expressed by partial
differéntial equations (PDE), ordinary differential equations (ODE), and
algebraic equations (AE). Hence, the governing equations of the pro-
cess must be given by PDE, ODE, AE, or a combination of the three. To
answer the system questions, one must solve the governing equations.

In the case of the deterministic type system, the solution may be easi-
ly obtained; however, the stochastic system presents additional
concerns.

The solution of .stochastic systems may be obtained by defining and
solving the estimation, identification, and control (EIC) problems
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associated with the given prdcess. This study illustrates the need for
solving the EIC problems as they pertain to simulation of a manipulator

system.

Open-loop methods (OLM) and closed?loop methods (CIM) are considered.
OLMs are described generally by systems that lack feedback from the
operation that is occurring. An OLM is presented in Figure E-l.

Agreement
Estimated L . L4
. . icti [
Forces a priori Predictions .
Data Base L
°
+ .
[ ]
Actual - g
Forces : Measured Data :
—ep] Test Cell °
[ ]

o .

No Agreement

Figure E-1 Open-Loop Method

The open-loop methodology in Figure E-1 uses an a priori data base to
provide predictions of outputs, which are compargﬁ with measured data
from the test cell. Results can range from complete agreement to no
agreement at all. In addition, the confidence level of results of a
given test is typically low until a large statistical data base indi-
cates the attributes of the samples. Typically, as one begins to ac-
cumulate test data, the predictions are adjusted to accommodate these
data. This "knob tweaking” is usually conducted by methods that are

far from being mathematically rigorous.

Because OLMs have considerable shortcomings, the need for a more sys-—
tematic approach has become evident in recent years. Modern, system
theory provides such an approach based on CIMs that form the bases for
most applications where feedback is used to control the system. The
CIM is shown in Figure E-2 by using adaptive procedures that provide a
model with quantified confidence levels. Modern system theory recog-
nizZes the potential differences in predictions and results that can be
attributed to forcing function uncertainty, incorrect estimates of con-
stituents in the governing equations, and the possibility that the mod-
el order is insufficient to describe these systems. The adaptive pro-
cessor design attempts to accommodate these uncertainties and to syste-
matically drive the difference between predictions and test data to a

minimum. )
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Disturbance System Equations

Identification and Parameters

l . Predictions

Estimated Y Uncertainty

Forces | g priori | Adaptive

Data Base + Methods

Actual - Y

Forces lrest cell » Model with
Measured Data Quantified
Error Confidence

Levels

Figure E-2 (losed-Loop Method

The theoretical aspects required to obtain the systematic results of
the CIM are introduced by presenting the thesis: “Control of the error
that results from the comparison of data obtained from the true system
to that produced by an a priori data base will result in:

1) obtaining a classification set, which implies the system can be
modeled (this, in turn, implies that the system equations can be
solved);

2) Or denying the classification set, which implies that the system
cannot be modeled.”

Acceptance of this thesis implies that the solution of the control
problem is imperative to model the system.

The term "classification set" has been introduced and needs further
clarification.

The notion of a set is generally defined in mathematical terms. In
particular, this set, C, may be given as the set that contains the fol-
lowing elements: independent variables, dependent variables, coeffi-
cients of the governing equations, and the sensor output. Mathemati-
cally this set can be written as:

c A INDEPENDENT DEPENDENT COEFFgglENTS SENSOR
VARIABLES VARIABLES EQUATIONS OUTPUT

Because this definition for the classification set holds for the propa-
gation of a signal through any system, the elements of this set will be
obtained from the equations that govern the evolution of the ROBSIM
control signal. Equation [E-2] shows the relationship of estimation,
identification, and control to the classification set. For example,
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a solution to the estimation problem will yield estimates of the inde-
pendent and dependent variables. Similarly, the solution to control
encompasses the solution of both estimation and identification, in ad-
dition to providing an estimate of sensor output. -

