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PREFACE

The subject of system identification is too broad to be covered completely in one book. This document
is restricted to statistical system identification; that is, methods derived from probabilistic mathematical
statements of the problem. We will be primarily interested in maximum-likelihood and related estimators.
Statistical methods are becoming increasingly important with the proliferation of high-speed, general-purpose
digita) computers. Problems that were once solved by hand-p*>tting the data and drawing a line through them
are now done by telling a computer to fit the best line through the data (or by some completely different,
forTerly impractical method). Statistical approaches to system icentification are well-suited to computer
application,

Automated statistical algorithms can solve more complicated problems more rapidly—and sometimes more
accurately—than the older manual methods. There is a danger, however, of the engineer's losing the intuitive
feel for the system that arises from long hours of working closely with the data. To use statistical estima-
tion algorithms effectively, the engineer must have not only a good grasp of the system under analysis, but
also a thorough understanding of the analytic tools used. The analyst must strive to understand how the
system behaves and what characteristics of the data influence the statistical estimators in order to evaluate
the validity and meaning of the results.

Our primary aim in this document is to provide the practicing data analyst with the background necessary
to make effective use of statistical system identification techniques, particularly maximum-1ikelihood and
related estimators. The intent is to present the theory in a manner that aids intuitive understanding at a
concrete level useful in application. Theoretical rigor has not been sacrificed, but we have tried to avoid
"elegant" proofs that may require three lines to wrice, but 3 years of study to comprehend the underlying
theory. In particular, such theoretically intriguing subjects as martingales and measure theory are ignored.
Several excellent volumes on these subjects are available, inciuding Balakrishnan (1973), Royden {1968), Rudin
(1978), and Kushner (1971).

We assume thai the reader has a thorough background in linear algebra and calculus (Paige, Swift, and
Slobko, 1974; Apostol, 1969; Nering, 1969; and Wilkinson, 1965), including complete familiarity with matrix
operations, vector spaces, inner products, norms, gradients, eigenvalues, and related subjects. The reader
should be familiar with the concept of function spaces as types of abstract vector spaces (Luenberger, 1969),
but does not need expertise in functional analysis. We also assume familiarity with concepts of deterministic
dynamic systems (Zadeh and Desoer, 1963; Wiberg, 1971; and Levan, 1983).

Chapter 1 introduces the basic concepts of system jdentification. Chapter 2 is an introduction to numeri-
cal optimization methods, which are important to system identification. Chapter 3 reviews basic concepts from
probability theory. The treatment 1s necessarily abbreviated, and previous familiarity with probability
theory is assumed.

Chapters 4-10 present the body of the theory. Chapter 4 defines the concept of an estimator and some of
the basic properties of estimators. Chapter 5 discusses estimation as a static problem in which time is not
involved. Chapter 6 presents some simple results on stochastic processes. Chapter 7 covers the state estima-
tion problem for dynamic systems with known coefficients. We first pose it as a static estimation problem,
drawing on the results from Chapter 5. We thern show how a recursive formulation results in a simpler solution
process, arriving at the same state estimate. The derivation used for the recursive state estimator (Kalman
filte~) does not require a background in stochastic processes; only basic probability and the results from
Chapter 5 are used.

Chapters 8-10 present the parameter estimation problem for dynamic systems. Each chapter covers one of
the basic estimation algorithms. We have considered parameter estimation as a problem in its own right, rather
than forcing it into the form of a nonlinear filtering problem. The general nonlinear filtering problem is
more difficult than parameter estimation for linear systems, and it requires ad hoc approximations for practi-
cal implementation. We feel that our approach is more natural and is easier to understand.

Chapter 11 examines the accuracy of the estimates. The emphasis in this chapter is on evaluating the
accuracy and analyzing causes of poor accuracy. The chapter also includes brief discussions about the roles
of model structure determination and experiment design.
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SYMBOLS

It is impractical to list all of the symbols used in this document.
ular significance and those used consistently in large portions of the document.

NOMENCLATURE

The following are symbels of partic-
In several specialized

situations, the same symbols are used with different meanings not included in this list.

AR

[ 24

1
{'=]

—
~—

ni,n(t)
P

p(x)
py(-)
Q

stability matrix
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time
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K e s g,

input transition matrix

vector of unknown parameters

set of possible parameter values
random noise vector

probability space

predicted estimate (in filtering contexts)

optimum (in optimization contexts), or estimate (in estimatior contexts), or filtered estimate (in

filtering contexts)

smoothed estimate

Subscript ¢ indicates dependence on ¢

Abbreviations and acronyms

arg max
X

corr
cov
exp
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MAP
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mse

var
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correlation
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natural logarithm
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maximum-1ikelihood estimator
mean-square error

variance

Mathematical notation
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(r92)
|
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df.|
4

the entire function f, as opposed to the value of the function at a particular point

transpose

gradient with respect to the vector x (result is a row vector when the operand is a scalar, or a

matrix when the operand is a column vector)
second gradient with respect to x
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series product
3.14159...
set union
set intersection
subset
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the set of all x such that condition ¢ holds
inner product
conditioned on (in probability contexts)
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n-vector vector with n elements
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CHAPTER 1

1.0 INTRODUCTION

—R

System identification is broadly defined as the deduction of system characteristics from measured data.
It is commonly referred to as an inverse problem because it is the opposite of the problem of computing the
response of a system with known characteristics. Gauss (1809, p. 85) refers to “the inverse probiem, that is
when the true is to be derived from the apparent place." The inverse problem might be phrased as, "Given the
answer, what was the question?" Phrased in such general terms, system identification is seen as a simple
concept used in everyday 1ife, rather than as an obscure area of mathematics.

. e ey ma

Example 1.0-1 The system is your body, and the characteristic of interest is
{ts mass. You perform an experiment by placing the system on a mechanical
transducer in the bathrcom which gives as output a position approximately
proportional to the system mass and the local gravitational field. Based on
previous comparisons with the doctor's scales, you know that your scale con-
sistently reads 2 1b high, so you subtract this figure from the reading. The
result is still somewhat higher than expected, so you step off of the scales

LR S

and then repeat the experiment. The new reading is more “reasonable" and from
it you obtain an estimate of the system mass.

This simple example actually includes several important principles of system identification; for instance,
the resulting estimates are biased (as defined in Chapter 4).

Example 1.0-2 The "guess your weight" booth at the fair.

The weight guesser's instrumentation and estimation algorithm are more difficult to describe precisely,
but they are used tc solve the same system identification probiem.

Example 1.0-3 Newton's deduction of the theory of gravity.

Newton's probliem was much more difficult than the first two examples. He had to deduce not just a single
number, but also the form of the equations describing the system. Newton was a true expert in system identi-
fication (among other things).

As apparent from the above examples, system identification is as much an art as a science. This point is
often forgotten by scientists who prove elegant mathematical theorems about a model that doesn't adequately
represent the true system to begin with. On the other hand, engineers who reject what they consider to be
"{vory tower theory" are foregoing tools that could give definite answers to some questions, and hints to aid
in the understanding of others.

System identification is closely tied to control theory, partially by some common methodology, and par-
tially by the use of identified system models for control design. Before you can design a controller for a
system, you must have some notion of the equations describing the system.

Another common purpose of system identification is to help gain an understanding of how a system works.
Newton's investigations were more along this line. (It is unlikely that he wanted to control the motion of

the planets.)

The application of system identification techniques is strongly dependent on the purose for which the
results are intended; radically different system models and identification techniques ruy be appropriate for
different purposes related to the same system. The aircraft control s.stem designer 4i11 be unimpressed when
given a model based on inputs that cannot be influenced, outputs that - .nnot be measured, aspects of the
system that the designer does not want to control, and a complicated model in a form not amenable to control
analysis techniques. The same model might be ideal for the aerodynamicist studying the flow around the
vehicle. The first and most important step of any system identification application is to define its purpose.

Following this chapter's overview, tnis document presents one aspect of the science of system identifica-
tion—the theory of statistical estimation. The theory's main purpose is to help the engineer understand the
system, not to serve as a formula for consistently producing the required results. Therefore, ocur exposition
of the theory, although rigorously defensible, emphasizes intuitive understanding rather than mathematical
sgphistication. The following comments of Luenberger (1969, p. 2) also apply to the theory of system
identification:

Some readers may look with great expectation toward functional analysis, hoping
to discover new powerful techniques that will enable them to solve important
problems beyond the reach of simpler mathematical analysis. Such hopes are
rarely realized in practice. The primary utility of functional analysis...is
jts role as a unifying discipliine, gathering a number of apparently diverse,
specialized mathematical tricks into one or a few geometric principles.

With good intuitive understanding, which arises from such unification, the reader will be better equipped to
extend the ideas to other areas where the solutions, although simple, were not formerly obvious.

The 1iterature of the field often uses the terms "system identification,” "parameter identification,” and
"parameter estimation” interchangeahly. The following sections define and differentiate these broad terms.
The majority of the literature in the field, including most of this document, addresses the field most pre-
cisely called parameter estimation.
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2 1.1

1.1 SYSTEM IDENTIFICATION

We begin by phrasing the system identification problem in formal mathematical terms. There are three
elements essentjal to a system identification problem: a system, an experiment, and a response. We define

these elements here in broad, abstract, set-theoretic terms, before introducing more concrete forms in
Section 1.3.

Let U represent some experiment, taken from the set () of possible experiments on the system.
U could represent a discrete event, such as stepping on the scales; or a value, such as a voltage applied.
U could also be a vector function of time, such as the motions of the control surfaces while an airplane i
flown through a maneuver. In systems terminology, U 1is the input to the system. (We will use the terms
"input," "control," and "experiment" more or less interchangeably.)

Observe the response Z of the system to the experiment. As with U, Z could be represented in many
forms including as a discrete event (e.g., "the system blew up") or as a measured time function. It is an
element of the set (@ of possible responses. {We also use the terms "output" or "measurement" for Z.)

The abstract system is a map (function) F from the set of possible experiments to the set of possible
responses.

F: @ - @ (1.1‘1)

that is

Z = F(U) (1.1-2)

The system identification problem is to reconstruct the function F from a collection of experiments
Uj and the corresponding system responses Zj. This is tne purest form of the "black box" identification
problem. We are asked to faentify the system with no information at all about its internal structure, as {f
the system were in a black box which we could not see into. Our only information is the fnputs and outputs.

An obvious solution is to perform all of the experiments in (U) and simply tabulate the responses. This
is usually jmpossible because the set (U) 1is too large (typically, infinite). Also, we may not have complete
freedom in selecting the Uj. Furthermore, even if this approach were possible, the tabular format of the
result would generally be inconvenient and of little help in understanding the structure of the system.

If we cannot perform all of the experiments in (0, the system identification problem is impossible

without further information. Since we have made no assumptions about the form of F, we cannot be sure of its
behavior without checking every point.

Example 1.1-1 The input U and output Z of a system are both represented
y real-valued scalar variables. When an input of 1.0 is applied, the output

is 1.0. When an input of -1.0 is applied, the output is also 1.0. Without 5
further information we cannot tell which of the following representations (or i
an infinite number of others) of the system is correct. :
a) 1=1 (independent of U)
1
z v
jo
o3 0 1
u
b) 2= ju|
1
2
0
-1 0 1
c) Z=12 v
1
4 \\\\\\\~‘ A"’//////
0
-1 0 1
v
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d) The response depends on the time interval between applying U and
measuring 2, which we forgot to consider.

|
i
g .

Example 1.1-2 The input and output of a system are scalar time functions
on tEE Tnterval (=,=). When the input is cos(t), the output is sin(t).
Without more information we cannot distinguish among

;” . a) z(t) = cos(t) independent of U

t
b) z(t) j; u(s)ds

L

¢) z(t) = u(t)
d) z(t) = u(t . % 1r)

Example 1.1-3 The input and output of a system are integers in the range
1-168. For every input except U = 37, we measure the output and find it
equal to the input. We have no mathematical basis for drawing any conclusion
about the response to the input U = 37. We could guess that the output might
be Z = 37, but there is no mathematical justification for this guess in the
problem as formulated.

Our inability to draw any conclusions in the above examples (particularly Example (1.1-3), which seems
i s0 obvious intuitively) points out the inadequacy of the pure black-box statement of the system identification
Y problem. We cannot reconstruct the function F without some guidance on choosing a particular functirn from
Z the infinite number of functions consistent with the results of the experiments performed.

We have seen that the pure black box system identification problem, where absolutely no information is
.- given about the internal structure of the system, is impossible to solve. The information needed to construct

- the system function F {s thus composed of two parts: {information which is assumed, and information which is
deduced from the experimental data. These two information sources can closely interact. For instance, the
, experimental data could contradict the assumptions made, requiring a revision of the assumptions, or the data

could be used to select one of a set of candidate assumptions (hypotheses). Such interaction tends to obscure
the role of the assumption, making it seem as though all of the information was obtained from the experimental
data, and thus has a purely objective validity. In fact, this is never the case. Realistically, most of the
information used for constructing the system function F will be assumptions based on knowledge of the nature
of the physical processes of the system. System identification technology based on experimenta) data is used
only to fi1l in the relatively small gaps in our knowledge of the system. From this perspective, we recognize
system identification as an extremely useful tool for filling in such knowledge gaps, rather than as a panacea
which will automatically tell us everything we need to know about a system. The capabilities of some modern
technigues may invite the view of system identification as a cure-all, because the underlying assumptions are
subtle and seldom explicitly stated.

Example 1.1-4 Return to the problem of example (1.1-3). Seemingly, not much
Enowieage of the internal behavior of the system is required to deduce that
Z will be 37 when U is 37; indeed, many common system identification algo-
rithms would make such a deduction. In fact, the assumptions made are numer-
ous. The specification of the set of possible inputs and outputs already
implies many assumptions about the system; for instance, that there are no
- transient effects, or that such effects are unimportant. The problem state-
ment does not aliow for an event such as the system output's oscillating
through several values. We have also made an assumption of repeatability.
Perhaps the same experiment redone tomorrow would produce different results,
depending on some factor not considered. Encompassing all of the cther
assumptions is the assumption of simplicity. We have applied "ccam's Razor
and found the simplest system consistent with the data. Une can easily
imagine useful systems that select specific inputs for specia) treatment.
Nothing in the data has eliminated such systems. We can see that the assump-
tions play the largest role in solving this problem. Granted the assumptinn
;hatuueiwlntithe simplest consistent result, the deduction from the dat: that ;
= s trivial.

Two general types of assumptions exist. The first consists of restrictions on the allowable forms of
: the function F. Presumably, such restrictions would reflect the knowledge of what functions are reasonable
! considering the physics of the system. The second type of assumption is some criterion for selecting a “best"
i function from those consistest with the experimental resu’ts. In the following sections, we will see that
' these two approaches are corbined—restricting the set of functions considered, and then selecting a best
choice from this set.

1.2 PARAMETER IDENTIFICATION

For physical systems, information about the genera)l form of the system function F can often be derfved
from knowledge of the system. Specific numerical values, however, are sometimes prohibitively difficult to
compute tneuretically without nakin? unacceptable approximations. Therefore, the most widely used area of

! system identification is the subfield called parameter identification.
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1.2

In parameter identification, the form of the system function is assumed to be known. This function con-
tains a finite number of parameters, the values of which must be deduced from experimental data.

Let ¢ be a vector with the unknown parameters as its elements. Then the system response Z 14s a known

function of the input U and the parameter vector £. We can restate this in 2 more convenient, but com-

pletely equivalent way. For each value of the parameter vector &, the system response Z 4{s a known function
of the input U. (The function can be different for different values of ;.) We say that the function s

parameterized by ¢ and write
1= FE(U) (1.2-1)

The function Fg(U) is referred to as the assumed system model. The subscript notation for ¢ is used purely
for convenience to indicate the special role of ¢. The function could be equivalently written as F(g,U).

The parameter identification problem is then to deduce the value of ¢ based on measurement of the responses
i to a set of inputs Uj. This problem of identifying the parameter vector £ {is much less ambitious tnan
the system identification problem of constructing the entire F function from experimental data; it is wore
in Tine with the amount of information that reasonably can be expected to be obtained from experimental data.

Deducing the value of ¢ amounts to solving the fol . wing set of simultaneous and generally nonlinear

equations.

Zy = F(Uy) i1, N (1.2-2)

where N {s the number of experiments performed. Note that the only variable in these equations is the param-
eter vector £. The U} and Z{ represent the specific input used and response measured for the 1ith exper{-
ment. This {s quite different from Equation (1.2-1) which expresses a genera) relationship among the three

variables U, Z, and ¢.

Example 1.2-1 1In the problem of example (1.1-1), assume we are given that the
response 15 a linear function of the input

1= FC(U) +3, +a,U

The parameter vector is & = (2,,3,)*, the values of a, and a, being unknown.
We were given that U= -1 and U = +1 both result in 1=~ 1 thus Equa-

tion (1.2-2) expands to
1= Fg(-l) ~a, -8

1 F&(l) Ta +a

This system is easy to solve and gives a, = i and a, = 0. Thus we have
F(u) = 1 (independent of U).
In the proolem of exarple (1.1-2), assume we know that the sys-

Example 1.2-2
tem can be represented as

2(t) = az{t) + bu(t)

or, equivalently, expressing Z as an explicit function of U,
toa(ter)
2eF(U): 2(t) - I (1) pu(a)ar

The unknown parameter vector for this system is ¢ = (a,b)*. Since
u(t) = cos(t) resulted in z{t) = sin(t{ Equation (1.2-2 becomes

t
sin(t) = I Blt-1) cos(t)dr

for a1l te(-=,=)., This equation is uniquely solved by 2 = 0" and b = -1,

Example 1.2-3 In the problem of Fxample (1.1-3), assume that the system can
Be represented by a polynomial of order 10 or less.
10
Z=F 0= ) @ v

fss "

The unknown parameter vector is ¢ = (a,, al.)' Us1ng the experimental

data described fn Example 1.6, Equation (1 2- 2)

I Z 0" 1 =1,2...36,38,39...100
n=o

s = -t o et

o
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This system of equations is uniquely solved by a, =0, a; = 1, and a,
through a,, all equalling 0.

As with any set of equations, there are three possible results from Equation (1.2-2). First, there can
be a unique solution, as in each of the examples above. Second, there could be multiple solutions, in which
case either more experiments must be performed or more assumptions would be necessary to restrict the set of
allowable solutions or to pick a best soiution in som: sense. The third possibility is that there could be no
solutions, the experimental data being inconsistent with the assumed equations. This situation will require a
basic change in our way of thinking about the problem. There will almost never be an exact solution with real
data, so the first two possibilities are somewhat academic. The remainder of the document, and Section 1.4 in
particular, will address the general situation where Equation (1.2-2) need not have an exact solution. The
possibilities of one or more solutions are part of the general case.

Example 1.2-4 In the problem of Example (1.1-1}, assume we are given that
the response is a guadratic function of the input

1= Fg(w) = a, +a,U + a,l?

The parameter vector is £ = (a,,a,,3,)*. h. .cre given that U= -1 and
U=+l both result in Z = 1. "With these data Equation (1.2-2) expands *o

1=FE(-1)-a°-al<|'az
l-l"€(1)=a‘,+a1<raz

From this information we can deduce that a, = 0, but a, and a, are not
uniquely determined. The values might be determined by perform?ng the
experiment U = 0. Alternately, we might decide that the lowest order
system consistent with the data available is preferred, giving a, = 0
and a, = 1.

txample 1.2-5 In the problem of Example (1.1-1), assume that we are given
that the response is a linear function of the input. We were given that
U=-1 and U= +1 both result in Z = 1. Suppose that the experiment
U=0 is performed and results in Z = 0.95. There are then no parameter
values consistent with the data.

1.3 TYPES OF SYSTEM MODELS

Although tne basic concept of system modeling is quite general, more useful results can be obtained by
examining specific types of system models. Clarity of exposition is also improved by using specific models,
even when we can obtain the result in a more general context. This section describes some of the broad
classes of system model forms which are often used in parameter identification.

1.3.1 Explicit Functicn

The most basic type of system model is the explicit function. The response I 1is written as a known
explicit 1(‘unct1t)m of the input U and the parameter vector ¢. This type of model correspords exactly to
Equation (1.2-1):

1= FE(U) (1.2-1)

In the simplest subset of the explicit function models, the response is a iinear function of the
parameter vector

z f(U)e (1.3-1)

In this equation, f{U) is a matrix which is a known function (nonlinear in general) of the input. This is the
type of model used in 1inear regression. Many systems can be put into this easily analyzed form, even though
the systems might appear quite complex at first glance.

A common example of a model linear in its parameters is a finite polynomial expansion of Z 1in terms
of U.
Z=¢, 5l gut. gl (1.3-2)

In this case, f(U) is the row vector (1, U, U‘...U"). Note that Z 1is linear in the parameters ¢4, but
not in the input U.

1.3.2 State Space

State-space models are very usefyl for dynamic systems; that is, systems with responses that are time
functions. Wiberg (1971) and Zadeh and Desoer (1963) give general discussions of state-space models. Time
can be treated as either a continuous or discretized variable in dynamic models; the theories of discrete- and
continuous-time systems are quite different.
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6 1.3.2

The general form for a continuous-time state-space model is

x(t,) = x, (1.3-3a)
x(t) = fx(t),ult),t,£] (1.3-3b)
z(t) = g[x(t),u(t),t,c] (1.3-3¢)

where f and g are arbitrary known functions. The initial condition x, can be known or c.n be a function
of €. The variable x{t) is defined as the state of the system at tine t. Equation (1.3-3b) is called the
state equation, and (1.3-3c) is called the observation equation. The measured system response is z. The
state s not considered to be measured; it is an internal system variable. However, g[x(t),u(t).t.e] = x(t)
is a legitimate observation function, the measurement can be equal to the state if so desired.

Discrete-time state space models are similar to continuous-time models, except that the differential
equations are replaced by difference equations. The general form is

x(ty) = x, (1.3-4a)
x(ty, ) = FIx(t;)oult;)it 6] 6= 00, (1.3-4b)
z(t;) = glx(t;).ulty) t,e] i = 1.2,... (1.3-4c)

The system variables are defined only at the discrete times t;.

This document is largely concerned with continuous-time dynamic systems described by differential Equa-
tions (1.3-3b). The system response, however, is measured at discrete time points, and the computations are
done in a digital computer. Thus, some features of both discrete- and continuous-time systems are pertinent.
The system equations are

at,y) = x, {1.3-5a)
x(t) = flx(t),u(t).t,e] {1.3-5b)
z(ti) = g[x(ti):u(ti)vtinil i=1,2,... (1.3-5¢)

The response 2(tj) is considered to be defined only at the discrete time points t;j, although tne state x(t)
is defined in continuous time.

We will see that the theory of parameter identification for continuous-time systems with discrete obser-
vations is virtually identical to the theory for discrete-time systems in spite of the superficial differences
in the system equation forms. The theory of continuous-time observations requires much deeper mathematical
background and will only be outlined in this document. Since practical .pplication of the algorithms devel-
oped generally requires a digital computer, the continuous-time theory is of secondary importance.

An important subset of systems described by state space equations is the set of linear dymamic systems.
Although the equations are sometimes rewritten in forms convenient for different applications, all linear
dynamic system models can be written in the following forms: the continuous-time form is

x(t,) = x, (1.3-6a)
x(t) = Ax(t) + Bu(t) (1.3-6b)
z(t) = Cx{t) + Du(t) (1.3-6¢)

The matrix A s called the stability matrix, B is called the control matrix, and C and D are called state
and control cbservation matrices, respectively. The uiscrete-time form is

x(t,) = x, (1.3-7a)
x(tiﬂ) = ox(ti) + '"(ti) i=0,1,... (1.3-7b)
z(ti) = Cx(ti) + Du(ti) i=1,2,... {1.3-7¢)

-

The matrices ¢ and ¥ are called the system transition matrices. The form for continuous systems with dis-
crete observations is identical to Equation (1.3-6), except that the observation is defined only at the
discrete time points. In &)l three forms, A, 8, C, D, ¢, and ¥ are matrix functions of the parameter
veccto~ &. These matrices are functions of time in general, but for notational simplicity, we wiil not

exp” ritly indicate the time dependence unless it is important to a discussion.

The continuous-time and discrete-time state-equation forms are closely related. In many applications,
the discrete-time form of Equation {1.3-7) is used as a discretized approximation to Equation (1.3-6). 1In
thi. case, the transition matrices ¢ and ¥ are related to the A and B matrices by the equations

¢ = exp(As) (1.3-8a)

) ,
¥ = f exp(At)dt B (1.3-8b)
L]
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1.3.2 7
where

=t - t, {1.3-8¢)

We discuss this relationship in more detail in Section 7.5. In a similar manner, Equation (1.3-4) is sometimes
viewed as an approximation to Equation (1.3-3). Although the principle in the nonlinear case is the same as

in the linear case, we cannot write precise expressions for the relationship in such simple closed forms as in
the linear case.

Standardized canonical forms of the state-space equations (Wiberg, 1971) play an important role in some
approaches to parameter estimation. ke will not emphasize canonical forms in this document. The besic theory
of parameter identification is the same, whether canonical forms are used or not. In some applications,
canonical forms are useful, or even necessary. Such forms, however, destroy any internal relationship between
the model structure and the system, retaining only the extermal response characteristics. Fidelity to the
internal as well as to the external system characteristics is a significant aid to engineering judgment and to
the incorporation of known facts about the system, both of which play crucial roles in system identification.
For instance, we might know the values of many locations of the A matrix in its “natural” form. When the
A matrix is transformed to a canonical form, these simple facts generally become unwieldy equations which
cannot reasonably be used. When there is little useful knowledge of the internal system structure, the use of
canonical forms becomes more appropriate.

1.3.3 Others

Other types of system models are used in various applications. This docusent will not cover thes explic-
itly, but many of the ideas and results from explicit function and state space models can be applied to other
mudel types.

One of these alternate model classes deserves special mention because of its wide use. This is the class
of auto-regressive moving average (ARMA) modeis and related variants (Hajdasinski, Eykhoff, Damen, and van den
Boom, 1982). Discrete-time ARMA models are in the genera! form

z(t‘.) + a‘z(ti_l) + ... a"z(ti_n) = b,u(ti) + blu(ti_l) + ... bm"(ti-m) (1.3-9)

Discrete-time ARMA models can be readily rewritten as linear state space models (Schweppe, 1973), so all of
the theory which we will develop for state space models is directly appliceble.

1.4 PARAMETER ESTIMATION

The examples in Section 1.2 were carefully chosen to have exact solutions. Real data is seldom so
obliging. No matter how careful we have been in selecting the form of the assumed system model, it will not
be an exact represertation of the system. The experimental data will not be consistent with the assumed mcdel
form for any value of the parameter vector ¢. The model may be close, but it will not be exact, if for no
other reason than that the measurements of the response will be made with real, and thus imperfect,
instruments.

The theoretical development seems to have arrived at a cul-de-sac. The black box system identification
problem was not feasible because there were too many soluticns consistent with the data. To remove this diffi-
Luity, it was necessary to assume a model form and define the problem as parameter identification. With the
assumed mode?l, however, there are no solutions consistent with the data.

We need to retain the concept of an assumed model structure in order to reduce the scope of the praoblem,
yet avoid the inflexibility of requiring that the model exactly reproduce the experimental data. We do this
by usiny the assumed model structure, but acknowledging that it is imperfect. The assumed model structure
should include the essential characteristics of the true system. The selection of these essential character-
istics is the most significant engineering judgment ir system analysis. A good example is Gauss' (1809,

p. xi) justification that the major axis of a cometary ellipse is not an essential parameter, and that a
simplified parabolic model is therefore appropriate:

There existed, in point of fact, no sufficient reason why it should be taken
for granted that the paths of comets are exactly parabolic: on the contrary,
it must be regarded as in the highest degree improbable that nature should
ever have favored such an hypothesis. Since, nevertheless, it was known, that
the phenomena of a heavenly body moving in an ellipse or hyperbola, the major
axis of which is very great relatively to the parameter, differs very little
near the perihelion from the motion in a parabola of which the vertex is at
the same distance from the focus; and that this difference becomes the more
inconsiderable the greater the ratio of the axis to the parameter: and since,
moreover, experience has shown that between the observed moticn and the motion
computed in the parabolic orbit, there remained differences scarcely ever
reater than those which might safely be attributed to errors of observation
errors quite considerable in most cases): astronomers have thought proper to
retain the parabola, and very properly, because there are no means whatever of
ascertaining satisfactorily what, if any, are the differences from a parabola.

Chapter 11 discusses some aspects of this selection, including theoretical aids to making such judgments.

Given the assumed model structure, the primary question is how to treat imperfections in the model.
We need to determine how to select the value of ¢ which makes the mathematical model the "best"
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8 1.4

representation of the essential characteristics of the system. We also need to evaluate the error in the
determination of £ due to the unmodeled effects present in the experimental data. These needs introduce
several new concepts. One concept is that of a “best" representation as opposed to the correct representation.
It is often impossible to define a single correct representation, even in principle, because we have acknowl-
edged the assumed model structure to be imperfect and we have constrained ourselves to work within this
structure. Thus { does not have a correct value. As Acton (1970) says on this subject,

A favorite form of lunacy among aeronautical engineers produces countless
attempts to decide what differential equation governs the motion of some
physical object, such as a helicepter rotor....But arguments about which
differential equation represents truth, together with their fitting caicu-
lations, are wasted time.

Example 1.4-1 Estimating the radius of the Earth. The Earth is not a per-
Tect sphere and, thus, does not have a radius. Therefore, tne problem of
estimating the radius of the Earth has no correct answer. Nonetheless, a
representation of the Earth as a sphere is a useful simplification for
many purposes.

Even the concept of the “best” representation overstates the meaning of cur estimates because there is no
universal criterion for defining a single best representation (thus our quotes around "best"). Many system
identification methods establish an optimality criterion and use numerical optimization methods to comoute the
optimal estimates as defined by the criterion; indeed most of this document is devoted to such optimal esti-
mators or approximations to them. To be avoided, however, is the cosmon attitude that optimal (by some cri-
terion) is synonymous with correct, and that any nonoptimal estimator is therefore wrong. Klein (1975) uses
the term “adequate model” to suqgest that the appropriate judgment on an identified model is whether the model
is adequate for its intended purpose.

In addition to these concepts of the correct, best, or adequate values of ¢, we have the somewhat related
issue of errors in the determination of & caused by the presence of unmodeled effects in the experimental
data. Even if a correct value of ¢ is defined in principle, it may not be possible to determine this value
exactly from the experimental data due to contamination of the data by unmodeled effects.

We can now define the task as to determine the best estimate of £ obtainable from the data, or perhaps
an adequate estimate of £, rather than to determine the correct value of ¢. Tkis revised problem is more
properly called parameter estimation than parameter identification. (Both terms are often used interchange-
ably.) Implied subproblems of parameter estimation include the definition of the criteria for best or
adequate, and the characterization of potential errors in the estimates.

Example 1.4-2 Reconsider the problem of example (1.2-5). Although there is
no iinear model exactly consistent with the data, modeling the output as a
constant value of 1 appears a reasonable approximation and agrees exactly with
two of the three data points.

One approach to parameter estimation is to minimize the error between the model response and the actual
measured response, using a least squares or some similar ad hoc criterion. The values of the parameter
vector £ which result in the minimm error are called the best estimates. Gauss (1809, p. 162) introduced
this idea:

Finally, as all our cbservations, on account of the imperfection of the
instruments and of the senses, are only approximations to the truth, an
orbit based only on the six absolutely necessary data may still be liable to
considerable errors. In order to diminish these as much as possible, and
thus to reach the greatest precision attainable, no other method will be
given except to accumulate the greatest number of the most perfect observa-
tions, and to adjust the elements, not so as to satisfy this or that set of
observations with absolute exactness, but so as to agree with all in the
best possible manner.

This approach is easy to understand without extensive mathematical background, and it can produce excellent
results. It is restricted to deterministic models so that the model response can be caiculated.

An alternate approach to parameter estimation introduces probabilistic concepts in order to take advan-
tage of the extensive theory of statistical estimation. We should note that, from Gauss's time, these two
approaches have been intimately linked. The sentence immediateiy following the above exposition in Theoria
Motus (Gauss, 1809, p. 162) is

For which purpose, we will show in the third section how, according to the
principles of the calculus of probabilities, such an agreement may be
obtained, as will be, if in no one place perfect, yet in all places the
strictest possible.

In the statistical approach, all of the effects not included in the deterministic system model are modeled as
random noise; the characteristics of the noise and fts position in the system equations vary for different
applications. The probabilistic treatment solves the perplexing problem of how to examine the effect of the
unmodeled portion of the system without first modeling it. The formerly unmodeled portion is modeled proba-
bilistically, which allows description of its general characteristics such as magnitude and frequency content,
without requiring a detailed model. Systems such as this, which involve both time and randomness, are referred
to as stochastic systems. This document will examine a small part of the extensive theory of stochastic sys-
tems, which can be used to define estimates of the unknown parameters and to characterize the properties of
these estimates.
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Although this document will devote significant time to the treatment of the probabilistic approach, this
approach should not be oversold. It is currently popular to disparage model-fitting approaches as nonrigorous
aud without theoretical basis. Such attitudes ignore two important facts: first, in many of the most common
situations, the “sophisticated" probabilistic approach arrives at the same estimation algorithm as the model-
fitting approaches. This fact is often obscured by the use of buzz words and unenlightening notation, appar-
eritly for fear that the theoretical effort will be considered as wasted. Our view is that such relationships
should be emphasized and clearly explained. The two approaches complement each other, and the engineer who
understands both is best equipped to handle real world problems. The model-fitting approach gives good intui-
*ive understanding of such problems as modeling error, algorithm convergence, and identifiability, among
ithers. The probabilistic approach contributes quantitative characterization of the properties of the esti-
nates (the accuracy), and an understanding of how these characteristics are affected by various factors.

The second fact ignored by those who disparage mode! fitting is that the probabilistic approach involves
just as many (or more) unjustified ad hoc assumptions. Behind the smug front of mathematical rigor and sophis-
tication lie patently ridiculous assumptions about the system. The contaminating noise seldom has any of the
characteristics (Gaussian, white, etc.) assumed simply in order to get results in a usable form. More basic is

te the fact that the contaminating noise is not necessarily randcm noise at all. It is a composite of all of the
otherwise unmodeled portions of the system output, some of which might be “truly" random (deferring the
philosophical question of whether truly random events exist), but some of which are certainly deterministic
even at the macroscopic level. In light of this consideration, the “rigor" of the probabilistic approach is
tarnished from the start, no matter how precise the inner mathematics. Contrary to the impressions often
given, the probabilistic approach is not the single correct answer, but is cne of the possible avenues that can
give useful results, making on the average as many unjustified or blatantly false assumptions as the alterna-

- tives. Rayes (1736, p. 9), in an essay reprinted by Barnard (1958), made a classical statement on the role of
T assumptions in mathematics:

-

It is not the business of the Mathematician to dispute whether quantities do
in fact ever vary in the manner that is supposed, but only whether the notion
of their doing so be intelligible; which being allowed, he has 2 right to take
it for granted, and then see what deductions he can make from that suppcsi-

o tion....He is not inquiring how things are in matter of fact, but supposing

: things to be in a certain way, what are the consequences to be deduced from
them; and all that is to be demanded of him is, that his suppositions be
intelligicle, and his inferences just from the suppositions he makes.

e s

The demands on the applications engineer are somewhat different, and more in line with Bayes' (1736, p. 50)
later statement in the same document.

So far as Mathematics do not tend to make men more sober and rational thinkers,
wiser and better men, they are only to be considered as an amusement, which
ought not to take us off from serious business.

v IR

A few words are necessary in defense of the probabilistic approach, lest the reader decide that it is not
worthwhile to pursue. The main issue is the description of deterministic phenomena as random. This disagrees
with common modern perceptions of the meaning and use of randomness for physical situations, in which random
and deterministic phenomena are considered as quite distinct and well delineated. Jur viewpoint owes more to
the earlier philosophy of probability theory—that it is a useful tool for studying complicated phenomena
which need not ~ inherently random (if anything is inherently random). Cramer (1946, p. 141) gives a classic

- exposition of ais philosophy:

[The following is descriptive of]...large and important groups of ra.dom
experiments. Small variations in the initial state of the observed units,
which cannot be detected by our instruments, may produce considerable changes
in the final result. The complicated character of the laws of the observed
phenomena may render exact calculation practically, if not theoretically,
impossible. Uncontrollable action by small disturbing factors may lead to
jrregular deviations from a presumed “"true value".

. It is, of course, ciear that there is no sharp distinction between these

varinus medes of randomness. Whether we ascribe e.g. the fluctuations chserved
» che results of a series of shots at a target mainly to small variations in
t.~ initial state of the projectile, to the complicated nature of the ballistic
Taws, or to the action of small disturbing factors, is Targely a matter of
taste. The essential thing is that, in all cases where one or more of these
circumstances are present, an exact prediction of the results of individual
experiments becomes impossible, and the irregular fluctuations characteristic
of random e.periments will appear.

We shall now see that, in cases of this character, there appears amidst
all irregularity of fluctuations a certain typical form of regularity that
will serve as the basis of the mathematical tieory of statistics.

The probabilistic metnods allow quantitative analysis of the general behavior of these complicated phenomena,
evan though we ‘e unable to model the exact behavior.
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10 1.5
1.5 OTHER APPROACHES

Our aim in this document is to present a unified viewpoint of the system identification ideas leading
to maximum-1ikelihcod estimation of the parameters of dynamic systems, and of the application of these ideas.
There are many completely different approaches to identification of dynamic systems.

There are innumerable books and papers in the system identification literature. Eykhoff (1974) and
Astrom and Eykhoff (1970) give surveys of the field. However, much of the work in system identification is
published outside of the general body of system identification literature. Many techniques have been devel-
oped for specific areas of application by researchers criented more toward the application area than toward
general system identification problems. These specializea techniques are part of the larger field of system
identification, although they are usually not labeled as such. (Sometimes they are recognizable as special
cases or applications of more general results.) In the area most familiar to us, aircraft stability and con-
trol derivatives were estimated from flight data long before such estimation was classified as a system
ident.fication problem (Doetsch, 1953; Etkin, 1958; Flack, 1959; Greenberg, 1951; Rampy and Berry, 1964;
Wolowicz, 1966; and Wolowicz and Holleman, 1958).

We do not even attempt here the monumental task of surveying the large body of system identification
techniques. Suffice it to say that other approaches exist, some explicitly labeled as system identification
techniques, and some not so labeled. We feel that we are better equipped to make a useful contribution by
presenting, in an organized and comprehensible manner, the viewpoint with which we are most familiar. This
orientation does not constitute a dismissal of other viewpoints.

We have sometimes been asked to refute claims that, in some specific application, a simple technique such
as regression obtained superior results to a “sophisticated" technique bearing impressive-sounding credentials
as an optimal nonlinear maximum likelihood estimator. The implication is that simple is somehow synonymous
with poor, and sophisticated is synonymous with good, associations that we completely disavow. Indeec, the
opposite association seems more often appropriate, and we try to present the maximum likelihood estimator in
a simple light. We believe that these methods are all tools to be used when they help do the job. We have
used quotations from Gauss several times in this chapter to illustrate his insight into what are still some of
the important issues of th: day, and we will close the chapter with yet another (Gauss, 1809, p. 108):

...we hope, therefore, it will not be disagreeable to the reader, that, besides
the solution to be given hereafter, which seems to leave nothing further tec be
desired, we have thought proper to preserve also the one of which we have made
frequent use before the former suggested itself to me. It is always profitable
to approach the more difficult problems in several ways, and not to despise the
good although preferring the better.
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CHAPTER 2

2.0 OPTIMIZATION METHODS

Most of the estimators in this book require the minimization or maximization of a nonlinear function.
Sometimes we can write zn explicit expression for the minimum or maximum peint. In many cases, however, we
myst use an iterative numerical algorithm to find the solution. Therefore a background in optimization methods
is mandatory for appreciation of the various estimators.

Optimization is a major field in its own right and we do not attempt a thorough treatment or even a survey
of the field in this chapter. Our purpose is to briefly introduce a few of the optimization techniques most
pertinent to parameter estimation. Several of the conclusions we draw about tne relative merits of various
algorithms are influenced by the general structure of parameter estimation problems and, thus, might not be
supportable in a broader context of optimizing arbitrary functions. Numerous books such as Rao (1979),
Luenberger (1969), Luenberger (1972), Dixon (1972), and Polak (1971) cover the detailed derivation and analysis
of the techniques discussed here and others. These books give moi 2 thorough treatments of the optimization
methods than we have room for here, but are not oriented specifici ly to parameter estimation problems. For
those involved in the application of estimation theory, and particularly for those who will be writing computer
programs for parameter estimation, we strongly recommend reading several of these books. The utility and effi-
ciency of a parameter estimation program depend strongly on its optimization algorithms. The material in this
chapter should be sufficient for a general understanding of the problems and the kinds of algorithms used, but
not for the details of efficient application.

The basic optimization problem is to find the value of the vector x that gives the smallest or largest
value of the scalar-valued function J(x). By convention we will talk about minimization problems; any maxi-
mization problem can be made into an equivalent minimization problem by changing the sign of the function. We
will follow the widespread practice of calling the function to be minimized a cost function, regardless of
whether or not it really has anything to do with monetary cost. To formalize the definition of the problem,

a function J(x) is said to have a minimum at % if

IX) < J(x) (2.0-1)

for all x. This is sometimes called an unconstrained global minimum to distinguish it frem local and con-
strained minima, which are defined below.

Two kinds of side constraints are sometimes placed on the problem. Equality constraints are in the form
gi(x) =0 (2.0-2)
Inequality constraints are in the form
hi(x) <0 (2.0-3)

The gj and hj are scalar-valued functions of x. There can be any number of constraints on a problem. A
value of x 1is called admissible if it satisfies all of the constraints; if a value violates any of the con-
straints it is jpadmissible. The constraints modify the problem statement as follows: X is the constrained
minimum of J(x) if X is admissible and if Equation (2.0-1) holds for all admissible x.

Two crucial questions about any optimization problem are whether a solution exists and whether it is
unique. These questions are important in application as well as in theory. A computer program can spend a
long time searching for a solution that does not exist. A simple example of an optimization problem with no
solution is the unconstrained minimization of J(x) = x. A problem can also fail to have a solution because
there is no x satisfying the constraints. We will say that a problem that has no solution is ill-posed.

A simple problem with 2 nonunigue solution is the unconstrained minimization of J(x) = (x; - x,)?, where x
is a 2-vector.

A1l of the algorithms that we discuss (and most other algorithms) search for a local minimum of the func-
tion, rather than the global minimum. A local minimum (also called a relative minimum) is defined as follows:
X s a local minimum of J(x) if a scalar ¢ > 0 exists such that

J(X) < J(& + h) (2.0-8)

for all h with |h| <e. To define a constrained local minimum, we must add the qualifications that X
and X + h satisfy the constraints. The term "extremum" refers to either a local minimum or a local maximum,
Figure (2.0-1) illustrates a problem with three local minima. one of which is the global minimum.

Note that if a global minimum exists, even if it is not unique, it is also a local minimum. The converse
to this statement is false; the existence of a local minimum does not even imply that a global minimum exists.

We can sometimes prove that a function has only one local minimum point, and that this point is also the
global minimum. When we lack such proofs, there is no universal way to guarantee that the local minimum found
by an algorithm is the global minimm. A reasonable check for iterative algorithms is to try theé algorithm
with many different starting values widely distributed within the realm of possible values. If the algorithm
consistently converges to the same starting point, that point is probably the global minimum. The cost of such
a test, however, is often prohibitively high.

The 1ikelihood of local minima difficulties varies widely depending on the application. In some appiica-
tions we can prove that there are no local minima except at the unique global minimum. At the cther extreme,
some applications are plagued by numerous local minima to the extent that most minimization algorithms are
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worthless. Most applications 1ie between these extremes. We can often argue convincingly that a particular
answer must be the giobal minimum, even when rigorous proof is impractical.

The algorithms in this chapter are, with a few exceptions, iterative. Given some starting value x,, the
algorithms give a procedure for computing a new value x,; then x, is computed from x,, etc. The intent of
the iterative algorithms is to create a sequence x; that converges to the minimum. The starting value can
be from an independent estimate of a reasonable answer, or it can come from a special start-up algorithm. The
final step of any iterative algorithm is testing convergence. After the algurithm has proceeded for some time,
we need to choose among the following alternatives: 1) the algorithm has converged to a value sufficiently
close to the true minimum and should therefore be terminated; 2) the algorithm is making acceptable progress
toward the solution and should be continued; 3) the algorithm is failing to converge o is converginrg too
slowly to obtain a solution in an acceptable time, and it should therefore be abandoned; or 4) the algorithm
is exhibiting behavior that suggests that switching to a different algorithm (or modifying the current one)
might be productive. This decision is far from trivial because some algorithms can essentially stall at a
point far from any local minimum, making such small changes in x; that they appear to have converged.

We have briefly mentioned the problems of existence and uniqueness of solutions, local minima, starting
values, and convargence tests. These are major issues in practical application, but we will not examine them
fuirther here. The references contain considerable discussion of these issues.

A cost function of an N-dimensional x vector can be visualized as a hypersurface in (N + 1)-dimensional
space. For illustrating the behavior of the various algorithms, we will use isocline plots of cost functions
of two variables. An isocline is the locus of all points in the x-space corresponding to some specified cost
function value. The isoclines of positive definite quadratic functions are always ellipses. Furthermore, a
quadratic function is completely specified by one of its isoclines and the fact that it is quadratic. Two-
dimensional examples are sufficient to illustrate most of the pertinent points of the algorithms.

We will consider unconstrained minimization problems, which illustrate the basic points necessary for our
purposes. The references address problems with equality and inequality constraints.

2.1 ONE-DIMENSIONAL SEARCHES

Optimization methodology is strongly influenced by whether or not x is a scalar. Because the optimiza-
tion problems in this book are generaily multi-dimensional, the methods applicable only to scalar x are not
diractly relevant.

Many of the multi-dimensional optimization algorithms, however, require the solution of one-dimensional
subproblems as part of the larger algorithm. Most such subproblems are in the form of minimizing the muiti-
dimensional cost function with x constrained to a line in the multi-dimensional space. This has the super-
ficial appearance of a multi-dimensional problem, and furthermore one with the added complications of con-
straints. To clarify the one-dimensional nature of these subproblems, express them as follows: the vector x
is restricted to a line defined by

X = X, +Ax, (2.1-1)

where x, and x, are fixed vectors, and A 1is a scalar variable representing position along the line.
Restricted to tﬁis line, the cost can be written as a function or .

g(x) = J(x, ¢ ax,) (2.1-2)

The function g(») is a scalar function of a scalar variable, and one-dimensional minimization algorithms apply
directly. Substituting the minimizing value of x into Equation (2.1-1) then gives the minimizing point along
the line in the space of x.

We will not examine the one-dimensional search algorithms in this book. Several of the references have
good treatments of the subject. We will note that most of the relevant one-dimensional algorithms involve
approximating the function by a low-order polynomial based on the values of the function and its first and
second derivatives at one or more points. The minimum point of the polynomial, explicitly evaluate replaces
one of the original pnints, and the process repeats. The distinguishing features of the algorithms are the
order of the polynomial, the number of points, and the order of the derivatives of J(x) evaluated. Variants
of the algorithms depend on start-up procedures and methods for selecting the point to be replaced.

In some special cases we can solve the one-dimensional minimization problems explicitly by setting the
derivative to zero, or by other means, even when we cannot explicitly solve the encompassing multi-dimensional
problem. Several of our examples of multi-dimensional algorithms will use explicit solutions of the one-
dimensional subproblems to avoid getting bogged down in detail. Real problems seldom will be so conveniently
amenable to exact solution of the one-dimensional subproblems, except where the multi-dimensional problem could
be directly solved without resort to iterative methods. Iterative one-dimensional searches are usually neces-
sary with any method that involves one-dimensional subproblems. We will encounter one of the rare exceptions
in the estimation of variance.

2.2 DIRECT METHODS

Optimization methods that do not require the evaluation of derivatives of the cost function are called
direct methods or zero-order methods (because they use up tc zeroth order derivatives). These methods use
only the cost function values.

Axial iteration, also called the univariate method or coordinate descent, is the basis for many of the
direct methods. In this method we search along each of the coordinate directions of the x-space, one at a
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time. Starting with the point x,, fix the values of all but the first coordinate, reducing the problem to

one-dimensional minimization. Soive this problem using any cne-dimensional algorithm. Call the resulting

point x,. Then fix the first coordinate at the value so determined and do a similar search along the direc-

tion of {he second coordinate, giving the point x,. Continue these one-dimensional searches until each of the

N coordinate directions has been searched; the final point of this process is xy.

The point xy completes the first cycle of minimization. Repeat this cycle starting from the point xy
instead of «x Continue repeating the minimization cycle until the process converges (or until you give up,

vihich may we1g.come first).

The performance of the axial fteration algorithm on most problems is unacceptably poor. The algorithm
performs well only when the minimum point along each axis is nearly independent of the values of the other

cnordinates.

Example 2.2-1 Use axial iteration to minimize J(x,y) = A(x -~ y)}? + B{x + y)?
with A >> B. The solution is the trivially obvious (0,0), but the problem

is good for illustrating the behavior of algorithms in a simple case. Instead
of using a one-dimensional search procedure, we will explicitly soive the one- ‘
dimensional subproblems. For any fixed y, obtain the minimizing x coordi- >
nate value by setting the derivative to zero

R

% J(x,y) = 2A(x - y) + 2B(x + y) = 0

—_— e

giving
A-B

X=F+EY

Similarly, for fixed x, the minimizing y value is

- —av———n

(R

A -
YR

We see that for A >> B, the values of x and y descend stowly toward the true minimum at (0,0).
Figure (2.2-1) illustrates this behavior on an isocline plot. Note that if A =B {the ~st function isocline
is circular) the exact minimum is obtained in one cycie, Sut as A/B increases the perfurmance worsens.

[

Several modifications to the basic axial iteration method are available to improve its performance. Some
of these modifications exploit the notion of the pattern direction, the direction from the beginning point
XixN of a cycle to the end point x(j+;)xN Of the same cycle. Figure (2.2-2) illustrates the pattern direc- .
tlon, which tends to point in the general uirection of the minimum. Powell's method is the most powerful of
the direct methods that search alona pattern directions. See the references for details.

Hoocain i S

2.3 GRADIENT METHODS

Optimization methods that use the first derivative (gradient) of the cost function are called gradient B
methods or first order methods. Gradient methods require that the cost function be differentiable; most of the '
cost functions censidered in this book meet this requirement. The gradient methods generally converge .n fewer s
iterations than many of the direct methods because the gradient methods use more information in each ‘ceration.

(There are exceptions, particularly when comparing simple-minded gradient methods with the most powe' ful of the N
direct methods). The penalty paid for the generally improved performance of the gradient methods compared with o
the direct methods is the requirement to evaluate the gradient. o 4

We define the gradient of the function J(x) with respect to x to be the row vector. (Some texts define
it as a column vector; the difference is inconsequential as long as one is consistent.)

P 3_ -
va(x) H [axl e 3XN]J(X) (2.3-1)

A reasonable estimate of the computational cost of evaluating the gradient is N times the cost of evaluating
the function. This estimate follows from the fact that the gradient can be approximately evaluated by N

finite differerces

3 (x) . [o(x + 591) - J{x}]
axy €

(2.3-2) ‘

where e; 1is the unit vector along the xj axis and ¢ 1s a small number. In special cases, there can be
expressions for the gradient that cost significantly less than N function evaluations.

Equation (2.3-2) somewhat obscures the distinction between the gradient methods and the direct methods.
We can rewrite any gradient method in a finite difference form that does not explicitly involve gradients.
There is, nonetheless, a fairly clear distinction between methods derived from gradiert ideas and methods
derived from direct search ideas. We will retain this philosophical distinction regardless of whether the
gradients are evaluated explicitly or by finite differences.

The method of steepest descent (also called the gradient method) involves a series of one-dimensional
searches, as did the axial-iteration method and its variants. In the steepest-descent method, these searches
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are along the direction of the negative of the gradient vector, evaluated at the current point. The one-
dimensional problem is to find the value of A that minimizes

J‘(x) = J(x1 + Asi) (2.3-3)
where sj 1is the search direction given by

5; = -V;J(x)l)(:x.i (2.3-4)

The negative of the gradient is the direction of steepest local descent of the cost function (thus the
name of the method). To prove this property, first note that for any vector s we have

é% J{x + as) = (s.v;J(x)> (2.3-5)
We are using the (.,.) notation for the inner product

(X,y) = x*y (2.3-6)
Equation (2.3-5) is a generalization of the definition of the gradient; it applies in spaces where Equa-
tion (2.3-1) is not meaningful. We then need only show that, if s is restricted to be a unit vector,

Equation (2.3-5) is minimized by choosing s in the direction of -v}J(x). This follows immediately from the
Cauchy-Schwartz inequality (Luenberger, 1969) of linear algebra.

Theorem 2.3-1 (Cauchy-Schwartz) (x,y>? s |x{2{y|? with equality if and only if x = ay for
some scalar a.

Proof The theorem is trivial if y = 0. For y # 0 examine
(X +Ay,X - AY) = (X)) +A%(Y,Y) + 2M(X,y) 2 0 (2.3-7}
Choose
A= =YY (2.3-8)
Substitute into Equation (2.3-7) and rearrange to give
G2 g Oy = | x]3yl? (2.3-9)
Equality holds if and only if x + ay = 0 1in Equation (2.3-7), which will be

true if and only if x = ay (1 will then be -a). ;

On the surface, the steepest descent property of the method seems to imply excellent performance in mini- 4
mizing the cost function value. The direction of steepest descent, however, is a local property which might .
point far from the direction of the global minimum. It is thus often a poor choice of search direction.

