@ https://ntrs.nasa.gov/search.jsp?R=19840007798 2020-03-21T01:31:26+00:00Z

L)

NASA Technical Memorandum 82550

Some Properties of a Five-Parameter
Bivariate Probability Distribution

J. D. Tubbs and D. W. Brewer

University of Arkansas
Fayetteville, Arkansas

Orvel E. Smith

George C. Marshall Space Flight Center
Marshall Space Flight Center, Alabama

NNASA

National Aeronautics
and Space Admnistration )

Scientific and Technica:
Information Branch

1963



't

At ey

~d

ACKNOWLEDGMENTS

The research contained in this final report was
performed for the George C. Marshall Space Flight Center
of the National Aeronautics and Space Administration for
the period of July 24, 1981 - October 23, 1983. The prin-
cipal investigators would like to thank Mr. 0. E. Smith
of NASA/MSFC for technical assistance and problem defini-
tion, and Dr. S. I. Adelfang of Computer Sciences Corpora-
tion, Huntsville, Alabama, for assistance in the area of
application.

J. D. Tubbs and D. W. Brewer
Principal Investigators



ry, -

o Y am T

R |

PREFACE

The report contains the results of several papers
related to modeling using a class of the bivariate gamma
distribution. The separate papers contain loosely related
subjects pertaining to this problem. Since the separate
papers were prepared at different times during the contract
period and have been submitted for publication in the open
literature and each paper is intended to be self-contained,
there is some redundancy in tables and illustrations.

Each of the papers in this report were extensions
and/or generalizations of the results given in NASA TM-
82483, entitled "A Bivariate Gamma Probability Distribution
with Application to Gust Modeling,'" by O. E. Smith, S. I.
Adelfang, and J. D. Tubbs. A modification of this paper is

currently under review by Communications in Statistics.

The first paper in this report, entitled "A Note on
the Ratio of Positively Correlated Gamma Variates,' has

been accepted for publication in Communications in Statis-

tics and it presents some new analytical results using a
class nf the bivariate gamma distribution. Comparable
results were available in the open literature using a
different class of the bivariate gamma.

The second paper is entitled "A Method for Det:rmin-
ing if Unequal Shape Parameters are Necessary in a Bivariate
Gamma Distribution" and is an application of the results

given in the first paper and addresses questions concerning
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hypothesis tests for equality of shape parameters from
correlated gamma distributed variates. This paper is

currently under review by Teclinometrics.

The third paper, entitled "A Differential Equations
Approach to the Modal Location for a Family of Bivariate

' contains extensive analytical results

Gamma Distribution,’
for the location of the mode as a function of the free para-
meters. To the authors' knowledge this is the only such
repre: entation for a non-gaussian bivariate distribution.

This paper has been submitted to SIAM J. on Scientific

and Statistical Computing.

The fourth paper is a report summarizing the analysis
of some wind gust data using the analytical results devel-

oped in relationship to the modeling application.
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CHAPTER 1

A NOTE ON THE RATIO OF POSITIVELY CORRELATED GAMMA VARIATES

J. D. Tubbs

Department of Mathematical Sciences
University of Arkansas
Fayetteville, Arkansas

0. E. Smith

Systems Dynamics Laboratory
NASA Marshall Space Flight Center
Huntsville, Alabama

ABSTRACT

Mielke and Flueck (1976) derived the density function and
corresponding moments for the ratio of correlated gamma distrib-
uted variates. They considered a class of bivariate gamma dis-
tributions suggested by Cherian (1941) and David and Fix (1961).
Recently, Lee, Holland, and Flueck (1979) derived some additional
distributional results using this class of functions. This paper
derives similar results using a different class of bivariate

gamma distributions.

1. INTRODUCTION

Mielke and Flueck (1976) derived the distributional results
for the ratio, R, of correlated gamma distributed variables.
There are several classes of the bivariate gamma distribution [three

are summarized in Mardia (1970) and an additional two in Johknson and
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Kotz (1972)]. Mielke and Flueck (1976) derived the distributional
results for the ratio, R, of correlated gamma distributed variables
using the Cherian-David-Fix class of bivariate gamma random variables
[Cherian (1941) and David and Fix (1961)]. That is, let X, Y, and P
denote independent gamma random variables with common scale parameter
A and respective shape parameters a - £, B - £, and £, for 0 < § <
min(a,B).

Then it can be shown that the bivariate probability density
function for U X + P and V=Y + P is given by

min (u,v)

fU,V(u’v) - ex2|£(u+V)| ./E ps-l(u-p)“_e_l(v—p)s—a—lepdp (1.1)

for K = I'(a=E)T (B=£)T ()

when the scale parameter A is assumed to be unity. Mielke and
Flueck (1976) showed that (l.l1) can be written as
ua-lvB—E-le-(u+'v)
I (a)T (B-£)
fU,V(u’v)= (1.2)

F:(£,1+E-u:8,u/v,-u) if Ocucv

uu-&—lvB-le-(u+V)
I'(a-g)T (B)
w (a)_. (b)

* n+m n
where F (a,b,c:x,y) = L :
1 m,n=0 (c) m!n!

FI(E,1+£-0:8,v/u,-v) if O<weu

m n
x y, is a "degenerate'"

two variable hypergeometric function [Gradshteyn and Ryzhik
(1967), p. 1067] and (a)n = r(at+n)/r(a). Thus, U and V are gamma
random variables with shape parameters a and f and positive depend-
ence parameter {. In particular, E(U) = Var(U) = o, E(V) = Var(V)
= 8, and Cov(U,V) = E.

Mielke and Flueck (1976) derived the density function for
R = U/V using a change of variables. That is,
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r“-%j1+r)g-a-8 FI(E,u+B-E,1+€—B,a:r/l+r,r)
B(a-£,B)
if0<rc<l

fR(r) = (1.3)
ru-&-l

(1+r)£-a-8 F1(5,0+B-€. 1+£-a,8:1/14r,1/1)
B(Q—E’B) if 1 <r

© (a)_. (b) (c)
where Fl(a,b,c,d:x,y) = I (2;n anv .
m,n=0 min

X%y, x| <1 ly] <1

is a two variable hypergeometric function [Gradshteyn and Ryzhik,
(1967), p. 1053], and B(a,b) = I'(a)T(b)/T(a+b). In addition, they
show that the integral moments of R are given by
s a=

( E)j(E)

s S
ER) = 41, )~y

580 G 521 for s > 0. (1.4)

In particular,

E(R) = aB-£/B8(B-1), B> 1
(1.5)

2(a-£)E
B(B-1)

(a~£+1) (a-£)

2. E(£+1)
E(RY) = (B-1) (8-2)

B(B+1)

+

+ , B> 2

?ecently, Lee, Holland, and Flueck (1979) were able to obtain
comparable results for density of R using the Cherian-David-Fix

class of densities by expressing f_ as a weighted difference of

hypergeometric functions. The purgﬁse of this paper is to derive
comparable results for R using a different class of the bivariate
gamma distribution. This class is a special case of the one
suggested by Jensen (1970) as modified by Gunst and Web:ter (1973).
The next section contains a brief discussion of this class of
distributions., In section 3 the derivation of fR is given using
this class of functions., Section 4 outlines a possible applica-
tion for the probability function in the area of hypothesis

testing for the equality of shape parameters in the presence of

correlation.
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2. GUNST AND WEBER CLASS OF BIVARIATE GAMMAS

Gunst and Weber (1973) proposed a computationally feasible

method for deriving the joint density function for the bivariate

chi-square distribution. Since the chi-square is a special ¢

ase

of the gamma, this method was used for the bivariate gamma case.

That is, a bivariate gamma density function for U and V with
common scale parameter A = 1 and shape parameters a,B, (a <

is given by

a—lvB-le-[(u-PV)/(l-n)] nj-H&' (B—a+k) (uv)jvk

8)

f(u,v) = u

.8

-]
Z
(1-n)%T (@)T (B=a) ko (1-n) 2379 gy 3 1!
where n = p Y (B/a), p is the correlation coefficient between
variables U and V. Gunst and Webster (1973) suggested this c

of densities in that they are computationally tractable and d

the
lass

[o}

nct involve mathematical functions, such as Laguerre polynomials

or convoluted sums [Jensen (1970) and Kibble (1941)]. Smith,
Adelfang, and Tubbs (1982) discuss this class of densities in
greater detail,

In the next section the distributional properties for th

e

ratio, R, are derived using the Gunst-Webst~r class of bivariate

gammas.

