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INTRODUCTION 

Advances i n  computa t iona l  techniques  and computers i n  t h e  past few yea r s  make i t  
p r a c t i c a l  t o  compute t h e  s t e a d y  i n v i s c i d  flow f i e l d  abou t  complex three-d imens iona l  
bodies ,  such as t h e  Space S h u t t l e  o r b i t e r  or o t h e r  advanced e n t r y  v e h i c l e s ,  i n  t h e i r  
a c t u a l  supe r son ic  o r  hypersonic  f l i g h t  environment. The i n v i s c i d  flow f i e l d  p rov ides  
s u r f a c e  p r e s s u r e s ,  which can be  i n t e g r a t e d  t o  o b t a i n  aerodynamic loads ,  and o t h e r  
flow p r o p e r t i e s  which are requ i r ed  t o  c a l c u l a t e  s u r f a c e  h e a t i n g  ra tes  ( r e f .  1 )  needed 
t o  d e f i n e  t h e  thermal environment. 

These v e h i c l e s  e n t e r  t h e  atmosphere a t  r e l a t i v e l y  l a r g e  a n g l e s  of a t t a c k  which 
w i l l  l e ad  t o  one of two classes of problems. (See f i g .  1 . )  I f  t h e  ang le  of a t t a c k  
i s  moderate (25O t o  35’ f o r  S h u t t l e - l i k e  veh ic l e s )  , t h e  subson ic  p o r t i o n  of t h e  flow 
f i e l d  is g e n e r a l l y  conf ined  t o  t h e  v e h i c l e  nose. S e v e r a l  papers  ( r e f s .  2 t o  5)  have 
p resen ted  time-asymptotic methods of e f f i c i e n t l y  s o l v i n g  t h e  three-d imens iona l  i n v i s -  
c i d  flow over  blunt-nosed bodies  a t  moderate ang le  of a t t a c k  where t h e  subsonic  
region is r z l a t i v e l y  small. *.ese s ~ l u t i c n s  p r ~ v i d e  a fiats c:rfacei irnwnstream nf 
t h e  subsonic  r eg ion ,  on which t h e  l o c a l  flow v e l o c i t y  i s  supe r son ic .  Seve ra l  pape r s  
( r e f s .  6 t o  9)  have p resen ted  methods f o r  cont inuing  t h e  s o l u t i o n  downstream i n  t h e  
supe r son ic  r eg ion  by us ing  spa t ia l  marching techniques .  S ince  t h e s e  techniques  use  
spa t i a l  marching, they  r e q u i r e  r e l a t i v e l y  low computer s t o r a g e .  These methods have 
been shown t o  provide  good r e s u l t s  un le s s  a d d i t i o n a l  embedded pockets  of subson ic  
flow are encountered ( such  as near  t h e  lead ing  edge of wings) where t h e  s p a t i a l  
marching techniques  break down. 

When t h e  ang le  of a t t a c k  i s  l a r g e  ( g r e a t e r  than  35’1, t h e  subsonic  r eg ion  i s  no 
longer  conf ined  t o  t h e  nose b u t  ex tends  much f a r t h e r  downstream and can envelop  much 
of  t h e  lower su r face .  (See  f i g .  1 .) Since t h e  e n t i r e  subsonic  r e g i o n  must be com- 
puted s imul taneous ly ,  t h e  time-asymptotic po r t ion  of t h e  s o l u t i o n  w i l l  r e q u i r e  many 
more g r i d  p o i n t s  than  r e q u i r e d  f o r  t h e  moderate angle-of -a t tack  case d i scussed  pre- 
v ious ly .  Therefore ,  codes must be s t r u c t u r e d  f o r  computers t h a t  have t h e  s t o r a g e  and 
computa t iona l  speed r e q u i r e d  t o  so lve  t h i s  type of problem (which may r e q u i r e  90 000 
o r  more g r i d  p o i n t s ) .  Thus, e x i s t i i i g  time-asyriptotic methods ( r e f s .  2 t o  5!, e i t h e r  
because they  are cons t ruc t ed  f o r  s c a l a r  computation or because of t h e  c o o r d i n a t e  
system used i n  t h e  code, are n o t  s u i t e d  t o  so lve  t h e  flow over complete v e h i c l e s  w i th  
complex three-dimensional geometries a t  high ang le  of a t t a c k .  In  r e f e r e n c e  IO, it  i s  
shown t h a t  a vec tor -process ing  computer i s  i d e a l l y  s u i t e d  f o r  s o l v i n g  t h i s  type  of  
l a r g e  f low- f i e ld  problem. 

The p r e s e n t  paper p r e s e n t s  a time-asymptotic method t h a t  is be ing  developed f o r  
t h e  CDC@ CYBER 203 vec tor -process ing  computer which w i l l  be able t o  s o l v e  t h e  f low 
ove r  complex three-dimensional bodies  ( S h u t t l e - l i k e  geometr ies  a t  l a r g e  a n g l e  of 
a t t a c k )  where l a r g e  embedded subsonic  regions occur .  Resu l t s  are p resen ted  i n  t h i s  
paper  which demonstrate t h e  c a p a b i l i t y  of the code HALIS (High Alpha I n v i s c i d  
- S o l u t i o n )  t o  compute t h e  flow f i e l d  over the Space S h u t t l e o r b i t e r  a t l a r g e  a n g l e s  of  
a t t a c k .  Add i t iona l  a p p l i c a t i o n s  of t he  H A L I S  code may be found i n  r e f e r e n c e  11 f o r  
comparisons wi th  S h u t t l e  t unne l  d a t a  and r e fe rence  1 2  f o r  comparison wi th  S h u t t l e  
f l i g h t  d a t a .  The components of t h e  mler equat ions  as w e l l  as t h e  development of t h e  
transformed equa t ions  i n  both  t h e  s p h e r i c a l  and c y l i n d r i c a l  c o o r d i n a t e  systems a re  
p r e s e n t e d  i n  appendix A.  The Euler equations i n  t h e  s p h e r i c a l  c o o r d i n a t e  system 
a long  the r a y  8 = n are given i n  appendix B. A s t a b i l i t y  a n a l y s i s  i s  p resen ted  i n  



appendix C by M. J. Hamilton. The method f o r  determining t h e  shock v e l o c i t y  and 
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f l o w  p r o p e r t i e s  a t  t h e  shock wave i s  o u t l i n e d  i n  appendix D. 

SYMBOLS 

N 

l o c a l  speed of sound, a/um 

pressure c o e f f i c i e n t  

t o t a l  energy, :/urn' 

i n t e r n a l  energy,  e/um 

dummy v a r i a b l e  used i n  g e n e r a l i z e d  d e s c r i p t i o n  of d e r i v a t i v e  forms 

t o t a l  enthalpy,  ;/Urn2 

s t a t i c  e n t h a l p y ,  ;/urn2 

t o t a l  length  of v e h i c l e ,  1290 inches  t o  hinge l i n e  

" 2  

re ference  l eng th ,  f t  

Mach number 

o u t e r  u n i t  normal t o  body 

o u t e r  u n i t  normal t o  shock 

2 N N  

pressure I P/ pmum 

gas cons tan t ,  € t 2 / s e c 2 - O R  

c y l i n d r i c a l  coord ina te ,  i n .  

s p h e r i c a l  coord ina te ,  i n .  

entropy,  S"/R 
v e c t o r  d e f i n e d  by equat ion  ( 1 1 )  

t i m e ,  :/ (L0/UmD) 

ve loc i ty ,  f t/sec 

r -ve loc i ty  component, ur/Um 

?-veloci ty  component, U , / U ~  

z -ve l o c i  t y  component , u,/u, 

e v e l o c i t y  component, ue/um 

k v e  l o c i  t y  component , u @/urn 

"4 

N 

"4 

N 

N 



N 

$-velocity component, u;dum 

V t o t a l  v e l o c i t y  v e c t o r  , V/um 
.., uz 

L. 

shock v e l o c i t y  , Vs/Um VS 

WtFtG, HrQ v e c t o r s  de f ined  i n  equa t ions  ( A 8 )  

W, FrG, H,Q v e c t o r s  de f ined  i n  equa t ions  ( A 2 )  

F , F f E , Z  ,Tj v e c t o r s  de f ined  i n  equa t ions  (R4) 

z c y l i n d r i c a l  coord ina te  

a a n g l e  of a t t a c k ,  deg 

r d i s t a n c e  between body and shock, def ined  i n  f i g u r e  7 

- - - - -  

Y r a t i o  of specific h e a t s  

E smoothing c o e f f i c i e n t  

r) t ransformed c y l i n d r i c a l  coorl i n a t e ,  equa t ions  (A91 

r) t ransformed s p h e r i c a l  coord ina te ,  equa t ions  (A31 

0 

5 t ransformed c y l i n d r i c a l  coord ina te ,  equa t ions  (A9) 

P dens  i t y  , p"/ &,, 
4) c y l i n d r i c a l  coord ina te  

4) s p h e r i c a l  coord ina te  

I?, t ransformed c y l i n d r i c a l  coord ina te ,  equa t ions  (A91 

3, t ransformed s p h e r i c a l  coord ina te ,  equa t ions  (A31 

w t ransformed s p h e r i c a l  coord ina te ,  equa t ions  (A31 

Subsc r ip t s :  

b body s u r f a c e  

max maximum 

S shock s u r f  ace 

W w a l l  s u r f a c e  

OD f ree-s tream cond i t ions  

- 

s p h e r i  ca 1 coord ina te  

- 

- 

3 



Nota t ion  ove r  symbols: 

d i m e n s  iona 1 v a r i a b l e  ,.a 

+ vector  

A u n i t  vec tor  

- s p h e r i c a l  coord ina te  system 

- 
- - I$ = n plane i n  s p h e r i c a l  coord ina te  system 

COORDINATE SYSTEMS 

The method of s o l u t i o n  presented  i n  t h i s  r e p o r t  r e q u i r e s  t h a t  t h e  o u t e r  boundary 
of t h e  s o l u t i o n  space correspond t o  t h e  bow shock which envelops t h e  e n t i r e  v e h i c l e  
and t h a t  t h e  inner  boundary correspond t o  t h e  v e h i c l e  s u r f a c e .  Also, it i s  r e q u i r e d  
t h a t  a l l  coord ina te  l i n e s  ex tending  between t h e  body s u r f a c e  and t h e  shock in te rsec t  
t h e  body su r face  on ly  one t i m e .  When t h e  v e h i c l e  t o  be r ep resen ted  i s  a s h o r t  b l u n t  
body, a s p h e r i c a l  coord ina te  system n a t u r a l l y  s a t i s f i e s  t h e s e  requirements .  However, 
when t h e  body is b l u n t  and many nose r a d i i  i n  l eng th ,  t h e  use  of a s p h e r i c a l  coord i -  
n a t e  system would r e s u l t  i n  a h igh ly  skewed p h y s i c a l  g r i d .  I n  o r d e r  t o  avoid  t h i s  
problem and st i l l  s a t i s f y  t h e s e  g r i d  requirements,  t h e  p h y s i c a l  g r i d  is c o n s t r u c t e d  
by combining a s p h e r i c a l  w i th  a c y l i n d r i c a l  c o o r d i n a t e  system. 
coord ina te  system is  shown i n  f i g u r e  2. In  t h i s  r ight-hand system, t h e  s p h e r i c a l  and 
c y l i n d r i c a l  coord ina te  system are coupled a t  t h e  plane 8 = n/2, z = 0 where t h e  
two systems a r e  co inc iden t .  

Such a combined 

I n  t h e  phys ica l  domain, computations are made i n  t h e  s p h e r i c a l  system over 

and i n  t h e  c y l i n d r i c a l  system over  

A t y p i c a l  r e p r e s e n t a t i o n  of t h i s  p h y s i c a l  g r i d  system i s  shown i n  f i g u r e  3 ( a ) ,  a 
symmetry-plane view, and i n  f i g u r e  3 ( b ) ,  a cross-f low-plane view which cor responds  t o  

4 



the e x i t  p lane  of f i g u r e  3 ( a ) .  In o r d e r  t o  improve t h e  c l a r i t y  of these t w o  f i g u r e s ,  
a number of g r i d  l i n e s  have been removed. As can be seen ,  t h e  p h y s i c a l  c o o r d i n a t e  
system is  skewed and nonorthogonal.  

GEOMETRY DESCRIPTION 

The v e h i c l e  c o n f i g u r a t i o n s  used f o r  making f low- f i e ld  c a l c u l a t i o n s  wi th  t h e  
p r e s e n t  code are f i r s t  modeled with QUICK - a geometry program described i n  r e f e r -  
ence 13. This model provides  a smooth a n a l y t i c  d e s c r i p t i o n  of t h e  v e h i c l e  geometry 

b 
i n  a "local polar coord ina te  system," r 
t i v e s  over  t h e  veh ic l e .  The a p p r o p r i a t e  subrout ines  from QUICK have been inc luded  i n  
the p r e s e n t  f l ow- f i e ld  code so t h a t  t he  geometry models genera ted  by Q U I C K  can  be 
used i n  t h e  p r e s e n t  code f o r  making f low-field c a l c u l a t i o n s .  

= r b ( z ,  $1 , with  cont inuous s u r f a c e  de r iva -  

TWO ve r s ions  of t he  geometry of t h e  space S h u t t l e  orbiter (shown i n  f i g .  4)  have 
been modeled wi th  QUICK as shown i n  f i g u r e  5. The f i r s t  ( f i g .  5 ( a ) )  i s  a reasonably  
a c c u r a t e  model of t he  a c t u a l  v e h i c l e  with the canopy, v e r t i c a l  t a i l ,  and o r b i t a l  
maneuverable system (OMS) pod removed. The second ( f i g .  5 ( b ) )  has  t h e  same lower 
s u r f a c e  shape and t h e  same p r o f i l e  f o r  t h e  upper symmetry p lane  as t h e  f i r s t ,  b u t  the  
reg ion  between t h e  l ead ing  edge of t h e  s t r a k e  o r  wing and t h e  upper s y m m e t r y  p lane  
have been r ep laced  w i t h  e l l i p t i c a l  segments as shown by dashed l i n e s  i n  s e c t i o n  A-A 
of  f i g u r e  4. ?his  process  s i m p l i f i e s  the l ees ide  geometry and makes c a l c u l a t i o n s  i n  
t h i s  reg ion  easier b u t  does n o t  a f f e c t  t h e  r e s u l t s  ob ta ined  on t h e  windward s i d e  
s i n c e  t h e  cross-f low v e l o c i t y  goes supersonic  nea r  t h e  wing t i p .  Since t h e  flow i n  
the  lower p a r t  of t he  shock l a y e r  on t h e  l ee s ide  of a v e h i c l e  a t  l a r g e  ang le  of  
a t t a c k  is  v iscous  dominated ( re f .  14) and cannot be a c c u r a t e l y  modeled wi th  the 
i n v i s c i d  equa t ions  of motion, a l t e r a t i o n  of t h e  i n v i s c i d  s o l u t i o n  on the  leeside (due 
t o  t h e  mod i f i ca t ion  of t h e  l e e s i d e  geomet ry )  i s  of l i t t l e  consequence. 'Ihus, a l l  t h e  
r e s u l t s  f o r  t h e  f low f i e l d  over  the Space Shu t t l e  o r b i t e r  p re sen ted  i n  t h e  p r e s e n t  
paper  were ob ta ined  w i t h  t h e  modified geometry shown i n  f i g u r e  5 ( b ) .  

