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A CYLINDRICAL SHELL WITH AN ARBITRARILY
oRIENTED crack(®)

by
0.S. Yahsi and F. Erdogan
Lehigh University, Bethlehem, PA.

ABSTRACT

In this paper the general problem of a shallow shell with constant
curvatures is considered. It is assumed that the shell contains an arbi-
trarily oriented through crack and the material is specially orthotropic.
The nonsymmetric problem is solved for arbitrary self-equilibrating crack
surface tractions, which, added to an appropriate solution for an uncracked
shell, would give the result for a cracked shell under most general loading
conditions. The problem is reduced to a system of five singular integral
equations in a set of unknown functions representing relative displacements
and rotations on the crack surfaces. The stress state around the crack tip
is asymptotically analyzed and it is shown that the results are identical
to those obtained from the two-dimensional in-plane and anti-plane elasticity
solutions. The numerical results are given for a cylindrical shell contain-
ing an arbitrarily oriented through crack. Some sample results showing the
effect of the Poisson's ratio and the material orthotropy are also presented.

1. Introduction

Because of their potential applications to the strength and failure
analysis of such structurally important elements as pressure vessels, pipes,
and-a great variety of aerospace and hydrospace components, in recent past
the crack problems in shells have attracted considerable attention. Typi-
cal solutions obtained by using the classical shallow shell theory may be
found, for example, in [1]-[4]. In a Mode I type of shell problem (that is,
in a shell for which the geometry and the loading are symmetric with respect
to the plane of the crack), particularly for membrane loading, the solution
based on the classical theory seems to be adequate. However, in skewsymmetric
or nonsymmetric problems, because of the Kirchhoff assumption regarding the

(*Mhis work was supported by NSF under the Grant CME 78 09737, NASA-Langley
under the Grant NGR 39 007 011, and by the U.S. Department of Transpor-
tation under the Contract DOT-RC-82007.
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transverse shear and the twisting moment, in the classical solution it is
not possible to separate Mode II and Mode III (i.e., respectively in-plane
and anti-plane shear) stress states around the crack tips. In this case a
singularity of the form r'% in Mode II stress state automatically implies
r'%'2 singularity in Mode III. For flat plates such drawbacks of the classi-
cal theory was pointed out in [5] where it was found that the asymptotic
results obtained from plate bending and two-dimensional elasticity could

be brought in agreement provided one uses a sixth order plate theory (e.qg.,
that of Reissner's [6]).

In the crack problems for shells even though the membrane and bending
results are coupled, the asymptotic behavior of the membrane and bending
stresses around the crack tips should be identical to those given by respec-
tively the plane stress and plate bending solutions. This was shown to be
the case for the classical shell results (see, for example, the review
article [7]). Recent studies using a Reissner-type shell theory [8], [9]
shows that similar agreement is also obtained between shell results and
those given by the plane elasticity and a sixth order plate bending theory
[10]-[13].

Because of the high Tikelihood of Mode I type fracture most of the pre-
vious studies of crack problems in shells were on the symmetrically loaded
structures in which the crack is located in one of the principal planes
of curvature. The advantage of this crack geomefry is that one can always
formulate the problem for one half of the shell only as a symmetric or an
antisymmetric problem and reduce the number of unknowns. However, in such
structural components as pipes and pipe elbows, if, in addition to internal
pressure and bending the external loads include also torsion, then the
most 1likely orientation of the crack initiation and propagation would be
along a helix rather than a principal plane of curvature. In this case,
the problem would have no symmetry and all five stress intensity factors
associated with the five membrane, bending, and transverse shear resultants
on the crack surfaces would be coupled. Consequently, the re]éted mixed
boundary value problem would reduce to a system of five pairs of dual inte-
gral equations or five singular integral equations.
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In this paper we consider the simplest and yet, from a practical view-
boint, perhaps the most important such problem, namely a cylindrical shell
containing a through crack along an arbitrary direction with respect to the
axis of the cylinder. In formulating the problem it is assumed that the
regular solution of the shell without the crack for the given applied loads
is obtained and the problem is reduced to a perturbation problem in which
the self-equilibrating crack surface tractions are the only external loads.

2. The Basic Equations

The problem under consideration is described in Fig. 1, As in [11]-
[13] the material is assumed to be specially orthotropic, that is the elas-
tic constants defined by

= 2= (o79-v199,) = 2= (oppmvp071)
b E, 91171922/ » €22 E, 0227V2%11/ »
ey = 012/2615 » vi/Ey = vy/E, (2.1)

satisfy the following factorization condition(*) [12]

= EIEZ

Go = ——1 & (2.2)
]2 2(]+VV]V2)
Defining the following "effective" material constants

G FT . v=+/ro . =56 . _E - %
E-E]z,\)-V]Vz,B-'G—,G-m’c-(E]/Ez), (2.3)

*

( )The results given in [12] show that the effect of material orthotropy
on the stress intensity factors can be quite significant. In practice
the material may be orthotropic because it is either a composite laminate
or a rolled sheet metal alloy. Orthotropic materials are also anisotropic
with regard to their resistance to fracture and crack propagation. Hence,
in a cylindrical shell if the axes of orthotropy do not coincide with
the axial and circumferential directions, the solution of the general
inclined crack problem becomes all the more important, The solution is
also necessary to analyze the weld defects and cracks initiated in the
weak cleavage plane of the rolled sheet in spirally welded pipes.
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equations (2.1) may be written as

L - woyy) + epp = & (CPoggmvogy) » o1 = B2 (2.4
e11 = E (G2 = vog2) » €9 = F (cPopp-voyy) 5 €95 = 55" - -4)
The derivation of the differential equations for a specially orthotropic
shallow shell based on a transverse shear theory [8], [9] may be found in
[11]-[13] and will not be repeated in this paper.  Referring to Appendix A
for notation and to [11]-[13] for details, in terms of a stress function ¢
and the z-component of the displacement w the problem may be formulated as

follows:

V4 - i%—(xf g?;-- 21?2 33?7‘* Az ggééw =0, (2.5)
v+ 22(1-er2) (0 2 - 2, g2+ a2 2o

= A (1-ev2) (3D (2.6)
K929 - p-w=20 , (2.7)
K 12-\, 20 -a= 0 . (2.8)

The shell parameters i;, A2, X2, A, and k are defined in Appendix A,
q(x,y) is the transverse loading, and the curvatures are given by

1 __ %2 1 __ 282 1 __ 3% (2.9)

where Z = Z(x1, xz) is the equation of the middle surface of the shell.
The functions y and @ are related to the components of the rotation vector

by

=%, I-vaa =3 _  Il-voag
8 + k 8 5y - 57 (2.10)



The normalized membrane, moment, and transverse shear resultants are given

3.

