
NASA Techn ical Memorandum 84356 

The Determination 

Airborne Astronomy Program 
Medium Altitude Missions Branch 
Preprint Series No.9 

NASA-TM-84356 

19t30o/61it?!J 

of Cloud Masses and Dust 
Characteristics from 
Submillimetre Thermal 
Emission 
Roger H. Hildebrand 

Ap ril 1983 

LIBRARY COPY. 

LANGLEY RF.SEARf~H CENTER 
LIBRARY, NASA 

HAMPTON, VIRGINIA 

NI\S/\ 
National Aeronautics and 
Space Administra tion 

https://ntrs.nasa.gov/search.jsp?R=19830016165 2020-03-21T04:18:48+00:00Z



NASA Techncial Memorandum 84356 Airborne Astronomy Program 
Medium Altitude Missions Branch 
Preprint Series No.9 

The Determination of Cloud Masses 
and Dust Characteristics from 
Submillimetre Thermal Emission 
Roger H. Hildebrand, Department of Astronomy and Astrophysics, The Enrico Fermi 

Institute, The University of Chicago, Chicago, Illinois 

NI\S/\ 
National Aeronautics and 
Space Administration 

Ames Research Center 
Moffett Field . California 94035 



THE DETERMINATION OF CLOUD MASSES AND DUST 

CHARACTERISTICS FROM SUBHILLIMETRE 

THERMAL EMISSION 

Roger H. Hi ldebrand 

Department of Astronomy and Astrophysics, 
Department of Physics, The Enrico Fermi Institute, 

The University of Chicago 

Subject Headi~: interstellar: matter- -interstellar: abundances 

Accepted for publication in Vol. 24, No.3 of 

THE QUARTERLY JOURNAL OF THE ROYAL ASTRONOMICAL SOCIETY 

Rece i ved: 1982 December 14 



The Determination of Cloud Mass es and Dus t Cha racteristics from 

Submillimetre Thermal Emission 

Roge~ H. Hifdeb~nd 

Department of Astronomy and Ast rop nys i cs , Depart ment of Physics, 

The Enrico Fermi Institute, The Univers i ty of Chicago 

5630 South Ellis Avenue 

Chicago, Illinois 60637 

U.S.A. 

ABSTRACT 

The purpose of this paper i s to review the princi ples by which the 

dust masses an d total masses of interstel l ar clouds and certain charac

teri st i cs of interstellar dust grains can be derived from observations 

of f ar-infra red and submillimet re the rm al emi ssion . To the extent 

possib l e, the discussion will be independent of particular grain models . 

I I NTRODUCTI ON 

The construction of la rge infrared telescopes, s uch as the NASA 

Kuiper Airborne Observatory, t he NASA Inf rared Telescope Facility, and 

the United Kingdom Infrared Telescope, and the development of sensitive 

far-infrared and submillimetre photometers have made it possible to 

measure thermal s pectra even for very cool clouds (T < 20 K). 
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In nearly all cases, the op tical depths, T, detennined from the 

spectra at wavelengths longer than ",200 j1m are found to be very much 

less than one . Hence the observed flux densities sample with equal 

efficiency the emission from all depths in a cloud. It is especially 

that characteristic of submillimetre flux measurements which one seeks 

to exploit in determining the characteristics of clouds and grains. 

The fundamental difficulty in detennining the mass of any cool 

cloud which is opaque to starlight is that the principal ingredient, 

molecular hydrogen, is invisible; the kinetic energies of the molecules 

are far below the minimum energy required to produce observable hydrogen 

transitions. The methods commonl y used to overcome that difficulty are: 

(a) Kinematics. When gradients in Doppler shifts can reasonably be 

attributed to rotation of gravitationally bound clouds one may 

estimate the mass necessary to explain the observed radial 

velocities. Often, however, the observed gradients can be 

produced by ejection of unbound material from compact regions 

within the clouds. 

(b) Extinction. When the opacity of a cloud is low enough to 

permit observation of background stars, one may estimate the 

column density by assuming that the relationship between ex

tinction and hydrogen column density measured in the intercloud 

medium can be applied with suitable precautions to the cloud. 

This method can be extended to greater column densities by 

measuring extinction in the near-infrared (e.g. K band; ~.2 j1m ) 

and applying measured relat ionsh ips between near-infrared and 

visible extinction. 
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(c) Molecular line intensities. When the column density, N(x), of 

some molecule, x, is ob tained by observing a particular emission 

li ne, one may estimate the hydroqen column density, N(H 2), by 

assuminq a ratio N(H 2)/N (x) equa l to that measured in a thinner 

cloud f or which N(H 2) ha s been found by the extinction ~eth od. 

This meth od is valid c1 1y wh en t he excitation te~perat ures are 

known and when the optical depth for the observed transition is 

$1. For cold clouds, these conditions are often not satisfied 

for easily observable mo lecu les such as 13C160. For example, 

large variations from cloud to cloud in the apparent ratio of 

N(13C160) to N( 12C180) can be produced by differences in line 

widths and corresponding differences in optical depths for the 

observed 13C160 transitions . The relationship between carbon 

monoxide abundance and visual extinction has been studied in 

detail by Frerking, Langer, and Wilson (1982). 