3. RATIO OF CORRELATED GAMMA VARIATES

By letting R = U/V and S = U+V, the joint pdf for R and S

can easily be shown to be

® @ +i-1 +i+k=1
£ e mc poe —s [e]*T PR L o
R,s'T’ 1 2 2 |1+5 T+r

j k (1+x)

- nJ+kT(B-a+k)
2j+ )
2 1-n) IR (B4 3 1!
by integrating over S the pdf for R becomes

where ¢y = [(l-n)ar(a)(ﬁ-a)]—l, c

I1-4
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8
f (r) = (l-n)" T [ c,c, B(a+],B+i+k)
R j=0 k=0 1 ¥

-1 a+i-1 a+B+2]+k

/ (1+4r) (3.2)

where z, = (a) nj/j!, cy ™ (B-a)knk/k!, (a)n = I'(a+n)/T (a), and

3 J
B(a,b) = T (a)I (b)/T (a+b).
Whenever the shape parameters are equal then the deusity func-

tior for R is given by

£ (r) = (1-n)* £ ¢, B(at+j,a+j)
R jmo 3

-lra+j-1 2a+23

/(14r) (3.3)

From (3.2) it can be shown that the mth raw moment for R is

given by
ERD) = (1-n)f ey I o, Blatjtm, B+i+kon)/B(at], 845+ (3.4)
j=0 3 k=0

if m < B, 1In which case, it follows that

ER) = (1-mf 1 ¢ ¢, (a+3)/ (B+i+k-1) (3.5)

ts ™M 8
x 8

and

ERY) = (1-m)P 1 ¢

3 b Cy (a+j) (a+j+1)/ (B+i+k-1) (B+j+k-2) (3.(
3 k

Whenever n = 0, then

E(R) = o/(8-1), E(R®) = alo+l)/(8-1) (B-2) (3.7)
which agrees with the values given by Mielke and Flueck (1976)
whenever £ = 0 anu with Lee, Holland, and Flueck (1979) whenever
aa (Q,

Lee, Holland, and Flueck (1979) discuss some of the mathe-

matical properties for the density of R for various values of

1-5
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a,8, and n. They demonstrated that the density can be « at r=1
whenever either of the shape parameters 1is less than one. How-
ever, in the Gunst-Webster construction by assumins that a > 1
and a < B the density function given in equation (3.2) is stable.
Figures 1-4 illustrate the various shapes that fR(r) has as a
function of the three parameters.

A definite computational advantage of equation (3.2) versus
equation (1.3) stems from the ability to compute the tail proba-
bilities for R. By letting a=q+j and b=g+j+k, we have
P(F

Fa(ry) = 1-mf z e

: < brO/a] (3.8)

€x *Y2a,2b

.~ 8
xt1 8

where Fr s denotes a random variable from an F-distribution with

r and s degrees of freedom. Note if n = 0, then (3.7) becomes

Fpirg) = PIF, o < Bro/al (3.9)

which agrees with the well known results concerning the ratio of
independent chi-squares. Furthermore, if n # 0 and a = B then
(3.7) becomes
o
Fplry) = (1—n)°‘§ &5 PIFy i) 2(aty) & o (3.10)
which is similar to an expressicn given by Johnson and Kotz (1972},

Chapter 40, Section 3.
4, APPLICATION

In this cection an application is given for computing the
cdf of R, given by equation (3.7). Diagram 1 defines the area

given in equation (4.1).
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! " ORIGINAL PAGE 189
OF POOR QUALITY

FICURE 1. DENSITY FUMCTION FOR R = U/V a = 1.5, B = 1.5

2.0-1

1.5~

fy(r)

FIGURE 2. DENSITY FUNCTION FOR R = U/V o = 1.0, § = 3.0

3.0-1

2.0

ll(r)

1.0 —

t = ulv
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ORIGINAL PAGE 19
OF POOR QUALITY

FICURE 3. DENSITY FUNCTION Y*OR R = U/V a = 2.0, 8 = 3.0

ne.2?s

n=.5
ne= .23

0

fn(r)

R sty e
L T v ~3 T -7
0.5 1.0 1.3 2.0 2.5 3.0
r = ulv

FIGURE &. DENSITY FUNCTION FOR R = U/V o = 3.0, 8 = 3.0

1.04

T T Y =1 T -
.5 1.0 1.5 2.0 2.5 3.0
r = ulv
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By letting cot 6, = U/v = %y and G(§) = l-FR(ro), one has

G@e) = (1-mP ¢ 3 < (a/b)tan 6] (4.1)
3

Figure 5 contains the graph of the tunction G(6) versus 6 for a = 1

L ¢, P[F
Kk k 2b,2a

and =1, 2, or 3 and n = 0, .25, .50, and .75. From this figure
and other cases which are not included one observes that whenever

a = 8 then G(45°%) = .5 and G(45°) < .5 whenever a < B. This obser-
vation and addicional properties were used in developing a test for

the hypothesis
Hyta =8 vs. Hi:ia<B (4.2)

The procedure is presented in Tubbs (1983) and uses the Cramer-

Von Mises criteria for testing (4.2). That is, define
2
wn =n f{FR(r) - Fn(r)} dFR(r) (4.3)

where FR(r) is the cdf for the null distribution given in (3.10).
Fn(r) is the empirical distribution for r, = ui/vi and the ri's
are arranged in increasing order. Whenever Ho is true, then wn is

distribution free and has a convenient computational form given by

n 2
- 1 _ (2i-1).
1= * 1£1 {z, 2 3 (4.4)

where 2, = FR(ri). Ho is rejected if W exceeds a specified
critical point. Tubbs (1983) considers the properties of this

test procedure in greater detail.

5. CONCLUSIONS AND SUMMARY

This paper derives both the density and the distribution func-
tions for the ratio of positivelyv correlated gamma variates using
a modification of Jensen's bivariate gamma distribution. The
expression for the moments differ from those given by either

Mielke and Flueck (1976) or Lee, Holland, and Flueck (1979).
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ORIGINAL PAGE (|

OF POOR QUALITY
However, all the expressions are identical whenever the variates are
uncorrelated. A principal advantage found in this representation
stems from the ability to compute the CDF of the ratio. The value of
the CDF for the ratio was shown to have potential application to the
problem of testing for equality of shape parameters in a particular

family of the bivariate gamma distribution.

, u = vry
/
r FR(rO)
V
lr
r
b
g G(Bo) =1 - FR(rO)
“
A %
u
Diagram 1
1-10
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FIGURE 5. G(0) vs. 0
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CHAPTER II

A METHOD FOR DETERMINING IF UNEQUAL SHAPE
PARAMETERS ARE NECESSARY IN A BIVARIATE
GAMMA DISTRIBUTION

J. D. TUBBS
Department of Mathematics
University of Arkansas
Fayetteville, Arkansas

ABS1 "ACT

A procedure for aiding an experimentalist in decid-
ing between four and five parameters in a Jensen's type
bivariate gamma distribution is presented. The procedure
is based upon the properties of the CDF for the ratio of
correlated gamma distributed variates. The criteria of
interest is posed in a test of hypothesis setting and
results are presented using the Cramér-Von Mises test

of fit.
1. INTRODUCTION

Smith and Adelfang (1981) discuss the applicability
of a bivariate gamma distribution as a parametric model
for wind gust amplitude and length. In modeling this
bivariate data with a gamma distribution, it was neces-

sary to find a distribution that would allow for correla-

tion between the random variables X and Y when the marginal

distributions are univariate gammas with possibly unequal

shape and scale parameters. That is, X - G(yx,sx) and



Y - G(Yv’By) where the probability density function for

Z -~ G(v,8) is given by

£,(2) = 872" LeBZ/r (v). (1.1)

A brief survey of the open literature reveals that
there are several classes of the bivariate gamma distribu-
tion. One need only consult Mardia (1970) and Johnson and
Kotz (1972) to find five classes of the bivariate gamma
distribution [Kibble (1941), Cherion (1941), McKay (1934),
sensen (1970), and Moran (1969)]. Of these classes only
Jensen (1970) and Moran (1969) allow for unequal shape
parameters and both of these have computational limitations
which affect their utility to the experimentalist. Recently,
McAllister, Lee, and Holland (1981) and McAllister (1983)
have addressed the limitations with Jensen's model and
provided results which overcome many of the computational
difficulties. However, at the time of Smith et al. (1983)
development these results were not available. Hence, they
modified a bivariate chi-square model given by Gunst and
Webster (1973). This allows for possibly unequal shape
parameters and is computationally tractable. The model is
not as general as that given by Jensen (1970), however, one
can derive the bivariate model given by Kibble (1941) as
a special case whenever the shape parameters are equal. 1In
this paper, the unequal shape parameter model will be
referred to as the five-parameter model and the equal shape

I1-2
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case as the four-parameter model. Smith, Adelfang, and
Tubbs (1983) discuss the properties of these distributions
and it is apparent that the four-parameter has numerous
computational advantages over the five-parameter model.

So if one assumes that the data is correctly modeled by
this class of the bivariate gamma distribution, a question
of practical interest becomes, How does one decide if the
five-parameters are really necessary? The purpose of this
paper is to present a procedure which would aid the exper-
imentalist in answering the above question. The problem
is posed in a hypothesis testing setting. That is, test

the hypothesis

Hy: vy = Yy (1.2)
versus
Hl: Y € Yy (1.3)

It should be noted that the proposed method is not an
omibus test of fit for the bivariate gamma against all
other possible models. Instead the procedure is intended
for deciding between the four or five parameter models as
given in Smith, Adelfang, and Tubbs (1983).

The next section contaias the distributional results
needed for the test of hypothesis (1.2). The test proce-
dure is given in section 3 and evaluated in section 4.
Section 5 contains a summary and remarks concerning some

of the limitations of the procedure.
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2. DISTRIBUTIONAL RESULTS

Smith, Adelfang, and Tubbs (1983) modified a bivariate-
Chi square distribution given by Gunst and Webster (1973)

and obtained the density function given by

™ P i '+k
£(x,y) = K. /K, £ T c.ox)(ny)d (2.1)
172 520 k=0 jk

where
Yol vyl
Ky = x y exp-{(xty)/(1-n)},
Yx
Ko = (1-n) P(Yx)r(Yy°Yx).

= 3 0/ T B (b 51 kD,

cjk
and x = sz, y = YBy, Byr sy are known scale parameters,
n=p17 Yy7yx, p is the correlation coefficient between the

variables X and Y. The joint probability distribution func-

tion is given by

i
a°)
a X
<
[}
%
<
A
<
o\—‘

F(x,,5,) < X,

r d., H +j, 1-
J jio o Y5k (v i, x,/(1-n))

‘H(Yy+j+k. yo/(l-n)) (2.2)
where
Ty
J = (1-n) /F(Yx)r(Yy—Yx).
L kL . .
djg = n Flrgmvyg K)/T(yyti+k) Jt Kl
H(a,x) = f:ta_l e b dt.