N, = g;% lyy - %;% DNy = - 5??3 . | (é.11)
= e oy 2y = B By

Myy = w7 (i:f * i:f) ; (2.12)
V= et Bs Vy Tyt 8y - | (2.13)

General Solution of Differential Equations

Eliminating ¢ in (2.5) and (2.6) one obtains an eighth order differen-

tial equation for w(x,y). If the solution of this differential equation is
expressed as

u(x.y) = 25 [ Flxiade™ Ve, flx,0) = R()e™ (3.1)

the characteristic equation for m is found to be

2 .2,
D(m) = m8-(4a2+|<7t;)m6 - 4kA), A 0imS
4 2.2 4 4
4 2 4
+ [6a +K(4x12+2x1x2+xz)a +1,]m
+ 02 [ 2+ (12422)a2]aim?
12 2 K 1 2 a a

4 2 L 22 4 L 2222
- [Ba+xa? (81, +22 2,40 )44 423 ), Ja2m

2 2 L
- 4xa, (T4ke?)adim + a“(a“fxx:a2+xl) =0, (3.2)

In (3.2), by substituting m=is it may be seen that



D(is) = ak(u)sk =0, ' (3.3)

oM®

where the coefficients a, are real and, hence, the complex roots are in
conjugate form. Since Re(mj) = Im(sj), (j=1,...,8), by ordering the roots
ms of (3.2) properly it may be shown that they have the following property:

Re(mj+4) = -Re(mj) R Re(mj) <0, (j=1,...,4) . (3.4)

Considering now the regularity conditions at x=%~ from (3.1) and (3.4) it
follows that

4 miX
R Rj(a)e T x>0,
f(xsa) = < ! (3.5)
8 mjx
[ E Rjlale s X< 0.
5
Similarly, if we let
¢(x,y) = é%-f g(x,a)e”Y* da, (3.6)
from (2.5), (3.1) and (3.5) we obtain
4 msX
[leRj(a)Kj(a)e * x>0,
g(x,a) = < . nsx (3.7)
X Rj(a)K-(a)e s X<0 ,
5 J
where , 5
2
(Az-ll)a + A,p; + 2x, om.i
- J 1273 = 2 _ 2
J(a) 22 p? ’ pJ mj a‘ ., (3.8)

Also, by assuming that



.-}

a(xy) = 2= | hixsa)e™ da (3.9)

©

b(xsy) = 2‘—,,[ o(x,a)e”'™ du , (3.10)

-0

from (2.7), (2.8), (3.1) and (3.5) we find

Afa)e ™, x>0
h(x,a) = < . (3.11)
Ay(a)e &, x<0

%
r_l = _y‘z = '[(12 + F(TZTJ)-J s (3.]2)
N Rj(a) mjx

fK—pJT_—Te s x>0

8(x;0) = le Rj(a) mjX

(3.13)
E EEE:T'E ’ x <0

The expressions for the stress, moment, and transverse shear resultants
may be obtained by substituting from the solution given above into (2.10)-
(2.13).  The results are given in Appendix B. ‘

Since the problem has no symmetry, the preceding analysis would give
its solution for the half regions x>0 and x<0 separately, and since each
half would have five boundary conditions at x=0, ten unknown functions are
needed to account for these conditions. Quite apart from the crack prob-
lem, R],...,RS, As and A2 are the ten unknowns which may be used to solve
the two half shell problems. In the crack problem following are the con-
tinuity and boundary conditions which must be satisfied at x=0:

Nx£(+OsY) = Nxx('osy) sy =o<Yy<o , (3']4)

MXX(+0’Y) = MXX(-O’y) s =<y<™ , (3’]5)
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Ny (#0:¥) = N, (-0.y) ,  —mcy<m | (3.16)
Mxy('*'o’.Y) = Mxy('os.Y) sy —o<Y<w , (3-]7)
Vx("'O:.Y) = Vx(‘oa.Y) y  —o<Y<ew 3 (3.18)

NXX(+0"Y) = F](.Y) ’ I.yl< C, ]

J> (3.19)
u(+0,y) - u(-0,y) = 0, [y[>7,

M, (+0.y) = Foly)s ly[</e ) (5.20)
B, (+0,y) - 8,(-0,y) =0, |y[>F&, J>

Ny (+0sy) = F3(y) » Y1 | G
v(+0;y) - v(-0,y) = 0, |y|>/C, )

Moy ($0.) = Fply) 5 lylerT, | (5.2
By (+0,y) - 8,(-0,y) =0, |y|>/c ,J

V (+0,y) = Fgly) » lyl</e, L .28

w(+0,y) - w(-0,y) =0, |y|>/c , J

where F],...,F5 are the known crack surface loads in the perturbation probiem
under consideration.

From the expressions of the stress, moment, and the transverse shear
resultants given in Appendix B, it may be seen that the homogeneous relations
(3.14)-(3.18) can be used to eliminate five of the ten unknown functions
R1,...,R8, A], and A2. The remaining five may then be obtained from the
mixed boundary conditions (3.19)-(3.23). The problem may be reduced to a



system of five dual integral equations by obtaining expressions for the
displacements and rotations similar to that given in Appendix.B and then

by substituting into (3.19)-(3.13). However, in the problem under con-
sideration this procedure would be extremely Tengthy. ‘A somewhat more con-
venient approach is the reduction of the mixed boundary conditions directly
to a system of integral equations. From the nature of the mixed conditions
it is clear that the integral equations will be singular. In order to avoid
strong singularities in the resulting integral equations it is necessary
that the new unknown functions be selected as the derivatives of the "dis-
placement" quantities rather than the displacements and rotations. Of the
"displacements" which appear in the mixed boundary'conditions By By’ and
w may readily be expressed in terms of Rj and‘Ak, (3=1,...,8; k=1,2) by
using the solution given in this section. To find u and v we use the basic
strain-displacement relations for the shallow shells, namely

21
€is =3 [ui,j + u,

i3 5.0 F 1,0 U35t L5 u3,5l (1,070.2) (3.24)

From (3.24) it can be shown that

2
u, 2 ¥, 3€,, g7 U 527 Ay (3.25)
- - - 7T - vl R .
3X2 8,  oX;  oX; X2  ax2 X o

By substituting from (2.4), (2.9) and Appendix B into (3,25) we obtain

aN oN
u _ - | =X XX
2(1+v)ny f = dy + v I =~

3y
A, 2 Ao2 a2 A, 2
i s Oy P [ Ry (3.26)

From (3.19)-(3.23) it is seen that the y-derivatives of the relative crack
surface displacements and rotations are the natural choice for the new
unknown functions. However, (3.26) suggests that for the in-plane displace-
ments u and v such a choice would require very complicated analysis. In
fact, in the present problem it is not feasible to express the functions
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R and Ak in terms of the new unknowns in the desired form if they are

selected as the derivatives of ut-u~ and v'-v~.

unknown functions as follows:

G] (y)

Gy(y)

G3(y) =

G4(y)

. Gg(y)

By using now

Appendix B, the auxiliary functions G],...

