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SUMMARY

Nonlinear beam kinematics are developed and applied to the dynamic analysis of
a pretwisted, rotating beam element. The common practice of assuming moderate rota-
tions caused by structural deformation in geometric nonlinear analyses of rotating
beams has been abandoned in the present analysis. The kinematic relations that
describe the orientation of the cross section during deformation are simplified by
systematically ignoring the extensional strain compared to unity in those relations.
Open cross section effects such as warping rigidity and dynamics are ignored, but
other influences of warp are retained. The beam cross section is not allowed to
deform in its own plane. Various means of implementation are discussed, including a
finite element formulation. Numerical results obtained for nonlinear static problems
show remarkable agreement with experiment.

1. INTRODUCTION

It is now widely recognized that aeroelastic analysis of helicopter rotor blades,
particularly of hingeless and bearingless rotor blades, requires the incorporation of
kinematical nonlinearity (ref. 1). The main reason for this requirement is that the
stability and response of such systems depend strongly, in some cases, on the cou-
pling between bending and torsion motion. This important coupling cannot be obtained
accurately without consideration of the kinematical nonlinearities.

A brief history of the developments of nonlinear equations of motion for rotat-
ing beams prior to 1974 is given in reference 1. These developments are generally
concerned with slender beams, with the effects of shear deformation ignored. Since
1974, the major contributions to this subject have been those of Kaza and Kvaternik
(ref. 2), and Rosen and Friedmann (ref. 3). The equations of motion developed in
references 1-3 are very similar. 1In references 1 and 3 an ordering scheme is used
that limits the kinematical development to moderate rotations. In reference 2 the
nonlinearities are limited to the second degree in the displacement variables. These
two different methods of specifying ''moderate rotations" in references 1-3 are vir-
tually equivalent for this problem.

In a general-purpose analysis, a single set of equations is desirable - one that
is valid for all values of the equation parameters, within some range. When moderate
rotations are assumed, situations can easily arise in which the solution violates the
assumption of moderate rotations. One example is the case of a thin beam for which



the ratio of bending stiffnesses is small compared to unity. In order to avoid this
problem, certain ad hoc modifications to the equations of reference 3 were intro-
duced and were necessary in order to produce the excellent correlation obtained in
reference 4 with experimental data for large displacements of an end-loaded canti-
lever. For example, magnitudes of the beam bending and torsion stiffnesses had to
be specified before the equations could be put into final form for solution.
Ideally, the magnitude of parameters in the equations for general-purpose analyses
should not influence the equations themselves., Such an ideal is evidently not pres-
ent in the ordering schemes of references 1 and 3 or in any arbitrary a priori
restriction to second-degree nonlinearity, as in reference 2.

There are other shortcomings in the equations in references 1-3. For example,
the effects of pretwist are not treated rigorously. An improved treatment of pre-
twist effects is presented in reference 5 for a simplified problem involving only
torsion and axial displacement. Additional work is required to incorporate those
analysis techniques into a general, nonlinear, bending-torsion-extension analysis.

In reference 6 exact nonlinear kinematical relationships are developed and additional
insight is presented concerning relationships among the equations of references 1-3.
Finally, in reference 7 it is shown that inconsistencies are virtually unaveidable

in ordering schemes based on displacements and rotations when the magnitude of the
torsion rigidity is small compared to bending stiffnesses.

Because of the problems with kinematical limitations in the above approaches, it
seems appropriate to model the kinematics of a slender beam without resorting to an
ordering scheme on rotations or to arbitrary restrictions on degree of nonlinearity
allowed in expressions involving displacement. This method would avoid some of the
limitations of previous analyses and circumvent nonrigorous modifications such as
were found necessary in reference 4. In the present work, the development in refer-
ence 6 serves as a foundation along with some important observations from references 8
and 9. Rather than develop the partial differential equations of motion for this
problem, the objective is to develop a statement of the principle of virtual work for
dynamic analysis of a rotating beam element with Euler-Bernoulli kinematics. This
statement will serve as the basis of a Ritz-type modal model for an entire rotor blade
or of a single, finite element of a rotor blade without having to consider the partial
differential equations and the natural boundary conditions, which are available from
the statement, if needed.