METHOD OF SOLUTION 

Flow- F i  e l d  Equations 

The f low f i e l d  of i n t e r e s t  i n  t h i s  paper, w i l l  c o n t a i n  one o r  more i n t e r n a l  
shock waves. S p e c i f i c a l l y ,  a cross-f low shock w i l l  be l o c a t e d  on t h e  leeside of t he  
v e h i c l e  nea r  t h e  upper symmetry p lane ,  and under c e r t a i n  c o n d i t i o n s  a s t rake /wing  
shock may appear. 'Ihese shock waves must be p rope r ly  reso lved;  t hus ,  we have chosen 
to  "capture"  t h e s e  shocks s i n c e  t h i s  technique is compatible  with the  vec tor -  
p rocess ing  c h a r a c t e r i s t i c s  of the CYBER 203 computer. Thus, i n  t h i s  paper, t h e  t i m e -  
dependent,  three-dimensional ,  compressible Euler equa t ions  are i n t e g r a t e d  i n  t h e  weak 
conse rva t ion  form. These equat ions  can be w r i t t e n  i n  t h e  g e n e r a l  form i n  t h e  spher-  
ical  coord ina te  system as 

- -  where t h e  v e c t o r s  E, F, G, and a r ep resen t  t h e  u s u a l  conserved q u a n t i t i e s  i n  the  
s p h e r i c a l  c o o r d i n a t e  system and the vec to r  0 c o n t a i n s  a l l  t h e  t e r m s  that  arise from 

5 



t h e  use  of a non-Cartesian coord ina te  system. In appendix A, t h e  form of t h e s e  vec- 
tors i s  given f o r  s p h e r i c a l  c o o r d i n a t e s  i n  e q u a t i o n s  ( A 2 ) .  Likewise, t h e  e q u a t i o n s  
can be w r i t t e n  i n  t h e  c y l i n d r i c a l  c o o r d i n a t e  system as 

where t h e  vectors  W,  F, H, GI and Q are given i n  e q u a t i o n s  ( A 8 ) .  

The flow equat ions (eqs. ( 3 )  and ( 4 ) )  are transformed from t h e  p h y s i c a l  domain 
t o  separate computational cubes , one corresponding t o  each coord ina te  system, by the 
fol lowing equat ions which a l l o w  t h e  d e s c r i p t i o n  of a g e n e r a l  body i n  terms of i t s  
r a d i u s .  For the s p h e r i c a l  system, 

n =  

- 5 + lt/2 
4 =  A 

and f o r  t h e  c y l i n d r i c a l  system, 

Z 5 =- 
ma x Z 

Details of t h e  t ransformation are o u t l i n e d  i n  appendix A .  Although t h e  p h y s i c a l  
domain is transformed t o  a computat ional  domain, t h e  v e l o c i t y  components are n o t  
t ransformed,  and they r e t a i n  t h e  same magnitude and d i r e c t i o n  i n  t h e  computat ional  
mesh as they d i d  i n  t h e  p h y s i c a l  g r i d .  I n  t h i s  paper, a l l  computations are made by 
u s i n g  e q u a l l y  spaced meshes. 

6 



Numerical Procedure 

The computa t iona l  d a t a  base i s  arranged as shown i n  f i g u r e  6. The d a t a  base i s  
ar ranged  i n  an  i n t e r l e a v e d  manner ( r e f .  1 5 ) .  I n t e r l e a v i n g ,  t h e  s e q u e n t i a l  s t o r a g e  of 
t h e  data base  a s s o c i a t e d  wi th  each computational p l ane ,  a l lows  t h e  e f f i c i e n t  u se  of  
t h e  v i r t u a l  memory system of t h e  computer should t h e  s i z e  of t h e  code e v e r  exceed t h e  
a v a i l a b l e  c e n t r a l  memory. 

I n t e r i o r  g r i d  points . -  The fo l lowing  d i scuss ion  a p p l i e s  t o  a l l  i n t e r i o r  p o i n t s  
i n  t h e  computa t iona l  space  excep t  f o r  those l y i n g  i n  t h e  p l ane  
t r e a t e d  i n  a separate s e c t i o n .  The governing e q u a t i o n s  (eqs. (A61 ( s p h e r i c a l )  and 
( A 1 2 1  ( c y l i n d r i c a l ) )  are i n t e g r a t e d  i n  time wi th  an  u n s p l i t  MacCormack d i f f e r e n c i n g  
scheme ( r e f .  16) .  In  t h e  p r e d i c t o r  s t e p ,  t h e  plane-by-plane i n t e g r a t i o n  i s  carried 

wi th  forward d i f f e r e n c e s  i n  each  o u t  from t h e  p l ane  8 = 5c t o  t h e  p lane  z = z 
d i r e c t i o n .  (See f i g .  6 . )  

8 = n, which w i l l  be 

max 

The p l ane  where t h e  two coord ina te  sys tems are c o i n c i d e n t  i s  t r e a t e d  as p a r t  of 
t h e  s p h e r i c a l  system when i n t e g r a t i n g  the  governing equa t ions .  To c o n s t r u c t  t h e  f o r -  
ward streamwise d e r i v a t i v e s  i n  t h e  p r e d i c t o r  s t e p  a t  t h e  p l ane  r e q u i r e s  t h a t  a p l a n e  
of d a t a  be e s t a b l i s h e d  a t  
o b t a i n e d  by i n t e r p o l a t i o n  from t h e  p l anes  of d a t a  i n  t h e  c y l i n d r i c a l  system immedi- 
a t e l y  downstream of t h e  p lane  z = 0. The thermodynamic p r o p e r t i e s  t r a n s f e r  d i r e c t l y  
from one c o o r d i n a t e  system t o  t h e  next;  however, t h e  i n t e r p o l a t e d  v e l o c i t y  components 
i n  t h e  c y l i n d r i c a l  system must be mapped back t o  t h e  a p p r o p r i a t e  v e l o c i t y  components 
i n  t h e  s p h e r i c a l  system. 

0 = 3 - A &  This temporary p l ane  of in format ion  i s  

To p rese rve  the i n t e r l e a v i n g  concept ,  the  c o r r e c t o r  s t e p  i s  begun i n  t h e  p l ane  
and sweeps back t o  t h e  p lane  8 = n by u s i n g  backward d i f f e r e n c e s .  S ince  = 'max 

backward d i f f e r e n c e s  are used, no i n t e r p o l a t i o n  is needed when computing a t  t h e  p l ane  
8 = 4 2  i n  the s p h e r i c a l  system. Also, backward d e r i v a t i v e s  f o r  use  i n  the  f i r s t  
computed p l a n e  i n  c y l i n d r i c a l  system can be c o n s t r u c t e d  d i r e c t l y  from informat ion  i n  
the p lane  8 = 5c/2 s i n c e  it i s  part of both coord ina te  systems. This c o n s t r u c t i o n  
must t a k e  i n t o  account  t h a t  i n  t h e  plane 0 = 7d2, 

e u = -u z 

Dif fe renc ing  a t  boundaries.- The governing equa t ions  must be i n t e g r a t e d  a t  both  
the v e h i c l e  s u r f a c e  and t h e  b o w  shock. To p rese rve  t h e  second-order s p a t i a l  accuracy  
of  t h e  q d e r i v a t i v e s  a t  t h e s e  boundaries ,  t h e  method of  Abbet t  ( r e f .  17)  i s  f o l -  
lowed and t h e s e  d e r i v a t i v e s  i n  t h e  s p h e r i c a l  system are de f ined  i n  t h e  p r e d i c t o r  s t e p  
as 

1 "I aq  w = -(fw+l A? 
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and i n  t h e  c o r r e c t o r  s t e p  as 

a€ 1 
=--$-2f W + 3f w+ 1 - f w + 2 )  

S i m i l a r  equat ions  are used i n  t h e  c y l i n d r i c a l  system by r e p l a c i n g  7 wi th  q. AS 
shown by Abbett ,  the n e t  e f f e c t  of us ing  t h e s e  d e r i v a t i v e s  i n  t h e  MacCormack d i f f e r -  
encing scheme is  to  have app l i ed  a second-order accurate, th ree -po in t  backward d i f -  
f e r e n c e  a t  t h e  boundary. 

shock d e r i v a t i v e s  .- Der iva t ives  on t h e  shock s u r f a c e  are necessary  t o  update  t h e  
p h y s i c a l  g r i d  and t o  determine post-shock p r o p e r t i e s .  When e v a l u a t i n g  t h e  streamwise 
shock d e r i v a t i v e s  aF / a0  and ar, /az,  it is necessary  t o  use  noncentered four -poin t  
d e r i v a t i v e s  of the form 

S 

+ 3fi + 2fi+l  1 

t o  p reven t  downstream d i s t u r b a n c e s  from moving upstream a long  t h e  shock and caus ing  
o s c i l l a t i o n s  i n  the shock about  t h e  s t a g n a t i o n  p o i n t .  
t h ree -po in t  backward d i f f e r e n c e  d e r i v a t i v e  i s  used f o r  a rs /az .  In  t h e  p lane  0 = 71, 

which a t  t h e  shock is r e a l l y  a p o i n t  and n o t  a s u r f a c e ,  best r e s u l t s  are ob ta ined  
when a cen te red  two-point d e r i v a t i v e  i s  used f o r  Formulation of t h e  stream- 
w i s e  shock d e r i v a t i v e s  by us ing  noncentered four -poin t  d e r i v a t i v e s  about  t h e  j u n c t u r e  
of the  t w o  coord ina te  systems r e q u i r e s  t h a t  i n t e r p o l a t e d  va lues  of t he  shock p o s i t i o n  
be determined i n  both coord ina te  systems f o r  both t h e  p r e d i c t o r  and c o r r e c t o r  s t e p s .  

A t  the  outf low boundary a 

aFs/aO. 

In  the  cross-flow p lanes ,  aFs/a? and a r  /a$  are approximated by two-point 
S 

c e n t e r e d  d e r i v a t i v e s .  

P lane  0 = R.- The governing equa t ions  i n  t h e  s p h e r i c a l  coord ina te  system 
(eq. (AI)) are s i n g u l a r  a t  0 = n. In appendix B, a reduced se t  of equa t ions ,  v a l i d  
a t  0 = TC, are developed. 'Ihe d e s i r e  is t o  i n t e g r a t e  t h e s e  equa t ions  i n  a manner 
t h a t  is  c o n s i s t e n t  with the  i n t e g r a t i o n  scheme, t h a t  i s ,  u n s p l i t  MacCormack scheme, 
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used i n  t h e  rest of t h e  symmetry plane.  (See appendix B.) The equat ion  to  be 
i n t e g r a t e d  is equat ion  (B6) , which i s  r e s t a t e d  below i n  the  computat ional  
c o o r d i n a t e s  : 

The i n t e g r a t i o n  of equat ion  (8) r equ i r e s  in fo rma t ion  from the f i r s t  two d a t a  
p lanes  shown i n  f i g u r e  6. These two p lanes  a r e  shown i n  g r e a t e r  d e t a i l  i n  t h e  f o l -  
lowing ske tch :  

I n  appendix BI the number of equat ions  r ep resen ted  by equa t ion  (8)  w a s  reduced 
from f i v e  to  f o u r  ( a t  8 = n) by r e s t r i c t i n g  t h e  i n t e g r a t i o n  of equat ion  (8) t o  
p o i n t s  i n  t h e  symmetry plane.  To f u r t h e r  s impl i fy  t h e  i n t e g r a t i o n ,  computations are 
done i n  t h e  windward symmetry p lane ,  Q = -n/2. In equa t ion  (81, t he  i n t e g r a t i o n  
wi th  r e s p e c t  t o  t i s  i d e n t i c a l  t o  t h a t  used i n  t h e  rest of t h e  flow f i e l d .  In the 
p r e d i c t o r  step, the  d e r i v a t i v e  is taken t o  be 

- 

1 
AU 
- 

and i n  t h e  c o r r e c t o r  s t e p ,  t h e  d e r i v a t i v e  @/am is  approximated by 

c 1 

When forming t h e  q u a n t i t i e s  G , the change i n  s i g n  of ue must be 

taken  i n t o  account  when going from Q = -n/2 to Q = n/2. (See eq. (B2a)  .) 
- - 
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The formation of t h e  second d e r i v a t i v e s  i n  equa t ion  (8) can be s i m p l i f i e d  by - 
examining t h e  behavior o f -de r iva t ives  with r e s p e c t  t o  
F i r s t  t a k e  wi th  s = fu- so t h a t  

Q i n  t h e  p h y s i c a l  p lane .  

Q 

In  t h e  d e f i n i t i o n  of u- on 8 = x (eq. ( B 2 b ) ) ,  Q 

o r  

- 
af - u  f + u - -  a5 

a? e -  l4F-x/2 
- -  

a? 