Cloud masses may also be obtained from estimates of number 

densities using intensities of collisionally excited lines such 

as the 2 mm and 2 cm lines of H2CO, with kinetic temperatures 

derived from CO line intensities, and velocity gradients deter

mined from emission line widths. The cloud volume is estimated 

from the size projected on the sky. This technique requires 

extensive cloud modelling. 

(d) Thermal emission. Thermal em i ssion can be used as a measure 

of dust vo lume , or, if a qrain density is assumed, as a measure 

of dust mass . The computation of the volume f rom the flux den-

sity depends on the determination of grain emissivity. Even 

without knowl edge of the qra i n emi ss ivity. one may determi ne cloud masses 
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from thermal emission if the extinction method is used to 

estimate hydrogen column densities in calibration objects. 

The thermal emission method also has limitations, as will 

be discussed, but it is the only known method for determining 

the dust mass of a vi sually opaque cloud without assuming a 

ratio for the masses of dust and gas. As a method for deter

mining total mass it is independent of the others except 

insofar as extinction may be used to calibrate both this and 

the molecular line methods. 

The difficulty in determining the composition of interstellar dust 

is the absence of positive identifying features in either the extinction 

curve or the thermal emission spectrum. The absorption peaks are broad 

and are influenced not only by chemical composition but also by crystalline 

structure, grain mantles, i mp urities, and grain size. Great effort has been 

directed toward the discovery of plausible grain models which can account 

for the extinction curve and for the observed scattering and polarization 

of starlight. In judging whether a grain mo del is plausible, one favors 

constituent elements which are depleted in the gas phase below assumed 

cosmic abundances. One would prefer to avoid such judgements and instead 

to improve the knowledge of cosmic abundances by direct analysis of inter

stellar dust, the most abundant form of observable solid material. 

Although no sure analysis has been devised, the range of acceptable 

grain models can be reduced by measurements of thermal radiation. Emission 

spectra can provide mean values of emissivities, and when combined with 

extinction curves, mean values of dielectric constants. Moreover, the 

polarization spectrum of emitted radiation may provide tests for the dielec

tric and magnetic properties of individual grain species. 

We begin with a discussion of dust and cloud masses (sections 2 and 3) 

followed by a discussion of grain properties (dielectric constants, 
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emissivities, and composition; sections 4,5 and 6), and finally by a 

table of numerical values of submillimetre emission parameters (section 7). 

2 DUST MASS 

To the precision now available, one finds emperically that the sub-

millimetre spectrum of a cool cloud can be fit by the product of the black

body intensity, B( v,T) and an emissivity Q( v) which varies as vB , where 

-1) -1 B increases from ~ l at v ~ 50 cm (A ~ 200 ~m to ~2 by v ~ 10 cm 

( ~ lOOO ~m), (e.g. Erickson, et~. 1981; Schwart z 1982). The spectrum 

thus gives a measure of a nomi nal temperature, T, falling within the range 

of temperatures of the individual dust grains. The determination of the 

dust mass of a cloud at a known distance is based on measurements of the 

flux density and T, and of Q( v) and the size of the grains. 

We consider first an idealized cloud composed of spherical grains of 

uniform size, composition, and temperature. The cloud is optically thick 

to starlight, is optically thin to submillimetre radiation, and is heated 

by internal processes. We shall later consider the effects of changes in 

these grain and cloud characteristics. 

2.1 Ide.aLtze.d cf.oud. The flux density, F( v), from a cloud at a distance 

o containing N spherical dust grains each of cross section G , temperature 

T, and emissivity Q( v), is given by 
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F(v) :: N[a/02] Q(v) B(v,T). (1) 

The volume of dust in the cloud is given by 

V Nv (2 ) 

where v is the volume of an individual grain. Eliminating N from these 

equations, one obtains 

v 2 [F( v)D /B(v,T)][v/o]/Q( v). ( 3) 

If one assumes a grain density, p , one obtains an expression for the 

dust mass Md = Vp , or 

2 Md = [F( v)D /B( v,T)][(4/3) a/Q(v)]p (4) 

I'lhere a is the grain radius (Hildebrand ~~. 1977). 

It may appear that this exoression is applicable only for clouds 

with uniform spherical grains and that the radius, a, must be known for the 

grains in each cloud under consideration. We show next that such is not 

the case. (We continue, until section 2.5, to assume uniform composition 

and temperature.) 

2.2 G1ain ~~ze. The extinction curve for starlight passing through 

interstellar material is not consistent with attentuation by grains of 

uniform size (e.g. Mathis and Wallenhorst 1981). Clearly the quantities 

a and Q = Q(a, v) inequation (4) must be suitably chosen averages. 

