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W e  consider the vibration of a non-conducting liquid drop endowed with a 
surface charge, in supplement to  the well-known case of a conducting liquid 
drop studied by Lord Rayleigh in the last century. It is assumed that there 
is no charge conduction except by hydrodyPamicdL transport due t o  the flow 
wtion.  It is found that  the surface flow is of such a form that  the charge 
agaiu maintains an electrostat ic  equipotential a t  the surface of the drop a t  
a l l  instants of the vibrational w t h ,  and the same Rayleigh result is ob- 
tained. Thus, the Rayleigh result is applicable to  more general classes of 
l iquid drops, irrespective of the  conductivity of the liquid i n  these two 
l i m i t &  

The vibrational frequency of a charged liquid drop under the restoring 
force of its own surface tension was f i r s t  derived by Lord Rayleigh (1) about 
a hundred years ago. 
for  "liqu&d conducting masses charged with electricity". Implicit in the as- 
sumption of a conducting mass was that  the d ie lec t r ic  relaxation time was much 
shorter than the mechanical vibrational period so that  the charge could always 
redis t r ibute  i t s e l f  to maintain an equipotential surface at  the surface of the 
drop (see, for example, the re-derivation of Lord Rayleigh's result by 
Headricks and Schneider (2)). 
cfrprged water drop indicated good agreement with experimental measure- 

The case considered was, in Lord Rayleigh's owxi wards, 

Recent tests of Rayleigh's re la t ion for  a 

ments (3 ,4 ) .  

It i a  of interest to  study tha influence of the conductivity of the 
ucluid on the vibrational frequextcy. In the case of water, conductivity in- 
cra8~a(l With the degree of sal ini ty;  one wishes to know whether the 
vibrational frequency may depend on the  degree of purity of water under con- 
saera t ion .  As 
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the vibrational frequencies have been used t o  estimate the drop size and de- 
gree of e lectr i f icat ion of water drops in the atmosphere by means of the back- 
scattering effect  on radar (5), such a que 
the other hand, there are also insulating 
charged (6). 
compared to  the mechanical vibrat  
ff the Rayleigh relation needs mo 
electrohydrodynamical spraying pr 

is of practical  interest. On 
de a c h  can be readily 

One would be interested t o  see 
ion which may have same bearfpg on the 
tudied by many authors (6,783. 

We consider a non-viscous liquid drop eindowed w t t h  a surface charge. The 
charge is aseumed to  be uniformly distributed when the drop assumes its equi- 
librium spherical shape. W e  study the case in which the charge eleanent is not 
f r ee  t o  move except to follow the motion of the surface element in which it 
resides. W e  shall see that this motion of the charge in the-liquid drop re- 
sults again i n  an equipotential surface a t  the surface of the drop at  any in- 
stant of the vibrationalmotion, even though the charge is not f ree  and llpoves 
by hydrodynamical transport only. Thus, surprisingly enough, the vibrational 
frequency of a charged l iquid drop turns out to  be independent of the con- 
ductivity of the liquid in these two l . imitsI  

RYDROD3!NAMIcM, FLOW AND VIBRATIONAL FREQUXNCY 

For these liquids, the dielectr ic  relaxation time can be large 
period. 

The s tar t ing point of the present discussion is the Euler equation for  a 
f luid element in the interior 

where 
mass density, 6p the deviation of pressure from the equilibrium value. 
l inearize the Euler equation by assuming the amplitude eo t o  be emall. 
normal mode is specified by describing the sharp surface as 

is the velocity characterizing the motion of the fluid element, p y  the 
We 
A 

where Bo is the radius of the liquid drop in equilibrium and Yh(8,4) is a 
spherical harmonic and w gives the frequency of the vibrational motion. 
further assume that the mass is incompressible and the density is unlfom. 
Thus, from the equation of continuity, we have 

We 

+ 
Q*u = 0 .  

This condition, together olith the solenoidal nature of the restoring force 
vector leads to  the important implication that d is purely poloidal 
(Chandrasekhar (9L) (which mearm that  d can be written in the f o g  
ik = V x [V x (dr)r], where @ is a scalar function). 
m a t i c a l  analysis can be co2siderably simplified. 
the various components of u (for the poloidal solution) are: 

From this, the mathe- 
In spherical coordinates, 

(3) 
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r' 

whare U ( r )  i s  same function to be determined by the boundary conditions. 

