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NOMENCLATURE

acceleration of helicopter c.g. in reference frame N
acceleration of load c.g. in reference frame N

longitudinal distance between helicopter cable attachment point and
helicopter c.g.

longitudinal distance between load cable attachment point and load c.g.
helicopter (rigid body)
helicopter c.g.

helicopter body reference frame moments and products of inertia

rear cable (rigid 1ink)
mutually orthogonal unit vectors fixed in C

mutually orthogonal unit vectors fixed in an intermediate reference
frame between B and C

slung load (rigid body)

c.g. of slung load

load body reference frame moments and product of inertia
mutually orthogonal unit vectors fixed in E

mutually orthogonal unit vectors fixed in an intermediate reference
frame

forward cable (rigid 1link)

external force applied to helicopter
external force applied to load
generalized active force for system
generalized inertial force for system
generalized active force for helicopqer
generalized inertial force for helicopter

generalized active force for load
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generalized inertial force for load
acceleration of gravity
distance along 33 between load c.g. and 31 axis

mutually orthogonal unit vectors fixed in B

inertial dyadic for helicopter and load, respectively

aerodynamic rolling moments applied to helicopter and load, respectively

rear cable length
forward cable length

helicopter mass

aerodynamic pitching moments applied to helicopter and load, respectively

slung load mass

inertial reference frame (fixed at Earth's surface)

aerodynamic yawing moments applied to helicopter .nd load, respectively

mutually orthogonal unit vectors fixed in N

rear cable attachment points to helicopter and load, respectively

e S

angular velocities about helicopter body axes (roll, pitch, and yaw

rates)

forward cable attachment points to helicopter and load, respectively

distance along k axis between helicopter c.g. and helicopter load

attachment points
inertial force for helicopter
inertial force for load
index variable for generalized speeds
external torque applied to helicopter
external torque applied to load
inertial torque for helicopter
inertial torque for 1load

translational velocities along helicopter body axes

iv




N->B
W

B+C
w

B+E
w

N+E

€4

translational velocity of helicopter c.g. in reference frame N

translational velocity of load c.g. in reference frame N
v
o8

longitudinal aerodynamic force of hesicopter and load, respectively

lateral aerodynamic force of helicopter and load, respectively
normal aerodynamic force of helicopter and load, respectively

load angle of attack

helicopter angular acceleration in reference frame N
load angular acceleration in reference frame N

load sideslip angle

load angular displacement about 21 axis

total load angular displacement about 3 axis = (0 + OE)
rear cable longitudinal sway angle

helicopter pitch attitude

incidence of load relative to helicopter

load angular displacement about Z; axis

rear cable lateral sway angle

variable load angular displacement about I axis
helicopter roll attitude

helicopter yaw attitude

helicopter angular velocity in reference frame N

rear cable angular velocity in reference frame B

load angular velocity in reference frame B

load angular velocity in reference frame N
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A LAGRANGE~D'ALEMBERT FORMULATION OF THE EQUATIONS OF MOTION OF A
HELICOPTER CARRYING AN EXTERNALLY SUSPENDED LOAD
Jeanine M. Weber* and Richard K. Greif

Ames Research Center

ABSTRACT

The exact nonlinear equations of motion are derived for a helicopter with an
external load suspended by fore and aft, rigid-link cables. Lagrange's form of
D'Alembert's principle is used. Ten degrees of freedom are necessary to represent the

motion of this system in an inertial reference frame: six for the helicopter relative

to inertial space and four for the load relative to the helicopter.

INTRODUCTION

Civilian and military use of helicopters to carry externally suspended loads has
resulted in dynamic instabilities being encountered at certain flight conditioms.
Previous research aimed at alleviating these instabilities has led to the development
of cable angle feedback control techniques (vefs. 1-3) and hydraulically powered
mechanization of the suspension cable to fuselage attachments (ref. 4). Because of
the mathematical complexity of the system, the kinematic models used therein have
been developed either with the motion of the load relative to the helicopter linear-
ized about a fixed operating point or with assumptions incorporated to simplify the
relative load motion in one or more axes.

it is desirable to examine the quality and validity of these simplifications and
also to provide a reference from which additional simplified models may be developed
for the purpose of further control law design and real-time piloted simulation. This
report documents the derivation of this reference: a mathematical model of the heli-
copter and slung load with as much fidelity to the physical system as possible.
Specifically, the model consists of the ten-degree-of-freedom nonlinear equations of
motion for a typical two-cable slung loac developed using Lagrange's form of
D'Alembert's principle (ref. 5). All six rigid-body degrees of freedom (three trans-
lational and three rotational) have been allowed for the helicopter. The load is
suspended from the fuselage by two cables. Four rotational degrees of freedom rela-
tive to the helicopter are allowed for the suspension/load system, considered in the
analysis to be a nonholonomic system. The derivation is eract except for the assump-
tion that the cables are massless, rigid links.

The balance of this report is organized as follows: the main text contains a
model description, a definition of applied forces and moments, a discussion of basic
assumptions, the method of analysis, and finally the actual formulation of the equa-
tions of motion. Several appendixes contain the appropriate details of each step of
the analysis and the formulation.

*Currently employed at Electromagnetic Systems Laboratories, Sunnyvale, Calif.

St o A NI PN NN o e, .‘-—-"-"".“U‘rf“«"* R i e O LICRLUY

o e aa S T e e o

] st L

I . . ‘ ' .o ©

—————— .
T T oY ey S e

e Lz




ot he i AP
e e )

MODEL DESCRIPTION

Figure 1 1llustrates the system to be mode led mathematically,
helicopter B, load E, and suspension cables C and F, the system m

£1a1+(Earth~£1xed) reference frame N, in which the orthogonal set o
MNy» Ny, and ng, are fixed,

Compriged of a
oves in an iner-
f unit vectors,

Hqiicopter B 1is a rigid body of mass M, in which orthogonal unit vectors I,
], and k are fixed. The orientation of reference frame B relative to N may be
given in terms of the conventional Euler angles of fljight mechanics: successive
rotations through angles y, 6, and ¢ (appendix A). The center of mass of B ig B*,
at which central inertia quantities B,, B,, B, Byys» Byz, and B z are defined. The
reference frame B hag 8ix degrees of freedom relative to N. Eggations (1) and (2)
express NJ » the angular velocity of B relative to N, and Ny

» the translational
velocity of B* {n N.
NZB = pI + qI + rk (1)
*
A LU A S (2)

where the scalars are the hel

icopter body axis velocity components typically used in
flight mechanics analysis.,

Figure 2 shows a more detailed geometrical representation of the system at rest.
The incidence o£ the load relative §o the helicopter is Og» and is defined as the
angle between @€, and in the i-k plane. Since it is fixed when the load is
attached, it has been considered constant in this derivation. Constant lengths a,
a’, 2, &', and R are defined as shown. P, P, Q,, and Q locate cable attachment

Four degrees of freedom are necessary to describe the
load system (C, F, and E) relative to B. The method of de
tionships (discussed in ref. 6) is Particularly efficient a
Reference frame C, in which 31, 32, and 33 are fixed, is oriented relative to B
with two successive rotations: n and ¢, as shown in figure 3 and described in
detail in appendix A. The reference frame ¢ moves with two degrees of freedom

relative to B such that the angular velocity of C relative to B may be defined
in equation (3):

motion of the suspension/
fining these angular rela-
nd has been used here,

O - (3)

load E, consisting of a massless Spreader bar and cargo,
It is a rigid body in which 31, 32, and 33 are fixed.

inertia properties E,, E,, E,, and E;; (E;, and E;; have been assumed negligible by
symmetry). The orientation of E relative to B (fig. 4) results from three succes-
sive rotations through angles £y vV, and § and 1s described in detail in appendix A.

The ang%e, ¢, has been defined to represent the absolute angular displacement
about :

has mass center E*,
It has mass m and central

L =c+090 4)
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Load E moves relative to B as in equation (5):
BE a4y 4 8 (5)
where

S 4 ¢)
Althongh the motion of E "relative to B may be expressed in terms of three

. angular rates, only two are independent. From geometry (ref. 6) a nonholonomic con-
straint may be found for v such that:

Vo= {J(n.ésam.i,c) ™
APPLIED FORCES AND MOMENTS

External inputs to the helicopter/slung load system consist of aerodynamic and
gravitational forces acting at the mass center of eacn body, together with aerodynamic
moments.