A, 2
. au M2 92w
lim [~ - (59 y —7 dy]

Ao 21 a2
au 12 32w
)lngo[-V () Jy%yzdﬂ,

o8 3B
1im 7;5 Tim ax ’
x-++0 Yy -0 %

lim [3 -( 2 y“]-nm [3 ( )y .
x—r+()a 3y )(-»--0a : ‘y

oB 98
lim =L - 1im =<

wt) Y xeeg W

Tim L 1im LA

x++0 y X+=0 3y °

the solution given in this section and the results of

of R]""’R8’ A1, and A2 as follows:

_ 1
G](.Y) = 20

- . Az
ipd l2
[ 1026k ppmpya)

8 A
-z (5% - K:psIm.R.(a)le” oy 4, ,

JJ 3

=10~

We thus define the new

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

,65 may be expressed in terms

(3.32)



(a) R:(a)
TR LN
- Effél:xl-[A1(a)-A2(u)]}e-idy da (3.33)
%U)=]J{zKR[pHHﬂJ]-zKRb+ﬂﬂhﬂmqwda,
e (3.34)
» 1
B4(y) = - ‘;‘ffaz":rpgfr*#?
-k 2;“ o i (rlA]-rzAz)]e'i“y da , ‘ . (3.35)
. o A C1Y :
65(y) = - = J fal £ Ry - I Ryle fay 4, . (3.36)

Also, by substituting from Appendix B into (3.14)-(3.18) and inverting
the Fourier integrals we find

K'R' = 0 E ] (3037)

: K.R ;
f id T § 3
y P:H(1-v) a2 8 p:+(1-v)a?
-5 (1-9) i a (rA-rAL) = 0 (3.38)
2 11 "27°2 ’ ‘
: K g K:R. =0 3.39
ZmiKRy = I mKiRy =0 (3.39)
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R

y MR, . 8 MiR,
]a)lizgg‘h--'lagkpj_
+ g-(l-v)(a2+rf)(A]-A2) =0 , (3.40)
y m;p.R g m.p.R .
J - _ 1 . - -
: E%E:fi It -z v () = 0. (3.41)
From (3.32)-(3.41) it then follows that
L (F mp KR, - 5 mpiKR:) = ay(a) - (22 a,(a) (3.42
“w O PRy - T mPyRy) T ale) - ) agled +42)
(A1-A5)/2 = q,(a) , (3.43)
2 p:K:R: - £ psK:R; = (a) 3.44
Z PjKsRs = L P3KRy = agla) (3.44)
y p.R. 8 p-R.
z e E E%EET = (1-v)q,(a) , (3.45)
ia(Z R: - £ R:) = q.(a) (3.46
—1a§j-§j"’q5ag . )
where /e
a;(a) = j c;j(t)e""‘t dt , (j=1,...,5) . (3.47)
-Yc

In defining q. by (3.47) it is assumed that Gj(y) = 0 for |y| > /c. From
(3.37)-(3.46) the unknown functions R],...,Rg, A], and A2 may be obtained

as follows:

2 By ()ala) » (31..008) (3.48)

Rj(a)

5 . .
Ala) = I Cylalala) » (3=1,2) 3 (3.49)
where Bjk and Cjk are known functions of «.
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4. The Integral Equations

The relations to determine the functions 61, ..,G5 necessary to com-
plete the solution of the problem are obtained by subst1tut1ng from (3.47)-
(3.49) and Appendix B into the mixed boundary conditions (3.19)-(3.23).
From the definitions of Gys..-5Gg as given by (3.27)-(3.31) it is seen
that they are related to the derivatives of the crack surface displacements
and rotations. Thus, in addition to requiring that Gj(y) = 0 for |y| > /c ,
(j=1,...55), further conditions must be imposed on these functions in order
to insure the continuity of displacements and rotations in the shell for
x=0, |y| > /c (see (3.19)-(3.23)). That is, G,...,G5 must be such that

/c

[ & ajs0.9) - oj(-00) 1y = 0 (4.1)

-/c

where Wy (j=1,...55) represents the displacements and rotations u, v, w,
By» and By« From (3.27)-(3.31) the single-valuedness conditions of the form
(4.1) may now be expressed as

/c /c

Az 2 t

[6, (6122 "t (£) dt - (22) [ et [ ety =0, (4.2)
> e e
o
J G,(t)dt =0 , (4.3)
-/c
Y
[ regte) + ( 2%ttt =0 , O (4.8)
-¥C
e
J Gy(t)dt =0 , (4.5)
-/c '
3
f Gg(t)dt = 0 (4.6)
“e
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With the requirements that Gj(y) be zero for |y| > v/c and the conditions
(4.2)-(4.6) be satisfied, the second part of the mixed boundary conditions
(3.19)-(3.23) relating to the displacements and rotations has thus been
taken care of. The first part of (3.19)-(3.23) relating ‘to crack surface
loading would then give the integral equations to determine G],...,G5 which
may be expressed as

o«

] L[k, " = F(y)s ly] < oE (4.7)
im - 55— T K;R;e a = y)s |yl < ve , .
$o>+0 2 1 373 1

-l

© v)u2
1 a f ; p.+(1-v)a m. X

11m0 = M ) Kpj' Rj e
2 ryX_ s
- 5 (1-v). iohyrie | 1T da = Fo(y), |y] < /2, (4.8)
> m.x-iay, _ :
Tim 2—-[ a z m.K,R,e I da = F3(y)s ly] <c (4.9)
X>+0 33 -
. 2 R:  m.x
. 1 a(l-v J , & m j
Tim ——-—i—u—l [ia = —1—1T e
wot0 2T ha ! 1 %P5°
roX_ s
+ 5 (1=v)(a2+rd)Ase | 17 da = -Fy(y), ly| < /€, (4.10)
. 1 [° y kPsm:R. nﬁx
Tim [z ——iLdlfl e
x_>+0 ZI’- - 1 Kpj—
rX_ s v
- £ (1-v)aite Ve Wda = Fy(y)s [yl < /€ . (4.11)

By substituting now from (3.47)-(3.49) into (4.7)-(4.11) and by changing
the order of integrations we obtain a system of integral equations for
G],...,G5 of the following form:



Jc ©
tin [ a5t [ Ysleede (Y dn = F(y)s (Kelenni8), Iy]E
x>+0 e 1 J - (4.12)

where ij(x,a), (k,j=1,...,5) are known functions. The dependence of ij

on « is primarily through r](a), rz(a) and the roots mj(a), (3=15...,8) of
the characteristic equation (3.2) and is therefore very complicated. How-
ever, the functions V, . depend on x only through the exponential damping
terms exp(mjx), (§=1,...,4) and exp(r]x) which simplifies the asymptotic
analysis of the kernels in (4.12) quite considerably. To examine the singu-
lar behavior of the kernels given by the inner integrals in (4.12) the
asymptotic analysis of the functions Vii .(x,a) for large values of |a| is
_needed. First, from (3 2) and (3.12) it can be shown that for large values

of |a] the characteristic roots m; and r have the following asymptotic
values: -

2

Ps P;
m;(a) = =[a[(1 RN B ¢ B PRV’ I (4.13)
2
mi(a) = [a] (1 e A N N T (4.14)
l"-l(a) = -Ial(] +E-n'1—v')-az-- cee) s . (4.15)
rpa) = |a|(1'+m-_%)3,- v ) s (4.16)

where pj = m§ - a2. Then, observing that the coefficients By and C.k
which appear in the expressions of RJ and Aj (see (3.48) and (3.49)) depend
on o through mys (j=1,...,8), and Pl (k=1,2) only, the asymptotic expansion
of ij(x,a) for large values of |a| may be obtained by using (4.13)-(4.14).
Consider, for example, the integral equation (4.7). By using the asymptotic
values found for mj(a) and (3.37), (3.39), and (3.42) it can be shown that
for large values of |a| we have

- sjanfa) g (a) . (4.17)

4



By adding and subtracting the asymptotic value to and from the integrand,
(4.7) may be written as

lim {- J[a"’-zKRj 3* +_‘91‘12)-q()e||"]e’°‘yd
x>+0 -

* - /c— )
v o [ Sgpled lel o (et Varrr ), yleE . (418)

