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BTS, Inc. Seabrook, MD 20706

Abstract

An iterative least squares estimation algorithm with the capability

for including a priori 	 statistical	 information has been implemented to

recover multiple magnetic dipole models of the Earth's main magnetic

field.	 The dipoles are fixed to a specified radius at or below the core-

mantle boundary and centered on equal	 area blocks.	 The algorithm can

solve for dipole magnitudes only (fixed orientations), or allow full

freedom of orientatior ind solve for vector components.	 External	 field

parameters and observatory anomaly biases can also be estimated simultan-

eously.	 Time dependence is modeled using first time derivatives for

dipole vector components. 	 Single-epoch and time dependent dipole models

are derived using MAGSAT and observatory annual means data. 	 Equivalent

spherical	 harmonic representations are computed in closed form from the

dipole models and compared with truncated spherical	 harmonic models

estimated in the standard way from the same data sets.	 In particular, a

21 0 spatial	 resolution model	 based on 93 dipoles is computed based on

observatory annual means data from 1974 through 1977 and a selected 	
c

MAGSAT data set and is compared with candid?te IGRF 1975 models and their

1980 secular variation. The equivalent dipole source representation is

shown to be comparable to the standard spherical 	 harmonic approach in

fl, accuracy and,for high resolution models, to be superior in computational

efficiency for field model evaluation when three degree-of-freedom uncon-

strained dipoles are utilized. 	 Fixing of the dipole positions results in

rapid convergence of the dipole solutions for single-epoch models. 	 For

time dependent models, a sufficiently long time interval 	 of data must be
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available or a priori values and statistics available for the derivatives

to achieve convergence. In contrast to standard spherical harmonic

models based on the same data, the correlation structure of dipole

magnetic moment derivatives with Vie constant magnetic moment parameters

is small, indicating the ability 1,o strongly separate the constant field

and the secular variation. The dipole equivalent source approach for the

main field was found not to be effective as a technique for

distinguishing core and crustal fields.
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1.0 INTRODUCTION

The equivalent source technique is a conceptually simple means of

describing potential fields which has been widely applied in exploration

geophysics (e.g. Dampney, 1969), in modeling long wavelength satellite

magnetic anomalies (Mayhew, 1979), and in modeling the core field (see

review by Sterns and Alldredge, 1973). The method consists of setting up

an internal arrangement of dipoles and adjusting their magnetic moments

(and in some applications their positions) such that the synthetic field

arising from them collectively best fits a set of observations of the

field. A number of authors have attempted to apply the equivalent source
	 .y

technique; to modeling of the main field and its secular change. McNish

(1940) and Lowes and Runcorn (1951) used graphical approximation

techniques for this purpose. Alldredge and Hurwitz (1964) and Alledredge

and Sterns (1969) treated the problem using inverse theory and with the

benefit of computers. The goal of the modern studies has been to gain

insight into the physics of core field generation by examination of the

behavior of modeled sources: for example, the fields of radial dipoles

can be taken to approximate the fields of current loops. Some authors

(e.g. p eddie, 1979) have used expressions for current loops directly.

In most of -these studies, the angular coordinates and radial

distance of the dipoles are treated as variables in addition to the

dipole moments, and herein lies the difficulty of this approach to core

field modeling. The function expressing the dipole field is non-linear

in the geographic variables, and this leads to a non-linear inverse

problem. Many iterations through a given data set are required for

convergence; for example, 180 iterations were required to fit 21 dipoles

to the 1955 Finch-Leaton model of the field (Stearns and Alldredge,

1973), and 25,000 iterations were required to fit the 1966 IGRF secular

change field (Alldredge and Stearns, 1969). Furthermore, convergence was

not achieved at all unless good starting parameter estimates were

available. Previous approaches have sought to reproduce existing field
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models expressed in spherical harmonics. A current function (Chapman and

Bartels, 1940) is derived for a thin shell within the core from the

spherical harmonic coefficients, and the starting positions of the

dipoles are taken to be the current foci. The inapplicability of this

approach when one is trying to generate a field model from scratch is

obvious. Further, there is no way of knowing before hand how many

dipoles are required to properly model the field.