The problem would appear to be complicated by the increase in a , and 

hence a change in Q(a, v), in dense clouds as indicated by peculiar ex

tinction measurements (Carrasco, Strom and Strom 1973; Coyne, Gehrels, 
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and Serkowski 1974; Serkows ki, Ma th ewson and Ford 1975). Fortunatel y , 

however, for A » a , a si mplificati on i s i mposed by the Kr amers- Kro ni g rela-

tions which can be used to connect Q with a and with t he comp le x dielec

tric constant, E(V), of the grai ns at a gi ven f requency v (Jackson 1961; 

Andriesse 1977). For spheri cal grains, one may write t he rel ationshi p 

in the form 

Q(v ) = 81Ta(v/c) Im {-[ d v) - l] / [ E( v) +2 ] }. ( 5) 

The quantity a/Q( v) is thus independent of a for a given value of E(V). 

Hence, if value s a and Q are correctl y de termined i n some medium, the 

corresponding ratio a/Q( v) can be used with eq uat ion (4) to obtai n the 

dust mass of any cloud wi t h t he same value of E(V) . Moreover, if a/ Q(v) 

is independent of a , the flu x de nsity from a gra i n must be proportional to 

aa (cf. equation 1); that is, to the gra i n volume , v. 

Although these conclusions drawn f rom eq uatio n 5 are strictly true 

onl y for spherical grains of uniform compositi on, they will be important in 

our consideration of non-s pheri cal grai ns and grains i n wh ich ice mantles 

surround refractory cores. 

When an "aver age" Q( v) is measu red as described in secti on 5, the 

value for each grain is wei ghted by the con tr ibution of the grain to the 

flu x density and hence by the qrain volume, v (or a 3) . The corresponding 

value of a is wei ghted in the same manner; for a si ze distribution n(a), 

the weighted average is f an( a )a 3 da /fn( a )a
3
da where the integrals extend 

over all values of a . 

Several distributions have been proposed. Mathis, Rumpl, and 

Nordsieck (1977) obtain a fit to the extinction curve in the visible portion 

8 



of the spectrum using a distribution n(a) -3.5 
ex a in the ranqe 

0.01 ~m ~ a ~ 0.25 ~m. Honq and Greenberg (1980) propose a core-mantle 

grain model with a distribution favoring somewhat larqer radii. From 

ultrav iolet scattering data, Witt (1979) infers a distribution including 

smaller radii. Using the Mathis, Rumpl, Nordsieck model, we obtain a 

weighted average radius a = 0.1 ~m . 

Ideally one should obtain a and Q( v ) in the same cloud. For 

the present we must be content with an a from the intercloud medium and 

a Q( v) from a reflection nebula (section 5). 

From the arguments we have advanced, we conclude that in otherwise 

ideal clouds, variations in a from grain to grain and from cloud to 

cloud do not influence d.ust mass determinations if corresponding values of 

a and Q( v ) have once been established. 

2.3 Grain shape . The polarization of starlight indicates the presence 

of aligned non-spherical grains. One must therefore consider the extent 

to which the observed flux density from a fixed volume of dust depends on 

the shape of the grains and the extent to which the substitution of (4/3) a 

(equation 4) for via (equation 3) depends on shape where a is deter

mined from the extinction curve assuming spherical grains. 

The first question is already answered by equation 5 and the conse

quent dependence of F( v) on grain volume if one adds that the equation 

is very nearly true even for greatly elongated or flattened shapes (Purcell, 

1969). Unless one suspects grains in which the ratio of the axes is greater 
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than about five one may safely ignore the effect of shape on flux density 

until Q can be measured with ten times better precision than has yet 

been achieved. 

The second question, the use of an a from the extinction curve to 

find via for non-spherica l grains, has been answered by Greenberg and Hong 

(1975) who note "tha t if one \'iere to take a set of spherical particles and 

elongate them, the ~. hape of the wavelength dependence of exti nction by the 

randomly oriented elongated particles would be qualitatively like that of 

smaller spheres. Thus, in order to obtain the same wa velength dependence 

of extinction, we should have started with larger spheres (but smaller numbers) 

in order to maintain the same total extinction. Thus, the total volume of 

material [derived for transparen t clouds] turns out to be essentially shape-

invariant because it is constrained not only by the amount of vi sua l extinc-

ti on but also by the wavelength dependence." 

Aside from ~onsideration of techniques for estimating grain size if 

one assumes or somehow measures a mean projected cross section, a , of a 

grain, one may still ask how the ratio via in equation 3 depends on shape. 

The answer to this purely geometrical question is readily found for any as-

sumed convex shape using the relationship between mean projected area and 

total surface area derived by Schwartzschild (see Appendix). The ratio via 

remains within a factor two of its maximum value, (4/3)a, for all regular 

polyhedrons and all circular cylinders of length between ~1/5 and ~ 7 times 
1 

the diameter. (Here, we define a to be [ a / 1TJ~ ). 