2w 44
, - -/c

By changing the order of integration, evaluating the resulting inner inte-
gral, and then going to 1imit, the second integral in (4.18) may be expressed

as

e i ) X
=-CL -
;lTO 2—-J/E_G](t)dt 2-!; e sina(t-y)da
= 1im _4_]/6 %-l;-g]—(;ldt =‘—J/— w)—dt : (4.19)
x>+0 e ’¥ +X 4r e t-y

The first integral in (4.18) is uniformly convergent, and hence, the 1imit
can be put under the integral sign. By substituting now from (3.47), (3.48)
and (4.19) into (4.18) we obtain

/C— G](t) 5

f [ T ks (y,t)G,()1dt = 4uF(y), |y]</C » (4.20)

e t-y 1 W J 1

-vc

where the kernels klj(y,t) are known functions which are bounded for all
values y and t in the closed interval [-/c, v/c].
Similarly, the integral equations (4.8)-(4.11) can be reduced to
/c

T1-v2 2( )
[ ERE T+ f gy lntig )it = 4 DR, Iyl (4.2)
-/t
T oayt) s
j [ S5+ T kg3 (vst);(£)1dt = daFg(y), Iy|</C (4.22)
L
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(t)
[ F i t)e (000t = 4 LR, Iyl (820

-/ by
C- ( )
5 5 '
[ [ 35+ E kg5(0st)65(t)1dt = dn Fely), lyl< . (4.24)

The expressions of the Fredholm kernels, kij(y,t), (i,j=1,...,5), are given
in Appendix C. The details of the analysis may be found in [14]. The system
of singular integral equations (4.20)-(4.24) must be solved under the addi-
tional conditions (4.2)-(4.6). They may be solved in a straightforward
manner by using the Gaussian integration technique (see, for example, [15]).
The major work in this problem is the evaluation of the Fredholm kernels
kij(y,t), (i,j=15...,5) which are given in terms of Fourier integrals. To
improve the accuracy the asymptotic parts of all integrands are separated

and the related integrals are evaluated in closed form, The details of this
analysis may also be found in [14]. '

5. Asymptotic Stress Field Around the Crack Tips, Stress Intensity Factors

For the numerical solution of the system of singular integral equat1ons
(4.20)-(4.24) the interval (-/C, vc) is normalized by defining

=t//€,n=.}'//€s E=X//C—,
Hj('r) = Gj(T/E),(j = 1,...55) 5 ~1<t<l . (5.1)

We now observe that the index of the system of singular integral equations
is +1 and its solution is of the following form:

Hy () = hy (T)/(l-Tz) s (-1<t<1) , (§=1,...,5) , (5.2)

where h1,...,h5 are unknown bounded functions. The membrane, bending, and
transverse shear resultants may be obtained by substituting from (5.1),
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(5.2), and (4.47)-(4.49) into the expressions given in Appendix B. The
asymptotic behavior of the stress field around the crack tip could then be
obtained by using the asymptotic expansions of my and res (§=1,...,8;
k=1,2) given in (4,13)-(4.16) and the following asymptotic relation [16]

1
[ B glor 4o = (50" t(hexplila - 712 )]

L
+ h(-Dexpl-ia - 2T + Olr1 & (fale) (5.3)
giving

Ney =8 Zi;_l_ ) EJE e Il cosfa(1-n) - Fde

+ :L;) f J—; (14a]g])e el sinla(1-n) - Hda, (5.4)
Ny 2 :3; ) j: e;;lgl cosla(1-n) - Flda

+£%-;l E]Fa (1-algle®lE] sinfa(1-n) - T3da , (5.5)
o :3;_) j —= (ealeDe™ ] sinla(1n) - fda

+ :2;) ra 7 e 8l cosa(1-n) - Hda , (5.6)

(o]
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B L L e Y
o™ Tl | 7T st - e
h,(1) -
* o [ = (alse e stnfa(1-n) - e,

o]

cos[a(1-n) - %Jda

= fall) r' el
wola,se | /&

+ T*'E;i;) j: /]—;('I-algl)e'“lsl Sinfa(1-n) - Hda,
My 5 12 3 :f,;) f: v ('l-alé;l)‘e'“lg.lsin[a(]-n) - lda
* %%'2'23;;? I:fz]ile-alglcos[a(1-n) - 7lda
v : '2‘3;).]” é‘“lgl sinfa(1-n) - Hda
vy = 23;) r e':m cosa(1-n) - Tlda .

Defining the new coordinates r, 6 in n, £ plane by

E=1rsing , n-1 = r coseé ,
and using the relation [16]

u-1 _-sz: .sin - Iy - (sin -Tr
I z e {cos}(rz)dz = z;;;;§§%72'{cos} (u tan S

0

(5>0 s u>0) ’
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(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)



equations (5.4)-(5.11) can be reduced to the following form
) N0 s e

Nz in &+ 1 gqn 59 2 cos 2
Nxx--4-/2? [--4-s1n-2-+4s1n 2]"4/2?[4“352 4cos ],
h,(1) h, (1) _
= _ 3 7 o508 _ 1 o869 7107 c3: .61 e
Nyy * 107 3 - 7 singl W [3 cos 3 * 7 cos 51,
(5.15)
h,(1) h. (1)
= 3 3 6.1 564 1 1 1 56
Ny - e [F cos 5 + z cos 5] ;;%:7{ 7 sin 2 tgsinl, (5.16)
h,(1) (1)
= 4 hr 1 8.1 56_ hy h e _1..56
My - e 15 - g sin 3 + 7 sin —2—] , ma[—cosz 71“52]’
(5.17)
h,(1) h,(1)
~ 4 h 7...6 1...56 2 he¢3.. 0, 1. 56
My= oar Taa 8510 - singl- o yglacosy + geosy . (5.18)
h,(1) h,(1)
= M\l 3 6.1 Beq 2 h v 1e: 0 o 1o 50
My e 128040052 * 39057 ] - S gl g8ing + gsing . (5.19)
h.(1)
v, E - 25 — cos 2. (5.20)
v, = E-§£-.2-S1'n . (5.21)
5 -
Y 2/7F

By obserying that the membrane and bending components of the stresses are
given by (see Appendix A)

m_ b _ 12az .
()'_ij = Nijsoij h M,ij (1’.] X,.V) (5.22)

from equations (5.14)-(5.19) for the leading terms of the combined in-

= m b . . R
plane stresses 935 = %45 * 945 > (i,j=x,y) one obtains
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h,(1)+zh,(1)
z 3 4 1 8,1 5e:
Gxx-'- v [-IS"N’Z-'FES'M 2]

hy(1)+zh,(1)
- 2 [—cos—-%coss—ze-],
4vor

Hlon
N

. hy(MH2h, (1) gy g
g, = - [~ +sing - % sin 5 ]
vy 2 gsinz-gsinyg

h, (1)+zh,(1)
- 2 [%ws%+%ms%&,
4y2r

_ ha(1)42zhy(1)
Ogy =~ BNF} [%ms%+%ws%&

\

h,(1)+zh,(1)
- 2 [-—‘]Tsin-g—+%-s1‘n%e—].