Although the results presented here are for the case in which shear deformation
is neglected, the necessary relations for including shear deformation are included as
part of the development. Similarly, with the appropriate constitutive law, effects
such as orthotropy or anisotropy could be incorporated. The initial curvature of the
elastic axis and effects associated with open cross sections could also be incorpor-
ated. The detailed development of these topics is reserved for future extensions of
the present analysis. The present development proceeds as follows: The beam kine-
matics are developed in section 2 in such a way that the necessity for an ordering
scheme is obviated. This section includes the development of strain-displacement
relations and direction cosines of the nominal cross-sectional plane. In section 3
generalized forces caused by internal loads are developed from a consideration of
the strain energy. Expressions for generalized forces caused by inertial and gravi-
tational loads are developed in section 4 based on the work done by these loads
through a virtual displacement. Ceneralized forces caused by a general set of
applied distributed loads are developed in section 5 similar to the development in
section 4, A finite element implementation is discussed in section 6. Finally,




numerical results obtained from a finite element calculation of nonlinear static
equilibrium are presented in section 7.

2. KINEMATICAL DEVELOPMENT

In this section, the kinematics for the beam element are developed starting with
the rigid-body motion of the cross—section plane as described in reference 6. Cross-
section warp is then superimposed on the rigid-body motion to obtain the final dis-
placement field. Next, the strain-displacement relations are developed from the
displacement field. The extensional strain is then assumed to be small compared to
unity. This assumption is used to simplify the orientation description and moment
strains considerably, without sacrificing accuracy.

2.1 Development of Displacement Field

First, consider a straight-beam element with the associated coordinate systems
shown in figure 1. It is assumed that the motion of the frame F 1is known in an
inertial frame I. A set of dextral axes x4, 1 =1,2,3 1is assumed to originate at
F*, the origin of F. The x,-axis lies along the elastic axis of the beam element.
Each unit vector b3, i = 1,2,3 is parallel to the corresponding axis xji. The beam
is assumed to be pretwisted so that the local-beam cross section is rotated by an
angle 6 about the x;-axis at any point on the x,-axis. At x, = 0, 6 1is defined
to be zero so that the major axis is parallel to the x,-axis and the minor axis is
parallel to the x,-axis. Consider an arbitrary material point in the beam prior
to deformation, denoted by M. The position vector of My with respect to F* is

M F* _ F . F . F
R = Xaha + (g, cos § - &, sin e)gl + (gl sin 8 + £, cos 6)92 (D

Denote the same material point in the deformed beam by M. The position vector of
M with respect to F* 1is

MF* _ _F F P P

where repeated Latin indices imply summation from 1 to 3 and repeated Greek indices
imply summation from 1 to 2.

The axes £, and £, are along principal axes for the local cross section at a
point P* on the elastic axis and remain so during deformation. The unit vectors
b, are parallel to the cross-section principal axes at P*, which is located at the
origin of a dextral system P. The unit vector bg is defined as QE X EE and is
thus normal to the cross section. The displacements uj, 1 =1,2,3, are along Eg,
respectively. A warp displacement field has been added vectorially to the rigid-body
component of the position following Wempner (ref. 9). The warp amplitude is V¥, and
A is the cross-section warp function.

The basis vectors for the P axes are denoted in equation (1) by

b, = C,.b. (3



where Cjj 1is a 3 x 3 matrix whose elements may be specified by any of several sets
of parameters (ref. 10). All three-parameter descriptions of the rotation have
inherent singularities. Classical Euler orientation angles (called body-two orien-
tation angles in reference 10) have singularities at values of certain angles equal
to zero. The Tait—-Bryan orientation angles (called body-three orientation angles in
reference 10) have all singularities at 90°. This fact makes them more amenable to
descriptions of rotation caused by structural deformation than Euler angles, since
the case of no rotation would correspond to no deformation and Euler angles are
singular at that condition (ref. 6). To avoid singularities altogether, at least
four parameters are required to describe the rotation. One of the best known
descriptions is the set of Euler parameters. Euler parameters enable rotation to

be described with four scalar quantities upon which the direction cosine matrix ele-
ments depend quadratically. 1Tt is possible to eliminate one of the Euler parameters
algebraically and derive the Rodrigues parameters. There is a singularity at 180°
of rotation in any direction, but this is rarely a problem in deformable structures.
The direction cosines are simple ratios of quadratic polynomials in the Rodrigues
parameters. Furthermore, the inverse operation (i.e., given the direction cosine
matrix, find the parameters) is trivial compared to the same operation with orienta-
tion angles (ref. 10).