We conclude t ha t unless the bulk of dust is made up of very thin 

needles or flakes, the shape of the grains will have little influence 

on the determination of dust volume. 
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2.4 GIUUYl. man.;t.le.).) . In tenuous clouds exposed to starlight one expects 

grains to be composed entirely of refractory materials. In cool dense 

clouds, an absorption feature at 3.1 11m gives evidence for the formation of 

ice mantles where the mass of ice is usually found to be small compared to 

the mass of the refractory cores (Merrill, Russell, and Soifer 1976). 

The effects of chanoes in surface ~aterial have been examined in detail 

by Aannestad (1975). The effect on extinction in the near and mid-infrared 

can be very great, but the effect on thermal emission at submillimetre 

wavelengths is relatively small: as we have seen (section 2.2), the entire 

volume of a grain contributes to the emitted flux. The dust mass derived 

from equation (4) should not be significantly changed by mantles unless 

the mantles make up a major portion of the volume . 

2.5 GIUU.Yl. m-i.x;tWte6. The temperature of a grain may depend significantly 

on its composition. Clouds made up of several grain species will exhibit 

composite thermal spectra with nominal temperatures, T, dependinq on 

abundances and temperatures for the individual species. For grains of 

widely differin9 emissivities, the temperatures may differ by almost a 

factor of t\'/o (~1ezger, MatJhis, and Panagia 1982). 

If the grains of different species also differ in size, then the 

value of a for the mixture may not be appropriate for grains emitting, 

say, on the low frequency side of the spectrum. This does not mean that 

one must know a frequency dependent value of a: the empirical relationship 

Q( v ) ~vS allows for the frequency denenoence of any parameter affecting Q. 
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What it does mean is that the "average" value of Q should properly be 

determined at a frequency, v , such that the various species contribute 
o 

to the emitted flu x in proportion to their volumes; that is, such that the 

product B( v,T)Q( v) / a is the same for each species. Such a frequency will 

exist for two-component mixtures. The best one can do without assuming 

a model for grain composition is to determine Q somewhere near the center 

of the emission spectrum. 

A further complication for mixtures of grains has to do with exposure 

to ultraviolet radiation . Since the ratio of ultraviolet absorpti vitv to 

infrared emissivity may differ from one species to the next, the distribution 

of temperatures among the various species may be different in clouds having 

the same mi xture of gra ins and the same mean temperature but di fferent 

exposure to ultraviolet sources . Hence the mean value of a/Q determined ft 'olll 

submillimetre emission by grains in an optical reflection nebula may not 

be accurate for a dark cloud of the same comrosition where the value (a/Q). 
1 

for the ith species is weighted differently by the corresponding values of 

B( v, Ti ). Ultraviolet exposure may also increase the v.Jeighti ng of very 

small grains (a ~ 0.01 mm ), which may undergo large temperature fluctuations 

when absorbing single energetic photons (Purcell 1976; Aannestad and 

Kenyon 1079') . 

The factors which alter grain temperatures including fluctuations 

of individual grains, differences in the emissivities of the various grai n 

species, differences in ultraviolet exposure, and large scale gradients 

due to differences in exposure to heat sources, all tend to broaden the 

observed thermal peaks . With measurements of the shapes of the peaks for 

selected objects one mioht place upper limits on some of these factors. 
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Even with such limits, the problems related to mixtures of grains 

with different emissivities are li kely to remain more troublesome in prin

ciple than those related to variations onl y in size or shape or to the 

growth of mantles; but since the value of Q is still known at best to a fac

tor of three for any cloud in any environment, it is likely that mass deter

minations can be improved by better measurements of Q whether or not the 

measured Q nicely corresponds to the average of the species according to 

their volumes. 

2.6 Ex;te flnilly hea;te d c..e.oud6. 1.n the special case of clouds heated only 

from the outside by short wavelength radiation for which T » 1, the far 

infrared brightness is determined by the inci dent radiation and the surface 

properties of the cloud; not by the column density of the dust. For example, 

Keene (1981) finds approximately the same surface brightness for many 

globules despite variations in size. We shall leave the analysis of 

externally heated clouds to papers dealing especiall y with that problem 

and with energy transport in clouds (e.g. Leung 1975; Mezger, Mathis and 

Pan a 9 i a 1 9 82 ) . 

13 



2.7 Conclusion to discussion of du: ;t mass . In clouds which are opaque 

to starlight, the only known method for de te rmining dust mass without 

assuming a ratio of gas to dust is to meas ure thermal emission . The 

method depends on ar assumed grain density and on an estimate of the distri-

bution in grain size (in a reference object) bas ed on the extinction curve, 

but is otherwise i nsensitive to grain model s. Changes in the size and shape 

of the grains and the growth of mantles are un important except in extreme cases. 

The accuracy of the dust mass determinations is now 1 imited primarily by the un-

certainties in grain size and emissivity . In particular cases, the accuracy may 

be limitedby large temperature variations along the lineof sight: the possi-

bility of underestimating the masses of cool components tends to increase 

with increases in the nominal temperature derived from the peak of the 

spectrum. 