- - 
Now S (eq. (B4d)) can be w r i t t e n  as 

- - - 
s = u - T  

I$ 

where 
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- - 
The s u b s t i t s t i o n  of T for  the dummy funct ion  f i n  equa t ion  (101, a long  wi th  t h e  
f ac t  t h a t  !? i s  a n  even f u n c t i o n  about  the symmetry plane,  l e a d s  t o  t h e  expres s ion  

From equa t ions  ( A 4 ) ,  

- 
and it has been e s t a b l i s h e d  t h a t  &I = 0 on 8 = n; t hus ,  

35 

This a l l o w s  u s  t o  w r i t e  t h e  t e r m  

found i n  equa t ion  (8) as 

- 
Thus, t h e  d i f f e r e n t i a t i o n  can  be handled t h e  same as f o r  t h e  o t h e r  q d e r i v a t i v e s .  
In  a similar manner, i n  t h e  p r e d i c t o r  s t e p ,  

1 1  



l and i n  t h e  c o r r e c t o r  s t e p ,  

I 

+ h A A 

Vb = u- e- + u- e- + u 
r , b  r g,b g e,bee 

( 1  2b) 

Again, care must be  taken  t o  p rope r ly  account  f o r  t h e  change i n  s i g n  of u i n  t h e  
symmetry p l ane  4 = n/2. 

- e 

The w a l l  boundary cond i t ions ,  i n  t h e  p lane  8 = x are handled as i n  t h e  rest of 
t h e  f l o w  f ie ld .  Procedures f o r  computations on the shock boundary are the  same as 
those  used i n  the  rest of the  f i e l d  a l though some terms i n  t h e  equa t ions  must be 
a l t e r e d  because of the coord ina te  s i n g u l a r i t y .  These changes are inc luded  i n  t h e  
d i scuss ion  of t h e  shock computations i n  appendix D. 

Boundary Condit ions 

W a l l  boundary.- For i n v i s c i d  flow, the w a l l  boundary c o n d i t i o n  r e q u i r e s  t h a t  t h e  
v e l o c i t y  component normal t o  t h e  w a l l  be z e r o  and t h a t  t h e  s u r f a c e  en t ropy  be con- 
s t a n t  a t  the post-normal-shock cond i t ion .  In  a d d i t i o n ,  i n  t h e  s t e a d y  state,  the 
t o t a l  en tha lpy  a t  every  p o i n t  i n  t h e  flow f i e l d  must be a cons t an t .  

The fol lowing procedure i s  used t o  s a t i s f y  t h e s e  boundary cond i t ions .  The con- 
t i n u i t y  and momentum equa t ions  are i n t e g r a t e d  a long  t h e  su r face .  The computed w a l l  
d e n s i t y  and t h e  cons t an t  w a l l  en t ropy  cond i t ion  are used to  determine t h e  i n t e r n a l  
energy and t h e  pressure  a t  t h e  su r face .  Since,  i n  g e n e r a l ,  t h e  p h y s i c a l  g r i d  is  no t  
normal t o  the  body s u r f a c e  nor t h e  cross-f low and a x i a l  components of the v e l o c i t y  
t a n g e n t  t o  t h e  body su r f  ace, t h e  su r f  ace v e l o c i t y  boundary cond i t ion  becomes 
$b Ab = 0, where i n  the  s p h e r i c a l  system, 

(1 3)  

is the  t o t a l  v e l o c i t y  v e c t o r  a t  t h e  s u r f a c e  and 
w a l l .  In  genera l ,  t h e  v e l o c i t y  vec to r  
i n t e g r a t i n g - t h e  momentum equa t ions  a t  t h e  w a l l  does  n o t  s a t i s f y  t h e  tangency condi- 

sb i s  t h e  Outer Un i t  normal a t  t h e  
formed from t h e  v e l o c i t i e s  determined by 

= 0 and l ies o u t s i d e  the  s u r f a c e  t a n g e n t  p lane .  To c o r r e c t  t h e  t o t a l  

s imilar  t o  t h a t  ou t l i ned  by Kut le r  (ref. 1 8 )  for  use  i n  a three-dimensional  marching 
code i s  used. 
assumed t o  be co r rec t ,  and a se t  of s u r f a c e  v e l o c i t i e s  are sought  which are con- 
s i s t e n t  w i th  those thermodynamic p r o p e r t i e s  and t h e  s p e c i f i e d  w a l l  v e l o c i t y  condi- 
t i o n .  Although the r e s u l t i n g  w a l l  p r o p e r t i e s  are i n c o n s i s t e n t  a t  any i n s t a n t  i n  

'b 

v e l o c i t y  tion 3b vec i o r  a t  t h e  w a l l  so t h a t  it l ies  i n  t h e  s u r f a c e  tangency p lane ,  a scheme 

Unlike Ku t l e r ,  t h e  computed thermodynamic p r o p e r t i e s  a t  t h e  w a l l  are 
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t i m e ,  t h e  s o l u t i o n  a t  t h e  w a l l  converges as t h e  g l o b a l  s o l u t i o n  converges.  
gene ra l  case, 

For t h e  

+ A 

‘b,N = 'brit 

where 

(14)  

+ 
i s  t h e  c o r r e c t e d  v e l o c i t y  vec to r  on the  vb, N i s  t h e  t o t a l  v e l o c i t y  a t  t h e  s u r f a c e ,  

body s u r f a c e  which lies i n  t h e  s u r f a c e  tangent  p lane  and 

+ + A A  

+ 
is  the u n i t  vector i n  t h e  s u r f a c e  tangency plane where v i s  the  computed veloc- 
i t y  vec to r  a t  t h e  w a l l .  b, 0 

In  t h e  s p h e r i c a l  system, t h e  o u t e r  un i t  normal a t  t h e  w a l l  i s  given by 

By combining equa t ions  (13)  t o  (171,  t h e  fol lowing expres s ions  can he determined f o r  
t h e  v e l o c i t y  components a t  t h e  su r face :  

U- r , N  = q  b (u- r , o  -:)/I3 

U 

( 1  8a) 

( 1  8b) 

( 1 8 ~ )  
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where 

- 
u€lIo us lo  arb 

r' s i n  0 3; D 1 = U -  ---- - a 0  
b r r ,o  

4- [U- $ 1 0  + D1 

J 

In t h e  c y l i n d r i c a l  sys t em,  a s i m i l a r  a n a l y s i s  l eads  t o  t h e  fo l lowing  expres s ions  f o r  
t h e  s u r f a c e  ve loc i ty  components: 

3 
U 

U z , N  = q b (U z ,o  + D 1 %/D2)/D3 az 

where 

arb 
D 1 = U  r , o  - U  $10 r r b I r b )  -5jT - uz 

( 1  9a)  

( 1  9c)  
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Shock boundary.- 'Ihe bow shock, which is t h e  o u t e r  boundary of the flow f i e l d ,  
r e q u i r e s  a time-dependent boundary condi t ion ,  s i n c e  the post-shock p r o p e r t i e s  and 
shock l o c a t i o n  are a f u n c t i o n  of t he  computational t i m e  increment.  'Ihe d e t a i l s  of 
how the  bow-shock boundary is  handled i n  both coord ina te  systems are g iven  i n  
appendix C. B r i e f l y ,  t h e  post-shock p r o p e r t i e s  are determined by t h e  post-shock 
p res su re  and t h e  local i n c l i n a t i o n  of t h e  shock t o  t h e  f ree-s t ream v e l o c i t y  v e c t o r .  
The post-shock p r e s s u r e  i s  taken t o  be t h e  p re s su re  a t  t h e  shock l o c a t i o n  determined 
by t h e  i n t e g r a t i o n  of t he  f low-f ie ld  equat ions.  From t h i s  p re s su re  and t h e  shock 
geometry, new post-shock cond i t ions  and a shock v e l o c i t y  can be determined. I f  
incrementa l  movements of t he  shock are assumed t o  be small, then the  change i n  radial  
l o c a t i o n  of t h e  shock can be w r i t t e n  i n  the  s p h e r i c a l  system as 

A A 

dFs(ns e?) = vs d t  (20a)  

and i n  t h e  c y l i n d r i c a l  system as 

A A 

drs (ns  e,) = vs d t  (20b)  

A MacCormack scheme is used t o  i n t e g r a t e  these equa t ions  t o  update  the  p o s i t i o n  of 
t he  shock. A t  convergence, t he  computed post-shock p r e s s u r e  w i l l  g ive  a z e r o  shock 
speed and thus  a s t a t i o n a r y  shock wave. 

Outflow boundary.- Computations are always c a r r i e d  t o  a p o i n t  where t h e  a x i a l  
f low a t  a l l  g r i d  p o i n t s  i n  the  cross-f low plane is supersonic .  W e  then i n t e g r a t e  t h e  
r e g u l a r  i n t e r i o r  p o i n t  equat ions  i n  the  outflow plane by approximating a x i a l  de r iva -  
t i v e s  with two-point backward d i f f e r e n c e s  i n  both t h e  p r e d i c t o r  and c o r r e c t o r  s t e p s .  

Smoothing funct ion.-  H i s t o r i c a l l y ,  f low-field c a l c u l a t i o n s ,  wi th  t h e  MacCormack 
i n t e g r a t i o n  scheme, have r equ i r ed  the add i t ion  of some damping to  main ta in  numerical  
s t a b i l i t y ;  t h e  HALIS code is no except ion.  W e  have chosen t o  use t h e  fou r th -o rde r  
smoother proposed by Barnwell ( r e f .  19) .  The smoothing is done on d a t a  i n  t h e  compu- 
t a t i o n a l  p l ane  and is a p p l i e d  a t  each t i m e  step a f t e r  completion of t h e  c o r r e c t o r  
s t e p .  Because of CPU ( c e n t r a l  p rocess ing  u n i t )  s t o r a g e  c o n s i d e r a t i o n s ,  t h e  p r i m i t i v e  
r a t h e r  than  conserved v a r i a b l e s  are smoothed; t h i s  has  proven t o  be s a t i s f a c t o r y .  
The smoothing i s  formulated as fo l lows  i n  the s p h e r i c a l  system: ~ 
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f ie  same equat ion  ho lds  i n  t h e  c y l i n d r i c a l  system when i s  s u b s t i t u t e d  f o r  w, 
+ f o r  4, and q f o r  q. 

- - 

me four th -o rde r  d e r i v a t i v e s  are formula ted  by us ing  r e g u l a r  f i v e - p o i n t  c e n t r a l  
d i f f e r e n c e s .  I n  the q and d i r e c t i o n s ,  a t  one p o i n t  o f f  t h e  w a l l  o r  shock, 
t h i r d - o r d e r  d e r i v a t i v e s  us ing  four -poin t  d i f f e r e n c e s  are s u b s t i t u t e d  f o r  t h e  f o u r t h -  
o rde r  d e r i v a t i v e s  i n  equa t ion  ( 2 1 ) .  No damping i s  used i n  t h e  q o r  ? d i r e c t i o n s  
a t  the w a l l  o r  the shock. A t h i rd -o rde r  d e r i v a t i v e  i s  s u b s t i t u t e d  f o r  t h e  f o u r t h -  
o rde r  d e r i v a t i v e  i n  t h e  n e x t  t o  t h e  l as t  p l ane  i n  t h e  c y l i n d r i c a l  system whereas 
no smoothing i s  a p p l i e d  i n  t h e  d i r e c t i o n  on t h e  out f low plane.  Barnwell 
( r e f .  19) has  shown t h a t  0 < E: < 1/24. A va lue  of E of 0.025 has been found t o  
provide  adequate damping wi thou t  d i s t o r t i n g  t h e  computed flow f i e l d .  

S t a b i l i t y  ana lys i s . -  A closed-form s o l u t i o n  f o r  t h e  MacCormack d i f f e r e n c i n g  
scheme when app l i ed  t o  t h e  three-dimensional mler equa t ions  is  very d i f f i c u l t ,  i f  
n o t  imposs ib le ,  t o  o b t a i n .  In appendix C, a r igo rous  d e r i v a t i o n  of the s t a b i l i t y  
c r i t e r i o n  f o r  the Brailovskaya d i f f e r e n c i n g  scheme i s  given. It is f u r t h e r  shown 
t h a t  under "worst-case" assumptions,  s t a b i l i t y  f o r  t h e  MacCormack scheme reduces t o  
t h a t  of Brailovskaya. Thus, t h e  s t a b i l i t y  c r i t e r i o n  used i n  t h i s  work is based on 
equat ion  ((224). 

A t  each p o i n t  i n  t h e  computa t iona l  g r i d ,  the t i m e  i n t e g r a t i o n  is  allowed. t o  

To 
advance a t  i t s  own l o c a l  a l lowable  t i m e  step. However, t h e  streamwise d i s t r i b u t i o n  
of t i m e  s tep  should be smooth a t  t h e  j u n c t u r e  of t h e  two c o o r d i n a t e  systems. 
guarantee  this smoothness, t he  magnitude of t h e  local t i m e  steps i n  t h e  s p h e r i c a l  
system is  ad jus t ed  wi th in  t h e  l i m i t s  of t h e  s t a b i l i t y  c r i t e r i o n .  

The following u s u a l  d e f i n i t i o n  of t h e  l i m i t i n g  t i m e  s t e p  is  used: 

1 
A t  = I 'max I ( 2 2 )  

where A,,,ax i s  the maximum e igenvalue  occur r ing  i n  t h e  s t a b i l i t y  matrix.  In  t h e  
s p h e r i c a l  coord ina te  system, 
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where a i s  the  local speed of sound and 
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Fur the r  a n a l y s i s  i n d i c a t e s  t h a t  t h e  va lue  of t h e  smoothing c o e f f i c i e n t  used w i l l  
a f f e c t  t h e  magnitude of t h e  a l lowab le  t i m e  s tep s i z e .  From t h i s  a n a l y s i s ,  equa- 
t i o n  ( 2 2 )  is  replaced wi th  t h e  fo l lowing  equa t ion  when de termining  t h e  maximum 
a l lowab le  l o c a l  time s t ep :  

Thermodynamics .- For p e r f e c t  gas  computations,  t h e  p r e s s u r e  is  computed by 
us ing  t h e  s t a t e  equat ion  p = ( y  - 1 ) p e  and t h e  speed of sound from t h e  e q u a t i o n  
a 2  = y ( y  - 1)e. 
e q u i l i b r i u m - a i r  chemistry.  This ve r s ion  uses  t h e  equ i l ib r ium-a i r  curve f i t s  of 
p = p ( p , e )  and a = a ( p , e )  done by Tanneh i l l  and Mugge ( r e f .  20) .  Some d i f f i c u l t y  
w i t h  convergence can be exper ienced  when us ing  t h e s e  curve f i t s  because of s l i g h t  
d i f f e r e n c e s  i n  thermodynamic p r o p e r t i e s  a t  t h e  j u n c t u r e  of f i t t e d - c u r v e  segments. 
Th i s  problem has been overcome by checking f o r  d i s c o n t i n u i t i e s  i n  t h e  thermodynamic 
p r o p e r t i e s  a t  the junc tu re  of f i t t e d - c u r v e  segments and, where they  e x i s t ,  g e n e r a t i n g  
a smooth t r a n s i t i o n  from one curve segment t o  t h e  next.  To reduce computation t i m e  
when running t h i s  code, t he  nonvector ized  chemis t ry  code is  c a l l e d  every  25th i tera-  
t i o n .  In t h e  i n t e r i m ,  a l o c a l  e f f e c t i v e  y i s  used i n  computing t h e  p re s su re .  This  
procedure keeps the t i m e  f o r  equ i l ib r ium chemis t ry  computations t o  approximately 
20 p e r c e n t  g r e a t e r  than f o r  a p e r f e c t  gas .  