Our previous work in magnetic dipole analysis has been aimed at

modeling the long wavelength anomalies in the total magnetic field from

satellite data. An array of dipoles is laid out in equal area at the

Earth's surface in a specific region, and the magnetic moments of the

dipoles adjusted by a least squares procedure so as to collectively give

rise to a field which best fits that observed over the region. For this

(essentially geologic) application, the dipoles are constrained to lie in

the direction of the main field at the dipole position. In this study
we have applied the methodology and the associated software to modeling

the core field. We have experimented with fitting the main field using

different numbers of equivalent sources at fixed radii at and within the

core-mantle boundary. By fixing the radius for a given series of runs,

we avoid the convergence problems which result from the extreme non-

linearity of the problem when dipole positions are allowed to vary. The

study had three main goals: 1) to compare the equivalent source approach

with the standard spherical harmonic approach for modeling the main field

in terms of accuracy and computational efficiency, 2) to examine the

possibility of distinguishing core and crustal fields with this approach,

and 3) to see whether a systematic distribution of solution parameters,

possibly indicative of fluid motions, could be described, and if so what

dipole density is required to resolve the pattern.
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2.0 METIiODOLOGY

Mayhew (1978) and Mayhew and Estes (1980) have given the expressions

for the anomaly components and the anomaly in the total field due to a

dipole having arbitrary position and orientation at an arbitrary external

position. The magnetic potential at an external point of a dipole of

moment M is V = -M • V(1/9) , where k is the distance between the

dipole and the external point; the associated vector field is F = -VV.

Let e be colatitude, ^ be longitude, and r be the radial distance,

and let M have components (M r , Me, Y . Then V may be written

V = [M r (rA-r') - MerB + M^rC]/R 3 ,	 (1)

where

R = ( r2 + r 12 - 2rr'A)1/2

A = cose cose' + sine sine' co;(^-')

B = cose sine' + sine cose' cos($-$')

C = sine sin( -$') .

Primed variables refer to the dipole position, unprimed to the external

position. Then

F= -(ar ' -9 ' rs1619^ V	 (F r' Fe, F¢)
	

(2)
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	'M	The components of T are obtained by straightforward differentiation,

	

'	 and are complicated functions of the geographic coordinates and the

components of the magnetic moment. If the dipole has a radial

orientation the expressions for the components simplify; they are given

by Alldredge and Hurwitz (1964).

The goal of t'he analysis is to estimate values for the magnetic

moments (M r , Ma, N) for all	 dipoles from observations of the total

field and its components. 	 A software system (see Appendix) which is an

elaboration of our previous equivalent source modeling software has been

developed for this purpose.	 It uses an iterative least squares algorithm

with the capability for a prio ri 	 information which has been described in

some detail	 by Mayhew and Estes	 (1980).	 The dipoles are set by user input

'to a specified radius within the earth, 	 and are centered on nearly equal

area blocks.	 The system has the option to solve for either the dipole

magnitudes only (with the dipole orientations constrained to a preselected

direction),	 or to allow full	 freedom-of orientation for the dipoles and

solve for the three components. 	 The procedure for obtaining an approximate

equal	 area distribution of dipole locations was obtained by use of an

icosahedron, a regular polyhedron with 20 equilateral 	 triangular faces,

inscribed in a sphere, with the edges radially projected onto the sphere

forming	 "spherical	 polyhedrons."	 The spherical	 icosahedron is the division

of the sphere having the greatest number of regular pieces, and forms the

base on which a nearly uniform distribution of points on the sphere may be

defined.	 The following sets of points defining dipole locations have been

implemented:

number of points	 12	 42	 92	 162

angular separation 64 0 32 0 21 0	160

4
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When the dipole directions are unconstrained there are three parameters

to be estimated per dipole, but only one per dipole when the direction is

constrained radially, since in that case Me = M 0 - 0. Secular variation

is modeled by making each dipole magnetic moment component a linear

function of time. This doubles the number of parameters for a given

problem at a single epoch. An iterative technique is required for this

problem when scalar magnetometer data is utilized due to the non

linearity introduced for this data type. The inversion problem is

linear, however, for B r , Be, B0 data.

The set of simultaneously estimated parameters has been further

extended in two ways. First, on option a set of three external field

parameters expressed as spherical harmonic coefficients 
g 10 , g il , h11 can

be computed. Second, also on option, observatory anomaly biases can be

estimated at each observatory when annual means data is used (Langel,

Estes and Mead, 1982).

