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TURBULENT BOUNDARY LAYERS WITH .SECONDARYPLOW 

E. Grushwitz' 

The previous publications on friction layers or boundary 

layers l concern almost exclusively bidimensional flow processes, 

but naturally the processes with 'rotation symmetry have also been 

studied. This study represents an attempt to learn experimentally 

something about the processes ina boundary layer with three

dimensional flow, and specifically the boundary layer is studied 

on a plane wall, along which a flow occurs, whose potential flow' 

lines are curved in planes parallel to the wall. A pressure 

gradient directed perpendicularly to the flow line on its concave 

side and lying in the plane of curvature corresponds to a flow 

line curvature. Since the static pressure in the boundary layer 

is mainly the same as in the limiting potential flow, the flow 

line in the boundary layer, because of the lower velocities occur-.. .. -

ring there, may be curved more strongly than the potential flow lines, 

or assume a different direction from them. The flow lines in the 

boundary layer are consequently deflected more toward the inside, 

the closer they are to the wall. The name secondary flow has been 

given to the component arriving there perpendicular to the direc

tion of the potential velocity. 

In view of the difficulties arising in the comparison of 

spatial flows according to their mathematical treatment, and since 

very little is known up to now about the turbulence mechanism, 

lPor the region adjacent to a body surrounded by flow, in which the 
decrease of velocity to zero takes place, the author uses, to satis
fy the wish of Professor Prandtl, the word IIfriction layerll instead 
of the IIboundary layerll commonly used in the literature. The boun
dary layer will designate the laminar component of the friction 

. layer. __ .. 

; *Nurnbers in the margin indicate pagination in the foreign text. 
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there is hardly any prospect of mastering even approximately .these 

complicated processes under the theoretical aspect. within a 

foreseeable time. The measurements described in thi~ article are 

therefore carried out to obtain an indication of .the order of 

magnitude of .the effects occurring in this connection. 

I have to thank Professor Prandtl for suggesting this work and 

the Cooperative Aid Association of .German Science .for making it 

possible. 

1. Experiments 

1. The experimental channel. The experimental equipment 

(see Fig. 1) consisted ofa channel of rectangular cross section, 

which had first a straight piece 1 m long. This was followed by 

a channel piece curved by 90~the diameter'of curvature of the 

internal channel wall was 45 cm, that on the external wall 90 cm. 

The boundary layer of the upper plane channel was studied. For 

this purpose in this channel wall, consisting of 5 mmthick iron 

plate, holes were provided, whose position is apparent from Figs. 

1 and 5 (circles in Fig. 1). These holes ~ere'provided with 

thread, in which it was possible to screw a shifting device called 

the measurement equipment used to study the boundary layer. The 

unused holes were sealed with screw plugs, which closed flush 

with the internal channel wall. In the places (points) shown in 

Fig. 1, holes were also provided to measure static pressure. Air 

was blown through the channel by means ofa blower in the direction /356 

indicated by the arrow. Between the blower and the experimental 

section a rectifier, several sieves and a 2.5 m long stabilizing 

channel were installed. The pressure in the stabilizing channel 

and therefore the wind velocity were kept unaltered through a 

Schrenk regulator2 • The blower was the same as used earlier by 

the author to measure boundary layers in a plane flow3• Just as in 

2compare o. Schrenk,Ing.~A.rch~ 1,' 350', (1930). 
3E. Gruschwi.tz, Ing.·..;Arch ~.I. 321 (1931). 
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the case of those measurements, here too a slit was provided in 

front of the measurement plate, through which the friction layer 

coming from the wall of the stabilizing channel was able to flow 

out of the channel, so that a new bourida-ry layer began on the 

measurement plate. As shown by;Fig. 1,- the experimental channel 

had in its front part a small extension and from then on its 

" cross section remained the -same (45 cm wide,- 50 cm high). The 

extension was installed for the purpose of allowing the boundary 

layer at the measurement plate to become turbulent as soon as 
possible. 

o 

~ 
.0- 000. o. 

;, 
o 

,II' 

Figure 1. The experimental channel and 
measurement plate (measurement plate seen 
from below). 