Direct methods such as Powell's often converge more rapidly than steepest descent. .
H

The steepest descent method performs worst in long narrow valleys of the cost function. It is also sensi- M
tive to scaling. These two difficulties are closely related; rescaling a problem can easily create long ;
narrow valleys. The following examples illustrate the scaling and valley difficulties: [ 2

Example 2.3-1 Let the cost function be : ’

Ix) = § 02+ xd)

The steepest descent method works excellently for this cost function (so does
almost every optimization method). The gradient of J(x) is

va(x) = {x,.x,) = x*

Therefore, from any starting point, the negative of the gradient points
exactly at the origin, which is the global minimum. The minimum will be
attained exactly (or to the accuracy of the one-dimensional search methods
used) in one iteration. Figure (2.3-1) iilustrates the algorithm starting
from the point (1,1)*.

Example 2.3-2 Rescale the preceding example by replacing x, by 0.1x,.
(FerEaps we just redefined the units of x, to be millimeters instead of
centimeters.}) The cost function is then

J(x) = % (0.01x} + x2)
and the gradient is
va(x) . (0.01xx,xz)

Figure (2.3-2) shows the search direction used by the algorithm starting from
the point (10,1)*, which corresponds to the point (1,1)* in the previous
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example. The search direction points almost 90° from the origin. A careless
glance at Figure (2.3-2) invites the conclusion that the minimum in the
search direction will be on the x axis and tnus that the second iteration
of the steepest descent algorithm will attain the minimum. It is true that
the minimum is close to the x axis, but it is not exactly on the axis; the
distinction makes an important difference in the algorithm's performance.

For points x - AV;J(x) along the search direction from any point
(x,.X,)*, the cost function is

g(n) = flx - a7%3(x)) = § [0.01x(1 - 0.014)% + x3(1 - 2)?]

The minimum of g(x) is at
(0.0I)fo + %
) (0.01)x2 + xZ
and thus the minimum point along the search direction is
{x, = 0.01x,% , x, = x,4)*

with A defined as above. The follnwing table and Figure (2.3-3) show
several iterations of this process starting from the point (10,1)*.

Iteration Xy X,

0 10 1

1 9.899 -.009899
2 4.900 .4900

3 4,851 -.004851
4 2.401 .,2401

5 2.377 -.002377
6 1.176  .1176

7 1.165 -.001165

The trend of the algorithm is clear; every two iterations it moves essentially
halfway to the solution. Consider the behavior starting from the point
(10,0.1)* instead of (10,1)*:

Iteration Xy X,

0 0.1

9.802 -.09802
9.608 .09608
9.418 -.09418
9
9
8

0

—

.231  .0%231
.048 -.09048
.869  .08869
8.694 -.08694

SN0 EWN —

This behavior, plotted in Figure (2.3-4), is abysmal. The algorithm is bounc-
ing back and forth across the valley, making little progress toward the
minimum,

.t -
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Several modifications to the steepest descent method are available to improve its performance. A rescaling
step to eliminate valleys caused by scaling yields major improvements for some problems. The method of paral-
lel tangents (PARTAN method) exploits pattern directions similar to those discussed in Section 2.2; searches in
such pattern directions are often called acceleration steps. The conjugate gradient method is the most power-
ful of the modifications to steepest descent. The references discuss these and other gradient algorithms in
detail.

2.4 SECOND ORDER METHODS

Cptimization methods that use the second derivative {or an approximation to it) of the cost function are
called second order methods. These methods require that the first and second derivatives of the cost function

exist.

2.4.1 Newton-Raphson

The Newton-Raphson optimization algorithm (also called Newton's method) is the basis for all of the second
order methods. The idea of this algorithm is to approximate the cost function by the first three terms of its
Taylor series expansion about the current point.
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16 2.4.1
3y(x) = 9(xg) + (x = x)*9Rxg) + § (x - X IHTT20(x)](x - x,) (2.4-1)

From a geometric viewpoint, this equation describes the paraboloid that best approximates the function near
x4, Equating the gradient of Jj(x) to zero gives an equation for the minimum point of the approximating
function. Takina thic gradient, note that v,J(x{) and v§J(xy) are evaluated at the fixed point xj and
thus are wot functions of x.

vxdi(x) = de(xi) + (x - x1)‘[v;J(x1)] =0 (2.4-2)
The solution is
x = Xy = [VRd(x)]17vpalxy) (2.4-3)

If the second gradient of J is positive definite, then Equatfon (2.4-3) gives the exact uni- .» minimum of
the approximating function; it is a reasonable guess at an approximate minimum of the origina runction. If
the second gradient is not positive definite, then the approximating function does not have a unique minimum
and the algorithm is 1ikely to perform poorly. The Newton-Raphson algorithm uses Equation (2.4-3) iteratively;
the x from this equation is the starting point for the next iteration. The algorithm is

Xepy = %4 - [V;J(x‘)]'lv;d(xi) (2.4-4)

The performance of this algorithm in the close neighborhood of a strict local minimum is unexcelled; this
performance represents an ideal toward which other algorfthms strive. The Newton-Raphson algorithm attatins
the exact (except for numerical round-off errors) minimum of any positive-definite quad::t{ function in a
single iteration. Convergence within 5 to 10 {terations is common on some practical nonquadratic problems
with several dozen dimensions; direct and gradient methods typically count iterations in hundreds and thousands
for such problems and settle for less accurate answers. See the references for analysis of convergence
characteristics.

Three negative features of the Newton-Raphson algorithm balance its excellent convergence near the mini-
mum. First is the behavior of the algorithm far from the minimum. If the initial estimate is far from the
minimum, the algorithm often converges erratically or even diverges. Such problems are often associated with
second gradient matrices that are not positive definite. Because of this problem, it {is common to use special
start-up procedures to get within the area where Newton-Raphson performs well. One such procedure is to start
with a gradient metiod, switching to Newton-Raphson near the minimum. There are many other start-up proce-
dures, and they play a key role in successful applications of the Newton-Raphson algorithm.

The second negative feature of the Newton-Raphson method is the computational cost and complexity of eval-
uating the second gradient matrix. The magnitude of this difficulty varies widely among applications. In some
special cases the second gradient is 1ittle harder to compute than the first gradient; Newton-Raphson, perhaps
with a start-up procedure, is a good choice for such applications. If, at the other extreme, you are reduced
to finite-difference computation of the second gradient, Davidon-Fletcher-Powell (Section 2.4.4) is probably
a more appropriate algorithm. In evaluating the computational burden of Newton-Raphson and other methods,
remember that Newton-Raphson requires no one-dimensional searches. Equation (2.4-4) constitutes the entire
algorithm. The one-dimensional searches required by most other algorithms can account for a majority of their
computational cost.

The third negative feature of the Newton-Rapnson algorithm is the necessity to invert the second gradient
matrix (or at least to solve the set of linear equations involving the matrix). The computer time required
for the inversion is seldom an issue; this time is typically small compared to the time required to evaluate
the second gradient. Furthermore, the algorithm converges quickly enough that if one linear system sclution
per iteration is a large fraction of the total cost, then the total cost must be low, even if the linear system
is on the order of 100-by-100. The crucial issue concerning the inversion of the second gradient is the possi-
bility that the matrix could be singular or ill-conditioned. We will discuss singularities in Section 2.4.3.

2.4.2 lnvariance

The Newton-Raphson algorithm has far less difficulty with long narrow valleys of the cost function than
does the steepest-descent method. This difference is related to an invariance property of the Newton-Raphson
algorithm. Invariance of minimization algorithms is a useful concept which many texts mention briefly, if at
all. We will therefore elaborate somewhat on the subject.

The examples in the section on steepest descent illustrate a strong 1ink beiween scaling and narrow
valleys. Scaling changes can easily create such valleys. Therefore we can generally state that minimization
methods that are sensitive to scaling changes are 1ikely to behave poorly in narrow valleys.

This reasoning suggests a simple criterion for evaluating optimization algorithms: a good optimization
algorithm should be invariant under scaling changes. This principle is almost so self-evident as to be
unworthy of mention. The user of a program would be justifiably disgruntled if an algorithm that worked in
the English Gravitationa) System (Imperial System) of units failed when applied to the same problem expressed
in metric units (or vice versa). Someone trying to duplicate reported results would be perplexed by data
publiched in metric units which could be duplicated only by converting to English Gravitational System units,
in which the computation was really done. Nonetheless, many common algorithms, including the steepest descent
method, fail to exhibit invariance under scaling.

The criterion is neither necessary ‘r sufficient. [t is easy to construct ridiculous algorithms that are
invariant to scale changes (such as the Jorithm that always returns the value zero), and scale-sensitive algo-
rithms 1ike the steepest descent method nave achieved excellent results in some applications. It {s safe to
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2.4.2 17

state, however, that you can usually improve a good scale-sensitive algorithm by making it scale-invariant.
An inftial step that rescales the problem can effectively make the steepest-descent method scale-invariant
(although such a step destroys a different invariance property of the steepest-descent method: i{nvariance
under rotation of coordinates). Rascaling a problem can be done manually by the user, or it can be an auto-
matic part of an algorithm; automatic rescaling has the obvious advantage of being easier for the user, and a
secondary advantage of allowing dynamic scaling changes as the algorithm proceeds.

We can extend the idea of invarfiance beyond scale changes. In general, we would like an algorithm to be
invariant under the largest possible set of transformations. A justification for this criterion is that
almost any complicated minimization problem can be expressed as some transformation (possibly quite compli-
cated) of a simpler problem. We can sometimes use such transformations to simplify the solution of the origi-
nal problems. Often it is more difficult to do the transformation than to solve the original optimization
problem, Even if we cannot do the transformations, we can use the concept to conclude that an optimization
algorithm invariant over a large class of transformations is likely to work on a large class of prchblems.

The Newton-Raphson algorithm is invariant under all invertible linear transformations. This is the widest
invariance property that we can vsually achieve,

The scale-invariance of the Newton-Raphson algorithm can be partially nullified by poor choice of matrix
inversion (or 1inear system solution) algorithms. We have assumed exact arithmetic in the preced.ng discus;ion
of scale-invariance. Some matria inversion routines are sensitive to scaling effects. Inversion based o
Cholesky factorization (Wilkinson, 1965, and Acton, 1970) is a good, easily implemented method for . sl
matrices (the second gradient is always symmetric), and is insensitive to scaling. Alternatively, P -
scale the matrix by using its diagonal elements.

2.4.3 Singularities

The second gradient matrix used in the Newton-Raphson algorithm is positive definite in & region near a
strict local minimum. Ideally, the start-up procedure will reach such a region, and the Newton-Raphson alou-
rithm will then converge without needing to contend with singularities. This viewpoint is overiy optimisiic;
singular or i11-conditioned matrices (the difference is largely academic) arise in many situations. In the
following discussion, we discount the effects of scaling. Matrices that have large condition numbers because
of scaling do not represent intrinsically ill-conditioned problems, and do not require the techniques di.-
cussed in this section.

In some sftuations, the second gradient matrix is exactly singular for all values of x; two columns (and
rows) are fdentical or a column (and corresponding row) is zero. These simple singularities occur regularly
even in complex nonlinear problems. They often result from errors in the problem formulation, such as minimiz-
ing with respect to a parameter that is irrelevant to the cost function.

ir the more general case, the second gradient is cingular (or ill-conditioned) at some points but not at
others. Whenever we use the term singular in the following discussion, we implicitly mean singular or i11-
conditioned. Because of this definition, there will be vaguely defined regions of singularity rather than
isolated points. The consequences of singularities are different depernding on whether or not they are near
the minimum.

R N N e VRN

Singulari.fies far from the minimum pose no basic .heoretical difficulties. There are several practical
methods for handling such singularities. One method is to use a gradient algorithm (or any other algorithm
unaffected by such singularities) until x 1is out of the regicn of singularity. We can also use this method
if the second gradient matrix has negative eigenvalues. whether the matrix is ill-conditioned or not. If the .
matrix has negative eigenvalues, the Newton-Raphson algorithm is 1ikely to behave poorly. (It could even con- i
verge to a local maximum.) The second gradient is always positive semi-definite in a region around a local N
minimum, so negative eigenvalues are only a consideration away from the minimum.

Another method of handling singularities is to add a small positive definite matrix to the second gradient
before inversion. We can also use this method to handle negative eigenvalues if the added matrix is large
enough. This method is closely related to the previous suggestion of using a gradient algorithm. If the added
matrix is a large constant times an identity matrix, the Newton-Raphson algorithm, so modified, gives a small
step in the negative gradient direction. For small constants, the algorithm has characteristics between those
of steepest descent and Newton-Raphson. The computational cost of this method is high; in essence, we are
getting performance like steepest descent w.ile paying the computational cost of Newton-Raphson. Even small
additions to the second derivative matrix can dramatically change the convergence behavior of the Newton-
Raphson algorithm. We should therefrre discontinue this modification when out of the region of singularity.
The advantage of this method is its simpiicity; excluding the test 2 when the matrix is i1l-conditioned, this
modification can be done in two short lines of FORTRAN code.

The last method is to use a pseudo-inverse (rank-deficient solution). Penrose (1955), Aoki (1967),
Luenberger (1969), Wilkinson and Reinsch (1971), Moler and Stewart (1973), and Garbow, Boyle, Dongarra, and
Moler (1977) discuss pseudo-inverses in detail, The basic idea of the pseudo-inverse method is to ignore the
directions in the x-space corresponding to zero eigenvalues (within some tolerance) of the second gradient.
In the parameter estimation context, such directions represent parameters, nr combinations of parameters, about
which the data give little informaticn. Lacking any information to the contrary, the method leaves such param- H
eter combinations unchanged from their initial values. .

The pseudo-inverse method does not address the problem of negative eigenvalues, but it is popular in a
large class of appiicatiuns where negative eigenvalues are impossible. The method {s easy tc {mplement, being
only a rewrite of the matrix-inversion or 1inear-system-solution subroutine. It also has a useful property
sbsent from the other proposed methods; it does not affect the Newton-Raphson algorithm when the matrix is
well-conditioned, Therefore one can freely apply this method without testing whether it is needed. (It is
true that condition tests in some form are part of a pseudo-inverse algorithm, but such tests are at a lower
level contained within the pseudo-{inverse subroutine.)
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18 2.4.3

Singularities near the minimum require special consideration. The axcellent convergence of Newton-
Raphson near the minimum is the primery reason for using the algorithm. If .+ significantly slow the conver-
gence near the minimum, there is little argument for using Newton-Raphson. The use of a pseudo-inverse can
handie singularities while maintaining the exc.1llent convergence; the pseudo-inverse is thus an appropriate
tool for this purpose.

Although pseudo-inverses handle the computational probiems, singularities near the minimum also raise
theoretfcal and applicatfon issues. Such a singularity indicates that the minimum point is poorly defined.
The cost function 1s essentfally flat in at least one direction from the minimum, and the minimum value of the
cost function might be attained to  chine accuracy by widely separated points. Although the algorithm con-
verges to a minimum point, 1t might .e the wrong minimum point if the minimum is flat. If the only goal {s to
minimize the cost function, any minimizing point mir~t be acceptable. In the applications of this book, mini-
mizing the cost ‘unction is only a means to an end; :ie desired ou’ ut is the value of x. If r~ltiple solu-
tions exist, the problem statement is incomplete or faulty.

We strongly advise avoiding the routine use of pseudo-inverses or other computational machinations to
"solve" uniqueness problems. 1f the basic problem statement {s faulty, no numerical trick will solve it. The
pseudo-inverse works by changing the problem statement of the inversion, adding the stipulation that the
inverse have minimum norm. The interpretatfon of this stipulation is vague in the context of the optimizatior
problem (unless the cost function §s quadratic, in which ca.e it specifies the solution nearest the starting
poi t). If this stipulation is a reasonable addition to the problem statement, then the pseudo-inverse is an
appropriate tool. This decisfon can have significant effects. For a nonquadratic cost function, for example,
there might be large differences in the solution point, depending on small changes in the starting point, the
data, or the algorithm.

The pseudu-inverse can be a good diagnostic tool for getting the information »..eded *0 revise the nroblem
statement, but one should not depend upon it to solve the problem autonomous® . 1lhe analyst's trong point is
in furmulating the problem; the computer's strength is in crunching numbers to arrive at the soiution. A
failure in either role will compromise the validity of the solutiun. This statemen. s but a rephrasing of
the computer cliche "garbage in, garbage out," which has been sa.d many more times than it has been heard

2.4.4 Quasi-Newton Methods

Quasi-Newton methods are intended for problems where explicit evaluation of the second gradient of the
cost function §s complicated or costly, but the performance of the Newton-Raphson algorithm f. desired. These
methods form approximations to the second-gradient matrix using the first-gradient values from several icera-
tions. Tha approximation to the second gradient then substitutes for the exact second gradient in Equa-
tion (2.4-4). Some of the methods directly forn approximations of the inverse of the second-gradient matrix,
avoiding the cost and some of the problems of matrix inversion.

Note that as long as the approximation to the second-gradient matrix is positive definite, Equa-
tion (2.4-4) can never converge to any point with a nonzero first gradient. Therefore approximations to the
second gradient, no matter how poor, cannot affect the solution point. The approximations can greatly change
the speed of convergence and the area of acceptable starting values. Approximations to the first gradient
would affect the solution point as well.

The steepest descent method can be considered as the crudest of the quasi-Newton methods, using a constant
times the identity matrix as the approximation to the second gradient. The performance of the auasi-Newton
methods approaches that of Newton-Raphson as the approximation to the second gradient improves. The
Davidon-Fletcher-Powell method (variable metric method) is the most popular quasi-Newton method. See the
references for discussions of these methods.

2.5 SUMS OF SQUARES

The algorithms discussed in the previous sections are generally applicable to any minimization problem.
By tailoring algorithms to special characteristics of specific problem classes, we can often achieve far
better performance than by using the general purpose algorithms.

Many of the cost functicns arising in estimation problems have the form of sums of squares. The general
sums-of-squares form i3

N
I0x) = D LA (x) 1M, [, 00)] (2.5-1)

i=1

The f{ are vector-valued functions of x, and the Wy are weightings. To simplify some of the formulae,

we assume that the Wy are s tric. This assumption does not really restrict the application becsuse we can
8iways substitute 1/1(H1 + H‘) for a nonsymmetric W; without changing the funcifon values. In most appli-
catfons, the Wi are positive semi-definite; this is not a requirement, but we will see that it helps enjure
that the stationary points encountered are local minima. The form of Equation (2.5-1) 1s common enough to
merit special study.

The susmation sign in Equation (2.5-2) 1s somewhat superfluous in that any function in the form of Equa-
tion (2.5-1) can be rewritten in an equivalent form without the summation sign. This can be done by concate-
nating the N different fy(x) vectors into a single, longer f(x) vector and making a corresponding large
W matrix with the Wy matrices on diagonal blocks. The only difference is in the notation. We choose the
longer notation with Ihe summation sign because it more directly corresponds with the way many parameter
estimation problems are naturally phrased.
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Sev:ral of the algorithms discussed in the previous two sections work well with the form of Equa-
tion {2.5-1). For any reasonable f; functions, Equation (2.5-1) defines a cost function that is well-
approximated by quadratics over fairly large regions. Since many of the general mirimization schemes are
based on quadratic approximations, application of these schemes to Equation (2.5-1) is natural. This statement
does not imply that there are never problems minimizing Equation (2.5-1); the problems are sometimes severs,
but the odds of succe .S with reasonable effort are much better than they are for arbitrary cost function forms.
Although the gereral methods are usable, we can exploit the problem structure to do better.

2.5.1 Linear Case

If the f; functions in Equation (2.5-1) are linear, then the cost function is exactly quadratic and we
can express the minimum point in closed form. In particular, let the f; be the arbitrary linear functions

fi(x) = Aix + bi (2.5~2)
Equation {2.5-1) then becomes
N
Ix) = Y[R + b TW A + b, (2.5-3)
i=1

Equating the gradient of Equation (2.5-3) to zero gives

N
2 Z[Aix + b IMA, = 0 (2.5-4)
i=1
Solving for x gives
N i
x= -1y Al S A, (2.5-5)
i=1 i=1

assuming that the inverse exists.

If the inverse exists, then Equation (2.5-5) gives the only stationary point of Equation (2.5-3). This
stationary point must be a minimum if all the W; are positive semi-Cefinite, and it must be a maxtwum if all
the Wi ave negative semi-definite. (We leave the straightforward proofs as an exercise.) If the W; meet
neither of these conditions, the stationary point can be a minimum, a maximum, or a saddle point.

1f the inverse in Equation {2.5-5) does not exist, then there is a line (at least) af solutions to Equa-
tion (2.5-4). A1) of 1 ese points are stationary points of the cost function. Use of a pseudo-inverse will
produce the solution with minimum norm, but this is usually a poor idea (see Section 2.4.3).

2.5.2 Nonlinear Case

If the f; are ronlinear, there is no simple, closed-form solution 1ike Equation (2.5-5). A natural
question in such situations, in which there is an easy method to handle linear equations, is whether we can
merely lirearize the nonlinear equations and use the linear methodology. Such linearization does not give an
acceptable closed-form solution to tne current problem, but it does form the basis for an iterative methou.

Define the linearizatior of 5 about any point xj as

#3800 = aldx 4 p{0) (2.5-6)
where

M 2 v gy (2.5-7a)

ol = £,0xp) - Al (2.5-7b)

Equation (2.5-5), with the AgJ) and be) substituted for A; and bj, gives the stationary point of the cost
with the linearized f; functions. This point is not, in general, a solution to the nonlinear prodlem. If,
however, xi 1is close to the solution, then Equation (2.5-5) should give a point closer to the solution,
because the inearization will give a good representation of the cost function in the region around xj.

The iterative algorithm resulting from this concept is as follows: First, choose a starting value x,.
The closer x, is to the correct solution, the better the algorithm is 1ikely to work. Then define revised

xj values by

N N
PRERTEY DY CR A L A RN {ZEVXfi(xj)]*wifi(xj) (2.5-8)
i=1 i=1
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20 2.5.2

This equation comes from substituting Equation (2.5-7) into Equation (2.5-5) and simplifying. [terate Equa
tion (2.5-8) until it converges by sume criterion, or until you give up. This method is often called quasi-
linearization because it is based on linearization not of the cost function itself, but cf factors in the
cost function.

We made several vague, unsupported statements in the process of deriving this algoriihm. We now need to
analyze the algorithm's performance and compare it with the performance of the algorithms discussed in the
previous sections. This task is greatly simplified by noting that Equation (2.5-8) defines a quasi-Newton
alaorithm. To show this, we can write the first and second gradients of Equation (2.5-1):

N

T 00) = 2 ) LF ()19 £ () (2.5-9)
i=1
N N

V) = 2 ) [, F 0T IE, £ ()] + 2 ) [F; (01,38 () (2.5-10)
i=1 i=1

(we have not previously introduced the definition of the second gradient of a vector, as ir the vif;{x)
above. The result is technically a tenscr, but we will not need to consider it in detail here.) Comparing
Equation (2.5-8) with Equations (2.4-4), (2.5-9), and (2.5-10), we see that the only difference between quasi-
linearization and Newton-Raphson is that quasi-linearization has dropped the second term in Equation (2.5-10).
Quasi-linearization is thus a quasi-Newton method using

N
VAN 7 2 919, 00107, 00] (2.5-11)
i=1

as an approximation for the second gradient. The algorithm in this form is also known as Gauss-Newton, the
term we will adopt in this book.

Near the solution, the neglected term of the second gradient is generally small. Section 5.4.3 cutlines
this argument as it applies to the parameter estimation problem. Therefore, Gauss-Newton approaches the excel-
lent performance of Newton-Raphson near the solution. Such approximation is the main goal of quasi-Newton
methods.

Accurately approximating the performance of Newton-Raphson far from the minimum is not of great concern
because Newton-Raphscn does not generally perform well in regions far from the minimum. We can even argue that
Gauss-Newton sometimes performs better than Newton-Raphson far from the minimum. The worst problems with
Newton-Raphson occur when the second gradient matrix has negative eigenvalues; Newton-Raphson can then go in
the wrong direction, possibly converging to a local maximum or diverging. If all of the W; are positive
semi-definite {which is usually the case), then the second gradient approximation given by Equation (2.5-11)
is positive semi-definite for all x. A positive semi-definite second gradient approximation does not guaran-
tee good behavior, but it surely helps; negative eigenvalues virtually guarantee problems. Thus we can heuris-
tically argue that Gauss-Newton should perform better than Newton-Raphson. We will not attempt a detailed
support of this general argument in this book. In several specific cases the improvement of Gauss-Newton over
Newton-Raphscn is easily cemonstrabie.

Although Gauss-Newton sometimes performs better than Newton-Raphson far frcm the solution, it has many of
the same basic start-up problems. Both algorithms exhibit their best performance near the minimum. Therefare,
we will often need to begin with some other, more stable algorithm, changing to Gauss-Newton as we near the
minimum.

The real argument in favor of Gauss-Newton over Newton-Raphson is the lower computational effort and com-
plexity of Gauss-Newton. Any performance improvement is a coincidental side berefit. Equation {2.5-11)
involves only first derivatives of f;(x). These first derivatives are also used in Equation (2.5-9) for the
first gradient of the cost. Therefore, after computing the first gradient of J, the only significant computa-
tion remaining for the Gauss-Newton approximation is the matrix muitiplication in Equation {2.5-11). The com-
putation of the Gauss-Newton approximation for the second gradient can sometimes take less time than the compu-
«ation of the first gradient, depending on the system dimensions. For complicated fi functions, evaluation
of the vifi(x) in Equaticn (2.5-10) is a major portion of the computation effort of the full Newton-Raphson
algorithm. Gauss-Newton avoids this extra effort, obtaining the performance per iteration of Newton-Raphson
(if not better in some areas) with computational effort per iteration comparable to gradient methods.

Considering the cost of the one-dimensional searches required by gradient methods, Gauss-Newton can even
be cheaper per iteration than gradient methods. The exact trade-off depends on the relative costs ot evaluat-
ing the f; and their gradients, and on the typical number of evaluations required in the one-dimensional
searches. Gauss-Newton is at its best when the cost of evaluating the f; is nearly as much as the cost of
evaluating both the f; and their gradients due to high overhead costs common to both evaluations. This is
exactly the case in some aircraft applications, where the overhead consists largely of dimensionalizing the
derivatives and building new system matrices at each time point.

The other quasi-Newton methods, such as Davidon-Fletcher-Powell, also approach Newton-Raphson performance
without evaluating the second derivatives of the f;. These methods, however, do require one-dimensional
searches. Gauss-Newton stands almost alone in avoiding both second derivative evaluations and one-dimensional
searches. This performance is difficult to match in general algorithms that do not take advantage of the
special structure of the cost function.
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Some analysts (Foster, 1983) introduce one-dimensicnal line searches into the Gauss-Newton algorithm to
S, improve its performance. The utility of this idea depends on how well the Gauss-Newton method is performing.
: In most of our experience, Gauss-Newton works well enough that the one-dimensional line searches cantot mea-
surably improve performance; the total computation time can well be larger with the line searches. When the

Gauss-Newton algorithm is performing poorly, however, such line searches could help stabilize it.

For cost functions in the form of Equation (2.5-1), the cost/performance ratio of Gauss-Newton is so much
better than that of most other algorithms that Gauss-Newton is the clearly preferred algorithm. You may want
to modify Gauss-Newton for specific problems, and you will aimost surely need to use scme special start-up
algorithm, but the best methods will be based on Gauss-Newton.

2.6 CONVFRGENCE !MPROVEMENT

Second-order methods tend to converge quite rapidly in regions where they work well. There is usually
such a region around Lhe minimui point; the size of the region is problem-dependent. The price paid for this
region of excellent convergence is that the second-order methods often corverge poorly or diverge in regions

-4 far from the minimum. Techniques to detect and remedy such convergence problems are an important part of the
practical implementation of second-order methods. In this section, we briefly list a few of the many conver-
gence improvement techniques.

Modifications to improve the behavior of second-order methods in regions far from the minimum almost
: inevitably slow the convergence in the region near the minimum. This reflects 2 natural trace-off between
: speed and reliability of convergence. Therefore, effective implementation of convergence-improvement tech-
: niques usually includes different treatment of regions far from the minimum and near the minimum.

In regions far from the minimum, the second-order methods are modified cr abandoned in favor of more con-
servative algorithms. In regions near the minimum, there is a transition to the fast second order methods.
The means of determining when to make such transitions vary widely. Transitions can be based on a simple
iteration count, on adaptive criteria which examine the cbserved convergence behavior, or on other principles.
Transitions can be either gradual or step changes.

Some convergence improvement techniques abandon seccend-order methods in the regions far from the minimum,
adopting gradient methods instead. In our experience, the pure gradi.ent method is too slow for practical use
on most parameter estimation problems. Accelerated gradient methods such as PARTAN and coniugate gradient are

reasonabie possibilities.

Other convergence improvement techniques are modifications of the second-order methods. Many convergence
problems relate to ill-conditioned or nonpositive second gradient matrices. This suggests such modifications
as adding positive definite matrices 1o the second gradient or using rank-deficient solutions.

Constraints cn the allowable range of estimates or on the change per iteration can also have stabilizing

effects. A particularly popular constraint is to fix some of the ordinates at constant values, thus raducing

; the dimension of the optimization probier; this is a form of axial iteraticn, and its effectiveness depends on
: a wise (or lucky) choice of the ordinates tc be constrained.

Ak s SN

Relaxation methods, which reduce the indicated parameter changes by some fixed percentage, can sometimes
stabilize oscillating behavior of the algorithm. Line searches in the indicated direction extend this concept.
and should he capable of stabilizing aimost any problem, at the cost of additional function evaluations.

The above Tist of convergence improvement techniques is far from complete. It alsc omits mention of
numerous important implementation details. This list serves only to call attention to the area of convergence
improvement. See the references for more thorough treatments. -

. @ B LOCAL MINIMA
E B GLOBAL MINIMUM

Figure (2.0-1). Illustration of local and global minima.
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Figure (2.2-1). Behavior of axial iteration. Figure (2.3-2). The gradiert direction near
a narrow valley.
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CHAPTER 3

3.0 BASIC PRINCIPLES FROM PROBABILITY

In this chapter we will review some basic definitions and results from probability theory. We presume
that the reader has had previous exposure to this material. Our aim here is to review and serve as a refer-
ence for those concepts that are used extensively in the following chapters. The treatment, therefore, is
quite abbreviated, and devotes little time to motivating the field of study or philosophizing about the
results. Proofs of several of the statements are omitted. Some of the other proofs are merely outlined, with
some of the more tedious steps omitted. Apostol (1969), Ash (1970), and Papoulis (1965) give more detailed
treatment.

3.1 PROBABILITY SPACES

3.1.1 Probability Triple

A nrobability space is formally definec by three i*~ms (q,8,P), sometimes called the probability triple.
q is cailed the sample space, and the elements o0y u are ralled outcomes or realizations. g is a set of
sets defined on 2, closed under countable set operaiions (union, intersection, ard compiement). Each set
B e g 1is called an event. In the current discussion, we will not be concerned w'th th= *ine details of the
detinitwor of 8. 8 is referred to as the class of measurable sets and is studied in measure theory (kuyden,
1358; wdin, 1974). P is a scalar valued function defined on 8, and is called the orobability function or
trooakility measure. For each set B in 8, the function P(B) defines the probabil.ty that w will be in B.
P .wst satisfy the following axioms:

1) 0<P(B)s 1l forall Bezg

2) Plo) =1

3) P(z: Bi) = Z: P(Bi) for all countable sequences of disjoint Bi € b
i i

3.1.2 Conditional Probabilities

If Aand B are two events and P(B) # 0, the ccnditional probability of A given B is defined as
P(A[B) = P(A|B)/P(B) (3.1-1)
where A{B 1is the set intersection of the events A and B.
The events A and B are statistically independent if P(A{B) = P(A). Note that this conditio. is sym-
metric; that is, if P(A|B) = P{A), then P(B[A) = P(B), provided that P(A|B) and P(B|A) are both defined.
3.2 SCALAR RANDOM VARIABLES

A scalar real-valued function X(.) defined on o is called a random variable if the set {w:X(w) < x} is
in 8 for all real «x.

3.2.1 Distribution and Density Functions

Every random variable has a distribution function defined as follows:

Fylx) = P({{uiX(w) < x}) (3.2-1)

It follows directly from the properties of a probability measure that Fx(x) must be a nondecreasing function
of x, with Fy{(-=) =0 and Fx(=) = 1. By the Lebesque decompusition lemma (Royden, 1968, p. 240; Rudin,
1974, p. 129), any distribution function can always be written as the sum of a differentiable component and a
componeit which is piecewise constant with a countable number of discontinuities. In many cases, we will be
concerned with variables with differentiable distribution functions. For such random variables, we define a
function, px(s), called the probability density function, to be the derivative of the distribution function:

pelx) = & Fy(x) (3.2-2)
We have also the inverse relationship

X
Fx(x) = J:. px(s)ds (3.2-3)

A probability density function must be nonnegative, and its integral over the real line must equal 1. For
simplicity of notation, we will o shorten py(s) to p(x) where the meaning is clear. Where confusion is
possible, we will retain the longer notation.

A probability distribution can be defined completely by giving either the distribution function or the
density function. We wi'l work mainly with density functions, except when they are not defined.
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24 3.2.2
3.2.2 Expectations and Momen.s
The expected vaiue of a random variable, X, is defined by
E0G = [ apylxax (3.2-4)

If X does not have a density function, the precise definition of the expectatior is somewhat more technical,
involving a Stieltjes integral; Equation (3.2-4) is adequate for the needs of this document. The expected

value is also called the expectation or the mean. Any (measurable) function of a random variable is also a
random variable and

EC5(X)} r £(x)py{x)dx (3.2-5)

-

The expected value of X" for positive n is called the nth moment of X. Under mild conditions, knowledge

of all of the moments of a distribution is sufficient to define the distribution (Papoulis, 1965, p. 158).

The variance of X is defined as

n

var(x) = E{{(X - E{X})?}
E(X®} + E{X}? - 2E{X}E{X}
E{X?} - E{X}? (3.2-6)

The standard deviation is the square root of the variance.

3.3 JOINT RANDOM VARIABLES

Two random variables defined on the same sample space are called joint random variables.

3.3.1 Distribution and Density Functions

If two random variables, X and Y, are defined on the same sample space, we define a joint distribution
function of these variables as

FX'Y(x,y) = P{{uw:X{w) < x, Y{u) < ¥}) (3.3-1)

for absolutely continuous distribution functions, a joint probability density function px.y(X.Y) is defired
by the partial derivative

2
Py, y(xa¥) = 3azy Fx,y00oy) (3.3-2)
We then have also

L
FX’Y(X._Y) = f-. f—n px’Y(S|t)dt ds (3-3'3)

In a similar manner, joint distributions and aensities of N random variables can be defined. As in the

scalar case, the joint density function of N random variables must be nonnegative and its integral over the
entire space must equal 1.

A random N-vector is the same as N jointly random scalar variables, the only difference being in the
terminology.

3.3.2 Expectations and Moments

The expected value of a random vector X 1is defined as in the scalar case:

E(X} = f. xpy (x)ds (3.3-4)

The covariance of X 1is a matrix defined by
cov(X) = E([X - E(X}][X - E(X)]*}
= E{XX*} - E{X}E{X}* (3.3-5)

The covariance matrix is always symmetric and positive semi-definite. It is positive definite if X has a

de?sity function. Higher order moments of random vectors can be defined, but are notationally clumsy and
seldom used.

Consider a random vector Y given by

Y=AL+D (3.3-6)

)

[
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where A is zny deterministic matrix (not necessarily square), and b
vector. Then the mean and covariance of Y are

25

is an appropriste length deterministic

E(Y} = E{AX + b} = AE{X} + b (3.3-7)
cov(Y) = EC[Y - E(Y)I[Y - E(Y)]*}
= E{[AX + b - AE(X) - bI[AX + b - AE(X) - b]*}
= AEX - E(X)ILX - E(X)]*)
(3.3-8)

= A cov(X)A*

3.3.3 Marginal and Conditional Distributions

If Xand Y are jointly random variables with a joint distribution function given by Equation (3.3-1),

then X and Y are also individually random variables, with distribution functions defined as in Equa-
tion (3.2-1). The individual distributions of X and Y are called the marginal distributions, and the corre-

sponding density functions are called marginal density functions.

The marginal distributions of X and Y can be derived from the joint distributjon. (Note that the con-
verse is valse without additional assumptions.) By comparing Equations (3.2-1) and (3.3-1), we obtain

Fx(x) = Fx’y(xs°) (3.3-9a)
and correspondingly

Fy(]) = Fx’y(”ny) (3.3-9b)

In terms of the density functions, using Equations (3.2-2) and (3.3-3), we obtain
Py (x) =f Py, y(x,¥)dy (3.3-10a)
py(.Y) = f px’y(xr.y)dx (3-3-10'))

The conditional distribution function of X given Y 1is defined as (see Equation (3.1-1))

(3.3-11)

Fle(XIy) = P{{u:X(w) < x}{w:¥V(w) < y}}

and correspondingly for FYIX- The conditional density function, when it exists, can be expressed as

Dle(XIY) = PX'Y(X.y)/PY(y) (3.3-12)
Equation (3.3-12) is known as Bayes' rule.
The conditional expectation is defined as
(3.3-13)

E{X|Y} = J; xpx“(xly)dx

Using Equation (3.3-13), we obtain the useful decomposition

assuming that the density function exists.
(3.3-14)

ECF{X, Y)Y = E(E(F(X,Y}|Y)}

3.3.4 3tatistical Independence
Two random vectors X and Y defined on the same probability space are defined to be independent if
(3.3-15)

Fy,y(xs¥} = Fy(x}Fy(y)

If the joint probability density function exists, we cai. write this condition as

Py,y (%) = pylx)pyly) (3.3-16)
51 does not depend on y, and PYlX does not
t

An immedfate corollary, using Equation (3.3-12), {s that pyx
Y) are independent for any func

depend on x. If X and Y @2re independent, then f(X) and

Two vectors are uncorrelated if

E{XY*} = E{X}E{Y*} (3.3-17)

ons f and g.
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26 3.3.3
or equivalently if

EC(X - E{X})}(Y - E{Y})*} = O (3.3-18)
If Xand Y are uncorrelated, then the covariance of their sum equals the sum of their covariances.

cov(X + Y) = cov(X) + cov(Y) (3.3-19)

If two vectors are independent, then they are uncorrelated, but the converse of this statement 's false.

3.4 TRANSFORMATION OF VARIABLES

A large part of probability theory ic concerned in some manner with the transformation of variables; i.e.,
characterizing random variables defined as functions of other random variables. We have previo.sly cited
limited results on the means and covariances of some transformed variables (Equations (3.2-5), (3.3-7), and
(3.3-8)). In this section we seek the entire density function. Our consideration is restricted to variables
that have density functions. Let X be a random vector with density function py(x) defined on Ry, the
Euclidean space of real n-vectors. Then define Ye Ry by Y = f(X). We seek to derive the density func-
tion of Y. There are three cases to consider, depending on whether m=n, m>n, or m< n.

The primary case of interest is when m = n. Assume that f(:) is invertible and has continuous partial
derivatives. (Technically, this is only required almost everywhere.) Define g(Y) = £ 1(Y). Then

Pyly) = pylaly))[det(d)] (3.4-1)
where J is the Jacobian of the transformation ¢

391 {y)
ij = dy

(3.4-2)
J

See Rudin (1974, p. 186) and Apostol (1969, p. 394) for the proof.

Example 3.4-1 Let Y = CX, with C square and nonsingular. Then g(y) = C"ly
and J = C°1, giving

Pyly) = py(C7%y) |det(C7?)]
as the transformation equation.

If f is not invertible, the distribution of Y is given by a sum of terms similar to Equation (3.4-1).

for the case with m > n, the distribution of Y will be concentrated on, at most, an n-Jdimensional
hypersurface in Rp, and will not have a density function in Rp.

The simplest nontrivial case of m<n is when Y consists of a subset of the elements of X. In this
case, the density function sought is the density function of the marginal distribution of the pertinent subset
of the elements of X. Marginal distributions were discussed in Section 3.3.3. In general, when m < n, -
X can pe transformed into a random vector Z € Rp, such that Y 1is a subset of the elements of Z.

Example 3.4-2 let XeR, and Y =X, + X,. Define Z = CX where
11
cl
-1 1

PX(C")Idet(C"H

Then using example 3.4-1,

PZ(Z)

% py(C™*2)

o[ ]

Then Y = Z,, so the distribution of Y 1is the marginal distribution of Z,, which cen be computed from
Equation (3.3-10).

where

3.5 GAUSSIAN VARTABLES

Random variables with Gaussian distributions play a major role in this document and in much of probability
theory. We will, therefore, briefly review the definition and some of the salient properties of Gaussian dis-
tributions. These distributions are often called normal distributions in the literature.
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3.5.1 27
3.5.1 Standard Gaussian Distributions

A1l Gaussian distributions derive from the distribution of a standard Gaussian variable with mean O and
covariance 1. The density function of the standard Gaussian distribution is defined to be

plx) = (20)72/2 exp(— -15 X’) (3.5-1)

The distribution function does not have a simple closed-form expression. We will first show that Equa-
tion (3.5-1) is a valid density function with mean 0 and covariance 1. The most difficult part is showing

that its integral over the real line is 1.
Theorem 3,5-1 Equation (3.5-1) defines a valid probability density function.
Proof The function is obviously nonnegative. There remains only tn show

that its integral over the real line is 1. Taking advantage of the symmetry
about 0, we can reduce this problem to proving that

_r exp(— % xz)dx = /xj2) (3.5-2)
[]

There is no closed-form expression for this (ntegral over any finite range,
but for the semi-infinite range of Equation (3.5-2) the following "trick"
works. Form the square of the integral:

-] 2 o -]
- La)ax| - [-1 2 ‘]dd 3.5-3
[J: exp(ZX)X] J:J:exp 7 (X + y¥)|dx dy ( )

Then change variables to polar coordinates, substituting rZ for x? +y?
and r dr d¢ for dx dy, to get

© 2 1/2m
[fo exp(— % xz)dx] = j: Io r exp(— % rz)dr de (3.5-4)

The integral in Equation (3.5-4) has a closed-form solution:

el e b)
r expl- 5 rf)dr = -expl- 5 r
[[roofar)os oo ie)

© 2 1/2m
[j: exp(~ -;- xz)dq - j: 1de =3 (3.5-6)

Taking the square root gives Equation (3.5-2), completing the proof.

=0-(-1)=1 (3.5-5)

Thus,

The mean of the distribution is trivially zero by symmetry. To derive the covariance, note that
£l - ¥ = J’ (1 - x2)(20)73/2 exp(— 3 xl)ux = (20)"2 2% exp(— 3 x*)\ =0 (3.5-9)
-0 ‘-cu

Thus,
(3.5-10)

[}
-

cov(X) = E{X?} - E{X}*=1-0
This completes our discussion of the scalar standard Gaussian.

We define a4 standard multivariate Gaussian vector to be the concatenation of n independent standard
Gaussian variables. The standard multivariate Gaussian density function is therefore the product of n
marginal density functions in the form of Equation {(3.5-1).

n
pix) = 1 (2n)2/2 exp(— % xg)

i=1
= (2«)"‘/z exp(— % x-x) (3.5-11)

The mean of this distribution is 0 and the covariance is an jdentity matrix.

3.5.2 General Gaussian Distributions

We will define the class of all Gaussian distributions by reference to the standard Gaussian distributions
of the previous section. We define a random vector Y to have a Gaussian distribution f Y can be repre-
sented in the form

[S PPN
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28 3.5.2
Y=AX+m (3.5-12)

where X is a standard Gaussian vector, A is a deterministic matrix and m 1is a deterministic vector. The
A matrix need not be square. Note that any deterministic vector is a special case of a Gaussian vector with
a zero A matrix.

We have defined the class of Gaussian random variables by a set of operations that can produce such
variables. It now remains to determine the forms and properties of these distributions. (This is somewhat
backwards from the most common approach, where the forms of the distributions are first defined and Equa-
tion (3.5-12) is ,roven as a result. We find that our approach makes it somewhat easier to handle singular
and nonsingular cases consistently without introducing characteristic functions (Papoulis, 1965).

By Equations (3.3-7) and (3.3-8), the Y defined by Equation (3.5-12) has mean m and covariance AA*.
Our first major result will be to show that a Gaussian distribution is uniquely specified by its mean and
covariance; that is, if two distributions are both Gaussian and have equal means and covariances, then the two
distributions are identical. Note that this does not mean that the A matrices need to be identical; the
reason the result is nontrivial is that an infinite number of different A matrices give the same covariance
AA*,

Example 3.5-1 Consider three Gaussian vectors
0 1] [0.707 -0.707]
Y, = X, Y, = X,
b oo * o707 0.707) 2
1 0 0
Yy = X,
0.866 0.5

where X, and X, are standard Gaussian 2-vectors and X, 1is a standard
Gaussian 3-vector. We have

0 IO 1 1 0
cov(Y,) = =
ol o 0
0.707 -0.70 0.707 0.707 1 0
cov(Y,) = =
.707 0.707) 0.707  0.707 0
1
1 0 0
cov(Y,} = 0.866 Cf =
0 0.86 0. 0
0.5 0

Thus all three Y; have equal covariance.

and

The rest of this section is devoted to proving this result in ‘hree steps. First, we will consider
square, nonsingular A matrices. Second, we will consider general square A matrices. Finally, we will
consider nonsquare A matrices. Each of these steps uses the results of the previous step.

Theorem 3.5-2 If Y is a Gaussian n-vector defined by Equation (3.5-12)

with a nonsingular A matrix, then the probability dencity function of Y
exists and is given by

ply) = [2ma] 7/ exp[- % (y - m)*a~2{y - m)] (3.5-13)
where A is the covariance AA*,

Proof This is a direct application of the transformation of variables for-
muTa, Equation (3.4-1).

Py[A™ (y - m)]|A7Y|

« ()2 exp{- 3 I3y - mIRTA y - m)J}W'1

pyly)

et 1/% el § v - mrawr - ]
Substituting A for AA* then gives the desired result.

Note that the densiiy function, Equation (3.5-13), depends only on the mean and covariance, thus proving
the uniqueness result for the case restricted to nonsingular matrices. A particular case of interest is where
m is 0 and A 1s unitary. (A unitary metrix is a square one with AA* = [.) 1In this case, Y has a standard
Gaussian distribution.
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Theorem 3.5-3 If Y d4s a Gaussian n-vector defined by Equation (3.5-12)
with any square A matrix, then Y can be represented as
YrSK+m (3.5-14)

where X 1is a standard Gaussian n-vector and S 1is positive semj-definite.
Furthermore, the S i{n this representation is unique and depends only on

the covariance of Y.

Proof The uniqueness is easy to prove, and we will do it first. The covari-
ance of the Y given in Equation (3.5-12) is AA*., The covariance of a Y
expressed as in Equation (3.5-14) is SS*. A necessary (bu not sufficient)
condition for Equation (3.5-14) to be a valid representation of Y is there-
fore, that SS* equal AA*. [t is an elementary result of linear iigebra
(Wilkinson, 1965; Dongarra, Moler, Bunch, and Stewart, 1979. :ia Strang,

1980) that AA* 1is always positive semi-definite ard that there is ogne and
only one positive semi-definite matrix § satisfying SS* = AA*, 5 s
called the matrix square root of AA*. This proves the unigueness.

The existence proof relies on another result from linear algebra: any square
matrix A can be factored as SQ, where S 1is positive semi-definite and Q
is unitary. For nonsingular A, this factorization it easy—S {s the matrix
square root of AA* and Q is S”*A. A formal proof for general A matrices
would be too long a diversion into linear algebra for our current purposes,

so we will omit it. This factorization is closely rejated to, and can be
formally derived from, the well-known QR factorization, where Q 1is unitary
and R is upper triangular (Wilkinscn, 1965; Dongarra, Moler, Bunch, and

Stewart, 1979; and Strang, 1980).

Given the SQ factorization of A, define
X =0x {3.5-15)

By theorem (3.5-2), X is a standard Gaussian n-vector. Substituting into
Equation (3.5-12) gives Equation {3.5-14), completing the proof.

Because the S 1in the above theorem depends cnly on the covariance of Y, it immediately follows that
the 4iqtribution of any Gaussian variable generatec by a square A matrix is uniquely specified by the mean
and covariance. It remains only to extend this result to rectanguiar A matrices.

Theorem 3.5-4 The distribution of any Gaussian vector is uniquely defined

by its mean and covariance.

Proof We have already shown the result for Gaussian vectors generated by
square A matrices. We necd only show that a Gaussian vector generated by

a rectangular A matrix can “e rewritten in terms of a square A matrix.

Let A be n-by-m, and cons, ‘cr “he two cases, n>m and n<m. If n<m,
define a standard Gaussian n-vector X by augmenting the X vector with

n - m {ndependent standard Gaussians. Then define an n-by-n matrix A by
augmenting A with n - m rows of zeros, We then have

Y=AKk+m
as desired.

For the case n < m, define a random m-vector Y by augmenting Y with
m - n zeros. Then

Y=Ax+m

where m and A are obtained_by augmenting zeros to m and A. Use
Theorem (3.5-3) to rewrite Y as

=Sk +m {(3.5-16)

Since the last m - n elements of Y are zero, Equatiin (3.5-16) must be

in the form
RS A
= +
o] Lo K, 0

Y=SX+m

Thus

which is in the required form.

Theorem (3.5-4) is the central result of this approach to Gaussian variables. [t makes the practical
manipulation of Gaussian variables much easier. Once you have demonstrated that some result is Gaussian, you
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reed only derive the mean and rovariance to specify the distribution completely. This is far easier than
manipulating the full density .unction or distribution function, a process which often requires partial differ-
ential equations. If the covariance matrix is nonsingular, then the density function exists and is given by
Equation (3.5-13). If the covariance 1s singular, a density function does not exist (unless you extend the
definition of density functions to include components 1ike impulse functions).

Two proparties of the Gaussian density function often provide us~.ful computational shortcuts to evaluating
the mean and covariance of nonsingular Gaussians. The first property is that the mean of the density function
occurs at its maximum. The mean is thus the unique solution of

Vy en ply) = 0 (3.5-17)

The logarithm in this equation can be removed, but the equation is usually most useful as written.

The second
property is that the covariance can be expressed as

cov(V) = —[v; en p(y)]-? (3.5-18)
Both of these properties are easy to verify by direct substitution into Equation (3.5-13).
3.5.3 Properties

In this secition we derive several useful properties of Gaussian vectors. Most of these properties relate
to operations on Gaussian vectors that give Gaussian results. A major reason for the wide use of Gaussian

dist-ibutions is that many basic operations on Gaussian vectors give Gaussian results, which can be character-
ized completely by the mean and covariance.

Theorem 3.5-5 If Y {s a Gaussian vector with mean m and covariance A,
and if I 1s given by

1=BY+b

then Z is Gaussian with mean Bm + b and covariance BAB*.
Proof By definition, Y can be expressed as
Y=A+m

where X is a standard Gaussian. Substituting Y into the expression for
7 gives

Z =B(AX +m) +b = BAX + (Bm + b)

proving that Z is Gaussian. The mean and covariance expressions for linear

operations)on any random vector were previously derived in Equations (3.3-7)
and (3.3-8).

Several of the properties discussed in this section involve the concept of jointly Gaussian variables.

Two or more random vectors are said to be jointly Gaussian if their joint distribution is Gaussian, Note that
two vectors can both be Gaussian and yet not be jointly Gaussian.

Example 3.5-2 Let Y be a Gaussian random variable with mean 0 and
variance 1. Define 2 as

7 .{ Y -lsY¥sgl
-Y el sewhere

The random variable Z {s Gaussian with mean 0 and variance 1 (apply Equation (3.4-1) to show this),
but Y and Z are not jointly Gaussian.

1ueorem 3.5-6 let Y, and Y, be jointly Gar -ian vectors, and let the mean
and covariance of the joint distribution Le po~titiuned as

Mt A
mllhay Ay,
Then the marginal distributions of Y, and ¥, are Gaussian with
E{Y;} = m, cov(Yy) = A,,
E{Y,} = m, cov(Y,) = 4,,
Proof Apply thevrem (3.5-5) with B =[1 0] and E=[0 1].
The following two theorems relate to independent Gaussian varfables:

Theorem 3.5-7 If Y and Z are two independent Gaussian variables, then Y and Z are jointly
ussian,

@
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3.8.3

Since any two independent vectors are uncorrelated, Theorem (3.5-8) proves that independence and lack of

-

LAY - o

Proof For nonsingular distributions, this proof is easy to do by writing out
the product of the density functions. For a more general proof, we can
proceed as follows: write Y and Z as

You AKX +m
T A, +m

where X, and X, are standard Gaussian vectors. We can always construct the
X, and X; in tﬁese equations to be independent, but the followina ar-ument
avoids the necessity to prove that statement. Define two inde v standard
Gaussians, X; and X,, and further define

YAk +m
1= A ¢+,

Then ¥ and_I have the same joint distribution as Y and Z. The concatenation
of R, and X, {5 a standard Gaussian vector. Therefore, ¥ and Z are jointly
Gaussﬁan because they can be expressed as

A, of]x, m,
= . +

0 AJlx

[ TR

2 m;

Since Y and Z have the <ame joint distribution as ¥ and i. Y and Z are also
jointly Gaussian.

Theorem 3.5-8 If Y and Z are two uncorrelated jointly Gaussian :ariables,
then V and  are independent and Gaussian.

Proof By theorem (3.5-3), we can express

Y 3
[Z] SX +m

where X 1s a standard Gaussian vector and $ is positive semi-definite.
Partition S as
S5, S,:

521 522

By the definition of "uncorrelated," we must have S,, = S3, = 0. Therefore,
partitioning X into X, and X,, and partitioning m into m; and m,, we
can write

YasSuX+m

1= S,k +m

Since Y and Z are funciions of the independent vectors X, and X,, Y and 1
are independent anZ wGaussian,

correlation are equivalent for Gaussians.