A modified HALIS code has  been w r i t t e n  which i n c o r p o r a t e s  

I n i t i a l i z a t i o n  

This method of s o l u t i o n ,  which i s  posed as an i n i t i a l  va lue  problem, h a s  
r e q u i r e d  t h e  development of an i n i t i a l i z a t i o n  procedure f o r  t h e  flow f i e l d  abou t  a 
complex three-dimensiopal geometry. In t h e  fo l lowing  t e x t ,  t h e  flow i n i t i a l i z a t i o n  
procedure as c u r r e n t l y  used i n  t h e  HALIS code i s  desc r ibed  and i s  *e r e s u l t  of t h e  
i n v e s t i g a t i o n  of numerous i n i t i a l i z a t i o n  procedures  f o r  d i f f e r e n t  par ts  of t h e  f low 
f i e l d .  

Su r face  p r o p e r t i e s  .- S t a r t i n g  from t h e  s t a g n a t i o n  p o i n t ,  t h e  Newtonian p r e s s u r e  
on the  s u r f a c e  i s  determined i n  t h e  symmetry p lane .  On t h e  l e e s i d e ,  t h e  p r e s s u r e  i s  
only  allowed t o  drop t o  s i x  t i m e s  t h e  f ree-s t ream p res su re .  The m u l t i p l e  s i x  has  no 
p h y s i c a l  s i g n i f i c a n c e ,  bu t ,  u s ing  smaller va lues  h a s ,  i n  some cases, l e d  t o  n e g a t i v e  
p r e s s u r e s  on t h e  l e e s i d e .  Then, t h e  mer id iona l  p r e s s u r e  d i s t r i b u t i o n  is s e t  i n  each 
p lane  by a s i n e  func t ion .  Once t h e  p r e s s u r e  d i s t r i b u t i o n  is  set, an  i s e n t r o p i c  
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expansion from t h e  s t a g n a t i o n  p o i n t  g ives  the d e n s i t y  and i n t e r n a l  energy on t h e  
s u r f a c e .  
t o t a l  en tha lpy  remains c o n s t a n t  throughout  the flow. 
vec to r  i n t o  i t s  t h r e e  Components, the s impl i f i ed  s t r e a m l i n e  method of De ja rne t t e  
( r e f .  21)  is  used t o  determine t h e  d i r e c t i o n  cos ines  of t h e  s t r e a m l i n e  a t  a p o i n t  on 
t h e  su r face .  Each component of v e l o c i t y  is then determined from the  l o c a l  t o t a l  
v e l o c i t y  and t h e  a p p r o p r i a t e  d i r e c t i o n  cosine. 
m a t i c a l l y  s a t i s f i e s  t h e  s u r f a c e  boundary condi t ion  

The t o t a l  v e l o c i t y  on t h e  s u r f a c e  i s  then computed by assuming t h a t  t h e  
TO s p l i t  t h e  t o t a l  v e l o c i t y  

In a d d i t i o n ,  t h i s  procedure auto-  
$ @ Gb = 0. 

Shock c o n f i g u r a t i o n  and p r o p e r t i e s  .- As desc r ibed  p rev ious ly ,  t h e  bow shock 
serves as t h e  o u t e r  boundary of t he  coord ina te  system. W e  have found t h a t  it i s  
impera t ive  t h a t  a reasonable  guess be made of t h e  i n i t i a l  shock shape, that is, t h a t  
t h e  shock n o t  be r equ i r ed  to  make l a r g e  s p a t i a l  ad jus tments .  I n i t i a l l y ,  r o t a t e d  
pa rabo lo ids  w e r e  used as i n i t i a l  shock shapes; t h i s  works w e l l  f o r  s h o r t  bodies  a t  
moderate ang le s  of a t t a c k .  However, t h i s  procedure breaks  down f o r  long bodies  a t  
h igh  ang le s  of  a t t a c k  as t h e  shock on t h e  windward s i d e  of t h e  body w i l l  i n t e r s e c t  
t he  body s u r f a c e .  

C u r r e n t l y ,  a segmented approach i s  used t o  de te rmine  an i n i t i a l  shock shape. I n  
r e fe rence  t o  f i g u r e  7, t he  shock shape i n  the symmetry p lane  i s  broken i n t o  f o u r  
separate curve Segments, A-B, €3-C, C-E, and %.E.. C?rve 3-C +he ln~icz cf nnintn 

which are e q u i d i s t a n t  from t h e  body su r face  when measured a long  a body normal. 
s e p a r a t i o n  d i s t a n c e  is  t h e  shock s tandoff  d i s t ance ,  determined from t h e  r e l a t i o n  
(ref.  2 2 )  

The 

Curve C-D is a parabola  which matches t h e  s lope  and p o s i t i o n  of curve B-C a t  8 = T. 
!rhe p o i n t  of i n t e r s e c t i o n  of t h e  curve C-D and t h e  ray  8 = n/2, 41 = n/2 is  a v a r i -  
a b l e  I', which depends on t h e  ang le  of a t t ack .  Curve D-E is  a s t r a i g h t  l i n e  t h a t  
matches t h e  s l o p e  and p o s i t i o n  of curve C-D a t  I'; t hus ,  t he  choice of r de termines  
t h e  shape of t h e  leesi.de shock. Curve A-B is a second-order curve which matches the  
s l o p e  and p o s i t i o n  of curve B-C a t  8 = 4 2 ,  Q = - a i 2  and has  a slo,pe equa l  t o  t h e  
body s l o p e  a t  z = z In c r o s s  s e c t i o n ,  t h e  shock shape i s  taken t o  be a c i rc le  
whose d iameter  is t h e  d i s t a n c e  between the  shock i n  lower and upper symmetry p l anes .  
Typica l  i n i t i a l  shock-shape cross s e c t i o n s  are shown i n  f i g u r e  8 f o r  s e v e r a l  loca-  
t i o n s  of 2. A t  f i r s t  g lance ,  t h i s  procedure appears  very cumbersome. However, i t  
i s  e a s i l y  automated and i s  only dependent on p i ck ing  a reasonable  va lue  of r ,  which 
f o r  t h e  s p e c i f i c  geometry used i n  t h i s  paper v a r i e d  from 85 inches  t o  140 inches  over  
ang le s  of a t t a c k  from 25O t o  45O. Once the shock geometry is  e s t a b l i s h e d ,  t h e  same 
procedure as o u t l i n e d  i n  appendix D f o r  handling t h e  unsteady shock wave can be used 
t o  f i n d  t h e  i n i t i a l  post-shock p r o p e r t i e s  by us ing  s t e a d y - s t a t e  shock r e l a t i o n s h i p s  
ob ta ined  by s e t t i n g  t h e  shock v e l o c i t y  t o  zero  i n  t h e  r e l a t i o n s  of equat ions  (D21), 
( D 2 2 ) ,  and (D23). 

- 

- 
max' 

I n t e r i o r  g r i d  points . -  me i n t e r i c r  gr id  p o i n t s  are i n i t i a l i z e d  by f i r s t  forming 
t h e  conserved q u a n t i t i e s  W, 
shock and w a l l  and then  de termining  t h e  values a t  t h e  i n t e r i o r  nodes by l i n e a r  i n t e r -  

GI and E, as def ined  i n  appendixes A and B, a long  t h e  
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po la t ion .  The p r i m i t i v e  v a r i a b l e s  are then s e p a r a t e d  from t h e  conserved q u a n t i t i e s  
and t h e  p r e s s u r e  a t  each node is d e f i n e d  from t h e  thermodynamic r e l a t i o n  

20 

.. 

HALIS c o n f i g u r a t i o n  and o p e r a t i o n a l  s ta t i s t ics  .- The requirements  on g r i d  
r e s o l u t i o n  and the CYBER 203 CPU memory s i z e  l i m i t  t h e  e x t e n t  of t h e  modified Space 
S h u t t l e  geometry ( f i g .  5 ( b ) ) ,  which can be modeled i n  t h e  p r e s e n t  HALIS code. These 
r e s t r a i n t s  l i m i t  t h e  modeling t o  t h e  f i r s t  650 inches ,  which r e p r e s e n t s  approximately 
5 0  p e r c e n t  of the v e h i c l e  l e n g t h  measured from t h e  nose t o  t h e  body f lap  hinge 
l i n e .  I n  f i g u r e  6, each p lane  h a s  11 p o i n t s  i n  t h e  q d i r e c t i o n  ( d i s t a n c e  between 
body and shock) and 32 p o i n t s  i n  t h e  J, (mer id iona l )  d i r e c t i o n .  mere are a to t a l  
of 90 p lanes  i n  the streamwise direct ion,  the f i rs t  15 i n  t h e  w (or 8) d i r e c t i o n  
i n  the s p h e r i c a l  system and t h e  rest i n  t h e  €, (or z )  d i r e c t i o n  i n  t h e  c y l i n d r i c a l  
system. Thus, the computat ional  g r i d  c o n t a i n s  31 680 g r i d  p o i n t s .  The code requires 
t h a t  22 variables be s t o r e d  a t  each g r i d  p o i n t .  These v a r i a b l e s  i n c l u d e  t h e  o l d  and 
new v a l u e s  of the f low-field v a r i a b l e s  , t h e  p h y s i c a l  c o o r d i n a t e s  , t h e  local t i m e  
step, and t h e  smoothing v a r i a b l e s .  These s t o r a g e  requirements  a long wi th  o t h e r  s tor -  
age needs and the  a s s o c i a t e d  computer code r e q u i r e  a l l  t h e  CYBER 203 c e n t r a l  memory 
of l o 6  64-b i t  words. In  i t s  p r e s e n t  form, t h e  code w i l l  g e n e r a t e  converged s o l u t i o n s  
i n  700 to  1500 g loba l  i t e r a t i o n s  for  a n g l e s  of a t t a c k  from 20° to  4 5 O .  This  corre- 
sponds t o  CPU time ranging from 2200 to  4500 seconds.  A s o l u t i o n  is cons idered  t o  be 
converged when every p o i n t  i n  t h e  flow f i e l d  meets t h e  fo l lowing  c r i t e r i o n :  

The HALIS code has a b u i l t - i n  restart  c a p a b i l i t y  which a l l o w s  unconverged s o l u t i o n s  
to  be cont inued or  new s o l u t i o n s  t o  be s tar ted from p r e v i o u s l y  converged s o l u t i o n s .  
Using a n  o ld ,  converged s o l u t i o n  t o  s t a r t  a new one reduces by 10 to  15 p e r c e n t  t h e  
number of i t e r a t i o n s  r e q u i r e d  f o r  convergence. 

RESULTS AND DISCUSSION 

Surface  Boundary Condi t ions  

The s u r f a c e  boundary c o n d i t i o n  p l a y s  an impor tan t  role i n  t h e  development of t h e  
subsonic  a x i a l  flow along t h e  windward s u r f a c e .  Some a u t h o r s  ( r e f s .  3 and 9)  have 
avoided t h e  subsonic flow problem by us ing  s o l u t i o n  techniques  which do n o t  d i r e c t l y  
impose one of the s u r f a c e  boundary c o n d i t i o n s ,  namely t h a t  of c o n s t a n t  s u r f a c e  
en t ropy .  Allowing t h e  s u r f a c e  en t ropy  to  t a k e  on a v a l u e  determined by i n t e g r a t i o n  
of t h e  f low-f ie ld  equat ions ,  i n  g e n e r a l ,  leads t o  a s u r f a c e  en t ropy  l o w e r  than  t h a t  
r e q u i r e d  by t h e  cons tan t  en t ropy  condi t ion .  "his e f f e c t  is i l l u s t r a t e d  i n  f i g -  
u r e  9(a)  where c e n t e r - l i n e  s u r f a c e  en t ropy  is  p l o t t e d  as a f u n c t i o n  of S h u t t l e  
v e h i c l e  l e n g t h  f o r  a c o n s t a n t  and v a r i a b l e  s u r f a c e  e n t r o p y  condi t ion .  The l o w e r  
s u r f a c e  en t ropy  values i n  t u r n  produce h igher  values of a x i a l  Mach number ( f i g .  9 ( b ) )  
b u t  leave  t h e  sur face  p r e s s u r e  d i s t r i b u t i o n  u n a l t e r e d  ( f i g .  9 ( c ) ) .  Thus, it would 
appear t h a t ,  i f  sur face  p r e s s u r e s  are t h e  only  r e q u i r e d  product ,  computations may be 