Using conventional flight mechanics notation, fB and TB, the forces and moments |
applied to B are:

>B > ->

P o= x 1+ v] + 2.k + Mem, (8)
B ->

T = LBT + M3 + Nk (9)

Using equation (A4) to resolve ?B into the helicopter body reference frame, equa-
tion (8) becomes:

EB = (X - Mg sin G)I + (Y + Mg cos 8 sin ¢)] + (Z + Mg cos 9 cos ¢)ﬁ (10)

Applied to E, the forces and moments are:

Foax @, 418, + 2.8, + Mah, (11)
T =12, + M2, + N2, (12)
’ Using equation (A4), fE may be resolved into the helicopter body reference
frame:
| - {CVCCXE + (868; - cdc;sv)YE + (CGB; + ccsdsv)ZE - semg}I + {svxE + cﬁchE

- SGCvZE 1 ces¢mg}3 + {-cvscxE + (s;cssv + SGC;)YE + (-scsdsv + cdcc)ZE

+ o mg}ﬁ (Footnote aq) (13)

¢

a
8y = sin vy, Cy = COS Y.
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the angle of attack and sldeslip angles of the load itself; o and Bp. In the Formu-
latfon of Equations of Motion section of this report, these angles have beep calcu-
lated using the load fixed-reference-frame components of the load translational

*
velocity, N3E .

BASIC ASSUMPTIONS

Several kinematic and geometric aaaumptiohs have been made in the problem state-
ment. To summarjze, they are:

1.  The rotation of the Earth may be neglected, thus making an Earth-fixed
reference frame the inertial frame.

2. Suspension cables C and F are massless and rigid.

3. The cables Joining the spreader bar and the load are rigidly attached, each
to the spreader bar and to the load.

4. Load products of inertia E;» and ®,, are zero (El- 33 defines a plane
of symmetry).

5. Load suspension attachment points are equidistant from B* along §, and
equidistant from E* along 1

METHOD OF ANALYSIS

D'Alembert's principle as developed by Kane in reference 5. With Fg and Fg defined
as the generalized active and generalized inertia forces, respectively, this prin-
ciple (eq. 14) holds for a nonholonomic system moving with n - n degrees of freedom
in an inertial reference frame,

% = -
Fs +Fs - 0 (S - 1, . . LY n m) (14)

where n is the number of system-generalized coordinates (or generalized speeds) and
m  1is the number of nonholonomic constraints.

For a rigid body, the generalized active force Fg 1is (ref. 5):
> >
Fs=?-vs+¥.ws (15)

where F and T are, respectively, the external forces and torques applied to the body,

Vs 1s the partial derivative of the velocity of the point of application of 7
with respect to generalized spesd s = aV/0s|o¢ point of application of ¥/dss

and wg 1s the partial derivative of the angular velocity of the body to which T is
applied with respect to generalized speed s = 37 of body to which T is
d

appiied .
Likewise, the generalized inertis force F} is;:

4
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* - * L] > * L] >
Fs ﬁ Vg +;f W
¢ such that for the inertia force R*
R* = —mak

->

where m 1s the mass of the rigid body, a

of the body, and for the inertial torque

Tra-t.as @ Dy

where  and & are, respectively, the angular velocity and
the rigid body.

>
Finally, 1T 1s the inertial dyadic of the body

->

=2 X .1

j= 1 J

where 31, 32, ga are unit vectors along lines about which

3 3
=

->
1&Pk

~

4,
4
S
-
e
i

i
;
.

helicopter load

To further expand equation (18), consider that since th
to B and E »act at the center of mass of each body,

the par
velocities, vy, are taken at points B¥* and E*:

* %
F_ + F* NBT 448 L NoB B | NoBY
S 8 8 ] -]

=78 .
—

(16)

* 18 the acceleration of the mass center

(17)

angular acceleration of

the Ijk are taken.

Specifically, for the helicopter/slung load system with two rigid bodies
B and E:
F+P e+ PP u P e Bl el .., n-m
s s 8 s 8 8

(18)

e external forces applied
tial translational

%*B . Nm:

heliégpter

*
NE* |

+ ¥ .

*
cWELRE L RE
w S S

J

+ T*E

load

(s =1,
FORMULATION OF EQUATIONS OF MOTION

Eleven generalized s

been used to describe the motion of this system:

8 = u.V;W.P.qor,ﬁ.é,é’{’.é

SXTEVRE

e

ey 0 = m)

(19)

peeds (translational and angular velocity components) have

(20)




One nonholonomic constraint,

v = ‘:’("hété .U.E-O)

may he found, resulting in a system with ten degrees of freedom.

In this derivation thc system (although holonomic) has becn treated as belng
nonholonomic, in which the (nonhclonomic) constraint (eq. (5)) has been aubatituted
for U prior to the kinematic analysis, To write the ten equations of motion
(eq. (19)), it I8 necessary to determine, for each rigid body, the angular and tians-
tational veloeities, partial velocities, angular and translational accelerations, and
finally che inertial forces and torques.

Nonholonomic Constraint Equation
To express v in terms of the independent variables: T, &. d, ny £y and o,
consider the physical constraint that the forward cable, F, is a rigid link of length

¢', This may be expresscd mathematically by saying that the magnitude of the distance
between Q, and Q 1is always A

Q. —Q| = -Rk - al + Bk + tc, + a'e | = ¢ (21)
N 3 1

Resolving the expression to reference frame B, and squaring each side of the equa-
tion gives:

2 12 [] ' 12
a a 2a 2aa 2a i )
7 * )2 Tl CgSn T g V. 7 (cvcccgsn T %Sy CECncvsC) iz (22)

Differentiating equation (22) and solving for V¥ gives the necessary constraint
equation (ref. 6):

v o= Zlﬁ + Zzg + 236 (23)
where
-2a 2a'
, - 7 CECn + 2 (c\)cc‘cgcn + c&Sncch)
1 - ' 1
2aa s ¢, + 2a’ (s c.c,s_+s,.c_ - c s 8.)
£2 v e vgEn Ev M ARV 4
2a 2a'
, ¢ 35y + =2 ( c\)ccsgsn cgsv + sgcncvsc)
2 z2ea’ s c + 2a’ (s c.c,s_ +s,c -c.c88)
2 Ve £ vgogn £V Enve
ZE%L c s +'25L (~c. 8, ¢c,8_ - c.)
7 = ) VoL L v En ‘e Ve
3~ -2aa' 2a’
— - 8.¢, + e (s\)cccgsn + Sgcv - C{Cnsvst)
Q a3 3 3 3

(Details of the solution for this expression are given in appendix B.)
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Angular Velocity

Helicopter relative to inertial space~ The angular velocity of the helicopter in
the inertial reference frame was given in equation (1).

Load relative to inertial space- Relative to the helicopter body {rame, the
angular velocity of the load was defined in equation (5) or, after substitution fer
the nonholonomic constraint:

R RN RN AN IR vl (24)

Since NZB is known, rthe angular velocity of the load relative to inertinl
space may be found:

N;E - NmB + BmE (25)

)8!+ e, (26)

=pl+ @+ 6] +rk+ (zh+2,0 42
- and resolving to reference frame E with equations (A9), (Al0) and (All):

. ”. N.’E - - . [ S _ 1
] W {cchp + s, cvscr + s 0 + Sle, + {(SGSC Cdccsv)p + (cécv)q

. 4 . +
+ (Sccésv + Sﬁcc)r + (sGZI)n + (8622)5 + (CGCv + 8,2,)dle,

s

- 4

;5 + {(cdsC + ccsssv)p + (-sacv)q + (-scsésv + cacc)r ‘

5 +(egZ )+ (e2,)E + (=s4c + ¢ 2,)1e, (27) ;
|

_ Translational Velocity

- Helicopter mass center- Equation (2) defines the translational velocity of the

helicopter mass center in the inertial reference frame.

Load mass center- Using the kinematic law which relates the translational veloc-
ities of two points on a rotating rigid body, expressions may be written for the

translational velocities, relative to reference frame N, of cable attachment points
P, and P, and load mass center E¥:

- % *_
N‘;Pl - N’\""B + N:)B x +>B"—P,y

P (28)
*_ '
where BB P1 is the position vector from B* to P, = -a/ZI + Rk
WP« P MG PP (29)
where EPI_P = ﬁ:a
* ap_nk
NgE - NzP + NzE N pP—D (30)

. a . P oA, e e i T e o o ey — o i .;_J
R ot S A el S e Tt Rl TR T Nt e RN AN L A A S A A
> U .