4v2r

Similarly, for the transverse shear stresses from

o

2= 30 - G (= xy)

we obtain
he(1)
~ 35
Oz = "7 e OO P00 - o)1
g hg()
Oyy = - i'zvﬁ" sin 2 [1 - (—729 ]

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

Note that for the isotropic materials c¢=1 and the asymptotic stress
fields (5.23)-(5.25) and (5.27)-(5.28) found from the shell solution are
identical to those given by respectively the in-plane and the anti-plane

elasticity solution of a two-dimensional crack problem.

If we now define

the Modes I, II, and III stress intensity factors (for a crack along x]=0,

-a<x2<a) by
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kj(x3) = l:-]:a ’étxz‘a) U]j(o:XZ’X3)' » (3=1 a2_33) ? (5.29)

from (5.23)-(5.25) and (5.27) and Appendix A we obtain

k.(x.) = - SE /& [h (1)+x—3h'(1)J (5.30)
11%3 T 1 a Ml |
: X
kalxg) = = B2 [hy(1) + 2 ny(03 (5.31)
3 X3.2
k3(x3) = - Z B/a-/E hs(])[] - (m) ] . (5.32)

6. The Results and Discussion

The main interest in this study is in evaluating the stress intensity
“factors in shells for various crack geometries and loading conditions. For
each crack geometry the problem is solved by assuming only one of the five
possible crack surface loadings to be nonzero at a time. For a general
loading the result may then be obtained by superposition. From (5.30) and
(5.31) it is seen that the in-plane stress intensity factors k] and k2
have a "membrane" and a "bending" component, and h; and h, are related to
the membrane and.h2 and hg are related to the bending stresses. For sim-
plicity, the related stress intensity factors are defined separately. The
calculated results are normalized with respect to a standard stress inten-
sity factor chE'where o5 stands for any one of the following five nominal
("membrane™, "bending", in-plane "shear", "twisting", and "transverse shear")
stresses: '

o] = N]]/h > O'b = 6M-l'|/h2 'y GS = N12/h °
Ot = 6M12/h2 ,»Gv = (3/2)V1/h s (6.1 a-e)

where crack 1ies in XpX3 plane and N]], M]], N12’ M12’ and V] are (a measure
or amplitude of) the crack surface tractions.
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The normalized stress intensity factors are then defined and calculated
- in terms of hi(l),-(i=1,...,5) as follows:

Ky (0)
Kng = - = %—h](l) : (6.2)
s * Ky (::2_ kp(0) % (1) » | | (6.3)
kej = :j% = - % ha(1) | (6.4)
ey = kz(::z'k?-(o) k- LU (6.5)
kyg = :::T) = - %%—/Ehs(l) . (Fmbasitv) (6.6)

where for each individual loading o5 is given by (6.1). In the case of
-uniform crack surface loads Nqi1s M]], Nqos M]Z’ and V], referring to (3.19)-
(3.23), Appendix A, and (6.1) the input functions of the system of integral
equations (4.20)-(4.24) are given by

Fily) = :.E » Faly) = ob » F3ly) = ?S » Fyly) = 5—"

2 % :
Fely) = 5 —. (6.7)

Even though the formulation given in this paper is valid for any shell
with constant curvatures 1/R;, 1/R,, and 1/R,,, the results are obtained for
the practical problem of a cylindrical shell containing an arbitrarily
oriented crack only (Fig. 1). The crack is assumed to be in a plane defined
by the angle g shown in Fig. 1. For the shallow cylindrical shell the
curvatures referred to x;, X, axes shown in the figure and defined by (2.9)
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Table 1. Stress intensity factor ratios in.an isotropic
cylindrical shell containing an-inclined crack under
uniform membrane loading Nyj, v = 0.3, 8 = 450,

1/50 .005 | -0.015 | -0.028 | -0.062 -0.221
1/100 .003 |} -0.008 | -0.014 | -0.032 -0.111
1/200 -0.001 ] -0.004 | -0.008 | -0.017 -0.056

b/ 1 2 3 5 10
1/5 1.097 1.302 | 1,544 2.030 . 3.486
1/10 1.049 | 1.167 | 1.321 | 1.665 | 2.516
kem | _1/15 1.033 | 1.116 | 1.230 [ 1.501 | 2.199
1/25 1.020 | 1.072 | 1.148 | 1.341 | 1.886
1/50 1.010 | 1.037 | 1.079 | 1.194 | 1.563
17100 | 1.005 | 1.019 | 1.041 | 1.106 | 1.337
1/200 | 1.002 | 1.010 | 1.021 | 1.056 | 1.192
1/5 0.084 | 0.122 | 0.100 | -0.069 _|-0.761
1/10 0.058 | 0.108 | 0.126 | 0.079 _|-0.299
- [A715 0.046 | 0.093 | 0.121 | 0.118 |-0.125
Kpm | 1725 0.032 | 0.073 | 0.104 | 0.132 | 0.023
1/50 0.020 | 0.049 | 0.076 | 0.117 _| 0.120
17700 [ 0.012 | 0.031 | 0.051 | 0.089 | 0.139
T/200 | 0.007 | 0.019 | 0.033 | 0.062_ | 0.120
1/5 -0.036 | -0.108 | -0.190 [-0.333 |-0.517
/10| -0.018 | -0.060 | -0.113_[-0.227 |-0.424
kem | 1/15 [ -0.012 1 -0.041 | -0.081 [-0.173 [-0.365
| 1/25 | -0.007 | -0.025 | -0.052 |-0.119 |-0.289
1/50 | -0.004 | -0.013 [ -0.028 |-0.068 [-0,192
1/100 | -0.002 | -0.007 | -0.014_|-0.037 _[-0.117
1/200 [ -0.001 | -0.003 | -0.007 |-0.019 |-0.067
1/5 0.012 | -0.029 | -0.119 |-0.432 | -4.232
1/10 0.010 | -0.008 [ -0.053 [-0.219 | -1.853
Kem | 1/15 0.008 | -0.002 | -0.031 | -0.144 |-1.244
1/25 0.006 | 0.002 | -0.015 | -0.082 | -0.757
1/50 0.004 | 0.003 | -0.004 | -0.036__|-0.379
17100 | 0.003 | 0.003 | 0.000 | -0.015 _|-0.186
1/200 | 0.002 | 0.002 | 0.001 |-0.006 1-0.090
1/5 -0.051 | -0.139 | -0.261 | -0.609 _[-2.630
1/10__| -0.026 | -0.070 | -0.131 [ -0.302 | -1.117
kym |[1/15__| -0.018 | -0.047 | -0.088 | -0.201 _|-0.736
1/25 | -0.011 | -0.029 | -0.053 | -0.121 _|-0.441

-0
-0
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may be expressed as

1 .sin?28 1 _cos?8 1 _ 'singéoss 8
R°TR CR,CCR 'RpC T R (6.8)

Some numerical results obtained for an isotropic cylinder are shown
in Figures 2-11. Figures 2-6 show the primary stress intensity factor ratios
Koom? kbb’ kss’ Kegs and kW for a cylinder having a crack inclinced 45?
with respect to the axis. The unusual results here are those found for
ki¢ and kvv' Under a twisting moment Mo uniformly distributed along the
crack, the Mode II stress intensity factor ratio ktt appears to be nearly
independent of the shell curvature 1/R but highly dependent on a/h, Fig. 6
shows that the monotonic variation of the stress intensity factor ratios
with a/h and h/R observed in Figures 2-5 and in previous shell solutions
is not valid for kvv' This seems to be the case for all values of 8
varying from zero to ninety degrees.