2. _The measurement instrument. In the boundary layer to be 

studied there are mainly two velocity components: specifically 

the two components parallel to the wall. The third, perpendicular 

to the wall is so small as compared with the other two, that it 

may be considered negligible for the measurement. Therefore 

measurement equipment had to be used, which allo~ed the measurement 

of these two components or with which the value of the velocity 

of the wind and its direction could be measured. As such an 

instrument a thin cylindrical tube was used, which could be 

shifted perpendicularly to the wall in the flow, through a hole 

in the wall on which the boundary layer was to be measured. In 
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this tube three holes were provided near each other in a plane per

pendicular to the tube axis. ~he tube was turned until both 

external holes showed the same pressure, by which the direction 

of the velocity of the wind was d~termined. Then the total pres

sure was measured with a third hole. ,The free end of the cylinder 

tube was closed with a hemisphere, whose diameter was equal to 

the cylinder diameter. 

fO. ::tJ>i 0--------<;>, 

l' II -----L. L-' ...J..I +-1 -T-i! I qB' I, , 

qz 

"f; U I II il 
! '. i 46 ,. 

o .2cm 

Figure 2. Pressure 
distribution along 
the straight line 
of stagnation of a 
cylindrical tube 
with hemispheric 
end with flow 
perpendicular to 
its axis. 

To obtain a survey of the variation of 

pressure at the end of ~~e tube, a similar 

larger one was first built, whose diameter 

was 11.8 rom. In it pressure measurement 

holes were provided in the places indicated 

in Fig. 2. The cylindrical tube was brought 

into an air flow in such a way that the 

generator on which the pressure measurement 

holes lay became the straight line of stag

nation. In Fig. 2 the measured pressure qz, 

refer to the pressure head qo of the undis

turbed flow as plotted over the distance 

from the tube end. The blowing speed was 

in this case 20.5 m/sec. 

The position of the holes in the tube 

used finally for the measurements may be 

.,/ 

seen in Fig. 3. The pressure at both external holes was sent up

wards through the measurement tube through thin steel tubes (internal 

diameter 0.4 rom, external diameter 0.6 rom) through the measurement, 

tube, while the central hole ended directly in the measurement 

tube. The external holes were connected with an oblique U-shaped 

tube, the central one to a Prandtl manometer. Both thin steel 

tubes gave rise unfortunately ,to fairly long adjustment time. 

The central hole did not show fully ,the total pressure head, 

therefore a calibration factor must be taken into consideration. 

If the indication of the cylindrical tube is designated by qz and 
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Figure 3. The 
measurement 
tube. 

the pressure head byq,. then, as shown by compari

son with a pitot tube, ~=1.028qz. 

If the total pressure is measured in a boundary 

layer with the described cylindrical tube, it may 

be expected, that the disturbance caused by the 

measurement tube in: the boundary layer. is greater 

than when the measurement is carried out in a 

pitot tube, since in the latter only the mouth of 

the tube is· located at the point to be studied. 

In particular in the cylindrical tube a distur

bance will be noted by the fact that in the 

boundaryl~yer the pressure along the stagnation 

line of the tube is not constant, but becomes smaller near the 

wall as a result of the decrease of the velocity. This circumstance 

will presumably cause in front of the tube a flow toward the wall, 

so that the flow lines of the boundary layer flow are deflected 

somewhat toward the wall, which led to the fact that the velocities 

in the boundary layer were measured somewhat too large, especially 

wherever the velocity gradient is large, that is, near the wall. 

To establish the differences between the indication of the cylindri

cal tube and that of a pitot tube, a velocity profile of a plane 

boundary layer was measured consecutively with both instruments. 

The graph in Fig. 4 shows that the cylindrical tube actually gives 

a somewhat too large velocity near the wall, on ,the other hand the 

velocity is somewhat too low in the external regions of the boundary 

layer. As may be seen from the graph, these errors are however not 

very large and they had to be accepted, sin~e it hardly seems 

possible to introduce a correction, since its order of magnitude 

depends obviously from the corresponding variation of the velocity 

profile. 

A measurement tube was attached to a shifting device, which 

makes it possible to shift it along the direction of· ibs axis and 

to turn it around its axis. It was possible to measure the shift 

with a precision of 0.01 rom, and the rotation with a precision of 
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lO '. • This shifting device. was screwed 

into the above mentioned. hole located 

in the channel wall. 

t 
11 

~6" 

1'1 
a. . mil Zylinderrolir I 

I 
b. . mil P,lotronr . 

12 

o 2 'I 6" 81012 
z----

f'l (6m.m, 18 

Figure 4. Comparative 
measurement between pitot 
tube and cylindrical tube. 