The spherical harmonic representation of a given dipole distribution

may be expressed in closed form. Let

`= a n+l,	 nv(r, e , x ) = `a 	 I (	 ^ ( g nmcos m^++hnmsin ma) Pnm(cose)
n=1	 rm:0

+ (r)(910P10 ( cose ) + ( g ll cosa+fili s i nX ) P11(cose))	 (3)a	 I

be the scalar potential of the main field where the Legendre polynomials

are Schmidt normalized. The last term represents that portion of the

5
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potential originating from sources outside of the sphere of radius a

y	 (three parameter external field model). The magnetic field is then i

VV

Consider the set of {J} dipoles, where the i 
th

dipole is described by a

source vector

Mr, , Me , M^
i	 i	 i

and a spatial position

rip oil

The spherical harmonic coefficients are given (in Schmidt normalized

form) by

g	 -- (^)
-(n+2) {£^ rn-1 

n M
r

	(cos'.) cos ma
nm	

i=1	
ri nm	 i	 i

F
i

aP (cos'	 sin ma
+ M

a i	 nae	

i) 
cos mJ^ - m M Xi Pnm(cosei) sin

i	 (4)

hnm	 ( ) -(n+2) { } r
i-1 n Mr. Pnrn(Cos e

i ) sin mai

	

i-1	 i

ap
nm	 i

(cese)	 cos mXi
+ Me	

ae	
sin mX i + m Ma

i 	sine•i	 i	 i

The coefficients may be calculated up to any order. The spatial power

spectral content of the expansion is given by the relation (lowes, 1966,

1914)

n
Sn	(N+1) 9no + Z (g

nm + hnm)	
(5)	

Y,

m=1

r	 ,'

3
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3.0 RESULTS

Several main field solutions have been derived for various numbers

of dipoles arranged on equal 	 area projections at the cc-re-mantle

boundary.	 In these various solutions, the dipoles have been eithe p fixed

radially or allowed complete freedom of orientation, and have been

modeled with and without time dependence and with and without the

addition of a geocentric dipole	 (giving three additional	 parameters).

3.1	 Single-epoch Models

Based on the MGST(6/80) data set of quiet November 5 and 6, 1979,

MAGSAT data	 (Langer	 et al, 1980),	 several	 dipole models identified in

Table I have been derived.	 The models for which the dipoles are

constrained radially have a single degree of freedom-per dipole, while

the unconstrained models have three degrees of freedom per dipole.	 The

inclusion of the geocentric dipole significantly improved the rms error
of the 32 0 dipole density solution. 	 The direction of the geocentric

dipole moment from the model was within 10 0 of that calculated from the

first degree spherical	 harmonic terms of MGST(6/80), while the magnitude

was greater by approximately 4%. 	 The magnitude of the solution

geocentric dipole dominated those of the core/mantle boundary by an order

of magnitude.	 The inclusion of the geocentric dipole in the 21 0 dipole

density solution of model 4 showed no improvement in the fit to the data

over model 3 and the geocentric dipole showed no closer agreement to the

first degree terms of MGST(6/80) than did that of the 32° dipole density 	 ,

solution.	 All	 parameters in these solutions were strongly observable in

the least squares estimation, with standard errors from three to four
F

orders of magnitude small er than the magnitude of the parameters.	 The

coefficients of the spherical 	 harmonic representation given by Equation

(4) for models 3, 4 and 5 from Table I showed differences of less than 1

nT (nanotesla) when compared with MGST(6/80) though degree and order

ten.	 The spatial power spectra computed from spherical harmonic

c
^B
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expansions of the dipole models were analyzed relative to crustal and

core content. Figure 1 displays the power spectra for one of the dipole

models and MGST(10/81), a spherical harmonic model based on MAGSAT data

through degree and order 23 (Langel and Estes, 1982x).