As measurements of grain em i ssivity imp rove, it will become necessary 

to assume specific models in orde r to estimate how different grain species 

are weighted in measurements of flux densi ty and emissivity. The problem 

should be readily manageable for two· component models. 

As we will show in later sections (4, 5, 6), t hermal emission mea~ 

surements may themselves provide tests of alternative models. In particular , 

it may prove feasible to exploit the separation in t emperature according 

to emi ssivity, the phenomenon at the crux of the compl i cations for mixtures , 

to test the relationship of dielectric and magnetic properties of the 

prin ciple species. 
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3 CLOUD MASS 

In determining a cloud mass from thermdl emission one need not know or 

assume values of either a or Q. One measures the visual extinction, Av' and 

the submillimetre optical depth, T( V), in a calibration object with visible 

background stars. One assumes that the ratio of Av to hydrogen column den

sity is the same as that for the intercloud medium and that that ratio and 

the ratio Av/ T(v) for the calibration ob j ect can be applied to other (denser) 

clouds. 

We shall write explicitly the relationship between dust mass and cloud 

mass; then the relationship of hydrogen column density to T( V); then, qual-

itatively, the conditions favoring accurate results. 

3.1 Re.latioYL6YU.p 06 doud m<U.6 :to dU.6t mM.6 . If one introduces a 

ratio, Mg/Md' of gas mass to dust mass, [Mg ~ M(cloud)] then one may 

rewrite equation (4) to give the mass of a cloud: 

(6) 

Purcell (1969) has shown that if one assumes an extreme value 

€(O) = 00 , for the static dielectric constant of grain material, one can 

use the integrated absorption to place a li mit on the fraction of the 

total volume that is solid material. When this limit is combined with 

~2asurements of hydrogen column density, one may derive a lower limit 

( -v60) for Mg/Md' 

In principle, one could use measurements of dust volume 

and hydrogen column density to derive a value for Mg/Md. What we shall 

pursue here is the use of flux density and temperature measurements com-

bined with ext i nction measurements to esti mate the entire factor 

(7) 

appearing in equation (6). 
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3.2 Relatio~hip 66 etoud ma6~ ~o opti~al depth. Using the ratio 

R = A /E(B-V) of visual extinction, A , to colour excess, E(B-V) (the v v 

excess over unredd2ned values of the difference between blue and visual 

magnitudes) and tle ratio N(H + H2)/E(B-V) of hydrogen column density 

to colourexcess as measured in the intercloud medium (Bohlin, Savage 

and Drake 1978),and assuming that the same numbers apply to a thin cloud, 

one obtains the column densi~y per unit extinction, N(H + H2)/Av. 

The submillimetre optical depth i s given by 

where F( v) is the flux density within a beaT'l of angular radius 8
1

• 

~ 

In a cloud thick enough to allow a meas urement of T (~) but 

(8 ) 

thin enough to allow a measurement of Av one may obtain a ratio Av/ T(v) 

from which to derive column densities in any cloud for which T( V) is known 

(9 ) 

The mass of the cloud within the area n8;D2 covered by the beam is 
~ 

2 2 
M = [n8

1 
D ] [N(H-H 2 )mHIJ ] 

c ~ 

where °mH is the mass of a hydrogen atom and IJ is the ratio of total gas 

mass to hydrogen mass (~ 1 .36). With equations 8 and 9, this becomes 

( lOa) 

where ( lOb) 

or ( lOc) 

This analysis has been presented by Keene, Hildebrand and Whitcomb (1982) 

using the data of Whitcomb et al. (1981) for the reflection nebula NGC 7023. 

The numerical values are given in Table 1. 
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3.3 ConclU6ion W cU..4c.U6-6ion on clou.d ma)-6. When applying the factor C, 

evaluated by means of equation 10, to the measurement of a dense cloud, 

one need not be concerned, as in the case of dust mass, with chosing a 

frequency at which each grain species emits in proportion to its volume. 

On the other hand, one does not entirely skirt the problem of differences 

in temperature among d if f e re n t g r a ins re c i e s (s e c t ion 2. 5). It i s 

still necessary that the various species emit in the same proportions as 

in the calibration object. To satisfy that condition, the temperature 

and ultraviolet exposure of the calibration object should be as near as 

possible to those of the clouds to be investigated. It would be desirable 

to extend the calibration to visually opaque clouds by measuring the ex

tinction at, say, 2 ~m and applying the known relationship of 2 ~m to 

visual extinction. 

In choosing a frequency at which to measure and apply the calibration 

one seeks to minimize the dependence of flux density on temperature by 

minimizing hv/kT. To good approximation maps made at A ~ 350 ~m follow 

the distribution in column density. Hot regions in large molecular clouds 

generally have relatively low mass and have little influence on submilli-

metre emission. For example, a map of the SgrA molecular cloud at 

540 ~m shows no maximum at the position of the galactic center (Hildebrand 

et a1. 1978). 