Key: a. cylindrical tube 
b. pitot tube 

·3.M~asurement resrilts. Figure 

5 shows the measurement plate looking 

from below. The points at which the 

velocity profiles were measured are in 

the intersections of the lines indicated 

Roman and Arabic numbers. The lines 

'designated with Roman numbers consist 

each of a straight line section and a 

~urved arc, those .designated by Arabic 

numbers are straight lines orthogonal 

to them. In Fig. 5. some flow lines on the potential flow are shown, 

plotted according to the measurements of angles with the cylindri

cal tube. In the shaded region there was no longer any potential 

flow; the boundary layers of the lower and upper channel wall ran 

into each other there. In the last portion of the channel only a 

small region with potential flow occurred. On the internal wall 

of the channel curvature the flow was torn off and specifically 

only in the central portion of the curved channel wall, whereas it 

was applied in the corners. This behavior which may appear re

markable at first glance is obviously to be attributed to the 

effect of the secondary flow, which continues from the upper and 

lower channel wall to the internal wall and causes a combined flow 

of the higher delayed air layers in the center of this wall. 

The variation of the static pressure of the measurement plate 

is shown on Fig. 6. There the static pressure p refers to the 

total pressure go of the potential flow and measured on the pres

sure holes against the external chamber, is plotted over a series 

of cross sections. 

Let .. the velocity of the potential flow be designated by U, 
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Figure 5. Measurement 
plate seen from below. 
The measurement points 
are at the intersections 
of the curves or straight 
lines designated by 
Roman or Arabic numbers. 
The solid line curves 
are flow lines of the 
potential flow. 

.'", ._'t 

.'. 
--------~s 

-----:....¥ 

l~L ~_1 ____ 11 

\ 

Figure 6. The static 
pressure on the measure
ment plate. 

the component of the boundary layer flow in,the direction of the 

potential flow by u," -the one perpendicular - - by-v. In so far as 

we are dealing with turbulent flows, we always refer to averages 

in time. Figure 7 shows as an example the velocity profile measured 

along the central line of a channel (line III in Fig. 5), and 

specifically the velocities u and v are referred to the potential 

velocity U occurring at the measurement point concerned, and 

plotted over the distance z from the.wall. Figure 8 shows the 

variation of a velocity at some point of line III as a polar dia

gram, while the heights z are indicated in millimeters at individual 
points. 
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Figure 7. Velocity profile along the central line of 
a channel (Curve III in Fig. 5). The numbers on the 
profiles correspond to the designations in Fig. 5. 

a2 OJ 4~ U;;- Q5 

-6- .... ---- D.8 
47 
~ 

a8 

---_L -.C_ 
-a1/ ! '<"~.;-"l·,,_ I r-- -l c,3 I.. .,1 74. :*77f.--1 

1-421 .... ~ -, 1-'" "'I , 5<' b / It I ' .. c .... t.... ..,\1,.1 :?77J 

~ 
U 

-431 1 ' ... "'-1.-", J • oJ/ 8'7,L/-AA~----4--1 

_a¥IL __ ~ ____ ~ __ _L __ ~ ____ ~ __ ~ ____ ~~~ __ ~ __ ~ 

Figure 8. Polar diagram of the velocity at 
the measurement points 6, 9, 12, 15, 18 and 
20 of Line III. The distances z from the wall 
are indicated in millimeters at the individual 
points. 

Let Uo designate the potential velocity, corresponding to the 

static pressure p=O. Therefore we have ~au~=go. The value Uo is 

essentially the velocity with which the potential flow leaves the 

channel. In the described measurements we have Uo=13.2 m/sec. 
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II. Application of the Pulse Equation to the Boundary Layer with 
Secondary Flow 

1. T'ransformation of equations of motion. The hydrodynamic 

equations of mC?tion will be converted,as follows: let: us imagine 

a flow line of ,the potential f.lowprojected perpendicularly 'to 

the wall on which the bouridarY,layer is' located. Let x be the arc 

length along this projection, let ,ybe the distance of the normal 

to it lying in the wall, and z the perpendicular distance from the 

wall. The equations of motion converted in this system apply in 

the vicinity of a cylindrical surface lying perpendicular to the 

wall and placed through the potential flow line concerned. Let 

X, Y, Z be the coordinates in a rectangular system of ,ordinates, 

whose (X, Y) plane coincides with the wall. It is apparent from 

Fig. 9 that the following equations of conversion apply: 

% 

X = jcesrxdx - ysinrx, 
o 

Y = YI + ycosrx, 
Z=z. 

(1) 

Here Y1 is the ordinate of the projection of the potential flow line 

and a the angle between the tangent to this curve and the X axis. 

Both Y1 and a are here to be considered as functions of the arc 

x. The curvature of the curve is designated by k. We have k= ~~. 