made by us ing  a v a r i a b l e  s u r f a c e  en t ropy .  However, n o t  imposing t h e  c o n s t a n t  w a l l  
en t ropy  boundary cond i t ion  w i l l  a l ter  the d i s t r i b u t i o n  of f low v a r i a b l e s  through t h e  
shock l aye r .  These altered d i s t r i b u t i o n s  make such computed flow f i e l d s  incompat ib le  
w i t h  three-dimensional  and quasi-three-dimensional boundary-layer codes which r e l y  on 
t h e  s o l u t i o n s  from i n v i s c i d  f low- f i e ld  codes f o r  boundary-layer edge cond i t ions .  The 
e x t e n t  t o  which these  d i s t r i b u t i o n s  are a l t e r e d  i s  shown i n  f i g u r e  10 where v a r i a b l e  
d i s t r i b u t i o n s  through t h e  shock l a y e r  a t  z/L = 0.1, 0.25, and 0.45 on t h e  windward 
symmetry p lane  c e n t e r  l i n e  are shown f o r  a HALIS computation of a f low f i e l d  abou t  
t h e  S h u t t l e  v e h i c l e  a t  M- = 10.3 and a = 2 5 O .  Figure  1 0 ( a )  is an en t ropy  p l o t  f o r  
both t h e  case of a c o n s t a n t  and v a r i a b l e  wall  entropy.  D i f f e rences  between t h e  two 
s o l u t i o n s  i n c r e a s e  wi th  i n c r e a s i n g  z/L, with these d i f f e r e n c e s  conf ined  t o  t h e  lower 
t h i r d  of t he  shock l aye r .  In fact, a t  z/L = 0.1 t h e  s o l u t i o n s  are v i r t u a l l y  t h e  
same. uZ, t h e  a x i a l  component of v e l o c i t y ,  
and t h e  d e n s i t y .  The r e s u l t s  are similar t o  those  seen  i n  t h e  en t ropy  p l o t .  Fig- 
u re  lO(d)  is  a p r e s s u r e  p l o t  which shows t h a t  the  d i f f e r e n t  en t ropy  boundary 
c o n d i t i o n s  have no effect on the  p res su re  d i s t r i b u t i o n  through the  shock l a y e r  a t  a l l  
t h r e e  a x i a l  l o c a t i o n s .  In  f i g u r e  11, p l o t s  similar t o  those  shown i n  f i g u r e  10 are 
p resen ted  f o r  HALIS computations of flow over t h e  S h u t t l e  v e h i c l e  a t  Mm = 10.3 and 
a = 45O. Figures  10 and 11 show t h a t  d i f f e r e n c e s  between c o n s t a n t  w a l l  en t ropy  and 
v a r i a b l e  w a l l  en t ropy  are more pronounced a t  t h e  h ighe r  ang le  of a t t a c k .  These d i f -  
f e r ences  between the two s o l u t i o n s  extend t o  the  lower one-half of the shock l a y e r  
a t  z/L = 0.45 f o r  a l l  t h r e e  v a r i a b l e s :  S ( f i g .  l l ( a ) ) ,  u, ( f i g .  l l ( b ) ) ,  and p 
( f i g .  l l ( c ) ) .  However, i n  f i g u r e  I l ( d )  the p r e s s u r e  d i s t r i b u t i o n  through t h e  shock 
l a y e r  i s  u n a l t e r e d  by the  choice  of w a l l  entropy boundary cond i t ion .  

F igures  1 0 ( b )  and l O ( c )  show p l o t s  of 

Su r face  Axial Mach Number 

When t h e  proper s u r f a c e  boundary condi t ions  are app l i ed ,  t h e  area of t h e  wind- 
ward s u r f a c e  having a subsonic  a x i a l  v e l o c i t y  component should  i n c r e a s e  wi th  a n g l e  of 
a t t a c k  u n t i l  t h e  a x i a l  v e l o c i t y  component over t h e  e n t i r e  windward s u r f a c e  is sub- 
s o n i c  as i l l u s t r a t e d  i n  f i g u r e  1 f o r  t h e  high-angle-of-attack case. S ince  t h e  H A L I S  
code r e q u i r e s  a supersonic  out f low boundary, i t  w a s  necessary  t o  a l t e r  t h e  modif ied 
S h u t t l e  geometry to  inc lude  a s l i g h t  expansion r eg ion  a f t  of t h e  650-inch plane t o  
raise t h e  s u r f a c e  a x i a l  Mach number t o  a supersonic  value.  

I n  f i g u r e  1 2 ,  t h e  windward-surface cen te r - l i ne  a x i a l  Mach number d i s t r i b u t i o n s  
are shown f o r  ang le s  of a t t a c k  between 2 5 O  and 45' and a f ree-s t ream Mach number of 
10.3. According t o  t h e s e  r e s u l t s ,  i f  a n  i n i t i a l  d a t a  p l ane  w e r e  e s t a b l i s h e d  a t  
z = 150 inches ,  then  a spa t ia l  marching code such as STEIN ( r e f .  7) should be a b l e  t o  
compute t h e  f low over  t h e  v e h i c l e  a t  angles  of a t t a c k  up t o  40'. However, p r a c t i c a l  
expe r i ence  wi th  t h e  STEIN code has  shown t h a t  it i s  impractical and/or imposs ib le  t o  
march i n t o  f lows where M, approaches 1. To determine,  f o r  t h i s  body and f r ee -  
stream Mach number, what t h e  l i m i t i n g  angle of  a t t a c k  f o r  a STEIN s o l u t i o n  would be, 
t h e  HALIS code w a s  used t o  e s t a b l i s h  an  i n i t i a l  d a t a  p l ane  a t  z = 150 inches .  
Complete STEIN s o l u t i o n s  over  t h e  f i r s t  650 inches  of t h e  v e h i c l e  w e r e  ob ta ined  f o r  
a n g l e s  of a t t a c k  of 2 5 O ,  30°, and 35'. Center- l ine a x i a l  Mach numbers from STEIN 
s o l u t i o n s  a t  a = 25', 30°, and 35O are p l o t t e d  a t  100-inch increments  i n  f i g u r e  1 2  
and a g r e e  wi th  t h e  complete H A L I S  s o l u t i o n s  a t  t h e  same ang les  of  a t t a c k .  For 
a = 40°,  t h e  STEIN s o l u t i o n  f a i l e d  a f t e r  the f i r s t  s tep away from t h e  i n i t i a l  
s u p e r s o n i c  d a t a  plane.  A broader  view of haw t h e  subsonic  a x i a l  Mach number r eg ion  
sp reads  over  t h e  windward s u r f a c e  wi th  inc reas ing  ang le  of a t t a c k  can be found by 
comparing t h e  p a r t s  of f i g u r e  13, which i s  a three-dimensional  r e p r e s e n t a t i o n  of t h e  
v e h i c l e  geometry be ing  used wi th  t h e  phys ica l  g r i d  superimposed on a b l ack  body. 
wh i t e  part of t h e  v e h i c l e  s u r f a c e  represents t h e  area of subsonic  s u r f a c e  a x i a l  f l o w  

The 
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and t h e  black p a r t  r e p r e s e n t s  t h e  supersonic  s u r f a c e  a x i a l  flow. The expansion 
reg ion  appended t o  t h e  geometry can be seen  a t  t h e  a f t  end of t h e  v e h i c l e .  A t  a n  
a n g l e  of a t t a c k  of 40°, a reg ion  of subsonic  a x i a l  f low appears  a long t h e  s t r a k e  of 
t h e  unmodified vehicle  ( f i g .  5 ( a ) ) ,  which appears  as a c h i n e  a long  t h e  modified 
v e h i c l e .  This  subsonic a x i a l  f low i s  t h e  r e s u l t  of t h e  l a r g e  expansion about  t h i s  
r e g i o n  a t  t h e  higher a n g l e s  of a t t a c k  and t h e  t u r n i n g  of t h e  flow toward t h e  upper  
symmetry plane which accompanies t h e  expansion. A t  a = 42.5O , t h e r e  are t h r e e  
r e g i o n s  of subsonic flow: t h e  reg ion  from t h e  s t a g n a t i o n  p o i n t  a f t ,  t h e  reg ion  about  
t h e  s t r a k e ,  and the reg ion  near  t h e  a f t  end of t h e  v e h i c l e .  This l a s t  r e g i o n  n e a r  
t h e  a f t  end of the v e h i c l e  i s  t h e  r e s u l t  of t h e  flow recompressing a f t e r  it has 
expanded down the v e h i c l e  from t h e  s t a g n a t i o n  p o i n t .  A t  a n  angle  of a t t a c k  of 45O, 
t h e  a x i a l  f low over t h e  e n t i r e  windward s u r f a c e  is  subsonic .  

Code v a l i d a t i o n  

To v a l i d a t e  t h e  HALIS code f o r  flow about  complex three-dimensional  shapes,  f low 
about  a modified S h u t t l e  v e h i c l e  a t  angle  of a t t a c k  h a s  been computed a t  a c o n d i t i o n  
f o r  which t h e r e  e x i s t  exper imenta l  d a t a  as w e l l  as numerical  r e s u l t s  from a d i f f e r e n t  
computer code. The numerical  r e s u l t s  were genera ted  u s i n g  t h e  STEIN code ( r e f .  7) ,  
whereas t h e  experimental  d a t a  ( r e f .  23) were obta ined  i n  t h e  Ames 3.5-Foot Hypersonic 
Wind Tunnel. In  f i g u r e  1 4 ( a ) ,  a comparison is  shown of numerical  and exper imenta l  
s u r f a c e  p r e s s u r e  c o e f f i c i e n t s  on t h e  windward c e n t e r  l i n e  p l o t t e d  a g a i n s t  nondimen- 
s i o n a l  body length f o r  a n  angle  of a t t a c k  of 25O and a f ree-s t ream Mach number of 
10.29. The comparison between a l l  f o u r  sets of d a t a  i s  e x c e l l e n t .  In  f a c t ,  t h e  t w o  
numerical  methods g i v e  almost t h e  same r e s u l t s .  This is i n t e r e s t i n g  s i n c e  b o t h  
methods have t h e  same r e s o l u t i o n  i n  t h e  r a d i a l  and mer id iona l  d i r e c t i o n s  b u t  t h e  
STEIN code has  a n  a x i a l  r e s o l u t i o n  approximately e i g h t  t i m e s  g r e a t e r  than  t h e  HALIS 
code. A f u r t h e r  comparison of t h e  experimental  and numerical  r e s u l t s  f o r  t h i s  case 
is  shown i n  f i g u r e  1 4 ( b )  where mer id iona l  d i s t r i b u t i o n s  of s u r f a c e  p r e s s u r e  c o e f f i -  
c i e n t s  are p l o t t e d  f o r  t h r e e  d i f f e r e n t  a x i a l  l o c a t i o n s  on t h e  vehic le .  The numerical  
d a t a  are only p l o t t e d  t o  approximately t h e  t i p  of t h e  v e h i c l e  s t r a k e  s i n c e  t h e  geom- 
e t r y  used i n  t h e  computations has  been modified ( f i g .  5 ( b ) ) .  mere is good agreement 
between experimental  data and both  sets of numerical  r e s u l t s  f o r  o f f - a x i s  p o i n t s .  
F igures  15 t o  18 a r e  s i m i l a r  p l o t s  of HALIS and wind-tunnel d a t a  f o r  a n g l e s  of a t t a c k  
from 30° t o  45O. I n  a l l  f i g u r e s ,  t h e r e  i s  very good agreement between t h e  e x p e r i -  
mental  d a t a  and the HALIS r e s u l t s .  

Rea l  Gas Computation 

A comparison of per fec t -gas  ( y  = 1.4) and r e a l - g a s  computations f o r  a M, = 1 8  
p o i n t  on a t y p i c a l  S h u t t l e  e n t r y  t r a j e c t o r y  i s  shown i n  f i g u r e s  19 and 20. A p l o t  of 
c e n t e r - l i n e  pressure  c o e f f i c i e n t s  is  shown i n  f i g u r e  19. Real-gas e f f e c t s  are most 
prominent i n  t h e  s t a g n a t i o n  reg ion  and downstream, where t h e  recompression is  weaker 
than t h a t  shown fo r  t h e  p e r f e c t - g a s  case. Meridional  pressure c o e f f i c i e n t  d i s t r i b u -  
t i o n s  f o r  both the real- and per fec t -gas  cases a t  i n c r e a s i n g  va lues  of z/L are 
shown i n  f i g u r e  20. 

CONCLUDING REMARKS 

I n  t h i s  paper,  a computer code HALIS, designed t o  compute the three-d imens iona l  
f low about  S h u t t l e - l i k e  c o n f i g u r a t i o n s  a t  angles of a t t a c k  g r e a t e r  than  25', h a s  been 
d e s c r i b e d  i n  d e t a i l .  R e s u l t s  from HALIS have been compared where possible w i t h  a n  
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e x i s t i n g  f l o w - f i e l d  code; such comparisons have shown e x c e l l e n t  agreement. A l s o ,  
H A L I S  r e s u l t s  have been compared wi th  experimental  p r e s s u r e  d i s t r i b u t i o n s  on s h u t t l e  
models over  a wide range of a n g l e  of a t t a c k .  These comparisons have a g a i n  been 
e x c e l l e n t .  It h a s  also been demonstrated t h a t  the HALIS code can  i n c o r p o r a t e  equi -  
librium a i r  chemis t ry  i n  f low-f ie ld  computations. 

Langley Research Center  
N a t i o n a l  Aeronaut ics  and Space Adminis t ra t ion 
Hampton, VA 23665 
February 10, 1983 
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APPENDIX A 

GENERAL TRANSFORMED EULER EQUATIONS 

I n  t h i s  appendix t h e  components of t h e  E u l e r  e q u a t i o n s  i n  both  t h e  s p h e r i c a l  and 
c y l i n d r i c a l  coord ina te  systems are i d e n t i f i e d .  
t ransformed equat ions i n  t h e  r e s p e c t i v e  c o o r d i n a t e  systems i s  presented.  

A s  w e l l ,  t h e  development of  t he  

S p h e r i c a l  System 

I n  r e f e r e n c e  24, t h e  v iscous  compressible three-dimensional  Navier-Stokes equa- 
t i o n s  i n  conserva t ive  form are l i s ted  f o r  a s e t  of g e n e r a l i z e d  c o o r d i n a t e s .  F r o m  
t h e s e  e q u a t i o n s  with t h e  appropriate c o o r d i n a t e s ,  metric c o e f f i c i e n t s ,  and z e r o  v i s -  
c o s i t y ,  the compressible three-dimensional Euler  e q u a t i o n s  i n  s p h e r i c a l  c o o r d i n a t e s  
can be w r i t t e n  i n  v e c t o r  form as 

- - -  - 
where w,  F, G ,  H, and 6 are d e f i n e d  as 

I 24 
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- 
F = 

I F 2  s i n  e (pu- + p) 
r 

2 - 
r pu- u s i n  8 

r 8  

2 - 
pus "i sin 

- 
G =  

- 
H =  

1 ;pue s i n  8 

Fpu; u8 s i n  8 
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0 

- 
Q =  

- 
cos 0 + u- s i n  0 )  r p u z  (uO r 

0 

2 2 
4 

Here, E is def ined  as p[. + ;(u; + u- + u i g ,  and p = p ( p , e ) .  