11-4
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Equations (2.1) and (2.2) are for the unequal shape para-
meters and will be referred to as the five-parameter model.
It should be re-emphasized that this model is not completely
general in that one assumes that Yy > Yy and the correlation
between variables X and Y are restricted to the interval
[0, nm] for nel0,1].

If Y T Yy 7 then it can be shown that (2.1) and
(2.2) reduce to the well known functions pziven by Kibble
(1941). That is, the density function is given by

£(x,y) = ()Y Lexp-1 Gety) /(1) VT ()

'_fo(nxy)/(l-n)z)j/r(Y+j) il (2.3)
J=

and the distribution function becomes

F(x,y) = (1-n)Y/T(v) _“O /T (r#3) 31
J=
“H(y+i,x/ (1-n)) H(r+3,y/ (1-n)). (2.4)

Equations (2.3) and (2.4) will be referred to as
the four parameter model. A comparison of the distribution
function given in (2.2) and (2.4) reveals that there are
distinct differences in terms of the computational com-
plexity. Thus for computational reasons the experimental-
ist would like to know how much greater does Qy have to
exceed ;x before equation (2.2) is really necessary.
Ideally he would like to answer this question before using

both (2.2) and (2.4) then selecting the results which are

more gratifying. 1In order to eldress this issue, this

II-5
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paper considers the problem of testing hypothesis (1.2)
versus (l.3) using an univariate random variate given

by the ratio of X to Y, R = X/Y. Tubbs and Smith (1983)
derive the density and distribution functions for R when-
ever the bivariate density is either (2.1) or (2.3). That
is, if equation (2.1) holds then the density function for
R is given by

Y w -] - -
£.(r) = (1-n) Y ¥ § c.c B(a,b) 1r2 L/ (L) 3P (2.3
R j=0 k=0 9 X

where B(a,b) = I (a)I (b)/r (a#D), ¢; = (a)jnj/jl,
e = (b=a)n®/kl, a =y 43, b=y

The distribution function for R is given by

FR(rJ) Pr [X/Y < roJ

(1-n) YE I c.c Pr[F
j=0 k=0 J K

Ia

2a,2b bro/a] (2.6)

where Fr s denotes a random variable from an F-distribution

s

with r and s degrees of freedom. The corresponding functions

= y are given by

whenever Yy = Yy

£ (x) = (1-n)ino 3 B(a,a) tr2 1/ (1+r)22 (2.7)
and

FR(ro) = (1-n)in0 cj Pr[FZa,Za < rO] (2.8)

where a = y + j}.

II-6
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3. HYPOTHESIS TESTING

Since R = X/Y is a univariate random variable it is
informative to graph Fp(r) versus r. However, since r > 0
a more meaningful graph can be produced by letting 8 =

lr and G(eo) = l-FI(ro) where 8, = Cot'lro. The area

cot”
corresponding to Fr(ro) is shown in diagram 1. Further-

more, it follows that

Y @ ®
G(ey) = (1-n) Y1 & cjckPr[FZa,Zb < (a/b) tane ]

j=0 k=0
(3.1)
in the five-parameter model and
- Y §
G(oo) = (1-n) _i chr[FZa,Za < taneo] (3.2)

j=0

in the four-parameter case.
Since 6 is restricted to the finite interval (0, =/2),
/
it is somewhat instructive to plat G(8) versus o as func-

tions of the free parameters, and n. As in Tubbs

Yx' Yy
and Smith (1983) the scale parameters are assumed to be
known and hence equal to one. This restriction will be
addressed later in the paper. Figures 1-3 contain some of
the illustrative cases.
From these plats one observes that G(45°) = .5 when-

ever the four-parameter model holds and G(45%) < .5 in

the five-parameter models. Rather than just using this

observation a function was selected to measure the distance

between these distribution functions. The Cramér-Von Mises
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type goodness-of-fit procedure was selected since the test
is distribution free whenever the parameters are specified.
Furthermore the test statistic is easy to compute.

Let

2

’H/(. 2
W= nfo {G(8) - G_(8)17dG(e) (3.3)

where G(8) is given in (3.2), Gn(e) is the empirical dis-
tribution function of 8; = tan-l(ri), r; = Xi/Yi are
arranged in increasing order. Whenever hypothesis (l.2) is

true, then Wh has the convenient computational form given

by

(z. - {Zi-l)}Z (3.4)

n

>3

i
where z; = G(ei). Furthermore, from Anderson and Darling
(1951) one can reject (1.2) whenever Wﬁ exceeds a specified
critical point. These critical points are given from Ander-
son and Darling's asymptotic distribution. Stepheun (1976)
defines a procedure for modifying the critical points for
small samples, however, the underlying problem of modeling

bivariate data will probably dictate large sample sizes.
4, EVALUATION OF THE TEST PROCEDURE

In this section the procedure defined in the previous
section is evaluated. The evaluation is performed in two
parts. The intent of the first part was to determine
whether or not the procedure even works. That is, are the

I11-12



apparent visual differences between the function G(8' as
seen in Figures 1-3 significant in the "Cramér-Von Mises"
metric. The second part of the evaluation concerns the
robustness of the procedure to the nuisance parameters.

In the first part, let
n/2 2 _
Dn(s) =nf {G(8) - A(8)1}7dG(s) (4.1)
o

where G(8) is given in (3.2) and A(8) is given by (3.1)

when Yy = Yy + §, for § >0. For positive integers n,
compute.
un(a) = Pr[Wn > Dn(a)]. (4.2)

If the alternative hypothesis given by

le < = vy + 6 (4.3)

Yy
holds, then the expected value of W, in (3.3) is given by

Yx

Dn(é). Hence, an(d) is the expected type I error of test-
ing hypothesis (1.2) as a function of §. Table 1 contains
the value of an(d) for various values of the parameters.
The an(s)'s were computed using Tiku's approximation to
the asymptotic distribution of W, [Tiku (1965)].

For example, from Table 1 one would expect the test
to reject integer (§=1) differences between the shapes for
X and Y at the 957 significant level whenever n > 50.

The procedure used to generate the values in Table 1

is somewhat unconventional: however, they do indicate that
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the test procedure would be sensitive to differences in
the shape parameters that exceed unity. A Monte Carlo
simulation was also performed. The results are not
reported in the interest of space and since the simulation
was quite limited. A detail simulation is very expensive
due to the computational custi. in computing the null dis-
tribution G(8) needed in evaluating type I errors. It

15 especially costly to simulate any type II errors. In
spite of these restrictions upon the simulation's werit,
the results were supportive of the expected results given
in Table 1.

The second part of the evaluation is concerned with
the question of robustness of the test to the unspecified
parameters, namely, p and By» By' In order to determine
the sensitivity of the test to the misspecified correla-

tion coefficient o, the following distance was evaluated

for different values of Yy = Yy

D) =n 1/26(e) - B2 d6(e) 4.4)

where ~(8) is given in equation (3.2) when p = 0, and
B(6) is given by equation (3.2) whenever o > 0, for
p = .25(.25).75. Table 4 contains the type 1l errors
an(p) given by

Pr[Wh > Dn(p)] = an(p) (4.5)
for different values of n and Yy = Yy =
I11-14
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Table 1. Tail Probabilities for an(6)*
Y*x n n §=.25 .50 .75 1.00 1.25 1.50 1.75 2.00
1 0 20 1.00 .45 .22 .12 .06 .04 .02 .02
50 .53 .12 .02 .01
100 .25 .02 .01
.25 20 1.00 .41 .18 .09 .05 .03 .02 .01
50 .48 .09 .02 .01
100 .21 .01
.50 20 .87 .33 .13 .96 .03 .02 .01 .01
50 .41 .06 .01
100 .15 .01
.75 20 .69 .21 .07 .02 .01 .01
50 .27 .02
100 .06
2 0O 20 1.00 .82 .48 .27 .17 .13 .07 .04
50 1.00 .36 .13 .04 .02
100 .60 .13 .02 .01 .01
.25 20 1.00 .72 .40 .22 .13 .07 .04 .03
50 .91 .29 .09 .01
100 .52 .09 .01
.50 20 1.00 .59 .30 .15 .08 .04 .03 .01
s0 .73 .21 .05 .02
100 .41 .05 .01
.75 20 1.00 .40 .16 .06 .03 .01
50 .52 .09 .01
100 .24 .02
3 0 20 1.001.00 .66 .43 .28 .18 .12 .08
50 1.00 .55 .25 .11 .04 .02 .01
100 .87 .26 .07 .01
.25 20 1.00 1.00 .56 .35 .21 .13 .08 .05
50 1.00 .46 .18 .07 .02 .01
100 .59 .11 .01
75 20 1.00 .56 .26 .12 .05 .02 .0l
50 .72 .18 .04 .01
100 .39 .04 .01
*if o (6) < .01, then the entry is left blank.



(4.5) is the expected type I error as a function of the
nuisance parameter p. It should be mentioned that the
distribution for L is not the same as that given by
Anderson and Darling asymptotic approximation since the
nuisance parameter p is unspecified [cp., Stephen (1976)],
however, it does not aprpear feasible to follow Darling's
procedure for computing the exact distribution whenever

p and By By are replaced by their consistent estimators.
In spite of this shortcoming, equation (4.5) is used.
However, Stephens (1976) showed that the asymptotic
approximation given by Anderson and Darling is conserva-
tive as compared to his fitted distribution in the family
of normal distributions [Stephens (1976) Table 4, p..367]
and the extreme value distributions [Stephens (1977)
Table 1, p. 687]. Thus, it seems reasonable that
equation (4.5) 1is also conservative, that is, if an(p)

is the true value for the l.h.s. of equation (4.5), then
alp) < a (o).