The effect of B8 on the primary stress intensity ratios kmm’ kbb’ kss’
ktt’ and kvv is shown in Figures 7-11. Extensive results giving all stress
intensity ratios kij (i,j=m,b,s,t,v) for =0, 15°, 30°, 45°, 60°, 75°,
90° and for varying h/R and a/h may be found in [14]. Table 1 shows some
sample results regarding the secondary stress intensity ratios in a
cylinder with a 45° crack under torsion (i.e., N]] = constant and all other
crack surface tractions zero).

The stress intensity factors given in Figures 2-11 and in Table 1 are
obtained for the Poisson's ratio v = 0.3. Some sample results showing
the effect of v on the stress intensity factors are given in Table 2.

It is seen that this effect is not really significant.

It should be noted that the Poisson's ratio v in isotropic shells and
v = /G;GE'and the stiffness ratio ¢ = (E]/Ez)% in specially orthotropic
shells appear in the expressions of the kernels of the integral equations.
Thus, to investigate the effect of the material orthotropy on the stress
intensity factors both v and ¢ must be varied. However, as seen from
Table 2 the influence of v is rather insignificant. Therefore, to study
the effect of the material orthotropy it may be sufficient to vary c only.
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Table 2.

The effect of Poisson's ratio on the stress inten-

sity factor ratios in an isotropic cylindrical shell
containing an inclined crack, g=45°, a/h=2, h/R=1/10.

;\\\:‘ 0.0 0.1 0.2 0.3 0.4 0.5

km | 1-166 1,167 | 1.167 1.167 1.166 1.164
kKom | 0-063 | 0.077 0.092 0.108° | 0.124 | 0.140
Kgy | -0-058 | -0.059 | -0.059 | -0.060 | -0.060 [ -0.059
Kem | -0-009 | -0.008 [ -0.008 | -0.008 | -0.008 | -0.008
K | -0-075 | -0.073 | -0.072 | -0.070 | -0.069 | -0.067
Kb 0.018 | 0.023 | 0.028 | 0.034 | 0.039 0.045
Kb 0.605 | 0.617 0.626 | 0.632 | 0.634 0.631
kgp | -0-016 | -0.018 | -0.019 | -0.02T | -0.024 | -0.026
Kep | -0-005 | -0.005 [ -0.006 | -0.006 | -0.006 | -0.006
Kyb 0.004 | 0.003 0.003 | 0.003 0.003 | 0.003
ks | -0-068 | -0.059 [ -0.059 | -0.060 [ -0.060 | -0.060
ks | -0-054 | -0.059 | -0.064 | -0.069 | -0.074 | -0.080
Kes 1.059 1.059 1.059 1.059 1.058 | 1.057
Kio 0.007 | 0.007 0.008 | 0.008 | 0.009 0.010
Kys 0.133 0.131 0.729 0.128 | 0.126 0.124
k¢ 0.005 0.005 | 0.005 | 0.004 | 0.004 | 0.003
k¢ | -0-005 | -0.005 | -0.006 | -0.006 | -0.006 | -0.006
kgt | -0.007 | -0.007 | -0.007 | -0.006 | -0.006 | -0.005
Kg | 0-309 0.325 0.339 0.353 | 0.366 | 0.379
kyt | -0-095 | -0.094 [ -0.093 [ -0.097 | -0.090 [ -0.088
k. | -0-223 | -0.244 | -0.266 | -0.287 | -0.308 | -0.330
kpy | -0-004 | 0.007 0.007 | 0.014 0.022 0.032
kg, | -0-174 | -0.187 | -0.200 | -0.212 [ -0.226 | -0.238
Kiy 1.738 1.766 T.191 1.213 1.233 1.250
Kyy 2.304 | 2.287 | 2.212 | 2.258 | 2.284 | 2.231
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Table 3. The effect of material orthotropy on the stress
intensity factor ratios in a cylindrical shell
containing an inclined crack; g=45, a/h=3,

h/r=1/10.
e

K 0.037 1.000 26.667
kmm 1.127 1.321 1,984
Kem | 0-078 | 0,126 0.125
kgn  |-0-056 | -0.113 | 0,181
Ke  |-0-010 [ -0.053 [ -0.179
Kem -0.074 | -0.131 | -0.263
kmb : 0.024 0.044 0.050
Kep 0.569 | 0.567 0.534
Kep Z0.011 | <0.026 | -0.028
Kep -0,004 | -0.005 | -0.002
kvb . 0.004 0.007 0.012
ko -0.057 | -0.115 | -0.189
kps  |-0-031 | -0.073 | -0.079
kSS 1.082 1.111 1.205
K 0.019 | 0.068 0.179
Kys 0.238 | 0.228 0.331
k¢ 0.005 | 0.004 0.003
Kpt ~0.004 | -0.006 | -0.005
Kot -0.010 | -0.006 | -0.005
Ket 0.314 | 0.273 0.189
Kyt <0.095 | -0.093 | -0.087
kmv -0.166 | -0.577 -1.100
Ky ~0.009 | 0.030 0.090
Koy =0.277 | -0.491 | -0.872
Key T.033 | 1.838 2.724
Kyy 2.089 | 2.671 3.573
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For a strongly orthotropic material (graphite-epoxy composite) this effect
is shown in Table 3. The axes of material orthotropy are along 45° direc-
tions with respect to the cylinder axis and the crack is located along one
or the other axis of orthotropy. The Poisson's ratiois v = ¢3;35'= 0.037
for the orthotropic shells and v = 0.3 for the isotropic results included
for the purpose of comparison. The table shows that the effect of material
orthotropy on the stress intensity factors could be very significant.

The quantity which is of some interest in certain fracture studies is
the rate of internally released or externally added energy per unit fracture
area created as a result of-crack propagation. If U is the work of the
external loads, V the total strain energy, and A the fracture surface,
then in a quasistatic problem the rate of energy available for fracture
would be d(U-V)/dA. For elastic problems this energy rate is known to be
the same for "fixed grip" and "fixed Toad" conditions. It can therefore be
calculated as the crack closure energy under fixed grip conditions, Under
these conditions, dU = 0 and for a crack going from Xy=a to x2=a+da, dV may
be expressed as

h/2 da 5
dv = - B %.jﬁl o]j(O,xz,x3)[uj(+0,x2-da,x3) - uj(-O,xz-da,x3)]dx2dx3
- 0

(6.9)

where the minus sign is due to the fact that during the "release" of the
crack surfaces in a<x2<a+da, -h/2<x3<h/2 the tractions and displacements
are in opposite directions (consequently, the total strain energy of the
shell decrease). For small values of da we now observe that

ki(Xs)
U]j(oaxzaXB) = —l—'3—_‘ H (j=]92’3) (6.10)
XZ"a.
4kj(x3) .
uj (+0,x2-da,x3)-uj(-0,x2-da,x3) = -t v?(a+aa-x2) ’ (J=1,2) (6.]])
ka(x3)
u3(+0,x2-da,x3)-u3(-0,x2-da,x3) = =3 ¢21a+aa-x2i R (6.12)
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where k], k2’ and k3 are the Modes I, II, and III stress intensity factors
~around the crack border x,=a,