The cause of the apparent bulge in the power spectrum for Dipole

Model #4 (Figure 1) was investigated via a simulation. The simulation

consisted of generating synthetic data at exactly the same spatial

locations as the MGST(6/80) data set used in the equivalent dipole source

models (a "pseudo-data set"), with the "data" consisting of measurements

due to a crustal field plus a geocentric dipole only. The crustal field

model used was a global equivalent source model based on POGO data

( p . A. Langel, personal communication) which was expanded to degree and

order 40 in spherical harmonics to analyze its spectral character, as

well as to generate the synthetic data, The spectrum of the synthetic

crustal field is undoubtedly biased at low order, since ultra-long wave-

length trends were removed from the POGO data in generating the crustal

equivalent source model. The work of Meyer et al ;̂ ,po^,^sonal communica-

tion) predicts a white spectrum down to very lore order. The distortion

of the equivalent source spectrum does not, however, invalidate certain

inferences which can be made from the results of the simulation. Least

squares fits were made to the pseudo-43ta set with a single geocentric

dipole and with a geocentric dipole plus dipoles of 32 002 0 and 210x210

density at the core/mantle boundary. The results for ca ,-es with and

without noise are given in Table II, and the spectra of selected results

are given in Figure 2. The results seen to indicate that the beginning

E	 of the bump in the spectrum of Dipole Model #4 in Figure 1 is due to

[	 crustal influence, while the departure of the spectrum from that of

C	 MGST(10/81) around expansion order 17 is due to the resolution limits of

the dipole density (i.e., 321 -	 17).

8 4
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Time dependent Models

Dipole solution models have been obtained with both 32° and 211
t

I	 resolutions based on a quiet (K p
 C

- ) MAGSAT data set extending over four

U	 months (November 5, 1979 - March 15, 1980). Time dependence was modeled

using first time derviatives for the dipole magnhtization vector

components, which doubles the total number of parameters in the

E	 solution. The solutions displayed ,a very slow convergence in the time

derivatives (the derivatives had very large magnitudes), although at each

iteration the conversion of the dipole parameters to spherical harmonic

t	 coefficients g
nm	 hnm 

and
nm

g	 , î nm by equation (4) showed close agree-

ment with a standard spherical harmonic model to degree and order 13 in
k

the constant terms and degree and order 7 in the firct derivative terms

based on the same data set. The observability of the time variation of

the individual dipoles over the short time period was poor, while the

information content to the extent of determining the global time

variation to degree 7 in spherical harmonics was strong. A priori values

for the geocentric dipole derivatives were obtained from 
g Ztl	 gll and

h il of the standard spherical harmonic model and the solution was then

statistically constrained for the geocentric dipole using these values.

The convergence using this technique showed much improvement.

To improve the observability of the time variation, observatory

annual means data for a selected set of magnetic observatories from

1974-1977 was added to the above MAGSAT data set, and an unconstrained

epoch 1980 dipole solution of 21 0 resolution (with a geocentric dipole)

was obtained s,Ietng simultaneously for the observatory anomaly vectors

v4'	 (Langel et al, 1982). This solution is referred to as the 1974-1980

^n	 Dipole Model. The solution converged in three iterations, showing small

correlations among the constant and derivative parameters (typically on

the order of .01), although a few correlations reached values of

approximately .4 between some nearest neighbor dipole parameters. The

derivatives were on the order of one to two orders of magnitude smaller

than the constant dipole parameters,, with standard errors on the same

order as the derivatives. This correlation structure is in stark

9
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contrast to that observed in standard spherical harmoO r— models based on

the same data set where the constant and derivative terms for a gi'ven

degree and order may show correlations as high as .99. The dipole

magnetization values per unit volume and their' derivatives are given in

Table III. With the exception of the geocentric dipole, all dipoles were

placed at a geocentric radius of 3000 km. The volume associated with

each dipole was that of a spherical she'll of 40 km, thickness,

Volume- (21 0 x moo- x 3000 km) 2 x 40 km

The same volume was arbitrarily assigned to the geocentric dipole. The

observatory anomaly bias vectors are presented in Table IV, while the

coefficients of the spherical harmonic expansion of the 93 dipoles

through degree and arder 24 (as calculated from equation (4) using mag-

netic moments given by dipole magnetizations multiplied by their

respective volumes) are given in Table V.

The 1974-1980 Dipole Model is compared with candidate models for the

1975 IGRF presented by NASA, USGS and IGS in Tables VI thro.;?h VIII.

Table VI evaluates the fit to selected observatory annual means (Langel

and Estes, 1982b) using the statistic 'T defined by Langel et al. (1982),

while Table VII compares the models using MAGSAT data. The dipole model

performs well with respect to the candidate IGRF models. Table VIII

displays the low degree and order spherical harmonic coefficients of the

Dipole Model and the USGS candidate IGRF Secular Variation model, which

is based on conventional techniques using more recent observatory annual

means. The trends in the coefficients are very similar, although the

magnitudes of the first degree dipole model terms are larger by a few nT

than the USGS model. This is a rocult of the dipole model heavily

utilizing Magsat data at epoch 1980. Field models based only on Magsat

data yield gio on the order of 28 nT/yr and hii on the order of

-20 nT/yr. The availability of ample observatory annual means data for

years later than 1980 are required to more fully evaluate the different

secular variation terms.