A

W

B s e St e R P T W S At et S HIEEVE DR ST VT N USRS S AUCUIRUSIUUIS P USSR IR VORI DU TIUSISV SIS e St ) bat I VS
« § N

»p-E* , > >
where p = (a /2)e1 + he,. Substituting expressions for v and v into
equation (30) gives:

NP1 . N2P
* * *_ *
NOET o NGBT OB o gBT-P MG L gPime  WOE L PR (31)

which, after expanding cross products and collecting terms (appendix C), given equa-
tion (52) when expressed in the hellcopter body reference frame:

|

SRR L 1
NyF A, 4.0 = du + (R t fepe - —% c A, = ha s 4 hcdc{)q + ()ﬂ!.

n'
f, 4§ 7 H\’ + hth\ r

I a' l | a' .

s ——— - - s - v AN

+ "f.cn + (2 8, + hal.)c )Z n o+ B[‘ﬂn + ( 7" B, + hﬁ(‘;(.\ 72« nE
[ ¢ PLN % 0

i , a' Ly - .
+ (h S - hsésc)b [ +4v + (—R - ""CE.Cn + 3 C\’SC; + hsrf’éb\; hcﬂc()p

87

. a' . .
+ [Pc ( <, + hsés\)zz]& + (-—i— <, + hséb\)zgc + (—hcdcv)(‘. ]

1 '
-‘3+9(s +&. ¢ +hcs,+hcss.r+ c+hs.s Z n
2 \Y ¢ L O N 2 1

a' a a' o
Ys + 2 sv hsdc\)p +(2 QCESn 5 ¢,¢ h(.,(sbc

- s - - W\ (32)
hccsﬁs\Jo + (hs(scc hs CGSc) k

*
Using the transformation matrix Ep from equation (Al2), N;;E may be expressed in
the load-fixed reference frame:

WE R, 2,0, - By B 1,15 (33)

Load angle of attack and sideslip angle may then be defined:
i X
NGET L2

ap = tan” N—_‘;—Er‘“: (34)

BE = sin'l MT—"N*E (35)
v

P 2 “‘.-..,3'.‘ .

T

= -
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The partial derivatives of angular and translational velo

Partial Derivatives of Velocities

bodies are given in equations (36)-(75).

v B NN NoB* JNoB*
“u du vu du
*
MB .o (37) N -1
%*
N'm’g -0 (38) N‘J: -k
*
NGB o1 (39) NBY Lo
p p
*
NB L3 (40) R
q q
*
NISS =k (41) N?Ff =0
*
“IS: =0 (42) N?F? =0
*
NB oo (43) NB .o
£ ¢
*
N =0 (44) 7
N>B N>B*
wy 0 (45) vy = 0
N"wf; =0
N’w’f; =0
N-1,
ww = (
N>L -> -> ->
wp = (cvcc)e1 + (sés; - C6C;sv)e2 + (cssc + C;sésv)ea
NoL

N+L

N-L

3

v
e

-> +
= (adzl)e2 + (cGZI)e3

wq = (sv)z1 + (cscv)g2 + (-sscv)g3

i

G gsle v § e ™ o

iy

> - >
w. = (-cvsc)e1 + (a;césv + sscc)ez + (-scsdsv + cdcc)e3

(46)

(47)

(48)

(49)

(50)

(51)

(52)

(53)

(54)

(55)

cities for the two rigid

(56)

(57)

(58)

(59)

(60)

(61)

(62)

e R e
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N-L > -»>
wg = (Stszz)e’2 + (Cszz)e3

N-+L < 2
")s el

N-L s - 2 -
me =8 e + (CGC\) + :sﬁ.v.a)e2 + ( 84C,, + c(s?.a)e3
*

N-JL - I
u

N-L*

v, =]
*

N g

N>L*

a' a'
vp (—R - ﬂcgcn + > CVSC + hSCSGS\) - hcsc;)] + (—!Lsg + 78, hssc\)

N-L* a' a
v (R + chcn 2 cvsc hs;sésv + hcéc;)?. + (2 chsn

a'
"7 S

=¥

- he s s

- hcésC 865y

a' a a'
v, (!Lsg -5 s, + hséc\)z + (— 3 + 1lc€sn + 5 cvcc + hcésC + hcgsés\‘)g
NaL* 0 -—Z-s - hs Z.I+ 3-'-0 'hsst
AEE v v )4 2 Sv T RS
' \: |z
+ chsn + SVSC - hsécvsc) 1
*

N-L a' a'
v: [-QSES:‘. - (—2- SVCC - hSGC\acc)Zz]I + [—Qgg + (2 c, + hsasv)zz]r{

. fal - e
+ [-ngcn 4 (2 svsc hsscvs;)zz’]k

-
§ = (hsysg+ hsvcacc)z + (-hcécv)] + (-hsge, = hegs s )k

ol

4

N

<
n

a' >
v + (-2— SVSC - hchvsC)Za]k

10

o o A SN AT e i S e bl ok e e b ot

ﬂ' a! al
\r [— ) cvsc hsgsésv + hcéc; - (2 svc; - hsdcch)ZJI + [(2 <, + hsss\)23]]

)

(63)
(64)

(65)

(66)
(67)
(68)

(69)

(70)

(71) i

(72)

(73)

(74)

(75)
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Angular Acceleration

Helicopter relative to inertial space~ To obtain NZB, the angular acceleraticn
of rigid body B 1in reference frame N, Nﬁ” is diffcrentiated with respect to timeb:
N.N+B B,N»B 0
aiB BN +N$n/ﬁ;n 76)

dt dt
= p1 + 4] + ik a7

Load relative to inertial space~ In a similar manner, NEL is obtained by differ-

entiation of NZL:

0
NN+E  E,NE .
wE | JaNGE | EaNE we s

a = =

at T3 (78)

Expanding the above gjves equation (79), where the Z;y are functions of %, a, and
a', and trigonometric functions of n, £, £, and v. (See appendix D for an explicit
definition of the Zi.)

N-*E . L4 s L] * L M . [ »
a = {Zzlp + Zzzp” + Zzapg +2,,p0 + Zzsq + Zzsqn +2,,98 +2,.,q0 + 2, + 2,10

+ 29,78 + 2,08 + 2,5 42,06 +2,,86 +2,8% +2, 808 + (2,,p + 2,
+ 2,005 + 2,005 + 2,08 +2,.4 42,00 +2,qf + 2,690 +2,,98 + 2, & +2, rh
Ly TE 4 Z W0 42 w8 + 2 RE 4 2y W+ 2,06 4 20 2,80 42 B8 4 2, E
+ 2go0% + 21T + 2,08 + 288 + 20,5802, + {Zggh + 2,Ph + 24,pE + Z, .06

+2,,p8 + Z,oé +2,,q0 + Z,,98 +Z,,06 +2,,q8 + z,si + z,srﬁ +2,,r¢8 + z,eré

. .2 o . .2 hy .. ] N.
+2Z2_r§ + ZaonE + Za1n + Zezno + Zea“ + ZQ“E + Zesso + zesg + Ze7° + Zee°
+ 2 g8 + 25,88 + 2,88)8, 79)

Translational Acceleration

*
Helicopter relative to inertial space- N8 » the translational acceleration of

*
B* in N, may be found by differentiating “33 with respect to time:
wB* N4 wp*  Ba nap* B mop*
a =-—="v ="y 4 5 x 'y (80)
dt dt
b xdffu)z/dt denotes time differentiation in reference frame X, of sz.
11
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L
N8 -(ﬁ-w+qw)1+(\'r+m-pw)3+(a-qu+pv)?2 (81)

load relati relative to 1nert1a; sgace- The acceleration of the load mass center may be
found by differentiating v

N x B * *
--—4“3’: - 4 NGET B IR (82)

Wt
de de

Expanding equation (82) gives (83).

* L]
ML (4 -rv4aqwe 2,,4 + 29, + 24,Pq + ZggPF + Z“q2 + zg7r2 + deqﬁ + 24,06

. M . M . ‘ b .2 .
+ 20090 + 2 § + 2 ,,th+2,,,r6+ Z,,,16 + 2,518 + Zyqen ¥ Z,0,M° + Zy0gNE

1019

LX) .

- .2 .0 S . *2 . .
+ 206+ 2y EF 2,0+ 2y, 20,0 2,00 115n6 +2,,88 + 2,00 é

22 % . _ . .
+2...6 +21196}I+{v+ru pv + 2, b+ 2 ,,E +2

2
118 q +2,,,9F + Z1,4P

122P

2 . - . % . s »
+ 2,5t + 2Zy,P0 * Z,,,PE +Z),4P0 + Z,,4P8 + Z,,,r0 * 24,18 + 24,70

. . .2 . ® . ’2 .e .,
+2,,,18 + 2,40+ 2 ,4" + 2,406 +2,45,6 % Z,466° + 2 5,00 % 2,050 * 2,9

.2 . e .1 22 QR o .
+2,,,0°% Z,,,08 + 21““56 + 21“506 +2,,8 + 21“76}3 + {w-qu+pv+Z,,p

. 2 2 . > o l
+ Z1u9q + leopr + ZISIqr + 2Z,5,p° + Z,5,9 + le“pn + lespg + lespo ?