We previously covered margiral distributions of Gaussian vectors.
We wi'l directly consider oniy conditional distributions cf nonsingular Gaussians.

tional distributions.
Since the results of the theorer involve inverses, there are obvious difficulties that cannot be ciriumvented

by avoiding the use of probability density functions in the proof.

Theorem 3.5-9 Let Y, and Y, be jointly Gaussian variables with a ronsingu-
Tar joint distribution. Partition the mean, cuvariance, and inverse covariance
of the joint distribution as

my byy  Ap T T
me N A= , and T = A =
M, Az Ay, Tay Ta

Then the conditional distributions of Y, given Y;, and of Y, given Y,, are
Gaussian with means and covariances

B, [Y) = omy + A 0550y, - my)
cov{Y,|¥s} = A, - Ayahiihyy = ()7
ECY, Y, = my 4 A 050y - m)

cov{¥,|Y, b = Ay, = Ay yATIAy, = ()70

3

The following theorem considers condi-

(3.5-182)
(3.5-18b)
(3.5-19)
(3.5-19b)
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The final

Proof The joint probability density function of Y, and Y, s

r *
1,1 "My 1y,
Plyieye) = ¢ expd- 5
Yo =Ml I'ax Touffya - m

L =™

where ¢ 1is a scalar constant, the magnitude of which we will not need to
compute. Expanding the exponent, and recognizing that r,, =T,,*, gives

Plyyay,) = ¢ exp[ 3y, -mrr ly, - m)
- % (y, = m )T, (y, = m) = (y, =~ m)er,,(y, - mu]
Completing squares results in
ply,y,) ® ¢ exp{} % (y, = m ¢ 350,y - m)ory Ly, - my ¢ 07ir, 0y, - m))]
- %’ (v = mp)*(ry, = 1, TIIT,, My, - '"z)}

Integrating this expression with respect to y, gives the marginal density
function of Y,. The second term in the exponent does not involve y,, and
we recognize the first terr as the exponent in a Gaussfian density function
with mean m, - r7 - m,) and covariance T, Its integral with
respect to y, is tﬁere%are 1 constant 1ndependen{ of y,. The marginal
density funct}on of Y, is therefore

ply,) = ¢, exp[— }1’ {y, = m)™{(ry; = Iy 10 )Ny, - m,)]

where ¢, 1is a constant. Note that because we know that Equation (3.5-22)
must b : probability density function, we need not comoute the value of ¢,;
this saves us a lot of work., Equation (3.5-22) is an expression for a

Gaussian density function with mean m, and covariance (I, - I,,I7il,,)"%.
The partitioned matrix inversion lemma (Appendix A} gives us

(Taa = ToyFiiT) " = 4,
thus f{ndependently verifying the result of Theorem (3.5-6) on the marginal
distribution.

The conditional density of Y, given ¥, {s obtained using Baves' rule, by
dividing Equatfon (3.5-21) by Equation (3.5-22)

o{y1Y,)
ply,ly,) IR
"G exp{- % Lyy=m+r2d 0.0y, - m,)]'r“[y,-m;*r;ir,,(yz-mz)]}
where ¢, is a constant, This 1s an expression for a Gaussian density
function with a mean m - r,,r 2(yy = ; and covarfance T;}. The parti-
tioned matrix inversion Temma ( ppendix X then gives
S S PP PPY.HY T PP
r;:rll ' AlZA;i
Thus the conditional distribution of Y, given Y, {s Gausstan with mean
+ Ay,h33 m,) and covariance A, 1203 ; 210 85 we desired to prve,
Tﬁe con31f%onal distribution of VY, given Y1 *sotioms by symmetry.

result of this section concerns sums of Gaussian variables.

Theorem 3.5-10 If Y, and Y, are jointly Gaussian random vectors «f equal
Tength and thetir Jo1ni d15tr1but1on has mean and covariance partitinned as

m, Ay A
me= A=
m, Ayy  Ap;

22

Then Y, + Y, {s Gaussian with mein m, + m, 3and covariance
Al! + Azz + Axl + Azx'

3.5.3

(3.5-20)

(3.5-21)

(3.5-22)

Cate

o o A M~ NI N+

(3.5-23) H

Proof Apply Theorem (3.5-5) with 8= [I 1) and b = 0.

A simple summary of this section is that linear operatfons un Gaussian variables give Geussfan results. This
prin~iple is not generally true for noniirear operations. Therefore, Gaussian distributions are strongly
associated with the analysis of linear systems.

?T_..-""‘
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3.5.4

3.5.4 Central Limit Theorem
Tne Central Limit Theorem 15 often used as a basis for justifying the assumption that the distribution

nf some physical quantity is approximately Gaussian.
Theorem 3.5-11 Llet ¥,, Y,... be a sequence of independent, identically distributea random
vectors with finite mean m and covariance A, Then the vectors

.l
Zy ’}?Z(Yi - m

i=1
converge in distribution to a Gaussian vector with mean zero and covariance a.

e e -

Proof See Ash (1970, p. 171) and Apostol (1969, p. 567).
need nct be independent and iden-

Cramer {1946) discusses several variants on this thaorem, where the VY;
tically distributed, but nther requirements are placed on the distributions. The general result is that sums
The precise conditions will not

. s

of random variables tend to Gaussian 1imits under fairly broad conditions.

An implication of this theorem is that macroscopic behavior which is the result of the
The classic example is

concern us here.
summation of a large number of microscopic events often has a Gaussian distribution.
We +1i11 illustrate the Central Limit Theorem with a simple example.

Brownian motion,
Example 3.5-3 Let the distribution of the Y; in Thaorem (3.5-11) be uniform
on the interva! (-1,1). Then the mean is zero and the covariance is 1/3.
Examine the density functions of the first few 2.

The first function, Z,, is equal tc VY,, and thus is uniform on (-1,1}.
Figure (3.5-1) compares the densities of Z, and the Gaussian limit. The
Gaussian timit distritution has mean zero and variance 1/3.

For the second function we have

7, =-j-?(v, +Y,)
and the density functior. of Z, is given by
p(z,) = % (vZ - {2]) for fz| s /2

Figure (3.5-2) compares the density of 7, with the Gaussian Jimit.

The density function of Z, is given by

3/ 1

== (1-2%) lz} s =
8 3

pley) = 38 (2 - 2312} + ) Lijgsns
/3

0 2z} 2 /7
By the time

Figure (3.5-3) compares density of Z, with the Gaussian limit,
N is 3, Zy 1is already becoming reasonably close to Gaussian,

v
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CHAPTER 4

4.0 STATISTICAL ESTIMATORS

In this chapter, we introduce the conc.pt of arn ‘mator. We then define some basic measures of esti-
mator performance. We use these measures of performa..ce to introduce several common statistical estimators.
The definitions in this chapter are general. Subsequent chapters will treat specific forms. For other
treatments of this and related material, see Sorenson (1980), Schweppe (1973), Goodwin and Payne (1577), and
Eykhoff (1974). These books also cover other es*imators that we do not mention here.
4.1 DEFINITION GF AN ESTIMATOR

The concept of estimation is central to our study. The statistical definition of an estimator is as
follows:

Perform an experiment {input) U, taken from the set (U) of possible experiments on the system. The system
response is a random variable:

7= 12(g,lw) (4.1-1)
where ¢ € = is the true value of the parameter vector and w € 2 1is the random component of the s, stem.

. An estimator is any function of 2 with range in =. The value of the function is called the esiimate
g. Thus

£ = E(Z,U) = E(Z{e.U,u),0) (4.1-2)
This definition is readily generalized to muitiple performances of the same experiment or to the performance
of more than one experiment. If N experiments U; are performed, with responses Zj, then an estimate
would be of the “orm
£ = é(Zl....ZN,Ul...UN)
E(Z(E'Ux'“x)""Z(E’UN'“N)'Ux"'UN) (4.1-3)

where the 43 are independent. The N experiments can be regarded as a single "super-experiment"
{Uy...Uy) eq]})x@x ... x{@, the response to which is the concatenated vector (Z,...Zy) €(5x®x ver x@.
The random elemeny ic (w,...o§) € @ < 2 x ... x Q. Equation (4.1-3) is then simply a restatement of
Equation (4.1-2) on .ne larger space.

For simplicity of notatio~, we will generally omit the dependence on U from Equations (4.1-1) and
(4.1-2). For the most part, we will be discussing paraneter estimation based on responses to specific, known
inputs; therefore, the dependence of the response and the estimate on the input are irrelevant, and merely
clutter up the notation. Formally, all of the distributions and expectations wmay be considered to be impiic-
itly conditioned on U.

Note that the estimate { is a random var.able because it is a function of Z, which is a random varia-
ble. When the experiment is actually performed, specific realizations of these random variables will be
obtained. The true parameter value ¢ is not usually considered te be random, simply unknown.

In some situaticns, however, it is convenient to define ¢ as a random variable instead of as an unknown
parameter. The significant difference between these approaches is that a random variable has a probability
distribution, which constitutes additional information that can be used in the random-variable approach.
Several popular estimators can only be defined using the random-variable approach. These advantages of the
random-variable approach are balanced by the necessity to know the probability distribution of ¢. If this
distribution is not known, trere are no differences, except in terminology, between the randcm-variable and
unknown-garametiy approaches.

A third view of £ involves ideas from information theory. In this context, ¢ 1is considereC ¢ be an
unknown parameter as above. Even though £ is not random, it is defined to have a "probability distribution."
This probability distribution does not relate to any randomness of £, but reflects our ¥ .owledge or informa-
tion about the value of . Distributions with low variance correspond to a high degree of certainty about
the value of £, and vice versa. The term "probability distribution" is a misnomer in this context. The terms
"information distribution" or "information function" more accurately reflect this interpretation.

In the contaxt of information theory, the marginal or prior distribution p(g) refiects the information
about ¢ prior to performing the experiment. A case wha2re there is no prior information can be handled as a
Timit of prior distributions with less and less information (variance going tu infinity). The distribution of
the response Z is a function of the value of . When ¢ is a random variable, this is called p(Z|¢), the
conditional distribution of z gfven £. We will use the same notation when ¢ 1is not randor in order to
emphasize the dependence of the distribution on £, and for consistency of notation. When p(g) is defired,
the joint prchability density is then

p(Z,g) = p(Z]g)p(E) (4.1-4)
The marginal probability density of Z is
p(Z) = fp(l.c)dlel (4.1-5)
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36 4.1

The conditional density of & given Z (also called the posterior density) is

o(c]e) = BTsE) - pl2lsle(c) (8.2-6}

In the information theory context, the posterior distribution reflects information about the value of ¢ after
the experiment is performad. It accounts for the information known prior to the experiment, and the informa-
tion gained by the experiment.

The disiinctions among the random variable, unknown parameter, and information theory points of view are
laryely academic. Although the convertional notations differ, the equations used are ecquivalent in all three
cases. Cur presentation uses the probability density notation througnout. We see little benefit in repeatirg
identical derivations, subctituling the term "intormation function" for "likelihcod functicn" and changing
notation. We derive the basic equaticns only once, restricting the distinctions among the three points of view
to discussions cf applicability and interpretation.

4.2 PROPERTIES OF ESTIMATORS

We can define an infinite numter of ectimators for a giver problem. The definition of an estimator pro-
vides no means of evaluating these estimators, some of which can be ridiculously poor. This section will
describe some of the properties used to evaluate estimators and to select a good estimator for a particular
problem. The properties are all expressed in terms of optimality criteria.

4.2.1 uJnbiased Estimators

A bias is a consistent or repeatable error. The paraneter estimates from any specific data set will
always be imperfect. It is reascnable to hope, however, that the estimate obtained from a large set of
maneuvers would be centered around the true value. The errors in the estimates might be thought of as consist-
ing of two components—consistent errors and random errors. Random errors are generally unavoidable. Consis-
tent or average errors might be removable.

Let us ristate the above 1deas more precisely. The bias b of an estimator £(.) is defined as
b(e) = E1E]e} - ¢ = E{E(Z(E.))]E) - € (4.2-1)

The Z in thes= equations is a random variable, not a specific reaiization. Note that the bias is a function
of the true value. It averages out (by the E{.}) the random noise effects, but there is no averaging among
the different true values. The bias is also a function of the input U, but this dependence is not usually
made erplicit. Ail discussions of bias are implicitly referring to some given nput.

An unbiased estimatur 15 defined as an estimator for which the bias is identically zero:
b(g) = 0 {4.2-2)

This requirement s quite stringent because it must be met for every value of £. Unbiased estimators may not
exist for some problems. For other problems, unbiased estimators may exist, but may be too complicated for
practical computation. Any estimator that is not unbiased is callec biased.

Generally, it is considered desirable for an estimator to be unbiased. This judgment, however, does not
apply to all situations. The bias of an ectimator measures only the average of jts oehavior. It is possible
for the individual estimates to be so poor that they are ludicrous, yet average out so that the estimaior is
unbiased. The following example is taken from Ferguson (1967, p. i36).

Exampie 4.2-1 A telephone operator has been working for 10 minutes and won-
ders if he would be missed if he took a 20 minute coffee break. Assume that
calls are coming in as a Poisson process with the average rate of ) calls
per 10 minutes, » being unknown. The number Z of calls received in the
first 10 minutes has a Poisson distribution with parameter .
-x .2
Pl = &5~ =061,

On the basis of Z, the operatur desires to estimate g, the probability of
receiving no calls in the next 20 minutes. For a Poisson process, B = e A
1f the estimator £(Z) is to be unbiased, we must have

E(B(Z(B.w)) |8}

"

g8 for all ge (0,1]
Thus

ol -x 2
E: 8(2) g-iTl— xg=e forall e [0,)
I=0

Multiply by e*, giving
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Expand the right-hand side as a power seriess to get

28‘2‘“ =21_1|ﬁ‘z

=0 =0

The convergent power series are eaua1 for al1 1 ¢ [0,=) if the coefficients

are identical. Thus &(Z) = (-1)¢ 1is the on.y unbiased estimator of & for
this problem. The operator would estimate the probability of missing no

calls as +1 if he had received an even number of calls and -1 if he had

received an odd number of calls. This estimator is the only unbiased estimator
for the problem, but it is 3 ridiculously poor one. I1f the estimates are
required to lie in the meaningful range of [0,1], then there is no unbiased
estimator, but some quite reascnable biased estimators can be easily constructed.

The bias is a useful tool for studying estimators. In general, it is desirable for the bias to be zero,
or at least small. However, because the bias measures only the average properties of the estimates, it cannot
be used as the sole criterion for evaluating ectimators. It is poscible for a biased estimator to be ciearly

superior to all of the unbiased estirators for a problem.

4.2.2 Minimum Variance Estimators

The variance of an estimator is defined as
var(£) = E{(E - E(E|e})(E - ECE|el)*|e}
like the bias, is a function of the input and the true value. The variance alone is

For instance, any constant estimator (one that always
These are obviously poor estimators in most

(4.2-3)

Note that the variance,
not a reasonable measure for evaluating an estimator.
returns a constant value, ignoring the data) has zero variance.

situations.
A more useful measure is the mean square error:

mse(£) = E{(¢ - £,*|6} (4.2-4)
The mean square error and variance are obviously identical for unbiased estimators (E{Z]e} = g). An estimator
is uniformly minimum mean-square error if, for every value of £, ‘ts mean square error is less than or equal
to the mean square error of any other estimator. Note that the mean-square error is a symmetric matrix. Cne
symmetric matrix is less than or equal to anotier if their difference is positive semi-definite. This defini-
tion is somewhat academic at this poirt becau.e such estimators do not exist except in trivial cases. A con-
stant estimator has zero mean-square 2rror when £ is equal to tne constant. (The performance is poor at
cther values of £.) Therefore, in order to be uniformly minimum mean-square error, an estimator would have
to have zero mean-square error for every ¢; otherwise, a constant estimator would be better for that «¢.

Tne concept of minimum mean-square error becomes more useful if the class of estimators allowed is
restricted. An estimator is uniformly minimum mean-3quare error unbiased if it is unbiased and, for every
value of ¢, its mean-square error is less than or equal to that of any other unbiased estimator. Such esti-
mators do not exist for every problem, because the requirement must hold for every value of ¢£. Estimators
optimum in this sense exist for many problems of interest. The mean-square error and the variance are identi-
cal for unbiased estimators, so such optimal estimators are also called uniformly minimum variance unbiased
estimators. They are also often called simply minimum variance estimators. This term should be regarded as

an abbreviation, because it is not meaningful in itself.

4.2.3 Cramer-Rao Inequality (Efficient Estimators)

The Cramer-Rao inequality is one of the central results used to evaluate the performance of estimators.
The inequality gives a theoretical limit to the accuracy that is possible, regardiass of the estimator used.
In a sense, the Cramer-Rao inequality gives a measure of the information content of the data.

Before deriving the Cramer-Rao inequality, let us prove a brief lemma.
Lemma 4.2-1 let X and Y be two random N-vectors. Then
E{XX*} 2 E{XY*}[E{YY*}] 1E{YX*} (4.2-5)
assuming that the inverse exists.

Proof The proof is done by completing the square. Let A Dbe any nonrandom
N-by-N matrix. Then

E({X - AY)(X - AY)*} 2 0 (4.2-6)
because it is a covariance matrix. Expanding
E{XX*} 2 AE{YX*} + E{XY*}A* = AE{YY*}p* (4.2-7)
choose
A 3 E{XY*}[E(YY*}]"? (4.2-8)
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38 4.2.3
Then
E{XX*} 2 E{XY~ _c(YY*}]"YE(¥YX*} + E{XY¥}[E:YY*}] 2E{YX*}
- [ECXY*LE{YY*} ] 2E{YY*}[E{YY* I E{YX*} (4.2-9)
or
E{XX*} z E{XY*}[E(YY*} ] E{YX*} (4.2-5)
. completing the lemma.
) i‘ We now seek to find a bound on E{({ - £)(£ - £)*|£}, the mean square error of the estimate.
3 Theorem 4.2-2 (Cramer-Rao) Assume that the density p(Z|g) exists and is
v smooth enough to allow the operations below. (See Cramér (1946) for details.)
¥ This assumption proves adequate for most cases of interest to us. Pitman (1979) ;
. § g;z:usses some of the cases where p(Zjg) is not as smooth as required here. '
E((E(Z) - £)(E(Z) - €)]e} 2 [T + v,b(e)IM(e)[1 + v, b(e)]* (4.2-10) :
? where 3
: M(g) = E(V] e p(Z]2)) (T, an p(Z]E))]e) (4.¢-11) ‘
T Proof Let X and Y from lemma (4.2-1) be I(Z} - ¢ and vf &n p(Z]g).
. respectively, and let all of the expectations in the lemma be conditioned H
on £. Concentrate first on the term H
- ECXY*[e) = EL(EQ2) - o)(v, a0 p(Z|e)) [} :
= f&é@ - 9, wmople)pizlcelz] (4.2-12)
where djZ| is the volume element in the space Z. Substituting the
retation
Y on p(Zle) = %%%1—51 (4.2-13)
gives
Exvs(e) = [ (6(D) - )ivpz|s)iafz] ;
=fé(2)(v5p(llz))dlli -fz(vgp(llf.))d}ZE (4.2-14) %
Now £{Z) is not a function of £. Therefore, assuming sufficient smoothness i
of p(Z]g) as a function of ¢, the first term becomes ;
Jrspainaz) - v, frawaioaz) -
. = v E(E(2)]e} (4.2-15) k
Using the definition (Equation (4.2-1)) of the bias, obtain
VE(E(Z)]g) = v e + b(e)] = I + v.b(e) (4.2-16)
In the second term of Equation (4.2-14), ¢ is not a function of Z, so
Jopuinaz = o foaiodz|
; = EVEI =0 (4.2-17) 2
f Using Equations (4.2-16) and (4.2-17) n Equation (4.2-14) gives
; ECKVR1e) = 1+ 7,0(e) (4.2-18) ;
! Define the Fisher Information matrix %
M(g) = E{YY*[g) = E{(V; n p(Zlc))(vE wn p(Z)e)) ) (4.2-19)
They by lemma (4.2-1) %
EC(E(2) - €)(E2) - £)*]5) 2 [1 + 7,b(6)M(E) LT + o,b(g;]» (4.2-10) z
‘ which 1s the desired result. %
- Equation (4.2-10) is the Cramer-Rao inequality. Its specialjzation to unbiased estimators is of particular
'jl interest. For an unbfiased estimator, b(g) is zero so §
ECE() - (@) - £)*]c) 2 M(e)™ (4.2-20) \
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This gives us a lower bound, as a function of ¢, on the achievable variance of any unbiased estimator. An
unbiased estimator which attains the equality in Equation (4.2-20) is called an efficient estimator. No
estimator can achieve a lower variance than an efficiert estimator except by introducing a bias in the esti-
mates. In this sense, an efficient estimator makes the most use of the information available in tne data.

The above development gives hwu guvarantee that an efficient estimator exists for every problem. When an
efficient estimator does exist, it is also a uniformly minimum variance unbiased estimator. It is much edsier
to check for equality in Equation (4.2-20) than to directly prove that no other unbiased estimator has a
smaller variance than a given estimator. The Cramer-Rac inequality is tnerefore useful as a sufficient (but
not necessary) check that an estimator is uniformly minimum variance unbiased.

A useful alternative expression fo~ the informatior matrix M can be obtained if p(Zjg) is sufficiently

smooth. Applying tquation (4.2-13) to the definition of M (Equation (4.2-19)) gives

*p(2! z
M) - E{(Vi ( .z))(vgp( 13)) [,} (6.2-21)
p(Z}¢)?

. eP(zle)
8 s |
v2p(Z]g) (=ip(2[e))vep(z]e)
E{W_IE}'E{ p(zie)® !E )

The second term is equal to M(t), as shoun ir Equation (4.2-21). Evaluate the first term as

vZp(ze) N
f’ﬁp-(frﬂ— p(Z|£)diZ| =I‘72p(z’€)dlz, (4.2-23) :
v [ozleleiz|

= Vzl =0 (4.2-23)

Then examine

"

ELvE 2 p(z]€) (e}

Thus an alternate expression for the information matrix is

M(g) = -E(9F w0 p(Z]e) (e} (4.2-24)

4,.2.4 Bayesian Optimal Ectimators

The optimality conditions of the previous sections have bcen quite restrictive in that they must hold
simultaneously for every possible value of . Thus for some problems, no estimators exist that are optimal
by these criteria. The Bayesian approach avoids this difficulty by using a single, cverall, optimality
criterion which averages the errors made for different values of ¢. With this approach, an optimal estimator
may be worse than a nonoptimal one for specific values of ¢, but the overall averaged performance of the
Bayesian optimal estimator will be better.

O L ™ -

The Bayesian approach requires that a loss function (risk function, optimality criterion) be defined as a P
function of the true value £ and the estimate £. The most common loss function is a weighted square error '
J(g,E) = (g - E)*R{s - ©) (4.2-25)
where R is a weighting matrix. An estimator is considered optimal in the Bayesian sense if 1t minimizes the
a posterior expected value of the loss function:
EW(s.E2) 1 = fies@)plelnde] ,

_Jes@eaiopale)
) P}

An optimal estimator must minimize this expected value for each Z. Since P(Z) is not a function of £, it
does not affect the minimization of Equation (4.2-26) with respect to £. Thus a Bayesian optimal estimator .
also minimizes the expression .

jﬁ(e.E(Z))p(Zlc)p(c)dlel (4.2-27)

Note that p(g), the probability density of ¢, is required in order to define Bayesian optimality. For this
purpose, p(f) can be considered simply as a weighting that is part of the loss function, if it cannot
appropriately be interpreted as a true probability density or an information function (Section 4.1).

4.2.5 Asymptotic Properties

Asymptotic properties concern the characteristics of the estimates as the amount of data used increases
toward infinity. The amount of data used can increase either by repeating experiments or by increasing the
time slice analyzed in a single experiment. (The latter is pertinent only for dynamic systems.) Since only
a finite amount of data can be used in practice, it is not immediately obvious why there is any interest in
asymptotic properties.

(4.2-26)
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This interest arises primarily from considerations of simplicity. It is often simpler to compute asymp-
totic properties and to construct asymptotically optimal estimators than to do so for finite amounts of data.
We can then use the asymptotic results as good approximations to the more difficult finite data results if the
amount of data used is large enough. The finite data definftions of unbiased estimators and efficient esti-
mators have direct asymptotic anraloguas of interest. An estimator is asymptotically unbiased if the bias goes
to zero for all ¢ as the amount of date ane; to infinity. An estimator is asymptotically efficient if it is
asymptotically unbiased and if

M{E)EL(E - €}(E - £)*|e} + I (4.2-28)

as the amount of data approaches infinity. Equation (4.2-28) is an asymptotic expression for equality in
Equation (4.2-20).

One important asymptotic property has no finite data analogue. This is the notion of consistency. An
estimator is consistent if £ + ¢ as the amount of data goes to infinity. For strong consistency, the con-
vergence is required to be with probability one. Note that strong consistency is defined in terms of che
convergence of individual realizations of the estimates. unlike the bias, variance, and other properties which
are defined in terms of average properties (expected values).

Consistency is a stronger property than asymptotic unbiasedness; that 1>, all consisient estimators are
asymptotically unbiased. This is a basic convergence result— that convergence with probability one implies
convergence in distribution (and thus, specifically, convergence in mcan). We refer the reader to Lipster and
Shiryayev (1977), Cramér (1946), Goodwin and Payne {1977), Zacks (1971), and Mehra and Lainjotis (1976) for
this and other results on consistency. Resuits on consistency tend to involve careful mathematical arguments
relatiag to different types of convergence.

We will not delve deeply into asymptotic properties such as consistency in this book. We generally feel
that asymptotic properties, although theoretically intriguing, should be played down in practical application.
Application of infinite-time results to finite data is an upproximation, one that is sometimes useful, but
sometimes gives completely misleading conclusions (see Section 8.2). The inconsistency should be evident in
books that spend copious time arguing fine points of distinction between different kinds of convergence and
then pass off application to finite data with cursory allusions to using large data samples.

Although we de-emphasize the "rigorous" treatment of asymptotic properties, some asymptotic results are
crucial to practical implementation. This is not because of any improved rigor of the asymptctic results, but
because the asymptotic results are often simpler, sometimes enough simpler to make the critical difference in
usability. This is our primary use of asymptotic results: as simplifying approximations to the firite-time
results. Introduction of complicated convergence arguments hides this essential role. The approximations work
well in many cases and, as with most approximations, fail in some situations. Our emphasis in asymptotic
results will center on justifying when they are appropriate and understanding when they fail.

4.3 COMMON ESTIMATORS

This section will define some of the commonly used general types of estimators. The 1ist is far from
complete; we mention only those estimators that will be used in this book. We also present a few genera)l
results characterizing the estimators.

4.3.1 A posteriori Expected Value

One of the most natural estimates is the a posteriori expected value. This estimate is defined as the
mean of the posterior distribution.

§2) = Eel2) = fepteinale]
£p(Z]e)ple)d]e]
bizlip(edle]

This estimator requires that p(g), the prior density of &, be known.

(4.3-1)

4.3.2 Bayesian Minimum Risk

Bayesian optimality was defined in Section 4.2.4. Any estimator which minimizes the a posteriori
expected value of the loss function is a Bayesian minimum risk estimator. (In general, there can be more than
one such estimator for a given problem.) The prior distribution of £ must be known to define Bayesfan
estimators.

Theorem 4.3-1 The a posteriori expected value (Section 4.3.1) is the unique
BayesTan minimum risk estimator for the loss function

J(E,8) = (g - E)*R(e - E) (4.3-2)
where R 1is any positive definite symmetric matrix.
Proof A Bayesian minimum risk estimator must minimjze

E{9|2} = E{(¢ - E£(Z))*R{c - E(2))|2) (£.3-3)
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Since R {s symmetric, the gradient of this function is

VEQ|Z) = -2E(R(g - E@2)) |13 (4.3-4)
Setting this expression to zero gives
0 = RE(E - £(2)12) = R[E(5|2} - £(2)] (4.3-5)
Therefore
£(2) = Egl) (4.3-6)

is the unique stationary point of E{J|Z}. The second gradient is
VEE(JIZ) * 2R >0 (4 3-7)
so the stationary point is the global minimum.

Theorem (4.3-1) applies only for the quadratic loss function of Equation (4.3-2). The following very
similar theorem applies to a much broader class of loss functions, but requires the assumption that p(glZ) is
symmetric about its mezn. Theorem (4.3-1) makes no assumptions about p(;|Z) except that it has finite mean
and variance,

Theorem 4.3-2 Assume that p(g|Z) is symmetric about its mean for each I; i.e.,
pE,z(c(Z) +g|2) = pl,l(a(l) - £]2) (4.3-8)

where £(Z) is the expected value of & given Z. Then the a posteriori expected value is the
unique Bayesian minimum risk estimator for any loss function of the form

Ie,E) =9, (¢ - &) {4.3-9)
where J, 1is symmetric about 0 and is strictly convex.

Proof We need to demonstrate that

D{a) = E{I{g,E(Z) +a|Z} - E{I(g,E(2)|2} > O (4.3-10)
for al1 a # 0. Using Equation (4.3-9) and the definition of expectation
0(a) = [P(eIDLI, (€ - ED) - 2) - 9,0 - EADI]e (4.3-11)

Because of the symmetry of p(£}Z), we can replace the integral in Equa-
tion (4.3-11) by an integra) over the region

S = {£:(g - £(2).a) 2 0} (4.3-12)
giving
Dle) = L PLEIDIY, (& - E) - 2) + 0,(E(@) - € - a)
-3, (e - EQ2)) - 9, (E(Z) - £)1d]|¢] (4.3-13)
Using the symmetry of J, gives
D(a) { PLEIDILIL (€ - () = 2) + 3, (¢ - E(2) +a)

- 20,(¢ - E(2)1d]¢] (4.3-14)
By the strict convexity of J,
Jyle = E(2) - a) + 9,{c - E(2) +2) > 20, (¢ - E(2)) (4.3-15)

for all a ¢y 0. Therefore D(a) > 0 for all a § 0 as we desired to show.

Note that if J, 1is convex, but not strictly convex, theorem (4.3-2) still holds except for the unique-
ness. Theovems (4.3-1) and (4.3-2) are two of the basic results in the theory of estimation. They motivate
the use of a posteriori expected value estimators.

4.3.3 Maximum a posteriori Probability

The maximum a posteriori probability (MAP) estimate is defined as the mode of the posterior distributicn
(1.e., the value of ¢ which maximizes the poster’or density function). If the distribution is not unimodal,
the MAP estimate may not be unique. As with the previously discussed estimators, the prior distribution of
¢ must be known in order to define the MAP estimate.

The MAP estimate is equal to the a pceteriori expected value (and thus to the Bayesian minfmum risk for
loss functions meeting the conditions of Theorem (4.3-2)) if the posterior distribution is symmetric about fts
mean and unimodal, since the mode and the mean of such distributions are equal. For nonsymmetric distribu-
tions, this equality does not hold.
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42 4.3.3

The MAP estimate is generally much casier to calculate than the a posteriori expected value. The
a postariori expected value 1s (from Eq. ation (4.3-1))

X fco(Z!E)p(a)dlzl
E) = 5—m————— (4.3-16)
p(Z)e)p(e)d|g]

This calculation requires the evaluation of two integrals over =, The MAP estimate requires the maxi-

mization of
plefz) = RLELets) (4.3-17)

with respect to £. The p(Z) is not a function of £, so the MAP estimate can also be obtained by
£(2) = arg max p(Z|€)p(£) (4.3-18)
4

The "arg max" notation indicates that £ is the value of ¢ that maximizes the density function p(2le)plg).
The maximization in Equation (4.3-18) is generally much simpler than the integrations in Equation (4.3-16).

4.3.4 Maximum Like)ihood

The previous estimators hzve all required that the prior distribution of ¢ be known. When ¢ 1s not
random or when its distribution 1s not known, there are far fewer redsonable estimators to choose from. Maxi-
mum likelihood estimators are the only type that we will discuss.

The maximum 1ikelihood estimate is defined as the value of ¢ which maximizes the 1ikelihood functional
p(Z[t); in other words,

£(Z) = arg m:x p(Zle) (4.3-19)

The maximum 1ikelihood estimator is closely related to the MAP estimator. The MAP estimator maximizes p(E|Z);
heuristically we could say that the MAP estimator selects the most probable value of ¢, given the data. The
maximum like}ihood estimator maximizes p(Z|¢); i.e., it selects the value of ¢ which makes the observed data
most plausible. Although these may sound 1ike two statements of the same concept, there are crucial differ-
ences. One of the most central differences is “hat maximum likelihood is defined whether or not the prior
distribution of £ 1is known.

Comparing Equation (4.3-18) with Equation (4.3-19) reveals that the maximum likelihood estimate is iden-
tical to the MAP estimate if p(f) is a constant. Iv the parameter space = has finite size, this implies
that p(g) is the uniform distribution. For infinite =, such as RM, there are no uniform distributions, so
a strict equivalence cannot be established. If we relax our definition of a probability distribution to allow
arbitrary density functions which need not integrate to 1 (sometimes called generalized probabilities), the
equivalence can be established for any =. Alternately, the uniform distribution for infinite size £ can be
v;ewed]as af1im;ting case of distributions with variance going to infinity (less and less prior certainty about
the value of ¢)}.

The maximum likelihood estimator places no preference on any value of £ over any other value of §; the
estimate is solely a function of the data. The MAP estimate, on the other hand, considers both the data and
the preference defined by the prior distribution.

Maximum 1ikelihood estimators have many interesting properties, which we will cover later. One of the
most basic is given by the following theorem:

Theorem 4.3-3 If an efficient estimator exists for a problem, that estimator
is a maximum 1ikelihood estimator.

Proof (This proof requires the use of the full notation for probability
density functions to avoid confusion.) Assume that E{Z) is any efficient
estimator. An estimator will be efficient if and only if equality holds
in Yemma (4.2-1). Equality holds {if and only if X = AY 1in Equation (4.2-6).
Substituting for A from Equation (4.2-8) gives
X = E{XY*}E{YY%}"1Y (4.3-20)

Substituting for X and Y as in the proof of the Cramer-Rao bound, and using
Equations (4.2-18) and (4.2-19) gives

i - = “lgw -
E(2) -e=[1+ va(;)]n(e) vE n pzlc(ZIE) (4.3-21)
Efficient estimators must be unbiased, so b{g) is zero and
3 - £ -1 -
£(2) - & = Me)72vE anpg ) (26) (4.3-22)
For an efficient estimator, Equation (4,3-22) must hold for all values of Z
and ¢. In particular, for each I, the equation must hold for ¢ = £(Z).

The left-hand side 's then zero, so we must have

v tn leE(ZIE(Z)) =0 (4.3-23)
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The estimate is thus at a stationary point of the likelthood functional.
Taking the gradient of Equation (4.3-22)

-] = =lg2 { - -l -1 - .

L= ME)Tvg a0 pyy (Z(€) - M(E)THVMIC)IM(E) T oy an py (2]2) (4.3-24)
Evaluating this at ¢ = £(Z;, and using Equation (4.3-23) gives

-1 = ME@)7I0E an by (2]E(2)) (4.3-24)

Since M is positive definite, the statisnary point is a local maximum.

In fact, it is the only 1c2al maximum, because a local maximum at any point
other than ¢ = £(Z) would v.olate Equation (4.3-22). The requirement for
[,;15(Z|5)d12‘ to be finite implies that pZIE(le) +0 as 'Zl + ®, 50
that "the locai maximum will be a global maximum. Therefore E&Z is a
maximym 1ikelihood estimator.

Corollary A1}l efficient estimators for a problem are equivalent (i.e., if
an e??ic!ent estimator exists, it is unique).

This theorem and its corollary are not as useful as they might seem at first glance, because efficient
estimators do not exist for many problems. Therefeore, it is not always true that a maximum 1ikelihood esti-
mator is efficiert. The theorem does apply to some simple problems, however, and motivates the more widely
appiicable asymptetic results which will be discussed later.

Maximum 1ikelihood estimates have the following natural invariance property: Jet & be the maximum
1ikelihoodt estimate of £; then f(£) is the maximum )ikelihocd estimate of f{c) for any function f. The
proof of this statement is trivial if f 1is invertible. Let LE(E.Z) be the 1ikelihood functional of & for
a given Z. Define

x = f(g) (4.3-26)
Then the likelihood function of x is
LX(X.Z) = Lg(f'l(X),Z) (4.3-27)

This is the crucial equation. By definition, the left-hand side is maximized by x = X, and the right-hand
side is maximized by f~*(x) = £. Therefore

£ = £(2) (4.3-28)

The extension to noninvertible f is straightforward—simply realize that f~¥(x) is a set of values, rather
than a single value. The same argument then still holds, regarding Ly(x,Z) as a one-to-many function (set-
valued function).

Finally, let us emphasize that, although maximum likelihood estimates are formally identical to MAP esti-
mates with uniform prior distributions, there is a basic theoretical difference in inierpretaticn. Maximum
1ikelihood makes no statements abouti distributions of :, prior or posterior. Stating that a parameter has a
uniform prior distribution is drastically different from saying that we have no information about the param-
eter. Several classic “paradoxes" of probability theory resulted from ignoring this difference. The para-
doxes arise in transformations of variable. Let a scalar ¢ have a uniform prior distribution, and let f
be any continuous invertible function. Then, by Equation (3.4-1), x = f(¢) has the density function

Py(x) = p (FH(x)) 71 (x)]

which is not a uniform distribution on x (unless f is linear). Thus if we say that there is no prior
information (uniform distribution) about ¢, then this gives us prior information (nonuniform distribution)
about x, and vice versa, This apparent paradox results from equating a uniform distribution with the ideca
of "no informatfon."

(4.3-29)

Therefore, although we can formally derive the equations for maximum Tikelihood estimators by substituting
uniform prior distributions in the equations for MAP estimators, we must avoid misinterpretations. Fisher
(1921, p. 326) discussed this subject at length:

There would be no need to emphasize the baseless character of the assumptisns
made under the titles of inverse piobability and BAYES' Theorem in view of

the decisive criticism to which they have been exposed....l must indeed plead
guilty in my original statement of the Method of Maximum Likelihood /9) to
having based my argument upon the principle of inverse probability; in the

same paper, it is true, I emphasized the fact that such inverse probabilities
were relative only. That is to say, that while one might speak of one value

of p as having an inverse probability three times that of another value c¢f p,
we might on no account introduce the differential element dp, so as to be

able to say that it was three times as probable that p should lie in one
rather than the other of two equal elements. Upon consideration, therefore, I
perceive that the word probability is wrongly used in such a connection:
probability s a ratio of frequencies, and about the frequencies of such values
we can know nothing whatever. We must return to the actual fact that one value
of p, of the frequency of which we know nothing, would yield the observed
result three times as frequently as would another value of p. If we need a2
word to characterize this relative property of different values of p, I suggest
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that we may speak without confusion of the likelihood of one value of p
being thrice the 1ikelihood of another, basring always in mind that 1ikeli-
hood 15 not here used Joosely as a synonym of probability, but simply to
express the relative frequencies with which such values of the hypothetical
quantity p would in fact yield the observed sample.

4.3.5
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CHAPTER &

5.0 THE STATIC ESIIMATION PROBLEM

In this chapter begins the application of the general types of estimators defined in Chapter 4 to
specific problems. The problems discussed in this chapter are static estimation problems; that {s, problems
where time is not explicitly involved. Subsequent chapters on dynamic systems draw heavily on thess static
results. Our treatment is far from complete; it is easy to spend an entire buok on static estimation alone
(Sorenson, 1980). The material presented here was selected largely on the basis of relevance to dynamic
systems.

We concentrate primarily on linear systems with additfve Gaussian noise, where there are simple, closed-
form solutions. We also cover nonlinear systems with additive Gaussian noise, which will prove of major
importance in Chapter 8. Non-Gaussian and nonadditive noise are mentioned only briefly, except for the special
problem of estimation of variance.

We will initially treat nonsingular problens, where we assume that all relevant distributions have density
functions. The understanding and handling of singular and i11-conditioned problems then receive special
attention. Singularities and 111-conditioning are crucial issues in practical application, but are insuffi-
ciently treated in much of the current literature. We also discus, partitioning of estimation problems, an
important technique for simplifying the computational task and treating some singularities.

The general form of a static system model is
Z=2(¢,U,u) (5.0-1)

We apply a known specific input U (or a set of inputs) to the system, and measure the response 1. The
vector o 1{s a random vector contaminating the measured system response. We desire to estimate the value
of ¢.

The estimators discussed in Chapter 4 require knowledge of the conditional distriouti.n of Z given ¢
and U, We assume, for now, that the distribution is nonsingular, with deasity p(Z|g,U). If ¢ {s con-
sidered random, you must know the joint density p(Z,£{U). In some simple cases, these densities might be
given directly, in which case Equation (5.0-1) is not necessary; the estimators of Chapter 4 apply directly
More typically, p(Zjg,U) is a complicated density which is derived from Equation (5.0-1) and p(w|£,V). It is
often reasonable to assume juite simple distributions for ., independent of { and U. In this chapter, w:
will look at several specific cases.

5.1 LINEAR SYSTEMS WITH ADDITIVE GAUSSIAN NOISE

Tho simplest and most classic resultc are obtained for 1inear static systems with additive Gaussian noise.
The system equations are assumed to have the form

2= C(U)g + D(U) + G(U)w (5.1-1)
For any particular U, Z 1{s a linear combination of ¢, w, and a constant vector. Note that there are no
assumptions about linearity with respect tu U; the functions C, D, and G can be arbitrarily complicated.
Throughout this section, we omit the explicit dependence on U from the notation. Similarly, all distribu-
tions and expectations are implicitly understood to he conditioned on U.

The random noise vector w 1{s assumed to be Gaussien and {adependent uf ¢. By convention, we will
define the mean of » to be 0O, and the covariance to be identity. This convention does not 1imit the gener-
ality of Equation (5.1-1), for if w has a mean m and a finite covariance FF*, we can define G, = GF
and D; =D +m to obtain

2=Ct+D, + 6, {5.1-2)
whare ., has zero mean and identity covariance.

when ¢ 1{s considered as random, we will assume that fts marginal (prior) distribution is Gaussian with
mean mg; and covariance P.

pls) = |2np|"/2 exp{- 3 (€ - m)wi(g - mg)} (5.1-3)

Equation (5.1-3) assumes that P 1s nonsingular. We will discuss the implications and handling of singular
cases later.

5.1.1 Joint Distribution of Z and ¢

Several distributions which can be derived from Equation (5.1-1) will be required in order to analyze this
system. ot us first consider p(Z|[), the conditional density of Z given ¢. This distribution is defined
whether ¢ 1is random or not. If £ is given, then Equation (5.1-1) is simply the sum of a corstant vector
and a constant natrix times a Gaussian vector. Using the properties of Gaussian distributions discussed in
Chapter 3, we see that the conditional distribution of 2 given ¢ 1s Gaussian with mean and covariance.

E{Zjs} =Cc +D (5.1-4)
covil|g) = GG (5.1-§)
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46 5.1.1
Thus, assuming that GG* {s nonsingular,
p(zle) « [2n66%["*/* exp{- % (2 - C¢ -~ D)*(GG*}=*(Z - C¢ - D)} (5.1-6)
If ¢ {s random, with marginal density given by Fquation (5.1-3), we ran also mea=*- .|ly define the
ggini'distribution of 1 and £, the conditional distr tution of & given Z, and the me -in: distribution

For the marginal distribution of Z, note that Equatfon (5.1-1) is a linear combinaifon ¢ irdependent
Geussian vectors. Therefore I 1s Gaussian with mean and covarfance

F{Z; = Cmt +D (5.1-7)

cov(Z) = CPC* + GG* (5 1-8)
For the joint distributfon of ¢ and Z, we now require tne c¢ross-correlation
E([Z - £(2)][c - E(g)]*1 = CP (5.1-9)

The joint distributfon of ¢ and Z 1is thus Gaussian with mean and covariance

4 m,
Ef- - =} -~ - (5.1-10)
Z Cmg +D

3 ?
covl~ =] =}f- -]~ ~ - == (5.1-11)
z CP | CPC* + GG*,

a0te that this joint distribution could also be derived by multiplying Equations (5.1-3) <nd (5.1-6) according
to Bayes rule. That derivation arrives at the same results for Fquations (5.1-10) and (5.1-11), but is much
more tedious.

Finally, we can derive the conditional distribution of ¢ given Z {the posterior distribution of &) from
the joint dis¢ribution of . and Z. Applying Theorem (3.5-9) to Equations (5.1-10) and (5.1-11), we see that
the conditional distributior of ¢ given I 1s Gaussian with mean and covariance

E{g2} = L PC*(CPC* 4 GG*)™1(Z - CmE - D) (5.1-12)

cov(£|2) = P ~ PC*(CPC* + GG*)~3CP (4.1-13)

Equations (5.1-12; and (5.1-13) assume that CPC* + GG* 1is nonsingular. I€ this matrix i, singular, the
prodlem is 111-posed and shouid Le restated. We will discuss the singular case later.

Assuming that P, GG*, and (C*(GG*)~'C + P~!) are nonsingular, we can use the matrix inversion lemmes,
{lemmas (1.1-3) and (A.1-4)), to put Equations (5.1-12) and (5.1-13) into forms that will prove intuitively
useful.

E{g]Z} = m, + (C*(GG*)™3C + P~1)"3C*(G6*)"1(Z - CmE - D) (5.1-14)

cov(g]|2) = (C*(GE*)~1C + p=3)=? (5.1-15)

We will have much occasion to conirast the form of Equations (5.1-12) and (5.1-13) with the form of
Equations (5.1-14) and (5.1-15). We will call Equations (5.1-12, and (5.1-13) the covariance form because they
»re in terms of the uninverted covariances P and GG*. Equatjons (5.1-14) and (5.1-15) are called the infor-
mation form because they are in terms of the inverses P~ and [GG*)-!, which are related to . amoint of
information. (The larger the covariance, *he less information you have, and vice versa.) Equation (5.1-15)
has an interpretation as addition of information: P~ 1{s the amount of prior information about ¢, and
C*(GG*)"1C s the amount of information in the measurement; the tota) information after the i.casurement is
the sum of these two terms.

5.1.2 4 Pogteriori Estimators

Let us first examine the three types of estimators that are Lased on the posterior distributior n(¢|Z).
These three types of estimators are a posteriori expected value, maximum a posteriori probability, and
Bayesian minirmum risk.

We previously derived the expression for the a posteriori expected value in the process of defining the
posterior distribution. Either the covariance or information form can be used. We will use the information
form because it ties in with other approaches as will be seen below. The a posteriori expected value
estimator is thus

i= e + (L*GG*)"1C + P~1)-1C*(GG*)"(Z - Cm

e ” D} (5.1-26)

The maximum a posteriori probability estimate is equal to the a posteriori expected value because the
posterfor distribution fs Gaussian (and thus unimodal and symmetric agout its mean). This fact suggests an
alternate derivation of Equation (5.1-16) which is quite enlightening. To find the maximum paint of the
postericr distribution of ¢ given Z, write

PP
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an p{e]Z) = an p(Z]€) + en p(g) - n p(2) {5.1-17)
Expanding this equation using Equations (5.1-3) and (5.1-6) gives
wn p{g)2) = - % (2 - ce - DY*{6G*)"*(Z - C£ - D) - % (¢ - mg)*P'l(E - mg) + a(2) (5.1-18)
where a(Z) is a function of Z .unly. Equation (5.1-18) shows the problem in its “least squares” form. Me
are attempting to choose ¢ to mirimize (¢ - mg) and (Z - C¢ - D). The matrices P~! and (GG*)™* are

weightings used in the cost functions. The larger the value of (GG*)~!, the more importance is placed on
minimizing (Z - Cg - D), and vice versa.

?btain §he estimate £ by setting the gradient of Equation (5.1-18) o zero, as suggested by Equa-
tion (3.5-17).

0= C*66*)™3(Z - CE-D) - PE - m) (5.1-19)
Write this as
0 = C*(66*)7(Z - Cm, - D) - PTI(E - m) - C*(66%) 7 C(E - m.) (5.1-20)
and the solution is
£ = m + (CH{66*)7'C + P7H)7IC*(66*)7H(Z - Cm, - D) (5.1-21)

assuming that the inverses exist. For Gaussian distributions, Equation (3.5-18) gives the covariance as

cov(g[z) = -Tvg an p(g{2)]7* = (C(6G*)7C + P77 (5.1-22)

Note bhatr the second gradient is negative definite (and the covariance positive definite), verifying that the
solution is a maximum of the posterjor probability density function. This derivation does not require the use
of matrix inversion lemmas, or the expression {rom Chapter 3 for the Gaussian conditional distribution. For
more complicated problems, such as conditional distributions of N jointly Gaussian vectors, the alternate
derivation as in Equations (5.1-17) to (5.1-22) is much easier than the straightforward derivation as in

Equatiors (5.1-10) to (5.1-15).

Because of the symmetry of the posterior distribution, the Bayesian optimal estimate is also equal to
the a posterior< expected value estimate if the Bayes loss funciion meets the criteria of Theorem (4.3-1).

We will now examine the statistical properties of the estimator given by Equation (5.1-16). Since the
estimator is a lTinear function of Z, the bias is easy to compute.

bg) = EL5]E} - ¢
Elm, + (C*(GG*)-2C + P™1)~3C*(66*)"*(Z - Cm, - D)€} - ¢

L]

m + (C*(BG*)7IC + PTi)Tic*(G6¥)TME(Z]e) - Cm, - D] - ¢

= m, + (C*(G6%)73C + P72)C*(66%)}(Ct + D - Cm - D) - ¢

[T - (C*{GG*)"1C + P")"C*(GG*)'IC](mE - &) (5.1-23)

The estimator is biased Tur ail finiie nonsingular P and 48%, The scalar case gives .ume insight into this
bias. If £ 1is scalar, the factor in brackets in Equation (5.1-23) lies between 0 and 1. As GG* decreases
and/or P increases, the factor approaches 0, as does the bias. In this case, the estimator obtains less
information from the initial guess of £ (which has large covariance), and more information from the measure-
ment (which has small covariance). If the situation is reversed, G6* increasiing and/or P decreasing, the
bias becomes larger In this case, the estimator shows an increasing predilection to ignore the measured
response and to keep the initial guess of ¢.

The variance and mean square error are alsv easy to compute. The variance of € follows directly from
Equations (5.1-16) and (5.1-5):

(C*(GE*)72C + P72)72C*(66*) T1GG*{(G6*)TIC(C*(G6*)7C + P71
(C*(GG*)~2C + P~1)=1C*(GG*)~2C(C*(6G*)~C + p-1)-1 (5.1-24)

cov(£|g)

The mean square error is then
mse(g) = cov(E|g) + b(g)b(e)* {5.1-25)
which is evaluated using Equations (5.1-23) and (5.1-24).

The mast obvious question to ask in relation to Equations (5.1-24) and (5.1-25) is how they compare with
other cstimators and with the Cramer-Rao bound. Let us evaluate the Cramer-Rao bound. The Fisher information
matrix (Equation (4.2-19)) ts easy to compute using Equation (5.1-€):

M = E{C*(6G*)"2(Z - C& -~ D)(Z - C& - D)*(G6*)-3C}
= C*(GG*)"1GG*(GG*)~1C = C*(GG*)~*C (5.1-26)
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Thus the Cramer-Rac bound for unbiased estimators is

mse{é|c) 2 (C*(66*)"C)? (5.1-27)
Note that, for some valuzi of £, the a posteriori expected value estimator has a lower mean-square error than
the Cramer-Rzo bound for unbiased estimdtors; naturally, this is because the estimator is biased. To compute
the Cramer-Rao bound for an estimator with bias given by Equation (5.1-23), we need to evaluate

1+ vgb(i) = ] + (C*(66*)"1C + P~1)1C*(G6*)73C - I

= (C*(66%)~1C + P~1)-2C*(G6*)"1C (5.1-28)
The Cramer-Rao bound is then (from Equation (4.2-10))
mse(£le) 2 (C*(66%)7C + P™1)"1C*(66%)1C(C*(66*)~1C + P73)"! (5.1-29)

Note that the estimator does not achieve the Cramer-Rao bound except at the single point ¢ = m;. At every
other point, the second term in Equation (5.1-25) is positive, and the first term is equal to tﬁe bound;
therefore, the mse is greater than the bound.

For a single observation, we can say in summary that the a posteriori estimator is optimal Bayesian for
a large class of loss functions, but it is biased and does not achieve the Cramer-Rac lower bound. It remains
to investigate the asymptotic properties. The asymptctic behavior of estimators for static systems is defined
in terms of K independent repetitions of the experiment, where N approaches infinity. We must first define
the application of the a posteriori estimator to repeated experiments.

Assume that the system model is given by Equation (5.1-1), with ¢ distributed according to Equa-
tion (5.1-3). Perform N experiments U, ...Uy. [It does not maiter whether the U; are distinct.} The
corresponding system matrices are (i, Di, and Gi6j, and the measurements are Zj. Th2 random noise i ic an
independent, zero-mean, identity covariance, Gauss}an vector for each i. The maximum g posteriori estimate of
g is given by

N -1 N
€= m ¢+ 2 c;(sis;)'lci + P 2 cg(eis;)‘l(zi - Ci"c - 0;) (5.1-30)
i=1

i=1
assuming that the inverses exist.