10
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4.0 CONCLUSIONS

The modeling of the main field with an equivalent dipole

representation has been found to be comparable to the standard spherical

harmonic approach in accuracy. The 32 0 dipole density (42 dipoles)

corresponds approximately to an eleventh degree/order spherical harmonic

expansion (143 parameters) while the 21° dipole density (92 dipoles)

corresponds to approximately a seventeenth degree and order expansion

(288 parameters). Comparison of the number of arithmetic operations

(multiplications, additions and trigonometric and square root

evaluations), required to evaluate the magnetic field from dipole models

and spherical harmonic models shows the dipole models to be superior in

computational efficiency for spatial resolution better than 21 0 whop

three degrees-of-freedom unconstrained dipoles are utilized. The

computational burden of field model evaluation is comparable to the

standard spherical harmonic approach when the dipoles are constrained

radially. Fixing of the dipole positions results in rapid convergence of

the dipole solutions for- single-epoch models. For time dependent models,

a sufficiently long time interval of data or a priori values and

statistics must be available for the derivatives to achieve convergence.

In contrast to standard spherical harmonic models based on the same data,

the correlation structure of dipole magnetic moment derivatives with the

constant magnetic moment parameters is small, indicating the ability to

strongly separate the cons , rint field and the secular variation. The

dipole model of 21 0 spatial resolution using observatory annual means

data from 1974-1977 together with MAGSAT data performs very well when

compared to candidate IGRF models of the main field and its secular

variation based on conventional spherical harmonic techniques.

The dipole equivalent source approach for the main field was found

not to be effective as a technique for distinquishing core and crustal

fields. The investigation of possible indications of core fluid motions

available from the equivalent source dipole model is left for further

study.

t
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Model #
Di pole Density
at core/mantle
boundary

0 dipoles

(constrained/
unconstrained)
# degrees of
freedom

Geocentric
Dipole
included

External
field

RMS to
Nov. 5, 6
KAGSAT
data

1 320020 42 126 NO YES 33Y

2 320020 43 129 YES YES 20Y

3 210x210 92 276 NO YES 7Y

4 210x210 93 279 YES YES 7Y

5 160x160 162 162 NO YES 7y
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DIPOLE MODEL SOLUTION W)

^J

^\)

.§

\ \.

/ !

w

&} ^^

z (

\ }\
)	 `

:\ \

\

/ \\

\ }^.	
^

\ )\

(
\ !.

} \,

\ §

} §

\ \\

\

}§\
,

^ }\

\ °:

\ /\

\

} 1^

b



i0

POOR

1

is

ri

i
i

Observatory	 Lat	 Lon Alt	 B X 	By	 BZ

' ITATA	 ^	 4' S	
► 	 -54.1 :flt: RI

V

upp
ectl ►

LLrr
	°•	 2 "

AIIQ6B1L1L`IY ►GAiI 	 _ ; 1 - j 7 ,	
0 f 

4	
IS (^ •^20 %n =9=1.. 47iA

OILY	

$	 •	 -11
E	 47 8	 1 ► 3 0.57	 42,9	 ' 

1AKti STAttT	 64.	 -9	 bg 8.04	 15
B►AYtGOY411	

: 
43
	

' 9 $. 4a -3 l8	 - 0^
8 	7

gELBK	 • 
-1	

a 0, D - a • 4	 ( • y	 ml
KLLZpYtAYKZ	 4 • 4 -	 •.	 1+6	 ,	 •Ib7,d

CAU
RI'lOCK 	 30: 4 -^ . 3 0.46	 - ! t	 1. pp _3.9 , ^j

Cl1A pp ► 	 ^} . 3 IC0'08 000 -441 :. 	
-11.5	 110:5

CYAlItoY l0`ET 	
70.	

(0 	 9.0	 90.0
^^CJ^^rLLl03KZ1 1 	2	 • 10	 1	 -_40.	 -g8•
CO LPL	 4.	 -Ig. 590.