» s . H IS .2 .
Z157pG t 26,00 + 2,495 F 2,609 ¥ 26198 t 2,0 7 Ziga0 ¥ Z,6yNt
P .2 [ Se . .2 . & i
+Zigsh T Liged” Z,g,00 + 2 ge80 * 2,690 + 214990 % Z,,,08 + 25,88
+7 b4z 824z 5K (83)
173 174 175

Inertia Forces

B and ﬁ*E, the inertia forces for the helicopter and load, respectively, can be
defined in the following equations:

*
g8 o B (84)

*
R*E o —nVaE (85)

Inertia Torques
The inertia torque, T*, was defined originally as:

e doa+s@eD)xw (17)
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Helicopter~ The helicopter inertia dyadic, ¥B. may be defined as follows:

- s 3
1 - E‘; Eig-’l 11y (86)
- (Inx - ?.Zs“)I + (]ay)] + (itsz - Inm)‘ﬁ (87)

since Bxy - Byz = 0. Also, iu .nls formulation:
N
LR MR (88)
imy
(ref. 5) which is the negative of the standard definition of a product of inertia.
The helicopter inertia torque, T*B, is calculated as fcllows:

-> -
I L A R

(89)
*B=-o . - -*> <R & = - 2_2
T { B.b+ B+ Byqr +B__Pq qur}i + { Byq B pr sz(p ré) + szr}j
- ] -’
+ {szp Bzr + Bqu - Bypq - szqr}k (90)
-
Load- The load inertia dyadic, TE, is given in equation (92):
->
E > -> - > -»> -> > ->
1t - (e1E1 - esE”)e1 + (ezEz)e2 + (e3E3 ~ e,E e, (91)
and
E__3E NE ., 3E NoE.  IMoE
T*E o 35 . ME 4 @F . NE) W (92)
'**E= ° 2 . . . . .
T {Zz,ap +2,,,p° + Z,00Pq + Z,,,Pr + Z,4,P0 + Zasapg + Zze“po + zzesp6 + Zzesq

2 . . . . 2 R
+ 22990 F Zy599r + 2,00 +2,, qE & 2,0190 +2,5,a8 + 2.1 + ZyguT t2,,,rh

.
[

+ zzssrg + zzg,ro + zzeers + 2 o

6. ) o2 L4 .2
20975 F 2,000 + 2, A° + Zyoah ¥ 25048° +2,.€

4+ 2, G2

NESTTE

+ {2

. . ) .t e =
3069° ¥ 25050 + 20,06 +2, €8 + 241098 +2,,,8])e

1 312P

2 . . . a . 2
+25,P° +2,,,p9 +2, pr+ Z316PN + 2,,,PE + 2, P50 + Z19P8 + 2,4 +2,,,q

2 Y N
r‘ + Zszgrn + zs r§

F25,,9F + 2,90 + 2, qE + 292599 +2,,,98 + Zy,ot + 2 30

z2e

. 3 o3 . .2 o P ., .
+2,,,%0 + Zaaarﬁ + 2333n£ + Zaa“no + Zaasn + zsae" + 23375 + Zaaego + 23395

*2 . . ® X .o 09 . . 2
tZauo0" F 2y, 0 +2,,,06 + Zay g8 + 24,,08 +2,,.6%%e, + {2,,.p + ZyysP (93)
(Eq. (93) continued on pg. 14)
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+ Z4,aPQ + 24, 4PT + 24PN + ZygiPE + 2,00 +2,..p6 +2, .4+ Zassq2 + Z,gqr

t 25,00 + Z,.,9E + Zga5998 + 2,,,98 + Z,o, b +2 r* + 2, .rh + ZygyT6 + Z,q 470

962 363
2 . ) .2 " ‘2 . o .2
+ Zasara + 2,06 +2, 05+ Z“Qn + zno" +2Z,,,6% + zmaé +2,,,6+2,,96
. o % e o * e >
+ 2,50 + 2,00 +z”7aa +zsnos+23”6}es (93)
Concluded

Equations of Motion

The ten equations of motion may be written using Lagrange's form of D'Alembert's

principle, equation (l4). Expanding equation (14) for this system gives equation (19),
where the ten generalized speeds were chosen as in equation (20). The final ten equa-
tions are given here, with the Z; defined in appendix D:

v

Xg Xp Yg Zg

m+m T+ S Y mem BsS T %6 sy) * m+ M (Cs%p T c568,)
m » 2 2 >
- 88y + TV - qw - ?Ef;jﬁy lzgzq + 2,0+ Zy,Pq + Z,.pr + Z,.9° + Z,,t° + 244N

M . . . M . P! Y *2
+ Zagqé + Zlooqo + Zl°1q5 + Zlozrn + Zloarg + z1our° + Zlosrd + Zzosn + 2107”

. . ¢y .o [ . .n . .
P2 0aE H 2 E 2 8T H2 RO +2 86 +2 0 +2,,,6%+ Z,,5n8 + 2,88
. & '2 .
+2,,,086 +2, .8 +2 ¥ (94)
Yy Xg Yg Zg m

- ru + pw - C

m+) T @+ vt @Em %S T @ %6y B8, ™+ M)

. Y 2 2 . d .
[Z120P + 23508 + 2,,,P0 + 2,,,ar +2,,,p° +2,,,r% + Z,,6PN *+ 2,,,P8 +2,,,p0

. . * . . .2 .. (Y
+ legpé + zlaorn + lelrg + lezrc + 2133r6 + Zlaun + Zlasn + lesni + 21375
l2 .n c. . .2 . ® () .
*Zygb" HZygNE + 2,080 +2,,,0+2,,,6°+2Z .08+ 214,50 +2,,,08
. .
+ 2”66 + 2“76] (95)
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w =

M S e AR S NSRS S S T L e

Z XE

B

(m + M) ~

+ qu - pv + gc

+2 W +2

+2,,,86 + 217

(m + M) ¢

8%¢

+2,5,Pn+2,,.p6 +

163 164
306 +

L, +8B

B %zt + (By -

sa7ME + ZaeeNE

+ Z,06qu + Z2,,,PV

2 2
+ Zuosq + zuosr

+2,,,99 +2,,,96

Mp = Bpr - sz(p

+2 M.+ 2

buy E uusNE

+ Zusaqu + Z“s“pv

2 2
+ zuszq + Zusar

! A
+ zu7oq° + “uvlqd

+2,,400 Y

g Zg
V8 +m(8cs +SC)+m(8868 +cc)

m . 2 2
ST ZaeP * 2,08 42 50pr +2 00 +2,,,0% +2,,,q

ZiseP0 +2,5,P8 + 2,90 +2 (.qf + 26090 + 2,96 +2 i

- '2 ) e *2 o
“re65 t 2042 80 +2 0+2Z 6%+ Z,,, "8

Z._ 82 +2 8

174 178

Bz)qr + szpq +2 X . +2  Y.+2, .2 +4+2

382°E 183°E 384°E 3058 * Z,,.Lp

+ 2 u+Z Vv+Z w+2 rv+2

389 390 391 392 399IW + 2,4,

+t2ygeP * 23004 + 2,0, +2, .09+ 2, .Pr+2Z, .qr +2

+ Zuo7pn + zboapg + ZMOSPO + Zklop6 + Zkllqn + zhqug

+2,_ rh+2z  rE+2 5+2 n+z

415 ;70 *+ 2

. .2 * . .o .
b2y klsg + 252660 + z'02766 + ZMZSO + 28290 430

- t?) +Bpr+2z, X E Y ZunolE * ZuuaZp * Z,,,m8 t 2, L

+ z““eu + Z““7v + Z““ew + Z“ugrv + Zusoqw + z“ ru + 2“52

+2, 5p + znssq 25,8 +2 q+Z .. pr+Z _ qr + 2

MSSP 459 460 hGlp

t 2,6y PNt 2, (PEFZ, (PO HZ, PSH2Z, qh +Z,  qE

+2 Th+2Z ri+2 RIE 5+2 n+2z W4z

872 473 47 475 476 477 478

02 .. . s
+
hel EGZE zu63£° + 2“8“56 + ZHSSO + zkes w87
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h16 417 h18 %19 1020n h21