Referring to the definitions of the stress intensity ratios kij
(i,j=m,b,s,t,v), given by (6.2)-(6.6) we can define the "membrane",
"bending", "shear", "twisting" and the "transverse shear" components of
the stress intensity factors at the crack tip Xp=a as follows:

k; = § kijoj/i', (i, = m,b,s,t,v) . (6,13)
From (5.30)-(5.32), (6.2)-(6,6), and (6.13) the stress intensity factors
may then be expressed as

X
ky(xg) = ky + ky () » (6.14)
X3 .
k2(x3) = kS + kt (-h—/f) ’ (6.15)
X3 .2 .
k3(X3) = ka - (m) 1. (6.16)
By substituting from (6.10)-(6.12) and (6.14)-(6.16) into (6.9) we obtain
Kk, 2 k.2 |
I 2 b 2 t 4(1+y 2
v =-¢ [km 3+ ks gt k, Jhda. (6.17)

Observing that hda = dA, for the rate of externally added or internally
released energy (at one crack tip X,=a, per unit shell thickness, per unit
crack extension in the plane of the original crack) we find

k, 2 k.2 -
adK (U-v) = % I:kmz * _g— + ks2 * % + ﬂ%‘)—)— kv?':I : (6.18)

Finally it is again worthwhile to remember that all shell theories
are, to varying degrees, approximations of the three dimensional elasticity.
Therefore, even if the "shallowness" assumption is satisfied, the theory
used in this paper and the results given are only approximate. Strictly
speaking, the crack problems considered in plates and shells are three-
dimensional elasticity problems. Such problems in their simplest form do
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not seem to be as yet analytically tractable. However, from a structural
viewpoint, the shell solutions can be useful in the sense that the “plane
stress" crack solutions are, that is, the results should be interpreted and
used in a certain thickness-average sense. Since the shell theories are
quite numerous, there is always the question as to what theory to use in
the crack problem. Clearly there is no unique answer for this question.
However, one could try to establish some guidelines and set certain mini-
mum requirements. In crack problems the most important information (from
an application viewpoint) is imbedded in the asymptotic solution of the
problem around the crack tips. The first requirement then is that the
asymptotic results found from the shell solution must be compatible with
that of the in-plane and anti-plane elasticity solutions of the crack problem.
This means that the stresses around the crack tips must have the standard
square root singularity and their angular distribution must be identical

to that given by the related two-dimensional elasticity solutions.

In crack problems since one is interested in the behavior of the solu-
tion very near the crack tip, it is natural to assume that all local length
parameters would have some influence on the results which are of interest.
In a general shallow shell there are five local length parameters, namely
three radii of curvature, R], R2, R12’ the crack length 2a, and the thick-
ness h. A particular shell theory to be suitable for crack problems should
therefore contain four dimensionless (independent) length parameters.

Again, since it is desired that the shell theory give a reasonably
accurate solution near the crack tip, it would be necessary that the theory
should accommodate all the stress boundary conditions on the crack surfaces
separately. '

Reissner's transverse shear theory, which has been used in this paper,
seems to be the simplest theory which satisfy all these requirements.

Aside from a certain degree of confidence one may have in its results,an
advantage of such a compatible theory, is that it makes it possible to carry
out calculations such as that of energy release rate (see (6.18)) routinely.
This, of course, is primarily due to the fact that the asymptotic results
(5.23)-(5.25) and (5.27)-(5.28) are identical to that of the corresponding
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elasticity solutions, However, since a higher order shell theory does

not necessarily imply higher accuracy in (certain calculated) results,

there are still unresolved questions, Are the results of the crack problems
obtained from the Reissner's shell theory, for example, more reliable than
that given by the classical shell theory? For the stress intensity factors
we think the answer is yes. The reason for this is largely the fact that
the classical theory satisfies none of the requirements listed above. Could
one improve the solution further by considering "higher order" theories
which may take into atcount'additiona1 features of deformations and stresses
(such as, for example, the stretch in thickness direction)? Even if one

can solve such problems with the same degree of numerical accuracy as the
problems based on simpler shell theories, it would be difficult to know
which solution is more reliable. In our view, therefore, it would be very
difficult to justify the use of a more complex theory than Reissner's in
solving the crack problem in shells unless one has a demonstrable reason
for it.
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Appendix A
Dimensionless and normalized quantities used in the analysis,

X3/a 3 (A.1)

x=x]/a/E,y=x2/E/a s Z =

u= u]/E/a s V = uz/a/E » W = us/a ; | , | (A.2)
By = By 7C 5 B, = B/ | "~ (A.3)
$(x,y) = F(x;,%,)/Eha?; | (A.4)

_ o _ o, _ %12 913 _ oy

°xx"'ﬁ-’°yy"—ﬁ—"°xy"T’°xz";/_E’°yz' g (AS)
Nxx = N”/Ehc s N.Y.Y = CNZZ/Eh ’ ny = N]2/Eh H (A.6) |
Mo = Myp/ECh? o M = cMyo/ER2 , M, = My, /EN2 ; (A.7)
yx = V']/Bh/E ’ Vy = VZ/E/Bh H (A.8)
4

>
]

2.4 4
) = 12(1-v2) %z%%- » Ay = 12(1-v2) Ez%zﬁg ,
b a* oy 2y @2 4
. }‘12 = ]2(1-\)2) 2Rz > At = ]2(]-\) ) RZ K= E/_BX H (A.Q)
12

E
ETES —— : 1 SE
= = - '4 = =
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The stress, moment, and

Ny (Xs¥) =

My (x5¥)

ny(x,y)

Appendix B

transverse shear resultants.

s L m.x _.
a2 R KjRj(a)e Je 10‘ydcz x >0,
J=1

1
2n

Lol

8 m.xX )
I KiRs(ae J o714y x <0,
j=5

(B.1)

1 -v)2 . X -
i;-ﬁ%q-filﬁgl- I1A1(a)ar1e e 194, xs0,
1 a [~ 8 (1-v)a2+p; mX _s
ﬁh_}:“-f jzs ———_lej'] Rj(a)e J e G.Yda
] V2 (L roX _s
H%EX%L Jj As(a)ar,e 2%g"1aYy,

- x<0 . (B.2)

i d y MaX -
Z—WI a .21 Rj(a)ijje J e 14y x50
J=

=00

i Im 2 R:(a)i
7w | o I Rile);

-C0

Mm.X .
mse J e 14y x 0.
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Mxy(x.y) =

v (x.y) =

A

A

(Tovla (® & MiR;(a) .
= I‘u“r 1V

—u)2 rqX _s
2—‘;%‘;-@7‘3}— I‘Zaz*-r,lz)Al(a)e Ve %Y da,

x>0,

m:R;(a) m, X

o jﬁg r ‘ﬂ‘p‘L-T e Vda

_u\2 FpX _s
L (v)? ﬁa2+r22)A2(a)e Zemiayy, |

x<0 .

r g Lt e 3 e oYy,
1 Ry

d r«{X =
- é%-K 1-v JiA](a)a e 1 e 1%da, x>0 ,

2

kp:R:(a)m,

1 (7 8 KPjRglemy MyX -iay
2r I jzs Kpj' € € da

- éz Eil—El-I 1A2(a)a e 'iaydu,x<0 ]
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Nyy(x,y) =