The asymptotic properties are defined for repetition of the same experiment, so we do not need the full
generality of Equation (5.1-30). If U; = Uj, Ci = Cj» Dj = Dj, and 64 = Gj for all i and j, Equa-
tior (5.1-3C) can be written
N
€ = mg + [NCH(G6*)"2C + P-11-CH(66%)7 D (2, - Cm

1=1

g " D) (5.1-31)

( Soqmge the bias, covariance, and mse of this estimate in the same manner as Equations (5.1-23)
to (5.1-25):

b(e) = [1 ~ (NC*(66%)7C + P~2)72NC*(66*)*C1(m, - £) (5.1-32)
cov(E]€) = [MC*(GE*)"3C + P~2]"INC*(GG*) 2CINC*(GG*)-1C + p-1]2 (5.1-33)
mse(E[g) = covi{éjc) + ble)b(e)* (5.1-34)

The Cramer-Rao bound for unbiased estimators is
mse(£|) 2 (NC*(G&*)™'¢)™? (5.1-35)
As N increases, Equation (5.1-32) goes to zero, so the estimator is asymptotically unbiased. The effect of
increasing N is exactly comparzble to fncreasing (66*)~1; as we take more and better quality measurements,
the estimator depends more heavily on the measurements and less on its initial guess.
The estimator is also asymptotically efficient as defined by Equation (4.2-28) because

NC*(66%)"2C cov(E|¢) 'y 1 {5.1-36)
NC*(66*)"'C b{e)b(e)* T 0 (5.1-37)

5.1.3 Maximm Likelihood Estimator .
The derivation of the expression for the maximum 1ikelihood estimator is simiiar * the derivation of the

maximum a posteriori probability estimator dore in Equations (5.1-17) to (5.1-22). only difference is
that instead of n p(£]Z), we maximize

tn p(Z[€) = - § (Z - C& - D)*(G8%)*(Z - C¢ - D) + a(2) (5.1-38)
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The only relevant difference between Equation (5.1-38) and Equation (5.1-18) is the inclusion of the term based
on the prior distribution of ¢ in Equation (5.1-18). (The a(z) are also different, but this is of no con-
sequence at the moment., The maximum likelihood estimate does not make use of the prior distribution; indeed
it does not require that cuch a distribution exist. We w 11 see that many of the MLE results are equal to the
MAP results with the terms from the prior distribution omitted.
Find the maximum point of Equation (5.1-38) by settina the gradient to zero.
0 = C*{(G6*)"*(Z - CE - D) (5.1-39)

The solution, assuming that C*(GG*)~*l 1is nonsinguiar, is given by

£ = (L¥(G6*)™3C;™1C*(G6*) "2 (Z - D) (5.1-40)
This is the same form as that of the MAP estim:te, Equation (5.1-21), with P"! set to zero.

A particularly simple case occurs when C =1 and D = 0. In this event, fquation (5.1-40) reduces to

Note that the expression (C*(GG*) 1C) *C*(GG*)™* is a left-inverse of C; that is
[(C*(66*)"2C) 2C*(GG*)"*]C = I (5.1-41)

We can view the estimztor given by Equation (5.1-40) as a pseudo-inverse of the system given by Equa-
tion (5.1-1). Using both equations, write

(C*(6G6*)71C)7*C*(G6*)"*(C& + D + Gw - D)
£+ ((.*(GG‘)"’C)-‘C*(GG’)“G(»
£ + (C*(66*)"1C)TiC*6* "y (5.1-42)

£

Although we must use Equation (5.1-40) to compute £ because £ and w are not known, Equation (5.1-42)
is useful in analyzing and understanding the behavior of the estimator. One interesting point is immediately
obvious from Equation (5.1-42): the estimzte is simply the sum of the true value plus the effect of the con-
taminating noise . For the particular realization o = 0, the estimate is exactly equal to the true value.
This property, which is not shared by the a posteriori estimators, is closely related to the bias. Indeed,
the bias of the maximum likelihood estimator is immediately evident from Equation (5.1-42).

b(g) = E(éje} - =0 (5.1-43)

The maximum likelihood estimate is thus unbiased. Note that Equation (5.1-32) for the MAP tias Qives the same
result if we substitute 0 for P,

Since the estimator is unbiased, the covariance and mean square error are equal. Using Equation (5.1-42),
they are given by

cov(E|e) = mse(E]g) = {C*(66*)~1C) IC*G*"16*C(C*(66*)™1C) ™!
= (C*(G6*)71¢)7? (5.1-44)

We can ?lso obtain this result from Equations (5.1-33) and (5.1-34) for the MAP estimator by substituting 0
for P,

We previousiy computed the Cramer-Rao bound for unbiased estimators for this problem (Equation 5.1-27)).
The mean square error of the maximum 1ikelihood estimator is exactly aqual to the Cramer-Rac bound. The maxi-
mum 1¥kelihood estimator is thus efficient and is, therefore, a minimum variance unbiased estimator. The
maximum )ikelihood estimator is not, in general, Bayesian optimal. Bayesian optimality may not even be
defined, since £ need not be random.

The MLE results for repeated experiments can be obtained from the corresponding MAP equations by substi-
tuting zero for P~! and mg. We will mot repeat these equations here.

5.1.4 Comparison of Estimators

We have seen that the maximum 1ikelihood estimator is unbiased and efficient, whereas the a posteriori
estimators are only asymptotically unbiased and efficient. On the other hand, the a posteriori estimators are
Bayesian optimal for a large class of loss functions. Thus neither estimator emerges as an unchallenged
favo;ite. The reader might reasonably expect some guidance as to which estimator to choose for 2 given
problem.

The roles of the ‘wo estimators arec actually quite distinct and well-defined. The maximum 1ikelihvod
estimator does the best possible job (in the sense of minimum mean square error) of estimaiing the value of ¢
based on the measurements alone, without prejudice (bias) from any preconceived guess about the value. The
maximum 1ikelihood estimator is thus the obvious choice when we have no prior information. Having no prior
information is analogous to having a prior distribution with infinite variance; i.e., P~ = 0. In this regard,
examine Equation (5.1-16) for the g posteriori estimate as P~! goes to zero. The limit is (assuming that
C*(66*)"'C 1s nonsingular)
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m + (C*(GG*)"1C)~1C*(GG*)"2(Z - Cmg - D)

m - (C*(GG*"‘C)‘‘C*(GG*)"Cmc + (C*(66*)=1C)=2C*(GG*)~*(Z - D)
(C*{GG*)™1C)"1C*(GG*)"2(Z - D) (5.1-45)

which is equal to the maximum likelihood ectimate. The maximum 1ikelihood estimate is thus a limiting case
of an a postertori estimator as the variance of the prior distribution approaches infinity.

The a posteriori estimate combires the infurmation from the mcasurements with the prior information to
obtain the optimal estimate considering both sources. This estimator makes use of more information and thus
can obtain more accuraie estimates, on the average. With this improved average accuracy comes a bias in favor
of the prior estimate. If the prior estimate is good, the a posteriori estimate will generally be more accu-
rate than the maximum 1ikelihood estimate. If the prior estimate is poor, the a posteriori estimate will be

poor. The advantages of the a posteriori estimators thus depend heavily on the accuracy of the prior estimate
of the value.

The basic criterion in deciding whether to use an MAP or MLE estimator is whether you want estimates based
only cn the current data or based on both the current data and the prior information. The MLE estimate is
based only on the current data, and the MAP estimate is based on both the current data and the orior
distribution.

The distinction between the MLE and MAP estimators often becomes blurred in practical application. The
estimators are closely related in numerical computation, as well as in theory. An MAP estimate can be an
intermediate computational step to obtaining a final MLE estimate, or vice versa. The following paragraphs
describe one of these situations; the other situztion is discussed in Section 5.2.2.

It i5 quite common to have a prior guess of the parumeters, but to desire an independent verification of
the value based on the measurements alone. In this case, the maximum 1ikelihood estimator is the appropriate
tool in order to make the estimates independent of the initial quess.

A two-step estimation is often the most appropriate to obtain maximum insight into 2 probiem. First, use
the maximum likelihood estimator to obtain the best estimates based on the measurements alone, ignoring any
prior information. Then consider the prior information in order to obtain a final best estimate based on bath
the measurements and the prior information. By this two-step approach, we can see where the information is
coming from— the prior distribution, the measurements, or both sources. The two-step approach also allows the
freedom to independently choose the methodelogy for each step. For instance, we mioht desire to use a maximum
likelihood estimator for obtaining the estimates based on the measurements, but use engineering judgment to
establish the best compromise between the prior expectations and the maximum likelihood results. This is often
the best approach because it may be difficult to completely and accurately characterize the prior information
in terms of a specific probability distribution. The prior information often includes heuristic factors such
as the engineer's judgment of what would constitute reascnable resultis.

The theory of sufficient statistics (Ferguson, 1967; Cramer, 194c5; and Fisher, 1921) is useful in the
two-step 2pproach if we desire to use statistical techniques for both steps. The maximum 1ikelihood estimate ,
and its covariance form a sufficient statistic for this problem. Although we will not go into detail here, |
if we know the maximum likelihood estimate and its covariance, we know all of the statistically useful informa-
tion that can be extracted from the data. The specific application is that the aq posteriori estimates can be
written in terms of the maximum likelihood estimate and its covariance instead of as a direct function of the
data. The following expression is easy to verify using Equations (5.1-16), (5.1-40), and (5.1-44):

B = m + (@74 PTGy - m) (5.1-46)

where £, is the a posteriori estimate (Equation (5.1-16)), i is the maximum 1ikelihood estimate (Equa-
tion (5.1-40)), and Q 1is the covariance of the maximum likelihood estimate (Equation (5.1-44)). In this
form, the relationship between the a posteriori estimate and the maximum likelihood estimate is plain. The
prior distribution is the only factor which enters into the relationship; it has nothing directly to do with
the measured data or even with what experiment was performed.
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Equation (5.1-46) is closely related to the measurement-partitioning ideas of the next section. Both
relate to comt.ining data from two different sources.

5.2 PARTITIONING IN ESTIMATION PROBLEMS

Partitioning estimation problems has some of the same benefits as partitioning optimization problems. A
problem half the size of the original typically takes well less than half the effort to solve. Therefore, we
can often come out ahead by partitioning a problem into smaller subproblems. Of course, this trick only works
if the solutions to the subproblems can easily be combined to give & solution to the original problem

L ST AVEUPPRRNICIE Y

Two kinds of partitioning applicable to parameter estimation problems are measurement partitioning and :
parameter partitioning. Both of these schemes permit easy combination of the subproblem solutions in some :
situations.

5.2.1 Measurement Partitioning

A problem with multiple measurements can often be partitioned into a sequence of subproblems processing
the measurements one at a time. The same principle applies to partitioning a vector measurement into a series
of scalar (or shorter vector) measurements; the only difference is notational.
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The estimators under discussion are all based on p(Z|¢) or, for a posteriori estimators, p(c|l). We
will initially consider measurement partitioning as a problem in factoring these density functions.

Let the measurement Z be partitioned into two measurements, Z, and Z,. (Extensions to more than two
partitions follow the same principles.) We would like to factor p(ili) into separate facturs dependent on
l, and Z,. By Bayes' rule, we can always write

p(z]e) = p(Z,12,,6)p(Z,]8) (5.2-1)

This form does not directly achieve the required separation because p(Z,]Z;.&) involves both Z, and Z;. To
achieve the required separation, we introduce the requirement that

P(Zzlzlsi) = D(ZzlE) (5.2-2)
We will call this the Markov criterion.

Heuristically, the Markov criterion assures that p(Z,|¢) contains all of the useful information we can
extract from 2,. Therefore, having computed p(Z,|¢) at the measured value of Z,, we have no further need
for Z,. If the Markov criterion does not hold, then there are interactions that require Z, and Z, to be
considered together instead of separately. For systems with additive noise, the Markov criterion implies that
the noise in Z, is independent of that in Z,. Note that this does not mean that Z, 1is independent of Z,.

For systems where the Markov criterion holds, we can substitute Equation (5.2-2) into Equation (5.2-1)
to get

p(Z]e) = p(Z,1e)p(Z, 1E) (5.2-3)
which is the desired factorization of p(Z|g).
When £ has a prior distribution, the factorization of p(g|Z) follows from that of p(Zl¢).

p(Z,edp(Z, [e)plE)
P(g|Z) = Zp s (5.2-8)

The mixing of Z, and Z, in the p(Z) in the denominator is not important, because the denuminator is merely
a normalizing constant, independent of &. It will prove convenient to write Equation (5.2-4) in the form

plL,lelplelZ))
ple[Z) = —p(mm—‘ (5.2-5)

Let us now consider measurement partition of an MAP estimator for a system with p(c|Z) factored as in
Equation (5.2-5). The MAP estimate is

£ = arg mzx p(Z,|e)n(e]Z)) {5.2-6)

This equation is identical in form to Equation (4.3-18), with p(g£]Z;) playing the role of the prior distribu-
tion. We have, therefore, the following two-step process for obtain%ng the MAP estimate by measurement
partitioning:

First, evaluate the posterior distribution of £ given Z,. This is a function of ¢, rather than a singie
value. Practical application demands that this distribution ée easily representable by a few statistics, but
we put off such considerations until the next section. Then use this as the prior distribution for an MAP
estimator with the measurement Z,. Provided that the system meets the Markov criterion, the resulting esti-
mate should be identical to that obtained by the unpartitioned MAP estimator.

Measurement partitioning of MLE estimator follows similar lines, except for some issues of interpretation.
The MLE estimate for a system factored as in Equation (5.2-3) is

£ = arg max p(Z,|¢)p(Z,]¢) (5.2-7)
g

This equation is identical in form to Equation (4.3-18), with p(Z,|g) playing the role of the prior distribu-
tion. The two steps of the partitioned MLE estimator are therefore as follows: first, evaluate p(Z,)¢) at
the measured value of Z,, giving a function of &. Then use this function as the prior density for an MAP
estimator with measurement Z,. Provided that the system meets the Markov criterion, the resulting estimate
should be identical to that obtained by the unpartitioned MLE estimator.

The partitioned MLE estimator raises an issue of interpretat-on of p(Z,|£). It is not a probability
density function of £. The vector ¢ need not even be random. We can avoid the issue of ¢ not being
random by using informatfon terminology, considering p{Z,|¢) to represent the state of our knowledge of ¢
based on Z, instead of being a probability density function of ¢. Alternately, we can simply consider
p(Z,]5) to Qe a function of £ that arises at an intermediate step of computing the MLE estimate. The process
describeu gives the correct MLE estimate of ¢, regardless of how we choose to interpret the intermediate
steps.

The close connection between MAP and MLE estimators is illustrated by the appearance of an MAP estimator
as a step in obtaining the MLE estimate with partitioned measurements. The result can be interpreted either as
an MAP estimate based on the measurement 2, and the prior density p(Z,{g), or as an MLE estimate based on
both 2, and Z,.
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5.2.2 Application to Linear Gaussian Systems

We now consider the application of measurement partitioning to linear systems with additive Gaussian
noise. We will first consider the partitioned MAP estimator, followed by the partitioned MLE estimator.

Let the partitioned system be

12 G840+ Gy (5.2-8a)

I, =C,6 + D, + Gyu, (5.2-8b)

where w, and «, are independent Gaussian random variables with mean 0 and covariance 1.
requires that w, and w, be independent for measurement partitioning to apply.
is Gaussian with mean m; and covariance P, and is independent of «, and w,.

The Markov criterion
The prior distribution of ¢

The first step of the partitioned MAP estimator is to compute p(ciZ,). We have previously seen that this
is a Gaussian density with mean and covariance given by Equations (5.1- 12) and (5.1-13). Denote the mean and
covariance of p(g|Z,) by m, and P,. Then, Equations (5.1-12) and (5.1-13) give

m, = m + PCY(C,PCE + 6,68)72(Z, - C,m - D,) (5.2-9)

P

L1}

L = P - PCA(C,PCY + G,64)73C,P (5.2-10)

The second step is to compute the MAP estimate of ¢ using the measurement Z,

and the prior density
p{g|Z,). This step is another application of Equation (5.1-12), using m, for m; and P, for P. The
result is
E=m, =m +P,CHC,P,CH + 6,68)72(Z, - C,m, - D) (5.2-11) :

The £ defined by Equation (5.2-11) is the MAP estimate. It should exactly equal the MAP estimate
obtained by direct application of Equation (5.1-12) to the concatenated system. You can consider Equa-

tions (5.2-9) through (5.2-11) to be an algebraic rearrangement of the original Equation (5.1-12); indeed, they
can be derived in such terms.

Example 5.2-1 Consider a system

l1=¢+w
where o s Gaussian with mean O and covariance 1, and ¢ has a Gaussian
prior distribution with mean 0 and covariance 1. We make ‘wo independent

measurements of Z (i.e., the two samples of . are independent) and desire

the MAP estimate of &. Suppose the Z, measurement is 2 and the Z,
measurement is -1.

Without measurement partitioning, we could proceed as follows: write the
concatenated system

Directly apply Equation (5.1-12) with mg =0, P =1, C=[1 1]*, D=0,
G=1,and Z = ?2, -1]*. The MAP estimdtz is then

2 17
E=[11] [ ] z
12

@+ -1

Now consider this same problem with measurement partitioning. To get p(£|Z,),
apply Equations (5.2-9) and (5.2-10) with m; =0, P=1,C, =1,D, =0,
G, =1, and Z, = 2.

= 2)72, =32 7 1
Py=1-1(2)7 = 3

For the second step, apply Equation (5.2-11) with m, = 1, P, = 1/2, C, = 1,
D, =0, G, =1, and Z, = -1.

SR KRR U B

We see that the results of the two approaches are identical in this example,
as claimed. Note that the partitioning removes the requirement to invert a
2-by-2 matrix, substituting two l-by-1 inversions.
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The computational advantages of using the partitioned form of the MAP estimator vary depending on
numerous factors. There are numerous other rearrangements of Equations (5.1-12) and (5.1-13). The information
form of Equations (5.1-14) and (5.1-15) is often preferable if the required inverses exist. The information
form can also be used in the partitioned estimator, replacing Equations (5.2-9) through (5.2-11) with corre-
sponding information forms. Equation (5.1-30) is another alternative, which is often ihe most efficient.

There is at least one circumstance in which a partitioned form is mandatory. This is when the data
comes in two separate batches and the first batch of data must be discarded (for any of several reasons— per-
haps unavailability of enough computer memory) before processing the second batch. Such circumstances occur
regularly. Partitioned estimators are also particularly aprropriate when you have already computed the esti-
mate based on the first batch of data before receiving the second batch.

Let us now consider the partitioned MLE estimator. The first step is to compute p(lea). Equa-
tion (5.1-38) gives a formula for p(Z;|€). It is immediately evident that the logarithm of p(Z,|¢) is a
quadratic form in ¢. Therefore, although p(Z,|¢) need not be interpreted as a probability density function
of ¢, it has the algebraic form of a Gaussian density function, except for an irrelevant constant multiplier.
Applying Equations (3.5-17) and (3.5-18) gives the mean and covariance of this function as

m, = P,C¥(G,6¥)°*(Z, - D,) (5.2-12)
Py = -lvg wn p(z,[€)]7" = [C}(6,69)7C, ] (5.2-13)
The second step of the partiticned MLE estimator is identical to the second step of the partitioned MAP
estimato-. Apply Equation (5.2-11), using the m; and P, from the first step. For the partitioned MLE
estimator, it is most natural (although not required) to use the information form of Equation (5.2-11),
which is
€=m +PC¥6,65)2Z, - Cm - D,) (5.2-14)
P, = [C2(6,6%)71C, + P; ™ (5.2-15)
This form is more parallel to Equations (5.2-12) and (5.2-13).
Example 5.2-2 Consider a maximum 1ikelihood estimator for the problem of
ExampTe 5.2-1, ignoring the prior distribution of &. To get the MLE
estimate for the concatenated system, apply Equation (5.1-40) with
C=[1 1)*,D=0,6=1, and Z = [2, -li*.
. - 1 _1
C‘(z) 1[1 I}Z'§(21+Zz)'§
Now consider the same problem with measurement partitioning. For the first
step, apply Equations (5.2-12) and (5.2-13) with ¢, =1, 0, =0, G, = 1,
and 1, = 2.
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, = [M(1)-1]t =
m, = P, (1)}(z,
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For the second step, apply Equations (5.2-14) and (5.2-15) with C, = 1,
D,=0,G,=1,and Z, = -1.

[1{1)= + (1)3]1 =
2+ (ML -2-0)=1+32,=4

N

P

3

The partitioned algorithm thus gives the same result as the original
unpartitioned algorithm.

There is often confusion on the issue of the bias of the partitioned MLE estimator. This is an MLE esti-
mate of £ based on both Z; and Z;. It is, therefore, unbiased 1ike all MLE estimators for 1inear systems
with additive Gaussian noise. On the other hand, the last step of the partitioned estimator is an MAP estimate
based on Z,, with a prior distribution described by m;, and P,. We have previously shown that MAP estimators
are biased. There is no contradiction in these two viewpoints., The eztimate is biased based on the measure-
ment 2, alone, but unbiased based on Z, and Z,.

Therefore, it is overly simplistic to universally condemn MAP estimators as biased. The bias is not
always so clear an issue, but requires you to define exactly on what data you are basing the bias definition.
The primary basis for deciding whether to use an MAP or MLE estimator is whether you want estimates based only
on the current set of data, or estimates based on the current data and prior information combined. The bias
merely reflects this decision; it does not give you independent help in deciding.

5.2.3 Parameter Partitioning

In parameter partitioning, we write the parameter vector ¢ as a functfon of two (or more—the general-
{zations are obvious) smaller vectors ¢, and &,.

g = f(£,,8,) (5.2-16)

- S oAl e vear

. e SRE
M.
3

-



£ 1 ¥R

v

e e VY TTRTY - EIIRTR, 3 MO 2

r-

54 5.2.3

The function f must be invertible to obtain £, and ¢, from £, or the solution to the partitioned problem
will not be unique. The simplest kind of partit*ons are those in which ¢, and ¢, are partitions of the
& vector.

With the parameter ¢ partitioned into ¢, and ¢,, we have a partitioned optimization problem. Two
possible solution methods apply. The best method, if }t can be used, is generally to solve for ¢, in terms
of ¢, (or vice versa) and substitute this relationship into the original problem. Axial iteration is another
reasonable method if solutions for &, and £, are nearly independent so that few iterations are required.

5.3 LIMITING CASES AND SINGULARITIES

In the previous discussions, we have simply assumed that all of the required matrix inverses exist. We
made this assumption to present some of the basic results without getting sidetracked on fine points. We will

now take a comprehensive look at a1l of the singularities and limiting cases, explaining both the circumstances

that give rise to the various special cases, and how to handle such cases when they occur.

The reader will recognize that most of the special cases are idealizations which are seldom literally
true. We almost never know any value perfectly (zero covariance). Conversely, it is rare to have absolutely
no information about the value of a parameter (infinite covariance). There are very few parameters that would
not be viewed with suspicion if an estimate of, say, 10?5% were obtained. These idealizations are useful in
practice for two reasons. First, they avoid the necessity to quantify statements such as "virtually perfect”
when the difference between virtually perfect and perfect is not of measurable consequence (although one must
be careful: sometimes even an extremely small difference can be crucial), Second, numerical problems with
finite arithmetic can be alleviated by recegnizing essentially singular situations and treating them specially
as though they were exactly singular.

We will address two kinds of singularities. The first kind of singularity involves Gaussian distributions
with singular covariance matrices. These are perfectly valid probability distributions conforming to the usual

definition. The distributions, however, do not have density functions; therefore the maximum a posterior:
probability and maximum likelihood estimates cannot be defined as we have done. The singularity implies that
the probability distribution is entirely concentrated on a subspace of the originally defined probability

space. If the problem statement is redefined to include only the subspace, the restricted problem is nonsingu-

lar. You can also address this singularity by looking at 1imits as the covariance approaches the singular
matrix, provided that the iimits exist.

The second kind of singularity involves Gaussian variables with infinite covariance. Conceptually, the
meaning of infinite covariance is easily stated—we have no information about the value of the variable (but
we must be careful about generalizing this idea, particularly in nonlinear transformations—see the discussion
at the end of Section 4.3.4). Unluckily, infinite covariance Gaussians do not fit within the strict defini-
tion of a probability distribution. (They cannot meet axiom 2 in Section 3.1.1.) For current purposes, we
need only recognize that an infinite covariance Gaussian distribution can be considered as a limiting case (in
some sense that we will not precisely define here) of finite covariance Gaussians. The term "generalized
probability distribution" is sometimes used in connection with such limiting arguments. The equations which
apply to the infinite covariance case are the 1imits of the correspondino finite covariance cases, provided
that the limits exist. The primary concern in practice is thus how to compute the appropriate limits.

We could avoid several of the singularities by retreating to a higher level of abstraction in the mathe-
matics. The theory can consistently treat Gaussian variables with singular covariances by replacing the con-
cept of a probability density function with the more general concept of a Radon-Nikodym derivative. (A
probability density function is a specific case of a Radon-Nikodym derivative.) Although such variables do
not have probability density functions, they do have Radon-Nikodym derivatives with respect to appropriate
measures. Substituting the more general and more abstract concept of o-finite measures in place of probab*’-
ity measures allows strict definition of infinite covariance Gaussian variables within the same context.

This level of abstraction requires considerable depth of mathematical background, but changes 1ittle in
the practical application. We can derijve the identical computational methods at a lower level of abstraction.
The abstract theory serves to place all of the theoretical results in a common framework. In many senses the
general abstract theory is simpler than the more concrete approach; there are fewer exceptions and special
cases to consider. In implementing the abstract theory, the same computational issues arise, but the simpli-
fied viewpoint can help indicate how to resolve these issues. Simply knowing that the problem does have a
well-defined solution is a major aid to finding the solution.

The conceptual simplification gained by the abstract theory requires significantly more background than
we assume in this book. Our emphasis will be on the computations required to deal with the singularities,
rather than on the abstract theory. Royden (1968), Rudin (1974), and Lipster and Shiryayev (1977) treat such
subjects as o-finite measures and Radon-Nikodym derivatives.

We will consider two general computational methods for treating singularities. The first method is to
use alternate forms of the equations which are not affected by the singularity. The covariance furm (Equa-
tions (5.1-12) and (5.1-13)) and the information form (Equations (5.1-14) and (5.1-15)) of the posterior
distribution are equivalent, but have different points of singularity. Therefore, a singularity in one form
can often be handled simply by switching to the other form. This simple method fails if a problem statement
has singularities in both forms. Also, we may desire to stick with a particular form for other reasons.

The second method is to partition the estimation problem into two parts: the totally singular part and
the nonsingular part. This partitioning allows us to use one means of solving the singular part and another
means of solving the nonsingular part; we then combine the partial solutions to give the final result.
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5.3.1 1

5.3.1 Singular P

The first case that we will consider is singular P. A singular P matrix indicates that sume parameter
or linear combination of parameters is known perfectly before the experiment is performed. For instance, we
might know that ¢, = 5¢, + 3, even though ¢, and ¢, are unknown, In this case, we know the Jinear combina-
tion ¢, - 5¢, exactly. The singular P matrix creates no problems if we use the covariance form instead of
thg]information form. If we specifically desire to use the information form, we can handle the singularity as
follows.

Since P is always symmetric, the range and the null space of P form an orthogonal decomposition of the
space =. The singular eigenvectors of P span the null space, and the nonsingular eigenvectors span the
range. Use the eigenvectors to decompose the parameter estimation problem into the totally singular subproblem
and the totally nonsingular subproblem. This is a parameter partitioning as discussed in Section 5.2. The
totally singular subproblem is trivial because we know the exact solution when we start (by definition). Sub-
stitute the solution of the singular problem in the original problem and solve the nonsingular subproblem in
the normal manner.

A specific implementation of this decomposition is as follows: let X5 be the matrix of orthonormal
singular eigenvectors of P, and Xys be the matrix of orthonormal nonsingular eigenvectors. Then define

£g = X3¢ (5.3-1a)

Exs (5.3-1b)

The covariances of ¢£g and ¢yg are

cov(eg) = XgPXg = 0 {5.3-2a)

cov(&Ns) = x{sPXys = Pys (5.3-2b)

where Pyg is nonsingular. Write

€ = xNSCNS + XSCS (5.3-3)
Substitute Equation (5.3-3) into the original problem. Use the exactly known value of gé, and restate the
problem in terms of ¢yg as the unknown parameter vector. Other decompositions derived from multiplying

Equation (5.3-1) by nonsingular transformations can be used if they have advantages for specific situations.

We will henceforth assume that P is nonsingular. It is unimportant whether the original problem
statement is nonsingular or we are working with the nonsingular subproblem.

The implementation above is defined in very general terms, which would allow it to be done as an auto-
matic computer subroutine. In practice, we usually know the fact of and reason for the singularity beforehand
and can easily handle it more concretely. If an equation gives an exact relationship between two or more
variables which we know prior to the experiment, we solve the equation for one variable and remove that
variable from the problem by substitution.

Exa?gle 5.3-1 Assume that the output of a system is a known function of the
applied force and moment

7= flF,M)

in unknown point force is applied at a known position r referred to the
origin. We thus know that

M=rxF

If F and M are both considered as unknowns, the P matrix is singular,
But this singularity is readily removed by substituting for M in terms of
F so that F is the only unknown.

2= f(F,r x F) = £,(F)

5.3.2 Singular_ GG*

The treatment of singular G6* is similar in principle to that of singular P. A singular GG* matrix
impiies that some mezasurement or combination of measurements is made perfectly (i.e., noise-free). The
covariance form does not involve the inverse of GG*, and thus can be used with no difficulty when GG* is
singular.

An alternate approach involves a sequential decomposition of the original problem into totally singular
(GG* = 0) and nonsingular subproblems. The totally singular subproblem must be handled in the covariance form;
the nonsingular subproblem can then be handled in either form. This is a measurement partitioning as
described in Section 5.2. Divide the measurement into two portions, called the singular and the nonsingular
measurements, g and Zyg. First ignore 2g and find the posterior distribution of £ given only Z? . Then
use this result as the 3istr1but1on prior %o 1g. We specifically implement this decomposition as fo ?ows:

For the first step of the decomposition, let XNg be the metrix of nonsingular eigenvectors of GG*.
Multiply Equation (5.1-1) on the left by xﬁs giving
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56 5.3.2
X2 = MisCE * XfD + Xfgl (5.3-4)
Define

Zyg = Xis?

Crs = XsC
(5.3-5)

Oys = *sP

Gys * Msb

Equation (5.3-4) then becomes

Zns = Cnst * Dy + Syge (5.3-6)
Note that GygGNs 15 nonsingular. Using the information form for the posterior distribution, the distribution
of ¢ condit?oned on Iys is
mys = ElelZygh = me + (CRg(BysGRe) ™ Ong + P17 s (GpsORs) ™ (Zng - Cngmg - D) (5:3-72)
Pns = covie|Zygi = (CRs{GycBRs) ™ Cyg + P72 (5.3-7)

For the second step, let X5 be the matrix of singular eigenvectors of GG*. Corresponding to
Equatfon (5.3-6) is

Ig = (gt + Dg + 6gu (5.3-8)
where
Zo = X

Cs = XgC

(5.3-9)
2 §
DS XSU

GS = XgG =0

Use Equation (5.3-7) for the prior distribution for this step. Since Gg 1is 0, we must use the covariance
form for the posterior distribution, which reduces to

ELE|Z} = myg + PysCR(CPLCE) ™ (Zg - Comy - Dg) (5.3-10a)
COV(E|L} = Py + PucCE(CoP\cCE) " CePyo (5.3-10b)

Equations (5.3-8), (5.3-6), (5.3-8), and (5.3-10) give an alternate expression for the posterior distribution
of £ given Z which we can use when GG* is singular., It does require that Cg¢PysCE be nonsingular.
This is a special case of the requirement that CPC* + GG* Le nonsingular, which we discuss later. It is
interesting to note that the covariance (Equation (5.3-10b)) of the estimate is singular. Multiply

Equation (5.3-10b) on the right by C§ and obtain

- “1 = - = -
PNsCE - PrsCE{CoPysCE) ™ CoPycCE = PygCS - PysCS = O (5.3-11)
Therefore the columns of c§ are all singular eigenvectors of the covariance of tre estimate.

5.3.3 Singular CPC* + GG*

The next special case that we will consider is when CPC* + GG* {s singular. Note first that this can
happen only when GG* 1is also singular, because CPC* and GG* are both positive semi-definite, and the sum
of two such matrices can be singular only if both terms are singular. Since both GG* and CPC* + GG* are
singular, neither the covariance form nor the information form circumvents the singularity. In fact, there is
no way to circumvent this singularity. If CPC* + GG* 1{s singular, the problem is intrinsically 111-posed.
The only solution is to restate the original problem.

1f we examine what is implied by a singular CPC* + GG*, we will be able to see why it necessarily means
that the problem is 111-posed. and what kinds of changes in the problem statement are required. Referrin: to
Equation (5.1-8), we see that CPC* + GG* 1is the covariance of the measurement Z. GG* is the contribution
of the measurement noise to this covariance, and CPC* 1is the contribution due to the prior variance of ¢.
If CPC* + GG* 1s singular, we can exactly predict some part of the measurea response. For this to occur,
there must be neither measurement noise nor parameter uncertainty affecting that particular part of the
response.
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5.3.3 57

Clearly, there are serious mathematical difficulties in saying that we know exactly what the measured
value will be before taking the measurement. At best, the measurement can agree with what we predicted, which
adds no new information. If, however, there is any disagreement at all, even due ta rounding error in the
computations, there is an irresclvable contradiction—we said that we knew exactly what the value would be and
we were wrong. This is one situation where the difference between almost perfect and perfect is extremely
jmportant. As CPC* + GG* approaches singularity, the corresponding estimators diverge; we cannot talk about
the 1imiting case because the estimators do not converge to a limit in any meaningful sense.

5.3.4 Infinite P

Up to this point, the special cases considered have all involvec singular covariance matrices, correspond-
ing to perfectly known quantities. The remaining special cases all concern limits as eigenvalues of a covar-
iance matrix approach infinity, corresponding to total ignorance of the value of a quantity.

The first such special case to discuss is when an eigenvalue of P approaches infinity. The problem is
much easier to discuss in terms of the information matrix P~. As an eigenvalue of P approaches infinity,
the corresponding eigenvalue of P~! approaches zero. At the 1imit, P~' 1{s singular. To be cautious, we
should not speak of P~! being singular but only of the 1imit as P! goes to a singularity, as it is not
meaningful to say that P~! s singular. Provided that we use the information form everywhere, all of the
1imits as P~ goes to a singularity are well-behaved and can be evaluated simply by substituting the singular
value for P-!. Thus this singularity poses no difficulties in practice, as long as we avoid the use of
expressions involving a noninverted P. As previously mentioned, the limit as P~! goes to zero is particu-
larly interesting and results in estimates fdentical to the maximum 1ikelihood estimates. Using a singular
P~! is paramount to saying that there is no prior information about some parameter or set of parameters (or
that we choose to discount any such information in order to obtain an independent check). There is no con-
venient way to decompose the problem so that the covariance form can be used with singular P~! matrices.

The meaning of a singular P°! is most clearly illustrated by some examples using confidence regions. A
confidence regfon is the area where the probability density function (really a generalized probability density
function here? {s greater than or equal to some given constant. (See Chapter 11 for a more detailed discussion
of confidence regions.) Let the parameter vector consist of two elements, £, and £,. Assume that the prior
distribution has mean zero and

The prior confidence regions are given by

p(g) 2 €,
or equivalently
(3
[e; ¢,] 2 C,
0 O0J:s,
which reduces to
g2 s¢C,

where C, and C, are constants depending on the level of confidence desired. For current purposes, we are
interested only in the shape of the confidence region, which is independent of the values of the constants.
Figure (5.3-1) is a sketch of the shape. Note that this confidence region is a limiting case of an ellipse
with major axis length going to infinity while the minor axis is fixed. This prior distribution gives infor-
mation about ¢&,, but none about ¢,.

Now consider a second example, which is identical to the first except that

[l -1]
pl=
-1 1
In this case, the prior confidence reginn is
1 -11[¢,
{g, &,] sC,
-1 gz

€§ + 5: - 25151 € C,

or

or
(51 e 52)2 < Cz
Figure (5.3-2) 1s a sketch of the shape of this confidence region. In this case, the difference between ¢,

and £, 1s known with some confidence, but there is no informatfon abuut the sum £, + ¢,. The singulay
eigenvectors of P! correspond to directions in the parameier space about which tﬁere s no prior knowiedge.
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58 5.3.5
5.3.5 Infinite GG*

Corresponding to the case where P~* approaches a singular point is the similar case where (GG*)-!
approaches a singularity. As in the case o1 singular P-!, there are no computational problems. We can
readily evaluate all of the limits simply by substituting the singular matrix for (66*)°'. The {nformation
form avoids the use of a noninverted GG*. A singular (GG*)"! matrix would indicate that some measurement or
linear combination of measurements had infinite noise variance, which is rather unlikely. The primary use of
sinoular (GG*)=! matrices in practice is to make the estimator fgnore certain measurements if they are worth-
less or simply unavailable. It is mathematically cleaner to rewrite the system model so that the unused
measurements are not included in the cbservation vector, but it is sometimes more convenient to simply use a
singular (GG*)~! matrix. The two methods give the same result. (Not having a measurement at all {s equiva-
lent to having one and ignoring it.) One interesting specific case occurs when (GG*)~! approaches 0. This
method then amounts to ignoring all of the measurements. As might be expected, the a posteriori estimate is
then the same as the a priori estimate.

5.3.6 Singular C*{GG*)7'C + P~}

The final special case to be discussed is when the C*(GG*)~*C + P~ 1in the information form approaches
a singular value. Note that this can occur only if P™! is also approachin? a singularity. Therefore, the
problem cannot be avoided by using the covariance form. If C*{G6*)™C + P! 1{s singular, it means that there
is no prior information about a parameter or combination of parameters, and that the experiment added no such
jnformation. The difficulty, then, is that there is absolutely no basis for estimating the value of the singu-
lar parameter or combination. The svstem is referred to as being unidentifiable when this singularity is
present. Identifiability is an important issue in the theory of parameter estimation. Tne easiest computa-
tional solution is to restate the problem, deleting the parameter in question from the 1ist of unknowns.
Essentially the same result comes from using a pseudo-inverse in Equation (5.1-14) (but see the discussion in
Section 2.4.3 on the blind use of pseudo-inverses to "solve" such problems}. Nf course, the best alternative
is often to examine why the experiment gave no information about the parameter, and to redesign the experiment
so that a usable estimate can be obtained.

5.4 NONLINEAR SYSTEMS WITH AODITIVE GAUSSIAN NOISE
The general form of the system equations for a nonlinear system with additive Gaussian noise is
2= f(£,U) + G(U) (5.4-1)
As in the case of linear systems, we will define by convention the mean of u to be zero and the covariance
to be identity. If £ is random, we will assume that it is independent of  and has the distribution given
by Equation (5.1-3).
5§.4.1 Joint Distribution of Z and ¢

To define the estimators of Chapter 4, we need to know the distribution P(Z|g,U). This distribution is
easily derived from Equation (5.4-1). The expressions f(£,U) and G(U) are both constants if conditioned on
specific values of £ and U. Therefore we can apply the rules discussed in Chapter 3 for multiplication of
Gaussian vectors by constants and addition of constants to Gaussian vectors. Using these rules, we see that
the distribution of Z conditioned on ¢ and U is Gaussian with mean f{g,U) and covariance G(U)G(U)*.

PZIE.U) = |20G(U)G(U)*| /2 exp{- Lz - fleuirtswswlz - f(:.un} (5.4-2)

This is the obvious nonlinear generalizaiion of Equation (5.1-6); the nonlinearity does not change the basic
method of derivation,

If ¢ is random, we will need to know the joint distribution p(Z,g]U). The joint distribution is com- -~
puted by Bayes rule

p(Z,6|U) = p(Z]g,W)pls]V) (5.4-3)
Using Equations (5.1-3) and (5.4-2) gives
p(Z.e|u) = [|2nP| lZWGG‘Uq/2 eXD{E %‘[Z - (g, U))*[GUIG(LI*]"2[Z - f(c.V)]
- % (e - mJ*p™Lc - mz]} (5.4-4)
Note that p(Z,t|U) is not, n general, Gaussian. Although Z conditioned on ¢ is Gaussian, and ¢

is Gaussian, Z and ¢ need rot be jointly Gaussian. This is one of the major differences between 1inear and
nonlinear systems with additive Gaussian noise.

Example 5.4-1 Llet Z and ¢ be scalars, P =1, m =0, G(U) = 1, and
?lc.ﬁi = ¢Z. Then
p(Zle.u) = (29)7/2 exp{- 3 (- s‘)’} :
and
pl[V) = (2m)72/2 exp{- 3 z‘} '
This gives
p(z.clv) = (en)* esof- § 162 ¢ (2 - 2117
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5.4.1 59
The general form of & joint Gaussfan distribution for two varfables 2 and ¢ 1is
p(Z,¢) = a exp(be? + c2?® + dz¢)
where a, b, c, and 4 are constants. The joint distribution of Z anu ¢
cannot be manipulated into this torm because a " term appears in the
exponent. Thus 2 and ¢ are not jointly Gaussian, even though Z condi- i
tioned on ¢ 1s Gaussfan and & 1s Gaussian.

Given Equation (5.4-4), ve can compute the marginal distribution of Z, and the conditional distribution
of ¢ givenZ from the equations

p(Z) -fp(l.t:)dz (5.4-5)

plciz) « BEE (5.4-6)

The integral in Equation (5.4-5) is not eazy to evaluate in general. Since p(Z,f) i$ not necessarily
Gaussian, or any other standard distribution, the only general means of computing p(Z) is to numerically
integrate Equatfon (5.4-5) for a gri4 of 2 values. If ¢ and Z are vectors, this can be a quite formidable .
task. Therefore, we will avoid the use of p(Z) and P(¢|Z) for nonlinear systems.

and

et —

6.4.2 Estimators

The o posteriori expected value and Bayes optimal estimators are seldom used for nonlinear systems because
their computation is difficult. Computation of the expected value requires the numerfcal integration of
Equation (5.4-5) and t.ue evaluation of Equation (5.4-6) to find the conditional distribution, and then the
integration of ¢ times the conditional distribution. Theorem (4.3-1) says that the Bayes optimal estimatur
for quadratic loss is equal to the a posteriori expected value estimator. The computation of the Bayes optimal
estimates -equires the same or equivalent multidimensional integrations, so Theorem (4.3-1) does not provide us
with a simplified means of computing the estimates. .

. e

s

Since the posterior distribution of £ need not be symmetric, the MAP estimate is ot equal to the
a posteriori expected value for nonlinear systems. The MAP estimator does not require the use of Equa-
tions (5.4-5) and (5.4-6). The MAP estimate is obtained by maximizing Equation (5.4-6) with respect to ¢.
Since p(Z) 1s not a function of ¢, we can equivalently maximize Equation (5.4-4). For generai, non}inear
systems, we must do this maximization using numerical optimization techniques.

It is usually convenient to work with the logarithm of Equation (5.4-4). Since standard optimization con-
ventions are phrased in terms of minimization, rather than maximization, we wili state the problem as minimiz-

ing the negative of the logarithm of the probability density. i
¥

-tn p(2,¢{U) = % (2 - fF(5,0)1*(G6*)"2[2 - f(c,U)] + % (e -m 7 e - m]+ % an{|2aP| |2066*(] i .

(5.4-7) X {
I

Since the last term of Equation (5.4-7) is a constant, it does not affect the optimization. We can there- 1 !

fore define the cost functional to be minimized as i «

¥

&) = 5 [Z - FE,0)IHEE) 2 - (U] + 3 [e - m I g - ) (5.4-8) “
2 2 3 [ i ~d
§ i}
We have omitted the dependence of J on Z and U from the notation because it will be evaluated for specific § i

Z and U 1in application; £ is the only variable with respect to which we are optimizing. Equation (5.4-8)
makes it clear that the MAP estimator is also a least-squares estimator for this problem, The (GG*)~! and
Pl matrices are weightings on the squared measurement error and the squared error in the prior estimate of
g, respectively.

-

For the maximum likelihood estimate we maximize Equation (5.4-2) instead of Equatic.i (5.4-4). As in the
case of linear systems, the maximum 1ikelihood estimate is equal to the 1imit of the MAP estimste as P! goes
to zero; i.e., the last term of Equation (5.4-8) s omitted.

For a single measurement, or even for a finite number of measurements, the nonlinear MAP and MLE esti-
mators have none of the optimality oroperties discussed in Chapter 4. The estimates are neither unhiased,
minimum variance, Bayes optimal, or efficient. When there are a large nunber of measurements, the differences
from optimality are usuaily small enough to ignore for practical purposes The main benefits of the nonlinear
MLE and MAP estimators are their relative ease of computation and their lirks to the intuitively attractive
idea of least squares. These links give some reason to suspect that even if some of the assumptions about the
noise distribution are questionable, the estimators still make sense from a nonstatistical viewpoint. The
final prartical judgment of an estimator is based on whecher the estimates are adequate fur their intended
use, rather than on whether they are exactly optimum.

- e
+ et O st e st

The extension of Equatfon {5.4-£) to multiple independant experiments is straightforward.

N
e = § 3 12, - HEUIHE64) L, - Fle,u)] + § [6 - m1®3c - 2] (5.4-9)
i=1
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where N 1is the number of experiments performed. The maximum 11kelfhood estimator 1s obtained by omitting
the last term. The asymptotic properties are defined as N goes to infinity. The maximum likelihood esti-
mator can be shown to be asymptotically unbiased and asymptotically efficient (and thus also asymptotically
minimum-variance unbiased) under quite general conditions. The estimator is also consistent. The rigcrous
proofs of these properties (Cramer, 1946), although not extremely difficult, arc fairly lengthy and will not
be presented here. The only condition required is that

N
1Y 19, F(,0p) 18660 27, Flz,,)]

i=

converge to a positive definite matrix. Cramer (194G) also proves tnat the estinates asymptetically approach
a Gaussian distribution.

Since the maximum likelihood estimates are asymptotically efficient, the Cramer-Rac inequality (Equa-
tion (4.2-20)) gives a good estimate of the covariance of the estimate for large N. Using Equation (4.2-19)
for the information matrix gives

N
M(E) - Z E([Vaf(ilu‘)]'(GG')-)[z - f(;iu1)][z - f((.U1)]'(Gla")-uﬁcf({,ui)])
ira
N
. z (v, fe,0y)I*(56%) EA(Z - FLL,UTIT - F(e,U5)]*{66*) 7 (7, F(e,U,)]
f=2
N
= Y 19 F(5.U;)1%(06%) " 664 (66%) 27, £ (5.U,)]

i=2

N
= ) 9 fleu) T (6607, F(5,U))] (6.4-10)
i=1
The covariance of the maximum 1ikelihood estimate *s thus approximated by
N -1
cov(]e) s & D [7,F(e.U)I*(664) 3 [v,. (6,U)] (5.4-11)
i1
When ¢ has a prior distrihution, the correspunding approximaticn for the covariance of the posterior distri-
bution of ¢ s
N -1
cov(t|2) = E [7(6.0,)1%(66%) 29, F(£,U)1 + 7 (5.4-12)

imi

5.4.3 Computation of the Estimates

The discussion of the previous section did not address the question of how to compute the MAP and ML
nstimates. Equation (5.4-7) (without the last term for the MLE) is the cost functional to minimize. Minimi-
zation nf such nonlinear functions can be a difficult proposition, as discussed in Chapter 2.

Equation (5.4-9) is in the furm of a sum of squares. Therefore the Gauss-Newton method is often the best
choice of optimization method. Chapter 2 discusser the deiails of the Gauss-Newton method. The probabilistic
background of Equation (5.4-9) allows us to apply tias ceutral limit theorem to strengthen one of the arguments
used to support the Gauss-Newton method.

For simplicity, assume that all of the U; are identical. Comnare the limiting behavior of the twc terms
of the second gradient, as expressed by Equation (2.5-10). The term retained by the Gauss-Newton approximation
s N[v f)*{a6*)"}[v,f], which grows linearly with N. At the true value of ¢, 24 - f(g,Uy) is 1 Gaussian
random variable with mean O and covariance GG*. Therefore, thc omitted term of the second gradient is a sum
of iadependent, identically distributed, random variables with zero mean. By the central 1,mit theorem, the
va: fance of 1/N times this term goes to zero as N goes to infinity. Since 1/N times tho retained term
goes to a nonzero constant, the omitted term is smail compared to the retained one for large n~. This conclu-
sfon is still true if the Uy are not identical, as long as f and its gradients are bounded and the first
gradient does not converge to zero,

This demonstrates that for large N the omitted term is small compared to the retained term §f ¢ 15 at
the true value, and, by continuity, if ¢ 1is sufficiently close to the true value, When ¢ is far from the
true value, the arguments of Chapter 2 apply.
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5.4.4 Singularities

The singular cases which arise for nonlinear systems are hasically the same as for linear systems and have
similar solutions. Limits as P™! or (G6*)"! approach sinoular values pose no difficulty. Singular P or GG*
matrices are handled by reducing the problem to a ronsingular subproblem as in the linear case.

The one singularity which merits some additional discussion in the nonlinear case corresponds to singular

N
E C3(66*) "3, + P2

i=1

in the linear case. The equivalent matrix in the nonlinear cose, if we use the Gauss-Newton algorithm, is
given by
N
VEIE) = Y [V, F(E.;)14(66) Lo, f(5,0))] + P2 (5.4-13)
i=1

If Equation (5.4-13) is singular at the true value, the system is said to be unidentifiable. We discussed the
computational problems of this singularity in Chapter 2. Even if the optimization algorithm correctly finds a
unique minimum, Equatior (5.4-11) indicates that the covariance of a maximum likelihood estimate would be very
large. (The covariarce is approximated by the inverse of a nearly singular matrix.) Thus the experimental
data contain very little information about the value of sone parameter or combination of parameters. Note that
the covariance estimate is unrelated to the optimization aigorithm; changes to the optimization algorithm
might help you find the minimum, but will not change the properties of the resulting estimates. The singular-
ity can be eliminated by using a prior distribution with a positive definite P~%, but in this case, the esti-
mated parameter values will be strongly influenced by the prior distribution, since the experimental data is
lacking in information.

As with Tinear systems, unidentifiability is a serious problem. To obtain usable estimates, it is gener-
ally necessary to either reformulate the problem or redesign the experiment. With ronlinear systems, we have
the additional difficulty of diagnosing whether identifiability problems are present or not. This difficulty
arises because Equation (5.4-13) is a function ¢f £ and it is necessary to evaluate it at or near the minimum
to ascertain whether the system is identifiable. If the system is not identifiable, it may be difficult for
the algorithm to approach the (possibly nonunique) minimum because of convergence problems.

5.4.5 Partitioning

In both theorv and computation, parameter estimation is much more difficult for nonlinear than for linear
systems. Therefore, means of simplifying parameter estimation problems are particularly desirable for non-
linear systems. Tne partitioning ideas of Section 5.2 have this potential for some problems.

The parameter partitioning ideas of Section 5.2.3 make no linearity assumptions, and thus apply directly
to nonlinear problems. We have little more to add to the earlier discussion of parameter partitioning except
to say that parameter partitioning is often extremely important in roniinear systems. It can make the critical
difference betweer a tractable and an intractable problem formulation.

Measurement partitic. ing, as formulated in Section 5.2.1, is impractical for most nonlinear systems. For
general nonlinear sysiems, the posterior density function p(g|Z,) will not be Gaussian or any other simple
form. The practical application of measurement partitioning to iinaar systems arises directly from the fact -
that Gaussian distribu‘ions are uniquely defined by their mean and covariance.

The only practical methor of applying measurement partitioning to nonlinear systems is to approximate the
function p(£}2Z;) (or p(Z,|g) for MLE estimates) by some sinple form described by a few parameters. The i
obvious approximation in most cases is a Gaussian density function with the same mean and covariance. The R
exact covariance is diff’cult to compute, but Equations (5.4-11) and (5.4-12) give good approximations for this
purpose.

5.5 MULTIFLICATIVE GAUSSIAN NOISE (ESTIMATION OF VARIANCE)

The previous sections of this chapter have assumed that the G matrix is known. The results are quite B
different when G 1s unknown because the noise multiplies G rather than adding to it. :

For convenience, we will work directly with GG* to avoid the necessity of taking matrix square roots.
We compute the estimates of G by taking the positive semidefinite, symmetric-matrix square roots of the
estimates of GG*.

JRppra—

The general form of a nonlinear system with unknown G is

H

i

Z=flg,0) + 6(g,U0)w (5.5-1) :

We will consider N independent measurements Z; - Tting from the experiments Uj. The Zi are then ;
independent Gaussian vectors with means f(g,Uy an . -ariances G(£,U{)G(g,U5)*. We will use Equa- ‘

tion (5.1-3) for the prior distributfons of £. .:y s .ule (Equation (5.4-3)) then gives us the joint distri- :
bution of ¢ and the Z; given the Uy. Equations (5.4-5) and {5.4-6) define the marginal distribution of .
Zh and ;ge postgrior distritution of £ given Z. The latter distributions are cumbersome to evaluate and

thus seldom used.
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Because of the di*ficulty of computing the posterior distribution, the a posteriori expected value and
bayes optimal estimators ure seldom used. We can compute the maximum likelihcod estimates minimizing the
negative of the logarithm of the likelihood functional. Iguoring irrelevant constant terms, the resulting
cost functional is

N
He) = § 9 L2y - FOITEEGE)T ML, - Fe)] + tnl6(5)6Le)*]) (5.5-2)
i=1
or equivalently
N
3e) = 3 tracedlG(ei6(e)*1 D [Z; - FIOILZ; - FlO)I} + 3 N ni6le)ole)*] (5.5-3)
i=1

We have omitted the explicit dependence on Uj from the notation 2nd assume that all of the U; are identi-
cal. (The generalization to different Uj is easy and changes little of essence.) The MAP estimator mini-
mizes a cost fu~cticnal equal to Equation (5.5-2) plus the extra term 1/2[¢ - m]*P~'[¢ - mE]. The MAP esti-
mate of GG* 1is seidom used because the M. estimate is easier to compute and proves quite satisfactory.

Ne can use numerical methods to minimize Equation (5.5-2) and compute the ML estimates. In most prac-
tical problems, the following parameter partitioning greatly simplifies the computation ~orired: assume that
the ¢ vector can be partitioned into independent vectors &g and £f such that

GG* = GGQ(EG)

-
L

= flgg) (5.5-4)

The partition gf may be empty, in which case f 1is a constant (if £g 1is empty we have a known GG*
matrix, and the nroblem reduces to that discussed in the previous section). Assume further that the GG*
matrix is completely unknown, except for the restriction that it be positive semidefinite.