Table 2. Type 1 Errors for Unspecified

Y n p=.25 .50 .75
1 20 1.00 1.00 .65
50 1.00 .87 .25
100 1.00 .50 .06
2 20 1.00 1.00 .35
50 1.00 .74 .18
100 1.00 .41 .04
3 20 1.00 1.00 .53
50 1.00 .70 . 16
100 1.00 .37 .03

- - o



From Table 2, it follows that the procedure is only
sensitive to p whenever p = .75 and n > 50. This observa-
tion was also supported in the simulation study.

In order to determine the sensitivity of the test to

the scale parameters, the distance given by
D (s) =n f7? (GGe) - c(e)1? dG(e) (4.6)
n o

where G(8) is given in (3.2) and C(e) is given by (3.2)
whenever tane = sr, s = Bx/sy = ,90(.02)1.10. Errors in
either of the scale parameters can be considered by varying
s in (3.2). Table 3 contains the expected type I errors

given by

Pr[Wh > Dn(s)] = an(s) (4.7)

for different values of n, vy, and px

From Table 3 one observes that the procedure appears
to be resilient to errors in the scale parameter and that
one might have a type I error wheny =5, o = .75, and n =
100 at the 95% significance level. In addition it also

appears that the results are symmetric about s = 1.

5. CONCLUSIONS AND SUMMARY

A procedure is outlined for determining whether
a four or five parameter bivariate gamma model is appro-
priate. The procedure was evaluated and three
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Table 3. Type 1 Errors for
Misspecified Scales

Y P n .90 .92 94 1.06 1.08 1.10
1 0 50 1.0 1.0 1.0 1.0 1.0 1.0
100 1.0 1.0 1.0 1.0 1,0 1.0
.25 50 1.0 1.0 1,0 1.0 1.0 1.0
100 .89 1.0 1.0 1.0 1.0 .87
.50 50 1.0 1,0 1.0 1.0 1.0 1.0
100 .67 .96 1.0 1.0 1.0 .68
.75 50 .69 1.0 1.0 1.0 1.0 .73
100 .37 .57 .89 .83 .60 .40
2 0 50 .98 1.0 1,0 1.0 1.0 1.0
100 .56 .79 1.0 1.0 80 .57
.25 50 .78 1.0 1.0 1.0 1.0 .80
100 .44 .64 1.0 1.0 56 .46
.50 50 .58 .81 1,0 1.0 .84 .61
100 .38 .46 .74 .76 .49 .31
.75 50 .31 .49 .78 .80 .52 .34
100 .09 .22 .44 .46 .24 .11
3 0 50 .68 .98 1.0 1.0 1.0 1.0
100 .36 .55 .86 .88 .57 .38
.25 50 .55 .77 1.0 1.0 .80 .57
100 .26 .43 .70 W72 .45 .28
.50 50 .37 .57 .89 .92 .60 .41
100 .14 .28 .52 .54 .30 .16
.75 50 .17 .32 .57 .59 .34 .19
100 .03 .10 .27 .28 .12 .04

The values of s = (.96,1.04) were omitted since the Type 1
error was 1.0 for all parameters. Likewise, whenever n=20.

11-18
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different functions were evaluated in order to determine

the procedure's feasibility and sensibility to the nuisance

parameters. Admittedly, the evaluation is very limited
and there are several limitations which would prohibit
this type of procedure as an omnibus test of fit. How-
ever, the results appear to be promising to the experi-
mentalist interested in obtaining insight into the stated
problem.

There are several nonparametric procedures for test-
ing (1.2) versus (1.3) and perhaps these are not as sensi-
tive to the nuisance parameters. However, the proposed
procedure is based upon '"measuring'" significant departures
of the parametric distributions function which are vital

to the modelers' primary objective.
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CHAPTER IIT

A DIFFERENTIAL EQUATIONS APPROACH TO THE
MODAL LOCATION FOR A FAMILY OF
BIVARIATE GAMMA DISTRIBUTIONS

D. W. Brewer*t
J. D. Tubbs*
Department of Mathematical S-iences

University of Arkansas
Fayetteville, Arkansas 72701
0. E. Smith
Systems Dynamics Laboratory

NASA - Marshall Space Flight Center
Huntsville, Alabama 35812

ABSTRACT

Analytical and numerical computational methods are
given for determining the location of the mode as a func-
tion of the parameters of a class of the bivariate gamma

distribution.

I. INTRODUCTION

Smith, Adelfang, and Tubbs (1983) derived some compu-
tational results for a family of bivariate distributions.
In their paper they consider the location of the mode as a
function of the shape parameters, Y1 and Yo, and the
dependence coefficient n. The purpose of this paper is
to consider this problem in greater detail. Thav~ is, the

paper will consider analytical and numerical computational



&)

methods for locating the modal values for the class of density
functions given in Smith, Adelfang, and Tubbs (1983). The
general density function is given by:
v1-1 vp-1 -(g +t))
e o @

t t
1 Z z I a
1=0 k=0

£(ty,tyivysvpn) = jk (1.1)

Y1
(1-n) r(Yl)r(Yz'Yl)

(1-n) A *r (v 1340 3 1K

t] = B1X, ty = B,Y, By.8o are scale parameters, Yo > ¥y 2 1

are shape parameters, and 0 < n < 1 is associated with the
correlation coefficient p by the cquation n = p/?ET?I. We
will assume without loss of generality that By = By = 1.
=Y of

We will concentrate on the special case Y. =Y,

(1.1) for which the distribution function reduces to

L = (ty+t,)/(1-n) . :

(tltz)Y LR ; nJ(tltz)J

(1-n)7T () §=0 (L-n)23r (y+i)j !
(1.2)

f(tlltz;YDn) =

This is the form given by Kibble (1941).

Smith and Adelfang (1981) used the above class of density

functions in modeling wind gust data for the ascent flight of

the Space Shuttle. A parametric model was selected in that the

parameters are used to establish engineering constraints for

the shuttle payload system. Thus, the modal location and value
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were of interest to this particular application. The authors
are not aware of any other results, either analytical or numer-
ical, for the modal location for non-Gaussion multivariate dis-
tributions. The closest related work is in the area of density
and mode estimation [3.g. Sager (1978, 1979), de Beauville
(1978), and Eddy (1980)].

In Section 2 we will derive some qualitative results con-
cerning the behavior of the modal location of (1.2) as a func-
tion of (y,n). Section 3 presents analogous results for
another borderline case Y1 = 1, Yo 2 2 of (1.1). 1In Section
4 we present some numerical procedures based on the theoretical
investigations of the previous sections. The general case
Yo > ¥q i is considered in Section 5. We present some numer-
ical tabulations for the modal location of (1l.1) as a function

of (yl, Yoo n) and consider some numerical interpolations from

the borderline cases considered in Sections 2 and 3.

2. EQUAL SHAPE PARAMETERS - ANALYTICAL METHODS

Lemma 1. The functior f(tl,tzgy,n) defined by (1.2) attains
its maximum in the region Ri = {<t1:t2)=t1;0,t2;°} on the
line tl = t,.

Proof: Since f is integrable and continuous over Ri, it is
clear that f attains its maximum on Ri. Choose any constant
¢ > 0. Let h(t) = f(t,e-t;y,n), 0 < t < c¢. Then from (1.2)

we have
I1I-3
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Loy

L K (y,n)ert i le-gyrti-l,
j=0 3

it

h(t)
where Kj(y.n) > 0 is independent of t. Therefore,

h' (t)

]
I} t1 8

Ry (ron) (-1 72 (e-e) 32 gy

J

Since h'(t) > 0 for 0 < t < ¢/2 and h'(t) < 0 for ¢/2 < t < ¢,
h attains its maximum at t = c/2.. Therefore f(tl'tZ) attains
its maximum along any line t.+ty=c at the point (¢/2,¢/2).
This completes the proof.

Define g(t;y,n) = £(t,t;y,n). Then by Lemma 1 it is suf-
ficient to find the point on t 2 6 at which g attains its maxi-

mum value. Using (1.2) one can show that

g(tiy.n) = cly,mye 28/ -ty 2.1)

where c(y,n) = [(1-n) (/MY r(y)17L, and n(e) = ¢7°1

where Iu(z) denotes the modified Bessel function with index , ,

and p(n) = 2/n /(1-n).
Using [Abramowitz and Stegun (1964), Eqn. 9-6-28] it is not

I ,
y _l(P(ﬂ)t)

difficult to show that h'(t) = I-"(n)t:y-1 Iy-Z(P(n)t), therefore

f(r,7;y,n) is the mode at the bivariate gamma distribution given

by (1.2) if and only if g'(r) = 2g(t)/(l-n) or
/ﬁly_z(p(n)f) =1 _ 3™, (2.2)

where p(n) = 2/n/(1-n).
With the aid of (2.1), we may prove the following theorem.

Theorem 1. For fixed vy » 1, let t(n) denote the value at which
f(x(n), t(n);y,n) is a maximum. Then v is continuously differ-

entiable for 0 < 5 < 1 and satisfies the initial value problem

I111-4



@

t(n) = (1/20)((21- 2y+3)"L - 4y @-m)7h 2%

1(0) = vy-1l.
Proof: It is easy to show directly from (2.1) that g attains
its maximum at ¢t = Y - 1 when n = 0, so that t(0) =y - 1.