(96)

ru + Zagspw

2
youP




Zgoob =

+2,,,20t+t2 .. mg+ 2 L

Ng + By,p + (B - By)pq = Bygdr t+ 2% + Z,9,Yg 492°E wos w94 E

ZhssME + Z“gs E + 2 wayt + 2 v+2 w+2Z rv+ ZSOIqw + 25 ru + Zsoa

498 499 8§00

t 204U + ZgggPV + Zgoeb + 25,4 + Zsook + 250oPq + 2y, Pr + 2, qr + 251292

2 2 . . (' . L]
25,97 +2Zg,,t0 + 2, i+ Zo16PE *+ 25,08 + 2, .p6 + Zgyoah + 2,98

+2,,,96 + Zszzqd +Z_ . rh + 2

523 ThH 2,6 42, 08 42,0 +2

.2
524 528"

*

. . o .2 S . i pad * 2
+ 2529n£ + Zsaono + 2531q6 + 25325 + zsasg + Zs £EG + 2 £E§ + 2 o+ 2 o

iy 53§ 5§36 537
+2,,,68 + 25393 +z,, 8 (99)
Z5kst + ZSUSYE + ZSSOZE 551mg + ZSS2 E ZSS3N£ + ZSE‘;‘O‘:1 + 25556 + 2556&
+ Z557rv + ZSSﬂqw + ZSSQru + Zssopw + Z5quu + Z562pv + 25635 + ZSG‘Oq
+ ZSGSi + ZSSSpq + Z567pr + zssaqr + ZSGQP + Z570q + Z571r2 + 2572pﬁ

+25,4P5 +2,,,P6 +2,,.p8 +2,,.qh + 257998 + 25,400 +2,,.q8 + Zggo™

+ selrg + Z ro + Z r6 + zseu + Zsesng + Zsssno + Zse7n6 + 25335

L2 £ 2 A . . .2 o < 22
+ 2,8 + zsgogo + 259156 + Zssz° + L5440 + Zssu°6 + 25956 + 25956 (100)
zsole + ZsozYE + ZsoazE + Zsoumg + zsosME + zeosNE + Zso7u + zsoev + zsosw

+ Zszorv + Zsllqw + ZSIZru + 2 pw + Z

613 qu + 2

pv + 2

614 615 6160 + Zg,,4

L] 2 2 2 >
+ 2618r + Zslgpq + Zsaopr + 2 qr + zszzp +2 _.q° +2 r‘°+Z _pn

621 623 624 625

+ ZGZSPE + Z627po + ZSZBPS + ZGZQqn + ZSSOqg +2 P +2 s + ZGSSrn

631 632

4 se *2 ) [ .8
+ sa«ré + Z ro + 2636r6 + 2637n + 2638n + 2639n€ + zshono + zekln6

[ £2 .o s . .2 - . 22
M TP I T R I O T T R T (101)
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5ol + Zssov + 2631w + Zsezrv

= 7 + Z YE + 2

esuxE 688 2 mg + zsseLE + zs

GSGZE + 657

tlog W F L Ut 2o PV 2o qut 2o pv Lo D2 0q+ Zggot +t Z%g, 10
2 2 2 . . .
t 2P ¥ Zgpaar + 2y, P° + 2,,,9% + 2., v" + 2,00+ 2., pE +Z,,.pd

+2 . pS+2Z  qh+2

660 96 + 2,,,99 +2,,,08 + 2., 1h + 2

ré + Zse7r6

Gﬁlq 662 686

H o .2 Iy o 'Y 2 2.
+ Zsaeré + zsagn + ngon + nglna + 2592“0 + 2693n6 + 269“5 + 26955 + 269650

L s .2 .. 02
+ 269756 + ngeo + 26990 + Z7°°06 + 27016 (102)

0 ® 2,0 Xy + 2y, Yy +2

710¥E Zg + Zy,m8 + 2, Ly + 2, Mo 42

7130 214 + 2 u+2 v

711 712 715NE 716 717

+ z7lew + Z7lsrv + Z72°qw + 2721ru + Z7azpw + Z7zaqu + Z7zhpv + Z7zsp

+ Z,zsq + Z7z7i + 2728pq + 2

2 2 2
229PT + 273°qr + Z7 P +2_ q°+2Z r

31

+ z73'0pn + z735p€ + Z736p° + Z737p6 + z738qn + z739q€ + Z?“Oqo + Z7qu6

+2,,. rh+ 2

242 T + 27““ro + 2

M e °2 . > .
“sré + 27“ n+2 nc + Z7“an€ + 2 no

743 6 747

?

.. .2 t. ’e .2 . 02
*Zy50n6 * 2,58 4+ 258" * 2,5,80 + Z7su§6 + z?ssc + z75606 + Z7576

+2,,,8 (103)

CONCLUDING REMARKS

Using Lagrange's form of D'Alembert's principle, a mathematical representation
has been develuped of a helicopter carrying an externally suspended load. Ten degrees
of freedom are necessary to represent the system's motion in an inertial reference
frame: six degrees of freedom for the helicopter relative to inertial space and four
degrees of freedom for the motion of the load relative to the helicopter.

In this analysis, the suspension cables have been considered to bLe massless,
rigid links. An extension of this work might be the development of a twelve-degree-
of-freedom model in which the suspension cables are permitted to be slack or to have
elastic properties at appropriate flight conditions. This consideration would be
particularly realistic when modeling a load which develops its own 1ift.
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APPENDIX A

REFERENCE FRAMES

Helicopter B is oriented relative to N with three Buccessive rotations through
%ul r angles %, 9 ang ¢. Using intermediate reference frames B" and B' 4n which
’ ?. k and {', j'. k'

are fixed, these rotations can be shown

figures Al-A2 and represen

—~ —>ts

ted in equations (Al)-(A4).

individually in

n3,k ;{1
e -> >
. i <y v 0f[n,
>
o ) P =]-s v OK%, (Al)
n2 kv 0 1 RE
Figure Al.- Orientation :
of reference frame BR"
relative to N.
R
- 0—’00
,Il".l .
[ - "
I Cq 0 8y I
AX% i'p =]o o [{ 3 (42)
Kk k' Sg 0 c, Pl
Figure A2.- Orientation K
of reference frame B'
relative to B".
i i
0 : -
T { 1 o ol
o\ I?=]o NN I (A3)
X K 0 -s¢ CQJ k'
Figure A3.- Orientation
of reference frame B
relative to B'.
c¢c9 swce -8,
-3
jp = (cwses¢ - swc¢) (swses¢ - cwc¢) cesw (A4)
s
k

Reference frame
Successive rotations.
tions (A5)-(A7).
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(cwsec¢ + swc¢) (swsec¢ - cws¢) cec¢

C, fixed in the aft cable,
These are illustrated in figures A4 and A5

L N NUVIPPAIIE Y TSR

is located relative to B by two
and in equa-

b i -




D

Figure A4.- Orientation
of reference frame C'
ralative to B.

a2 -, 2
1.6 7 2 ¢,
— ->

02 (.‘.2 -
- ->
C3 E Ad (:3

Figure A5.~ Orientation
of reference frame ¢
relative to C'.

-

Ny 03 0¥
»

w

A 3

Rotations through three successive angles

reference frame E relative to B.
tions (A8)-(Al12).

-’l
01 >
>, . x
lep i *,
e, P =
&>
e
';o
5 3
k
Figure A6.- Orientation where

of reference frame E'
relative to B.

-
’

-
" -
e3' 93 0‘1 ;'1'
1
" .+"
1 Y gl
-, v >
n Y &
e2

Figure A7.~ Orientation
of reference frame E"
relative to E'.

Yo

0 -8
1 o RT
p'
0 c'L k
o olf?
Y
CE SE; [
- -
Bg C‘;. c
0 -3
CE cns€
T8 %G

0 -sC
1 0
0
CQ
o+ eE.
Bv 0
c 0
v
0 1
19
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oy O3 0

N -

2 -

(A5)

(A6)

(A7)

t, v, and § define the orientation of
This 1s shown in figures A6-A8 and in equa-

(48)

(A9)




e, 1 0
:2 = 10 cg
ea 0 "SG
Figure A8.~ Orientation
of reference frame E
relative to E".
I c 8
zSv v
= (8;86 - c;svcs) ¢.Cs
.(scc6 + ccsvss) =¢85
Likewise, using the transformation matrix EB:
i I ( - )
c;cv SCSG ccsvc6
5 = 8y €vCs
k +
-sccv (scsvc6 ccss)

20

(-s s s

ST .~

»’

0 ey

8 Zg

cql Zg
-8
(s;svca
(escsvs6

(BCCG +c. 8 8

-cvsd

gz vy

o R S S &

.‘04 ny O

+cc

(A1)

(All)