By differentiation we obtain from (1) 

ax = (J -yk) cosrx, 
ox ' 
oY = (1 -yk) sinrx, ox 
oZ =0, 
ox 

ax = -sinrx, 
BY 
ay = cosrx, oy 
oZ =o, 
.0 y.. 

oX =0, oz 
oy =0, 
oz 
o:Z = 1. 
Tz 

We obtain thus for the, functional determinant 0 
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F.igure 9. 

oX oX oX 
ax oy az 

D :: .: I ~~ -~ ~- 0 y 1 = I - y k 
ox 0 y oz 
oZ oZ oZ 
ox oy ,oz 

-,,----_. 

and consequently for the derivatives of the 

inverse functions: 

;ox_ COSa 

oX--I-yk' 
Oy. 
7fx = -smoc, 

oz 
0%=0, 

o x sin a 
oY - I-yk' 
oy 
oY = COS oc, 

oz 
8V=O, 

ox 
. oZ =0, 

oy az-= 0, 

oz 
oZ = I. 

(2) 

The equations of motion in the rectangular system of coordinates 

X, Y I Z are: 

( 
0 Uo 0 flo 0 u o ) _ 0 ax 0 TX Y 0 TX Z 0 P 

.(! U o oX-+V08Y" +wo of - oX +ay +az~ oX' 

(
avo + oVo +. ovo) _ Day + OTYZ + OTXY op 

(! uo ox vOoY woiiZ- - oY az ox'-oY' 

( 
oWo oWo OWo) '- oaz OTXZ OTYZ op 

(! lto ox- + Voay + Wo oZ - oZ + ax + aV - oZ' 

Moreover we have the equation of continuity: 

a flo + 0 Vo I a Wo 
oX oY ..,.. oZ = 0. 

Here the velocities in the X, Y, Z directions are designated by 

uo, vo and WOI the density by a, the static pressure by p and the 
matrix of ~he (apparent) friction stresses by 

(

OX 

TXY 
Txz 

TX Y TXZ)·· 
oy TyZ • 

TyZ Oz 

We obtain with formula (2) after some calculation, the transformed 

equations of motion: 

10 



( 

tt ott 011 oU\ k e ----- + V--+W-,-j-e UV --' -- = I-yk ax oy i!z I-yk 
(taz I oT;y oTx: 2Tz,.k I op --------+-+---_ .. __ . -_ .. _,- . 

- OX I-yk oy CZ I-yk I-yk ox' 

( 
11 (l V a v a v ) 2 k 

(! - ... --+v---+w- +eu ---= I-yk AX ,oy az I-yk 

_ oay + _1. __ eTzy + ~T}'--=- + (az-I1)1)k_!"p'" 
- oy I-yk OX OZ I-'Yk oy' 

I ,- e(uOw+v~~+wOW)=~(J.+---I---O,Txr+ b,T)lZ-! Ty.k _~t· 
AX oy dz OZ I.-yk ox oy I-yk OZ' 

and moreover the equation of continuity 

I 014 aVOw vk . 
I-':"'yki5X" +&y-+az- I-J'~ ~ O. 

Here u, v, ware the velocities in the s, y, and z direction and 

(

' Oz 

1''')1 

1' .. z 1')1> 

1'''Z) 
T)lZ 

Oz 

1''')1. 

OJ! 

the matrix of the friction stresses in the (x, y, z) system of 

coordinates. The transition from the friction stresses in the 

(X, Y, Z) system to those in the (x, y, z) system is here given 

by the matrix equation 

, f 

(

OX 1'Xl'1'XZ) (COS(XX), cos (yX), COS(:;X)) (oz 1'%)1 1'ZZ) 
T.\"}' O}' n' Z = cos (x Y), cos (y Y), cos (= Y) . 1''')1 0; 1')1' X 

1'XZ T}'z Oz cos (xZ) , cos (yZ) , cos (zZ) 1'xr Tn Oz 

(
COS (xX), cos (x Y), cos (XZ)) 

x cos (y X), cos (y Y), cos (xZ) = 
cos (zX) , cos (z Y), ros (zZ) 

( c~scx, ~sincx, 0) ( Oz T .• y 1'ZZ)' ( C?SCX, sincx, 0) 
= smcx, coscx, 0 TZ)I 0)1 1')lZ - smcx, coscx, 0 

() 0 I l' %Z 1',.z Oz 0 0 I 

(3) 

where (xX) designates the angle between the x and X direction, (yX) 

the angle between the yand X direction etc. 