Furthermore g is continuously differentiable for 0 < n < 1 and

ot
. rKs
computation shows that «—% # 0 at t = y-1 and n=0. Therefore,
ot

7(n) is continuously differentiable in a neighborhood of n = 0
by the implicit function theerem. The proof will be completed
by differentiating both sides of (2.1) with respect to n.

After some simplification and solving for t'(n) this yields

' (n) = (l-n)IY_z(p(n)r)/(4nq(n)) = (l+n)1/2n(1-n) (2.4)
where q(n) = I ;(p(n)t) - /n I_pfpn)n).

By [Abramowitz and Stegun (1Y64), Eqn. 9-2-26],

I;_l(p(n)r) = IY_Z(p(n)T) - (Y-l)fY_l(p(n)r)/p(n)r

I;_l(p(n)r) = Iy_l(p(n)t) + (Y-2)IY_2(p(n)T)/p(n)T;

substituting these expressions into g(n) and using (2.2) .yields
after some simplification

g(n) = (1-n) (2t-2y + 3)IY_2(p(n)r)/2r-

Substituting this expression into (2.4) completes the proof
of Theorem 1.
The nonlinear differential equation (2.3) cannot be solved

in general in closed form. Some numerical solutions are given

I71-5



in Section 4. However (2.3) does give information regarding
the qualitative and limiting behavior of 1(n) for vy > 1. 1In
the special case vy = 3/2, (2.3) reduces to a linear differen-

tial equation which can be solved directly by standard methods.

Corollary 1 If vy = 3/2, then

c(n) = Gon) gy (lif_'ﬁ)
4Y'q 1-V1

This result can also be obtained directly from (2.2) using the
fact that Iu(z) can be expressed in terms of hyperbolic func-

tions when y = $1/2.

Since the differential equation (2.3) is singular at
n = 0, its numerical solution requires some additional knowl-
edge of the behavior of t(n) near n = 0. This is provided

by the following corollary.

Corollary 2. The function 1(n) is continuously differentiable

at n = 0 and satisfies

() = -(-D/y , v>1. (2.5)

Proof. The continuous differentiability of t at n = C was

considered in the proof of Thecrem 1. Choose n > 0, then by

the mean value theorem there is a number £ ¢ (0,n) such that
t(n) = 1(0) + nt' (&) = y-1 + nt'(£).

Substituting this expression into (2.3) and simplifying yields

clmy = Q=T (6) ArQny e ()
(1-n) (1+2n7 ' (£))

I1I-6
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Letting n + 0 and using the continuity of 1'(n) we have

1'(0) = -(y-1)(1+1'(0)).
Solving this equation for 1'(o) yields (2.5)
We will write t(n,y) when we wish to emphasize the uepend-
ence of the modal location on y. Theorem 1 and Corollary 2
may be used to obtain several of the qualitative and asymptotic
properties of the function 1(n,y) in the region 0 < n < 1,

vy > 1. These are summarized in the following theorem.

Theorem 2. The modal location function 1 (n,y) has the following
properties:
(i) 1t(n,y) is a decreasing function of n for fixed y > 1:

(ii) 1lim 7(n,y) = max {y—%,O} for vy > 1;
n+1

(iii) t(n,y) - (y-;) is a decreasing function of y for
fixed n ¢ (0,1) and y > 1;

. . —(v_3y_ _1-n

(iv) iif tn,y) -y 2= (T for 0 £ n ¢ 1.

Proof: We will show that 7'(n) < 0 for 0 ¢ n < 1. Suppose

not, then since 1'(0) < 0 by Corollary 2, there is a point

it

£ > 0 such that t'(g) 0 and t'(n) <« 0 for 0 < n < §. Let
w(n) = t(n) - (y-2) and z(n) = 7%5%57, then from (2.3) it is

easy to see that

] __T(n) 1 - 1
) = [W(n) Z(n)]’

so 1'(f) = 0 if and only if w(g) = z(g).

III-7
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let h=w - z. Note that z'(n) = -(1+n)'2 so that h'(0) =
w' (@) - z2'(0) =1'(0) +1 >0 and h(0) = w(0) - z(0) = O.
Therefore since h(¢) = 0 and h(n) > 0 for 0 < n < £, we must
have h'(f) < 0. However, h'(f) = w'(¢) - 2'(g) = v'(¢) -
2' () = -z2'(g) = (1+£)-2 > 0. This contradiction proves (i).
Furthermore, we have that w(n) > z(n) for 0 < n < 1.

We will now consider the proof of (iii). Fix Y] > ¥y 2 1
and let f(n) = w(n,yl) - w(n,yz) where as before w(n,y) =
t(n,y) - (Y-%). We wish to show that f(n) < 0 for 0 < n < 1.

Clearly £(0) = O and by (2.5) £'(0) = }1 - } < 0. Assume

to obtain a contradiction that there is a point £e (0,1) such
that £(¢) = 0. If, in addition, we assume ¢ is the first

such point, then f(n) < 0 for 0 < n < ¢ so f'{(¢) > 0. However,
using (2.6) at both Y1 and Yo and the fact that w(&,yl) =
w(g,yz) it is not difficult to show that

, (Yl‘Yz) I_ 1 1 -}
£1¢) = —% |[FEY T z@ |

Since Y12 Yo and w(g) > z(¢), it follows that f'(¢) < O.
This contradiction completes the proof of (iii).

Now we turn to the proof of (ii). First consider the
case 1 < y < 3/2. Since 1t is decreasing in n and positive

for 0 £ n < 1 we know that t*

= %i? 7(n) exists, where the
limits at 1 are always from the left. Assume to obtain a
contradiction that t* > 0. Then it is not difficult to show
using (2.3) that

II1I-8
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Therefore, for % < n < 1 we have

-

%

(M) 23 - 3T

N

Integrating both sides of this inequality from % to n yields
*
1) £t + 3+ 5 1n(l-n)

for % < n < 1l. However, this implies that t(n) » - = as

n + 1, a contradiction.

The case y > % follows easily from (iii) and the proof of

(i) because for y 2 %

z(n) ¢ t(n) - (Y-%) < r(n.%)

and both z(n) and T(ﬂ,%) approach zero as n + 1.
Finally, we consider the proof of (iv). Let u(n,y) =

w(n,y) - z(n) for O n<1landvy 2 %. From the proof of (i)

A

we know that u(n,y) 0. From (2.v) we obtain

fiv

3
(v-7)
, _ 1 (n,7) 27 [ 2(n) - w(n.y)
wi(n,y) =z [1 - w__(znan _—_|l * [ wn(n,Y):(%Y

so that
w'(n,y) £ - (Y"%)U(n.‘f)-

Therefore,

W) =W (n,y) - 2 () £ -GePuln,y) + L.

II1-9
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From this inequality we obtain

3 3
& [ume 7 o el

3 3
(v=5)n  _ 1 (v-5)n _4]
u(n,y)e 2 u(O,y) L ?Y‘:g-; [e 2- l—l.

Therefore

0 < uln,y) £ —]‘3—
(Y‘Z)
This implies that u(n,y) - 0 as y - =« and completes the

proof of Theorem 2.
3. UNEQUAL SHAPE PARAMETERS--THE CASE Y, = 1

In this section we consider another '"borderline' case of
the general bivariate gamma distribution, the case Y] = 1.
For technical reasons we will limit our discussion to the
range v, > 2 and for brevity let Yo = Y- Then the function

given by (1.1) reduces to

th-le-Sz o s Sj
where
_ otk r(y+k-1) .
Cj kio S3 m v ] 0,1,2,..., (3.2)

1 t2
and where ] =T S2 ~ - and S5 = ns,.
The following lemma allows us to restrict our attention

to the line t1 = 0.
II11-10



Lemma 2. The function f(tl.tz;l,Y,n) given by (3.1) for

y > 2, takes on its maximum value in the region t1 > 0,

ty) 2 0 on the line ty = 0.

Proof: Since f is continuous and integrable in the first
quadrant, we know it takes on its maximum value at some point
(tI,t;). We will prove that t; = 0 by showing that for any
fixed ty, > 0, f(tl’tZ) is a decreasing function of t;. This

is equivalent to showing that the function

® J
-s s
= I s
g(s) j=0 © cJ T
is a decreasing function on s > 0 where c5 is given by (3.2).
Note that
'(s) = -e” % ; c s + e 8 ; c ifili
¢ 2073 3T je0 373
g ° o g © gJ
= -g I c + e I ¢
j=0 4 3T j=0 ,3*1 ]I
= -e % g 5! (cj'°j+1)
j=0 4

Therefore g'(s) < 0 for s> 0 if cj+1 < cj for j = 0,1,2,..

To this end note that

c ; gJtl+k T (y+k-1)
Jtl oo 3 kTt GF3+1+k)

t odtk _ T(y+k-2)
k=1 3 (k-0 Ir (v+3+k)

b
k=1

Jtk TGHk-D) ko
3 KIT (+Hj+k) ~ y¥k-2 j

I111-11



since y 2 2 implies that —r—y < 1 for k = 1,2,3,.... This
completes the proof of Lemma 2.