(A12)
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APPENDIX B

SOLUTION FOR NONHOLONOMIC CONSTRAINT EQUATION

To solve for Vv in terms of 4§, £, 4, n, £, and g, express the forward cable as

a rigid link of length &',

|-Rk - al + Rk + &, +a'3)] = [Q,q = 2
- - [ ' _— e a TV - !
|-al + R(chnI 853 + ngcnk) +a (cvch + ij gvsck)l ]
- ' - ' . - n! g )
| (-a + zcgsn + a cvc;)I + ( 235 + a 8v>3 + (zcgcn a cvsc)kl 2
Squaring both sides yields:

a? + 22c282 + a'2¢2c2 - 2apc.8 - 2aa'c c + Za'zcvc c. .8 + 2252 - Za'ﬂsrsv

&€n Vg €n Vg L En
+ a'zss + kzczc; - 2a'£c€cncvsC + a'chsz = g2
a® + a'? 4 g2 - 2a2cgsn - 2aa'cvc; + 2a'2(cvc;c£sn - 88, - cgcncvsc) = g2
ii + i%i +1 - %f cssn - zifl cvcc +'Z%L (cvc;cgsn - sgsv - cﬁcncvsc) = %%i

Differentiating with respect to time will give a nonholonomic constraint for

2aa’

J 2
> [(-sv)vc

~2a : .
e [-(sg)gsn + ancn] = z £

+ cvccg(-si)sn + cvéccgﬁcn - gcgsv - sgécv - g(-sg)cncvsC - cgﬁ(-sn)cvs;

- cgcnv(-sv)sc - cgcncvoccl =0

Vmzh 42l 420

where:

~2a 2a'
2 c&?n + 2 (cvcccgcn + Cgsncvs;)

S T CgCn8ySg)

Za 2a’
. - 2 sgsn + 2 ( c\,c;sgsn cgsv + sgcncvsg)
2 2aa’ 8 c 2a’ (s.cc,8 +8.¢c -c.c8 8 )
22 Vg L VETEn X E'nvg
21

. a' .. .
+ cvo(-sc)] + —if-[v(-sv)c c sn + cvo(-sc)c s

(")

(B2)

(B3)

(B4)

(BS)

(B6)

4
Vi

£€n

(87)

(B8)

(B9)

(B10




8 —-c.eccc
n a

ﬂVC)

2a’ (B11)

svc; 2 Ver £;an + agcv - Cﬁcnsvac)

22




APPENDIX C

*
CALCULATION OF NoE

*
To calculate "3E , consider the relationships among the inertial velocities of

points P,, P, and E*:

* *_
N3P1 - N;B + NEB x ;B Py

NP L R, MO g

M)E* | NpP | NoE | gP-EY
and substituting (Cl) and (C2) into (C3):
NEX _ N2B* B $B*-Py | WoC | Pi-P | NoE | gP-E*
where:
N;B* = uI + v] + wz
WB _ ol +qf + 1k

*_
PP oL ST+mk

MIC - M4 BC
= pl + q + rk + 7] + EZI
= +ied + @+ 0T+ -k
BRI o g2,

->
= chsnI - Esgj + lcgcnk

N-E N+B B+E
w w + w

mpl+ @+ T 4k + @h+zd 4208 + 8

= (p + zlscn + 228;5 + Zas;o + cvccd)I + (q+0+ své)]

. . . [ ] _’
+ (r + Zlccn + ch £+ Zsc c ~ cvscé)k

4 4

23
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(28)

(29)

(30)

(31)

(2)
¢))
(C1)
(C2)

(€3)

(C4)

(c5)

(c6)

(25)

(26)

(c7)
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e e n Rt N LIS A

v

=5 e +he, (C8)
a' a' a'
= (—2~ cvcc + hcas; + hc;aésv)I + (—2—- 8, = hsdcv)] + (- 5 cvs;— hB;BGB\J
+ hcacc).l: (C9)

Expanding the individual cross pProducts in equation (31) and collecting terms gives

*
NE

*
NgB . §B -P,

N>C
w

N-E
w

P;-P

x B

*
. $P-E

= (pl + qf + %) «x (- % 1+ R-l:) (C10)
= -Rqi + (—Rp - % r)] +2 gk (C11)

= [(p + cné)I + (q + ﬁ)] + (r - sné)-lz] x NCESHI - ngj + fc cn-l:] C12)

£
= [chcnq + Esgr + chgcnn - ngsnn]I+ [-chcnp + chsnr - lcge_:]f
* M +
+ [—ngp - chan - chsnn - ngcné;]k (C13)

= [(p + le;n + 225;5 + Zasco + cvccé)I + (q+3 + svd)j
+(c+2ch+2ct+2cs- §H¥; = |2 +h
(r 1ccn 2CC€ 3CC° cvs" ) 3 CVCC cdsc

al a' -
+ hccsdsv)I + (T s, - hsdcv)j + (- > c\)sC - hscsés\, + hcécr,)k] (Cl4)

a' a'

> CVSC - hscsésv + hcacc)q + (— 5 s, + hsac\_)r
al

*\ 2

. a a
sv + hsdc\)zlccn + (— 5 sv + hscc\, cCZZE + [- Tl cvsc

ssdsv+hcc +

6°¢

]
=
o1
]
549.
w
<
+
=
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Q)

N"‘E* a' a'
\ u + (% + ﬂ.cscn 7 €8 r hacsss + th )q + (’256 =58, t h36 ;)
a' a' '
+ [!Lc:acn + (— 3 Bv + hsacv)zlc;] [ zses +( 3 8, + hsécv)ccz2‘€
+ |- a c8 ~hsss +hec + (- a 8 +h 2|6 + [hec s : hs s ]é 1
2 S8 z%6%y 6% 2 Ty T 8ge)e 2, 6%y 8
&'
+ {; (}R - chcn + 7 ¢ s; + hscsssv hcéc; p + n
N a' .
+ hc s + hcc;SGB) (— c. + hs 8 )2171 + [-ch +(7 c, + hsésv)zz]ﬁ
a' a'
+ 5 <, + hs Z + (-hc c )6 ] +4¢w + -Es5 +-§— 8 = hssc\ P
+(2 - s - ¢, - hes. - he. s.s -%c,8 + a s ~hs.c s 2 |
2 £ n €V 4 g 68" €' n 2 %y § v t™1 i
a' a' a' o
- —— - - - S——— - !
+ 2s£cn + 2 8, hss ) 2, g + 2 5, hsscv)scz3 2 cvcc hcdsc .

- hccs(ssv ¢ + (=hs

4

Gc; - hsvcssc)é k (Cle)
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APPENDIX D

DEFINITION OF 2Z i PARAMETERS DEVELOPED IN DERIVATION

2a 2a’

- cgcn + - (cchcgcn + cgsncvsg)
2aa’ 2a'
- svcc + = (Svcccgsn + sgcv cgcnsvs;)
2a 2a'
—i--sgsn + —E—-(:cvc;fgsn cgsv + sgcncvs;) i
2aa' 2a ’
-3 sv;; + e (svcccisn + sgcv cscnsvs;)
2aa’ s 2a' (-e.8.¢,8 ~-c,ccc.)
22 SO % vren ~ “eSnSht 1
2aa’ 2a’
- "EE"‘SvCC + . (Bvc;cgsn + sgcv - cgcnsvs;) :
i
2aa’ 2a’
- SvC; + = (svcccgsn + sgcv - cgcnsvsc)
2a 2a'
- = + = +
2 cgcn 7 (cvcccgcn cssncvsc)
2a 2a' -
a— +-—— - f
Z sgsn 2 ( cvccsgsn cgsv + sgcncvsc)
i\
2aa’ 2a’ ’
12 CvS; + 2 (—cvs;cgsn cgcncvcg)
zt
-l- ﬁi- c 3—L cc.s,.¢C ' s,s Cc s - E— - gil s c 8.8 + ——i-c c
Zy, \2 T&n £ Vg 2 TEnVvg Zg £ & £V
2a' Zg 2a' !
= =2 + =
+ 2 sgcnsvsc) Zs ( 2 svcccgc ) cgsnsvsC
1 [2a ' ' Zs a' 2a'
Za ( 2 cgsn ) cvcccgsn + 7 cgc cvs;) . ( 7 svccc,cn + 7 cgshsvsc)
1 (.2 s ¢ ' c,8 88 |- Zs (_ 2aa’ cc 2a' cc.c,s 2a 5,5
Zs © voe%eSn T T SeBnduSg 8 82 vt T TR VS v TEy
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1l [2a'
-Z1s=§:[——-(svcssn-cc

1 4a' Zg [ 2aa’ 2a’
VA —— —— - — —— - -
13 = o [ ) (c\,sgsgsn + sgcncvc;)] Zeo [ 22 88, + =37 ( 8,85, cgcnsvcc)]

_Zyf2a' _
[2 (-s c 8.8 +ccv+scsa)]