Set the gradients of Equation (5.5-2) with respect to GG* and £f equal to zero in order to find the
unconstrained minimum. Using the matrix differentiation results (A.2-5) and (A.2-6) from Appendix A, we get

0 = Vgead(£4,66%)

s - % (GG*)"1 ZN: (Z; - fleeidlzy - flgelln(ea*)™ + % N(GG*)™? (5.5-5)
j=1
N
0 = 7 J(g66%) = - 12 [2, - fleQ)I(66") 7, flep)] (5.5-6)
Equation (5.5-5) gives
S = & > 12 - fleplz - Fig) (5.5-7)
i=1

which is the familiar sample second moment of the residuals. The estimate of GG* from Equation (5.5-7) is
always positive semidefinite. It is possible for this estimate to be singular, in which case we must use the
techniques previously discussed for hardling singular GG* matrices. For a given gf, Equation (5.5-7) is a
simple noniterative estimator for GG*. This closed-form expression is the reason for the partition of ¢
into £f and gg.

We can constrain GG* to be diagonal, in which case the solution is the diagonal elements of Equa-
tion (5.5-7). If we place other _ypes of constraints on GG*, such as knowledge of the values of indi\- iual
off-diagonal elements, such simple closed-form solutions are not apparent. in practice, such constraints are
seldom required.

If ¢f is empty, Equation (5.5-7) is the solution to the problem. If ¢ is not empty, we need to
combine this subproblem solution with a solution for &¢ to get a solution of the entire problem. Let us
investigate the two methods discussed in Section 5.2.3.

The first method is axial iteration. Axial jteration involves successively estimating gg witn fixed
£f, and estimating & with fixed £g. Equation (5.5-5) gives the &g estimate in closed form for fixed ¢¢.
To estimate £¢ with fixed £g, we must minimize Equation (5.5-2) with respect to £¢. Unless the system is
linear, this minimiration requires an iterative method. For fixed G, Equation (5.5-5) is in the form of a
sum of squares and the Gauss-Newton method is an appropriate choice {in fact this subprobiem is identical to
the problem discussed in Sect'-1 5.4). We thus have an inner iteration within the outer axial iteration of
£¢ and £g.  In such situations, efficiency is often improved by terminating the inner iteration before it
converges, inasmuch as the largest changes in the £¢ estimates occur on the early inner jterations. After
these early iter: ions, more can be gained by revising GG* to reflect these large changes thar by refining
Eg. Since the estimates of ¢ and GG* affect one another, there is no point in obtaining extremely accurate
estimates of &¢ until GG* gs known to a corresponding accuracy. As Gauss (1809, p. 249) said concerning
a different problem:
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It then can only be worth while to aim at the highest accuracy, when the
final correction is to be given to the orbit to be determined. But as long
as it appears probable that new observations will give rise to new correc-
tions, it will be convenient to relax, more or less, as the case may be from
extreme precisicn, if in this way, the length of the computations can be
considerably diminished.

Exploiting this concept to its fullest suggests using only one iteration of the Gauss-Newton algorithm for the
inner “iteration.” In this case the inner iteration is no longer iterative, and the overall algorithm would
be as follows:

1. Estimate GG* using Equation (5.5-7) and the current guess of £¢.

2. Use one iteration of the Gauss-Newton algorithm to revise the estimate of ¢f.

3. Repeat steps 1 and 2 until convergence.

In general, axial iteration is a very poor algorithm, as discussed in Chapter 2. The convergence is often
extremely slow. Furthermore, the algorithm can converge to a point that is not a strict local minimum and yet

give no hint of a problem. For this particular application, however, the performance of axial iteration
borders on spectacular.

Let us consider, for a while, the alternative tn axial iteration: substituting Equation (5.5-7) into
Equation (5.5-3). This substitution gives

—

[z,

Heg) = %»N trace{I} + %-N |3 3

- Fleg)lz; - flgp)]* (5.5-8)

=

1

-

The first term is irrelavant to the minimization, so we will redefine the cost function as

| N
1
Heg) = 3N an| & O [7; - HelZ; - Fle)l* (5.5-9)
i=1 ]
You may sometimas see this cost function written in the equivalent (for our purpases} foim
Ieg) = |66 (5.5-10)

Examine the gradient of Equation (5.5-9). Using the matrix differentiation results (A.2-3) and (A.2-6)
from Appendix A, we obtain

N Bl |
- 1 * 3 *
T?ﬁ Heg) = -t |y D 12, - Fleg)llz, - flep)l| Sy flEl - ey (651D
C f j=1 1=1 f

This is more compactly expressed as

N
vgfd(cf) = - :E: {z; - f(af)]*(éé*)"[%gff(sfa (5.5-12)

i=1

which is exactly the same as Equation (5.5-6) evaluated at G = G. Furthermore, the Gauss-Newton method used
to solve Equation (5.5-6) is a good method for solvirg Equation (5.5-12) because

N *
vzf\](cf) z Z [vgff(gf)] (GG*)"[vEff(gf)] (5.5-13)

i=i

Equation (5.5-13) neglects the derivative of §6* with respect to &g, but we can easily show that the term
so neglected is even smaller than the term containing v2f(£¢), the omissicn of which we previously justified.

Therefore, axial iteration is identicai to substitution of Equation (5.5-7) as a constraint. It seems
likely that we could use this equality to make deductions about the geometry of the cost function and thence
about the behavior of various algorithms. (Perhaps there may be some kind of orthogonality property buried
here.) Several computer programs, including the I1iff-Maine MMLE3 code (Maine and I1iff, 1980; and Maine,
1981}, use axial iteration, or a modification thereof, often with 1ittle more justificaticn than that it seems
to work well. This is, of course, the final and most important justification, but it is best used as verifi-
cation of analytical arguments. Although Equations (5.5-1Z) and (5.5-13) are derived in standard texts, we
have not seen the relationship between these equations and axial iteration pursued in the literature. It is
plain that this equivalence relates to the excellent performance of axial iteration on this problem. We will
leave further inquiry along this line to the reader.

An important special case of Equation (5.5-1) occurs when f(gf) is linear
fleg) = Cep (5.5-14)

a0 s i e
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with invertible C. For linear f, Equation (5.5-6) is solved exactly in a single Gauss-Newton iteration,
and the solution is

N
Ep = (CH(GE%)™2C)C(66%) ™ & E z (5.5-15)

is1

If C is invertible, this reduces *o

TS DI (5.5-16)

1

|-

N
i=

independent of GG*. This is, of course, C*! times the sample mean. Substituting Equations (5.5-14)
and (5.5-16) into (5.5-15) gives

N N N
GGH%Z 2, -3 1, zi-%Zzi (5.5-17)

which is the familiar sample variance. Equation (5.5-17) can be manipulated into the alternate form

86 = 1 Esz*-l zNz EN z> .
LI PR | WO j) (5.5-18)
i=1 i=1

i=1

Because Zf is not a function of GG*, the computation of &g and GG* does not require iteration for this
system model.

In general, the meximum likelihood estimates are asymptotically unbiased and efficient, but they need
have no suct properties for finite N. For linear invertible systems, the biases are easy to compute. From
Equation (5.5-16),

N
EtEelegd = €7 4 D, Cep = €, (5.5-19)
i=1

This equation shows that Ef is unbiased for finite N for linear invertible systems. From Equa-
tion (5.5-18), using the fact that IZ; ds Gaussian with mean NCgs and covariance NGG*,
AL _1 *nk 1 2 *rk * _N-I
E{GG*|c} = X [ﬁ(cifsfc + GG*) - N (N Csfgfc + NGG )] = GG* (5.5-20)

Thus GG* is blased for finite N. Examining Equation (5.5-20), we see that the estimator defined by multi-
plying the ML estimate by N/(N-1) is unbiased for finite N if N > 1. This unbiased estimate is often
used instead of the maximum 1ikelihood estimate. For larce N, the difference is irconsequential.

In this discussion, we have assumed that both GG* and g;) are unknown. If g£¢ is known, then the maxi-

mum likelihood estimator for GG* is given by Equation (5.5-7) and this estimate is unbiased. The proof is
Teft as an exercise. This result gives insight into the reasons for the bias of the estimator given by

Equation (5.5-17). Note that Equations (5.5-17) and (5.5-7) are identical except that the sample mean is used

in Equation (5.5-17) in place of the true mean in Equation (5.5-7). This substitution of the sample mean for
the true mean has resulted in a bias.

The difference between the estimates from Equations (5.5-17) and (5.5-7) can ¢ +ten in the form
N N *
1 1
t D IR AREI(] | Y ARE O (5.5-21)
i=1 j=1

As this expression shows, the estimate of GG* using the sample mean is less than or equal to the estimate
using the true mean for every realization (i.e., the difference is positive semidefinite), equality occurring

only when all of the Z; are equal to f(£¢). This is a stronger property than the bias difference; the bias

difference implies only that the expected value using the sample mean is less.

5.6 NON-GALISSIAN NOISE

Non-Gaussian noise is so general a classification that little can be said beyond the discussion in
Chapter 4. The forms and properties of the estimators depend strengly on the types of noise distribution.
The same comments apply to Gaussian noise if it is not additive or multiplicative, because the conditional
distribution of Z given £ {s then non-Gaussian. In general, we apply the rules for transformation of
variables to derive the conditional distribution of Z given 5. Using this distribution, and the prior dis-
tribution of ¢ if defined, we can derive the various estimators in principle.
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The optimal estimators of Chapter 4 ofter require considerable computation for non-Gaussian noise. It is
often possible to define much simpler estimators which have adequate performance. We will examine one situa-
tion where such simplification can occur.

Let the system model be linear with additive noise
I+0g+ow (5.6-1)

The distribution of « must have finite mean and variance independent of £, but is otherwise unrestricted.
Call the mean m,6 and the variance GG*. We will restrict ourselves to considering onl¥ linear estimators

of the form

£=KLZ+D (5.6-2)
Within this class, we will look for minimum-variance, unbiased estimators. We will require that the variance
be minimizea only over the class of unbiased linear estimators; there will be no guarantee that a smaller
variance cannot be attained by a nonlinear estimator.

The bias of an estimator of the form of Equation (5.6-2) is

b(e) = E{E]e} - € = K& - € + D - Kmy, (5.6-3)

If the estimator is to be unbiased, we must have
D = Km, {5.6-8a)
KC =1 (5.6-4b)

The variance of an unbiased estimator of the given form is
var(£) = KGG*K* (5.6-5)

Note that the bias and variance of the estimate depend only cia the mean and variance of the noise distri-
bution. The exact npoise distribution need not even be known. If the noise distribution were Gaussian, a
minimum-variance unbiased estimator would exist and be given by

g = (C*(GG*)‘IC)'lc*(GG*)'l(li - mw) (5.6-6)
This estimator is linear. Since no unbiased estimator, linear ur not, can have a lower variance for the
Gaussian case, this estimator is the minimum-variance, unbiased linear estimator for Gaussian noise. Since

the bias and variance of a linear estimator depend only on the mean and variance of the noise, this is the
minimum-variance, unbiased linear estimator for any noise distribution with the same mean and variance.

The optimality of this estimator can also be easily proven without reference to Gaussian distributions
(although the above proof is complete and rigorous). Let

A = K~ (C*(GG*)~1C)7iC*(GG*)™! (5.6-7) 5

for any K. Then
0 < AGG*A*

KGGYK* + (C*(GG*)~2C)~1C*(G6*) 166" (GG*)-1C(C*(66*)~1C, ?
- KGG*(GG*)~*C(C*(G6*)-1C)"?!
- (C*(6G*)~2C)"2C*(GG*) ™ *GG*K* —

e

"

KGG*K* + (C*(GG*)"2C)"*
- KC({C*(GG*)~2C)~* - (C*(GG*)~IC) iC*K* (5.6-8)
Using Equation (4.6-4b) as a constraint on K, Equation (5.6-8) becomes

0 < KGG*K* - (C*(GG*)~C)™* (5.6-9)
or, using Equation (5.6-5)
var(€) 2 (C*(66*)~C)? {5.6-10)

Thus no K satisfying Equation (5.6-4b} can achieve a variance lower than that given py Equation /5.6-10).
The variance is equal to the minimum if and only if A is zero; that is if

K = {C*(G6*)~1C) C*(GG*)™" (5.6-11)

Therefore Equation (5.6-6) defines the unique minimum-variance, unoiased linear estimator. We are assuming
that G6G* and C*(GG*)~'C are nonsingular; Section 5.3 discusses the singular cases.

In summary, if the system is linear with additive noise, and the estimator is required to ve linear and
unbiasea, the results for Gaussian distributions apply to any distribution with the same mean and variance.
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66 5.6
The use of optimal nonlinear estimators is seldom justifiable in view of the current state of the art.

Although exceptional cases exist, three factors argue against using optimal nonlinear estimators. The fiirst

factor is the complexity and corresponding cost of deriving and implementing optimal nonlinear estimators.

For some problems, we can construct fairly simple suboptimal nonlinear estimators that give better performance

than the linear estimators (often by slightly modifying the linear estimator), but optimal nonlinear estima-
tion is a difficult task.

The second factor is that linear estimators, perhaps slightly modified, often can give quite good esti-
mates, even if they are not exactly optimal. Based on the central 1imit theorem, several results show that,
under fairly general conditions, the linear estimates will approach the optimal nonlinear estimates as the

number of samples increases. The precise conditions and proofs of these results are beyond the scope of this
book.

The third factor is that we seldom have precise knowledge of the distribution anyway. The errors from
inaccurate specification of the distribution are likely to be as large as the errors from using a suboptimal
linear estimator. ke need to consider this fact in deciding whether an optinal nonlinear estimator is really
worth the cost. From Gauss (18C9, p. 253)

The investigation of an orbit having, strictly speaking, the maximum probabil-
ity, will depend upon a knowledge of...[the probability distribution]; but
that depends upon so many vague und doubtful considerations—physiological
included—-which cannot be subjected to calculation, that it is scarcely, and
indeed less than scarcely, possible....
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Figure (5.3-1). Confidence region with singular P-1,
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Figure (5.3-2). Confidence region with another singular P71,
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CHAPTER 6

6.0 S.JCHASTIC PROCISSES

In simplest terms, a stochastic process is a random variable that is a function of time. Thus stochastic
processes are basic to the study of parameter estimation for dynamic systems. A complete and rigorous study
of stochastic process theory requires considerable depth of mathematical background, particularly for
continuous-time processes. For the purposes of this book, such depth of background is not required. Our
approach does not draw heavily on stochastic process theory.

This chapter focuses on the few results that are needed for this document. Astrom (1970), Papoulis
(1965), Lipster and Shiryayev (1977), and numerous other books give more complete treatments at varying levels
of abstraction. The necessary results in this chapter are largely concerned with continuous-time models.
Although we derive a few discrete-time equations in order to examine their continuous-time limits, the chapter

can be omitted if you are studying only discrete-time analysis.

6.1 DISCRETE TIME

A discrete-time randorm process x is simply a collection of random variables xj, one for each time
point, defined on the same probability space. There can be a finite or infinite number of time points. The
stochastic process is completely characterized by the joint distributions of all of the x;. This can be a
rather unwieldy means of characterizing the process, however, particularly if the number o} time points is

infinite.

If the xj are jointly Gaussian, the process can be characterized by its first and second moments. Non-
Gaussian processes are often 21so analyzed in terms of their first two moments because exact analyses are too
complicated. The first two moments of the process x are

m(1i)
R(1,4) = Elx;xt) (6.3-2)

"

E(x;) (6.1-1)

The function R(i,j) is called the autocorrelation function of the process.

A process is called stationary if the joint distribution of any collection of the xj depends only on
differences of the i values, not on the absolute time. This is called strict-sense stationarity. A process
is stationary to second order or wide-sense stationary if the first moment is constant and the second moments

depend only on time differences; i.e., if
R(i - k,J - k) = R{i,]) (6.1-3)

for all 1, j, and k. For Gaussian processes wide-sense stationarity implies strict-sense stationarity. The
autocorrelation function of a wide-sense stationary process can be written as a function of one variable, the

time difference.
R(k) = R(i,i + k) {6.1-4)

A process is called white if x; 1is independent of xj for all 1 # j. Thus a Gaussian process is white
if R(i,j) =0 when 1 # j. Any process that is not white is called colored. A white process can be charac-
terized by the distribution of x; fo~ each 1i. If a process is buth white and stationary, the distribution
of xj is the same as that of xj for a'l i and j, and this distribution is sufficient to characterize the

process.

6.1.1 Linear Systems Forced by Gaussian White Noise

Qur primary interest in this chapter is in the results of passing random signals through dynamic systems.
We will first iook at the simplest case, stationary white Gaussian noise passing through a Tinear system. The

system eguation is

Kigy = 0%y + Fni i=0,1,... (6.1-5)

where n 1is a stationary, Gaussian, white process with zero mean ard identity covariance. The assumptinn of
zerc mean is made solely to simplify the equations. Results for nonzero mean can be obtained by linear super-
position of the deterministic response to the mean and the stochastic response to the process with the mean

removed. We are also given that x, is Gaussian with mean O and covariance Py, and that x, is independent

of the nj.

The xj form a stochastic process generated from the nj. We desire to examine the properties of the
stochastic process x. It {s immediately obvious that x 1{s Gaussian because x{ can be writien as a linear
combination of x, and ny,, n,,...n4_;. In fact, the joint distribution of the x4 can be easily derived by
explicitly writing this 11near re1atfon and using Theorem (3.5-5). We will leave this derivation as an exer-
cise, and pursue instead a derivation using recursion along the 1ines that will be used in Chapter 7.

Assume we know that xg has mean 0 and covariance Pj. Then the distribution of xi+, follows imme-
diately from Equation (6.1-5):

E(x1+1} = oE{x1) + FE{ni) =0 (6.2-6)
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70 6.1.1

E(xyy XYy, ) = OEOX xFI0* + FE(n n3}F* + 0E{x;n§IF* + FE{n x¥}e% = 9P o% + FF* (6.1-7)

The cross terms in Equation (6.1-7) drop out because xj 1is a function only of Xo and ng, Ny,...N§oy, all
of which are independent of ny by assumption. We now have a recursive formula for the covariance x4

P1+1 = oPio* + FF* i=0,1,... (6.1-8)
where P, is a given point from which we can start the recursion.
We know that the xj are jointly Gaussian zero-mean variables with covariances given by the recursion

(6.1-8). To complete the characterization of the joint distribution of the xi, we need only the cross-
covariances E{x1x§) for 1 # j. Assume without loss of generality that i > J. Then xi can be written as

je1
R, fe1ek i
xp = ol D et iken (6.1-9)
k=
Then
i-1
= oi-d ” i-1-k %) = ol : i -
EOxxt) = o Jeqxon) +; o Kremty = o i (6.1-10)
=5

The cross terms in Equation (6.1-10) are all zero by the same reasoning as used for Equation (6.1-7). For
i < j, the same derivation (or transposition of the above result) gives

Elx,x) = Plom)d™ < (6.1-11)

This completes the derivation of the joint distribution of the xj. Note that x is neither stationary nor
white (except in special cases).

6.1.2 Nonlinear Systems and Non-Gaussian Noise

If the noise is not Gaussian, analyzing the system becomes much more difficult. Except in special cases,
we then have to work with the probability distributions as functions instead of simply using the means and
covariances. Similar problems arise for ncrlinear systems or nonadditive noise even if the noise is Gaussian,
because the distributions of the xj will not then be Gaussian.

Consider the system

Xip * f(xi'"i) i=0,1,... (6.1-12)

Assume that f has continuous partial derivatives almost everywhere, and can be inverted to obtain ng
(trivial if the noise is additive):

ny = f"(xi.xi+1) (6.1-13)

The nj are assumed to be white and independent of x,, but not necessarily Gaussian. Then the conditional .
distribution of x4, given x; can be obtained from Equation (3.4-1) -

Py lxi(x1+1[xi) = pp (£ (xgax4y,)) | det(9)| (6.1-14)
1+ 1
where J is the Jacobian of the transformation f~'. The joint distributfon of x,,...xy can then be
obtained from

N
Py(Xgs vee my) = oy (x,) n px”xi_l(xile_,) (6.1-15)

Equations (6.1-14) and (6.1-15) are, in general, too unwieldy to work with in practice. Practical work with
nonlinear systems or non-Gaussian noise usually involves simplifying approximations.

6.2 CONTINUQUS TIME

We will Jook at continuous-time stochastic processes by looking at limits of discrete-time processes with
the time interval going to 0. The discussion will focus on how to take the 1imit so that a useful result is
obtajned. We will not get involved in the intFicacies of Ito ur Stratanovich calculus {Astrom, 1970;
Jazwinski, 1970: and Lipster and Shiryayev, 1977).

6.2.1 Linear Systems Forced by White Noise

Consider a linear continuous-time dynamic system driven by white, zero-mean noise

x(t) = Ax(t) + Fn(t) (6,2-1)
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6.2.1 71
We would like to louk at this system as a 1imit (in some sense) of the discrete-time systems

x(ti +a) =(1+ aA)x(ti) + AFCn(ti) (6.2-2)

as A, the time interval between samples, goes to tero. Equatfon (6.2-2) is in the form of Euler's method for
approximating the solution of Equation (6.2-1). For the moment we will consider the discrete n(t;) to be
Gaussian, The distribution of the n(t;) is not particularly important to the end result, but our argument i
somewhat easier if the n(tj) are Gaussian. Equation (6.2-2{ corresponds to Equation (6.1-5) with I + Aa
substituted for o, aAF. substituted for F, and some changes in notation to make the discrete and continuous

notations more similar.

1f n were a reasonably behaved deterministic process, we would get Equation (6.2-1) as a limit of Equa-
tion (6.2-2) when A goes to zero. For the stochastic system, however, the situation is quite different.
Substituting I + AR for ¢ and aFc for F in Equation (6.1-8) gives

P(t1 +4)=(1+ AA)P(ti)(I + AA)* + AZFCF; (6.2-3)

Subtracting P(t;) and dividing by & gives

P(t; +8) - P(t;)
g = AP(t;) + P{t;)A% + AAP(t;)A* + oF ¥ (6.2-4)
Thus in the limit
P(t) = AP(t) + P(L)A (6.2-5)

Note that F. has completely dropped out of fquation (6.2-5). The distribution of x does not depend on the
distribution of the forcing noise. In particular, if P, = 0, then P(t) = 0 for all t. The system simply
does not respond to the forcing noise.

A model in which the system does not respond to the noise is not very useful. A useful mode! would be one
that gives a finite nonzero covariance. Such a model is achieved by multiplying the noise by a-*/2 (and thus
jts covariance by A~'). We rewrite Equation (6.2-2) as

x(t; +8) = (1 + aR)x(t;) + a¥/2F n(ty) (6.2-6)

The & in the &F.FE term of Equation (6.2-4) then disappears and the Timit becomes

B(t) = AP(t) + P(t)A* + F F? (6.2-7)

Note that only a a~' behavior of the covariance (or something asymptotic to a~!) will give a finite nonzero
result in the limit.

We will thus define the continuous-time white-noise process in Equation (6.2-1) as a limit, in some
sense, of discrete-time processes with covariances a~*. The autocerrelation function of the continuous-timne

process is
R(t,7) = E{n(t)n(x)*: = &(t - 1) (6.2-8)

The impulse function &(s) is zero for x # 0 and infinite for s = 0, and its integral over any finite range
including the origin is 1. We will not go through the mathematical formalism required to rigorously define
the impulse function—suffice it to say that the concept can be defined rigorously.

This model for a continuous-time white-noise process requires further discussion. It is obviously not a
faithful representation of any physical process because the variance of n(t) is infinite at every time point.
The total power of the process is also infinite. The respornse of a dynamic system to this process, however,

appears well-behaved.

The reasons for this apparently anomalous behavior are most easily understood in the frequency domain.
The power spectrum of the process n 1is flat; there is the same power in every frequancy band of the same
width. There is finite power in any finite frequency range, but because the process has infinite bandwidth,
the total power is infinite. Because any physical system has 7.iite bandwidth, the system response to the
noise will be finite. If, on the other hand, we kept the total power of the noise finite as we originally
tried to do, the power in any finite freguency band would go to zero as we approached infinite bandwidth; thus,
A physital system would have zero response.

The preceding paragraph explains why 1t is necessary to have infinite power in a meaningful continuous-
time white-noise process. It alsc suggests a rationale for justifying such a mouel even though any physical
noise source must have finite power. We can ervision the physical noise as being band limited, but with a
band 1imit much larger than the system band 1imit. If the noise bard 1imit is large enough, its exact value
is unimportant because the system response to inputs at a very high frequency i~ negligible. Therefore, we
can analyze the system with white noise of infinite bandwidth and obtain results that are very good approxima-
tions to the finite-bandwidth results. The analysis is much simpler in the infinite-bandwidth white-noise
model (even though some fairly abstract mathematics is required to make it rigorous). In summary, continuous-
time white-noise is not physically realizable but can give results that are good appruximations to physical

systems.

|2

RERAIES - W

no -

&



-

ey s o e

o e s

R

i
A
y
]
b
i
M
£

72 6.2.2
6.2.2 Additive White Measurement Noise

We saw in the previous section that continuous-time white noise driving a dynamic system must have
infinite power in order to obtain useful results. We will show in this section that the same conclusion
applies to continuous-time white measurement noise.

We suppose that noise-corrupted measurements z are made of the system of Equation (6.2-1). The mea-
surement equatfon is assumed to be 1inear with additive white noise:

2(t) = Cx(t) + 6.n(t) (6.2-9)

For convenience, we will assume that the mean of the aoise is 0. We then ask what else must be said about
n(t) in order to obtain useful results from this model.

Presume that we have measured z(t) over tne interval 0 < t < T, and we want to estimate some character-
istic of the system—say, x(T). This is a filtering problem, which we will discuss further in Chapter 7. For
current purposes, we will simplify the problem by assuming that A= 0 and F = 0 1{n Equatfon {6.2-1). Thus
x{t) is a constant over the interval, and dynamics do not enter the problem. We can consider this a static
problem with repeated observations of a random variable, like those situations we covered in Chapter 5.

Let us look at the 1imit of the discrete-time equivalents to this problem. (f samples are taken every
5 seconds, there are A~'T total samples. Equation (5.1-31) is the MAP estimator for the discrete-time
problem. The mean square error of the estimate is given by Equations (5.1-32) to (5.1-34). As A decreases
to 0 and the number of samples increases to infinity, the mean square error decreases to 0. This result would
imply that continuous-time estimates are always exact; it is thus not a very useful modei. To get a useful
inodel, we musi let the covariance of the measurement noise go to infinity l1ike a™! as 4 decreases to 0.
This argument is very similar to that used in the previous section. If the measurement noise had finite
varianca, each measurement would give us a finite amount of information, and we would have an infinite amount
of information (no uncertainty) when the number of measurements was infinite. Thus the discrete-time equiva-
lent of Equation (6.2-3) is

2(t,) = Cx(t,)+ a7/ %6 n(ty) (6.2-10)

where n(tj) has identity cuvasiance.

Becausc any measurement is made using a physical device with a finite bandwidth, we stop getting much new
information as we take samples faster than the response time of the instrument. In fact, the measurement equa-
tion is sometimes written as a differential equation for the instrument response instead of in the more jdeal-
ized form of Equation (6.2-9). We need a noise model with a finite power in the bandwidth of the measurements
because this is the frequency range that we are really working in. This argument is essentially the same as
the one we used in the discussion of white noise forcing the system. The white noise car again be viewed as
an approximation to band-limited noise with a large bandwidth. The lack of fidelity in representing very hign-
frequency characteristics is not too impertant, because high frequencies will tend to be filtered out when we
cperate on the data. (For instance, most operations on continuous-time data will have integrations at some
point.) As a consequence of this modeling, we shculd be dubjous o. the practical application of any algorithm
which results from this analysis and does not ftilter out high-frejquency data in some manner,

We can generaiize the conclusions in this and the pravious section. Continuous-time white noise with
finite variance is generally not a useful concept in any cuntext. We will therefore take as pirt of the defi-
nition of continuous-time white noise that it have infinite covariance. We will use the spectral density
rather than the cuvariance as a meaningful measure of the noise amplitude. White noise with autocorrelaiion

R(t,t) = GCGEG(t - 1) (6.2-11) .
has spectral density G.Gg.
6.2.3 Nonlinear Systems

As with discrete-time nonlinearities, exact aralysis of nonlinear continuous-time systems is generally so
difficult as to be impossible for most practical intents and purposes. The usual approach is to use a linear-
ization of the system or some other approximation,

Let the system equation be

x(t) = f(x,t} + g(x,t)n{t) (6.2-12)
where n is zero-mean white noise with unity power, spectral density. For compactness of notation, let p

represent the distributfon of x at time t, given that x was x, at time t,. The evolution of this
distribution {s described by the following parabolic partial differential equation:

n n
2. . N 0 4l 2 13
3t ;E: o] (pfyi *+ 3 1 ;E; B y% (P94 95¢) (6.2-13)
=] sJ oK=L

where n is the length of the x vector. The initial condition for this equatic: at t =t  fis

p* &(x - x,). See Jazwinski (1970) for the derivation of Equatior (6.2-13). This equation {s called the
Fokker-Planck equation or the forward Kolmogorov equaiion., It is considered one of the basic equations of
nonlinear filtering theory. In principle, this equation completely describes the behavior of the system and
thus the problem is "solved." In practice, the solution of this multidimensional partial differential equa-
tion is usually too formidable to consider seriously.
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CHAPTER 7

7.0 STATE ESTIMATION FOR DYNAMIC SYSTEMS

In this chapter, we address the estimation of the state of dynamic systems. The emphasis is on linear
dynamic systems with additive Gaussian noise. We will inftially develop the theory for discrete-time systems
and then extend it to continuous-time and mixed continuous/discrete models.

The general form of a iincar discrete-time system model is

Kgpy = OXp + YU, ¢ Fn1 1=0,1,... (7.0-1a)
7y = Cxi + Du1 + Gn1 i =1,2,... (7.0-1b)

The ny and ny are assumed to be independent Gaussian noise vectors with zero mean and identity covariance.
The noise n is called process noise or state noise; n 1is called measurement noi:e. The input vectors, ui,
are assumed to be known exactly. The state of the system at the {th time point is »4. The initiai condi-
tion x, 15 a Gaussian random varfable with mean m, and covariance P,. (P, can be zero, meaning that the
initial condition is known exactly.)

In general, the systen matrices ¢, ¥, F, C, B, and G can be functiors of time. This chapter will assume
that the system is time-invariant in order to simplify the nctation. Except for the discussion of steady-state
forms in Section 7.3, the results are easily generalized to time-varyiag systems by adding appropriate time
subscripts to the matrices.

The state estimation problem is defined as follows: based on the measurements z,, z,...zyN, estimate the
state xM. To shorten the notation, we define

Iy = (zl.zz...zN)* (7.0-2}

State estimation problems are cormonly divided into three classes, depending on the relationship of M and N.

If M 15 equal to N, the problem is called a filtering probiem. Based on all of the measurements taken
up to the current time, we desire to estimate the current state. This type of problem is typical of those
encountered in real-time applications. It is the most widely treated one, and the one on which we wiil
concentrate.

If M is greater than N, we have a predicticn . ‘“am. The data are available up to the current time
N, and we desire to predict the state at some future time M. We will see that once the filtering problem is
solved, the prediction problem is trivial.

If M is less than N, the problem is called a smoothing protlem. This type of problem is most commonly
encountered in postexperiment hatch processing in which all of the data are gathered before processing begins.
In this case, the estimate of xM can be based on 2i1 of the data gathered, both before and after time M.

By using all values of M from 1l to N - 1, plus the filtered solution for M = N, we can construct the esti-
mated state time history for th2 interval being processed. This is referred to as fi:ed-interval smoothing.
Smoothing can also be used in a real-time environment where a few time points of delay in obtaining current
state estimates is an acceptable price for the improved accuracy gained. For instance, it might be acceptable
to gather data up to time N = {4 + 2 before computing the estimate of xy. This is called fixed-lag smooth-
ing. A third type of smoothing is fixed-point smoothing; in this case, it 15 desired to estimate xy for a
particular fixed M in a real-time environment, using new data to improve the estimate.

In ail cases, xy will have a prior distribution derived from Equation (7.0-1a) and the noise distribu-
tions. Since Equation (7.0-1) is 1inear in the noise, and the noise is assumed Gaussian, the prior and
posterior distributions of xy will be Gaussian. Therefore, the ¢ posteriori expected value, MAP, and man
Bayes' minfmum risk estimators will be identical. Thesc are the obvious estimators fur a problem with a well-
defined prior distritution. The remainder of the chapter assumes the use of these estimators.

7.1 EXPLICIT FORMULATION

By manipulsting Equation (7.0-1) into an appropriate form, we can writa the state estimation problem as a
special case of the static estimation problem studied in Chapter 5. In this section, we will solve the problem
by such manipulation; the fact that a dynamic system involved will thus play no special role in the meaning
of the estimation problem. We will examine only the t\itering problem here.

Our afm is to manipulate the state estimation problem into the form of cquation (5.1-1). The most obvious
approach to this sroblem {s to define the & of Equation (5.1-1) to be xp, the vector which we desire to
estimate. The observation, Z, would be a concatanation of 24,...,iN; and the input, U, would be a4 concatena-
tion of ¥ 4..eyuN-,. The noise vector, w, would then have to be a concatenation of ny,... PN-3sNye---TH.

The problem can indeed be written in this manner. Unfortunatuly, the prior distribution of xy 1s not inde-
pendent of n,,...,Ny., (except for the case N = 0); therefore, Equation (5.1-16) is not the correct expres-
sion for the ﬁAP estimate cf xy. Of course, we could derive an appropriate expression allowing for the corre-
1ation, but we will take an altarnate approgch which allows the direct use of Equation (5.1-16).

Let the unknown parameter vector be the concatenation of the initial condition and all of the process
noise vectors.
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£ = [xpunguny . oy, I* (7.1-1)

The vector xy, which we really desire to astimate, can be written as an explicit function of the elements ot
€; in particular, Equatfon (7.0-1a) expands into

-1
XN - ONX° + ON

vy, + Fny) (7.1-2)

s

We can compute the MAP estimate o” xy by usinc the MAP estimates of x, and ny 1in Equation (7.1-2). Mote
that we can freely treat the n4 as noise or as unknown parameters with prinr distributions without changing
the essential nature of the problem. The probabtlity distribution of 2 {s identical in either case. The

only distinction is whether or not we wint estimates of the n{. For this choice of ¢, the remaining items
of Equation (5.1-1) must be

=022,
Ve Tugouyseiuy I (7.1-3)
w ™ [nl-n,.---.nN]*

We get an explicit formula for 24 by substituting Equation (7.1-2) into Equation (7.0-1b), giving

{-1
z, = C@1x° +C z o"""(wuJ + rnj) + Duy + Bng (7.1-4)
J=o
which can be written in the form of Equation (5.1-1) with
[ co CF ¢ .. 0 0]
Co? CeF ¢F ... 0 0
cuy «| : . R (7.1-52)

eVt oM e L. o o

| eV eM M L ceF oF

o
[ ¢ D 0 vee 0 0]
Cov Cy 1 0 0
o) =| . . O ¥ (T} (7.1-5b)
CoN"v ceV2y  coMly . 2 0

G(u) = . (7.1-5¢)

¢t v ... 6 0
L ) 0 era 0 [
You can easily verify these matrices by substituting them into Equation (5.1-1).

The mean and covariance
the prior distri* :ion of ¢ are
[, ] P, 0 0 ... 0]
0 o 1 0 ... O
m - of, P=JC 0 0 ... © (7.1-6)
LOJ _0 0o 0 .. I]

The MAP estimate of & 1s then given by Equation (5.1-16). The MAP estimate of

XN, which we seek, {s
obtained from that of ¢ by using Equation (7.1-2).
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The filtering problem is thus "solved." This solution, however, 1s unacceptabiy cumbersome. If the
system state {s an t-vector, the inversion of an (N + 1)t-dy-{N + 1)2 matrix is required in order to estimate
xN. The computational costs become unacceptable after a very few tim2 points. We could fnvestigate whether it
is possible to take advantage of the structure of the matrices given in Equation (7.1-5) in order to simplify
the computation. We can more readily achieve the same ends, however, by adoptiny a different approech to
solving the problem from the start.

7.2 RECURSIVE FORMULATION

To find a simpler solution to the filtering problem than tn.: derived in the przceding section, we need to
take better advantage of the special structure of the problem. The above derivation used the 1inearity of the
problem and the Gaussian assumption on the noise, which are secondary features of the problem structure. The
fact that the probiem {nvolves a dynamic state-space model §s much mire basic, but was not used above to any
special advantage; the first step in the derivation was to recast the system in the form of a static model.

Let .. reexamine the problem, making use of the properties of dynamic state-space systems.

The defining property of a state-space model is as follows: the future output is depandent only on the
current state and the future fnput. In cther words, provided that the current state of the system is know:,
knrwledge of any previous states, inputs, or outputs, is irrelevant to the prediction of future system behav-
jor; all relevant facts about previous behavior are subsumed in the knowledge of the current state. This is
essentially the definition of the state of a system. The probabilistic expression of this idea is

p(zN.zN+l...|xN) = p(zN'zN+1"‘|xN‘xN-1"'uN-x’uN-z"'ZN-!; (7.2-1)

It is this property that allows the systea tn be described in a recursive form, cuch as that of Equa-
tion (7.0-1). The recursive form involves much less computation than the mathematically equivalent explicit
form of Equation (7.1-4).

This reasoning suggests that recursion might be used to some advantage in obtaining a solutfon to the
filtering problem. The estimators under consideration (MAP, etc.) are all defined from the conditicnal dis-
tribution of xy given Zy. We will seek a racursive expre-sion for the conditional distribution, and thus
for the estimates. We will prove that such an expression exists by deriving it.

In the nature of recursive forms, .2 start by assuming that the conditional distribution of xy given z)
is known for some N, and then we attempt to derive an expression for the conditional distr.bution of
XN+, 9iven Zy,,. We recognize this task as similar to the measurement partitioning of Section 5.2.2, in that
we want to simplify the solution by processing the measurements one at a time. Equations (5.2-2) and (7.2-1)
express similar ideas and give the basis for the simplificatinns in both cases. ?The xy of tquation (7.2-1)
corresponds to the ¢ of Equation (5.2-2).)

Our task then i3 tc derive p(xy+ lzu,,). We will divide this task in.o two steps. First, derive
p(xu,,lzu) from pixy|Zy). This is call-~ 1e prodiction step, because we are predicting xn,, based on pre-
vious information. It Qs also called « » rime update because we are updating the estimate to a new time poir’
based on the same data. The second step is to derive p(xney|Zn+y) from piXnsy|ZN). Thts is called the
correction step, because we are correcting the predicted est*mate of «ny: based on the sew informat‘on in
IN+y. It 15 also called the measurement update because we are updating the estimete based on the new
measurement.

Since all of the distributions are assumed to be Gaussian, they are completely defined by their means and
covariance matrices. Denote the (presumed known) mean and covariance of the districution p{xn|ZN) by *» and
Py, respectively. In general, Xy and Py are functions of Zy, but we will not encurber the notation with this
information. Likewise, denote tne mean and covariance of p{Xns,|Zy) by N4y 2nd Qy4,. The task ‘5 thus to
ger1ve :xsressions for Rn4, and Qne, in terms of Xy and Py and expressions for yN+1 and Pys; in terms of

N+1 and QN+, .

7.2.1 Prediction Step

The prediction step (time update) is straightforwerd. For Xp4,, simply take the expected value of
Equation (7.0-1a) conditioned on 1Zy.

E{XN+X‘ZN) = oE(xy|Zy) + vy + FE{anlN} (7.2-2)
The quantities E{xys, |2y} and E{xy|Zy} are, by definition, xy+, and Xy, respectively. 2y 1is a function of
Xgo MgyeoosNloyanyes..ny, and deterministic quantities; ny is indepengent of ali of these, und therefore
independent of Zx. Ths

E(nullu) = Einy} = 0 (..2-3)

Substituting this into Equation (7.2-2) gives

v

X = 4x, + 128
Koy = Oy + vuy : )

In order to evaluate Qy4,, take the covariunce of both sides of Equation (7.0-1a). Since the tirve lerkt on
the right-hand side of tF. equation are independent, the covariance of their sum is the sum of th-'r
covariances.

covixy,, [Zy} = ¢ covixy|Zy)e* * cov{vuyiZy) ¢ F coviny(Z }F4 (7.2-8)
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I The terms cov{xy+,|ZN} and cov{xy|Zy} ere, by definition, Qn+, and Py, respectively. vyuy is deterministic
and, thus, has zero covariance. By the independence of ny and Zy

X covingle } = coviny: = 1 (7.2-6)
é Substituting these relationships into Equation {(7.2-5) gives !
% o WP + FF* (7.2-7)
g Equations (7.2-4) and (7.2-7) constiiute the results cesired for the prediction step (time update) of the .
I filtering problem. They readily generalize to predicting more than one sample ahead. These equations justify '
i our earlier statement that, once the filtering problem is solved, the prediction problem is easy; for suppose 4
§ we desire to estimate xy based on Zy with M > N. If we can solve the filtering problem to obtain Xy, the H
¢ filtered estimate of xy, then, by 2 straightforward extension of Fquation {7.2-4), :
. ¥ M-1
% <
- oM-No M-1-i N
g E[xM[ZN} =0 Kyt 2 ¢ g (7.2-8)
: =N \
is the des:ied MAP estimate of xy. :
. 7.2.2 Correction Step §
f For the correction step (measurement update), assume that we know the mean, Ans,, and covariance, Qney» of
& the distribution of xy4; given Zy. We seek the distribution of xy+; given both Zy and zy4,. From
- Equation (7.0-1b) .
- ¥
i Zyy, = Cxyyy + DUy, + Gy, (7.2-9) i
! '
! The distribution of ny4; is Gaussian with zero mean and identity covariance. By the same argument as used i
¢ for ny, nyey s independent of ZN. Thus, we can say that
i
: Pnye, 1Zy) = Plugy,) (7.2-10)
i

B This trivial-looking statement is the key to the problem, for now everything in the problem ic conditioned in
. IN, we know the distributions of xN+; and ny+; conditioned nn Zy, i d we seek the distribution of xy+,
conditioned on Iy, and additiorally corditioned on zp4,.

This problem is thus exactly in the form of Equation (5.1-1), except that all of the distributions
involyv»d are conditioned on Zy. This amounts to nothing more than restating the problem of Chapter 5 on a
different probability space, one conditioned on IN. The previous results apply directly to the new probabil-

ity space. Therefore, frc ' Equations (5.i-14) and (5.1-15) {
Rypr = ey * Pray P(B6%) 2 (2, = gy, = Dupy)) (7.2-a..
Oysy = (CH(GE*)73C + Qg1 )7 (7.2-12) o
. In obtaining Equations (7.2-11) and (7.2-12) from Equations (5.1-i4) and (5.1-15), we have identified the :
following quantities: }
(5.1-14),(5.1-15) | (7.2-11),(7.2-12) :
me ’.‘Nﬂ
P QN«H
z Zyi
¢ c b
0 ?uNh '
E{g]2} Ky
cov{g|7} Pres
GG* GG*

This completes the derivation of the correction step (measur:ment update), which we see to be a direct aopli-
cation of the results from Chapter 5.

7.2.3 Kalman Filter

To complete the recursive solution to the filteriny probiem, we need only know the solution for some value i
of N, and we can now propagate that solution to larger N The solution for N = 0 {s immediate from the :
initial oroblem statement. The distribution of x,, conditioned on Z, (i.e., conditioned on nothing because

Zi = (215...42¢)*), 15 given to be Gaussian with mean m, and covariance P,. i
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7.2.3 17
Let us now fit together the pieces derived above to show how to solve the filtering problem:
Step 1: [Initialization
Define X4 = m,
P, is given
Step 2: Prediction (time update), starting with i = 0,
Kigy = ¥+ Yu, (7.2-13)
2y = Oxgyy * DUy, (7.2-14)
Qyqy = 9P + FF* (7.2-18)
Step 3: Correction {measuresnent update)
= - =1 y-1
Pigy = (C*(GG*)"C + Qiix (7.2-16)
ii+1 = ii+l + Pi+lc*(GG*)“(zi+1 - zi+!) (7.2-17)

We have defined the quantity Z;4, by Equation (7.2-14) in order to make the form of Equation (7.2-17) more
apparent; Zj4, can easily be shown to be E{Zj,|Zj;. Repeat the prediction and correction steps for
i=0,1,...,N -1 inourder to obtain Xy, the MAP estimate of xy based on 2,,...,2y.

Equations (7.2-13) te (7.2-17) constitute the Kalman filter for discrete-iime systems. The recursive form
of this filter is particularly suited to real-time applications. Once Xy has been computed, it is not
necessary, as it was using the methods of Section 7.1, to start from scratch in order to compute Xp+,; we need
do only one more prediction step and one more correction step. It is extremely important to note that the
computational cost of obtaining Xy4, from Xy is not a function of N. This means that real-time Kalman
filters can ba implemented using fixed finite resources to run for arbitrarily long time i'tervals. This was
not the case using the methods of Sectior 7.1, where the estimator started from scratch for eaci time point,
and each new estimate required more comoutation than the previous estimate. For some applications, it is also
important that the P; and Qi do not depend cn the measurements, and can thus be preccmputed. Such precompu-
tation can significantiy reduce real-time computational requirements.

None of these advantages should obscure the fact that the Kalman filter obtains the scme estimates as .ere
obtained in Section 7.1. The advantages nf the Kalman filter lije in the easier computation of the estimates,

not in improvements in the accuracy of the estimates.

7.2.4 Alternate Forms

The filter Equations (7.2-13) to (7.2-17) can be algebraically manipulated into several egquivalent aiter-
nate forms. Although all of the variants are formally equivalent, different ones have computational advantages
in different situations. Some of th2 advantages lie in different points of singularity and different size
matrices to invert. We will show a few of the possible alternate forms in this section.

The first variart comes from using Equations (5.1-12) and {(5.1-13) (the covariance form) instead of
(5.1-14) and (5.1-15) (the infcrmation form). Equations (7.2-16) and (7.2-17) then become .
P - Qj4,C*(C0,,,C* + 66*)"3CQ,,, (7.2-18)

it T Qi+1
ii+x = ii+x + Qi+1C*(CQi+1C* + GG*)-1(21+1 - ii+,) (7.2-19)

The covariance form is particularly useful if GG* or any of the Qi are singular. The exact conditions
under which Qi can become singular are fairly cemplicated, but we can draw some simple conclusions from look-
ing at “vation (7.2-15). First, if FF* is nonsingular, then Q; can never be singular. Second, a singular
Py (pai .:nularly Py = 0) is 1ikely to cause problems if FF* is also singular. The only matrix to inveri in
Equation, {7.2-18) and (7.2-19) is CQj4+,C* + GG*. If this matrix is singular the problem is ill-posed; the
situation iy the same as that discussed in Section 5.3.3.

Note that the covariance form invelves inversion cf an 2-by-t matrix, where £ 1is the length of the
observation vector. On the other hand, the information form i.volves inversion of a p-by-p matrix, where p
is the length of the state vector. For some systems, the difference between % and p may be significant,

resulting in a strong preference for one form or the other.

If & 9{s diagonal (or if GG* 1{s diagonalizable the system can be rewritten with a diagonal G),
Equations (7.2-18) and (7.2-15) can be manipulated into a form that involves no matrix inversions. The key to
this manipulation is to consider the system to have & independent scalar observations at each time paint
instead of a single vector observation of length t. The scalar observations can then be processed or. at a
time. 7The Kalman filter pa~titions the estimation problem by processing the measurements one time-point at a
time; with this modification, we extend the same partitioning concept to process one rlement of the measurzment
vector at a time, The derivation of the measurement-update Equations (7.2-18) and (7.2-19) applies without
change to a system with several independent observations at a time point. We need only apply the me. surement-
update equation 2 times wi.h no intervening time updates. We do need a 1ittle more complicated notation to

keep track of the process, but the equations are basically the same.

-



e n e dhe 2y BN Lo
!@ l

REL L A

T, *

TS TR

78 7.2.4

‘s (s L.
let Q‘J) and D‘J) be the jth rows of the C and D matrices, G(J'J) be the jth diagonal element of

G, and zgiz be the jth element of - 4 ,. Define Xj4 j to be the estimate of xj4, after the jth
scalar observation at time i + 1 has been processed, and define Pi+1,j to be the covariance of Ao,
We start the measurement update at each time point with

Xit1,0 © ii+1 (7.2-20)

Pi+1,o = 0in (7.2-21)

Then, for each scalar measurement, we do the update

- (3% () (31, 332y (d)
Pi+1,3+1 - Pi*x,j - Pi+x,jc (c Pi+1,jc +6 )ic Pi+1,' (7.2-22)

J

% -3 (@)* () (3)* 4 Gl i) la) | 3(i%)
Ripg o ™ Fien,g * P00 (€ R, e v G Uit - 5 (7.2-23)
where

s(341) | o(3+)s (j+1)
z =L xi+1,j +0D uj

it +1 (7.2-24)

Note that the inversions in Equations (7.2-22) and (7.2-23) are scalar inversicns rather than matrices. None
of these scalars will be 0 unless CQj+,C* + GG* is singular. After ;rocessing all & of the scalar measure-
ments for the time point, we have

T (2.2-25)
41,4 (7.2-26
7.2.5 Innovations

A discussivn of the Kalman filter would be incomplete without some mention of the innova*tions. The inno-
vation at sample point i, also called the residual, is

Vi =2y o g (7.2-27)
where
= E(zi]Zi_l} = Cx; + Du; (7.2-28)
Following the notation for Z;, we define
Vi = [vl,vz.....vi]* (7.2-29)

Now V; is a linear function of Z;. This is shown by Equations (7.2-13) to (7.2-17) und (7.2-27), which give
formuiae for computing the v; in terms of the 2zj. It may not be immediately obvious that this function is
invertible. We will prove invertibility by writing the inverse function; i.e., by expressing Zj in terms of

Vi. Repeating Equations (7.2-13) and (7.2-18): ~
Xy = 0%y * WU (7.2-30a)
Bipy = Chiyy + DUy (7.2-30b)

Substituting Equation (7.2-27) {into Equation (7.2-17) gives
§i+1 = i1+1 + P1+1c*(GG*)-1V1+1 {7.2-30c)
Finally, from Equation (7.2-27)
Zipn i1+1 t Vi (7.2-304)

Equation (7.2-30) is called the innovations form of the system. It gives the recursive formula for computing
the 2; from the vj.

Let us examine the distribution of the innovations. Tie innovations are obviously Gaussian, because they
are Tinear functions of 2, which is Gaussian. Using Equation (3.3-10), it is immediate that the mean of the

innovation is 0. .,
Elv;) = Elzy - E(z4]1Z;_ )}
= E{z;}- E(E(zilzi-x)} =0 (7.2-31)

Derjve the covariai.e matrix ¢f the innovation by writing

o s T

vy = Cx; + Du; + Gn.i - Cii - Du1
= C(x; = X;) + Gn, (7.2-32"
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The two terms on the right are independent, so
cov(v;) = C cov(xi - ii)C* + GG
= CQ;C* + GG* (7.2-33)

The most interesting property of the innovations is that vj 1is independent of v; for i# j. To
prove this, it is sufficient to show that v; 1is independent of Vi_,. Let us examine E{vilvi-‘). Since
Vi-, is obtained from Z;_, by an invertible continuous transformation, conditioning on Vj_, 1s the same
as conditioning on Z,_,. tIf one is known, so is the other.) Therefore,

Edv,[Vy,} = ElvyfZ, 1} = 0 (7.2:34)

as shown in Equation (7.2-31). Thus we have

E{vi[V = E{v;} (7.2-35)

i-x}
Comparing this equation with the “ormula for the Gaussian conditional mean given in Theorem (3.5-9), we see
that this can be true only if v; and Vi_, are uncorrelated (A,, = 0 in the thecrem). Then by

Theorem (3.5-8), v and V4_, are indepenéent.

The innovation is thus a discrete-time white-noise process (i.e., each time point is independent of all
of the others). Thus, the Kalman filter is often called a wnitening filter; it creates a white process (V)
as a function of a nonwhite process (Z).

7.3 STEADY-STATE FORM

The largest computational cost of the Kalman filter is in the computation of the covariance matrix Py
using Equations {7.2-15) and {7.2-16) (or any of the alternate fo-ms). For a large and important class of
problems, we can replace Pj and Qi by constants P and Q, independent of time. This approach significantly
lowers computational cost of the filter.

We will restrict the discussion in this section to time-invariant systems; in only a few special cases
do time-invariant filters make sense for time-varying systems.

Equations that a time invariant filter must satisfy are easily derived. Using Equations (7.2-18)
and (7.2-15), we can express Q4+, as a function of (.

Qi+1 = O[Qi - QiC*(CQiC* + GG*)“CQi]o* + FF* (7.3-1)

Thus, for 0: to equal a constant @, we must have

0 = o[y - QC*(CQC* + GG¥)TICQle* + FF* (7.3-2)

"

This is the algebraic matrix Riccat. equation fer disr~ete-time systems. (An alternate form can be obtained
by using Equation (7.2-16) in place of Equation (7.2 i8); the condition can also be written in terms of P
instead of Q).

If Q is a scalar, the algebraic Riccati equation is a quadratic equation in Q and the solution is
simple. For nonscalar (, the solution is far more difficult and has been the subject of numerous papers.
We will not ccver the details of deriving and implementing numerical methods for solving the Riccati equation.
The most widely used methods are based on eigenvector decomposition (Potter, 1966; Vaughan, 1970; and Geyser
and L?htinen, 1975). When a unique solution exists, these methods give accurate results with small computa-
tional costs.