According to the preceding lemma, the mode of the bivariate
gamma distribution in this case is the point (0,u) where u is

the point on t > 0 where the following function is a maximum:

g(t) = tY'l e-t/(l-n) h(t)

where
e k£° (%'%)k I G - kzo (n-tn)k RTGHETY -
Note that
adg((fll__‘in_)Y-lh(t)) = a%(kzg(%'-t?fﬂ-l Yi _
. B ("En)ﬁk'2 el

Therefore,

y-1 y-2

ne = & st T s A g

- ;E fg g¥=2 gns/(1l-n) ds
t

so that the function we wish to maximize is

g(t) = e-t/(l-n) fg SY“Z ens/(l-n) ds. (3.3)

I111-12



Lemma 4. Let u(n), or when necessary u(n,y), denote the value
for which £(0,u(n,y);1l,y,n) is a maximum where f is defined
by (3.1) and (3.2). Then u(0) = y-1, u(n) 2 v-2 for 0 ¢ n < 1,

and satisfies the equation
gu) = (L-mu""%e™, 0 gn < 1, (3.4)

where g is defined by (3.3).
Proof: It is easy to see from (3.3) that g attains its maximum
on [0,=) at a point t* > 0 for which g'(t*) = 0 and g'"(t*) < 0.

Differentiating (3.3) we obtain

g'(t) = - = g(r) +t¥ %"
and

g'(t) = - = g'(t) + £ % (y-2-1).

Therefore g'(y) = 0 implies (3.4) and g"(u) < O implies that

-t tY~
-1

see that u(0) = vy-1. This completes the proof of the lemma.

p 2y - 2. Since whenn =0, g(t) = e it is easy to
With the aid of these preliminaries we may prove the

following theorem in the spirit of Theorem 1.

Theorem 3. For fixed vy > 2, let u(n) denote the value of
which £(0,u(n); 1l,y,n) is a maximum. Then u is continuously
differentiable on 0 ¢ n < 1, u'(0) = -1 + %, and on 0 < n < 1

u satisfies the initial value problem

I111-13



'Jul

1 . w(u=- (y-1) + n)
w' ) == Sy o)

(3.5)
w(0) = y-1.

Proof: As in the proof of Theorem 1 the continuous differen-
tiability of y in a neighborhood of n=0 may be proved by applying the
implicit function theorem to (3.4). This differentiability will

be extended to all of [0,1) by proving that (3.5) holds. Let

g(t,n) denote the function defined by (3.3) and let 8¢ and g,

denote its partial derivatives with respect to t and n,

respectively. Then differentiating both sides of (3.4) with

respect to n we obtain

geluymdu' + gn(u.n) = (1-n)e—uuY-3(Y-2-u)u'-eauuY_z- (3.6)

By definition g,_(u,n) = 0 and direct differentiation of (3.4)
t

and integration by parts yields for 0 < n < 1 that

(t,n) = -—— g(t,
gy (tm) =~z 8l

+ 1 e~ t/ (1-n) fg gV-1 gns/(1-n) 4o
(1-n)
= -——E——z- g(t,n)
(1-n)
1 -t/(1-n) ¢ 1l-n _y-1_nt/(1l-n)
+ e [— tT e
(1-1)2 "

- L0 (-1 s sTT2ens/ ()]

I11-14
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Therefore, using (3.4) we obtain

- ..} Y-2 -yu 1 v-1l -~y
gn(u,n) -5 ¢ e +m v e
- 1%1 WY 2u
- . Y~2_-u, u u _y-1
wt e 7 I-n * n(l-n) )

= Y= 2g7w u=(-1)
n

Substituting this expression into (3.6) and simplifying yields

(3.5). For n = 0, an easy calculation shows that

I | -t v
8, (8.0 =ty ¢t

from which substitution into (3.6) with n =0 and y =y - 1
shows that p'(0) = -1 + %. This completes the proof of
Theorem 3.

The following corollary exploits the fact that (3.5)

reduces to a linear differential equation when y = 2.

Corollary 3. 1f y = 2, then

_ 1-n 1
w(n) = £ In(gs), 0 < n o< 1,

Proof. For y = 2 equation (3.5) reduces to

III-15



which is easily solved in closed form by standard methods to
show the desired result. This result is also easily derived
directly from (3.4).

It is interesting to note that the translated modal
location function v(n) = u(n) - (y-2) satisfies the differ-

ential equation

v(n) + y-2 1 o1
: n ! (V(n) -
1

v(0) =1, v'(0) = -1 + o’

vi(n) =

whereas the translated modal location function w(y) =

t(n) - (y-%) of Section 2 satisfies the analogous differential

equation
3
w(n) + vy -
W' (n) = e Gy - AR
W(0) = 7, w'(0) = -1+ .

For this reason u behaves in a manner similar to r. Its
properties are stated in the following theorem. Since the
proof of this theorem is entirely analogous to tne proof »>f

Theorem 2, it is omitted.

Theorem 4. The modal location function u(n,y) has the follow-
ing properties:
(i) u(n,y) is a decreasing function of n for fixed
Y 2 2;

(ii) limp(n,y) =y - Z for y 2 2;
n+1

111-16
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(iii) wu(n,r) - (y-2) is a decreasing function of y for
y > 2 and fixed n ¢ (0,1);
(iv) lim@u(n,y) - (y-2)) =1-n for 0 < n ¢ 1.

Y+

4, NUMZRICAL RESULTS

In this section we present some quantitative results based
on the results of the previous sections. Table 1 shows the
value of the modal location function for equal shape parameters
t(n,y) for various values of n and y. Table 2 shows values of
the translated modal location function w(n,y) = t(n,y) - (y-%).
This table illustrates the qualitative behavior of this func-
tion derived in Theorem 2. The limiting values of n = 1 and
y = «» are taken from Theorem 2.

The values in Tables 1 and 2 were computed using Theorem
1. Specificelly, a fourth-order Runge-Kutta algorithm was used
to compute an approximate solution of the differential equation
(2.3) on the interval 0 < n < 1 for each specified value of y.
Since equation (2.3) is singular at ¢ = 0, Corollary 2 was used
to replace the initial condition 1(0) = y-1.by the approximate

initial condition

t(h) = y-1 - (I—;—l) h

where h is the step size of the numerical method. Figure 1
shows the data of Table 2 in graphical form and illustrates the

behavior of the function w(n,y) derived in Theorem 2.

ITI-17
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Tables 3 and 4 show the corresponding results for the
modal location function u(n,y) for the case Y] = 1, Yo =¥
and its associated translate v(n,y) = u(n,y) - (y-2). These
tables were computed by the same methods as Tables 1 and 2
except using the results of Section 3. Figure 2 illustrztes
the qualitative behavior of the function v(n,y) as indicated
by Theorem.4.

Note that the differential equations (2.3) and (3.5)
allow the modal location to be computed recursively in n for
a fixed value of y as a dynamic process in a time scale meas-
ured by the modified correlation coefficient n. Error in the
computation is introduced through the discretization of this
continuous evolutionary process. A more conventional compu-
tation of the modal location would require an independent
calculation for each value of n with error introduced through
the truncation of the series representation (1.2) of the dis-
tribution function. This error becomes particularly trouble-

some as n + 1.

I11-18



Tab? : 1. Selected values of the modal location function t(n,vy)
for equal shape parameters.
Y\., 0 .1 .3 .5 .7 .9 1
1.1 . 1000 .0908 .0720 .0525 .0322 .0110 .0000
1.3 . 3000 .2765 .2268 L1724 L1117 .0412 .0000
1.5 .5000 4660 .3931 .3116 .2169 .0958 .0000
2.0 1.0000 .9491 .8412 L7277 .6127 .5279 .5000
3.0 2.0000 1.9334 1.8034 1.6862 .5939 1.5268 1.5000
—~ 10.0 9.0000 8.9152 8.7754 8.6697 .5891 8.5624 8.5000
© Table 2. Selected values of the translated modal location function
w(n,y) for equal shape parameters.
\o 0 1 .3 .3 .7 .9 1
1.1 .5000 .4908 L4720 .4525 4322 .4110 .4000
1.3 . 5000 4765 4268 L3724 .3117 L2412 .2000
1.5 .5000 . 4660 . 3931 .3116 .2169 .0958 .0000
2.0 .5000 L4491 . 3412 L2277 L1127 .0279 .0000
3.0 .5000 L4334 .3034 .1862 .0939 .0268 .0000
10.0 .5000 .4152 .2754 .1697 .0891 . 0264 .0000
o .5000 L4091 .2692 .1667 .0882 .0263 .0000
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3. UNEQUAL SHAPE PARAMETERS

In this section we briefly consider the mode of the
general bivariate gamma distribution given by (1.1). By
setting the partial derivatives of f(tl,tz;yl,yz,n) with
respect to t; and ty equal to zero, one finds that f attains

its maximum at the point (tl'tz) whose coordinates satisfy

1-“ [ 0 .
ty = = I I a.,(y +ji-1) (5.1)
1 $ k=0 5=0 jkM1
and
1—n @ ) .
ty = =g I I a.,(y,+j+k-1) (5.2)
where S = I L a,
k=0 j=0 J¥
and a,, given as in (1.1) depends on t; and ty.

jk
Table 5 shows selected values of the modal location for

the case Yo = 3. They were computed by truncating each of
the series in (5.1) and (5.2) to about fifty terms and simul-
taneously iterating on these equations until an approximate
solution is obtained. These computations become unreliable
as n + 1 and the truncation error becomes unacceptable,.
Figure 3 gives a graphical representation of the change
in modal location with n and Y1 for fixed Yo = 3. 1t is
interesting to note for a fixed n the extent to which the
modal location may be approximated by linear interpolation

between the borderline cases discussed in Sections 2 and 3.
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More specifically, we have the empirical approximations

yq-1

ty = 7%‘-‘1’1(“’*2) (3.3)
and
Yl'l
t2 = H(naYz) + Y—z'—I (T(anz) - U(H:Yz)) (5.4)

where 1 and y are as defined in Sections 2 and 3, respectively.
This empirical relationship is a subject for further investiga-

tion.
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CHAPTER 1V

ANALYSIS OF WIND GUST DATA

J. D. Tubbs
Department of Mathematical Sciences
University of Arkansas
Fayetteville, Arkansas

ABSTRACT

This paper summarizes the analysis of wind gust data
using statistical and mathematical procedures which were

developed for the bivariate gamma distribution.