The column density mapped by the submillimetre flux density is, of course, 

the dU6t column density. Whether the ratio of gas to dust is in fact constant, 

as implied by the calibration procedure, is a matter to be explored by very 

careful comparisons from cloud to cloud and point to point of thermal emission 

and molecular line emission taking into account all the factors other than 

gas column density which may influence the intensity of the observed l ines 

(Frerking, Langer, and Wilson 1982). 
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4 DIELECTRIC CONSTANTS 

It is eviden t (equation 5) t hat a determination of a and Q imposes a 

constraint on the mean value of the i maginary part of the exp ression 

[ E(v)-1]/[ E(v)+2] where E(V) is the comp l ex di elect r ic constant. 

If the extinction curve is known over a suffic i ent range of wave-

lengths, one may also determine the value of [ E(0)- 1]/[E(0)+2] where 

E(O) is the stati c dielectric constant. Pu rcell (1969) has shown that 

the static electric susceptibility XI(O) of a cloud thinly populated by 

grains is given by 

XI(O) - (2/ lT ) o/X> [ x" (v)/v] dv (11 ) 

where X"(V), the i maginary part of the susceptibility, is related to the 

total cross section by 

Here, n = number of grains per unit volume, at = total cross section, 

and Q t = extinction efficiency (= emissivity, Q, at long wavelengths). ex 

For spherical grains 

Xl (0) 3 na [E(0)-1]/[ E(0)+2) (12} 

Combining these expressions we have 

( 13) 

(See Aanestad and Purcell 1973.) 
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The roodif;cat;on of(12) for nonspherical grains (Purcell 1969) is 

significant only if E( O) is found to be much larger than the values 

(~ 4) for typical insulating materials and if the grains are very far 

from spherical (ratio of axes ~4 or ~1/4). 

The evaluation of the integral is nmv limited primarily by the 

uncertainty in Qext(v) at infrared and submillimetre wavelengths. 
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5 EMISSIVITY 

In the preceding di s cussion we have emphasi zed th e i mp o~tance of 

the emissivity, Q( v), in estimatin g dust ma ss es of clouds and dielectric 

characteristics of dust grains. We now review the princ i ple s involved 

in measurin g Q( v) at long wavel engths. 

For (UV) wavelengths comparable to grain radi i, the absorption cross 

section, 0abs' of a grain is nearly equal to the geomet r i cal cross section, 
2 0geom = na , and, by Babinet's principle, the scatte r ing cross section, 

0scat' must also be nearly equal to 0geom' Hence fo r these wavelengths 

the total cross section, 

becomes 

[A resonance near 0.2 ~m increases 0tot(UV) to ",3 ° ]. geom . 
For wavelengths much greater than grain radi i , 

° t -+- O and sca 

( 14) 

( 15) 

(16) 

If one divides these expres s ions through by 0geom' one obtai ns the 

corresponding expressions for the extinction, scattering, and absorption 

efficiencies: 

and 

Qext = Qscat + Q~bs' ( 17) 

Qext(UV) ~ 2 (or sorrewhat more) ( A ~ a) (1 8) 

20 
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where, by Kirchhoff's law, Qabs (IR) = emissivity, Q( v). 

The determination of Q( v) it t A » a consists in measuring the 

ratio Q( v)/Qext(UV), and multiplying by the known value of Qext(UV). 

The measurement of this ratio, d S discussed in detail by Whitcomb 

et al. (1981), can be carried out by two methods. Briefl y th ey are as 

fo 11 ows: In the first, one finis Q( v)/Q t(UV) fro m the equivalent ratio ex 

of optical depths T(IR)/T(UV). The long wavelength optical depth, T(I R), 

is the ratio « < 1) of the observed brightness of a (thin) cloud to the 

brightness of a blackbouY of the same temperature (equation 8). The UV optical 

depth is obta i ned by measuring the visual or nea r IR extinction of backg round 

stars. In the second method, one carries out an energy balance for grains 

in a reflection nebula heated by a UV-emitting star of known spectral 

type. The energy absorted fromthe UV flux of the star is set equal to 

the observed thennal emission. If one assumes that the star-to- grain dis ~ 

tance is equal to the projected distance and neglects UV absorption between 

the star and the grain one obtains an upper l imit to the energy absorbed and 

hence a lower limit to Q( v). 

In carrying out the energy balance one must use a value for the frac-

tion of the incident UV energy absorbed by the grain. We have implicitely 

taken that fraction, Qabs(UV)/Qext(UV)(to be 1/2 i n equation 18. Hh it comb 

has noticed that the UV and IR observations of a reflection nebula can be 

combined to give a measure of the albedo, y = Qscat/Qext,and hence of 

(1 - y) = Qabs/Qext. The probability, P, that a UV photon from an imbedded 

star will escape from a cloud is just the ratio of the UV luminosity to the 

tota 1 1 umi nos ity , 
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P = L(UV)/[L(UV) + L(IR)] . (20) 

But P is also given by 

P <m> 
= y (21) 

where <m> is the mean nu~ber of times a photon is scattered before it 

escapes. If the mean scattering angle is small, as indicated by the obser

vations of Lillie and Witt (1976), then <m> ~ T . Usin~ the measured 

values of P (equation 20) and T (equation 8), one obtains a value of y 

(0.36) in good a~reement with that obtained from observations of the dif

fuse galactic light (0.40; Lillie and Witt 1976). 