The derivation of the conditions under which Equation (7.3-2) has ar acceptable solution is more compli-
cated than would be approprizte for inclusion in this text. We therefore present the following result without

proof:

Theorem 7.3-1 If all unstable or marginally stable modes of the system are
controlTable by the process noise and are observable, and if CFF*C* + GG*

js invertible, then Equaticn (7.3-2) has & unique positive semidefinite solu-
tion and Q4 converges to this solution for all choices of the initial
covariance, P,.

Proof See Schweppe (1973, p. 142) for a heuristic argument, or Balakrishnan
{1981) and Kailath and Lyung (1976) for more rigorous treatments.

The condition on CFF*C* + GG* ensures that the problem is well-posed. Without ti.is condition, the inverse

in Equation (7.3-1) may not exist for some initial P, (particularly P, = 0). Some statements ot the theorem
incorpore ;e the stronger requirement that GG* be invertible, but che weaker condition is sufficient. Perhaps
the most important point to note is that the system is not required to be stable. Although the existence and
uniqueness of the solution are easfier to prove for stable systems, the more general conditions of

Theorem (7.3-1) are important in the estimation and control of unstable systems.

We can achieve a heuristic understanding of the need for the conditions ot Theorem (7.3-1) by examining
one-dimensional systems, for which we can write the solutions to Equation (7.3-2; explicitly. If the system
is one-dimensional, then it is observable if C 1s nonzero (and G is finite), and it is con. .1lahle uy the
process noise if F 1{s nonzero. We will consider the problem in several cases.
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Case 1: G =0. In this case, we must have C# 0 and F # 0 1in order for the problem to be weli-posed.

Equaton (7.3-1; then reduces to (j4+, = FF*, giving a unique time-invariant covariance satisfying
tquation (7.3-2).

Case 2: G, C=0, F=0. In this case, Equation (7.3-1) becomes Qi+, = 92Qj. This converges to
Q=0 if [o| <1 (stable system). If |&] =1, Qj remains at the starting value, and thus the steady state
covariance is not unique. If |e| > i, the solution diverges or stays at 0, depending on the starting valve.

Case 3: G#0,C=0, F#0. In this case, Equation (7.3-2) reduces to

Q = o%Q + F? (7.3-3)
For ¢} < 1, this equation has a unique, nonnegative solution
2
Q=—F (7.3-4)
1-¢2

and convergence of Equation (7.3-1) to this solution is easily shown. If |e] 2 1, the solution is negative,
which is not an admissible covariance. or infinite; in either event, Equation (7.3-1) diverges to infinity.

Case 4: G#0,C#£0, F=9. In this case, Equation (7.3-2) is a quddratic equation with rootc zero and
(¢ - 1)GZ/C2. 1If |e} < 1, the second root is negative, and thus there is a unique ronnegative root. If

|e] = 1, there is a double root at z:ro, and th= solution is still unique. In both of these events, conver-
gence of Equation (7.3-1) to the solution at 0 1s easy to show. If |¢] > 1, there are two nonnegative roots,
and the system can converge to either one, depending on whether or not the initial covariance is zero.

Case 5: G#0, C#0, F#0. In this case, Equation (7.3-2) is a ,uadratic equation with roots

0 = (1/2)H + /TI/E)AT + F2GE/C7 (7.3-5)
where
H=F®+ (82 - 1)6%/C? (7.3-6)

Regardless of the value of ¢, tie square-root term is always larger “n magnitude than (1/2)H; therefore, there
is one positive and one negative root. Convergence of Equation (7.3-1) to the positive root is easy to show.

Let us now summarize the results of these five cases. In all well-posed cases, the covariance converges
to a unique value if the system is stable. For unstable or margira’ly stable systems, a unique converged value
is assured if both C and F are nonzero. For one-dimensional systems, there is also a unique convergent solu-
tion for Je| =1, G #0, C# 0, F=20; this case illustrates that the conditions of Theoren (7.3-1) are not
necessary, aithough they are sufficient.

Heuristically, we can say that observability (C # 0) prevents the covariance from diverging to infinity
for unstable systems. Controllability by the process noise (F # 0) ensures uniqueness by eliminating the
possibility of perfect prediction (Q = 0).

An important related question to consider is the stability of the filter. We define the corrected error
vector to be

P -

& = x5 - Xy (7.3-7)
Using Equations (7.0-1), (7.2-15), (7.2-16), and (7.2-19) gives the recursive relationship

é,iﬂ = (I - KC)eéi + (I - KC)Fn1 - KGn1+1 (7.3-8)
where

K = PC*(GG*)~! = QC*(CQC* + GG*)? (7.3-9)

We can snow that, given the conditions of Theorem (7.3-1), the system of Equation (7.3-8) is stabie. This
stability implies that, in the absence of new disturbances, (noise) errors in the state estimate will die out
with time; furthermore, for boundec disturbances, the errors will always be bovnded. A rigorous proof is not
presentea here.

It is interesting to examine the stability of the one-dimensional exampie with G #0, C # 0, F = 0, and
{¢] = 1. We previously noted that Qi for this case corverges to C for all initial covariances. Let us
examine the steady-state filter. For this case, Equation (7.3-8) reduces to

-

éi+1 = & (7.3-10)

which is only marginally stable. Recall that this case did not meet the conditions of Thecrem {7.3-1), so our
stability guarartee does not apply. Although a steady-state filter exists, it does not perform at all like the
time-varying filter. The time-varying filter reduces the error to zero asymptotically with time. The steady-
state filter has no feedback, and the error remains at its inftial value. Balakrishnan (1984) discusses the
steady-state filter in more detail,

Two special cases of time-invariant Kalman filters deserve special note. The first case is where F is
zero and the system is stable (and GG* must be invertible to ensure a well-posed problem). In this case, the
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steady state Kalman gain K 1is zero. The Kalman filter simply integrates the state equation, ignoring any
available measurements. Since the system is stable and has no disturbances, the error will decay to zero.

The same filter is obtained for nonzero F if C 1is zero or if G 1is infinite. The error does rot then

decay to zero, but the output contains no useful information to feed back.

The second special case is where G is zero and C is square and invertible. FF* must be invertible
to ensure a well-posed problem. For this case, the Kalman gain is C~!. 7The estimator then reduces to

X. ="} - -
% =C (z,i Dui) (7.3-11)
which ignores all previous information. The current state can be reconstructed exactly from the current mea-

surement, so there is no need to consider past data. This is the antithesis of the case where F is 0 and no
information from the current measurement is used. Most realistic systems lie somewhere betwec. these two

extremes.

7.4 CONTINUOUS TIME
The form of a linear continuous-time system model is

x(t) = Ax{t) + Bu(t) + Fcn(t) (7.4-1a)
z(t) = Cx(t) + Du(t) + Gcn(t) (7.4-1b)

where n and n are assumed to be zero-mean white-noise processes v th unity power spectral density. The
input u 1is assumed to be known exactly. As in the discrete-time analysis, we will simplify the notation by
assuming that the system is time invariant. The same derivation applies to time-varying systems by evaluating
the matrices at the appropriate time points.

We will analyze Equation (7.4-1) as a limit of the discrete-time systems
x(t; +8) = (I +aR)x(t,) + aBu(t,) + a¥/2F n(t,) (7.4-2a)
= -1/2 9k}
Z(ti) Cx(ti) + Du(ti) + A GCn(ti) (7.4-2b;
whkaere n and n are discrete-time white-noise processes with identity covariances. The reasons for the a2

factors were discussed in Section € 2.

The filter for the system of Equation (7.4-2) is obtained by making appropriate substitutions in Equa-
tions (7.2-13) to (7,2-17). We need to substitute (I + aA) in place of ¢, B in place of ¥, aF.FE in place
of FF*, and A~ 'GcGc in place of GG*. Combining Equations (7.2-13), (7.2-14), and (7.2-17) and making the
substitutions gives

R(tg + 8) = (14 BA)R(E;) + 8Bu(ty) + aP(ty + 8)C*(G.G*) 2 [2(t; + 8) - C(I + AA)R(t;) - CaBu(ty) - Du(t; + 4)]
(7.4-3)

Subtracting i(ti) and dividing by » gives

R(tg +0) - R(t) .
—_—_— Ax(ti) + Bu(ti) +P(t; + A)C*(GCGC) ‘[z(ti +4) - C(I + AA)x(ti) - CABu(ti) - Du(ti)]

A
(7.4-4)
Taking the 1imit as a » 0 gives the filter equation
Z(t) = AR(t) + Bu(t) + P(t)CA(6,68)7[2(t) - CK(t) - Du(t)] (7.4-5)
It remains to find the equation for P(t). First note that Equation (7.2-15) becomes
Q(ti +4) = (1+ AA)P(ti)(I + AA)* + AFCFE (7.4-6)
and thus
Tim Q(ty + A) = P(t‘) (7.4-7)
A+0

Equation (7.2-18) is a more convenient form for our current purposes than (7.2-16). Make the appropriate sub-
stitutions in Equation (7.2-18) to get

P(ti +4)= Q(ti +4) -~ Q(ti + A)C*(CQ(t1 +a)Cv + A"GcGé)'ICQ(t1 +4)

Subtract P(t{) and divide by 4 to give

P(t1 +4) - P(ti) Q(t1 +4) - P(t1)
A

S - Q(ti + L)C*(ACQ(t1 +4)C* + GCGz)"CQ(t1 +8) (7.4-9)
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For the first term on the right of Equa.ion (7.4-9), substitute from tquation (7.4-7) to get

Q(ti + A) - P(tI) " "
—_———— e = * -

) AP(ti) + P(ti)A + AAP(ti)A + Fch (7.4-10)
Thus in the limit Equation (7.4-9) becomes

B(t) = AP(t) + P(t)A* + F _F* - P(t)C*(6 G2)7ICP(t) (7.4-11)

Equation (7.4-11) is the continuous-time Ricatti equation. The initial condition for the equation is P, = 0,
the covariance of the initial state. P, 1is assumed to be known. Equations (7.4-5) and (7.4-11) constitute
the solution to the continuous-time filtering problem for linear systems with white process and measurement
noise. The continuous-time filter requires GG* to be nonsingular.

One point worth noting about the continuous-time filter is that the innovation z{t) - Z(t) is a white-
j0ise process with tha same power spectral density as the measurement noise. (They are not, however, the same
process.} The power spectrum of the innovation can be found by looking at the 1imit of Equation (7.2-33).
Making the appropriate substitutions gives

cov(v(ti)) = CQ(ti)C* + A“GCGz (7.4-12)

The power spectral density of the innovation is then

1im a~tcov(v(t;)) = G_G* (7.4-13)
A0 1 cc

The disappearance of the first term of Equation {7.4-12) in the limit makes the continuous-time filter simpler
than the discrete-time one in many ways.

For time-invariant continuous-time systems, we can investigate the possibiiity that the filter reaches a
steady state. As in the discrete-time steady-state filter, this outcome would result in a significant compu-
tational advantage. If the steady-state filter exists, it is obvious that the steady-state P(t) must satisfy
tne equation

-1 =
AP + PA* + F_F* - PC*(6.GX)'CP = 0 (7.4-14)

-ained by setting P to 0 in Equation (7.4-11). The eigenvector decomposition methods referenced after
Juatior (7.3-2) are also the best practical numerical methods for solving Equation (7.4-14). The following
theorem, comparable to Theorem (7.3-1), is not proven here,

Theorem 7.4-1 If all unstable or neutrally stable modes of the sxstem are
controllable by the process noise and are observable, and if G, Ge s
invertible, then Equation (7.4-14) has a unique positive semide?inite solu-
tion, and P(t) converges to this solution for all choices of the initial
covariance Pg.

Proof See Kailath and Lyung (1976), Balak.-ishnan (1981), or Kalman and
Bucy (1961).

7.5 CONTINUOUS/DISCRETE TIME

Many practical applications of filtering involve discrete sa. .led measurements of systems with continuous-
time dynamics. Since this problem has elements of both discrete and continuous time, there is often debate
over whether the discrete- or continuous-time filter is more appropriate. In fact, neither of these filters
js appropriate because they are both based on models that are not realistic representations of the true system.
As Schweppe (1973, p. 206) says,

Some rather interesting arguments sometimes result when one asks the question,
Are the discrete- or the continuous-time results more useful? The answer is,
of course, that the question is stupid....neither is superior in all cases.

The appropriate model for a continuous-time dynamic system with discrete-time measurements is a continuous-time
model with discrete-time measurements. Although this ctatement sounds like a tautology, its point has been
missed enough to make it worth emphasizing. Some of the confusion may be due to the mistaken impression that
such a mixed model could no be analyzed with the available tools. In fact, the derivation of the appropriate
filter is trivial, given the pure continuous- and pure discrete-time results. The filter for this class of
problems simply involves an appropriate combination of the discrete- and continuous-time filters previously
derived. It takes only a few lines to show how the previously derived results fit this problem. We will spend
most of this section talking about implementation issues in a 1ittle more detail.

Let the system be described by
x{t) = Ax(t) + Bu(t) + Fcn(t) {7.5-1a)

2(t;) = Cxty) + Du(ty) + Gn(ty) i=1,2,... (7.5-1b}
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Equation (7.5-1a) is identical to Eguation (7.4-1a); and, except for a notation change, Equation (7.5-1b) is
idertical to Equation (7.0-1b). Note that the observation is only defined at the discrete points ti»
although the state is defined in continuous time.

Between the times of two observations, the analysis of Equation (7.5-1) is identical to *“hat of Equa-
tion (7.4-1) with an infinite G matrix or a zero C matrix; either of these conditions is equivalent to
having no useful observation. Llet x(t;) be the state estimate at time t; based on the observations up to
and including z(tj). Then the predicted estimate in the interval (t;,tj+s] is obtained f. .

~r.t

R(E5) = &(ty) (7.5-2)
X(t) = AR(t) + Bu(t) (7.5-3)

The covariance of the prediction is
Q(t]) = P(ty) (7.5-4)
Q(t) = AQ(t) + Q(t)A* + F F¥ (7.5-5)

Equations (7.5-3) and (7.5-5) are obtained directly by substituting € = 0 in Equations (7.4-5) and (7.4-11).
The notation has been changed to indicate that, because there is no observation in the interval, these are
predicted estimates; whereas, in the pure continuous-time filter, the observations are continuously used and
filtered estimates are obtained. Integrate Equations (7.5-3) and (7.5-5) over the interval (tj,tj + a) to
obtain the predicted estimate X(ti + a) and its covariance Q(t; + &).

In practice, although u(t) is defined continuously, it will often be measured (or otherwise known) only
at the time points t. Furthermore, the integration will 1ikely be done by a digital computer wnich cannot
integrate continuous-time data exactly. Thus Equation (7.5-3) will be integrated numerically. The simplest
integration approximation would give ¢

X(t, +8) = (1 + AR(L]) + aBu(t,) (7.5-6)

This approximation may be adequate for some purposes, but it is more often a little too crude. If the

A matrix is time-varying, there are tcveral reasonable integration schemes which we will not discuss here;
the most common are based on Runge-Kutt: algorithms (Acton, 1970). For systems with time-invariant 4
matrices and constant sample intervals, tne transition matrix is by far the most efficient approach. First
define

¢ = exp(Aa) (7.5-7)
4 ]
¥ =J’ exp(At)dt 8 (7.5-8)
[4
X(t, +a) = oR(t]) + vu(t,) (7.5-9)
This approximation is the exact solution to Equation (7.5-3) if u(t) holds its value between samples.
Wiberg (1971) and Zadeh and Desoer (1963) derive this solution. Moler an. Van Loan (1978) discuss various
means of numerically evaluating Equations (7.5-7) and (7.5-8). Equation (7.5-9) has an advantage of being e,
in the exact form in which discrete-time systems are usually written (Equation (7.0-1a)). -

Equation (7.5-9) introduces about 1/2-sample delay in the modeling of the response to the control inpue
unless the continuous-time u(t) holds its value between samples; this delay is often unacceptable.
Figure (7.5-1) shows a sample input signal and the signal as modeled by Equation (7.5-9). A better approxima-
tion is usually

X(t; + 8) @ OR(E]) + (1/2)¥(u(ty) + u(t, + 0)) (7.5-19)

This equation models u(t) between samples as being constant at the average of the two sample values.

Figure (7.5-2) 1llustrates this model. There is 1ittle phase Tag in the model represented by Equation (7.5-10;,
and the difference in implementation cost between Equations (7.5-9) and (7.5-10) is negligible. Equa-

tion (7.5-10) is probably the most commonly used approximation method with time-invariant A matrices.

The high-frequency content introduced by the jumps in the above models can be removed by modeling u(t) as
a linear interpolation between the measured values as illustrated in Figure (7.5-3). This model adds another
term to Equation (7.5-10) proportional to u(tj + o) - u(ty). In our experience, this degree of fidelity is
usually unnecessary, arid is not worth the extra cost and complication, There are some applications where the
accuracy required might justify this or even more complicated methods, such as higher-order spline fits. (The
1inear interpolation is a first-order spline.)

1f you are using a Runge-Kutta algorithm instead of a transition-matrix algorithm for solving the differ-
ential equation, linear interpolation of the input introduces negligible extra cost and is ccmmon practice.

Equation (7.5-5) does not involve measured data and thus does not present the problems of interpolating
betwecn the measurements. The exact solution of Equation (7.5-5) is

P

S e

b L




S et o

jeven ey

v e

R

ot Y

)

E
LS Y

L SRk

84 7.5
+ w* A F* Ai ‘
Olt, + 8) = oQ(t]her + 'E exp(A(b - ©))F F2 exp(A¥(s - 1))ce (7.5-11)

as can be verified by substitution. Note that Equation (7.5-11) is exactly in the form of a discrete-time
update of the covariance (Equation {7.2-15)) 1f F 1is defined as a square root of the integral term. For
small A, the integral term is well approximated by aF.F¢, resulting in

oty +2) = oQ(t:)o* + oF F2 (7.6-12)

The errors in th . approximation are usually far smaller than the uncertainty in the value of F¢, and can thus
be negiected. This approximation is significantly better than the alternate approximation

Q(tg + a) = QUE]) + aAQ(t]) + AQ(t;)A* +oF F2 (7.5-13)

obtained by inspection from Equation (7.5-5).

The above discussion has concentrated on propagating the estimate between measurements, i.e., the time
update. It remains only to discuss the measurement update for the discrete measurements. We have X(tj) and
Q(ti) at some time point. We need to use these and the measured data at the time point to obtain x(ty) and
P(ti). This is identical to the discrete-time measurement update problem solved by Equations (7.2-16)
and (7.2-17). We can also use the alternate forms discussed in Section 7.2.4.

To start the filter, we are given the a priori mean X(t,) and covariance Q(t,) of the state at time t,.
Use Equations (7.2-16) and (7.2-17) (or alternates) to obtain X(t,) and P(t,). Integrate Equations (7.5-2)
to (7.5-5) from t: to t, by some means (most likely Equations (7.5-10) and (7.5-12)? to obtain X(t,) and
Q(t,7. This completes one time step of the filter; processing of subsequent time points uses the same
procedure.

The solution for the steady-state form of the discrete/continuous filtar follows fmmediately from that of
the discrete-time fiiter, because the equations for the covariance updates are identical for the two filters
with the appropriate substitution of F in terms of F¢. Theorem (7.3-1) therefore applies.

We can summarize this section by saying that there is a continuous/discrete-time filter derived from
appropriate results in the pure discrete- and pure continuous-time analyses., If the input u holds its value
between samples, then the form of the continuous/discrete filter is identical to that of the pure discrete-time
filter with an appropriate substitution for the equivalent discrete-time process noise covariance. For more
realistic behavior of u, we must adopt approximations if the analysis is done on a digital computer. It is
alsn possible to view the continuous-time filter equations as giving reasonable approximations to the
continuous/discrete-time filter in some situations. In any event, we will not go wrong as long as we recognize
that we can write the exact filter equations for the continuous/discrete-time system and that we must consider
any ather equations used as approximations to the exact solution. With this frame of mind we can objectively
evaluate the adequacy of the approximations involved for specific problems.

7.6 SMOOTHING

The derivation of optimal smoothers draws heavily on the derivation of the Kalman filter. Starting from
the rilter results, only a single step is required to compute the smoothed estimates. In this section, we
briefly derive the fixed-interval smoother for discrete-time linear systems with additive Gaussian noise.
Fixed-interval smoothers are the most widely used. The s»me qeneral principles apply to deriving fixed-point
and fixed-lag smoothers. See Meditch (1969) for derivations and equations for fixed-point and fixed-lag
smoothers and for continuous-time forms.

There are alternate computational forms for the fixed-interval smoother; these forms give mathematically
equivalent resulis. We will not discuss computational advantages of the various furms. See Bierman (1977)
and Bach and Wingrove (1983) for alternate forms and discussions of their advantages.

Consider the fixed-interval smoothing problem on an interval with N time points. As in the filter
derivation, we will concentrate on two time points at a time in order to get a recursive form. It is straight-
forward to write an explicit formulation for the smoother, 1ike the explicit filter form of Section 7.1, but
such a form is impractical.

In the nature of recursive derivations, assume that we have previously computed §1+ » the smoothed esti-
mate of X441, and Sy+,, the covariance of xj4, given Zy. We seek to derive an express%on for Xy and Sy.
Note that 1hls recurslon runs backwards in time instead of forwards; a forward recursion will not work, for
reasons which we will see later.

The smoothed estimates, X{ and %¢4,, are defined by
=t Iy (7.6-1)

ge will use the measurement partitioning ideas of Section 5.2.2, with the measurement Iy partitioned into
i an

Z1 = (Zgyy0eee2y) (7.6-2)
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From the derivation of the Kalman filter, we can write the joint distribution of x{ and x{+, condi-
tioned on Z4. It is Gaussian with

A4 Xy
f Zi =1 (7.6-3)
X
{41 j+1
Y P1 P1°*
cov Z‘ = {7.6-4)
‘42 Py Qg

We did not previously derive the cross term in the above covariance matrix. To derive the form shown, write

E{(x1 - xi)(x1+1 - i1+:)*} = E{(xi - :‘(i)(oxi +vug + Fngo-oex, - Wui)*}
= E{(x1 - ii)(x, - i')*}o*+ E{(xi - xi)(Fni)‘}
4 P1°‘ +0 (7.6-5)

For the second step of the partitioned algorithm, we consider the measurements 2, using Equa-
tions (7.6-3) and (7.6-4) for the prior distribution. The measurements 2; can be wr}tten in the form

Z, = Eixg,, + Dy + Gy (7.6-6)

for some matrices E{. 51. and é{. and some Gaussian, zero-mean, identity-covariance noise vector ﬁ‘.

Although we could laboriously wrile out expressions for the matrices in Equation (7.6-6), this step 1s unneces-
sary; we need only know that such a form exists. The important thing about Equation {7.6-6) is that x; does
not appear in 1it.

Using Equations (7.6-3) and (7.6-4) for the prior distribution and Equation (7.6-6) for the measurement
equation, we can now obtain the joint posterior distribution of x4 and xj+, given Z4. This distribution is
Gaussian with mean and cova~iance given by Equacions (5.1-12) and (5.1-13), substituting Equation (7.6-3) for
mg, Equation (7.6-4) for P, Dy for D, Gy for G, and

¢ = folc,] (7.6-7)

_ By definition (Equation (7.6-1)), the mean of this distribution gives the smoothed estimates X; and
Xi+,. Making the substitutions into Equation (5.1-12) and expanding gives

| 57 [P
= c ¢ G.G*) " (7 - C.x - B -
oAt s (€404, 64 + 68N, - Cixy,, - D)) (7.6-8)
i+ i+ invi

We can solve quation (7.5-8) for Xi in terms of Xy4,, which we assume to have been computed in the previous
step of the backwards recursion.

Ry = kg # PomOil Ry - Xyg) (7.6-9)

Equation (7.6-9) 1s the backwards recursive form sought. Note that the equation does not depend explic-
jtly on the measurements or on the matrices in Equation (7.6-6). That information is all subsumed in Xg+,.
The "initial” condition for the recursion is

Xy = Xy (7.6-10)

which follows directly from the definitions. We do not have a corresponding known boundary condition at the

beginning of the interval, which is why we must propagate the smoothing recursion backwards, instead of
forwards.

We can now describe the complete process of computing the smoothed state estimates for a fixed time inter-
val. First propagate the Kalman filter through the entire interval, saving all of the values X, %4, P{, and
Q;. Then propagate Equation (7.6-9) backwards in time, using the saved values from the filter, and starting
from the boundary condition given by Equation (7.6-10).

We can derive a formula for the smoother covariance by substituting appropriately into Equation (5.1-13)
to get

T Py Pyl [Py T PyexC, ( )
n - . €.+ 6.8 N 7.6-11
¥ier1y i1
L? Sis Py Qa4 Q44,€

(The off-diagonal blocks are not relevant to this derivation.) We can solve Equation (7.6-11) for S; in
terms of S44,, giving
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S1 = P1 - P1o*0;:1(01+1 - SH,)Q;:ﬁ»P,i (7.6-12)
This gives us & hxckwards recursion for the smoother covariance. The "initial" condition
Sn = Py (7.6-13)
follows from the definitions. Note that, as in the recursion for the smoothed estimate, the measurements and
the measurement equation matrices have dropped out of Equation (7.6-12). A1l the necessary data about the

future process is subsumed in S44;. Note also that it is not necessary to compute the smeother covariance Sj
in order to compute the smoothed estimates.

7.7 NONLINEAR SYSTEMS AND NON-GAUSSIAN NOISE

Uptimal state estimation for nonlinear dynamic systems is substantially more difficult than for linear
systems. Only in rare special cases are there tractable exact soluticns for optimal filters for nonlinear sys-
tems. The same comments apply to systems with non-Gaussian n¢ise.

Practical implementations of filters for nonlinear systams invariably involve approximations. The most
common approximations are based on linearizing the system and using the optimal filter for the linearized
system. Similarly, non-waussian noise is approximated, to first oider, by Gaussian noise with the same mean
and covariance.

Consider a nonlinear dynamic system with additive noise

x(t) = f(x{t),u{t)) + n{t) (7.7-1a)

2(ty) = glx(t;),ult;)) + ny (7.7-1b)

n

Assuma that we have some nominal estimate, xp(t), of the state .ime history. Then the linearization of
Equation (7.7-1) about this nominal trajectory is

X(t) = A(t)x(t) + B(t)u(t) + £ (t) + n{t) (7.7-2a)
2(t;) = C(t;)x(t;) +D(ty) + g (t;) + ny (7.7-2b)
where
A(t) = v, f(x (t),u(t)) {7.7-3a)
BIt) = 7,f(x (t),u(t)) (7.7-3b)
C(t) = v,9(x (t),u(t)) (7.7-3¢)
0(t) = v alx (t),u(t)) (7.7-3d)
folt) = flx (t).u(t)) (7.7-4a)
gp(t) = alx (t),u(t)) (7.7-4b)

For a given rominal trajectory, Equations (7.7-2) to (7.7-4) define a time-varying linear system. The Kaiman
filter/smoother algorithms derived in previous seciions of this chapter give optimal state estimates for this
linearized system.

The filter based on this linearized system is called a linearized Kaiman filter or an extended Kalman
filter (EKF). Its adequacy as an approximation to the optimal filter for the nonlinear system depends on
several factors which we will not analyze in depth. It is a reasonable supposition that if the system is
nearly linear, then the linearized Kalman filter will be a close approximation to the optimal filter for the
system, If, on the other hand, noniinearities play a major role in defining the characteristic system
responses, the reasonableness of the 1inearized Kalman filter 15 questionable.

The above description is intended only to introduce ihe simplesc joeus of linearized Kalmun filters,
Starting from this point, there are numerous extensions, modifications, and nuances of application. Nonlinear
filtering is an area of current research. See Bach and Wingrove ({1983) and Cox and Bryson (1980) for a few of
the many investigations in this field. Schweppe (1973) and Jazwinski (1970) have fairly extensive discussions
of nonlinear state estimation.
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CHAPTER 8

8.0 OUTPUT ERROR METHOD FOR DYNAMIC SYSTEMS

In previcus chapters, we have cove~ed the static estimation problem and th: estimation of the state of
dynamic systems. With this background, we can now begin to address the principle subject of this book, estima-
tion of the parameters of dynamic systems.

Before addressing the more difficult parameter estimation problems posed by more genercl system models,
we will consider the simplified case that leads to the algorithm called output error. The simplification that
leads to the output-error method is to omit th: process-noise term from the state equation. For thiz reason,
the output-error method is often desc ibed by terms like "the no-process-noise algorithm" or "the measurement-
nofse~only algorithm,"

We will first discuss mixed continuous/discrete-time systems, which are most appropriate for the majority
of the practical applications. We will follow this discussion by a brief summary of any differences for pure
discrete-time systems, which are useful for some applications. The derivation and results are essentially
identical. The pure continuous-time resuits, although similar in expression, involve extra complications. We
have never seen an appropriate practical application of the pure continuous-time results; we therefore feel
Justified in omitting them.

In mixed continuous/discrete time, the most general system model that we will seriously consider is

x(t,) = x, (6.0-1a)
x(t) = fLx(t),u(t),e] (8.0-1b)
2(ty) = olx(ty)u{ty)ied + Gledny 1 = 1,2, (2.0-1c)

The measurement noise n 1is assumed t Ye a sequence of independent Gaussian random variables with zero mean
and identity covariance. The input u ‘s assumed to be known exactly. The initial condition x, can be
treated in several ways, as discussed in Sectfon 8.2. In general, the functions f and g can also be explicit
functions of t. We omit this from the notation for simplicity. (In any event, explicit time dependence can
be pu* in the notation of Equation (8.0-1) by defining an uxtra control equal to t.)

The corresponding nonlinear model for purc discrete-time systems is

x{tg) = xp (8.0-2a)
x{t,, ) = fIx{t).u(t;),e] i=0,1,... {8.0-2b)
2(ty) = alx(ty)u(ty)ie] + 6(e)ng 1= 1,2,... (8.0-2¢)

The assumptions are the same as in the continuous/discrete cise.

Although the output-error method applies to nonlinear systems, we will give special attention to the
treatment of linear systems. The linear form of Eguation (8.0-1) is

r(ty) = x4 (8.0-3a)
x(t) = Ax(t) + Bu(t) (8.0-3b)
z(ti) = Cx(ti) + Du(ti) + an i=1,2,... (8.0-3¢)

The matrices A, B, C, D, and G are functions of {; we will not complicate the .tation by explicitly ind{-
cating this relationship., Of course, x and z are also functions of ¢ through 1efr dependence on the
system matrices.

In general, the matrices A, B, C, D, and G can also pe functions of time. For notational simplicity, we
have not explicitly indicated this dependence. In several places, time invariance of the matrices introduces
significant computational savings. The text will indicate such situations. Note that ¢ cannnot be a function
of time. Problems with time-varying { must be reformuiated with a time-invariart ¢ in order for the tech-
niques of this chapter to be applicable.

“he linear form of Equation (8.0-2) 1is

x(ty) = xg (8.0-4s)
x(ti+1) - ox(ti) + vu(t1} i=0,1,... (8.0-4b)
2(ty) = Cx(ty) + Du(ty) + G, i=1,2,... (8.0-4c)

The transition matrices ¢ and ¥ are functions of £, and possibly of time.

For any of the model forms, a prior distribution for ¢ may or may not exist, depending on the particular
application. When there is no prioi: distribution, or when you desire to obtain an estimate independznt of tne
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prior distribution, use a maximum-1ikelihond estimator. When a prior distriuvution is considered, MAP estimat-
ors are appropriate. For the parameter estimation problem, a posteriori expectud-value estimatzs and Bayestan
ontimal estimates are impractical to compute, except in special cases. The posterior dis<ribvcion of ¢ s
rot, in general, symmetric; thus the a posteriori expectrd value need rot equal the MAF estircte.

8.1 DEx'VATION

The basic method of derivation for the output-error method is to reduce the problem to the stati. form of
Chapter 5. We wiil see ihat the dynamic system makes the models fairly complicated, but not different in any
essential way from those of Chapter 5. We first consider the case where & and the initial condition are
assumed to be known.

Ciioose an arbitrary value of ¢. Given the initial conditic.. x, and a specifiel input time-history u,
the state equation (8.0-1b) can be solved to give the state as a function of time. We assume that f is
surficiently smouth to guarantee the existence and uniqueness of the solution (Brauer and Noel, 196%). For
complicated f functicns, the solution may be difficult or impossible to “xpress ir closed form, bu. that
aspect {s irrelevani to the theory. (The practical implication {s that the solution will be obtai~ed using
numerical approximation methods.) The important thing to note is that, because of the el‘mination of the
process noise, the solution is daterministic.

For a specified input u, the system state is thus a deterministic function of ¢ and time. For consis-
tency with the rotation of the fiiter-error method discussed later, denote this function by X.(t}). 7The ¢
subscript emphasizes ohe dependence on £. The dependence on u is not relevant to the curre&t discussion,
so the notation ignores this dependence for simpiicity. Assuming known G, Equation (8.0-1c) then becomes

2(ty) = glx, (t),ulty),e] + 6ny f*1,2,... (8.1-1)

Equa*tion (8.1-1) {s in the form of Equation (5.4-1); it is a static nonlinear model with additive rolze. There
are multiple experiments, o~z at each t4. The estimators of Section 5.4 apply directly. The assumptions
adopted have 2" iowed us to solve the system dyramics, leaving an essentially static problem.

The MAP estimate is obtained by minimizing Equation (5.4-9}. In the notation of this chapter, this equa-
tion becomes

N
ey = 1Y Ll - a e Ineen aley) - 2 ke ] g (emy P e - ) (8.0-2)
1=1

where
X (ty) = x, (8.1-3a)
X (1) = fx (t)u(t)c] (8.1-3b)
ig(t") = g[zi.(ti)nu(ti)-ﬁl i=1,2,.. (8.1-3c’

The quantities m; and P are the mean and covariance of the prior distributicn ¢ £, as in Chapter 5. For
the MLE estimatos, omit the last term of Equation (8.i-2), giving

N
o) = 3 taley) - B (e)IMEEN I Lalt) - B () (8.1-4)

j=1

Equation {8.1-4) is a quadratic form in the di'ference between x, the measurrd response (output), and Zg, tne
response computed from the deterministic part of the system modei. This motivates the name "output error.”

The minimization of Equation (B.1-4) is an intuitively plausible estimator defensible even without statistical
derivation. The minimizing value of ¢ g¢ives the system model that best approximates (in a least-squares
sense) the actual system response to the test input. Although this does not necessarily guarantee that the
model response and the system responise will be similar for other test input:s, the minimizing value of £ is
certainly a plausible e ate.

The estimates that result 'com minimizing Equatinn (8.1-4) are sometimes called “lesst squares” estimates,

a reference to the quadratic form of the equation. We prefer tu aveid the use of this terminology because it
is potentially confusing. Many of the estimators applizable ‘o dvnamic systenn nave a least-ryuares form, SO
the term is not definitive. Furthermore, the term "’east squares” is most often #pp)ied *~ Lquation (8.1-4)

to contrast it from other forms labeled "maximum 1ikelinood" (typ.s.:ly the estirmainrs of Section 8.4, which
apply to urknown G, or the estimators of Chapter 9, which acczeint for p-ocess ncise). Tnic contrast is mis-
leading because Equation (8.1-4) describes a completely - igorous, maximim-iineiilood estimatur far the probiem
as posed. The differences between Equation (8.1-4) and the estimators of Sections £.” and Chapter 9 are
differences in th problem statement. not differences in the statistical principles used for solution.

To derive the output-error method for pure discrete-time systems, substituie the discrete-time Equa-
tica (8.0-2b) in place of Equation (8.0-1b). The derivation and the result are unchanceu except that Equa-
ticn (8.1-3b) becomes

Kp(tyy,) « FIX (t)n(t)e] 1= 0.0, (8.:-5)
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8.2 INITIAL CONDITIONS

The above derivation of the output-error method assumed that the initial condition was known exactly.

This assumption is seldom strictly true, except when using forms where the initial condition is zero by
definition.

The initial ccndition is typically based on imperfectly measured data. This characteristic suggests
treating the initial condition as a random variable with some mean and covarfance. Such treatment, however, is
incompatible with the output-error method. The output-error method is predicated on a deterministic solution

of the state equation. T :tment of a random initial condition requires the more complex filter-error method
discussed later.

If the system is stable, then initial condition effects decay to a negligible level in a finite time.
If this decay is sufficiently fast and the error in the initial condition i¢ sufficiently small, the initial
condition error will have negligible effect on the system response and can be ignored.

If the errors in the initial condition are too large to justify neglecting them, there are several ways to
resolve the problem without sacrificing the relative simplicity of the output-error method. One way is to
simpiy improve the initial-condition values. This is sometimes trivially easy if the initial-condition value
is computed from the measurement at the first time point of the maneuver (a common practice): change the start

time by on~ .. .ple to avoid an obvious wild point, average the first few data points, or draw a fairing through
the nofse rn .se the faired value.

When these methods are inapplicable or insufficient, we can include the initial condition in the list of
<nknown parameters to estimate. The initial condition is then a deterministic function of £. The solution
of the state equation is thus still a deterministic function of & and time, as required for the output-error
method. The equations of Section 5.1 still apply, provided that we substitute

Re(ty) = x,(8) (8.2-1)
for Equation (8.3-1a).

It is easy to show that the initial-condition estimates have poor asymptotic properties ac the time
interval increases. The initial-condition information is all near the beginning of the maneuver, and increas-
ing the time interval does not add to this information. Asymptotically, we can and should ignore initial con-
ditions for stable systems. This is one case where asymptotic results are misleading. For real data with
finite time intervals we should always carefully consider initial conditions. Thus, we avoid making the
mistake of one published paper (which we will Teave anonymous) which biithely set the model initial condition
to zero in spite of clearly nonzero data. It s not clear whether this was a simple oversight or whether the
author thought that asymptotic results justified the practice; in any event, the resulting errors were so
egregious as to render the results worthless (except as an object lesson).

8.3 COMPUTATIONS

Equations (8.1-2) and (8.1-32 defire the cost function that must be minimized to obtzin the MAP estimates
(or, in the special case that P™* is zero, the MLE estimates). This is a fairly complicated function of &.
Therefore we must use an iterative minimization scheme.

It s easy to become overwhelmed by the apparent complexity of J as a function of £; Zg(ty) is itself
a complicated function of £, involving the solution of a differential equation. To get J as a function of
£ we must substitute this function for Z.(t{) in Equation (8.1-2). You might give up at the thought of
evaluating first and secund gradients of tﬁis function, as required by most iterative optimization methods.
The complexity, however, is only apparent. It is crucial to recognize that we do not need to develop a
closed-form expression, the development of which would be difficult ot best. We are only required to develop
a workable procedure for computing the result.

To evaluate the gradients of J, we need only proceed one step at a time; each step is quite simple,
involving nothing more complicated than chain-rule differentiation. This step-by-step process follows the
advice from Alice in Wonderland:

The White Rabbit put on his spectacles. "Where shall I begir, please your
Majesty?” he asked.

"Beqin at the beginning," the King said, very gravely, "and go on till you
come to the end: then stop."

8.3.1 Gauss-Newton Method

The cost function is in the form of a sum of squares, which makes Gauss-Newton the preferred optimization
algorithm. Sections 2.5.2 and 5.4.3 discussed the Gauss-Newton algorithm. To gather together all the impor-
tant equations, we repeat the basic equations of the Gauss-Newton algorithm in the notation of this chapter.
Gauss-Newton s a quasi-Newton algorithm. The full Newton-Raphson algorithm is

ELan = & - [VRO(EI vRa(E))] (8.3-1)
The first gradient is
N
vple) = - 12 [2(t)) - 2,(t;)1*(66%)7 7, 2(t;)] + (¢ - m)* (8.3-2)
=)
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92 8.3.1

For the Gauss-Newton algorithm, we approximate the second gradient by

N
2 " 3 N ORICE: -1 -
TE) = D) [9GE (6 IMGN M vcE (1)) + P (8.3-3)
iz
which corresponds to Equatfon (2.5-11) applied to the cost function of this chapter. Equations (8.3-1)

through (8.3-3) are the same, whether the system is in pure discrete time or mixed continuous/discrete time.
The only quantities in these equations requiring any discussion are ig(t,-) and vgic(ti).

8.3.2 System Response

The methods for computation of the system response depend on whether the system is pure discrete time
or mixed continuous/discrete time. The choice of method is also influenced by whether the system is linear
or nonlinear.

Computation of the response of discrete-time systems is simply a matter of plugging into the equations.
The general equations for a nonlinear system are

Re(ty) = x, (k) (8.3-4a)
Ke(tey,) = fIx (t)ult)el 4= 0,1, (8.3-4b)
Z.(ty) = g[ig(ti).u(ti).il i=1.2,... (8.3-4c)

The more specific equations for a linear discrete-time system are

ig(to) = x,(¢) (8.3-5a)
R(ty,,) = ok () +wulty) 1 =0,1,... (8.3-5)
ie(ti) = Ciz(ti) + Du(ti) i=1,2,... (8.3-5¢)

For mixed continuous/discrete-time systems, numerical methods for approximate integration are required.
You can use any of numerous numerical methods, but the utility of the more complicated methods is often
limited by the available data. It makes little sense to use a high-order method to integrate the system

equations between the time points where the input is measured. The errors implicit in interpolating the input
measurements are p-obably larger than the errors in the integration method. For most purposes, a second-order

Runge-Kutta algorithm is probably an appropriate choice:

% (ty) = x,(¢) (8.3-6a)
xe(tyyy) = X (t5) + (b, - tFIR(2y),u(ty) ] {8.3-6b)
Xe(tigy) = X Atg) + (b, - t4) % (FIx (e ulty)aed + Flxglty, Daulty, 0,60} (8.3-6¢)

2 (ty) = glx (ty)ult;) 6] (8.3-6d)

For linear systems, a transition matrix method is zore accurate and efficient than Equation (8.3-6).

x(t,) = x,(€) (8.3-7a)

Reltyy,) = o8 (8)) + v § [ulty) + ulig,)) i=0,1,... (8.3-7b)

ic(ti) = Ci;(ti) + Du(ty) i=1,2,... (8.3-7c)

where
® = exp[A(t'l+1 - ti)] (8.3-8)
tin
¥ =J. exp(Ar)dr B (8.3-9)
i3

Section 7.5 discusses the form of Equation (8.3-7b). Moler and Van Loan (1978) describe several ways of
numerically evaluating Equations (8.3-8) and (8.3-9). In this application, because tj4; - t{ 1is small com-
pared tu the system natural periods, simple series expansion works well.

EE RV LR L (8.3-10)
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w=A[1+g-‘§-+-(%‘jﬁ+%‘i!ﬁ+...]a (8.3-11) '
where
8=t -ty (8.3-12)

8.3.3 Finite Difference Response Gradient

It remains to discuss the computation of ¢ ig(t-). the ,radient of the system response. lhere are two
basic methods for evaluating this gradient: finite-d}fference differentiation and analytic differentiation.
This section discusses the finite difference approach, and the next section discusses the analytic approach.

Finite-difference differentiation is applicable to any model form. The method is easy to describe and
equally easy to code. Because it is easy to coae, finite-difference differentiation is appropriate for pro-
grams where quick results are needed or the production workload is small enough that saving program develop-
ment time is more important than irproving program efficiency. Because it applies with equal ease to all model
forms, finite-difference differentiation is also appropriate for programs that must handle nonlinear models,
for which analytic differentiation is numerically complicated (Jategaonkar and Plaetschke, 1983).

( )To use finite-difference differentiation, perturd the first element of the ¢ vector by some small amount
Ag'\*’. Recompute the system response using this perturbed ¢ vector, obtaining the perturbed system response
Zp- The partial derivative of the response with respect to ¢!}/ is then approximately

A lty)  Blty) - Bty

2 (8.3-13) ’ .
2e(2) 26(1) ‘
Repeat this process, perturbing each element of & in turn, to approximate the partial derivatives with £
respect to each element of ¢. The finite-difference gradient is then the concatenation of the partial %
derivatives. *
2 (ts) ez (t)) i
v (ty) = | S, —E— (8.3-14) 3
£°¢ BE(I) 35(2) ;
d

Selection of the size of the perturbations requires some thought. If the perturbation is too large,
Equation (8.3-13) becomes a poor approximation of the partial derivative. If the perturbation is too small,
roundoff errors become a problem.

Some people have reported excellent results using simple perturbation-size rules such as setting the
perturbation magnitude at 1% of a typical expected magnitude of the corresponding £ element (assuming that
you understand the problem well enough to be able to establish such typical magnitudes). You could alterna-
tively consider percentages of the current iteration estimates (with some special provision for handling zero
or essentially zero estimates). Another reasonable rule, after the first iteration, would be to use percen-
tages of the diagonal elements of the second gradient, raised to the -1/2 power. As a final resort (it takes
more computer time and is more complex), you could try several perturbation sizes, using the results to gauge
the degree of nonlinearity and roundoff error, and adaptively selecting the best perturbation size.

o nt SN LOPIRAMIT . v
T

ue to our limited experience with the finite difference approach, we defe, making specific recommenda-
tions on perturbation sizes, but offer the opinion that the problem is amenable to reasonable solution. A
Tittle experimentation should suffice to establish an adequate perturbation-size rule for a specific class of ! -
problems. Note that tha higher the precision of your computer, the more margin you have between the boundaries
of linearity problems and roundoff problems. Those of us with 60- and 64-bit computers (or 32-bit computers
in double precision) seldom have serious roundoff problems and can use simple perturbation-size rules with
impunity. If you try to get by with single precision on a 32-bit computer, careful perturbation-size selection
will be more important.

——

[}
'

8.3.4 Analytic Response Gradient

The other approach to computing the gradient of the system response is to analytically differentiate the
system equations. For linear systems, this approach is sometimes far more efficient than finite difference
differentiation. For nonlinear systems, analytic differentiation is impractically clumsy (partially because
you have to redo it for each new nonlinear model form). We will, therefore, restrict our discussion of
analytic differentiation to linear systems.

We first consider pure discrete-time linear systems in the form of Equation (8.3-5). It is crucial to
recall that we do not need a closed form for the gradient; we only need a method for computing it. A closed-
form expression would be formidable, unlike the following equation, which is the aimost embarassingly obvious
gradient of Equation (8.3-5), obtained by using nothing more complicated than the chain rule:

V;i(to) a V;"o(i) (8.3-13a)
Vﬁi(tfh) = o(in(ti)) + (vo)k(t) + (v,¥)u(ty) i=0,1,... (8.3-13b)
TE(t)) = CTR(E,)) + (OR(E,) + (,00u(ty) 1= L2, (8.3-13c)

Equation (8.3-13b) gives a ricursive formula for v.%(ty), with Equation (8.3-13a) as the initial conditijon.
Equation t8.3-13:) expresses Vei(ti) in terms of tﬁe solution of Equation (8.3-13b).
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The quantities vgo, Vc¥, v¢C, and v¢D in Equation (8.3-13) are gradients of matrices with respect to
the vector &. The results are vectors. he elements of which are matrices (if you are fond of buzz words,
these are third-order tensors). If this starts to sound complicated, you will be pleased to know that the
products like (v¢D)u{t{) are ordinary matrices (and indeed sparse matrices— they have lots of zero elements).
You can compute %he products directly without ever forming the vector of matrices in your program. A program
to implement Equation (8.3-13) takes fewer lines than the explanation.

We could write Equation (8.3-13) without using gradients or matrices. Simply replace v, by a0 ld)
throughout, and then concatenate the partial derivatives to get the gradient of 2(ti). ﬁan have, at
worst, partial derivatives of matrices with respect to scalars; these partial derivatives are matrices. The
only difference between vriting the equations with partial derivatives or gradients is notational. We choose
to use the gradient notation because it is shorter and more consistent with the rest of the book.

Let us look at Equation (8.3-13c) in detail to see how these equations would be implemented in a2 program,
and perhaps to better understand the equations. The left-hand side is a matrix. Each column of the matrix is
the partial derivative of Z(t;) with respect to one element of ¢:

3 = —2 _ 3(t. -
ng(ti) [3 o z(t ) ” z) 2“1) 35(9) z(t‘)] (8.3-14)

The quantity vgx(t‘) is a similar matrix, computed from Equation (8.3-13b); thus C(vex(t }) is a multiplica-
tion of a matrix times a matrix, and this is a calculation we can handle. The quantity VEC is the vector of
matrices

. a3t aC -
VEC [35(1) s 22 () 35(9)] (8.3-15)
and the product (7.C)x(tj) is

(v OR(t;) =[ o) x(t;) . (2) x(t;) . (p) x(t )] {8.3-16)

(Our notation voes not indicaie eaxplicitly that this is the intended product formula, but the other conceivable
interpretation of the notation is obviously wrong because the dimensions are incompatibla. Formal tensor
notation would make the intention explicit, but we do not really need to introduce tensor notation here because
the correct interpretation is obvious).

In many cases the matrix aC/ac(J) will be sparse. Typ1caﬂy these matrices are either zero or have only
ong nonzero element. We can take advantage of such sparseness in the computation. If C is not a function of

(presumably 5(3) affects other of the system matrices), then 36/35(3' is a zero matrix. If only the
(k,m) element of C 1is affected by 5(3), then [aC/3¢ J)]x(t ) is a vector with [ac(k’m)/ae J)]x(t )(m) in the
kth element and zeros elsewhere. If more than one element of C is affected by ¢ 3 » then the resu'lt is a
sum of such terms. This approach directly forms [aC/ac(j)]i(t,-). taking advantage of sparseness, instead of

forming the full aC/az(") matrix and using a general-purpcse matrix multiply routine. The terms (v D)u(t;),
(veo)x(ty), and (v 'f)u(t,) are all similar in form to (v:C)%(tj). The initial condition vex, 1is a’zero
matrix 1} Xg novm otherwise it has a nonzero element for each unknown element of x,.

We row know how to evaluate all of the terms in Equation (8.4-13). This is significantly faster than
finite differences for some applications. The speed-up is most significant if ¢, ¥, C, and D are functions
of time requiring significant work to evaluate at each point; straighforward finite difference methods would
have to reevaluate these matrices for each perturbation.

Gupta and Mehra (1974) discuss a method that is basically a modification of Equation (8.3-13) for comput-
ing v z(t1) Depending on the number of inputs, states, outputs, and unknown parameters, this method can
sometmes save computer time by reducing the length of the gradient vector needed for propagation in
Equation (8.4-13).

We now have everything needed to implement the basic Gauss-Newton minimization algorithm.. Practical
application will typically require some kind of start-up algorithm and methods for handling cases where the
algorithm converges siowly or diverges. The I1iff-Maine code, MMLE3 (Maine and 11iff, 1980; and Maine, 1981),
incorporates several such mocifications. The line-search ideas (Foster, 1983) brieﬂy discussed at the end of

Section 2.5.2 also seem appropriate for handling convergence problems. We will not cover tne details of such
practical issues here.

The discussions of singularities in Section 5.4.4 and of partitioning in Section 5.4.5 apply directly to
the problem of this chapter, so we will not repeat them.

8.4 UNKNOWN G

The previous discussion in this chapter has assumed that the G-matrix is known. Equations (8.1-2)
and (8.1-4) are derived based on this assumption. For unknown G, the methods of Section 5.5 apply directly.

lEquath)n (5.5-2) substitutes for Equation (8.1-4). In the terminology of this chapter, Equation (5.5-2)
ecomes

e) = 3 Z [2(t;) - 2,(¢,)176(£)6(e)* 172 C2(t, ) - 2,(t)] + wn|6(e)G(e)*| (8.4-1)
j=1
1f G 1s known, this reduces to Equation (8.1-4) plus a constant.
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As discussed in Section 5.5, the best approach to minimizing Equation (8.4-1) is to partit1on the param-
eter vector into a part gg affecting G, and a part ¢¢ affecting 2. For each fixed &, the Gauss-Newton

equations of Section 8.3 apply to revising the estimate of £¢. For each fixed ¢&f, the revised estimate of G

is given by Equation {5.5-7), which becomes

= bt - s (N2l - B (6T (8.4-2)
i=a

in the current notation. Section 5.5 describes the axial iteration method, which alternately applies the
Gauss-Newton equations of Section 8.3 for £¢ and Equation (8.4-2) for G.

The cost function for estimation with unknown G is often written in alternate forms. Although the above
form is usually the most useful for computation, the following forms provide some insight into the relations of
the estimators with unknown G versus those with fixed G. When G is completely unknown, the minimization
of Equation (8.4-1) is equivalent to the minimization of

N
a0 = & Y La(ey) - Elelaley) - 2 (8] (8.4-3)

i=1

which corresponds to Equation (5.5-9). Section 5.5 derives this equivalence by eliminating G. It is common
to restrict G to be diagonal, in which case Equation (8.4-3) becomes

2 N
ey = M{§ Y e ) - 2.0l (8.4-4)
j= i=1

This form is a product of the errors in the different signals, instead of the weighted sum-of-the-errors form
of Equation (8.1-4

8.5 CHARACTERISTICS

We have shown that the output error estimator is a direct application of the estimators derived in
Section 5.4 for nonlinear static systems. To describe the statistical characteristics of output error esti-
mates, we need only apply the corresponding Section 5.4 results to the particular form of output error.

In most cases, the corresponding static system is nonlinear, even for linear dynamic systems. Therefore,
we must use the forms of Section 5.4 instead of the simpler forms of Section 5.1, which apply to linear static
systems. In particular, the output error MLE and MAP estimators are both biased for finite time. Asymptoti-
cally, they are unbiased and efficient.

From Equation (5.4-11), the covariance of the MLE output error estimate is approximated by
N -1
£ z 7 )I*(GE*) 2 3 N 5=
covlile) =4 ), 172, (t)1(680) 7[5 2, ()] (8.5-1)
1=1

From Equation (5.4-12), the corresponding approximation for the posterior distribution of & in an MAP esti-
mator is

-1

cov(e|2) = z[v (t;)14(66%) 7,3, (t,)] + P (8.5-2)
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CHAPTER 9

9.0 FILTER ERROR METHOD FOR DYNAMIC SYSTEMS

In this chapter, we consider the parameter estimation problem for dynamic systems with both process and
measurement noise. We restrict the consideration to linear systems with additive Gaussian noise, because the
exact analysis of more general systems is impractically complicated except in special cases like output error
(no process noise).