Myy(x,y) =

Vy(x,y) =

A

-0

A

-0

1
2m

_II1
™

f 1-v)? [1 A (a)arse

I‘” 8 vp--('l-v)az m.Xx

J a-iay
jE—s —-J-@j—_q—- Rje e do

0 YaX .
ﬁ—ﬂ-ﬁ-(lz-—‘i)ij'il\z(a)ar‘ze 2 e 1y, x<0.

-

'-2]?[1(1 I —p—JTR eJemyda
J

J MA (a)r‘] w‘yda, x>0 ,

8 KP. m.X -3
X R.eJ e oy da
j=5 ¥Pj=1 J

a

2

d']-_le (a)rz -iay das, x<0.
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- APPENDIX C

The Kernels of Integral Equations:

g7 (/8 9 ) = | [zaZRe('jg] K59 -11sina/E(=n)de
. (o}

+ 2 I a2Im ( }: K.B -I)COSa/-('r-n)da .

o] J-1

o wwe ) =2 [ Re[Jg] KB dsinarE(z-n)da

O :
)

8 : _
+2 J a2Im[ = K.ngcosdc?(-r-n)da s
. j=1 9 '

(o)

30 T/En) = 2 | azRe[jg] K;Bj3sinas&(c-n)da

(o]

8
+ 2 [ oIm[ = Kij3]COSa/E(1:-n)da s

° =

k-|4(_|/E t,/C n) = 2 I ZRE[JE Ks %ﬂSInavl_(‘t-n)da

o

+2 o1 E K BJ4]c05a/_(-r-n)da’

o]
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50/ ©o/E n) = 2 azae[ﬁ] Kpy5JstnarE(x-n)do

0 -

+2 aZIm[jg] K;BglcosarE(xn)da - (c.5)

o)

2 (= _8 P +(1-v)a
kz](fc- T,YC n) = - FI Re[jE KFﬁ—Bﬂ]Sina/_(t-n)da

(o]

p;+(1-v)a? S
- %,—J Im[ g -Jﬁv-i-Bj]]COSa/E(t-n)da ’ (c.6)

s KPs-

, J= J

2 g Pyt(1-v)a?  2k(1-v)%ary 4 o
kg% <ol m) = [ = Fovel & Co e A e

- 0

X Sina/é.(f-n )dav

2 (" 8 pyt(1-v)a?
T,—jxm 7 ——I—BJZ]COSa/_(r-n)da, (c.7)

o]

- e -

8 Pit(1-v)aZ
k23(/t':_ 1,/C n) = - th’-f REE'El —J-K—pj—[— J3]smav’_('r-n)da

o 9

(-]

2 (% 8 ppr(=ve? -
AR I Im[.Z] —‘LK—%T‘—BJ-B]COSQ/E(T-H)C!C! s (c.8)
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g P +('l-v)£zz

k24(/€ T,7C n) = --Agzr! REEJE'I le_RjTr—éBj4JSi<n&{E(‘?-n)da

o)

2 d 8 P +(]-V)Gz /_ . . ) -
-% I.I,m[j% LT Bydeosar(conlda s (€9
- o . SR PN

(o}

2 (o pyHi-v)a2 .
kzs(/a 1,/C n) = - FJ Re[jz] ‘JTJ-T‘ajJs‘"“/E(T'")d“ :

P +(1-v)a? :
-. igq- j Im[jg'l BIFEE:;L%QC@a/E(r-n)da. (c.10)

(o]

(-4

o]

+ 2 I o Im[ g K-m-B-ﬂsinav’C('r-n)da __— (c.11)
PR R
0

(-]

k32(/E't,/Ein) é.-z I a_Re[g‘ijj%é]cosaJEYr-n)&a
o]

+ 2 f a Im[% Ksmj%z]sina;’a(-;fn)da, - (c.12)
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k33(/é' r,/E p) = ,»_2 I ) Re[ E K mﬁ:;]cosd'(r-n)da

(o}

I {ZaIm[ 2 %3] ]}Sina/_(‘r-n)das‘ (c .13)

o

k34(v’€ 7,7C n)=-2a Re[jgl ijj%]cqs&v’t?(é-n)da
o]

+ 2 I o Im[ 2 K.m.B. ]S‘inav/lc('r-n)da, (c. 14).
3=1 Jd 334
[o}

k35(/€ 1,v/C n) = -2 j o Re[JE K. mJ%s]COSGv’_(‘r-n)da
0

T+ Z'I o Im[ g K mj s]smaf—('r-n)da, (c.15)

o J3=1

k4-l(v/E 1,7C n) = —Llul)-l a Re[ 2 —J—TB.-IJCOSa/_(t-n)du
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2(1-) (" 8 M e
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Sy [ g om .
k42(/c— 7,/C n) = -2—(%,‘1)-[ o Re[ji'l K—p“;-:TBjZJCOSa/c—(T-n)da
o .

< ‘g --m . _
- 2§1-vlj a Im[jiei_I sz]sina/E(r-n)da, ( C.17)
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KP4

k43(/E T,/C n) = Qg;LJ o Re[ z —J—TB.3]c03a/_(r-n)da
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1 IsinavE(z-n)da
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. °° - g--KPpsM, . a o ’
kss(/E 1,/C n) = -J‘ {Re[JE] -K?;:Q-ng]'l' (-r—.l- + 1)}sina’/c(t-n)da

0

G g Kkp:m . .
-J Im[jzl K—p;!—_%ejs Jeosave(t-n)da , ( c.25)

(o}

In the ekpressions given above Bjk(“)’ (§=1,...,8; k=1,...,5)
are the coefficients given in (3,48) which are obtained by solving
the linear algebraic equations (3.37)-(3.46) for the unknowns

R],...,Ra, A], and A2.
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Figure 1. Geometry of a cylindrica
: an inclined crack.
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Figure 2.

Stress intensity factor ratio kpyp
isotropic cylindrical shell containing an

inclined crack under uniform membrane

loading Nyy3 8=45°, v=0.3.
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Figure 3. Stress intensity factor ratio kpp in an

isotropic cylindrical shell containing an
inclined crack under uniform bending
moment My1; 8=45°, v=0.3.
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Figure 5. Stress intensity factor ratio k¢ in an

isotropic cylindrical shell containing an
inclined crack under uniform twisting
moment Mys3 8=45°, v=0.3.
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Figure 6. Stress intensity factor ratio kyy in an
jsotropic cylindrical shell containing an
inclined crack under uniform transverse
shear loading Vy; 8=45°, v=0.3.
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Figure 7.

Stress intensity factor ratio kpp in an
isotropic cylindrical shell containing an
inclined crack under uniform membrane
loading Nyy; v=0.3, h/R=1/5.
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Figure 8. Stress intensity factor ratio kyp in an
isotropic cylindrical shell containing an

inclined crack under uniform bending
moment M1y v=0.3, h/R=1/5.
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Figure 9. Stress intensity factor ratio kgg in an
isotropic cylindrical shell containing an
inclined crack under uniform in-plane
shear loading N123 v=0.3, h/R=1/5.
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jsotropic cylindrical shell containing an
inclined crack under uniform twisting
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