In measuring an "average" Q( v), values for individual grains are 

weighted according to size as discussed in section 2.2. The problem of 

determining Q( v ) in mixtures of grains is discussed in section 2.5. 
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6 GRAIN COMPOSITION: POLARIZATION OF EMITTED RADIATION 

We have thus far considered only average properties of grains. We 

have discussed individual grain species only to the extent of arguing 

that the mix of species is not important with regard to determinations 

of dust volume. With regard to the evolution of the interstellar medium, 

however, the question is fundamental. 

Models of dust grain composition are based largely on examination of 

the extinction curve and on indirect evidence from studies of the chemical 

composition of interstellar gas as discussed, for example, by Field (1973). 

In the model of Mathis, Rumpl, and Nordsieck (1977), graphite grains, sug

gested by an absorption feature at 0.22 ~ m (Hoyle and Wickramasinghe, 1962), 

and silicate grains, suggested by a feature at 10 ~ m (Gillett, Low, and 

Stein, 1968; Woolf and Ney, 1969; Gillman, 1969), are present in approximately 

equal numbers and account for essentially the entire grain population. If 

that model is correct) then the graphite grains will be at a higher temper

ature than the silicate grains since graphite is a better ultraviolet and 

visible absorber and a poorer far-IR and submillimetre emitter (Mezger, 

Mathis, and Panagia, 1982). Consequently the flux on the short wavelength 

side of the composite emission peak should be mostly from graphite and the 

flux on the long wavelength side should be mostly f rom silicates. 

The separation in temperature provided by the difference in the emis

siviities of the grains provides an opportunity to test the model by examining 

another distinguishing characteristic, the polarization properties. The 

0.22 ~m feature (graphite?) shows no enhanced polarization (Gehrels, 1974). 
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The vicinity of the 10 ~m feature (silicates?) shows strong polarization 

in some objects, probably due to grain alignment (Dyck and Beichman 1974). 

One should therefore expect to find stronger polarization on the long 

wavelength side of the emission peak than on the short wavelength side 

if the graphite- s ilicate model is correct. The polarization should be 

nomal to that at 10 ~m if it i s correct that the 10 ~ m polarization is 

due to selective absoprtion by aligned grains. 

For other models one would expect qualitatively different results. 

If, for example, the carbon is amorphous rather than crystalline as pro-

posed by Draine (1981) and by Czyzak, Hirth and Tabak (1982), then the 

carbon emissivity at A ~ 100 ~m would be higher t han that of silicates. 

An amorphous carbon-silicate mixture would therefore exhibit stronger 

polarization on the short wavelength side of the emission peak. 

The results of the Cornell group (Gull et Al., 1980) and the 

University College, London group (Cudlip ~~., 1982) in their infra-

red polarimetry of Orion are consistent with the interpretation that 

the short wavelength side of the spectrum is dominated by emission 

from grains of low magnetic susceptibility (e.g., graphite) . The 

polarization reported by Cudlip et ~. (1982) at Aeff = 77 ~m is 

2.2 ± 0.4 percent, nearly orthogonal to the polarization in the near-

infrared. The question to be resolved ;s whether the polarization at 

A » 100 ~m is larger or smaller than this value. 

It has long been recognized that clouds containing aligned grains 

should emit polariz e ~ radiation (e.g., Stein, 1966). It is now possi-

ble that submillimetre polarimetry could become a practical technique 

for investigation of grain characteristics. 
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7 NUMERICAL VALUES OF SlJBMILLIMETRE EMISSION PARAMETERS 

In Table 1 we present numerical values for the quantities which 

enter into estimates of dust mass, cloud mass, and grain characteristics 

as derived from submillimetre emi ssion. To avoid any implication of final

ity, our values are labeled '11983 Chicago assumptions. " There is no basis 

for assigning statistical errors. Instead, we give a range of values 

consistent with various assumptions and measurements. We do not attempt 

to evaluate the inaccuracy in the implicit assumption that values for 

one cloud can be applied to another. 

Nowhere have we assumed a value for the ratio, Mg/Md' of gas mass to 

dust mass. The value one would infer from the coefficients given in the 

last two lines of the table (10/0.1 = 100) is subject to the large errors 

claimed for those coefficients. 

An important goal of this paper is to encourage improved measurements 

of the quantities presented in the table. 
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APPENDIX 

Ave.Jtgae. e,Jto j e.c;tion 06 a e.o nve.x obj e.c.:t 0 n-to a p-f.a..ne.. 