The easiest way to handle nonlinear systems with both measurement and process noise is usually to linear-
ize the system and apply the linear results. This method does not give exact results for nonlinear systems,
but can give adequate approximations in some cases.

In mixed continuous/discrete time, the linear system model is

x(ty) = x4 (9.0-1a)
x(t) = Ax(t) + Bu(t) + Fn(t) (9.0-1b)
2(t;) = Cx(t,) + Du(t,) + 6ny i = L,2,... (9.0-1)

The measurenent noise n 1is assumed to be a sequence of independent Gaussian random variables with zero maan
and identity covariance. The process noise n 1is a zero-mean, white-noise process, independent of the
measurement noise, with identity spectral density. The initial condition x, is assumed to be a Gaussian
random variable, independent of n and n, with mean X, and covariance P,. As special cases, P, can be 0,
implying that the initial cordition is known exactly; or infinite, implying complete ignorance of the initial
condition. The input u 1is assumed to be known exactly.

As in the case of output error, the system matrices A, B, C, D, F, and G, are functions of £ and may
be functions of time.

The corresponding pure discrete-time model is

x(ty) = X, (9.0-2a)
x(t“l) = ox(ti) + \Pu(t,‘) + Fni i=0,1,... (9.0-2b)
z(ti) = Cx(ti) + Du(ti) + G, i=1,2,... (9.0-2¢)

A1l of the same assumptions apply, except that n 1is a sequence of independent Gaussian random variables with
zero mean and identity covariance.

9.1 DERIVATION

In order to obtain the maximum 1ikelihood estimate of ¢, we need to choose £ to maximize
L(£,2) = p(Zy|g) where

Zy = [2(t,),z2(t;)...2(ty)]* (s.1-1)

For the MAP estimate, we need to maximize p(Zyje)p(£). In either event, the crucial first step is to find a
tractable expression for p(Zy|g). We will discuss three ways of deriving this density function.

9.1.1 Static Derivation

The first means of deriving an expression for p{Zy|t) is to solve the system equations, reducing them to
the static form of Equation (5.0-1). This technique, although simple in principle, does not give a tractable
solution. We briefly outline the approach here in order to illustrate the principle, before considering the
more fruitful approaches of the following sections.

( )For a pure discrete-time linear system described by Equation (9.0-2), the explicit static expression for
z(ty) is

i-1
2(t,) = Co'x(t,) + € ), 013" vult)) + Fny) + ult,) + Gn, (9.1-2)
j=o

This is a nonlinear static model in the general form of Equation (5.5-1). However, the separation of ¢
into ¢g and £¢ as described by Equation (5.5-4) does not apply. Note that Equatfon (9.1-2) is 4 nonlinear
function of £, even if the matrices are 1inear functions. In fact, the order of nonlinearity increases with
the number of time points. The use of estimators derived directly from Equation (9.1-2) is unacceptably diffi-
cult for all but the simplest special cases, and we will not pursue it further.

for mixed continuous/discrete-time systems, similar principles apply, except that the w of Equa-
tion (5.0-1) must be generalized to allow vectors of infinite dimension. The process noise in a mixed
continuous/discrete-time system is a function of time, and cannot be written as a finfte-dimensional random
vector. The material of Chapter 5 covered only finite-dimensional vectors. The Chapter 5§ results generaljze
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98 9.1.1

nicely to infinite-dimensional vector spaces (function spaces), but we will not find that level of abstraction

necessary. Application to pure continuous-time systems would require further generalization to allow infinite-
dimensional observations.

9.1.2 Derivation by Recursive Factoring

We will now consider a derivation based on factoring p(Zy|g) by means of Bayes rule (Equation (3.3-12)).
The derivation applies either to pure discrete-time or mixed continuous/discrete-time systems; the derivaticn
is identical in both cases. For the first step, write

p(Zyle) = plz(ty)]Zy_  e)p(Zy_,l5) {9.1-3)

Recursive application of this formula gives

N
p(Zyle) = T pl2(t;)|2;_ .¢) (9.1-4)
i=1

For any particular ¢, the distribution of z(t;) given Zj., is known from the Chapter 7 results; it is
Gaussian with mean

ig(ti) = E(z(ti)|Z1_1,£}

1]

E(Cx(t;) + Du(t;) + 6nylZ;_ .6}
= Ci;(ti) + Du(t;) (9.1-3)

and covariance

R; = cov(z(t,)|Z;_ .¢)
= cov(Cx(ty) + Du(ty) + GngfZ;  ,E)
= CQ(t;)c* + 65* (9.1-6)
Note that X.(tj) and ig(ti) are functions of ¢ because they are obtained from the Kalman filter based on a

particular vdlue of £; that is, they are conditioned on &. We use the £ subscript notation to emphasize ' N
this dependence. R; is also a function of &, although our notation does not explicitly indicate this. :

i
Substituting the appropriate uaussian density functions characterized by Equations (9.1-5) and (9.1-6) 6 e
into Equation (9.1-4) gives |-
N |
- 1 s - . L
L(E‘ZN) 2 P(ZNIE) = I1 IZWR‘-I /2 exp{- 2 [Z(t‘-) - Zg(ti)]"’R‘-l[Z(ti) - Zg(ti)]} (9.1-7)
i=1

This is the desired expression for the 1ikelihood functional.

|
P
9.1.3 Derivation Using the Innovation }"
i
Another derivation involves the properties of the innovation. This derivation also applies either to i
mixed continuous/discrete-time or to pure discrete-time systems. i
We proved in Chapter 7 that the innovations are a sequence of independent, zero-mean Gaussian sariables
with covariances Rj given by Equation (7.2-33). This proof was done for the pure discrete-time case, but
extends directly to mixed continuous/discrete-time systems. The Chapter 7 results assumed that the system
matrices were known; thus the results are conditioned on ¢. The conditional probability density function of

the innovations is therefore %
N 1
P(VNIE) = n tz'"le
i=1

& exp(- % v;R;lvi) (9.1-8)

We also showed in Chapter 7 that the innovations are an invertible 1inear function of the observations.
Furthermore, it is easy to show that the determinant of the Jacobian of the transformation equals 1. (The
Jacobian is trjangular with 1's on the diagonal). Thus by Equation (3.4-1), we can substitute

vy = z(t1) - ig(t1) (9.1-9) %

i

into Equation (9.1-8) to give %
N !

- 1 3 - M {

p(Zyle) = 1]}1 |2nR |2/ exp{- 7 [2(ty) - 2 (IR [2(ty) - zg(ti)]} (9.1-10) |

which s identica) to Equation (9.1-7). We see that the derivation by Bayes factrring and the derivation
using the innovation give the same result.
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9.1.4 Steady-State Form

For many applications, we can use the time steady-state Xalman filter in the cost functional, resuiting in
major computational savings. This usage requires, of course, that the steady-state filter exist. We discussed
the criteria for the existence of the steady-state filter in Chapter 7. The most important criterion is
obviously that the system be time-invariant. The rest of this section assumes that a steady-state form exists.
When a steady-state form exists, two approaches can be taken to justifying its use.

The first justification is that the steady-state form is a good approximation if the time interval is long
enough. The time-varying filter gain converges to the steady-state gain with time constants at least as fast
as those of the open-loop system, and sometimes significantly faster. Thus, if the maneuver analyzed is long
compared to the system time constants, the f#ilter gain would converge to the steady-state gain in a small por-
tion of the maneuver time. We could verify this behavior by computing time-varying gains for representative
values of ¢. If the filter gain does converge quickly to the steady-state gain, then the steady-state filter
should give a good approximation to the cost functional.

The second possible justification for the use of the steady-state filter involves the choice of the
initial state covariance P,. The time-varying filter requires P, to be specified. It is a common practice
to set P, to zero. This practice arises more from a lack of better ideas than from any real argument that
zero is a good value. It is seldom that we know the initial state exactly as implied by the zero covariance.
One circumstance which would justify the zero initial covariance would be the case where the initial condition
is included in the list of unknown parameters. In this case, the initial covariance is properly zero because
the filter is conditioned on the values of the unknown parameters. Any prior information about the initial
condition is then reflected in the prior distribution of ¢ instead of in P,. Unless one has a specific need
for estimates of the initial condition, there are usually better approaches.

We suggest that the steady-state covariance is often a reasonable value for the initial covariance. In
this case, the time-varying and steady-state filters are identical; arguments about the speed of convergence
and the length of the data interval are not required. Since the time-varying form requires significantly more
computation than the steady-state form, the steady-state form is preferable except where it is clearly and
significantly inferior,

If the steady-state fitter is used, Equation (9.1-7) becomes
N
L(g,2y) = TT{2nR[2/% expilz(t;) - 2, (t)IR7[2(t;) = 2.(¢)]) (9.1-11)
i=1

where R is the steady-state covariance of the innovation. In general, R is a function of ¢. The 2€(t1)
in Equation (9.1-11) comes from the steady-state filter, unlike the Z.(t{) in Equation (9.1-7). We use the
same notation for both quantities, distinguishing them by context. (The Eg(t-) from the steady-state filter
is always associated with the steady-state covariance R, whereas the ig(ti) }rom the time-varying filter is
associated with the time-varying covariance R{.)

9.1.5 Cost Function Discussion

The maximum-1ikelihood estimate of ¢ is obtained by maximizing Equation (9.1-11) (or Equation {9.1-7)
if the steady-state form is inappropriate) with respect to ¢.

Because of the exponential in Equation (9.1-11), it is more convenient to work with the logarithm of the
1ikelihood functional, called the log 1ikeltihood functional for short. The log likelihood functional is
maximized by the same value of & that maximizes the likelihood functional because the logarithm is a mono-
tonic increasing function. By convention, most optimization theory is written in terms of minimization instead
of maximization. We therefore define the negative of the log 1ikelihood functional to be 2 cost functional
which is to be minimized. We also omit the ¢n{2n) term from the cost functional, because it does not affect
the minimization. The most convenient expression for the cost functional is then

N
ae) = Y Lalty) - B (e)IRL2(t,) - F (6] + 3 N anlR] (9.1-12)

i=2

If R is known, then Equation (9.1~12) is in a least-squares form. This is sometimes called a prediction-
error form because the quantity being minimized is the square of the one-step-ahead prediction error

z(tg) - Zg(ty). The term "filter error" is also used because the quantity minimized is obtained from the
Kalman fiiter.

Note that this form of the likelihood functional involves the Kalman filter-not a smoother. There is
sometimes a temptation to replace the filter in this cost function by a smoother, assuming that this will give
improved results. The smoother gives better state estimates than the filter, but the problem considered in
this chapter is not state estimation. The state estimates are an incidental side-product of the algorithm for
estimating the parameter vector &. There are ways of deriving and writing the parameter estimation problem

which invelve smoothers (Cox and Bryson, 1980), but the direct use of a smoother in Equation (9.1-12) 1s
simply incorrect.

For MAP estimates, we modify the cost functional by adding the negative of the logarithm of the prior
probability density of €. If the prior distribution of £ 1is Gaussian with mean m; and covariance W, the
cost functional of Equation (9.1-12? becomes (fgnoring constant terms)
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N
' i) = 3 12 La(ty) - £ (¢ )IR3La(ty) - 2(6)] ¢ 3N anlR| + § (€ - m)W (g - m)  (9.1-13)
L3
2 The filter-error forms of Equatfons (9.1-12) and (9.1-13) are parallel to the output-error forms of

. Equatfons (8.1-4) and (8.1-2). When there is no process noise, the steady-state Kalman f{lter becomes an

. integration of the system equations, and the innovation covarfance R equals the measurement noise covariance
3 GG*. Thus the output error equations of the previous chapter are special cases of the filter error equations
; with zero process nofse.

N 9.2 COMPUTATION

The best methods for minimizing Equation (9.1-12) or (9.1-13) are based on the Gauss-Newton algorithm.
pe ¥ Because these equations are so similar in form to the output-error equations of Chapter 8, most of the Chap-
, ter 8 material on computation applies directly or with only minor modification.

The primary differences between computational methods for filter error and those for output error center
on the treatment of the noise covariances, particularly when the covariances are unknown. Maine and I'iff

H (1981a) discuss the jmplementation details of the filter-error algorithm. Tne I1iff-Maine code, MMLE3 (Maine
; and I11{ff, 1980; and Maine, 1981), implements the filter-error algorithm for 1inear continuous/discrete-t‘me
N systems.

:» ! We generally presume the use of the steady-state filter in the filter-error algorithm. Implementation fs
: significantly more complicated using the time-varying filter.

T~ 9.3 FORMULATION AS A FILTERING PROBLEM

;: i An alternative to the direct approach of the previous section is to recast the parameter estimation prob-

Eee lem into the form of a filtering problem. The techniques of Chapter 7 then apply.

T Suppose we start with the system model

) x(t,) = x, (9.3-1a)
x(t) = A(g)x{t) + B(g)u(t) + Fn(t) (9.3-1b)

- z(t)) = Cle)x(ty) + D()ulty) + Gny (9.3-1c)

This is the same as Equation (9.0-1), except thzt here we explicitly indicate the dependence of the matrices
on E. The problem is to estimate &.

In order to apply state estimation techniques to this problem, £ must be part of the state vector.
Therefore, we define an augmented state vector

. X
= Xy = [E] (9.3-2)

We can combine Equation (9.3-1) with the trivial differential equation
E=0 (9.3-3)

|
i
!
oo to write a system equation with x, as the state vector. Note that the resulting system is nonlinear 1 x,
| (because it has products of ¢ and x), even though Equation (9.3-1) is Tinear in x.
|

In principle, we can apply the extended Kalman filter, discussed in Section 7.7, to the problem of esti-
mating x;. Unfortunately, the nonlinearity in the augmented system s crucial to the system behavior. The
adequacy of the extended Kalman filter for this problem has seldom been analyzed in detail. Schweppe (1973,
p. 433) says on this subject

...the system identification problem has been transformeu into a problem
which has already been discussed extensively.

The discussions are not terminated at this point for the simple reason that
Part IV did not provide any "best" one way to solve a nonlinear state esti-
mation problem. A major conclusion of Part IV was that the best way to
proceed depends heavily on the explicit nature of the problem. System
{dentification leads to special types of nonlinear estimation problems, so
specialized discussions are needed.

; ...the state augmentation approach is not emphasized, as the author feels

N that it 1s much more appropriate to approach the system fdentification
problem directly. However, there are specfal cases where state augmentation
works very well.
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CHAPTER 10

10.0 EQUATION ERROR METHOD FOR DYNAMIC SYSTEMS

This chapter discusses the equation error approach to parameter estimation for dynamic systems. We will
first define a restricted form of equation error, parallel to th. .reatments of output error and filter errcr
in the previous chapters. This form of equation error is a special case of filter error where there is process
noise, but no measurement noise. It therefore stands in counterpoint to output error, which is the special
case where there is measurement noise, but no process noise.

We will then extend the definition of equation error to a more general form, Some of the practical appli-
catfons of equation error do not fit precisely into the overly restrictive form based on process noise cnly,
In its most general forms, the term equation error encompasses output error ard filter error, in addition to
the forms most commonly associated with the term. The primary distinguishing feature of the methods emphasized
in this chapter is their computational simplicity.

10.1 PROCESS-NOISE APPROACH

In this section, we consider equation error in a manner parallel to the previous trectments of output
error and filter error. The filter-error method treats systems with both process noise and measurement noise,
and output e~ror treats the special case of systems with measurement noise only. Equation error completes this
triad of algorithms by treating the special case of systems with process noise only.

The eqration-error method applies to nonlinear systems with additive Gaussian process noise. We will
restrict the discussion of this section tu pure discrete-time models, for which the derivation is straightfor-
ward. Mixed continuous/discrete-time models can be handled by converting them to equivalent pure discrete-time
T??els. dgquation error does not strictly apply to pure continucus-time models. (The problem becomes

-posed).

The general form of the nonlinear, discrete-time system model we will consider is

x(ty) = x, (10.1-1a)
x(t1+1) = f[x(ti).u(ti).cl + Fny i=0,1,...,N=1 (10.1-1b)
Z(t‘) = Q[X(t,‘),u(t1),€] i=0,1,...,N (10.1-1c)

The process noise, n, is a sequence of independent Gaussian random variables with zero mean and identity
covariance. The matrix F can be a function of £. although the simplified notation ignores this possibility.
It will prove convenient to assume that the measurements z(t{) are defined for 1 = §,...,N; previous
chapters have defined them only for {1 = 1,...,N,

10.1.1 Der{vation

The following derivation of the equation-error method closely parallels the derivation or the filter-error
method in Section 9.1.3. Both are based primarily on application of the transformatiun of variables formula,
Equatfon (3.4-1), ~tarting from a process known to be a sequence of independent Gav.sian variables.

By assumption, the probability density function of the process uwoise is
N-1
p(ny) = T1 (21)-*/2 exp(ntn,) (10.1-2)

j=o

where ny 1{s the concatenation of the ny. We further assume that F 1is invertible for all permissible
values of ¢&; this assumption is necessary to ensure that the problem is well-posed. We define Xy to be the
concatenation of the x(ty). Then, for each value of &, Xy 1is an invertible linear function of ny. The
inverse function is

ng = F"[x(t1+l) - i;(tiﬁx)] (10.1-3)
where, for convenience and for consistency with the notation of previous chapters, we have defined
Keltyy,) = flx(ty)u(ty).e] (10.1-4)

The determinant of the Jacobian of the inverse transformation is IFL'N because the inverse transformation
matrix s block-triangular with F-! {in the dfagonal blocks. Diract application of the transformation-of-
variables formula, Equation (3.4-1), gives

N
pixyle) = 1H |2aFP|=3/2 @xpd- 4 Dx(t,) = & (£)I(FFR)S [x(t,) - (21} (10.1-5)
L}

In order to derive a simple expression for p(lulz). we require that ¢ be a continuous, invertible func-
tion of x for each value of . The invertibility is critical to the simplicity of the equation-error
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102 10.1.1

algorithm. This assumption, combined with the lack of measurement noise, means that we can reconstruct the
state vectnr perfectly, provided that we know ¢. The inverse function gives this reconstruction:

R (ty) = g7 [2(t).ulty) 8] (10.1-6)

I¥ g is not invertible, a recursive state estimator becomes imbedded in the algorithm and we are again faced
with something as complicated as the filter-error algorithm. For invertible g, the transformation-of-
variables formula, Equation (3.4-1), gives

N -1
ag=tz(t,),u(t,),e] . . )
p(zyle) = IT |det 3:&:,) ! |2aFF* /% exp{- F [R () = k(&) I(F®) R (2y) - R (23}
1= (10.1-7)
where X (ti} 1s given by Equation (10.1-6), and
e(ty) = LRty ety ).6] (10.1-8)

Most practical applications of equation error separate the problems of state reconstruction and parameter
estimation. In the context defined above, this is possibie when g is not a function of ¢. Then Equa-
tion (10.1-6) 1s also independent of ¢; thus, we can reconstruct the state exactly without knowledge of ¢.
Furthermore, the estimates of ¢ depend only on the reconstructed state vector and the control vector. There
is no direct dependence on the actual measurements z(t12 or on the exact form of the g¢-function. This is
evident in Equation (10.1-7) because the Jacobian of g¢~* {s independent of ¢ and, therefore, irrelevant to
the parameter-estimation problem. In many practical applications, the state reconstruction is more complicated
than a simple pointwise function as in Equatfon (10.1-6), but as long as the state reconstruction does not
depend on ¢, the details do not matter to the parameter-estimation process.

You will seldom (if ever) see Equation {10.1-7) elsewhere in the form shown here, which includes the fac-
tor for the Jacobian of g-!, The usual derivation ignores the measurement equation and starts from the
assumption that the state is known exactly, whether by direct measurement or by some reconstruction. We have
included the measurement equation only in order to emphasize tne parallels between equation error, output
error, and filter error. For the rest of this section, we will assume that g 1is independent of ¢. We will
specifically assume that the determinant of the Jacobian of g 1is 1 (the actual value being irrelevant to the
estimator anyway), so that we can write Equation (10.1-7) in a more conventional form as

N
pizyle) = TL{2aFee|72/2 expfe £ [x(ty) - X (e TR 2x(ey) - &, ()1} (10.1-9)

j=1
where
Xe(tg) = fIx(ty ity ).e] (10.1-10)

You can derive slight generalizations, useful in some cases, from Equation (10.1-7).

The maximum-1ikelihood estimate of & 1is the value that maximizes Equation (10.1-9). As in previous
chapters, it is convenient to work in terms of minimizing the negative-log-1ikelihood functional

N
aE) = § D Ix(ty) - R (E)IMFF)3Ix(t,) - X, (8)] + 5 N anjFFe] (10.1-11)
i=1

If ¢ has a Gaussian prior distribution with mean mg and covariance P, then the MAP estimate minimizes

N
26) = 3 D Ix(y) = K (EDIMFFR 3 Ix(t) = X (¢)] + 3 N wnjfpe] o L (6 - m)opmii - m)
= (10.1-12)

10.1.2 Special Case of Filter Error

For linear systems, we can also derive state-equation error by plugging into the linear filter-error
algorithm derived in Chapter 9. Assume that G is 0; FF* is invertible; C 15 square, invertible, and known

exactly; and D 1s known exactly. These are the assumptions that mean we have perfect measurements of the
state of the system,

The Kalman filter for this case is (repeating Equation (7.3-11))
x(ty) = 7 a(t)) - Du(t,)] = x(t,) (10.1-13)
and the covariance, Py, of this filtered estimate is 0, The one-step-ahead prediction is

R(tg,,) = ex(t) + vty (10.1-14)
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with
Q - FE* (10.1-15)
From Equation (9.1-6) we have
R1 = CFFC* (10.1-16)
and thus Equation (9.1-12) becomes
N
3e) = 3 Y Lalty) - B (0 IERFRCRIale) - 3.(6)] + 4 N n|CRReca] (10.1-17)
is1
Eliminating irrelevant [C| constants, wa can redefine the cost function as
N
GRS Z [x(ty) = k(eI (FF) 2 x(ty) - % ()] + 3 N an|FFe) (10.1-18)

{=1

which is in the form of Equation (10.1-11). Note that C and D play no role in this estimator, outside of the
reconstruction of the state using Equation (10.1-13).

10.1.3 Discussion

The cost function defined by Equation (10.1-11) or (10.1-12) involves a weighted square sum of the error
that would be in the state equation, Equatfon (10.1-1b), if the noise term were omitted. The term “"equation
error" derives from this fact. This terminclogy is rather vague, giving l1ittle hint as to what equation is
meant. The output-error and filter-error methods descrihed in previous chapters could, with equal vaiidity, be
categorized as methods involving minimizing the error of some equation. In spite of this potential ambiguity,
the use of the term "equation error" is well-established, and the term is unlikely to be misinterpreted. The
terms “state-equatfon error" and "observation-equatior error," which we use in the following sestions, are more

definitive, but not widely used.

The equation-error method is also referred to by several other names. The term "least squares" is some-
times used to define the method, but this terminology is subject to misinterpretation. The large majority of
the estimation methods used can be classified as least-squares methods. We suggest using the term “least
squares” only to refer to this broad class of methods (as in the statement "equation error is a least squares
method"), never to precisely specify ¢ method. The term "linear least squares" is somewhat more definitive (at
least for the case in which f 1{s a 1inear function of ¢) and has been used on occaston. Another term often
used is "regressfon” method (or, more definitively, “linear regression”).

The terms "equation error" or "least squeres" are often used to contrast this method with maximum-
1ikelihood estimators. Such contrasts are inappropriate anrd misieading because eguation error is a completely
rigorous maximum-1ikelihood estimator for the problem as stated. The differences between equation error,
outpul error, and filter error lie in the problem statements and assumptions, not in the statistical principles
used nor in the rigor of the derivation. To disparage equation error on the basis that it is not maximum
1i“elihood because it ignores measurement noise smacks more of snobbery than of honest evaluation. The neglect
of measurement noise may, indeed, be a significant flaw for some applications, but this flaw {s irrelevant to
the issue of whether equation error is maximum 1ikelihood.

A related common misconcepiion is that equation-error estimetes are biased, whereas output-error or
filter-error estimates are asymptotically unbiased. To the contrary, equation error is asymptotically unbiased
for the problem as stated; in many applications, the equation-error estimates are even unbiased for finite
time. It is true that equation error is biased in the presence of measurement noise, but cutput error is

1ikewise bifased in the presence of process noise.

The principle {1lustrated here is unfversal: any estimator is biased (among other problems) when applied
to systems that violate the assumptions used in deriving the estimator. This principle applies to all assump-
tions, not just to the presence or absence of noise. Because any real system will violate any tractable et of
assumptions, al) estimators are actually biaced. (A1) of our previous statements that given estimators a.:
unbfased are based on ideal{zed systems meeting the stated assumptions.)

The unqualified statement that a given estimator is biased is, therefore, of 1ittle use in evaluating the
estimator. More pertinent issues include the questions of which assumptions are most severely violated by the
actual system, and how sensitive the estimator is to these violations. The magnituce of the bias is a reason-
able means of sddressing thes» questions, but the mere existence of a bias is not.

10.2 GENERAL EQUATION ERROR FORM

Many practical applications of equation error do not fit naturally into the restrictive definition of the
previous section, which allows no weasurement noise. There are several alternate definitions of equation error
that accommodate these applications. These alternate definitions involve appsrenily disparate statistical
assumptions, The unifying theme, which justifies the use of the same terminclogy and computational tools for
these various cases, is the form of the resulting cost function. In some cases, two different viewpoints and
corresponding different assumptions about the sare application can result in identical computations.
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We will, therefore, take the cost-function form as the genersl defining property of equation-error esti-
mators. This form can arise from severa) different sets of statistical assumptions. This nonstatistical,
result-oriented approach to the definition helps us to avoid unnaturally contorting some problem statements

to frrce them to fit an overly rigid definition, when a more natural problem statemen achieves the same
result.

To define a general equation-error estimator, we start with some equation, expressed as a functicr of the ;
measurements and the unknown parameters, whi.h should ideally (fgnoring nofce and modeling errors) b2 satisfied
at every measurement time point. We write .he equation in the general form

h[z(.).u(.).t,.z] =0 1=1,2,...,N (10.2-1)
Sectfons 10.2.1 thruugh 19.2.2 aive specific common cases of such equations. '
1
The equation-error estimate based on this equation is then the value of £ that minimizes the cost H
function H
N
1 .
Ie) =3 ), hlz( ) )it aed s hlz(a)ull)oty,6) (10.2-2)
iz

where W 1s a positive semidefinite weighting matrix. The dofinition assumes that the minimum exists and is
unique.

In order to acconmodate prior information and unknown W matrices, we allow the form of Equation (10.2-2)
to be extended to

N
36) = 3 3 AL2(.),u(.), b 53N L2 ). )ty 6]+ § N anW72 ] 4§ (€ - m)*R(E - )
f= (10.2-3)

corresponding to Equation {10.1-12). The above definition is broad enough to include output error and filter
error, as well as the equation-error estimators defined in Section 10.1.

The ectimators emphasized in this chapter have the particular property that the h dependence on 2{.) -
and u{ } is restricted to one or two time points. The central statistical assumption that gfves this property

{s that there are perfect (no noise) measurements of the state. This assumption reduces the Kalman filter to

the form ov Equatfon (10.1-3), which eliminates the integration of the state equatfon. With this assumption,

Equatfon (10.1-3) {s the obvious optimal filter ever for nonlinear state equations. We are also forced to

assume that the process noise covariance FF* 4{s nonsingu'>~ & singular FF* combined with the perfect

state measurements would give an 111-posed problem.

10.2.1 Discrete State-tauation Error

One specific case of the equation-error method is state-equation error. In this case, the specific form .
of Equation (10.2-1) derives from the state equation, fgnoring the process noise. We will first ccasider '
state-equation error for discrete-time systems. The discrete-time sitate equation for a general nonlinear
system, ignoring the process noise, is

X(t‘,‘) = f[X(t‘).U(ti)»E] i=0,1,...,N-1 (10.2-4) ! oy
The & function based on this equatior is i !
H

hlz(L)ou(.)oty €] = x(ty) - fIx(t,_Jouity )] 1= 1,2,...N (10.2-5) ' )
This form presumas that the x(ty) can be reconstructed as a function of the z(t{) and u(ty). {
We recognize discrete-time state-equation error as the method Je. ived in Section 10.1. Equation (10.1-12) i 1
(with Equation (10.1-10)} is a special case of Equatfon (10.2-3) using {quation (10.2-5) for h and FF* for H '
W. Section 10.1 discussed the details of the statistical assumptions implicit in this form. i ]
Note a1so that we can define a state-equation error method whether or not the state measurements are N !
noise-free. The only requisite for a plausiple state-equation error method is that we have some estimate of '
the state to use in Equation (10.2-5). If the measurements are contaminated with noise, then the estimator is ;
noc a maximum-likelihood estimator and will be asymptotically biased. There are many practical ci-cumstances, i
however, where a simple equation-error estimator {s preferable to the "optimal" alternatives, ;
10.2.2 Continuous/Discrete State-tquation Error &
For a mixed continuous/discrete-time system with additive proccss noise, the statc equation is i
]
k(t) = fIx(t),u(t),c] + Fn(t) (10.2-6) :
]
The h function for a continuous/discrete-time state-equation error method derives from evaluating the state ’
equation at the measurement times t{ and ignoring the process noise: j
hz(.)wul.)otg0e] @ x(t) - fIx(t )it ),e] (10.2-7) .
§
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The use of this form in an equation-error method presumes that the state x(ty) can be reconstructed as a
function of the 2{tj) and u(ti{). This presumption is jdentical to that for discrete-time state-equation
error, and it implies the same conditions: there must be noise-free measurements of the state, irdependent of
g. It is wplicit that a known invertible transformation of such measurements is statisticallv equivalent. As
in the discrete-time case, we can define the estimator even when the measurements are noisy, but it i1l no
longer be a maximum-1ikel{ihood estimator.

Equation (10.2-7) also presumes that the derivative x(tj) can be reconstructed from the measurements,
Neglecting for the moment the statistical implications, note lhgt we can form a plausible equation-error esti-
mator using any reasonable means of approximating a value for x(tj) independently of £. The simplest case of
this is when the observation vector includes measurements of the state derivatives in addition to the measure-
ments of the states., If such derivative measurements are not directly available, we can always approximate
xi{ty{) by finite-difference differentiation cf the state measurements, as in

. x(t. ) - x(t;_,)
x(ty) = ___..___.;‘“ -0 (10.2-8)
1+1

Both direct measurement and finite-difference approximation are used in practice.

Rigorous statistical treatment is easiest for the case of finite-difference ..proximations. To arrive at
such a form, we write the state equation in intecrated form as

ti+1 ti+1
x(ty,,) = x(ty) +f flx(t),u(t),eldt + J. Fn(t)dt (10.2-9)

t; Y

An approximate solution (not necessarily the btest approximation) to Equation {10.2-9) is

x(ti, ) = x(tg) + (b, - tOfIx(t,)u(t)),6] + Fyn, (10.2-10)

where n; is a sequence of independent Gaussian variables, and Fq is the equivalent discrete F-matrix.
Seztions 6.2 and 7.5 discuss such approximations.

Equation (10.2-10) is in the form of a discrete-time state equation. The discrete-time state-equation
error method based on this equation uses

h[z(.),u(.),ti.i] = x(ti) = x(ti-l) = (ti - ti-l)f[x(ti-l)’u(ti-l)’EJ (10'2'11\

Redefining h by dividing by ty - tj.;, gives the form
Mlz(.joul. )6 = X(t;) - FIx(ty)ult;) 6] (10.2-12)

where the derivative is obtained from the finite-difference formula

t - t
x(ty) = i—g——&‘—) (10.2-13)

i 7 Ya

Other discrete-time approximations of Equation (10.2-9) result in different finite-difference formulae.
The ceatral-difference form of Equation (10.2-8) is usually better than the one-sided form of Equa-
tion (10.2-13), although Equation (10.2-8) has a lower bandwidth. If the bandwidth of Equation (10.2-8)
presents problems, a better approach than Equation (10.2-13) is to use

h{z(.)u(.),t;,€] = X(ty o) - f[x(ti_llz),u(ti_llz).c] (10.2-14)
where we have used the notation
1
ticye =2 (bt ) (10.2-15)
and
} x(tg) - x(t;_))
) s, (10.2-16)

There are several other reasonable finite-difference formulae applicable to this problem.

Rigorous statistical treatment of the case in which direct state derivative measurements are avaiiable
raises several complications. Furthermore, it is difficult to get a rigorous result in the form typically
used—an equation-error methcd based on x measurements substituted into Equation (10.2-7). It is probably
best to regard this approach as an equation-error estimator derived from plausible, but ad hoc, reasoning.

We will briefly outline the statistical issues raised by state derivative measurements, without attempting
a complete analysis. The first problem is that, for systems with white process nois2, the state derivative is
infinite at every point in time. (Careful argument is required even to define the derivative.) we could avoid
this problem by requiring the process noise to be band-1imited, or by other means, but the resulting estimator
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will not be in the desired form. A .euristic explanation is that the x measurements contain implicit
information about the derivative (from the finite differences), and simple use of the measured derivative
ignore. this inforwation. A :igorous maximum-1ikelihood estimator would use both sources of information.

This statement assumes that the x measurements and the finite-difference derivatives are incependent data.

It is conceivable that the x ‘“measurements' are obtained as sums of the x measurements (for instance, in
an inertial navigation unit). Such cases are merely integrated versions of the finite-difference approach, not
really comparable to cases of independent x measurements.

The lack of a rigorous derivation for the state-cquation error method with independently measured state
derivatives does not necessarily mean that it is a poor estimator. If the information in the state derivative
measurements is much better than the information in the finite-difference state derivatives, we can justify
the approach as a gcod approximation. Furthermore, ac expressed in our discussions in Section 1.4, an esti-
mator does not have to be statistically derived to be a good estimator. For some prcblems, this estimator
gives adequate results with low computational costs; when this result accurs, it is sufficient justification
in itself.

10.2.3 DObservation-Equaticn Error

Another specific case of the equation-error method is cbservation-equation error. In this case, the
specific form of h comes from the observation equation, ignoring the noise. The equaiion is the same for
pure discrete-time or mixed continuous/discrete-time systems. The observation equztion for a system with
additive noise is

z(ty) = glx{t;).u(t;).c] + Gny {10.2-17)
The h function based on this equation is
hlz(.)ul.)at;56] = 2(ty) - glx(t;),ult;),e] (10.2-18)

As in the case of state-equation error, observation-equation error requires measurements or reconstruc-
tions of the state, because x(tj) appears in the equation. The comuents in Section 10.2.1 about noise in the

state measurement apply here also. Observatiocn-equation error does not require measurements of the state
derivative.

The observation-equation error method also requires that there be some measurements in addition to the

states, or the method reduces to triviality. If the states were the only measurements, the obscrvation equa-
tion would reduce to

z(ti) = x(ti) (10.2-19)
which has no unknown parameters. There would, therefore, be nothing to estimate.

The observation-equation error method applies only to estimating parameters in the uobservation equation.
Unkncen parameters in the state equation do not enter this formulation. [n fact, the existence of the state
equation is largely irrelevant to th2 method.

This irrelevance perhaps explains why observation-equaticn error is usually neglected in discussions of
estimators for dynamic systems. The method is essentially a direct application of the static estimaters of
Chapter 5, taking no advantage of the dynamics of the system (the state equation). From a theoretical view-
point, it may seem out of place in this chapter.

In practice, the observation-equation-error method is widely used, sometimes contorted to lock like 2
state-equation-error method. The observation-equation-error method is often a competitor to an output-error
method. Our treatment of observation-equation error is intended to facilitate a fair evaluation of such
choices and to avoid unnecessery contortions into state-equation error forms.

10.3 COMPUTATION

We have previously mentioned that a unifying characteristic of the methods discussed in this chapter is
their computational simplicity. We have not, however, given much detail on the computational issues.

‘quation (10.2-3), which encompasses all equation-error forms, is in the form of Equation (2.5-1) if the
1reighting matrix W is known. Therefore, the Gauss-Newton optimization algorithm applies directly. Urknown
~ ma** ices can be handled by the method discussed in Sections 5.5 and 8.4,

In the most general definition of equation error, this is nearly the limit of what we can state about
nputation. The definition of Equation (10.2-3) is general enough to allow output error and filter error as
special cases. Both output eror and filter error have the specia! property that the dependence of h on z
and u can be cast in a recursive form, significantly lowering the computational costs. Because of this
recursive form, the total computational cost is roughly proportional to the number of time points, N. The
general definition of equation error also encompasses nonrecursive forms, which could have computational costs
proportional to N? or higher powers.

The equation-error methods discussed in this chapter have the property that, for each t;, the dependence
of h on z(.) and u(.) is restricted to one or two time points. Therefore, the computational effort for each
evaluation of h 1{s independent of N, and the total computational cost is roughly proportional to N. In
this regard, state-equation error and output-equation error are comparable to output error and filter error,
For a completely general, nonlinear system, the computational cost of state-equation error or output-equation
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error is roughly similar to the cost of output error. (General nonlinear models are currently impractical for
filter error without using linearized approximations.)

In the large majority of practical applications, however, the f and ¢ functions have special properties
which make the computational costs of state-equation error and output-equation error far smaller than the com-
putational costs of output error or filter error.

The first property is that the f and g functions are Yinear in {. This property holds true even for
systems describea as nonlinear; the nonlinearity meant by the term “nonlinear system" is as a functior of x
and u—-not as a function of ¢. Equation (1.2-2) is a simple example of a static system nonlinear in the
input, but linear in the parameters. The output-error method can seldom take advantage of linearity in the
parameters, even when the system is also linear in x and u, because the system response is usually a nonlinear
function of g. (There are some significant exceptions in special cases.)

State-equation error and output-equation error methods, in contrast, can take excellent advantage of
linearity in the parameters, even when the system is nonlinear in x and u. In this situation, state-equation
error and cutput-equation error meet the conditions of Section 2.5.1 for the Gauss-Newton algorithm to attain
the exact minimum in a single iteration.

This is both a quantitative and a qualitative computational improvement relative to output error. The
quantitative improvement is a division of the computational cost by the number of iterations required for the
output-error methcc. The qualitative improvement is the elimination of the issues associated with iterative
methods: starting values, convergence-testirg criteria, failure to converge, convergence accelerators, multi-
ple local solutions, and other issues. The most commonly cited of these benefits is that there is no need
for reasonable starting values. You can evaluate the equations at any arbitrary point (zero *s often con-
venient) without affecting the result.

Another simplifying property of f and g, not quite as universal, but true in the majority of cases, is
that each element of ¢ affects only one element of f or g. The simplest example of this is a linear system
where the unknown parameters are individual elements of the system matrices. With this structure, if we con-
strain W to be diagonal, Equation (10.2-3) separates into a sum of independent minimization prcblems with
scalar h, one problem for each element of h. If & 1is the number of elements of the h-vector, we now have
2 independent functions in the form of Equation (10.2-3), each with scalar h. Each element of ¢ affects
one and only one of these scalar functions.

This partitioning has the obvious benefit, common to most partitioning algorithms, that the sum of the
i-problems with scalar h requires less computation than the unpartitioned vector problem. The outer-product
computation of Equation (2.5-11), often the most time-consuming part of the algoritnm, is proportional to the
square of the number of unknowns and to 2. Therefore, if the unknowns are evenly distributed among the 2
elements of h, the computational cost of the vector problem coulc be as much as &° times the cost of each of
the scalar problems. Other portions of the computational cost and overhead will reduce this factor somewhat,
but the improvement is still dramatic.

Another benefit of the partitioning is that it allows us to avoid iteration when the noise covariances are
unknown. with this partitioning, the minimizing values of ¢ are independent of W. The normal role of W
is in weighing he importance of fitting the different elements of the h. One value of ¢ might fit one
element of h vest, while another value of £ fits another element of h best; W establishes how to strike
a compromise among these conflicting aims. Since the partitioned problem structure makes the different ele-
ments of h independent, W 1is largely irrelevant. Therefore we can estimate the elements of ¢ using any
arbitrary value of W (usually an identity matrix). If we want an estimate of W, we can compute it after we
estimate the other unknowns.

The combired effect of these computational improvements is to make the computational cost of the state-
equation error and output-equation error methods negligible in many applications. It is common for the compu-
tational cost of the actual equation-error algorithm to be dwarfed by the overhead costs of obtairing the data,
plotting the results, and related computations.

10.4 DISCUSSION

The undebated strong points of the state-equation-error and output-equation-error methods are their sim-
plicity and low computational cost. Most important is that Gauss-Newton gives the exact minimum of the cost
function without iteration. Because the methods are noniterative, they require no starting estimates. These
methods have been used in many applications, sometimes under ditferent names.

The weaknesses of these methods stem from their assumptions of perfect state measurements. Relatively
small amounts of noise in the measurements can cause significant Lias errors in the estimates. If a measure-
ment of some state is unavailable, or if an instrument failc, these methods are not directly applicable (though
such problems are sometimes handled by state reconstruction >l1gorithms).

State-equation-error and output-equation-error methods can be used with either of two distinct approaches,
depending upon the application. The first approacn is to accept the problem of measurement-noise sensitivity
and to emphasize the computational efficiency of the method. This approach is appropriate when computational
cost is a more important consideration than accuracy.

For example, state-equation error and output-equation errcr methods are popular for obtaining starting
values for iterative procedures such as output error. In such applications, the estimates need only be accu-
rate enough to cause the iterative methods to converge (presumably to better estimates).

Another common use for state-equation error and output-error is to select a model from a large number of
candidates by estimating the parameters in each candidate model. Once the model form is selected, the rough
parameter estimates can be refined by some other method.

N N =

O P

»

e s A e vt W T

TN



F AEARE S

N RN

__\,' 2L

108 10.4

The second approach to using state-equation-error or output-equation-error methods is to spend the time
and effort necessary to get accurate re<ults from them, which first requires accurate state measurements with
low noise lavels. In many applications of these methods, most of the work lies in filtering the data and
reconstructing estimates of unmeasured states. (A Kalman filter can sometimes be helpful here, provided that
the filter does not depend upon the parameters to be estimated. This condition requires a special problem
structure.) The total cost of obtaining good estimates from these methods, including the cost of data pre-
procesging, may be comparable to the cost of more complicated iterative algorithms that require less
preprocessing. The trade-off is highly dependent on application variables such as the required accuracy of

the estimates, the quality of the available instrumentation, and the existence of independent needs for
accurate state measurements.
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CHAPTER 11

11.0 ACCURACY OF THE ESTIMATES

Parameter estimates from rei) systems are, by their nature, imperfect. The accuracy of the estimates is
A pervasive issue in the varicus stages of application, from the problem statement to the evaluation and use

of the results.

We introduced the subject of parameter estimation in Section 1.4, using concepts of errors in the esti-
rates and adequacy cf the results. The subsequent chapters have largely concentrated on the derivation of
“lgorithms. These derivations are all related to accuracy issues, based on the definitions and discussions in
~hapter 4. Howcver, the questions about accuracy have been largely overshadowed by the details of deriving and
wmplementing the algorithms.

Lo this chapter, we return the emphasis to the critical issue of accuracy. The final judgment of the
parameter estimation process for a particular application is based on the accuracy of the results. We examine
the evaluation of the accuracy, factors contributing to inaccuracy, and means of improving accuracy. A truly
comprehensive treatment of the subject of accuracy is impossible. We restrict our discussion largely to
Generic issues related to the theory and methodology of parameter estimation.

To make effective use of parameter estimates, we must have some gauge of their accuracy, be it a statisti-
cal measure, an intuitive guess, or some other source. If we absolutely cannot distinguish the extremes of
accurate versus worthless estimates, we must always consider the possibility that the estimates are worthless,
in which case the estimates could not be used in any application in which their validity was important.
Tierefore, measures of the astimate accuracy are as important as are the estimates themsclves. Various means
of judging the accuracy of parameter estimates are in current use.

We will group the uses for measures ot estimate accuracy into three general classes. The first class of
use is in planning the parameter estimation. Predictions of the estimate accuracy can be used to evaluate the
adequacy of the proposed experiments and instrumentation system for the parameter estimation on the proposed
model. There are limitations to tnis usage because it involves predicting accuracy before the actual data are
obtained. Unexpected problems can always cause degradation of the results compared to the predictions. The
accuracy predicticns are most useful in identifying experiments that have no hope of success.

The second use is in the parameter estimation process itself. Measures of accuracy can help detect
various problems in the estimation, from modeling failures, data problems, program bugs, or other sources.
Another facet of this class of use is the comparison of different estimates. The comparisons can be between
two different models or methods applied to the same data set, between estimates from independent data sets, or
between predictions and estimates from the experimental cdata. In any of these events, measures of accuracy
can help determine which of the conflicting values is best, or whether some compromise between them should be
considered. Comparison of the accuracy measures with the differences in the estimates is a means to determine
if the differences are significant. The magnitude of the observed differences between the estimates is, in
itself, an indicator of accuracy.

The third use of measures of accuracy is for presentation with the final estimates for the user of the
results. If the estimates are to be used in a control system design, for instance, knowledge of their accuracy
is useful in evaluating the sensitivity of the control system. If the estimates are to be used by an explicit
adaptive or learning control system, then it is important that the accuracy evaluation be systematic enough to
be awtomatically im~'emented. Such immediate use of the estimates precludes the intercession of engineering
Jjudgment; the ev~ Jacion of the estimates must be entirely automatic. Such control systems must recognize poor
results and sui.awly discount them (or ensure that they never occur—an overly optimis.ic goal).

The single most critical contributor to getting accurate parameter estimates in practical problems is the
analyst's understanding of the physical system and the instrumentation. The most thorough knowledge of param-
eter estimation tneory and the use of the most powerful techniques do not compensate for poor understanding of
the system. This statement relates directly to the discussion in Chapter 1 about the “black box" identifica-
tior problem and the roles of independent knowledge versus system identification. The principles discussed in
this chapter, although no substitute for an understanding of the system, are a necessary adjunct to such
understanding.

Before proceeding furthor, we need to review the definition of the term "accuracy" as it applies to real
data. A system is ever described exactly by the simplified models used for analysis. Regardless of the
sophistication of ti .nodel, unexplained sources of modeling error will always remain. There is no unique,
correct model.

The cc* p. of accuracy is difficult to define precisely if no correct model exists. It is easiest to
approach by .unsidering the problem in two parts: estimation and modeling. For analyzing the estimation prob-
Tem, we assume that the model cescribes the system exactly. The definition of accuracy is then precise and
quantiwetive. Many results are avajlable in the subject area of estimetion accuracy. Sections 11.1 and 11.2
discr ;5 several of them.

The modeling problem addresses the question of whether the form of the model can describ= the system
adequatelv for its intended use. There is little guide from the theory in this area. Studies such as those
of Gup*a, Hall, and Trank12 (1978), Fiske and Price (1977), and Akaike (1974), discuss selection of the best
model {rom a set of candidates, but do not consider the more basic issue cf defining the candidate models.
Section 11.4 considers this point in more detail.

For the m-st part, the determination of mode) adequacy is based on engineering judgment and problem-
specific aralysis relying heavily on the analyst's understanding of the physics of the system. In some cases,
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we can test model adaquacy by demonstration: if we try the model and it achieves its purpose, it was obviously
adequate. Such tests are not always practical, however. This method assumes, of course, that the test was

comprehensive. Such assumptions should not be made lightly; they have cost lives when systems encountered
untested conditions.

After considering estimation and modeling as separate problems, we need to look at their interactions to
complete tie discussion of accuracy. We need to consider the estimates tnat result from a model judged to be

adequate, although not exact. As in the modeling problem, this process involves considerable subjective judg-
ment, although we can obtain some quantitative results.

We can examine some specific, postulated sources of modeling error through simulations or analyses that
use more comnlex models than are practical or desirable in the parameter estimation. Such simulations or
analyses can include, for example, models of specific, postulated instrumentation errors (Hodge and Bryant,
1978; and Sorensen, 1972). Maine and I1iff (1981b) present some wore general, but less rigorous, results.

11.1 CONFIDENCE REGIONS

The concept of a confidence region is central to the analytical study of estimation accuracy. In general
terms, a confidence region is a region within which we can be reasonably confident that the true value of ¢
lies. Accurate estimates correspond to smail confidence regions for a given level of confidence. Note that
small confidence regions imply large confidence; in order to avoid this apparent inversion of terminclogy, the

term “uncertainty region" is sometimes used in place of the term “confidence region." The following subsec-
tions define confidence regions more precisely.

For continuous, nonsingular estimation problems, the probability of any point estimate's being exactly
correct is zero. We need a concept such as the confidence region to make statements with a nonzero confidence.
Throughout the discussion of confidence regions, we assume that the system model is correct; that is, we assume

that ¢ has a true value lying i1 the parameter snace. In later sections we will consider issues relating to
modeling error.

11.1.1 Random Parameter Vector

Let us consider first the case in which ¢ 1is a random variable with a known prior distribution. This
situation usually implies the use of an MAP estimator.

In this case, ¢ has a posterior distribution, and we can define the posterior probability that £ lies
in any fixed region. Although we will use the posterior aistribution of ¢ as the context for this discus-
sion, we can equally well define prior confidence regions. None of the following development depends upon our
working with a pasterior distribution. For simplicity of exposition, we will assume that the posterior distri-
bution of ¢ bhas a density function. The posterior probability that ¢ lies in a region R is then

P(R) = j; p(£]2)d|e] (11.1-1)

We define R to be a confidence region for the confiderce level o« if P(R) =

a, and no other region
with the same probability is smaller than R.

We use the volume of a region as a measure of its size.

Theorem 11.1 Let R be the set of all points with p{(£|Z) 2 ¢, where ¢ is

%
a con?t3nt. Then R 1is a confidence region for the confidence level | L.
a = P(R).

Proof Llet R be as defined above, and let R' be any other region with

P = a. We need to prove that the vc'ume of R' must be greater than or
equal to that of R. We define T=RnNR', S=RnNR',and S§' =R"'Nn R,
Then T, S, and $' are disjoint, R=Tu S5, and R' =T uS'. Becauge

S C R, we must have p{c|Z) 2 ¢ everywhere in S. Conversely, S'cC R, so
ple}Z) < ¢ everywhere in S'. In order for P{R') - P(R), we must have
P(S') = P(S). Therefore, the volume of S' must be greater than or equal to

that of S. The volume of R' must then be greater than that of R, com-
pleting the proof.

It is often convenient to characterize a closed region by its boundary. The boundaries of the confidence
regions defined by Theorem 11.1 are isoclines of the posterior density function p{£}2).

We can write the confidence region derived in the above theorem as

v A ek

R = {x: p;|Z(x|Z) > ¢} (11.1-2)

We must use the full notation for the probability density function to avoid confusion in the following manipu-

lations. For consistency with the following section, it is convenient to re-express the confidence region in
terms of the density function of the error.

PR A Al LA

e=¢ - ¢ (11.1-3)
The estimate £ 1is a deterministic function of Z; therefore, Equation (11.1-3) trivially gives
Peyz(*12) = Pgjz(x - £12) (11.1-4)
i
+ P .,,.l
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11.1.1 111
Substituting this into Equation (11.1-2) gives the expression
R = {x: pelz(x - E|2) 2 ¢} (11.1-5)

Substituting x + £ for x in Equation (11.1-5) gives the convenient form

R={f +x: pelz(le) 2 ¢] (11.1-6)

This form shcws the boundaries of the confidence regions to be translated isoclines of the error-density
function.

Exact determination of the confidence regions is impractical except in simple cases. One such case occurs
when ¢ is scalar and p(g|Z) is unimodal. An isocline then cornsists of two points, and the 1ine segment
between the two points is the confidence region. In this one-dimensional case, the confidence region is often
called a confidence interval.

Another simple case occurs when the posterior density function is in some standard family of density
functions expressible in closed form. This is most commonly the family of Gaussian density functions. An iso-
cline of a Gaussian density function with mear m and nonsingular covariance A is a set of x values
satisfying

(x - m)*A"(x -m) =¢ (11.1-7)
This is the equation of an ellipsoid.

For problems not fitting into one of thesa special cases, we usually must make approximations in the com-
putation of the confidence regions. Section 11.i.3 discusses the most common approximation.

11.1.2 Nonrandom Parameter Vector

When £ s simply an unknown parameter with no random nature, the development of confidence regions is
more oblique, but the result is similar in form to the results of the previous section. The same comments
apply when we wish to ignore any prior distribution of £ and to obtain confidence regions based solely on
the current experimental data. These situations usually imply the use of MLE estimators.

In neither of these situations can we meaningfully discuss the probability of £ 1lying in a given region.

We proceed as follows to develop a substitute concept: the estimate £ 1is ¢ function of the observation Z,
which has a probability distribution conditioned on ¢. Therefore, we can define a probability distribution

of £ conditioned on £. We will assume that this distribution has a density function PEI&-

For a given value of ¢, the isoclines of pi|g define boundaries of confidence regions for £. Let R,
be such a confidence region, with confidence level .

R, = {x: pélc(xli) 2 c} (11.1-8)

It is convenient to define R; in terms of the error density function Pele> using the relation
Pele(x1e) = pepele - [€) (11.1-9)

This gives
R, = {§-x: pe[g(XIE) > ¢} (11.1-10)

The estimate £ has probability o of being in R,. For this chapter, we are more interested in the
situation where we know the value of ¢ and seek to define a confidence region for &, which is unknown. We
can define such a confidence region for £, given £, in two steps, starting with the region R,.

The first step is to definre a region R, which is a mirror image of R,. A point £ - x in the region
R, reflects onto the point £ + x in R,, as shown in Figure (11.1-1). We can thus write R, as

R, = {§ +x: pel;(xlc) 2 ¢l (11.1-11)

This reflection interchanges ¢ and £; therefore, £ 15 in R, if and only if £ 1is in R,. Because there is
probability o that £ 1lies in R,, there is the same probability « that § Tlies in R,.