2. The pulse eguation. We will now integrate the first of 

equations (3) for .y=D over z, assuming that the static pressure 

11 
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is independent of Z inside the boundary ,layer. Of the friction 

terms here only dLXZ/dZ can be maintained, since in the boundary 

layer the other friction terms are small as compared with this. 

With this omission and for y=O, the first equation of motion is: 

u~~~. + v~ + 1CI~-uvh = .I.!.Tz~._I: ap 
ox oy cz r! OZ r! ox 

and the equation of continuity, 

Oft avow -+-+- ----vk=o. ox oy oz .' 

Equation (4) is converted into 

~~.t~:' + Y,tl lI _ U .?v, + .. 0.~.lV_ -1£ ow -u zll~ = I, 0;-,,: __ ~.? p_. ' 
2 (I X c· )' 0 y 0 Z a Z I! 0 Z I! 0 x I 

(4) 

(5) 

In this equation we .replace ~; by the expression which is obtained 

for it (5) and we now have 

01(2 011 V ate w , I "Txt I op --; -. + --- + ---21Lvl~ = --c--- "-. 
ox 0 y oz (! Oz I! ox 

This equation integrated over Z gives 

e e e 

- u2 d=+ 0-'- uvd=+ UIV-2k uvd== __ r'f1l __ -. o J (! J J I C op 
o X a y . I! z' r! a x (6) 

o 0 . 0 

Here c is a constant length, which is so large that for z=c, 

potential flow is present ~acticallyeverywhere (therefore LXZ=O), 

L~~) is the value of LXZ (shear stress in the x direction) on the 

wall, and U and W designate the x and Z components respectively of 

the potential velocity. We obtain for W by integration of equation 

(5) over Z 
t c. c 

IV = kJvd=-~Jud:;-~Jvd:;. ox a)' (7) 
o 0 0 

According to the Bernoulli equation we have 

12 
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5,2 

2,31 I 

3,26 I 
6,79, 
K,68 • 

-'.7' I 

33' 50' 

35' o· 
15' 0' 

35' 0' I 
3

2
' 4

0 '! 31' 20· 

2S' 20' 

0'-40 ' 
2' 10' 

5' 0' 

'.3°' 
, .. - In" 

{I. 

{nllnJ 

1,3l> ' 

1,55 
"S.~ 
2,36 

3.0 5 
3,1>0 

.1,91 , 

3,99 
3,77 
3,4~ 
3,16 
.1,0.1 

1.25 
,,~6 

.,60 
I,);.) 

l,20 

1,5~ 

2,97 
3,59 
3,93 
~,13 

4.t8 

·P4 
4,06 
4,00 

3.84 
3.67 

',38 
1,6. 
1,69 
J,81 
1._Il_ 

Ii, Ii., 

(mmJ: (mm] 

0,00 

0,00 

1',00 

0,0", 

0,.8 
0.38 
0,62 
0,82 
0,99 

1,09 
1,0<) 

J,U 

0,00 

0.00 

0,00 
O,OJ 
0,10 

0,12 

0,4' 
0.7 1 
1,09 
1036 
1,]2 

1,91 

1,94 
1,~5 

1,65 
',33 

0,00 
0,00 
0,00 
0.03 

fl.'" 

0,00 

-0,02 

-0,05 

-o,IR 
-O,H 

, -0,75 
- D,')6 

-- 1,09 
! - 1,10 

-',03 
-o,R9 
-0,85 

11 
-O,O~ 

-O,OJ 
-0,06 
.- 0,14 
-0,27 

I -O.H 
--o,6~ 

-0,<)7 
- ',18 
- 1,45 
-1,56 
-1,49 
-J,H 
-1,44 
-1,32 
-',IS 

III 
-0,01 

-0,05 
-0,07 
-0,1,5 

".at 

,I, 

[mill] 

", 
(mm] 

ali, CIi,. jl' "U(21i~t T"" i 0,
012

55' 
~,o, nU' r. _. -,.-' .0' -,.', ,0' U c, -'!. ' 10'1( )' 

J_____ .. Il.), 10' :' i iTii. 'Iv-

I,SS 0,00 2,1 

1,1,) - 0,07 3,D 

2,57 - 0,17 4,5 
3,36 ' : - 0,71 5,8 
4,4 2 .- 1,47 7.5 
5,30 - 2,39 5.8 
5,6.1 - 3,3 1 I 3,7 
5,49 - 4,16 i - 0,6 
5,Q -4,68 I 

~,(q - 5,03 : 
_1,12 - 5,03 
3,94 - 5,12 

1,74 
2,03 
1.,21. 