S. Chandrasekhar and R. G. Sachs have called my attention to a 

theorem by K. Schwarzchild which states that the average shadow of a 

convex body is just one quarter of the total surface area. 

The theorem was re-discovered by M. Schwarzschild during World War II 

while he was working with Chandrasekhar and Sachs at the army ballistics 

laboratory in Aberdeen, Maryland. Subsequently, Schwarzschild learned 

from G. Birkhoff of his father's earlier work (M. Schwarzschild, private 

cormlUnication). Sachs recalls that A. Wintner was the first to recognize that 

the theorem was a re-discovery. I have been unable, even ... Iith the help 

of these distinguished colleagues, to find the original publication. It 

can doubtless be found somewhere in the Goettingen Archives where Martin 

Schwarzschild has sent his father's papers. 

The theorem i ~ easy to prove when one knows that there is a simple 

answer. I offer the fo 11 owi ng: 

Divide the convex surface into n elements with n/2 exposed, on the 

average, to the observer. Let ai = outward vector representing the ith element, 

and r = unit vector toward the observer. 
-+ ~ 

Then ai·r = projection of the ith element on the sky. 

The average val ue of that projection for all directions of a. in the 
1 

hemisphere faCing the observer, i.e. for all rotations of the grain for 

which the ith element is viSible, is just a
i
/2*. Hence the mean projected 
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area, G , of the (average) n/2 vi s ible e lements ; s 

n/2 
G = L 

i =1 

or 

n 
a . /2 

1 
(1/4) L a

i i = 1 

G = A/4 

where A = total s urface area . 

* I n
/
2 a. cos e (2 nsin e) de/ I n

/
2 (2nsine ) de = a./2. o 1 0 1 
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Factor 

(3 

p 

a 

Q(UV) 
N 
~ 

Q(UV) 
°125 

°250 

Table I 

S u.b mLelime.tJr..e. Err0.>.6 -<.0 n. F ac..toJt.6 

index glvlng fre
quency dependence of ° 
[F(v)a:v(3B( v,T)] 

dens i ty of grai n 
materi a 1 

ave. grain radius 3 weighted by n(a)a 

grain emissivity at 
0.15 flm to 0.30 flm 

ratio of Q(UV) to grain 
emissivity at 125 jlm 

Sect. or 
eqn. in text 

§2 

§2.2 

§5 

§5 

grain emissivity at 250 jlm 
(assuming (3 = 1) 

1983 Chicago 
assumptions 

1 for 50 jlm <A< 250 flm 

2 for - A> 250 flm 

3 gm/cm 3 

0.1 ~m 

3 

4000 

(125/250) 1(3/4000) 
= 1/2666 

CONT)NUE..D :::>~ t-..JE><T PACE.. 

Range of values; 
comments 

'\.1 at 100 jlm to 
> 2 at 1000 flm 

amorphous 
graphi te 
ens tatite 
SiC 
01 i vi ne 
magnetite 

C: 1.9 
2.25 
3.1 
3.2 
3.2-3.4 
5.0 

Ref. 

a 

0.25 flm-O.Ol flm b 
+smaller sizes c 

2.5-3.5 d 

> 700 e 
1250 f 
700-2500 if (3 = 2* g 
2000-5000 if (3 = 1 * g 
* at A > 50 jlm 



w 
0 

-- --- ---~ --

N(H+H 2) ratio of hydrogen eqn. 9 25 2 1.2xlO atoms/em 
column dens. to opt. at 400 2m TA depth at wavelength A (1.2xlO 5)(250/400)2 

atoms/cm2 at 250 jJm 

C250 coeff. for estimates eqn. 10 10 gm/cm 2 

of cloud mass (&50 jJ m) 
[C =C250 ( A/250) ] 

(4/3) a p coeff. for estimates eqn. 4 0.1 gm/cm 2 

Q250 of dust mass (250 jJm) 
[Q =Q250(250/ A) BJ 

a. Schwartz 1982; Eri ckson ~~. 1981 

b. 

c. 

Mathis, Rumpl, and Nordsieck 1977; Mathis and Wallenhorst 1981 

L i 11 i e an d Wit t 1 976 

d. Aanestad 1975 

e. Keene 1981 

24 7-26xlO atoms/em 2 h 
at 400 jJm; 
depends on S 

value probably good 
within a factor 2 

value probably good j 
wi thi n a factor 3 or 
4 for measured cloud 
(NGC 7023) 

f. 

g. 

Harvey, Thronson, and Gatley (1980): 

Whitcomb, Gatley, Hildebrand, Keene, 

Keene, Hildebrand and Whitcomb 1982 

result converted to correspond to 125 jJm figure of Whitcomb et ~. (1981) 

Sellgren, and Werner 1981 

h. 

i. 

J. 

Derived from expression for N(H+H 2)250; cf. equations 10 and 11 

From assumed values of a, p and Q250' 
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