Taking the divergence of Eq. (l), w e  have, from Eq. (31, 

Q2 * = 0.  I.4 
A solution to  th i s  Laplace equation satisfying the boundary condition at the 
or igin is 

where IIo is a conataut to  be determined. 

md (6), we have 
Replacing each s ide of Eq, (1) by its defining function a s  i n  Eqe. (4) 

(7) 
E+l i w  U(r) = -eo Eo r . 

Thus, the rad ia l  component of the velocity is 

There are two boundary conditions t o  be sat isf ied.  F i r s t ,  from the re- 
quirement of consistency between the rad ia l  component of the velocity (Eq. (8)) 
and the  form of the boundary (Eq. (2)). we have 

u2 R(R+l) noRt-l. ( 9 )  

The second boundary condition requires the balance of pressure a t  the 
boundary a s  arising from surface tension and the electrostat ic  stress. For the 
latter quantity, it is necessary to  know how the charge redistributes its&. 
In a conducting liquid, the charge is f r ee  to  move to  maintain an equipotential 
at  the surface of the drop, This was the case considered by Lord Rayleigh. On 
the opposite extreme, suppose the conductivity of the liquid is such that the 
charge cannot move freely, then, a surface charge element must follow the 
motion of the surface element in which it resides. What w i l l  be the instan- 
taneous charge distribution? 
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It is easy t o  follow the hydrodynamics of any f luid elemenr. From Eqs. 
(41, (7) and (91, we Imoo7 that  a f luid element at  (ro,eo,4,) is mapped into 
(rse,4) by 

A surface element at point (RO,eos~,) goes into another surface element a t  
point (R,e,$) as follows 

On assumption of no conduction except by mechanical transport via the hydro- 
dpnaolical flow, the surface charge density p is related t o  the uniform equi- 
librium density p(0)  by Q 

Q 
.l 

where D(90,90)/D(e,4) is the Jacobian of the transformation. 
(llb) and (llc), we obtain the aurface charge distribution a t  any instant of 
the vibrational motion 

From Eqs. (lla), 

Thia charge distribution is exactly the same i f  the liquid is a conducting 

tha t  whether the liquid is conducting or not, the hydrodyaamical transport 
carries the charge 80 that  the surface of the liquid drop is also a surface of 
e lectrostat ic  equipotential as a result of the transpart. 
charge in the form of Eq. (U) gives rise t o  a potential 

. liquid (see Hendricks, et al. (2)). One therefore obtains the important result  

h fact ,  a surface 
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*A-1 

and vc(r) = + + l r ~  eoek”‘ +i yam for  r 2 R~ + eoe 
r 

wher0 k is the Coulomb coupling constant (it 
v a n t i o d d  Q is the t o t a l  charge. Th0 elec 
outside is 

(15) 
iot 

yam 

s ( 4 1 r e ~ ) - ~  in the usual con- 
i e ld  as approached from the 

in pressure at  the surface due t o  electrostatic interaction is 

(17) 1 
- P  E 4 Q 8*R0 

contribution from e lec t ros ta t ic  interaction and surface 
w e  have 

which is j u s t  the Rayleigh result. 

DISCUSSIONS 

Wa have shown that in the vibratioa of a chargad ch viscous l&quld drop, 

Thus, i f  t h e  
the h y d r o d m 4  transport of the surface charge results again in an 
equipotential surface a t  the surface of the drop a t  any instant. 
liquid i s  non-conductieg in the sensa of having a large dielectric relaxation 
time, the behavior of the surface charge is the ciilma 88 in a conducting liquid. 
One concludes that Rayleigh’s result is more general than it was formutated. 

O u r  discussion has been limfted to  the inviscid case for  which a potential 
The fac t  that an e lec t ros ta t ic  potential is again maintained flow i s  possible. 

is probably intfmatelp related to the potential flow of the fluid. Soms dff- 
fermces in the vibrational behavior due t o  differemes in conductivity may be 
expected i n  the vibration of a viscous charged liquid drop for  which the f low 
becomes rotat ianal  and the vorticities reside mostly at  the surface. In a 
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conducting liquid, a charge element is free to move to the suEface even though 
the surface fluid element may flow inside the surface. For a non-conduc 
liquid, the motion of the charge toward the surface may not be fast enoug 
and the electrostatic stress is dified as a consequence. As a viscous 
ducting charged liquid. drop follows the Cbandrasekhar equation (9,U) b 
an instantaneous surface charge redistribution, the behavior of a viscous xum- 
conducting charged liquid drop w i l l  deviate from the Chandrasekhar equation. 
This may be checked experimeotarlly. 
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the vibrational frequency of a non-conducting charged liquid drop is 
erropcou~ and is superseded by the results presented here in this 
paper. 
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In that paper, 