Zg v, En £ Enve
Zl" - Z!
.1 2 2a' . Z6 [ 22"
Z1s 7 [ Z cgsn + 2 ( cvc;cgsn + sasv + °§cn"vs;)] Ze [ 2 (-s\’c;:sgsn

_ 26 [_ 2aa’' 2a’'
sgcnsvs;)] Ze [ 12 c\)cC + - (c c c,s

Z,7 = 2
_ 1 2aa' 2a' Zy 2aa' 2a’
214 = Z. [ 12 5,5, + =3 (s\)sccgsn + cecnsvcc)] Zs [— 22 S + =7 (c\)c;cgsn

- sgsv - cgcncvsc)]

. 1 [2 22" (.. _ 27 [2aa’ 2a'
Z19 Z. [ 2 ¢:\’cC + 7 ( c\)cc\.gsn + cscncvsc)] Ze [ 2 svsc + 1 ( svsccssn

- <:€cnsvcC )]
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Tryem—————— Ty T

Zig = ¢ 2

Zip =1

Z = -c.c Cc 2
39 va

§7g i
Zyg = -cécccvz2 ‘ J
Zy; = ch + céscs cscccvza ‘
Zyy = ¢S, + 85,5, j
Zyy = cacv i
o = g 2, |
Zys = -casvz2 ;
Zye = -c,8 2, {
Zyq = -Sdcv

Zyg = sccdsv + SGC;

qu = sccécvzl

Zego = sccécvz2

Zgy = Cccésv + sccécvz3 - Sés;

Zsy = -scsésv + cdc;

Zsy = 8,(2 +2,2,, + 2,2,¢)

Zsy = sa(Z10 +2,2,,)

Zss = 8o(2.2 ) + 2, * 2)2,4) = Cs8%
Zs6 = Sézlu

Zs7 = 85(Z,  + 2,2 )
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Zgs

36(213 t22,, 2,2, - Cs8yZ,

s6217
86(219 + zazls) - casvz3

86220 + cdcv

€52y = 8sS,

CGSC + ccsdsv

c;sscvz1
c;sacvz2

cac; - s;scsv + cgsdcvza

-868; + CCCGSV

~8s%y

sdsvzl

cG(ZSZ11 + 212 + 21213) + sasvz1
cézlu
Cd(z1s + 22216)
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Z109

Z110
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cé(Z13 + 2321s + 22218) + 868V22
C6217

CG(Z19 + zazle) + 848,2,

cdz20 - Bécv

852,

-8622

-sdz3 Cécv

R + £c€cn - %% Cvsg - hSQSGSv + hcécc
ng - %% s + hssc

=233

Zg2

% - chsn - %} cvcC - hcdsc - hccsésv
Zgg

—22c€sn + (a'svsc - ZhSCSGCv)Zl
—2Qs€cn + (a'svsc - 2hs§96cv)22
-a'cvc; - ZhCCSGSv - ZhCGS; + (a’svs; - 2hs;s6cv)z3
-ZhSCcdsv - 2hsdcC

- ' -
(-a Cv ZhSGSv)ZI

- ' -
ZQCE + (-a cv Zhsasv)z2

»

- ' -
(-a Cv ZhSGSv)Z3

2hc6cv
lcgc + (— %zl'svcC + hsdc cc)u1 '
-chs + (- %r Svc; + hsécvcc)(z10 + 21211) + (- %? cvcC - hsésvc()2§
-Zﬁsgcn + -~ %% svcC + hsscvcc)(z9 + ZZZ11 + 21216) + 2(- %} cvcC
- hsdsvcc)zlz2
~ﬁsgsn + (- %% svcc + hsdcvcc)z17
-chsn + (— %;-svcc + hsanvcc)(z15 tzz )+ (- %%-cvcc - hsésvcﬁ)zﬁ
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- (a' - - al
2111 (a svs; 2h8c86cv)z1 + 2( 5 €

(Z3Zy1 + Z3 + 232,5)

Zi1p = !
112 = (a 8,8, r

(213 + 23216 + 252y4)

Zy13 = = %} cvsc - hscsdsv + hcsc; + (-

Zy1y = - %} cvc; - hccsssv - hccs; + (a's s
+ (- 52—'- svs; - hcgsscv)(zw-l- 2.2 )

Z115 = 2hcvc6ccz1

Zy1g = 2hcvc;c622

2117 = -2hs;c68v - 2hchC + thécvc;zs

21 = -hchG - hsvsscc

Zy19 = -hscss + hsvcsc;

2120 = =29,
2121 = -Zgg
2122 = -Zgg
2123 = 29,
Zi2y = Zg3

_ 2125 = Zg3
2126 = ~2gg
2127 = 41}
Z128 = ~Z100
2129 = ~2303
213y = 2%c,c_ + (~a's ¢_ + 2hc s5.¢ )Z1

En v T 8w

= - -a' b
23, 229€sn + (-a svcC + 2n86cvc;)z2

= wa!
2132 a cvs; + 2hc6c; z8s

Zy33 = 22349
a'

(?T ¢y t hsdsv)z1u

Z13y

g

a’
- 2hs sdcv)z2 + 2 (- 5 cvcc
a'
5 8 c + hs.cc

ver

v
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Zi3g =

Zi3g =

€139 =

Zyzpg =

Zy3g9 =
Ziyo =
Zyyy =

Zyyy =

Zyy,
Ziyy =
Zyys =
Ziye =
Ziyy =
Ziyg =
Zyyg =
2150 =
2151 =
2152 =
Zisy =
Zysy =
Ziss =
Z1s¢ =

Zis7 =

Zisg =

Zygo =

A At e A g A S,

t2z,04 ('

c, + hsasv)(z1

(%

2hc58v21

ZhCGszz

ZhCGsza

hsscv

-hcécv

~Zg3
246
~Zgs
~Zq3
=292
=292
~Z102
=Z2103
~Z10y
=Z10s

2hec s

. Sy )Z

— ( '
Z!chcn + (a svcc

L
Zzagsn + (a svcC 2hccaac )Z

' - '
a cvsq thdc; + 2hscsasv + (a svcc
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) Bv + hsacv)zl

a'
(" 2 8, * hsdcv)(zz1zz)

'
eyt hege )z, + 22 Lt 22+
a'
elcg + (77 c + hsssv)z
ng + (TT e, + hscsv)(z15 + 22216) + (-
a'
(—2— c, + hss )(zaz +E, 2.2 )+
a'
(8 c, +hags )iz, + 2,2, +2,2,) + (-%
1]
(%r ¢ + hs s )Z
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o

)
%r av + hs.c

é v)zg

( 7% 8 + hs 5© )(22 )
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7 8, + hs c )(22 zZ)
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Ziga

Z162
2163
Zigy
2165
Zice

Z1¢7

Zise

2169

2170

2171
2172
2173
Zi7y
Z17s
Z176
2177
2178
. 2179
Zigo
2161
2182
Z1s3

Zysy

St e A T Mt A T

~2Z119 '
a'
nlcgsn + (2‘ BVS’; - hsdcvac)zu
a' 2
£%n ' 3v5; - hadcv“t)(z + Z z ) + ( 5 cvs + hadavsc)z
a
Zngsn + (7r svs; - hsdc 8 )(Z + Z Z + 21216) + (Tf'cvsg + hadavsn)(?zlzz)
a'
-955c + (--svs; - hadcva;)z17
- - . al 2
Le c + ( 5 8, ; hssc 8 )(Z ] b zzzle) +-( cvsc + hs 8,8 )Z
8'
(a' svcC - ZhBGCvcc)z + (a'c s; + 2h368 8 )z Z + ( 3 svsc hs cvs )(Z
+ Z3253 + 21240)

] - ] _a_'_ ‘
(a svc; Zhsscvc;)z2 + (a cvs; + 2hsésvs;)zzz3 + (2 svsg hsécvs;)( 13
+ 23218 + Z3236)

-a' a'
2 cvc; - hcss; - hc;sss +-( 5 svsc hsscvs;) 20
a' a'
5 cvsC - hcscc + hs;sss + (a' svcc - 2hc;36cv)z3 + (75'8 s_ - hs §C SC)

(Z1 + Z Z ) + (—— c s + hs6

-2hc6c s;z1
thécvs;zz
-2hc6cvscz th;césv + 2h565;
-hcécc + hssscsv
.hSGCQ - hcss;sv
cvx.cE1 + (- -CsS; = c.8s v)E
stl + SGCvEla
-cvsCE1 + (sccésv - cacc)E13
s,E, * (840 - cs2 )k,
621E13
“C5ZE,
Ey
(868c - cccgsv)E
cécVE2
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Ziss
Zige
2187
2108
2189