GY	 1.	 8 ! 7	 •	 •_ ^04 -17.9 •^5S01•	 i

3
 Don Ascc .	 •	 4 9 0. 3	 6.6
3334 ov0eo18iT'QCIV 
5 OUSSHETZ	 •52. 9 144.0 0, 8 • 210.4	 *4•	 1 y.8

pp^^ g	 g	 2	 it.	 bn:4i -107'tl
;7 t0!<S C1lUIIC11ZLL	 SH:77 -64.10 0.00 ' 1 1 3:

0	 6 y^	 dd:?tIgtqDO0tLL[ CKS8000 	
4,^7	

7. 4 
0" q
	 i	

itl.4
10 lOGSPB ELD5itUCK ,3 1.78 115- S 0; 6	 - 11.2 - 126:5gg 	35400
1; IIaYAYG ►iAA►

l!zyyy 	 1^	 1	
$ 90	

ll^^g^	 159:8	 - 9 •
L Glly1 flIJIMA A y^ 00 30.3	 74.4

37 BARTIAUS	 35 ' 0 1y4^4tl 0.04	 -tl19.9	 10:0	 65.1(

37 eollocaLO	 2i: 322 -158:0 0: 03 - 1 58': 88	 1 i 9:9 - iii:3

39 80 ►YC ► iU	 - 1 ..04 •75.. 1	 7.
	 3	 • I

40 HYDZRALARMO2LLt 4T:06	 29.86

4 3
0.03	

77
31
79.8	 -129.5g	 µi1.9

'STAMu2 KAKZOR ► 	 36.	 140.19 0.05	 g4tl.9	 14^^5
46 RLIUCKZxY	 ~ 59: 3	 80.90 0; 0	 230"	 -106.1	

3U.c

46
 KIIASYAYA ?AKYIIA 55. 48	 39, 1 0. i 0 	 161:	 32.	 44

4	 AS 1AII	
69.1I8 -2 . 0 0.^1 -325. 	 610,2 •477.4

44y887 6ypBGRv	 602^y	 -1.68 0.08 -113. q	181.3	 8!19. 1

u9 LOB12060 8	 d^	 30.05 0.01	 108:5	 341:7

yp L	 1
9	 gt a.	 .3	 .1µ•y	 42.9

521 LLDAYDA 521AS
UMPING 	

Z 5d.^0^	 3.17 00.0119 _22834.

	

. 91	 bb 2.a	 374.5
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TABLE V	 SPHERICAL HARMONIC EXPANSION COEFFICIENTS OF

1974-1980 DIPOLE MODEL (nT)
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TABLE VI	 j OF CANDIDATE IGRF MODELS AND

1974-1980 DIPOLE MODEL (nT)

YEAR: 1975 1976 1978 1979

a
x

NASA 125

USGS 130 125 145 115

IGS 155

DIPOLE 140 120 130 120

o'
y

NASA 100

USGS 100 90 100 95

IGS 110

DIPOLE 110 90 110 85

v
z

NASA 175

USGS 195 175 155 140

IGS 190

DIPOLE 180 165 170 150

A

^	 k
,

J,

`^a
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TABLE VII	 STATISTICAL COMPARISON OF CANDIDATE

IGRF MODELS AND 1974-1980 DIPOLE MODEL

ON SELECTED MAGSAT DATA (nT) AT EPOCH 1980

Spherical

Harmonic Expansion
Order

NASA (10)

USGS (10)

IGS (10)

DIPOLE (16)

DIPOLE (10)

a  a  clY
CrZ

13.3 11.3 11.2 14.9

15.7 10.3 10.2 13.0

112.0 85.2 66.9 118.0

7.0 6.8 8.0 8.6

11.2 10.0 10.2 12.4

It

4f^

ir-

u

X ^1
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Table VIII

Low degree and order spherical harmonic coefficients at Epoch 1980

derived from EQUIVALENT DIPOLE MODEL of 21 0 resolution using MAGSAT data

and observatory Annual Means from 1974-1977.

USGS IGRF
Candidate

Dipole Model Model Epoch 1980

Degree Order gnm hnm gnm

1

hnm gnm hnm

1 0 -29987.0 25.4 21.7

1 1 -196.8 5604.0 13.5 -17.9 11.0 -14.4

2 0 -1996.9 -18.3 -18.8

2 1 3027.5 -2129.4 1.5 -8.7 3.3 -12.6

2 2 1663.2 -200.2 5.7 -23.4 4.3 -26.3

3 0 1280.5 -5.1 0.2

3 1 -2180.9 -334.4 -6.8 4.3 -7.1 1.4

3 2 1251.3 271.5 -3.5 2.0 -1.4 2.6

3 3 833.0 -252.1 -1.4 -8.0 -0.1 -7.6

4 0 937.8 -1.3 -1.2

4 1 782.3 212.3 -2.4 1.7 -0.9 4.9

4 2 397.3 -256.4 -6.1 0.5 -6.9 2.2

4 3 -419.6 52.9 -0.6 2.8 -1.6 4.4

4 4 197.8 -297.4 -5.9 -0.6 -3.0 -0.4

h

,1 '
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APPENDIX

SOFTWARE DESCRIPTION AND FLOW CHART
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The software system was developed to recover a multiple dipole