2,64 
3.07 
~/>5 
~,lO 

5,17 
S,bS 

5'<19 
5,91 
5,61 
5,55 
5,39 
4,94 
4.79 

J.9~ 

:%,20 

2.27 
.,16 
".70 

I -O,O~ 

'1

1 

=::~; 
-0,61 
-1,10 

, -1.77 

I -1.5
' - 3,62 

- 4,77 
- 5,39 
-6,31 
-6,74 
-6,87 
-7,18 
-7,18 
-6,98 

-0,05 
-0,18 
-0,34 
-0,68 

',"7 

'2.2 
2,2 
2,6 
3,5 
3,9 
4,9 
6,4 
6.7 
6,4 
4,5 

1,2 

1,2 
•• 8 .,. 

0,1 
0,4 

0,2 
-1.5 
-3,9 

0,0 

0,2 

0,2 

i 0.0 
1-1,0 

: -2,2 
-- 3,7 

0,0 

0,0 

0,0 

I =~:~ 

r---

-0,6 
-1,6 
- 2,J 
- 2,2 

-2,,, 
-2,0 

-1,4 
-1,8 
-2,0 

-1,9 
-1,5 
-0,7 

-0,2 

-0,6 
- roo 
-0,8 
- 1,2 

'-0,9 
-0,8 
- I,': 

- 1,4 
- 1,1 

-0,3 
- 1,0 

- 1,0 

I ,I! 
~,6 

6,7 

0,0 
0,0 
0,0 
0,0 

0- .... 

..... 

.. 
I 

1.6 
1,8 
2,4 
2,1 

1,2 

2,0 
I,R 

1,8 
2,7 
',7 
1,8 
1.9 

',2 
1,2 

'.7 
-,7 

2,23 
2,16 
J.08 

1,<)8 
,,1>6 

.2,26 
2,18 
2,14 

2,06 
1.99 
1,92 
1.86 

2'.20 

%,[1 

'.<>9 
2,06 
•. n. 
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• 1 

' ..... 0' o.tlb6 -0."' -10." ;:: ":: i ;:;~ 0,19 
II 13 2 ,01 0.865 -0.89 - JI,2 0.31 
tl 140•02 0.863 -1.04 - 11,2 24' O· ! .2.65 0.49 
13 148•02 0.869 -0.59 -JI,2. 26'30' . 2.86 o,io 
q 156•02 0.875 -0.88 - 10.6 29' 3D' i 3. 28 0.93 
15 164.03 0.880 -1.17 -10,2. 31' 50' i 3.56 1.18 
16 172•03 0.890 0.00 - 9.8 3 .. ' 20' I 3·75 ',4

' '7 IXo.03 0.903 -0.4
' 

-IO,l 34' 20'! 3.113 1.50 
,8 i 1~8.04 0.920 0.28 9.0 33' 50' i 3·')2 1.68 
19! 1,)6.0., 0.94 6 1.30 6.7 3 1' 30' 4.00 1.67 
20 204.04 0.978 2,75 4.2 26' 3D' . J.82 1.67 

5 84.00 0.893 1.46 2.36 i 0'30' 1.24 0.00 
6 9 l .00 0.906 1.49 4.09 2' 0' I 1.38 0,00 
7, 100,00 0.916 1.95 6.4 2 I 5' 10' : 1.59 0.00 
N' 107. 17 0.9 25 1.46 - 10:Z 8'50' : 1,80 0.04 • I I 
'l '14.35 0.930 0.79 -11,1 I 13' o· : 2,0) 0.09 

10 121.52 0.938 0,10 -11.S 17' 3D' i 2.20 0.21 
IJ Il8.69 0.940 -0.77 - 12.9 20' 10' I 2.37 0.33 
u 13.>.Il7 0.9H -0.14 -13.2 2.,' 40' I 2.5·~ I 0.50 
1.1. 143.04 0.94 8 -1.27 -13.5 . 27' 20' I 2.70 0.6S 
q 150.21 D.()S) -1.55 -12.9 r 29' 0' 1 2.83 0.117 
15 157.39 0.95 1 -1.61 - 12.6 32' 0' ; 3.08 1.08 
16 164.56 0.956 - 1.57 : - 11.7 . 33' 10' I 3.22 1.26 
17[ '71.73 0.966 - 1.64 I - 9.4 ! 33' 10' I 3.30 1.36 
I~: li8,f)1 0.97