Z190

Zig3
Zy94
Z19s
Zi9s
2197

ALY

Z199
Zygy

Z301

Zz02
7203
Zaoy
Za0y
Zaoe
Z207
Z208

Zaosg
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(sgcdsv + sch)E2

(Cdcv + Bﬁza)Ez
8

§%1 5y

862252

(c68C + cgséav)E3 - cvc;E13

-B(SCVE3 - stla
(-8 8.8 + ¢ CC)Ea + ¢ 8 E

L 6V 8 vV 13 j
(-sﬂcv + céza)Ea - svgzz |
C621E3 t
c62253 |
-Ei13
(cés; + c;sss\))z183 + (-8586 + céc;sv)z189
-séc\)z183 + (casc + ccsssv)zieh - cécvz189 + (-868; + cdcgsv)z190
(-scsésV + csc;)z183 + (césC + CCSGSV)ZIBS + (-s;cés\ - sscc)z139 + (—sésC
+ céc;sv)z191 )
cézlzlaa + (césC + c;sdsv)z1ev - 36212169 + (—SGSC + cdc;sv)z193
cdzzz1aa + (césc + ccsésv)z1aa - 86222189 + (-sésc + céc;sv)z19u
(-Sdcv + cdza)z183 + (CGS; + CCSGSv)Z1es + (-sGZ3 - cdcv)z189 + (-sasc
+ cdccsv)z192

(-sdsc + csccsv)z195

-8.c 2 -c,c 2
§7Vviien §°vii190

(-scscsv + cdcc)z1eu - 86cv21es + (-sccésv - séc;)Z150 - cacvz191
5212100 = 85%Z1sr T %5%2%100 T 5S¢0 05
62,2000 = %6200 " 86222190 TN

- - MA - - -
(Cdza sécv)z1eu 8s%v 186 +( Béza c6cv)zxgo cﬁcvzxaz

“¢5Sy219s
(-s. 8

. 58y + Céc;)z1as + (-s;cdsv - sscc)z19

1
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Zar0 = eg2,2 o0t ("scsdsv + cacc)zzav - 822, (—agcasv - sﬁcc)z199

Zoy11 ™ CGZ pA + (-acadau + Cdcc)z1ua - 8,2 2 + (-8 c,8 -~ sﬁcg)z1

27188 § 27191 L &v 94

-~ - KA — -~ -
7212 ( B g, + cd"a)zzes + ( acada“ + cécc)zxas + ( LN 3623)2191

+ (-BCCGSV - sdcq)z192

%213 = (-8 ¢
r ]

tCs8y séc;)zzss

Lo1y ™ (-sécv + céza)z186 + (ecécv - ﬁxdza)zx92

Zoys = CGZIZIGG + (caz3 - °v56)21e7 - 36212192 + (-cscv - 8623)2193

Zo16 * cézzzxes + (cGZ3 - Bdcv)z1ee - 86222192 + (-cscv - 5623)219“
Za17 = (-ege, = 8,207,
2218 = ¢,2.Z,,, = 82,2,
Zare = €22 g, *Csl L gg ~ 852,24, " 852,24,
2220 = =842,2, 4
Za21 ™ ~852,2 ¢
2oy = cszzzlae - 8622219k

- 2223 = (-CGSC - ccsésv)z17e + cvcczlss

) Zazw = 8¢ 2 .+ (-casg - ccsésv)2177 t82,, cvccz1eo

] Zy25 = (Scsdsv - cécc)z176 + (-CGSC - ccsésv)217a - cvsczles + cvc;2191 |
Zosg = '°sz12175 + (-CGSQ - ccsdsv)Z180 + cvccz193 i
Zra7 = - 22 .o+ (-cés; - c;sésv)z1ez + cvcczieu
2528 = (Sécv - cszs)z176 + (-casC - c:;sé;s;v)zl,'9 + svz189 + cvc’;z192
2229 = (-CGSC - CCSGSV)zzez *lies t cvccz195

* Zaazg = sécv2177 + svzlgo

220 ® (BCSSBV - c6c6)2177 * 85C02y98 ~ cvscz1eo - svz191
2232 = =CgZiZygy * 850\ 21e0 * avzxsa
Zyzy = »c6222177 + sacvz161 + evzxsu

- (- +
2234 = (-cg2 +85c)Z ., + 852179 T 8% 00 svz192
Z + 2 2

Z, =8 C + 8
235 § vie2 190 vi19s
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Zy36 = (BLBGBV - c:(scl;)zl,,a - cvacz191

Zo3g9 = -cdzlzlva + (acadav - Cdcc)zlao - cvagz193

Zaye = —e L2 .t (ﬂcadav - “6“;’2101 - cvsczlgu

20319 ™ (adcv - c623)217a + (scsdav - cch)Z”9 + ﬁ\)ZH1 - cvsczle?
Zawe = (R Re8, = @@ )E 0y A T S s

Zoyy ™ (866v - 6623)2179 + szzsz

Zawy =~ 2 2o % (8gc = €532 00 * 80205

Zowy = =e L2t (8ge,, = €52,)2; 4y * 8,2,

Zoww = (8yc, = €22 ) 21, * 82108

Zaus = ~CgL 2 .,

Zaus = =€sZ,2 o0 = C52y204,

Zawr = =egZiZyy, t 2y,

Zave = =¢2,2, 0, ¥ 214,

Zoyog = wc6222181

Zaso = 2195

Zogy = (868; - céccsv)2176 - Cvcczzaa

Zas2 = cge 2 .0t (sés; - caccsv)2177 = 8,245 cvcgzxeu

Zog3 = (Sccésv + s(sct;)Z”s + (SGSC - céccsv)z173 + °v8;21ea - cchZlas
Zygy = 56212176 + (568; - céccsv)z180 - cvc;Z187

Zass = 8522 . F (sésc - céc;sv)z1el - cvcgz1aa

Zasy = (250, * 3623)2176 + (sésc - csccsv)z179 = 82043 " cvc;:1ee
Zysy = (SGBC - csc;sv)z182 - Z183

Z2se = €52, 5, " 8,2 4

2,59 = (8;c68v + sdcc)z177 + c‘sc\)zue + cvsczlu“ - szxes

Zygo = 36212177 + Cdcvzleo - sv2187

2261 = s6222177 + cdcvz1e1 - svz1se

Zygn = (cécv + 8623)2177 + c6cvz179 - svzla“ - sVZ186
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Z263 = c6°v21ez - Zle“
Zogy = (sccdsv + BGCC)2176 + cvscz185

Zogs = 36212178 r (sccasv + sécc)Z180 + cvs;2187

Zoee = 8,22 + (B;cdsv + sacc)z +c8.2

178 181 v 188
Zyg7 = (8623 + cdcv)217a + (SCCGSV + ssc;)z179 - svz185 + cvscz1es
fage = (Sccdsv + séc;)z1az = 248
Zygg = (cdcv + 8623)2179 - st186

Zy70 = 56212179 + (cécv + 8623)2180 - svz187

Z2y9y = 562 Z + (CGCV + 8523)218 -8 2 |

2179 1 viies
2272 = (CGCv + S623)2182 - z1ee
Zars = 8,22 o,
Zarw = 8,2,2, 00+ 8,22 o)

et m st

Z = YA A -2
275 SG 1 182

187
2276 = 852,24, = Z16s
Zazy = 82,2, l
2378 = =E1Z31 + Ey3Z¢5

Z279 = 2196
Z280 = 2197
Zr91 = 2349
Z2s2 = =E1Z2;2 + E132¢¢ + 2399
2283 = -E1223 + Ey3267 + 2309
Z2sy = =E1Z34 + Eya2gg + 230,

Zygs = Eyj32g9 + Z202

Zygs = -E1Zp5 + E132q¢
Z297 = 2303
Zass = 2oy

Zygg = =E1236 + Ey3Zqy + Zj¢5
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-~E1234

-E1Z28
EyaZqy
-E1Z24
Zaoog

=E1Z;¢
~E123,
-E123;
E1327,
E13Zg0
~E123,4
E13Zsy

E13Zsg3

+ E13Z72
+ Ey3Zqsa
+ Z2gs

+ Ey3Zss

+ Ej1aZys
+ Ey1327,
+ E13278
+ 2213
+ 2219
+ E132s2

+ 2318

E13Z2842322

-E1Z35
E13Zg¢
-E1Z3¢
-E1Z;3
Ej3Zg9
Ey3Zq9
Ey3Zq;
-E123,
~E2Z3,
223

Za2y

2325

~E2239

+ Ejy3Zgs
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Figure 2.- Geometry of helicopter, cables and slung load at rest.
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Figure 3.- Angle convention for describing aft cable motion.
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Figure 4.- Angle convention for describing suspended load motion.
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