representation of the main field and is coded in FORTRAN. An assembly

language subroutine is utilized to obtain required computer core memory

dynamically in the IBM 360 and 3081 environment. The analysis utilizes

an iterative least squares algorithm with the capability for a priori

information. The dipoles are set by user input to a specified radius

within the earth, and are centered on equal area blocks. The system has

the option to solve for either the dipole magnitudes only (with the

dipole orientations constrained to a preselected direction), or to allow

full freedom of orientation for the dipoles and solve for the three

components.

A is the partial	 derivative matrix of the measurements

respect to the parameters

X is the vector of adjusted dipole parameters

Sy is the vector of residuals

W is the weight matrix for the measurements

Ao is the a priori	 parameter covariance matrix

Xo is the a priori estimate of the parameters and the

estimate at the	 (n+l) st iteration is

A	 A	 A

X n+1 = X 	 + 6X n+1

The least squares equations are as follows:

1
6Xn+1 = (A

T
 WA+ A-0 	 ATWayn + A70 X o - Xn)

where

A-1
	

j.̀  s
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An iterative technique is required for this problem when scalar

magnetometer data is utilized due to the non-linearity introduced for this

data type. The inversion problem is linear, however, for B r , Be, B^ data.

The major program subroutines and their functions are as follows:

MAIN:	 Program driver. Calls routines to initialize all variables.

Loops through the least squares iteration, calling for data

and partials, and accumulates the normal matrix and right-hand-

side. Calls for inversion of normal matrix. Calculates updated

parameter vector and statistics. After last iteration calculates

statistics of data set for the recovered solution.

TSINU:	 Inverts a symmetric positive definite matrix stored row-wise in

upper triangular form.

SETRHS:	 Initializes the right-hand-side to no l (X o - X n ) for each itera-

tion when a priori information is used.

CLEAR:	 Sets arrays to zero values.

FUN:	 Computes the partial derivatives of B r , Be, B^ and B with respect

to the parameters and calculates values for B r , B e , B V B in

terms of current estimates of the parameters.

FUN2:	 Entry in FUN. Initializes the positions of dipoles on first

call, establishing the size of equal area blocks to be used.

Zeroes the normal matrix and right-hand-side on each call.

Calculates the a_priori covariance matrix when there are

constraints for the orientation of the dipoles along specified

directions.

A-2
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FUN3: Entry in FUN.	 Calculates the angles between the solution	 A%

j dipoles and specified directions.

TMULT: Calculates the matrix B x BT.

P

FLD: Specifies a preferred direction for the dipoles.

^f
EQAREA: Positions the dipoles at the center of equal	 area blocks with

optional	 angular separations of 54 0 , 32 0 ,	 21 0 ,	 and 160.

i

GNORML: Computes random numbers of specified mean and variance.

CORLPR:	 Prints solution normal, covariance and correlation matrices.

SVDATA:	 Inputs MAGSAT scalar and vector data from tape. Provides data

B r , Be, BV B for a particular time and position on each call.

SPNCOE:	 Computes spherical harmonic coefficients from the dipole

parameters.

GSPACE:	 Assembly language routine which computes machine core memory

size requirements dynamically.

BIAS:	 Computes the observatory anomaly biases on option when obser-

vatory annual means data is used.

SDATA:	 Inputs observatory and repeat data from tape.

A-3	 4`
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Specify program options
in data Statements

Initialize statistical

0

T •T n IT+

I
CALL FUN2

I CALL SVDATA I

ate statistica

ca ► cu ► ate resicuais ana
form partial derivatives

Accumulate normal matrix
and right-hand-side

ST DATA POIN	 N

E
CALL TSINV

Form Parameter
correction vector

comp ete iteration
statistics and display

LAST ITERATION NO

YES

sol ur. ionsais c§
rthrough data set and display
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