The t ransformat ion  from s p h e r i c a l  t o  computat ional  c o o r d i n a t e s  

i s  based on the fol lowing d e f i n i t i o n s :  

n =  



APPENDIX A 

wi th  equat ions  (A3)  and t h e  cha in  r u l e  of p a r t i a l  d i f f e r e n t i a t i o n ,  t h e  d e r i v a t i v e  
terms i n  t h e  governing equat ions  can be wr i t t en  i n  terms of d e r i v a t i v e s  i n  t h e  com- 
p u t a t i o n a l  space  as 

The d e r i v a t i v e s ,  found i n  equat ions  (A4) ,  of t h e  computat ional  coord ina te s  wi th  
r e s p e c t  t o  t h e  p h y s i c a l  coord ina tes  are determined by using equat ions  ( A 3 )  and a r e  
g iven  a s  fol lows:  
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BY r e p l a c i n g  the  p a r t i a l  d e r i v a t i v e s  i n  equat ion  ( A 1 1  by t h e i r  r e s p e c t i v e  r ep resen ta -  
t i o n  i n  the  transformed space equa t ions  (eqs. ( A 4 ) ) ,  t h e  equa t ions  t o  be so lved  on 
t h e  computational g r i d  can be w r i t t e n  as fol lows:  

- - - -  - 
The vec to r s  W ,  F, G, HI  and Q are una f fec t ed  by t h e  t ransformat ion  and t h e  
v e l o c i t i e s  are s t i l l  de f ined  i n  t h e  s p h e r i c a l  coord ina te  system which means t h a t  they 
are n o t  n e c e s s a r i l y  a l igned  wi th  any g r i d  l i n e s  i n  t h e  computat ional  space.  

C y l i n d r i c a l  System 

From reference  24, the  i n v i s c i d  compressible  three-dimensional  Euler equa t ions  
i n  c y l i n d r i c a l  coord ina tes  are w r i t t e n  as 

where W, F, H, GI and Q are de f ined  as 

w =  

2 8  



H =  

G =  

Q =  

2 
PU4) + P 

rpu u r z  

rpu u 

2 

4 ) z  

‘(PU, + P 

ru (E + p 
Z - 

0 

2 
-(P., + PI 

puru+ 

0 

0 
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Again, E = p e t -(u2 + u2 + u:q, and p = p( p , e ) .  The t r a n s f o r m a t i o n  i n  t h e  [ k  4 
c y l i n d r i c a l  system i s  similar t o  t h a t  i n  t h e  s p h e r i c a l  system where now we have 

r - r, 

4 + n/2 4 =  71 (0 < 4 < 1 )  

Again, t h e  d e r i v a t i v e s  i n  t h e  governing e q u a t i o n s  can be w r i t t e n  as fo l lows  i n  terms 
of  t h e  d e r i v a t i v e s  i n  t h e  computat ional  space:  
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A s  be fo re ,  t h e  d e r i v a t i v e s  i n  equa t ions  ( A 1 0 )  can be determined from equa t ions  (A9) 
and are l i s t e d  as fo l lows:  

b 
a r - r  - r  

S 

r 
m =  az -brs b a r  

- r ) r  + ( r  - 

Equation (A7) can be transformed t o  computational space  by r e p l a c i n g  t h e  p a r t i a l  
d e r i v a t i v e s  wi th  equa t ions  (A10) t o  t a k e  on t h e  fo l lowing  form: 

Again, as i n  t h e  s p h e r i c a l  system, t h e  vectors W ,  F, H,  GI and Q are una f fec t ed  
by- t h e  t r ans fo rma t ion  t o  computa t icxa l  space, and the  v e l o c i t y  components are s t i l l  
d e f i n e d  i n  t h e  c y l i n d r i c a l  system. 
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EULER EQUATIONS FOR e = 71 

me mler equat ions i n  t h e  s p h e r i c a l  c o o r d i n a t e  system, as d e f i n e d  by equa- 
t i o n  ( A l ) ,  are s i n g u l a r  a long t h e  r a y  8 = x. To o b t a i n  a set  of e q u a t i o n s  v a l i d  
a long  t h i s  r ay ,  the fo l lowing  procedure has  been used. F i r s t ,  equa t ion  (Al)  i s  
d i f f e r e n t i a t e d  w i t h  respect to  e and then l i m  8 + 71 is taken which r e s u l t s  i n  t h e  
fo l lowing  s e t  of equat ions:  

Con ti nu i  t y  : 

a -  a2 - pu;) + 2 -(rpue) - - ae 
2 

(rpu-)  = 0 Q ae a? 

5 momentum: 

5 momentum: 

I 
~ 

d ( z 2 p u T )  + 2-(z2p7 u J  + 3 &fpu-, ue) 

- "[;(pi + p l  + - rpu; u5 = 0 

I 
a t  

I 

ae a? 

(B1 a )  

( B l c )  
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8 momentum: 

+ P)] 
- 

Energy : 

Equations ( B 1 )  are v a l i d  a long  a l i n e  i n  space de f ined  by 8 = R. However, t h i s  
In d e a l i n g  wi th  t h e  flow about  8 = R, the l i n e  a c t u a l l y  r e p r e s e n t s  a spa t ia l  p lane .  

p rocedures  o u t l i n e d  by Barnwell ( r e f .  19) a re  followed. For each va lue  of F: a long  
t h e  l i n e ,  the thermodynamic p r o p e r t i e s  are c o n s t a n t  f o r  a l l  va lues  of 5 as is t h e  
r component of v e l o c i t y .  However, t h e  0 and 5 components of v e l o c i t y  w i l l  have 
t o  e x h i b i t  some dependence on 

- 
5 as i l l u s t r a t e d  i n  t h e  fo l lowing  ske tch :  

e = n  
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- 
I n  t h e  ske tch ,  w e  show a $,€I s u r f a c e  i n  t h e  s p h e r i c a l  c o o r d i n a t e  system wi th  a 
superimposed uniform p o s i t i v e  v e l o c i t y  
fo l lowing  condi t ions  apply: 

*en for  any l i n e  of c o n s t a n t  e t h e  

= VoD and u -  = 0 
u 0  0 

u i =  u = 0 and 
0 

u e  = -Vm and u-  = 6 

These c o n d i t i o n s  w i l l  always 
a t  t h i s  l o c a t i o n  and l ead  t o  
t i o n  of Q: 

- 

0 

('= - 4 )  

(5 = 0) 

(6 = ;) 

s i n  5 
u e =  -% I & - 6 2  

- - 
apply  a long  0 = IT s i n c e  r is  n o t  a f u n c t i o n  o f  @ 
t h e  fo l lowing  e x p r e s s i o n s  f o r  u and u- as a func- 

0 Q 

u- = u cos ; 
@ 4 + n / 2  

The form of equat ions ( B l )  can be s i m p l i f i e d  i f  w e  choose t o  s o l v e  t h e  e q u a t i o n s  only  
i n  t h e  symmetry plane and then d i s t r i b u t e  t h e  p r o p e r t i e s  about  t h e  l i n e  0 = 7t as a 
f u n c t i o n  of Q. In t h e  symmetry p l ane ,  t h e  v e l o c i t y  component 
e l i m i n a t e s  t h e  need to  i n t e g r a t e  equat ion  ( B l c ) .  W e  can then w r i t e  t h e  remaining 
equat ions  i n  t h e  vec tor  form 

- 
l is ze ro ;  t h i s  

u$ 

where 
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e 2rpu 

- 
2rpu- u r e  

+Ue 2 + P) - ;(pa 2 + ] 

0 

+ p u - +  (: 
0 
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NOW 3. and r' are n o t  f u n c t i o n s  of 5 on e = 7~. Therefore ,  a$a$ is z e r o  on 
e = n; ' this s i m p l i f i e s  equat ion  (B5) t o  b 

36 

i ~ ~~~ ~ -~ 

When t h e  d e r i v a t i v e  d e f i n i t i o n s  (eqs. ( A 4 ) )  are s u b s t i t u t e d  i n t o  equa t ion  (B3), the 
fo l lowing  equat ion,  v a l i d  i n  the  computat ional  space,  is genera ted :  
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STABILITY ANALYSIS 

M. J. Hamilton 
Sper ry  Systems Management 

Hampton, V i r g i n i a  

Symbols 

A 

a 

B 

P C 

cV 

D 

Dm 

e 

F 

F 

G 

- 

Gm 

J I  B 

matr ix  of l i n e a r i z e d  c o e f f i c i e n t s  of h y p e r b o l i c  system 

local speed of sound 

c o e f f i c i e n t  mat r ixes  for  Euler equat ions i n  g e n e r a l  c o o r d i n a t e s  

specific h e a t  a t  c o n s t a n t  pressure  

s p e c i f i c  h e a t  a t  c o n s t a n t  volume 

weighted s u p e r p o s i t i o n  of A matrixes used t o  s i m p l i f y  form of  G 

s u p e r p o s i t i o n  of A matr ixes  used t o  s i m p l i f y  form of Gm 

specific i n t e r n a l  energy 

c o e f f i c i e n t  f u n c t i o n s  of hyperbol ic  system 

F e v a l u a t e d  a t  mesh nodes us ing  U 
n, 

a m p l i f i c a t i o n  mat r ix  fo r  Brai lovskaya 's  scheme 

a m p l i f i c a t i o n  mat r ix  for MacCormack's scheme 

a b b r e v i a t i o n s  for q u a n t i t i e s  appearing f r e q u e n t l y  i n  a m p l i f i c a t i o n  m a t r i x  
fo r  Euler equat ions  i n  g e n e r a l  c o o r d i n a t e s  

I i d e n t i t y  m a t r i x  

i , j  , n I  R,k i n d i c e s  

k independent  variable i n  frequency domain 

P s i m i l a r i t y  t ransform for  Euler  equat ions  

q a r b i t r a r y  p o s i t i v e  i n t e g e r  

S set of a l l  e igenvalues  of D 

t t i m e  

U dependent variable of hyperbol ic  system 
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approximation t o  U a t  mesh nodes from p r e d i c t o r  s tep of Bra i lovskaya ' s  
scheme 

Car t e s i an  v e l o c i t i e s  f o r  p e r f e c t  gas  

amplitude of F o u r i e r  t ransform component 

Car t e s i an  c o o r d i n a t e s  

independent v a r i a b l e s  of hype rbo l i c  system 

wavelength a s s o c i a t e d  wi th  g iven  wave number and mesh spac ing ,  aj = k .  Ayj 
7 

r a t i o  of s p e c i f i c  h e a t s ,  cp/cv 

abbrev ia t ion  used f o r  terms i n  a m p l i f i c a t i o n  ma t r ix  

a rb i t ra ry  e igenva lue  of D 

d e n s i t y  of p e r f e c t  gas 

right-hand l i m i t  of t i m e  i n t e r v a l  w i th in  which e n t r i e s  of G are uniformly 
bounded 

General Analysis 

In t h i s  appendix t h e  von Neumann type  s t a b i l i t y  c r i t e r i o n  f o r  hype rbo l i c  equa- 
t i o n s  i n  g e n e r a l  coord ina te s  is d iscussed .  An e x p l i c i t  l i n e a r i z e d  s t a b i l i t y  c r i -  
t e r i o n  is g iven  for  a p p l i c a t i o n  of Bra i lovskaya ' s  f i n i t e - d i f f e r e n c e  method ( r e f .  C 1 )  
t o  t h e  Euler equat ions .  Ihe r e s u l t a n t  c r i t e r i o n  is a l s o  shown t o  be necessa ry  f o r  
MacCormack's method ( r e f .  C 2 ) .  F i n a l l y ,  t h e  e f f e c t  of " a r t i f i c i a l  v i s c o s i t y "  terms 
on t h e  s t a b i l i t y  is computed. 

Consider t h e  hype rbo l i c  system 
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where U(yl, ...,yn, t )  and Fi(U) are q-dimensional v e c t o r s ,  and ( y  ,. . . ,yn) repre- 
s e n t s  t h e  chosen nons ingu la r  coord ina te s .  
f o r  equa t ion  (C1 ) i s  a two-step p r e d i c t o r - c o r r e c t o r  method wi th  cen te red  d i f f e r e n c e s .  
Applied t o  equa t ion  ( C l ) ,  t h e  p r e d i c t o r  s t e p  is  

Bra i lovskaya ' s  f i n i t e - d i f  l e r e n c e  scheme 

and the c o r r e c t o r  s tep is  

,n+l ,n- 1 

As u s u a l ,  

L e t  

be t r e a t e d  as  c o n s t a n t  a t  each  t i m e  level. W e  then  app ly  t h e  u s u a l  Von Neumann 
a n a l y s i s  ( r e f .  C3) t o  t h e  l i n e a r i z e d  system 

n 

J j=1  
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L e t  U ( k , t )  denote t h e  Four i e r  t r ans fo rm of U ( y , t ) ,  and l e t  a = k j  Ayj. S e t  
j 

/ n  \ 

Together,  equa t ions  (C2) through (C5) g i v e  

1 n 
= GV 

with  t h e  ampl i f i ca t ion  ma t r ix  

2 
G = I - D  - i D  

where 

A .  s i n  a 
j 

D = A t  2 ' Ayj 
j = l  

(C6) 

(C7 1 

L e t  t h e  s e t  of e igenvalues  of D be denoted by S. From equa t ion  (C7),  t h e  
Von Neumann c r i t e r i o n  becomes 

The scheme of MacCormack does n o t  have t h e  symmetry of t h e  method of Brailovskaya. 
Because of t h i s ,  the expres s ion  f o r  t h e  a m p l i f i c a t i o n  matrix of MacCormack's scheme 
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Gm 
analogous to  e q u a t i o n  (C7) i s  n o t  simple. ?he MacCormack a m p l i f i c a t i o n  m a t r i x  
becomes 

n n 2 
AkA.  ( A t )  

[ (cos ak - I ) ( C O S  a - 1 )  c 2 A i k  Ayj j 
k=l  k , j= l  

n 
Oic \ s i n  

‘ J  k J hV 
- s i n  a + ( c o s  g, 2. - 1 ) 1 ( 1  + i) - i AtC 

k=l 

n, w i t h  k = 1 , 2, . . ., n, t h e  MacCormack problem becomes 
\ . =  

I f  we assume 
t r a c t a b l e ;  t h i s  i s  e q u i v a l e n t  to  assuming a l t e r n a t i n g  s i g n s  f o r  t h e  p e r t u r b a t i o n  
terms a t  a d j a c e n t  mesh nodes. I n  t h i s  case,  w e  f i n d  

where 

(C10) 

I f  
i n  equat ion  (C9).  