2] C A 5 INDEPENDENT  DEPENDENT COEFFéglENTS SENSOR}
- VARIABLES  VARIABLES ~ OUTPUT
Q\ > EQUATIONS
Y Y -
ESTIMATION IDENTIFICATION
\ _J
CONTROL

[E-3]

Equation [E-1] presents the classification set in terms of theory.
Members of this set can also be defined in terms of simulation of a

manipulator system in the following way:

DYNAMIC,
REFERENCE CONggZ;EAND CONTROL AND UNCERTAINTIES SENSOR
C = INPUT MEASUREMENT OUTPUT
VARIABLES MODIFIERS
~—— . _ N —_—
— Y R4
ESTIMATION IDENTIFICATION
LN J
Y
CONTROL

where the corresponding EIC relationships are shown.

Before further clarification of the classification set is feasible, the
basic elements of the physical process must be considered. To do this

for the OLM, a lower layer of Figure E-1 must be produced. This second
layer is shown in Figure E-3. . From this figure, two basic elements may
be defined as being (1) the subsystem under evaluation, and (2) a mea-

surement device. The subsystem under investigation produces a measur-

able set, M, and the measurement device acting on this set produces the
output, Z., In addition to illustrating the basic elements, Figure E-3

shows the basis for their physical makeup.

ROBSIM Subsystems under Evaluation Measurement Device

Basis for a priori Data Base Measurable Basis of g priori Data Base | Signature
-~ Transfer Functions Set, Z

~ Statistical Information Set M .
- Empirical Fits < - Measurement Uncertainties @

- Process Uncertainties

"= Physical Laws

Test Cell/a priori Data Base

Figure E-3 Second Layer of Physical Process



However, the description of the process does not allow total definition
of the classification set. For example, the only elements of the
classification set that are illustrated are the measurable set, M, and
the signature set, Z. 1In addition, the measurable set contains only
some of the dependent variables, none of the independent variable, and
none of the coefficient set.

This fact requires a further analysis of the layers to completely de-
fine the notion of the classification set. Unfortunately, the third
layer (Fig. E-4) is still not sufficient to completely identify this
set. However, additional element members can be defined. Specifical-
ly, some members of the observable set, 0, are distinguishable, as well
as all of the independent variables (i.e., internal and external stim-
uli). A further reduction is required to obtain the complete dependent
variable and coefficient sets. This juncture requires a description of
the specific problem of interest. Because this is the case, further
clarification of the classification set will be postponed until the
clarification can be applied to a specific example.

Subsystems under Evaluation

Measurement Device

Internal System Basis of a priori Data Base
and Model
External

Stimuli

e

- Transfer Functions

Signature

- Measurement Uncertainties
N Set, 2

Random
Background
Observables

Test Cell/a priori Data Base

Figure E-4 Third Layer Mechanization

The definition of the system level problems involves terms such as
state variable, control vector, and observations. For a definition of
these terms, consider the fourth-layer schematic of Figure E-1 as shown
by Figure E-5.
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Figure E-5 Fourth Layer a priori Model

The figure represents a typical system in terms of its characteris-
tics—-- independent and dependent variables. Dependent variables are
defined as state variables and independent variables are designated as

the control variables.

The location of these quantities is internal to block 1 through n. In

Figure E-5, the independent variables are designated by the p multi-in-
puts, u. The dependent variables, x, are imbedded in the system compo-
nents designated by blocks 1 through n. Definition of the system state
vector would be incomplete without accounting for background uncertain-
ties. The uncertainties are represented by the w terms illustrated in

Figure E-5. Note that the measurable set (i.e., outputs of the system)
generally does not consist of all dependent or state variables.