1. TINTRODUCTION

Adelfang and Smith (1981) discuss the use of the gamma
distribution in modeling gust data at Cape Canaveral,
Florida. Smith and Adelfang (198l) treated gust amplitude
and length scale as the variables of the bivariate gamma
distribution. Smith, Adelfang, and Tubbs (1983) presented
some useful analytical and computational results for a class
of the bivariate gamma and applied some of these results to
the wind gust data. The purpose of this paper is to analyze
the wind gust data using some additional analytical results

obtained for the bivariate gamma distribution.
2. DATA

The data used in this paper consists of absclute gust



fa)

magnitude and gust length for both the zonal and meridional
components. The 150 wind profiles were filtered using the
band pass filter for wavelengths within 420-2470 meter band.
Data were available for the reference altitudes: 4Km, 6Km,
8Km, 10Km, 12Km, and 14Km. The data was paired into bivar-
iate components for both the zonal and meridional components,

denoted by the pairs (Au,Lu) and Av,Lv), respectively.
3. ANALYTICAL PROCEDURES

The data were partitioned according to reference alti-
tudes, then the 150 observations were analyzed using both
univariate and multivariate techniques. Simple descriptive
urivariate techniques were generated using PROC UNIVARIATE
in SAS. These procedures were used to help in the assess-
ment of the marginal distribution. The multivariate
descriptive procedures consisted of bivariate scatter plots
and contour plots.

Goodness of fit tests consisted of a univariate test
for marginal normality generated by SAS, two tests for
bivariate normality as discussed in Meredith and Tubbs
(1981), and a bivariate test for the gamma distribution.
The latter procedure is a bivariate Chi-square type test
which uses the computational results for the distribution
function as presented in Smith, Adelfang, and Tubbs (1983).

Parameter estimates for the bivariate gamma distribu-

tion were evaluated. These estimates were then used in
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generating the three-dimensional bivariate gamma density
function plots and the modal locations were estimated

using the results given by Brewer, Tubbs, and Smith (1983).
4. RESULTS

The results are sumarized in Tables 1l-7. Additional
results are given in Appendices A and B.

Tables 1-6 summarize the results for both the test of
fit and the parameter estimates for the bivariate gamma
distribution. There are two main tests for bivariate nor-
mality and both of these are discussed in Mereuith and
Tubbs (1981). The first is a procedure proposed by Rincon-
Gallardo et al. (1979). Since this procedure transforms
the data to a univariate test for uniformity three differ-
ent tests for uniformity are used. The second test for
bivariate normality is based upon a procedure proposed by
Cox and Small (1978).

The bivariate test for the gamma distribution is a Chi-
square type test of fit. Thus, this procedure has the
usual difficulties of selecting the number of cells and
cell location that are associated with this type of test.
In the interest of time and space a fixed procedure was
applied for all the data sets. Namely, the marginal distri-
butions were partitioned according to che .05, .25, .50, .75,
and .90 quantiles based upon the gamma parameter estimates.
This parti.ular choice affected the results for some of the

data sets, however, it seemed a reasonable global choice.
IV-»
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The univariate gamma parameters were estimated using
a maximum likelihood procedure presented by Greenwood and
Durand (1960) and discussed in Tubbs and Brewer (1981).

Appendix A contains the results for the univariate
descriptive statistics. Appendix B contains plots for each
data set. The density functions were generated using the
gamma parameter estimates. The contour plots are level
slices of the density function and are not equal proba-
bility contours. The location of the mode is denoted by
the symbol + and this value is computed using the analytical
results given in Brewer et al. (1983). Table 7 summarizes

the results for the r /dal location.
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Table 1. Summary for Wind Gust Statistic
Using Band Filter 420-2470 Altitude = 4 Km.

Multivariate Test

Cramer-Von Mises
Normality Watson's u2

K-35

Cox

Gamma Chi-Square

Univariate Test

Au

Normality kg

Lv

<>

Parameter Estimates

.402
.275
.808
.429

Au
Lu
Av
Lv

Sroow

* denotes that test is significant at
** denotes that test is significant at
*** denotes that test is significant at

IV-5

(Au,Lu) (Av,Lv)
.2062 2144
.2023% .2058*
.0618 .0551
11.45%% 26.07%%*
33.3 53.00%%*x
.077%

.068

. 090%*

.077%
B P

2.430 .2280
.007

1.891 .3415
. 006

.05 level.

.01 level.

.001 level.



Table 2. Summary for Wind Gust Statistic
Using Band Filter 420-2470 Altitude = 6 Km.

Multivariate Test

Cramer-Von Mises
Normality Watson's U

K-8

Cox

Gamma Chi-Square

Univariate Test

Au
. Lu
Normality AV
Lv
Parameter Estimates Y
Au 2.577
Lu 4,102
Av 3.168
Lv 4,895

* denotes that test is significant at .05 level.
*% denotes that test is significant at .01 level.
*** denotes that test is significant at .00l level.

IV-6

(AuLu

. 3806
.24]11%
.0897

24, GFx*k
72.03%%%

.047
.081*
.054
.072

1.916
.005
2.030
.005

(Av,Lv)

.2942
.2208*%
.0623
31. 8%**x

57. 14%%%

L4217
.2506



Table 3. Summary for Wind Gust Statistic
Using Band Filter 420-2470 Altitude = 8 Km.

Multivariate Test (Au,Lu) (Av,Lv)
Cramer-Von Mises 1.090%** .490%
Normality Watson's U2 . 721%%% .40Q9%**
K-8 .102% .083
Cox 10.67%* 8.67%
Gamma vhi-Square 34.74 52.57%%

Univariate Test

Au .114%%
. Lu .108**
Normality Av " 107%*
Lv
Parameter Estimate:; Q B 6
Au 3.023 2.113 .3396
Lu 4.149 .005
Av 2.922 1.811 L4253
Lv 4,614 . 005

* denotes that test is significant at .05 level.
** denotes that test is significant at .01 level.
*%* denotes that test is significant at .001 level.
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Table 4. Summary for Wind Gust Statistic
Using Band Filter 420-2470 Altitude = 10 Km.

Multivariate Test (Au,Lu) (Av,Lv)
Cramer-Von Mises .129 . 753%*
Normality Watson's U2 .126 . 469%*
K-S .052 .104%*
Cox 8.23% 8.58%*
Gamma Chi-Square 45, 04%% 36.29

Univariate Test

Au .073%
. Lu .063
Normality Av 073
Lv . 109%*
Parameter Estimates Y B 0
Au 3.047 1.9909 L4345
Lu 5.203 .006
Av 2.522 1.300 . 3890
Lv 4,543 .005

* denotes that test is significant at .05 level.
*%* denotes that test is significant at .0l level.
*%% denotes that test is significant at .001 level.
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Table 5. Summary for Wind Gust Statistic
Using Band Filter 420-2470 Altitude = 12 Km.

Multivariate Test

Cramer-Von Mises
Normality Watson's U

K-8

Cox

Gamma Chi-Square

Univariate Test

Au
Lu
Av
Lv

Normality

Parameter Estimates ¥
Au 2.155
Lu 4.113
Av 2.612/
Lv 4.023

* denotes that test is significant at
*%* denotes thac test is significant at
*%*%* denotes that test is significant at

1v-9

(Au,Lu) (Av,Lv)

.465% .398
.391%%* . 329%%*
.077 .076

25.04%%*% 23 70Q%**
52.54%% 41.24%

.116%*
L112%*
.042%*
.085%*

o>
>

.969 .2983
.005

1.051 .3066
.005

.05 level.
.01l level.
.001 level.

o . ——————



Table 6. Summary for Wind Gust Statistic
Using Band Filter 420-2470 Altitude = 14 Km.

Multivariate Test

Cramer-Von Mises 1.359%%% .6le*
Normality Watson's U2 L BL4THKK 357k

K -8 .134%% .084

Cox 14, 6%%% 17.9%%*%
Gamma Chi-Square 48 48.29%* 42.97%

Univariate Test
Au . 090%*
. Lu .096%*

Normality Av T 085%*

Lv .061

Parameter Estimates Y B b
Au 3.803 1.549 . 2420
Lu 4.725 .005
Av 3.324 1.161 . 3171
Lv 5.057 . 006

* denotes that test is significant at .05 level.
** denotes that test is significant at .01 level.
**% denotes that test is significant at .00l level.
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Altitude

4000
6000
8000
10000
12000

14000

* Method 1

Table 7.

Modal Location

Variables

(Au,Lu)
(Av,Lv)

(Au,Lu)
(Av,Lv)

(Au,Lu)
(Av,Lv)

(Au,Lu)
(Av,Lv)

(Au,Lu)
(Av,Lv)

(Au,Lu)
(Av,Lv)

e i =

Method II Interpolation.

(>

.939
.874

747
.008

.875
.965

.984
. 064

.083
.402

.713
.868
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581.
516.

539.
729.

571.
639.

624.
624.

556.
546.

705.
626.

Method*

OH N0 0o 0O O ~N W

Truncation of a double series.

el e =k T

.939
.873

. 745
.007

.874
.960

.977
.058

.080
. 400

.713
.865

II

581.
516.

539.
729.