S now denotes  t h e  e igenvalues  of DmI w e  a g a i n  f i n d  our  Von Neumann c r i t e r i o n  as 
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Appl ica t ion  t o  Euler  m u a t i o n s  

I n  Car tes ian  c o o r d i n a t e s ,  w i t h  u = ( p , u , ~ , w , e ) ~ ,  t h e  l i n e a r i z e d  Euler  e q u a t i o n s  
1 8  f o r  a p e r f e c t  gas may be w r i t t e n  i n  t h e  form 

- 
of e q u a t i o n  (C41, where 

A1 = 

A2 = 

A3 = 

- 
V 

0 

( y  - l ) e / p  

0 

0 - 

P 

U 

0 

0 

( y  - l ) e  

0 P 

V 0 

0 V 

0 0 

0 ( Y  - 

0 

0 

U 

0 

0 

1 )e 

0 

0 

0 

U 

0 

0 

0 

0 

V 

0 

- 
0 

0 

Y - 1  

0 

V - 

- - 
0 0 P 0 W 

0 W 0 0 0 

0 0 0 0 W 

W Y - l  0 

0 0 0 

( y  - l k / P  0 

W ( y  - 1 ) e  - - 

(C13a) 

(C13b) 

(C13c) 
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Here p, (u ,v ,w) ,  and e denote the dens i ty ,  C a r t e s i a n  v e l o c i t y ,  and i n t e r n a l  
energy, r e s p e c t i v e l y .  For computat ional  t r a c t a b i l i t y ,  we d i a g o n a l i z e  A2. L e t  a 
denote  the  local speed of sound, and de f ine  P as 

P =  

0 1 0 0 

0 0 0 Y / a  

0 0 1 0 

1 0 0 1 

- -1 Then the  s i m i l a r i t y  t ransform A,  = P A,P 
L 

- 
A2 = diag(v ,v ,v ,v+a ,v-a)  

For t h i s  t ransformat ion ,  

0 

U 

0 

a2/2y 

-a2/2y 

0 

W 

0 

0 

0 

U 

0 

0 

0 

0 

W 

L 

0 

Y 

0 

U 

0 

0 

0 

Y 

W 

0 

- 
-p-Y/a2 

0 

Y/a 

0 

-1 

g i v e s  

0 

-Y 

0 

0 

U 

- 
0 

0 

Y 

0 

W 

( C 1 4 )  

i C i 5 j  

( C 1 6 a )  
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NOW t ransform to  g e n e r a l  coord ina tes .  
y ( X  , t ) ,  a nonsingular  t ransformat ion .  In  t h e  new c o o r d i n a t e s ,  t h e  l i n e a r i z e d  

L e t  (x1,x2,x3)  be C a r t e s i a n ;  

Y R =  R j 
E u l e r  equat ion  becomes 

3 
E + C B . - = O  au 
a t  3 aYJ  

J j = l  

w i t h  

3 
a Y  

a t  + I -  
B j = E A R ?  A= 1 

The r e s u l t s  of the s e c t i o n  "General Analysis" t h e n  hold  f o r  equat ion  ((2171, wi th  

((217) 

L e t  a denote t h e  Jacobian mat r ix  ay./ax,, and perform t h e  s i m i l a r i t y  t r a n s -  
3 

formation D' = P-lDP. Make t h e  f u r t h e r  d e f i n i t i o n s  

44 

s i n  a BY. 
g = A t  Ayj 1 (uajl + va + w a  j 3  + 2) a t  j 2  

j = l  

R s i n  a 3 

Bj = A t  

b 1 

(C20 1 

(C21) 
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Combining e q u a t i o n s  (C15) through (C21) g ives  

L 

- 
A s t r a i g h t f o r w a r d  c a l c u l a t i o n  now g ives  fo r  the e igenva lues  of D 

I f  t h e  e n t r i e s  of G are uniformly bounded on an  i n t e r v a l  0 < A t  < T, and a t  
most one e igenva lue  i n  S has I hl = 1 ,  equa t ion  (C9) i s  s u f f i c i e n t  f o r  l i n e a r i z e d  
s t a b i l i t y  (ref. C3). S ince  t h e  e n t r i e s  of G are comprised of  d e n s i t y ,  v e l o c i t y ,  
energy, and Jacob ian  terms, they  should be bounded away from c o o r d i n a t e  s i n g u l a r i -  
t ies;  this is assumed t o  be t h e  case. Then from equa t ion  (C23) we a r r i v e  a t  the 
c o n d i t i o n  

A t  

- I ua .  + va .  + w a .  + - 5- 3 1  J 1  J 2  33 a t  
AYj 

I For C a r t e s i a n  c o o r d i n a t e s ,  equa t ion  (C24) becomes t h e  well-known 

r 1 
(C25) 
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I n  comparing equat ions  ((224) and (C25),  w e  n o t e  

( 1 ) - lul has been rep laced  by - 1 J a Y j I  - ; t h u s ,  s t a b i l i t !  
Ax Ayj d t  

d s  upon t h e  

c o n t r a v a r i a n t  v e l o c i t y  components 

( 2 )  for  a n  or thogonal  t ransformat ion ,  t h e  term under t h e  square r o o t  i n  equa- 

, as i n  equat ion  (C25) 1 
Mesh spac ings  t i o n  ((224) is 

For MacCormack's scheme, recal l  t h e  special case of equat ion  ( c 1 1 ) .  In  t h i s  
case, t h e  preceding development h o l d s ,  w i t h  D be ing  r e p l a c e d  by Dm (eq. ( C 1 2 ) ) .  
One f i n d s  equat ion (C24) aga in  necessary  f o r  s t a b i l i t y .  

For a r b i t r a r y  phase,  t h e  computat ional  i n t r a c t a b i l i t y  of Gm (eq. ( C 1 0 )  ) makes 
i t  d i f f i c u l t  t o  e s t a b l i s h  a g e n e r a l  r e s u l t  or w o r s t  case. Computational exper ience  
seems t o  s u p p o r t  t h e  use  of equat ion  (C24) for  MacCormack's scheme as w e l l  as f o r  t h e  
more r i g o r o u s l y  j u s t i f i e d  Brai lovskaya case. 

A r t i f i c i a l  V i s c o s i t y  E f f e c t s  

From equat ions  (C10) and ( C l l ) ,  i t  is  clear t h a t  Bra i lovskaya ' s  method i s  n o t  
d i s s i p a t i v e .  I f  s i n  a = 0 f o r  a l l  va lues  of j or f o r  any frequency i f  D h a s  
e i g e n v a l u e s  of 0 ( i n  f l u i d  dynamics, t h i s  w i l l  occur  near  s t a g n a t i o n  or s o n i c  
p o i n t s )  , then G h a s  e igenvalues  of 1 .  This i s  prevented by adding smoothing or  
damping terms t o  equat ion  ((26). A four th-order  term o f t e n  chosen i n  f l u i d  mechanics 
is  

j 

l 

n 
- 4un . + #  

j I I j A- I 3 3 I I 3 I I 3 n 

where k i s  t h e  a d j u s t a b l e  a r t i f i c i a l  v i s c o s i t y  c o e f f i c i e n t .  With t h i s  c h o i c e ,  
e q u a t i o n  (C10) becomes 

~ G = I h -  D 2  - i D  

I 46 
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where 

A = l  - % 2 (cos 2a - 4 cos  a + 3) 
j =I j j 

Equation (C9) now becomes 

This r e q u i r e s  

A2 < 1 (C30) 

L e t  A denote  t h e  e igenvalues  of D as before ,  w i th  AI A t  = A. m e n  equa- 
t i o n  ((229) g i v e s  

Our reasoning  thus  fa r  i s  genera l :  i f  equa t ion  (C26) is  rep laced  by ano the r  
damping t e r m ,  equa t ions  (~271, ((2291, (C30), and (C31) s t i l l  hold ,  With equa- 
t i o n  (C28) modif ied a p p r o p r i a t e l y .  Q u a t i o n  ((230) restricts t h e  choice  of k. For a 
given k, equa t ion  (C31) then restricts our t i m e  s t e p .  For k = 0, equat ion  (C31) 
reduces t o  equa t ion  (C9). m u a t i o n s  (C28) and (C30) g ive  t h e  requirement  

1 
8n 0 < k  < -  

I A r e s t r i c t i o n  of t h e  form of equat ion (C32) is  known f o r  o t h e r  d i f f e r e n c e  
I schemes ( r e f .  C4). Addi t iona l  r e s t r i c t i o n s  of t he  form of equa t ion  (C31) do n o t  

appear  t o  be widely recognized. Figure C1 shows A t  as a f u n c t i o n  of k 
f o r  t h e  choice  (eq. (C26)) with  n = 2 o r  3. 

I 
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CALCULATION OF PROPERTIES AT SHOCK WAVE 

The shock ve loc i ty  and o t h e r  f l o w  p r o p e r t i e s  on t h e  downstream s i d e  of t h e  shock 
wave are ca l cu la t ed  from the  downstream p r e s s u r e  ps 
dimensional  extension of t h e  axisymmetric method d i scussed  i n  r e fe rence  24. f ie  
f i r s t  s t e p  i n  the procedure is  t o  r e s o l v e  the v e l o c i t y  a t  t h e  shock wave i n t o  a n  
or thogonal  shock-oriented system with components normal and t angen t  t o  the  shock wave 
as i l l u s t r a t e d  i n  sketch A. 

by us ing  a g e n e r a l  t h ree -  

Sketch A 

The nex t  s t e p  i s  to compute the  shock v e l o c i t y  and o t h e r  f low p r o p e r t i e s  a t  t h e  shock 
(see s k e t c h  A) from t h e  normal-shock-wave r e l a t i o n s  t r e a t i n g  t h e  downstream p r e s s u r e  

ps 
va lues  of ps 
d i f f e r e n c e  s o l u t i o n  of the f low-f ie ld  equa t ions  a t  t h e  shock. The f i n a l  s t e p  is t o  
r e s o l v e  t h e  ve loc i ty  a t  the  shock i n t o  t h e  components i n  t h e  coord ina te  system be ing  
used to  make t h e  f l o w  computations.  Since the  de ta i l s  of t h e  procedure are dependent  
on t h e  coord ina te  system employed, t h e  procedure w i l l  f i r s t  be described for t h e  
s p h e r i c a l  coord ina te  system used i n  t h e  nose reg ion  and then f o r  the c y l i n d r i c a l  
coord ina te  system used downstream. 

and the  normal v e l o c i t y  component i n  the f r e e  stream as known q u a n t i t i e s .  The 
used i n  t h i s  s t e p  of t h e  procedure are obta ined  from t h e  f i n i t e -  
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S p h e r i c a l  Coordinate System 

I n  s p h e r i c a l  coord ina te s ,  the shock wave can be desc r ibed  by an equat ion  of t h e  
form 

where Z s ( 8 , $ )  
shock. The o u t e r  u n i t  normal t o  t h e  shock s u r f a c e  i s  g iven  by the  expres s ion  

is the  rad ia l  d i s t a n c e  t o  a d i s c r e t e  se t  of p o i n t s  which d e f i n e  t h e  

A 

Thus f o r  s p h e r i c a l  coord ina te s ,  n becomes 
S 

where 

A 

Now a u n i t  v e c t o r  t i s  chosen such t h a t  it is t angen t  t o  t h e  shock wave and t h e  
curve  formed by t h e  i n t e r s e c t i o n  of t h e  shock wave and t h e  p lane  
a u n i t  vec to r  is  given by t h e  expres s ion  

$1 5 = Constant.  Such 

- 
where t h e  vec to r  r i s  de f ined  as follows: 
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Thus I 

where 

I 

A 

Now a second u n i t  v e c t o r  ts2 t a n g e n t  t o  t h e  shock and perpendicular  t o  both  Gs 
and csl can  be obta ined  from t h e  vec tor  cross product  of As and tsl 

A A A - 
t s 2  - "s t s l  

A 

With e q u a t i o n s  (D3) and (D7), t h e  fo l lowing  r e s u l t  is obta ined  f o r  ts2 

A 

NOW t h e s e  t h r e e  u n i t  v e c t o r s  A s I  C s l I  and t d e f i n e d  by equat ions  (D3) I (D7) I 
and (D10) can be w r i t t e n  i n  t h e  fo l lowing  shorg2form 

A h A A 

ns = % ef + Nee0 + N- e -  @ $  

A A CI A 

tSl = T~~ eZ + T l 0 e e  + T ~ $  e6 
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20 e + T24  "5 ts2 - - T 2 ~  e? + T e 

where 

N- = 1 / G  r n 

T1 3 = (91% 

( D 1 4 a )  

( D 1 4 d )  

( D 1 4 e )  

( D 1 4 f )  

( D 1 4 h )  
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N 3 r  T 2 ~ '  T 2 e ~  and Gn 
- N o t e  t ha t  for  the special  case of 8 = and Q = fn/21 

reduce t o  t h e  fo l lowing  l i m i t i n g  forms: 

\ 

Gn = ll + ($$2 I 
The f ree-s t ream v e l o c i t y  i n  s p h e r i c a l  c o o r d i n a t e s  is 

+ V- e- 
4 1 ~ 0 ~  41 Vw = V- e- + v 

r , w  r 

where 

- V - e, 

-+ 
v m l ( s i n  a s i n  e s i n  5 + cos a cos e )  

-+ 
v m l ( s i n  a cos e s i n  5 - cos a s i n  e )  

-b 
V- = I V , ~  s i n  a cos 5 4II O3 

The free-stream v e l o c i t y  component normal t o  t h e  shock wave V i s  n,w 

(D17a) 

(D17b) 

(D17c) 

+ a 

( D 1 8 )  V - - V m e n  = N - V -  + N V  + N - V -  
nIW S r r , w  8 8 , w  Q 

Vt21- and V t l  
and t h e  free-s t ream v e l o c i t y  components t angen t  t o  t h e  shock wave 
are 