X

To be technically correct, we must be careful about the phrasing of this statement. Because the true value
¢ 1is not random, it makes no sense to say that ¢ has probability o of lying in R,. The randomess is in
the construction of the region ., because R, depends on the estimate £, which depends in turn on the noise-
contaminated observations. We can sensibly say that the region R,, constructed in this manner, has probability
a of covering the true value . This concept of a region covering the fixed point ¢ replaces the concept of
the point & 1lying in a fixed region. The distinction is more important in theory than in practice.

Although we have defined the region R, 1in principle, we cannot construct the region from the data avail-
able because R, deperds on the value of &, which is unknown. Our next step is to construct a region R,
which approximates R,, but does not depend on the true value of &. We base the approximation on the assump-
tion that Pejc is approximately invariant as a function of ¢; that is
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Pe|g(x|€) = Py (x]E + 6) (11.1-12)

This approximation is unlikely to be valid for large values of & except in simple cases. For small values
of &, the approximation is usually reasonable.

" We define the confidence region R, by applying this approximation to Equation (11.1-11), using & - ¢
or 6.

Ry = {§ + x: pelg(xlé) 2 c} (11.1-13)

The region R, depends only on £, p LE, and the arbitrary constant c. The function pg is presumed known

from the start, and £ 1is the estima% computed by the methods described in previous chaptgrs. In principle,

we have sufficient information to compute the region R,. Practical application requires either that Pe&(

ge ;n o?e o{lt?e3simple forms described in Section 11.1.1, or that we make further approximations as discussed
n Section 11.1.3.

1f E - ¢ is small (that is, if the estimate is accurate), then R, will likely be a close approximation
to R,. If £ -t islarge, then the approximation is questionable. The result is that we are unable to
define large confidence regions accurately except in special cases. We can te!l that the confidence region is
large, but its precise size and shape are difficult to determine.

Note that the confidence region for nonrandom parameters, defined by Equation (11.1-13), is almost iden-
tical in form to the confidence region for random parameters, defined by Equation (11.1-6). The only differ-
ence in the form is what the density functions are conditioned on.

11.1.5 Gaussian Approximation

The previous sections have derived the boundaries of confidence regions for both random and nonrandom
parameter vectors in terms of isoclines of probability density functions of the error vector. Except in
special cases, the probability density functions are too complicated to allow practical computaticn of the
exact isoclines. Extreme precision in the computation of the confidence regions §s seldom necessary; we have
already made approximations in the definition of confidence regions for ronrandom parameters In this section,
we introduce approximations which allow relatively easy computation of confidence regions.

The central idea of this section is to approximate the pertinent probability density functions by Gaussian
density functions. As discussed in Sectfon 11.1.1, the isoclines of Gaussian density functions are ellipsoids,
which are easy to compute. We call these “confidence ellipsoids” or "uncertainty ellipsoids." In many cases,
we can justify the Gaussian approximation with arguments that the distributions asymptotically approach
Gaussians as the amount of data increases. Section 5.4.2 discusses some pertinent asymptotic results.

A Gaussian approximation is defined by its mean and covaiiance. We will consider appropriate choices fo-
the mean and covariance to make the Gaussian density function a reasonable approximation. An obvious possibfl-
ity is to set the mean and covariance of the Gaussian approximation to match the mean and covariance of the
original density function; we are often forced to settle for approximations to the mean and covariance of the
original density function, the exact values being impractical to compute. Another possibility is to use
Equations (3.5-17) and (3.5-18). We will {llustrate the use of both of these options.

Consider first the case of an MLE estimator. Equation {11.1-13) defines the confidence region. We will
use covariance matching to define the Gaussian approximation to pe|¢. The exact mean and covariance of
Pejg are difficult to compute, but there are asymptotic rasults which give reasonable approximations.

We use zero as an approximation to the mean of pea!g; this approximation is based on MLE estimators being -~
asymptotically unbiased. Because MLE estimators are efficient, the Cramer-Rao bound gives an asymptotic 4
approximation for the covariance of pe|g as the inverse of the Fisher information matrix M(g). We can use
either Equation (4.2-19) or (4.2-24) as'equivalent expressions for the Fisher information matrix. Equa-
tion (5.4-11) gives the particular form of M(g) for static nonlinear systems with additive Gaussian noise.

Both £ and M(£) are readily available in practical application. The estimate £ is the primary output
of a parameter estimation program, and most MLE parameter-estimation programs compute M(£) or an apprc¢ mation
to i1 as a by-product of iterative minimization of the cost function.

Now consider the case of an MAP estimator. We need a Gaussian approximation to pf{e|z). Equa-
tions (3.5-17) and (3.5-18) provide a convenient basis for such an approximation. By Equation (3.5-17), we set
the mean of the Gaussian approximation equal to the point at which p(e|z) is a maximum; by definition of the
MAP estimator, this point is zero.

We then set the covariance of the Gaussian approximation to
A= [-v: en ple|2)]™? (11.1-14)

evaluated at £ = £E. For static nonlinear systems with additive Gaussian noise, Equatfon (11.1-14) reduces to
the form of Equation (5.4-12), which we could also have ottained by appreximate covariance matching arguments.
This form for the covariance is the same as that used in the MLE confidence ellipsoid, with the addition of the
prior covariance term, As the prior covariance goes to infinity, the confidence ellipsoid for the MAP estimator
approaches that for the MLE estimator, as we would anticipate.

Both the MLE and MAP confidence ellipsoids take the form

(x - )" Hx - E) = ¢ (11.1-15)
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where A 1s an approximation to the error-covariance matrix. We have sugjested suitable approximations in tne
above paragraphs, but most approximations to the error covariance are equally acceptable. The choice is
usually dictated by what is conveniently available in a given program.

11.1.4 Nonstatistical Derivation

We can alternately derive the confidence ellipsoids for MAP and MLE estimators from a nonstatistical view-
point. This derivation obtains the same result as the statistical approach and is easier to follow. Compari-
son of the ideas used in the statistical and nonstatistical derivations reveals the close relationships between
the statistical cnaracteristics of the estimates and the numerical problems of computing them. The nonstatis-
tical approach generalizes easily to estimators and models for which precise statistical descriptions are
difficult.

The nonstatistical derivation presumes that the estimate is defined as the minimizing point of some cost
function. We examine the shape of this cost function as it affects the numerical minimization problem in the
area of the minimum. For current purposes, we are not concerned with start-up problems, isolated local minima,
and other problems manifested far from the solution point. A relatively flat, il1-defined minimum corresponds
to a questionable estimate; the extreme case of this is a function without a discrete local minimum point A
steep, well-defined minimum corresponds to a reliable estimate.

With this justification, we define a confidence region to te the set of points with cost-function values
less than or equal to some constant. Different values of the constant give different confidence levels. The
boundary of such a region is an isocline of the cost function.

We then approximate the cost function in the neighborhood of the minimum by a quadratic Taylor-series
expansion about the minimum point.

Ie) = 3B + 3 (€ - DR - ©) (11.1-16)

The isoclines of this quadratic approximation are the confidence ellipsoids.

lg - E)*[vzd(é)](z -f)=c (11.1-17)

The second gradient of an MLE or MAP cost function is an asymptotic approximation to the appropriate error
covariance. Therefore, Equation (11.1-17) gives the same shape cunfidence ellipsoids as we previously derived
on a statistical basis. In practice, the Gauss-Newton or other approximation to the second gradient is
usually used.

Tha constant ¢ determines the size of the confidence ellipsoid. The nonstatistical derivation gives no
obvious basis for selecting a value of ¢. The value ¢ =1 gives the most useful correspondence to the
statistical derivation, as we will see in Section 11.2.1.

Figures (11.1-2) and (11.1-3) illustrate the construction of one-dimensional confidence ellipsoids using
the nonstatisticai definition.

11.2 ANALYSIS OF THE CONFIDENCE ELLIPSOID

The confidence ellipsoid gives a comprehensive picture of the theoretically likely errors in the estimate.
it is difficult, however, to display the information content of the ellipsoid on a two-dimensional sheet of
paper, In the applications we most commonly work on, there are typicadlv 10 to 30 urknown parameters; that is,
the ellipsoid is 10- to 30-dimensional. We can print the covariance matrix which defines the shape of the
ellipsoid, buc it is difficult to draw useful conclusions from such a presentation format. The problem of
meaningful presentation is further compounded when analyzing hundreds of experiments to obtain parameter
estimates under a wide variety of conditions.

In the following sections, we discuss simplified statistics thet characterize important features of the
confidence ellipsoids in ways that are easy to describe and present. The emphasis in these statistics is on
reducing the dimensionality of the problem. Many important questions about accuracy reduce to one-dimensional
forms, such as the accuracy of the estimate of each eiement of the parameter vector,

A1l of the statistics discussed here are functions of the matrix A, which defines the shape of the confi-
dence ellipsoid. We have seen above that A 1is an approximation to the error-covariance matrix. These two
viewpoints of A will provide us with geometrical and statistical {nterpretations. A third interpretation
comes from viewing A as the inverse of the second gradient of the cost function. In practice, A 1is usually
computed from the Gauss-Newton or nther convenient approrimation to the second gradient.

These statistics are closely linked to some of the basic sources of estimation errors and difficulties.
We will 1)lustrate the discussion with idea)ized examples of these classes of difficulties. The exact means
of overcoming such difficulties depends on the problem, but the first step is to understand the mechanism
causing the difficulty. In a surprising number of applications, the major difficulties are cases of the simple
idealizations discussed here.

11.2.1 Sensitivity

The sensitivity is the simplest of the statistics relating to the confidence elliipsoid. Although the sen-
sitivity has both a statistical and a nonstatistical interpretation, the use of the statistical interpretation
is relatively rare. The term "sensitivity" comes from the nonstatistical interpretation, which we will discuss
first.
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114 11.2.1

From the nonstatistical viewpoint, the sensitivity is a measure of how much the cost~function value
changes for a given change in a scalar parameter value. The most common uefinition of the sensitivity with
respect to a parameter is the second partial derivative of the cost fiuction with respect to the parameter.

2
5y = A2(g) (11.2-1)

2
35‘

For the purposes of this -hapter, we are interested in the sensitivity evaluated at the minimum point of the
cost function; we will take this as part of the definition of the sensitivity.

The ¢&; in Equation (11.2-1) can be any scalar function of the ¢ vector. In most cases, & is one ot
the elements of the ¢ vector. For simplicity, we will assume for the rest of this section that &j is the
ith element of . Generalizations are straightforward. When ¢y is the ith element of £, the second
partial derivative with respect to £; 1is the ith diagonal element of the second-gradient matrix.

Sy = [vpale)]y = (A1) (11.2-2)

The sensitivity has a simple geometric interpretation based on the confidence ellipsoid. Use the value
¢ =1 in Equation {11.1-17) to define a confidence ellipsoid. Draw a line passing through £ (the center of
the ellipsoid) and parallel to the £; axis. The sensitivity with respect to £y is related to the distance,
Ii, from the center of the ellipsoid to the intercept of this line and the ellipsoid. We call this distance
the insensitivity with respect to £4. Figure (11.2-1) shows the construction of the insensitivities with
respect to ¢, and £, on a two-dimensional example. The relationship vetween the sensitivity and the insensi-
tivity is

1 - (51)-112 = g2 (11.2-3)

which follows immediately from Equation (11.1-17) for the confidence ellipsoid, and Equation (11.2-1) for the
sensitivity.

We can rephrase the geometric in.erpretation of the insensitivity as follows: the insensitivity with
respect to £; is the largest change that we can make in the ith element of £ and still remain within the
confidence eliipsoid. A1l other elements of ¢ are constrained to remain equal to their estimates values
during this search; that is, the search is constrained to a line paraliel to the gy axis passing through ¢£.

From the statistical viewpoint, the insensitivity with respect to £- 1is an approximation to the standard
deviation of ey, the corresponding component of the error, condit.oned on all of the other components of the
error. We can see this by recalling the results from Chapter 3 on conditional Gaussian distributions. If the
covariance of e is A, then the covariance of ej conditioned on all of the other components is
[(A")45]7%; therefore, the conditional standard deviation is [(A2)43]72/2. From Equations (11.2-2)
and (11.2-3), we can see that this expression equals the insensitivity. Note that the conditioning on the
other elements in the statistical viewpoint corresponds directly to the constraint on the other elements in the
geometric viewpoint.

A sensitivity analysis will detect one of the most obvious kinds of estimation difficulty— parameters
which have 1ittle or no effect on the system response. Iy a parameter has no effect on the system response,
then it should be obvious that the system response data give no basis for an estimate of the parameter; in
statistical terms, the system is unidentifiable. Similarly, if a parameter has Tittle effect on the system
response, then there is 1ittle basis for an estimate of the parameter; we can expect the estimates to be
inaccurate.

Checking for parameters which have no effect on the system response may seem 1ike an academic exercise,
considering that practical problems would not be likely to have such irrelevant parameters. In fact, this
seemingly trivial difficulty is extremely common in practical applications. It can arise from typographical
or other errors in input to computer programs. Perhaps the most common example of this problem is attempting
to estimate the effect of an input which is identically zero. The input might either be validly zero, in which
case its effect cannot be estimated, or the input signal might have been destroyed or misplaced by sensor or
programming problems.

The sensitivity is a reasonable indicator of accuracy only when we are estimating a single parameter,
because the estimates of other parameters are never exact, as the sensitivity analysis assumes. The sensitiv-
ity aralysis ignores all effects of correlation between parameters; we can evaluate the sensitivity with
respect to a parameter without even knowing what other parameters are being estimated. When more than one
parameter is estimated, the sensitivity gives only a lower bound for the error estimate. The error band is
always at least as large as the sensitivity regardles- of what other parameters are estimated; correlation
effects between parameters can increase, but never decrease, the error band. In other words, high sensitivity
is a necessary, but not sufficient, condition for an accurate estimate.

In practice, correlation effects tend to increase the error band so much that the sensitivity is virtually
useless as an indicator of accuracy. The sensitivity analysis is usually useful only for detecting the problem
of completely irrelevant parameters. The sensitivity will not indicate when the effect of a parameter is
indistinguishable from the effects of other parameters, a more common p ‘blem.

11.2.2 Correlation

We noted in the previous section that correlations among parameters result in much larger error bands than
jndicated by the sensitivities alone. The inadequacy of the sensitivity as a measure of estimate accuracy has
led to the widespread use of the statistical correlations to indicate accuracy. We will see in this section
that the correlatjons also give an incomplete picture of the accuracy.
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The statistical correlation between two error components ey and ej 1is defined to be

corr(ei.ej) . E{e1eJ}/4 EIeiIEIejSI

assuming that the means of e and ej are zero. In terms of A, the covariance matrix of e, the correlation
is

corr(ei.ej) = Aij//(A11Ajji (11.2-5)

Geometrically, the correlations are related to the eccentricity of the confidence ellipsoid. If the sen-
sitivities with respect to all of the unknown parameters are equal (which we can always arrange by a scale
change), and if the correlations are all zero, then the confidence ellipsoid is spherical. As the magnitudes
of the correlations become larger, the eccentricity of the scaled ellipsoid increases. The magnitude of the
correlations can never exceed 1, except through approximations or round-off errors in the computation.

The definition above is for the unconditional, or full correlations. Whenever the term correlation
aprears without a8 modifier, it implicitly means the unconditional correlation. We can also define condit‘onal
correlations, although they are less commonly used. The definition of the conditional correlation is identical
to that of the unconditional correlations, except that the expected values are all conditioned on all of the
parameters other than the two under consideration. We can express the conditional correlation of eq and ej
as

cond corr(e1.ej) = -rij//(riirjji (11.2-6)

where T =AY, This is similar to the expression for the unconditional correlation, the difference being that
r replaces A and the sign is changed.

If there are only two unknowns, *the conditional and unconditional correlations are identical. If there
are more than two unknowns, the conditional and unconditional correlations can give quite different pictures.
Consider the case in which T i{s an N-by-N matrix with 1's on the diagonal and with all of the off-diagonal
elements equal to X. As X, the conditional correlation, approaches -1/(N - 1), the full correlation
approaches 1. In the 1imit, when X equals -1}/(N - 1), the © matrix is singular. Thus, for large N, the
full correlations can be quite high even when all of the conditional correlations are low. This same example
inverts to show that the converse also is true.

There are three objections to using the correlations, full or conditional, as primary indicators of accu-
racy. First, although the correlations give information about the shape of the confidence ellipsoid, thay
completely ignore its size. Figure (11.2-2) shows two confidence ellipsoids. Ellipse A 1is completely con-
tained within ellipse B and is, therefore, clearly preferabie; yet ellipse B has zero correlation and
ellipse A has significant correlation. From this example, it is obvious that accurate estimates can have
high correlations and poor estimates can have lov correlations. To evaluate the accuracy of the estimates,
you need information about the sensitivities as v :11 as about the correlations; neither alone is adequate.

As a more concrete example of the interplay between correlation and sensitivity, consider a scalar linear
system:

2{iy) = Du(ty) + H (11.2-7)

We wish to estimate D, Both D and the bias H are unknown. The input u(ty) is an angular position of
some control device. Suppose that the input time-history is as shown in Figure (11.2-3). A large portion of
the energy in this input is from the steady-state value of 90°; the energy in the pulse is much smaller. This
input is highly correlated with a constant bias input. Therefore, the estimate of D will be highly corre-
lated with the estimate of H. (If this point is not obvious, we can choose a2 few time points on the figure
and compute the corresponding covariance matrix.) The sensitivity with respect to 0 1{s high; because of the
large values of u, small changes in D cause large changes in 2.

Now we consider the same system, with the input shown in Figure (11.2-4). Both the correlation and the
sensitivity are much lower than they were for the input of Figure (11.2-3). These changes balance each other,
resulting in the same accuracy in estimating D. The inputs shown in the two figures are identical, but mea-
sured with respect to reference axes rotated by 90°. The choice of reference axis is a matter of convention
which should not affect the accuracy; it does, however, affect both the sensitivity and correlation,

This example {1lustrates that the correlation alone is not a reasonable measure of accuracy. By redefin-
ing the reference axi: of the input in this example, we can change the correlation at will to any value between
-1 and 1.

The second objection to 1he use of correlations as indicators of accuracy is more serious because it
cannot be answered by simply looking at sensitivities and correlations together. In the same way that sensi-
tivities are one-dimensional tools, correlatfons are two-dimensiona) tools. The utility of a tool restricted
to two-dimensfonal subspaces is 1imited. Three simple examples of {dealized but realistic situations serve to
{1ustrate the dimensional 1imitations of the correlations. These examples involve free lateral-directional
oscillation of an afrcraft.

For the first example, there is a yaw-rate feedback to the rudder and a rudder-to-aileron interconnect.
Thus the afleron and rudder signals are both proportional to yaw rate. In this case, the conditional correla-
tions of the aileron, rudder, and yaw-rate derivatives are 1 (or nearly so with imperfect data). Condftioned
on the aileron derivatives being known exactly, changes in the rudder derivative estimates can be exactly
compensated for by changes in the yaw-rat2 derivative estimates; thus, the conditional correlation is 1. The
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uncondftional correlations, however, are easily seen to be only 1/2. Changes in the rudder derfvative esti-
mates must be compensated for by some comdbination of changes in the aileron and yaw-rate derivative estimates.
Since there are no constraints on how much of the compensation must .ome from the aileron and how much from
the yaw-rate derivative estimates, the uncondftional correlations would be 1/2 (because, on the average,

1/2 oi the compensation would come from each source).

For the second example, no feedback is present and there is a neutrally damped, dutch-roll oscillation
{or a wing rock). The sideslip, roll-rate, and yaw-rate sigials are thus 211 sinusoids of the same frequency,
with different phases and amplitudes. Taken two at a time, these signals have low correlations. The condi-
tional correlations consider only two parameters at a time, and thus the conditional correlaticns of the
derivatives will be low. Nonetheless, the three signals are linearly dependent when all are c2nsidered
together, because they can all be written as linear combfnations of a sine wave and a cosine - .- at the dutch-
ro 1)frequency. The unconditional correlations of the derivatives will be 1 (or nearly so witn imperfect
data).

Soth of the above examples have three-dimensional correlation problems, which prevent the parameters from
being identifiable. The conditional correlations are low fn one case, and the unconditional correlations are
low in the other. Although neither alone is sufficient, examination of both the conditional and unconditional
correlations will always reveal three-dimensional correlation problems.

For the third example, suppose that a wing leveler feeds back bank angle to the aileron, and that a
neutrally damped dutch roll is present with the feedback on. There are then four pertinent ignals (sideslip,
roll rate, yaw rate, and 21leron) that are sinusoids with the same frequency and different phases. In this
case, both the conditional and the unconditional correlations will be Tow. Nonetheless, there is a correlation
problem which results in unidentifiable parameters. This correlatfon problem is four-dimensional and cannot
be seen using the two-dimensional correlations.

The full and conditional correlations are closely related to the efgenvalues of 2-by-2 submatrices of the
A and I matrices, respectively, normalized to have unity dfagonal elements. Specifically, the eigenvaiues are
1 plus the correlation and 1 minus the correlation; thus, high correlations correspond to large eigenvalue
spreads. Higher-order correlations would be investigated using eigenvalues of larger submatrices. Looked at
in this lignt, the investigation of 2-by-2 submatrices is revealed as an arbitrary choice dictated by its
familiarity more than by any objective criterion. The eigenvalues of the full normalized A and I matrices
would seem more spprorriate tools. These efgenvalues and the corresponding eigenvectors can provide some
information, but they are seldom used. In principle, small eigenvalues of the normalized I matrix or large
eigenvalues of the normalized A matrix indicate correlations among the parameters with significant components
in the corresponding eigenvectors. Note that the eigenvalues of the unnormalized T and A matrices are of
Tittle use in studying correlations, because scaling effects tend to dominate.

The last objection to the use of the correlations is the difficulty of presentation. It is impractical to
display the estimated correlations graphically in a problem with more than a handful of unknowns. The most
common presentation is simpl{ to print the matrix of estimated correlations. This option offers little
improvement in comprehensibility over simply printing the A matrix. If there are a large number of experi-
ments, it is pointless to print all of the correlation matrices. Such a nongraphical presentation cannot
reasonably give a coherent picture of the system analyzed.

11.2.3 Cramer-Raoc Bound

The Cramer-Rao bound is the last of the statistics based on the confidence eliipsoid. It proves to be the
most usefyl of these statistics. The Cramer-Rao bound is often referred to by other names, including the
standard deviation and the uncertainty level. We will consider both statistical and nonstatistical interpreta-
tions of the Cramer-Rao bound.

The Cramer-Rao bound of ar estimated scalar parameter is the standard deviation of the error in that
parameter. Strictly speaking, the term Cramer-Rao bound applies only to the approximation to the standard
deviation obtained from the Cramer-Rso inequality. For the purposes of this section, the properties are simi-
lar, regardless of the source of t7e standard deviation. In terms of the A matrix, the Cramer-Rao bound of
the 1ith element of ¢ {s (ag7)%/2.

The Cramer-Rao bound is closely related to the insensitivity. Both are standard deviations of the error,
the only difference being that the insensitivity is the conditional standard deviation, whereas the Cramer-Rao
bound 1s unconditional. They are also computationally similar, the difference being in whether the inversion
is of the matrix or of the individual element.

The geometric relationship between the Cramer-Rao bound and the insensitivity is particulariy revealing.
The Cramer-Rao beund on £ 1s the larges. change that you can mske in £¢ and still remain within the confi-
dence ellipsoid. Durin? this search, the other components are free to take any values that keep the point
within the confidence ellipsofid. This definition fs identical to the geometric definitiun of the insensitiv-
ity, ‘except that the other components are constrained to the estimated values in the definiifon of insensitiv-
ity. This constraint is directly related to the statistical conditionm? in the definition ot the insensitiv-
ity; the Cramer-Rao bound has no such constraints and {s an unconditional standard deviation.

The Cramer-Rao bound must always be at least as large as the insensitivity, because releasing a constraint
can never make the solution of a maximization problem smaller. This fact relates to our previous statement
that correlation effects can increase, but nr >r decrease, the error band defined by the insensitivity.

Figure (11.2-5) 11lustrates the yeometric in. Jretation of the Cramer-Rao bounds and insensitivities in a
two-dimensional example.

To prove that the (ramer-Rao bound s the solution to the above optimization problem, we will state and
prove a more general result. (The general result is actually easfer to prove.)
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Theorem 11.2-1 Given a fixed vector x and a positive definite symmetric
matrix H, the maximum of x*y, subject to the constraint that x*Hx g 1, is
given by {y*R Ty]J.
Proof Since x*y has no unconstrained local extrema, the solution must
TTe on the constraint boundary; therefore, the inequality in the constraint
can be replaced by an equality. This constrained optimization problom can
be restated by the use of Lagrange miltipliers (Luenberger, 1969) as the
unconstrained minimization of
f(x,A) = x%y - % A(x*Hx - 1) (11.2-8)

where A 1s the scalar Lagrange multiplier. The maximum is found by smtting
the gradients to zero as follows:

9= vxf(x.)‘) »y - AHx (11.2-9)

0 2 fxa) = - % (x*Hx - 1) (11.2-19)

From Equation (11.2-9) we have
x = A"y ©e-1l)

Substituting this into Equation (11.2-10) gives

Yy IATUATMHly - 1= 0 (11.2-12)
or
ATiymitly = ] (11.2-13)
or
» = Y{y* R 1y (11.2-14)
Substituting into Equation (11.2-11) gives
yo Ml - (11.2-15)
7R-

and thus

L TR
xvy = LY . APTGT
/Ty 1]

at the solution. This is the resuit sought.

The specific case of y being a unit vector along the &y axis gives the form claimed for the Cramer-Rao
bound of the &y element.

The general form of Theorem (11.2-1) has other applications. The value of any line: combination of the
parameters can be expressed as {*y for some fixed y-vector. Thus the general form shaws how to evaluate
the accuracy of arbitrary linear combinations of parameters. This form applies to many situations where the
sum, difference, or other combination of muitiple parameters is of interest.

On the basis of this tric picture, we can think of the Cramer-Rao bounds as insensitivit.es that are
computed accounting for all parameter correlations. The computation and interpretation of the Cramr-Rao
bounds are valid in any number of dimensions. In this respect, the Cramer-Rac bounds contrast with “he insen-
sitivities, which are one-dimensfonal tocls, and the corrslations, which are two-dimensional tools, The
Cram:-k&o bounds are thus the best of the theoretical measures of accuracy that can be evaluated for 1 single
experiment,

11.3 OTHCR MEASURES OF ACCURACY

The previous sections have discussed the Cramer-Rao bound and other accuracy statistics based on Lhe con-
fidence ellipsoid. Although the Cramer-Rao oound is the best single analytical measure of accuracy, over-
relfance on any single source of accuracy data is dangerous. Uncritical use of the Cramer-Rao bound can give
extremely misleading results in realistic situations, as discussed by Maine and I14ff (1981b). This section
discusses alternate accuracy measures, which can supplement the Cramer-Rao bound.

11.3.1 Bfas

The blas of an estimator 15 occasionally cited as an indicatur of accuracy. We do not consider it a
useful indicator in most circumstances. This section is Vimited to a brief exposition of the reasons for this
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Section 4.2.1 defines the bias of an estimator. Bias arises from several sources. Some estimators are
intrinsically biased, regardless of the -ature of the data. Random noise in the data often causes a bias.
The bias from random noise sometimes goes to zero asymptotically for estimators matched to the noise character
jstics. Finally, the inevitable modeling errcrs in analyzing real systems cause all estimators to be biased,
sven asymptotically. Most discussions of bias refer, fmplicitly or explicitly, to asymptotic bfas. Even for
idealized cases with no modeling error, estimators are seldom unbiased for finite time.

There are two reasons why the bias is of minimal use as a measure of accuracy. First, the bias reflects
only the consistent errors; it gnores random scatter. As ijllustrated in Section 4.2.1, it is possible *or an
estimator to give ludicrous individus) estimates which average out to a small or zero bias. This property is
jntrinsic to the defimition of the bias,

Second, the bias {s difficult to compute in most cases. If we could compute the bias, we could subtract
it from tha estimates to obtain revises estimates that were unbiased. (Some estimators use this technign»,)

In some cases, it may be practical to compute a bound on the magnitude of the bias from a particular
source, even when we cannot compute the actuai bias. Although they are rarely used, such bounds can give a
reasonable indication of the likely magnitude of the error from some sources. This is the most constructive
vse of bias information in evaluating accuracy.

In contrast, the often-repeated statements that a given estimator is or fs not asymptotically unbiased
are of 1ittle practical use. Most of the estimators considered in this document are asymptotically unbiased
when the assumptions used in the derivation are true. The statement that ocher estimators are biased under the
same condi*ions amounts to 2 restatement of the universal principle that estim::ors a~e biased in the presence
of modeling error. Thus arguments about which of two estimators is bfase zre silly. Thes arguments reduce
to the issue of what assumptions to use, an issue best addressed directly.

Although quantitative measures of bias may not be available, the analyst should aiways consider the issue
of bias due to modeling error. Bias errors are added to all other types of error in the v.:imates. Unfor-
tunately, some bias errors are impossible *o5 detect solely by analyzing the data. The estimates can be
repeatable with 1ittle scatter and appear to be accurate by all other measures, and still have large pias
errors. An example of this type of problem is a calibration error in a nonredundant irstrument. Th only way
to avoid such problems is to be meticulous in executing and documenting every step of che application, includ-
ing modeling, instrumentation, and data handling. Nn automatic tests e.ist that adequately substitute for
such care.

11.3.2 Scatter

When there are several experiments at the same condition, the scatter of the estimates is an indication
o“ accuracy. We can also evaluate scatter about a smooth fairing of the estimates in a series of experiments
with gradually changing conditions. This approach assumes that the parameters change smoothly as a function
of experimental condition.

The scatter has a significant advantage over many of the theoretical measures of accurac, discussed below.
The scatter measures the actual performance that some of the theoretical measures are trying to predict.
Therefore the scatter includes several effects, such as random errors in measuring the experinent conditions,
that are ignored in the theoretiral predictions. You can gain the most information, of course, by considering
both the observed scatter and the thenretical predictions.

An inherent weakness in the use of scatter as a gauge of accuracy is that several data points are required
to define it. Depending on the application, this objection can range from fnconsequential tu insurmountable.
A related problem is that the scatter does not show the accuracy of individual points, some of which may be
better than others. For instance, if only two conflicting data points are available, the scatter gives no h'nt
as to which is more reliable. Figure (11.3-1) shows estimates of the parameter Cnp obtafned from flight data
of a PA-30 aircraft. The scatter is large, showing estimates of both signs.

Figure (11.3-2) shows the same data segregated into rudder and aileron maneuvers. In this case, the
scatter makes it evident that the aileron maneuvers result in far more consistent estimates of Cnp tnan do
the rudder maneuvers. Had there been only one or two ajleron and one or two rudder mzneuvers avai?able. there
would have been no way to deduce from the scatter that the aileron maneuvers were superior for estimating this
parameter.

The scatter shares a weakness with most of the theoretical accuracy measures in that it does not account
for consistent errors (i.e., biases). Many occurrences can result in smali scatter about an incor-ect value.
The scatter, therefore, should be regarded as 2 lover bound. The estimates can be worse than {is indicated by
the scatter, bu. are seldom better.

Maine and 111ff (1981b) discuss well-documented situations in which the scatter is significantly larger
than the Cramer-Rac bounds., In al1 such cases, we regard the scatter as a more realistic measure of the mag-
nitude of the errors. The Cramer-Rac bound {s still a reasonable means of determining which individual experi-
ments are most accurate, but may not give a reasonavle magnitude of the error.

In spite of its problems, the data scatter is an easily used tool for evaluating accuracy, and it should
always be examined when sufficient data points are available to define it.

11.3.3 Engineering Judgment

tngineering judgment is the oldest measure of estimate reliability. Even with the theoretical accurac
measures now available, the need for judgment remains; the theoretical measures are merely tools which supply
more information on which to base the judgment. B8y definition, the process of applying eiiineering judgment

o
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cannot be descrioed precisely and quantitatively, or there would be no judgment involved. Algorithms can be
i devised to search for specific problems, but the engineer still needs to make a final unautomated judgment.
Therefore, this section will simply Tist some of the factors most often considered in making a judgment.

Lt e WIS

. One of the most basic factors in judging the accuracy of the estimates is the anticipated accuracy. The
) engineer usually has a priori knowledge of how accurately one can reasonably expect to be able to estimate
the parameters. This kwuwledge can be based on previous experience, awareness of the relative importance and

linear dependence of the parameters, and the quality of experimental data obtained.

[,

Another basic criterion is the reasonability of the estimated parameter values. Before analysis is begun,
we usually know the approximate range of values of the parameters. ODrastic deviations from this range are
reason to suspect the estimates unless we discover the reason for the poor pradiction or we independently

verify the suspect value.

b
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We have previously mentioned the role of engineering judgment in evaluating model adequacy. The engineer
must look for violations of specific assumptions made in deriving the model, and for unexplained problems that
may indicate modeling errors. Both the estimator and the theoretical measures of accuracy can be invalidated
by modeling errors. The magnitude of the modeling-error effects must be judged.

The engineer judges the quality of the fit of the measured and estimated time histories. The characteris-
tics of this fit can give indications of many problems. Many modeling error problems first become apparent as
poor time-history fits. Faijled sensors and data processing errors or cmissions are among the other classes uf
problems which can be deduced from the fits.

Finally, engineering judgment is used to assemble and weigh all of the available information about the
estimates You must combine the judgmental factors with information from the theoretical tools in order to .
give a fi al best estimate of the parameters and of their accuracies.

11.4 MODEL STRUCTURE DETERMINATIG:

In the previous sections, we have largely assumed that the assumed model form is correct. This is never
strictly true in practice. Therefore, we must always consiuer the possible effects of modeling error as a
special issue. The tools discussed in Section 11.3 can help in the evaluation of these effects.

A

I e e

In this section, we specifically examine the question of determining the best model structtre for param-
eter estimation. One approach to minimizing the effects of model structure errors is to use a model structure
which is close to that of the true system. There are, however, definite limits to this principle. The limita-
tions arise both in how accurate you can make the model and in how accurate you should make it.

. In the field of simulation, it is almost axiomatic that the sim.lation fidelity improves as more detail
v is added t: th. model. Practical considerations of cost and the degree of required fidelity dictate the level

3 of detail included in the model. Simulation and system identification are closely related fields, and we

1 might expect that such a basic principle would be common to both. Contrary to this expectation, system identi-
fication sometimes obtains better results from a simple than from a detailed model. The use of too detailed a
model is probably one ~f the most common sources of difficulty in the practical application of system

identification.

The problems that arise from too detailed a model are best jllustrated by a simple example. Presume that
Figure (11.4-1) shows experimental data from a system with a scalar input U, and a scalar output Z. The line
in the figure is the best linear fit to the data. This line appears to be a reasonable representation of the

system.

To investigate possible nonlinear effects, consider the case of polynomial models. It is obvious that the
error between the model output and the experimental data will become smaller as the order of the model
increases. High-crder polynomials include lower-order polynomials as specific cases (we have no requirement
that the high-ordar coef:icient be nonzero), so the best second-order fit 1s at least as good as the best
tinear fit, and so forth. When the order of the polynomial becomes one less than the number of data points,
the model will exactly match the experimental data (unless input values were repeated).

- D AR TN Dt o Lt

Figure (11.4-2) shows such a perfect match of the data from Figure (11.4-1). Although tne data points are
matched perfectly, the curve oscillates wildly. The simple linear fit of Figure (11.4-1) is probably a much
better representation of the system, even though the model of Figure (11.4-2) is more detailed. We could say
that the model of Figure (11.4-2) is fitting the noise instead of the tru: response.

e

Essentially, as the model complexity increases, and more unknown parameters are estimated, the problem
approaches the black-box system-identification problem where there are no assumptions about the model form. We
have previously snown that the pure black-box problem is insolubie. One can deduce only a finite amount of
information about the system from a finite amount of experimental data. The engineer provides, in the form of
an assumed mode! structure, the rest of the information required to solve the system-identification probiem.

As the assumed model structure becomes more general, it provides less information, and thus more of the infor-
metion must be deduced from the experimental data, Eventually, one reaches a point where the information
available is insufficient; the estimation algorithms then perform poorly, giving ridiculous results,

AT TSI NI T, S0 RTINS NN by S, ey

The Cramer-Rao bound gives a statistical basis for estimating whether the experimental data contain suffi-
cient information to reliably estimate the parameters in a model. This and related statistics can be used to
determine the number and selection of terms to include in the model (Klefn and Batterson, 1983; Gupta, Hall,
and Trankle, 1978; and Trankle, Vincent, and F -klin, 1982). The basic principle is to include in the model
oily those terms that can be accurately estim . from the available experimental data. This process, known as
model structure determination, is described in rurther detail in the cited references. We will restrict our
discussion to the general nat.re and applicability of model structure determiraiion.
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Automatic model structure determination is often viewed as a panacea that eliminates the necessity for
model selection to be based on engineering judgment and knowiedge of the phenomenology of the system. Since
we have repeatedly emphasized that pure black-box system identification is impossible, such claims for auto-
matic model determination must be viewed with suspicion.

There is a basic fallacy in the argument that automatic model! structure determination can replace engi-
neering judgment in selecting a model. The model structure determination algorithms are not creative; they can
only test candidate models suggested by the engineer. [In fact, the model structure determination algorithms
are a type of parameter estimation in disguise, in which the parameter is an index indicating which model is to
be used. In a way, model structure determination is easier than most parameter estimation. At each stage,
there are only two possible values for a term, zero or nonzero; whereds most parameter estimation demands tha.
a specific value be pi~ked from the entire real line. This task does not approach the scope of the black-box
system-identification problem in which the number of possible models is a high order of infinity.

Engineering judgment is still needed, therefore, to select the types of candidate models to be tested. If
the candidate models are not appropriate, the results will be questionable. The very best that could be
expectad from an automatic algorithm in this circumstance would be rejection of all of the candidates (and not
all automatic tests have even that much capability. No automatic algorithm can suggest creative improvements
that it has not been specifically programed for.

Consider a system with an actual output of Z = sin(U). Assume that a polynomial model has been selected
by the engineer, and automatic structure determination has been used to determine what order polynomial to use.
The task is hopeless in this form. The data can be fit arbitrarily well with a polynomial of a high enough
order, but the polynomial form does not describe the essence of the system. In particular, the finite poly-
nomial will not be valid for extrapolating system performance outside of the runge of the experimental data.

In the above system, consider three ranges of U-values: |U| < 0.1, |U]| < 1.0, and |U] < 10.0. In the
range 4U[ < 0.1, the linear polynomial Z = U 1is a close approximation, as shown in Figure (11.4-3). The
extrapolation of this approximation to the rangs |[U]| < 1.0 introduces noticeable errors, as shown in
Figure (11.4-4). Over this range, the approximatior Z = U - U'/6 is reasonable. If we expand our view to
the range |U| < 10.0, as in Figure (1.5-5), then neither the linear nor the third-order polynomial is at all
representative of the sine function. It would require at least a seventh-order polynomial to match even the
gross characteristics of the sine function over this range; a good match wouid require a still higher order.

Another problem with automatic model-structure determination is that it gives only a statistical estimate.
Like all estimates, it is imperfect. If no better information is available, it is appropriate to use auto-
matic model structure determination as the best guess. If, however, facts about the mode! structure are
deducible from the physics of the system, it is silly to throw away known facts and use imperfect estimates.
(This is one of the most basic principles in the entire field of system identification, not just in model
structu;e determination: if a fact i3 kncwn, use it and save the estimetion theory for cases in which it is
needed.

The most basic problem with automatic model structure determination lies in the statement of the problem.
The very term “model structure determination” is misleading, because there is seldom a correct mode! to deter-
mine. Even when there is a correct model, it may be far too complicated for practical purposes. The real
model structure determinaticn problem is not to determine some nonexistent "correct" model structure, but to
determine an adequate model structure. We discussed the idea of adequate models in Section 1.4; the idea of
an adequate model structure is an intimate purt of the idea of an adequate model.

This basic issue is addressed briefly, if at all, in most of the literature on model structure determina-
tion. Many papers generate simulated data with a specified mcdel, and then demonstrate that a proposed model
structure determination algorithm can determine the correct imodel. This aprroach has iittle to do with the
real issue in model structure determination.

The previous paragraphs have emphasized the numerous problems of automatic model structure determination.
That these problems exist does not mean that automatic model-structure determination is worthless, only that
the mindless application of it is dangerous. Automatic model structure determination can be a valuable tool
when used with an appreciation of its liaitati_1s. Most gocd model structure determination programs allow the
engineer to override the statistical decision and force specific terms tu be included or omitted. This
approach makes good use of both the theory and the judgment, so that the theory is used as a tool to aid the
judgment and to warn against some tynes of poor judgment, but the =nd responsibility lies with the engineer.

11.5 EXPERIMENT DESIGN

The previous discussion has, for the mest part, assumed that a specific set of experimental data has
already been gathered. In some cases, this is a valid assumption. In other cases, the opportunity is avail-
able to specify the experiments to be performed and the measurements to be taken. This section gives a brief
overview of the subject of designing experiments for parameter identification. We leave detailed discussion
to works cited in the references.

Methods for experiment design fall into two major categories. The first category is that of methods based
on numerical optimization. Such methods choose an input, subject to appropriate constraints, which minimizes
the Cramer-Rao bound or some related error estimate. Goodwin (1982) and Plaetschke ard Schulz (1979) give
theoretical and practical details of some optimization approaches to input design.

Experiment design is often strongly constrained by practical considerations; in the extreme case, the
constraints completely specify the input, leaving no latitude for design. In a design based on numerical opti-
mization, tiue constraints must be expressed mathematically. This derivation of such expressions is sometimes
straightforward, as when a contro) device is limfted by a physical stop at a spacific position. In other
cases, the constraints involve issues such as safety that are difficult to quantify as precise 1imits.

[
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Slight changes in the form of the constraints can change the entire character of the theoretical optimum
input. Because the constraints are one of the major influences in the experiment design, adopting simplified
constraint forms solely because they are easy to anmalyze is often inadvisable. In particular, “soft" con-
straints in the form of a cost penalty proportional to the square of the input are almost never accurate
representatiens of practical constraints.

Most practical experiment design falls into the second major category, methods based more on heuristic
design than on formal optimization of a cost function. Such designs draw heavily on the engineer's understand-
ing of the system. There are several widely applicable rules of thumb to help heuristic experiment design;
some of them consider issues such as frequency content, modal excitation, and independence. Plaetschke and
Schulz (1979) describe some of these rules, and evaluate inputs based on them.
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Figure (11.1-1). Construction of R,. Figure (11.1-3). Construction of two-dimensional
confidence ellipsoid.
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Figure (11.1-2). Construction of one-dimensional Figure (11.2-1). Geometric interpretation of
confidence ellipsoid. insensitivity.
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Z = sin{V)

Figure (11.4-3).

Figure (11.4-1). Best linear fit of noise data.

Z = sin(U) in the range |U| < O.1.
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CHAPTER 12

12.0 SUMMARY

In this document, we have presented the theoretical background of statistical estimators for dynmamic
systems, with particular emphasis on maximum-likelihood estimators. An understanding of this theoretical back-
ground is crucial to the practical application of the estimators; the analyst needs to know the capabilities
and limitations cf the estimators. There are several examples of artificially complicated problems that suc-
cumb to simple apprecaches, and seemingly trivial questions that have no answers.

A thorough understanding of the system being analyzed is necessary to complement this theoretical back-
ground. No amount of theoretical sophistication can compensate for the lack of such understanding. The entire
theory rests on the basis of the assumptions made about the system characteristics. The theory can give only
limited help in validating or refuting such assumptions.

Errors and unexpected difficulties are inevitable in any substantial parameter estimation project. The
eventual success of the project hinges on the analyst's ability to recognize unreasonable results and diagnose
their causes. This ability, in turn, requires an understanding of both estimation theory and the system being
analyzed. Problems can range from obvious instrumentation failures to subtle mudeling inconsistencies and

identifi.bility problems.

Probably the most difficult part of parameter estimation is to straddle the fine line between models too
simple to adequately represent the system and models too complicated to be identifiable. There is no conser-
vative position on this ‘ssue; excesses in either direction canr be fatal. The solution is typically iterative,
using diagnostic skills to detect problems and make improvements until an adequate result is obtained. The
problem is exacerbated by there being no correct answer.

Neither is there 2 single correct method to solve parameter estimation problems. Although we have casti-
gated some practices as demenstrably poor, we make no attempt te establish as dogma any particular method.
The material of this document is intended more as a set of tools for parameter estimation problems. The selec-
tion of the best tools for a particular task is influenced by factors other than the purely theoretical.
Better results often come from a crude, but adequate, method that the analyst thoroughly understands than from
a sophisticated, but unfamiliar, method. We recommend the attitude expressed by Gauss (1809, p. 108):

It is always profitable to approach the more difficult problems in several
ways, and not to despise the good although preferring the better.
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APPENDIX A

A.0 MATRIX RESULTS

This appendix presents several matrix results used in the body of the book. The derivations are mostly
exercises in simple matrix algebra. Various of these results are given in numerout¢ other documents; Goodwin
and Payne (1977, appendix E) present most of them.

A.1 MATRIX INVERSION LEMMAS

Consider a square, nonsingular matrix A, partitioned as

Ay Ay
A e [ (A.1-1)
LTSRN PP
where A,, and A,, are square. Define the inverse of A to be T, similarly partitioned as

ry, T
ATl=7= [ 1 12] (A.1-2)

r?l I‘22

where I,, is the same size as A;,. We want to express the partitions Tij in terms of the 4ij. To
derive such expressions, we need to assume that either A,, or A,, fis invertible; if both are singular, there
is no useful farm. Consider first the case where #,, is invertible.

Lemma A.1-1 Given A and r partitioned as in Equations (A.1-1) and (A.1-2),
assume that A and A,, are invertible. Then (A,, = A,,A71A,,) is invertible
and the partitions o% r are given by

Tyy = AT} = ATiAa(Ry, = Ay ATA ) 00,003 (A.1-3)
Tia = ~Aiha Ry = ApyATiAy,) 7} (A.1-4)
Tax = ~(Agy = ApyAT3A;, )7 85000 (A.1-5)
Tpp = Ry = MuATia )7t (A.1-6)

Proof The condition A = I gives the four equations

AyiTog ATy, = 0 (A.1-7)
ApaFy; * ATy = 0 (A.1-8)
MaTyy + ATy, = 1 (A.1-9)
LPIR PPN PP PPILED (A.1-10)

and the condition T'A =] gives the four equations

Piabya ¥ Tyahyy = 0 (A.1-11)
Ta1hy, + Tpahyy =0 (A.1-12)
Tiadyy ¥ Tiphyy = 1 (A.1-13)
Taahaz *+ Taphyz = 1 (A.1-14)

Equations (A.1-7) and (A.1-12), respectively, give
Tyz ® =A73A,,T, (A.1-15)

Tyy = =Tl A0% (A.1-16)

Substitute Equation (A.1-15) into Equation (A,1-10) and suostitute Equa-
tion (A.1-16) into Equatijun (A.1-14) to get

(Mg = Ay AiMya)T,, = 1 (A.1-17)

TPaalAyy = A0AT0A;,) = 1 {A.1-18)
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By the assumption of invertibility of A, the T j exist and satisfy
Equations (A.1-7) to (A.1-14). The assumption o} invertibility of A,, then
assures, through the above substitutions, that r,, satisfies Equa-

tions (A.1-17) and (A.1-18). Therefore (A,, - A, A7iA,,) is invertible and
r,, 1is given by Equation (A.1-6).

Substituting Equation (A.1-6) into Equations (A.1-15) and (A.1-16) gives
Equations (A.1-4) and (A.1-5). Finally, substituting Equation (A.1-5) into
Equation (A.1-9) and solving for T,, gives Equation (A.1-3), completing
the proof.
Ay, s nonsingular is simply a permutation of the same lemma.
Lemma A.1-2 Given A and I' partitioned as in Equations (A.1-1) and (A.1-2),
assume that A and A,, are invertible. Then (A,, - A,,A734,,) is invertible
and the partitions o% I are given by
Tyy = (Ayy = Ayafzihy,)™t (A.1-19)

Py = (A - Apphgahy, ) M AaAG3 (A.1-20)

Toy = =Ayih,, (Mg, = A320704,,)70 (A.1-21)
Tpp = Ag3 - A3A,0 (A0, = ApaA73A,, )" 4,050 (A.1-22)

Proof Define a reordered matrix
, [Azz Azz]
A =
A12 All
The inverse of A' 1is given by the corresponding reordering of T.
T' . [rzz rzx]
rzz rll
Then apply the previous lemma to A' and T'.

and A,, are invertible, we can combine the above lemmas to obtain two other useful results.

Lemma A.1-3 Assume that two matrices A and C are invertible. Further
assume that one of the expressions (A - BC™1D) or (C - DA~:B) is invertible.
Then the other expression is also invertible and

(A - BC-3D)-! = A-2 - A-'B(C - DA-!B)"'DA-? (A.1-23)

Proof Define A,, = A, A,, =B, A,, = D, and A,, = C. In order to apply
Lemmas (A.1-1) ané (A.I-Z}, we first need to show that A as defined by
Equation (A.1-1) is invertible.

If (C - DA™'B) is invertible, then the rlj defined by Equations (A.1-3)

to (A.1-6) satisfy Equations (A.1-7) to (AT1-14). Therefore A is invertible.
Lerma (A.1-2) then gives the invertibility of (A - BC™D), which is one of
the desired results.

Conversely, if we assume that (A - BC D) is invertible, then the Tij

defined by Equations (A.1-19) to (A.1-22) satisfy Equations (A.1-7) t& (A.1-14).
Therefore A 1is invertible and Lemma (A.1-1) gives the invertibility of the
expression (C - DA™B).

Thus the invertibility of either expression implies invertibility of the other
and of A. We can now apply both Lemmas {(A.1-1) and (A.1-2). Equating the
expressions for [,, given by Equations (A.1-3) and (A.1-19), and putting the
result in terms of A, B, C, and D, gives Equation (A.1-23), completing the
proof.

Lenma A.1-4 Given A, B, C, and D as in Lerma (A.1-3), with the same
TnvertibiTity assumptions, then

A-'B(C - DA2B)"! = (A - BC~2D)"2BC"! (A.1-24)
Proof The proof is identical to that of Lemma (A.1-3), except that we equate

the expressions for I, given by Equations (A.1-4) and (A.1-20), giving
Equation (A.1-24) as a result.
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A.2 MATRIX DIFFERENTIATION
For several of the following results, it is convenient to define the derivative of a scalar with respect

to a mtrix., If f 1s a scalar function of the matrix A, we define df/dA to be a matrix with elements
equal to the derivatives of f with respect to corresponding elements of A.

rar\( 1) df
(?ﬁ) « it (A.2-1)
Two simple relations involving the trace function are useful in manipulating the matrix and vector gquan-
tities we work with.
Result A.2-1 If x and y are two vectors of the same length, then
x*y = tr(yx*) (A.2-2)

Proof Both sides expand to z:x(i)y(i).
1

Result A.2-2 If A and B are two matrices of the same size, then

Z A(1’J)B(1'J) - tr(AB*) (A.2'3)

i,
Proof Expand the right side, eiement by element.

Both of these results are special cases of the same relationship between inner products and outer products.
The following result is a particular application of Result (A.2-2).

Result A.2-3 3f f(A) is a scalar function of the matrix A, and A is a
function of the scalar x, then

£(A) dA*
CU tr(a—ajA—l %‘-‘;) (A.2-4)

Proof Use the chain rule with the individual elements of A to write

(i,3)
df _ of dA
g- z Tty Y (R.2-5)
i,

Equation (A.2-4) then follows from Result (A.2-2) and the definitiorn given
by Equation (A.2-1).

Result A.2-4 If the matrix A is a function of x, then
d a-1y o o_pmafdAY o
o (A1) = -A (a; A (A.2-6)
wherever A 1is invertible.
Proof By the definition of the inverse
AR-Y = ] (A.2-7)

Take the derivative, using the chain rule.

d -1y , dI

i {AA"1) = Fr (A.2-8)
dA .- d -1y _
-d.x‘Al'fA‘—dx {(A"}) =0 (A.2-9)

Solving for d/dx(A™!) gives Equation (A.2-6), as desired.

Result A.2-5 If A ds invertible, and x and y are vectors, then
33‘ (x*A™1y) = -(A-lyx*A=1)* (A.2-10)

Proof Use result (A.2-4) to get

—Thy (oA = ;—ﬁ% Ty (A.2-11)
Now
AL ow (A.2-12)
PLE A "
& - P - -

=
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where ey 1s 2 vector with zeros in all but the 1ith element, which {s 1.
Therefore

3 *1"1y) = ox%A~lp a%A“ly = _a¥AlyywA=1
;;TTT3T (x*A=1y) X*A e1eJA y eJA yx*A e,

which is the (1,]) element of -(A"lyx*A=!)~, The definition of the matrix
derivative then gives Equation {(A.2-10) as desired.

Result A.2-6 If A 1is invertible, then
B tn|A| = A%
F)
Proof Expanding the determinant by cofactors of the ith row gives

n|A| = 2n ; AlK) (a5 a)(ks1)

Taking the derivative with respect to A(i'j) gives

3 in|A| = —-—§99i751£211211—7v
MERS) ];f AT kT (aq5 a) (KT

because (adj A)(k‘i) does not depend on A(j'i). Using Equation (A.2-15) and

the expression for a matrix inverse in terms of the matrix of cofactors, we
get

. an|A] = ieﬂi_élfilil = (A-1)(J,i)
aA“'J) |Al

Equation (A.2-14) then follows, as desired, from the definition of the
derivative with respect to a matrix,

w—— - ——

A.2

(A.2-13)

(A.2-14)

(A.2-15)

(A.2-16)

(A.2-17)
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