' 
- 1.26 • - 7.7 33' 10'. 3.42 1.50 

5. 1'4.00 0.906 3.04 Z,OI )' 0' I,ll 0.00 
6 9 1 ,00 0.930 4.0 7 3.38 I' 20' 1.18 0.00 
7. JOO,oo 0.965 5.22 7.85 -1'30 ' l.l4 0.00 
S' 106.34 0.991 3.6S - 11.6 S' 20'1 1.32 0.03 
'J I 111,69 1,010 2.23 -13.1 II' 20' 1.4' 0.07 

1 
1.025 1.6,1 - 13.3 16' 0' 1.55 0.14 101 J 19.0 3 

·.lo· o~ I 11 I 115.37 1.03S 0.2 - 15.8 1.6S 0.23 
Il. 131.7' 1.0~0 -1.1 -14.7 24' 3D' I 1.91 0.37 
13. JJs,o(, 1.0H -- 1.7 -13.9 2()' la' , 2,06 0.53 
14 ' 'H·4° l,o·l!. - 1.9 - 13.7 28' 50~ 2.27 0.67 

-0.,,6 2,Y-f -1 • .5 t1 '.<> 
-0.46 3.15 -2,07 3.0 
-0.64 3.68 - 2.78 3.5 
-0.80 3.'.19 - 3.52 4.4 
-1.04 4.57 -4.24 5.2 
- 1.22 5.00 -5.03 I 4.8 

! - '.4
' 

5. 17 -5.75 I .l.1 
- '.4

' 
5.3 1 -5.92 2.4 

- 1.49 .5.4 1 -6.53 I 2.2 
- 1.41 5.4 2 -6.48 
-1.33 5.oS -6.64 

IV 
-0,01 1.74 -0.04 1.4 
-0.03 1.93 -0,10 2.3 
-0,07 2.18 -0.32 2.5 
-0.14 2.45 ~0.66 2.8 

. -0.24 l.b<) - 1.05 2.9 
-0.35 3.00 -1.67 2.7 
-0.47 3.21 -:l,ll 2.5 
-0.62 3.50 - 2.74 2.5 
-0.75 3.70 -3.33 2.3 
-0.8l! 3.91 - 3.!!9 l.N 
- 1.06 4. 22 -4.53 3.0 
-1.19 ".50 -5.09 3.5 
-1,21 4.54 -5.3

' 
3.8 

- 1.32 4.77 '-5.82 
V 

-0,01 1.4') -0.04 0.8 
-0,01 1.63 -0.06 0.9 
-0.05 1.67 I -0.27 0.6 
-o.~J 1.76 . i - 0·55 1.2 
-0.15 .1.88 I - 0.82 1.1 
-0.23 2.05 - 1.17 
-0.33 2.25 - 1.55 
-0.45 2.60 - 2.14 
-0.59 .2.S8 - 2.6<) 
-0.7

' 
3. 16 -3. 13 

1- •. 0 -0.4 '.' '.97 
1- 1.3 -0.7 I,D. 1.94 _ 
i - 1.3 -0.9 1,3 1.88 

-2.6 -0.6 1.2 1.84 
- 2.4 -1,0 1.8 1,77 
-2·4 -1.4 1.0 1.75 

0.0 
0.0 
0.4 
1.8 

3·5 

0.0 0.6 2.0 2.24 
-0,2 0.7 2.8 2.18 
-0.2 1.0 3.3 2,10 
-0.4 0.9 3.3 2.04 
-0.5 0.5 2.9 1.97 
-0.9 0.1 1.9 1.93 

-0.6 
-0.6 
-1,1 

-1.5 
- 1.7 
- 1.7 
-I,S i. - 1.5 

0.0 1.1 I 1.9 2.30 
-0,2 1.6 I 2.3 2.26 

I 
-0.4 2,2 I 2.4 2,20 

-0.5 1.6 2.3 .2.16 
-0.5 1.0 

! 
1.9 2,11 

0.8 
0.1 

-0.7 
- I,l 

-1·5 

ORIGINAL PAGE IS 
OF. POOR QUALITY 

The Roman and Arabic numbers, designating the measurement points, 
correspond to the designations in Fig. 5. Xl is the distance of 
the measurement points from.the front edge of the measurement plate, 
measured on the lines designated in Fig. 5 with Roman numerals. 
Distances between the lines are 7 cm. ~o is the angle which is 
formed by the boundary flow line on t~e wall with the direction of 
the potential velocity. The angle ~o is obtained by extrapolation 
of the angle measured with the cylindrical tube • 
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REPRODUCED FROM BEST 

AVAILABLE COpy 

He l'l"...ly alr.o \'irito for it 

~ f l' 
~ ,". 