570.
639.

625.
624,

556.
546.

705.
626.
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5. SUMMARY
The data sets are discussed according to reference

altitude.

4 Km. The normal or the gamma are not rejected for the
zonal (u) components. As discussed in Meredith and
Tubbs (1981) the Cox and Small procedure is sensitive
to symmetry and is not recommended for this data. The
gamma distribution was rejected for the v-component and
normality was accepted. However, marginal normality
was rejected at the .0l level for the absolute gust

magnitude (Av).

6 Km. The bivariate gamma was rejected in both wind com-

ponents and normality was not rejected.

8 Km. Normality was rejected for both wind components. The
bivariate gamma was accepted in the u-component but not

for the v-component.

10 Km. The u-component appears to be normal whereas the

gamma is accepted in the v-component.

12 Km. Both distributions appear to be suspect for the
u-component and the gamma is accepted for v. Normality
is also rejected for v by considering the marginal dis-

tributions.

14 Km. Neither distribution is acceptable for u and the
gamma is perhaps better for v.
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6. CONCLUSIONS

The wind gust data was analyzed using some new proce-
dures for the bivariate gamma distribution. The analysis
was meant to be informative, in that it represents examples
for some of the analytical procedure. The analysis is not
meant to be completei - *horough. Hence, there are still
some unresolved questions concerning the applicability of
the bivariate gamma for modeling wind gust data. One sus-
pects that neither the normal nor the gamma are completely
appropriate, however, perhaps both could provide acceptable
results for defining engineering constraints.

As mentioned in the paper the test for gamma is a Chi-
square type procedure which has inherent problems which
does not lend itself to easy data independent analysis.
Instead it requires judicious selection of parameters.

This analysis did not take advantage of this option, hence,
the rejection of the gamma could be attributable to poor
cell location choices.

Every data set was analyzed using a test for equality of
shape parameters as proposed by Tubbs (1983). This hypothe-

sis of equal shape parameters was rejected in rvery case.
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APPENDIX A

Univariate summary statistics generated using
PROC UNIVARIATE is the Statistical Analysis

System.

PRECEDING PAGE BLANK NOT FILMED
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The next four pages ccntain the summary statistics
for each of the univariate variables Au, Lu, Av, and Lv,

respectively. The reference altitude is

ALTITUDE = 4000
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ORIGINAL PAGE 19
OF POOR QUALITY
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ORIGINAL PAGE IS
OF POOR QUALITY
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The next four pages contain the summary statistics

for each of the univariate variables Au, Lu, Av, and Lv,

respectively. The reference altitude is

ALTITUDE = 6000
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The next four pages contain the summary statistics
for each of the univariate variables Au, Lu, Av, and Lv,

respectively. The reference altitude is

ALTITUDE = 8000
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VARIAELLE=LJ
LiCETTS
N 150 suii VGTS
[EEAN 792.487 Ui
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ORIGINAL PAGE 18
OF POOR QUALITY.
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VIRIAELE=AV
HOUENTS QUANTILES (DEF=4)
1 150 Sull UGTS 150 100% IAX 3.95 993 3.9092
LA 1.61353  sun 242,03 75% 03 2.2225  95% 3.2645
STD DEV  0.872608 VZRIAICE 0.761444 508 !ID 1.48  ons, 2.919
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VARIALLE=LV
VOUENTS QUiIITTLES (DEF=4)
N 150 Sul TGTS 150 100% IAX  2314.7  99% 2299.3
LEAL £42.257 SUM 126335  75% O3 1001.9  95% 1654.59
STD DEV 398,748 VARIANCE 159000  50% 1ED 773.8  90% 1412.32
SKEAESS  1.12027 KURTOSIS  1.65767 258 Q1 580.875  10% 423.16
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The next four pages contain the summary statistics
for each of the univariate variables Au, Lu, Av, and Lv,

respectively. The reference altitude is

ALTITUDE = 10,000
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ORIGINAL PAGE 19
OF POOR QUALITY

VERIZ ELE=AD
LOUELTS QUAINTILES (DEF=4)
N 150 SUI: 1GTS 150 1008 IAX 4.73 9% 4.42909
LLEAIT 1.59273 SUM 238,91 758 03 2.0825 958 3.414
S DEV  0.879401 VARIAICE 0.773346 50% VED 1.45 903 2.756
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ORIGINAL PAGE IS
OF POOR QUALITY

VLRIABLE=LU
[:CIENTS QUANTILES (DEF=4)
b 150 Suli WIS 150 100% I'AX 2466 9% 2203.29
LEeN 922,963 S0 138247 75% 03 1175.47  95% 1545.76
ob OOV 365.068 VERIANCE 146293 508 IED  £99.25  90% 1463.3
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VARIABLE=AV
POURTS CURNTILES (DEF=4)
B 150 sur1 TS 150 1009 [AX 6.37 9903 5.59478
EAN 1.9398 sup 290.97 753 03 2.5725  ¢s5a 4,204
STD DEV 1.13638 VPRIMICE  1.29637 S5ps :op 1.825 908 3,349
SLETESS  0.877054 KURTOSIS  0.909461 25% (1 1.015  1o% 0.591
uss 757.583 Csg 153.15¢  0s 110 0.07 5% 0.4G35
v 56.6959 STD IFAl 0.0920640 15 0.0963¢60
T:UEA=0  20.8659 PROBLYTY 0.0001 RAKGE 6.3
SGi RAK 5662.5 PRCDI4S¢ 0.0001 (Q3-Q1 1.5575
g e= g 150 I'CDE 0.89
. >~ IS o1
D:IORINL  0.0738582 PROpLD 0.043 {ORIZL PROBERILITY ELOT .
ENMREIES 6.25+
§
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ORIGINAL PAGE I3
OF FJ0R QUALITY

VARIABLE=LV
LONENTS QUANTILES (CEF=4)
N 150 SUM IGTS 150 100% iAX  2221.7  99% 2001.19
['EAl 886.825 SuL! 133024 75% 03 1172.22  95% 1596.77
STD DEV 399.875 VARIAICE 159900 50% IED  799.65  90% 1427.67
SKEMESS  0.58784 KUPIOSIS 0.042399 255 ¢l 601.825  10% 409.93
Uss 141794019 CSS 23825143 0% I'IN 106.1 58 338.805
v 45,0507 STD I'EA! 32,6497 1% 127.775
T:EAl'=0  27.161¢ PROBLGTY 0.0001 IWGC 2115.6
SGIl RANK 5662.5 PROB%(SY 0.0001 (3-01 570.4
I °= 0 150 LOCE 959.5
D:MCRIAL  0.109502 PROEAD 10.01
ETRELES
LOEST EIGHEST
106.1 1663.3
14¢.6 1685.8
171.9 1821.4
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250.7 2221.7
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The next four pages contain the summary statistics
for each of the univariate variables Au, Lu, Av, and Lv,

respectively. The reference altitude is

ALTITUDE = 12,000
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VIL.IACLD=Al
MOUETTS
M 150 Sul WGTS 150
A 2.22487 S 333.73
STD DEV 1.45363 VARIAIKCE 2.11305
SIKETIESS 1.08163 KURTOSIS  0.915241
Uss 1057.35 CSs 314.845
v 65.3358 STD IEAN 0.118689
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ORIGINAL PAGE 19
OF POOR QUALITY

VERIABLE=LU
1O ENTS CUANTILES (DEF=4)
N 150 SUM GTS 150 100% ['AX 2445 99% 2351.52
1IEAN 837.755 Sui 125663 753 O3 ©g89.15 95% 1634.44
STD DEV 408.852 VARIANCE 167160 50% IED 793.95 90% 135z2.38
SI'BMESS 1.05082 KURTOSIS 1.90283 253 Q1 556.375 10% 326.89
UssS 130181790 CSS 24906858 0% NIR 130.7 5% 258.33
cv 48.8033 STD [EAN 33.3826 13 138.707
T EAI=0 25.0955 FPROB:UTY 0.0001 PRAGE 2314.3
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VIRIAELE=AV
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ORIGINAL PAGE 19
OF POOR QUALITY

QUAMNTILES (DEF=4)
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ORIGINAL P
POOR

Qu ALITY

VIRIACLE=LV
MOUELTS QUAITTILLES (DEF=4)
1Y 150 Sl VIGTS 150 100% [AX 2029.6 99% 1018.67
iI’EAI £79.€99 SUNM 131985 75% (3 1177.37 95% 1596.11
STD DLV 407.078 VARIANCE 165712 50% i'ED £02.1 90% 1453.14
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The next four pages contain the summary statistics
for each of the univariate variables Au, Lu, Av, and Lv,

respectively. The reference altitude is

ALTITUDE - 14,000
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ORIGINAL PAGE 18
OF POOR QUAUTY
VIRIXELD=AD
HOUENTS QUATILES (DFF=4)
N 150 suUM UIGTS 150 100% MAX 7.76 99¢% 6.50538
{IEAN 2.45373 suH 368.06 75% Q3 3.265 95% 4.59
STD DEV 1.22695 VERIAICE 1.5054 50% MED 2.28 20% 3.96
SEONESS 0.738069 KURIOSIS 1.32473 253 Q1 1.61 108 1.061
uss 1127.42 CsS 224.304 0% 1IN 0 5% 0.6265
(Y 50.0032 STD I'EAN 0.10018 13 0.153
T:1:EAl=0 24.4933 PROD!:STY 0.0001 RAIGE 7.76
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I °= 0 149 I'0DE 2.28
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APPENDIX B

Plots for the bivariate gamma density function, scatter
plots, and contours are given for each data set.
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