- - k A  - - Tl; V g I W  + T V + T - V- 
V t l  I - v w  ts l  i e  e,= 1 4  

and 

- + a  
- = T - V -  + T  V + T - V -  

Vt21w - v w  t s 2  2 r  r , w  28 O I w  241 
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Although, t h e  t a n g e n t i a l  components of ve loc i ty  vt, and vt2 a r e  unchanged a c r o s s  
t h e  shock wave, the  o t h e r  p r o p e r t i e s  i l l u s t r a t e d  i n  s k e t c h  B change and must be 

hS 

e 

i Sketch B 

computed from t h e  fo l lowing  normal-shock-wave r e l a t i o n s  f o r  a moving shock: 
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or ,  s i n c e  p, = 1 ,  equa t ions  ( D 2 1 )  and ( D 2 2 )  become 

Now, rear ranging  equat ion  ( D 2 5 )  r e s u l t s  i n  t h e  fo l lowing  equat ion:  

- 

- 
1 - P, ('n,s 's) 

(Vn,, - 's) 

( D 2 6  1 

equat ion  ( D 2 4 )  and s o l v i n g  f o r  ( v  - v s ) 2  gives the  
n,- 

Combining t h i s  equat ion with 
f o l l o w i n g  equation: 

S i m i l a r l y ,  equat ion ( D 2 3 )  becomes 

h = h, +-(V 1 
S 2 n,, ( D 2 8  1 

Equat ions ( D 2 7 )  and ( D 2 8 )  can be combined w i t h  an e q u a t i o n  of s ta te  i n  t h e  form 

( D 2 9 )  P = pKh 

t o  y i e l d  the fol lowing r e s u l t :  

where for  a n  i d e a l  gas 
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and f o r  a rea l  gas ,  K is  eva lua ted  from p, p, and h a t  t h e  prev ious  t i m e  s tep 

t - A t  

= ($) (D32) 

Equat ion (D32) is a good approximation of the  va lue  of K a t  t h e  e a r l y  t i m e  steps 
and it becomes more and more "exact"  as the s o l u t i o n  approaches convergence. This 
process  e l i m i n a t e s  the  need t o  iterate the shock-wave r e l a t i o n s  by us ing  the  "real- 
gas  sub rou t ines"  and, t hus ,  speeds up the s o l u t i o n  cons ide rab ly .  wi th  equa- 
t i o n  (D30), equa t ion  (D27) can be so lved  t o  o b t a i n  t h e  fo l lowing  equa t ion  f o r  t h e  
shock v e l o c i t y  Vs: 

*,en use this r e s u l t  i n  ecpation ( ~ 2 4 )  to obtain vn,s as 

The en tha lpy  hs can then  be computed from equa t ion  (D28) and e, from t h e  r e l a t i o n  

The f ree-s t ream v e l o c i t y  zoEponents i n  t h e  s p h e r i c a l  coord ina te s  V- r ,='  " 6 , m '  

and V- can be transformed t o  shock-oriented v e l o c i t y  components vn,, , Vtl , m ,  

and 
4,- 

by us ing  t h e  t r ans fo rma t ion  matrix A 
V t 2 ,  €0 

A =  

a l  1 a l  2 a l  3 

23 a 22 a 21 
a 

33 a 32 a 31 a 

T 1 3  T1 e 
= T -  T 

2 r  

N3 J 

(D36) 
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as fol lows:  

A 

- 
V- 
r r  - 

V 
8, - 

V- - + I r n  

V t l  ,- 

V t 2  , QD 

This  same t ransformat ion  mat r ix  can be app l i ed  t o  cond i t ions  behind t h e  shock wave; 
t hus  I 

A 

where 

U- 
T I S  

U 
8,s 

U -  
+ I S  

V t l  ,s 

V t 2 ,  s 

- - 
V t l  , s  V t l  , w  

V = v  
t 2 , s  t 2 , w  

(D38) 

(D39a) 

( D39b) 

"he s p h e r i c a l  ve loc i ty  components downstream of t h e  shock wave can be determined from 
equat ion  (D38) as fol lows:  

- 
A 

1 

V t l  , s  

V t 2 , s  1 :  n, s 
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where A-1 i s  the i n v e r s e  of the t ransformat ion  matr ix  A. Now A-l can  be w r i t t e n  
i n  t h e  general form 

1 A-1 = - m j A = -  
14 I AI 

- 

32 A 

1 A21 

22 
A 

A1 2 

23 
A 

13 
A - 

(D41) 

where !AI is  t h e  determinant  of the matr ix  A and Ai j  i s  the cofactor of the 
e lement  For a spherical coordinate system w e  can  w r i t e  

I A I  = T ~ . - ( T ~ ~ N ?  - T 25 8 18 2 r  $ N ) - T ( T  - N- - T~~ N--) (D42) 

and 

= T  N - - T  ( ~ 4 3 a )  
A1 1 2 8  4 2 5  N e  

A = -T - N- + T - N -  (D43b) 
12  2 r  4 24 I: 

- T N- (D43C) 
28 r A = T2; N e  

1 3  

(D43d) A = -T N- 
21 1 0  4 

(D43e) A = T - N -  
22 1 r  4 

A = - T - N  + T  N- (D43f) 
23  l r  8 18 r 

(D43g) 
A 31 = ' i e ' z  

A = - T - T  (D43h) 
3 2  1 r  25  

A = T - T  - T  T -  (D43i) 
33 l r  28 1 8  2 r  
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Now from equat ions  (D40) and (D411, t h e  s p h e r i c a l  v e l o c i t y  components downstream of 
t h e  shock are obtained as fol lows:  

1 
UrlS = ~ ( A 1 l V t l , s  + A  21 V t 2 , s  + A31vn,s) (D44 

1 
U 8 , s  = T;;T(A1 2Vtl  I S  + A22Vt2,s + A  32'n, s) 

1 
+ A  V u$s = m(AI 3'tl , s  + A23Vt2,s 33 n,s) 

C y l i n d r i c a l  Coordinate  System 

I n  c y l i n d r i c a l  c o o r d i n a t e s ,  t h e  shock wave can be d e s c r i b e d  by an e q u a t i o n  of 
t h e  form 

I n  a procedure s i m i l a r  t o  t h a t  used with t h e  s p h e r i c a l  c o o r d i n a t e  system, t h r e e  u n i t  
v e c t o r s  r e l a t e d  to t h e  shock wave are def ined .  

The f i r s t ,  G S l  i s  t h e  o u t e r  u n i t  v e c t o r  t o  t h e  shock wave and is  d e f i n e d  by 

A n n A 

ns = N r e r  t Neeo + NQe$ (D48 1 

where 

Nr  = l/Gn 

N Q = -(h$)/G S n 
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~ - 

and 

2 

Gn = il + ( b j 2  S + (2) 
A 

The second, tsl, is  t h e  u n i t  vec to r  tangent  t o  t h e  shock wave and the curve 
formed by t h e  i n t e r s e c t i o n  of t h e  shock and t h e  p lane  
by 

41 = Constant  and is  d e f i n e d  

where 

and 

(D52a) 

(D5 2b) 

(D52c) 

The t h i r d ,  cs2, is  a u n i t  vec to r  perpendicular  t o  both  is and f s l  and is  
d e f i n e d  by 

Cs2 = ~ 2 r ; r  + ~ 2 $ +  + ~2z ;z  

where 

(D55a) 
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The free-s t ream v e l o c i t y  i n  c y l i n d r i c a l  c o o r d i n a t e s  i s  

+ A A A 

V - = V  e + V  e + V  e 
r , -  r 4,- 4 Z I m  z 

where 

-+ v = I v , ~  s i n  a cos 4 
01 

The f ree-s t ream v e l o c i t y  component normal t o  t h e  shock wave is g iven  by 

+ A + N V + N V  V - - V V m * n  = N V  
n I m  S r r -  4 4,- z z,m 

and t h e  v e l o c i t y  components t a n g e n t  t o  t h e  shock wave a r e  g iven  by 

+ A 

= v, tSl = T  V + T  V + T  V 
v t l  , - l r  r r m  1 4  4,- 12 z, -  

and 

= v, 9 ts2 = T  V + T  V + T  V 
Vt2 , -  2r r r -  2 4  4,- 22 2,- 

(D56) 

(D57a) 

(D57b) 

(D57c) 

(D58) 

(D60) 

Now t h e  t a n g e n t i a l  components of v e l o c i t y  are u n a f f e c t e d  by t h e  shock wave; t h u s ,  

V = v  (D61a) t l  , s  t l  ,- 

= v  (D61b) 
V t 2 ,  s t 2 , -  
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The v e l o c i t y  Vn 
( s k e t c h  B) are cbmputed by us ing  equat ions  (D23) through (D35) i n  e x a c t l y  t h e  same 
way as €or t h e  s p h e r i c a l  c o o r d i n a t e  system d e s c r i b e d  p r e v i o u s l y .  

and o t h e r  p r o p e r t i e s  on t h e  downstream s i d e  of t h e  shock wave 

S i m i l a r l y ,  t h e  c y l i n d r i c a l  v e l o c i t y  components on t h e  downstream s i d e  of  t h e  
shock wave are computed from t h e  equat ions  

1 
+ A31Vn, s) r ,s  - ~ A I (  11 t i , s  + A21Vt2,s A V  - -  U 

+ A  V 32 n,s)  
U + A  V 

4b s t l , s  22 t 2 , s  

1 
+ A  V 33 n,s)  

+ A  V 
2,s  = w("13'tl , s  23 t 2 , s  

U 

1 and 

A = T  N - T  N 11 2 4 ) z  22 4 

A = - T  N + T  N 12  2r z 22 r 

A = T  N - T  N 
1 3  2 r  Q 24 r 

A = T  N 
21 l z  4 

A = T  N - T  N 22 l r  z l z  r 

A = - T  N 
23 1 r  4 

A = - T  T 
31 1 2  2@ 

A = - T  T + T  T 
32 l r  22 1 2  2r 

A = T  T 33 l r  2@ 

(D62) 

(D66a) 

(D66b) 

(D66c 

(D66d) 

(D66e ) 

(D66f) 

(D66g) 

(D66h) 

(D66i 1 
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M < 1  

Moderate angle of attack High angle of attack 

Figure 1 . -  External flow f i e l d s  for  super/hypersonic f l i g h t  regime. 
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Figure 2.-  Physical coordinate system. 
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P1290 in.* 

SECTION A-A L A  

Figure 4 .- Space Shuttle orbi ter  geometry. 

Complete geometry. ( b )  Modified geometry. 

Figure 5 . -  QUICK geometry models. 
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Figure  6.- Data-base c o n f i g u r a t i o n .  

- @=nl2  z=o / 
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z =o 
F i g u r e  7.- Bow shock i n i t i a l i z a t i o n s .  Symmetry plane.  
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Profile view 

Cross section at z = 350 in. 

Figure 8.- Initial shock 

3 
Cross section at z = 50 in. 

Cross section at z 

shapes. Ma = 10.3; 

= 650 in. 

a = 25'. 
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( a )  Entropy d i s t r i b u t i o n .  

S =Constant 
Sw f Constant 

W ----- 

I I I I I 1 
200 400 600 

z, in. 

(b) Surface  a x i a l  Mach number. 

F igure  9.- Center - l ine  s u r f a c e  d i s t r i b u t i o n  of flow v a r i a b l e s  as func t ion  of 
v e h i c l e  a x i a l  l e n g t h  f o r  c o n s t a n t  and v a r i a b l e  en t ropy  w a l l  boundary 
c o n d i t i o n s .  MoJ= 10.3: a = 25O. 
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( c )  Pressure c o e f f i c i e n t .  

F i g u r e  9 .- Concluded. 
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(b) Axial v e l o c i t y  d i s t r i b u t i o n s .  

F igure  10.- D i s t r i b u t i o n  of flow variables through shock l a y e r  i n  windward symmetry 
p lane  a t  a x i a l  l o c a t i o n s  z/L of 0.1, 0.25, and 0.45 f o r  c o n s t a n t  and variable 
e n t r o p y  w a l l  boundary condi t ions .  M, = 10.3; a = 25O. 
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(c) Densi ty  d i s t r i b u t i o n .  
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F igure  10.- Concluded. 
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(a) Entropy d i s t r i b u t i o n s .  
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( b )  Axial ve loc i ty  d i s t r i b u t i o n s .  

F igure  11 .- D i s t r i b u t i o n  of flow va r i ab le s  through shock l aye r  i n  windward symmetry 
p lane  a t  a x i a l  l o c a t i o n s  z/L of 0.1, 0.25, and 0.45 f o r  cons t an t  and v a r i a b l e  
w a l l  boundary condi t ions .  Ma = 10.3; a = 45'. 
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F i g u r e  11.- Concluded. 
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12.- Windward-surface c e n t e r - l i n e  a x i a l  Mach number d i s t r i b u t i o n .  M = 10.3. 
m 
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( a )  a = 25O. ( b )  a = 30°. 

( c )  a = 35O. (d) a = 40'. 

(e )  a = 42.5O. (f) a = 45O. 

L-82-213 
Figure 13.- Surface a x i a l  Mach number d i s t r i b u t i o n .  
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( a )  Windward c e n t e r - l i n e  p r e s s u r e  c o e f f i c i e n t s .  
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Figure  14.- Comparison of e x p e r i m e n t a l  and c a l c u l a t e d  p r e s s u r e  d i s t r i b u t i o n s  a t  
Ma = 10.29 and a = 2 5 O .  
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Figure  15.- Comparison of exper imenta l  and c a l c u l a t e d  p r e s s u r e  d i s t r i b u t i o n s  a t  

Ma = 10.29 and a = 30°. 
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(b) Meridional pressure coefficients. 

Figure 15 .- Concluded. 
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( b )  Mer id iona l  p r e s s u r e  c o e f f i c i e n t s .  

F igure  16 .- Comparison of e x p e r i m e n t a l  and c a l c u l a t e d  pressure d i s t r i b u t i o n s  a t  
Ma, = 10.29 and a = 35O. 
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( b )  Meridional  p r e s s u r e  c o e f f i c i e n t s .  

F i g u r e  17 .- Comparison of e x p e r i m e n t a l  and c a l c u l a t e d  p r e s s u r e  d i s t r i b u t i o n s  a t  
Ma = 10.29 and 01 = 40'. 
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Figure 20.- Meridional p re s su re  c o e f f i c i e n t  d i s t r i b u t i o n s .  M, = 18; a = 40° .  
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