. I i'I' 
I'r -it 1'1 

• • 

. . 
t,' 0' il'.I; - r i I J J : • · . , ... , 

II • 

HOl'co\'ar ,...e obt:.in Cor tho curv",ture of tho r-ot(!nti.ll !low lin~ 

I: ' 
I (t' 

" '" 

ll-; cbt~ln~d ! rom thu r;ccond of oquation:) (3) together with the 

Dernoulli ~lu~tion. 

(a) 

(9) 

I 

If (7), (6) ~ml (9) ilro intrct!\lccu into (G) I 140 obtain finillly 

. 
i; [' '- If 1/ J : -, 

f I 

. '"' -: . . .., ~ " . . ~ , ,"', I ( ._- .. . f; -+ ,'1.- II, ; .r : -, I . I '- II ".!: 
t • • ." • I ". : . ~ 

NOil the follo ..... ing de::;ign.:l.tionz Pay be introduced: 

. '. I,' (. . I'. :. , _:..; --II:r .. f : • 
· I "I' / i' •.. ,., ~ --:.::.,: .. 

With thC5C de~ignations we obtain £rc~ (10) 

I.). • I 
, & '1' I' 

" ,. 
• I .~: ", 'OJ. '\.' .~. f p •• . . c,' " ., 

~, '" . 

I ' , 
.l .... I' -' " .... II' .( :, .. 

(10) 

(11 ) 

This cquiltion r.".ay be called t.he "pul~c c-quLltion". It is il cJl!nct'illiution 
of the equation valid for friction layers in a plane flo~, which 

was fir~t derived by Karcan by applying the pulse flow to the 

friction layer or bcundary layer4. 

For the silke of ccnplctcness we should also indic~te the 

4Th • v. i~5~..:in, Z. anne',,,, Math. !·!ecl't. 1" 233 (1921). 
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corresponding integration valid for the ydirection, although it 

is not used hereafter. It may be deriv~d .inthe same. way as 

equation (11) from the second part of Eqo (3) for y = 0 and dis-
01: . .... . 

regarding the friction term except forai z , and becomes~ 

~-'}y + o (dy-D,ry) + 2-~_t! ({}.-{},r- (Jet) + ~~l.!... ((J\.-{},rr) =_ T~~ .i 
il Y 0 x U 0 Y . , U 0 x . !! U2 : --_. -- . 

Here the designations 

c 

Or = ~2.r v2 d ::; , 
(I 

c 

Ily = -~-J7I d :; 
o 

are further introduced and T~~) is the value ofTyz of the wall. 

3. Application of the pulse equation to the measured velocity /365 

profile. In the above Table the values of ex, ey ' exy , Ox and Oy 

obtained from the measured velocity profile are indicated. To give 

a survey of the order of magnitude of the individual elements of 

equation (11) the latter are also given in the Table. The deriva~ 

tives in the three terms on.the left side of equation (11) were 

established graphically from the values obtained with the measure-

ments. It was possible to determine them only with rather high 

uncertainty, in particular, aexy/ay was extremely hard to establish. 

Wherever values are not indicated in the Table, it was impos-

sible to determine the derivatives. The values obtained by addi-

tion of the three terms for T~~)/cru2 are to be considered only as 

estimated values. It is apparent from the Table that the term 

representing the effect of a.secondary flow in (11) is of the same 

order of magnitude as the others. 

For comparison the Table also gives the wall shear stresses, 

which would be present in a boundary layer in plane flow of the 

same thickness (same ex) for the same potential velocity. For the 

Reynold numbers occurring here, the assumption of ,a velocity 

distribution in which the v~locityis proportional to the 7th root 
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of the distance from the wall, pro~ides a sufficient approximation 

for these shear stresses. With thi.s assumption we obtain for the 

shear stress To of the wallS 

/U2 = 0,012 55 (uvoJt .. 

It is apparent from the Table that the. values of shear stress 

obtained from the best measurements are spread around those in the 

plane flow. 

Stumnary 

The article describes measurements with an experimental equipment used to study 

the boundary layer on'a plane wall, along which the flow occurs, whose potential 

flow lines are curved in plane parallel to the wall. According to the equation 

frequently applied to boundary layers in a plane flow, wich is usually obtained 

there by using the pulse law,a generalization is derived which is valid for 

boundary layers with spatial flow. The wall shear stresses were calculated 
with th~s equation . 

SCornpare v. ~arl:llan,Loc. cit' and E Gruschwitz, Ing;-Arch. 2, 341 
(1931) • 
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