The sensor system acts on the measurable set. This action takes place
dynamically and statically. Specifically, these measurables enter into
the sensing device and are subjected to phase and amplitude distortion
(i.e., dynamics) and ultimately sensed as a voltage (i.e., static).
Hence, dynamics of the sensor must be accounted for in addition to dy-
namics of the system. In this sense, dynamics attributable to the sen-
sor are typically augmented to the state vector with dimension n to
produce a system state of dimension n+l. Because sensing devices have
- errors associated with them, the signature produced by the sensor will
be corrupted by this uncertainty. This is designated by the quantity,
v (Fig. E-5). Addition of the noise quantity produces a signature set
designated by the term, Z.

To solve the EIC problems associated with simulation of a manipulator

system, it is imperative that the system be modeled by using a state-
variable (SV) format.
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The SV framework was motivated by: (1) solutions to the estimation,
identification, and control problems that require a SV representation;
(2) control mobility and data processing/extraction algorithms that can
be derived from solutions to the EIC problems; (3) use of SV that do
not limit design to the time domain (i.e., state variables can be ex-
pressed in the frequency domain, thus allowing classical design).

To illustrate this concept, consider Figure E-6, which represents a
simplified block diagram of the simulation tool elements.

r——" Reference Compensator Manipulator Dynamics
Signal (Digital - Amp
|
L Han _:— - Computer) e - Motor
- - Power Train
| - Load
¥
|
L_._. ——— —— — Data Sensing System
Handler

Figure E-6 Simulation Tool Simplified Elements

Because this effort is to mathematically model the manipulator system
such as that depicted in Figure E-6, this system must be represented in
a mathematical format. Figure E-7a represents simplified elements of
the simulator tool in a mathematical context. Note that the system as
configured will have discrete and continuous components. Because sys-—
tems of this type are difficult to analyze, it is convenient to discre-
tize the entire system. Figure E-7b illustrates an equivalent discrete
system.

Quantization System
Error, Q(z) Uncertainty, W(s)
| |
Reference Digital ¥,(2) | systenm
Signal, R(s) Y(s) Dl(z) + G(s) V(z)
——1 Controller < Dynamics 2 |
e . + I (2) _ ZE(Z)
R_(s) DH Uncertiinty, V(s) —{ 5 E]_O__.
Data Z(s) System |
+ y
Dy(s) H(s) :
Handler + ] Sensing ’ T
-
Measurement
grror, V(s)
a) Actual Signal Representation b) Equivalent System

Figure E-7 Simulation Tool Element Representations
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To further justify the use of SV as the framework of the simulation,

Figures E-8a and E-8b illustrate that design and analysis of the system

are not limited to either the time or frequency domain.

show the system equivalence in both domains.)
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Figure E-8 Equivalent Systems

b) Equivalent Time Domain Representation

As a further justification of the SV framework, consider an example of

the problem: Suppose that it is desirable to have the manipulator fol-
low a predescribed reference trajectory given by r(l), r(2), ..,

r(n). Assume that certain members of the classification set are

known. Specifically they are the reference input, random uncertainty,

all measurement modifiers, and certain members of the dynamic and con-

trol modifiers.

To solve the control problem it is imperative to eliminate the uncer-
tainty of the system. To do this, estimates of the control and state
variables are required. Having obtained these results, the identifica-
tion problem can be solved. Solution of the identification problem
will produce an optimal digital controller for the system.

Consider the system given by Figure E-7b. The classification set for

this configuration is given as

DYNAMIC,
CONTROL AND
REFERENCE CONTROL AND MEASUREMENT SENSOR
INPUT STATE VARIABLE MODIFIERS UNCERTAINTIES OUTPUT
cé l r x 9%, ¢ 6 H Ow, Oy z
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where the roles of estimation and identification are labeled. Given
the set of assumptions, it should be noted that the identification
problem is limited to solving uncertain parameters in ¢ and 6* -— spe-
cifically those elements that pertain to the digital compensator. Fig-
ure E-9 shows how this process is mechanized, and the use of the Kalman
filter to produce estimates of the state vector, x, and propagation of
the uncertainty in the estimate,

0 and describes how the performance
measure, J, is used to update parameters in ¢ and 6.
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Figure E-9 Control Mechanization
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