In this paper, both Tait-Bryan orientation angles and Rodrigues parameters are
considered. The primary development is executed with the orientation angles because
of the simplicity of the result and the familiarity of the method. Rotations free
of singularity up to 90° are completely acceptable in helicopter blade applications.
For applications in which the 90° restriction is unacceptable, the kinematical
development for Rodrigues parameters is given in the appendix.

The direction cosines are here expressed in terms of Tait-Bryan orientation
angles 03, i = 1,2,3 defined as follows. Let basis vectors Eg be introduced
beginning with QE aligned with Eg. Then perform sequential rotations 604 about
EE, i=1,2,3 until Eg is aligned with the principal axes of the deformed beam
£4» 1 =1,2,3, as shown in figure 2. Other sequences of rotations are possible, but
here 0,-0,-6; 1is used. Direction cosines of the local, deformed-beam, cross-—
section principal axes P with respect to F when expressed in matrix form are

CyrCy s3¢, + s,8,¢, S,8;, — ¢,8,¢C,
C=]-c,s; cyey - sys,8, ¢, +csS (4)
s, -s;¢, cyC,
where ¢y = cos 6; and si = sin 6j. The displacement field is now completely spe-

cified although, as pointed out in reference 6, two of the three angles 6

and 6
2
can be eliminated if shear deformation is neglected.

1

2.2 Development of Strain-Displacement Relations

Now that the displacement field is determined in terms of wuj and 64, it is a
straightforward matter to calculate strain-displacement relations. There are several
strain measures that could be used in this type of analysis. Almansi strain was used
by Hodges and Dowell (ref. 1) in their preliminary development, and Green strain has
been used by almost everyone else. For infinitesimal strains, however, differences
among the common definitions of strain are small and are ignored in this




development. The intent here is to develop a set of strain-displacement relations
that will be linear in elongations and shears, but unrestricted in rotations up to
changes in orientation where singularities are encountered. Thus, it is immaterial
whether it is Green strain or Almansi strain that serves as the starting point since
the relations will be simplified for small strains anyway.

{ The independent variables of the vectors BMOF and RMF (namely, &,, &,, and x;)

constitute a nonorthogonal curvilinear coordinate system identical to the one used in

reference 5. The steps followed in reference 5 to derive a set of strain displace-

ment relations from these vectors are as follows:

\ 1. Obtain the covariant base vectors for the undeformed state from equation (1).
2. Obtain the covariant metric tensor for the undeformed state from step 1.

3. Obtain the contravariant metric tensor for the undeformed state from step 2.

4. Obtain the relationship between a local Cartesian coordinate system and
| step 1 from step 3.

5. Obtain the covariant base vectors for the deformed state from equation (2).
6. Obtain the covariant metric tensor for the deformed state from step 5.

7. Obtain the Green strain tensor from half the difference between step 6 and

[y}

step

8. Transform the Green strain tensor from step 7 to the local Cartesian coordi-
nate system using step 4.

9. 1Ignore elongations and shears with respect to unity in all strain components
(i.e., discard all squares and products of elongations and shears, leaving each
strain component to be a linear combination of elongations and shears).

The details of the algebra, although lengthy, are straightforward and are
omitted in this report. The engineering strain components resulting from these
operations are

€31 = 3y T (A — Ey) (kg = 8T )
€4, = Egp + (A, + E)(x, = 8")
> (5)
- - 2 2 _ 1y 2
€gg = €5, T Ex, — Bk + (BT +E)(, - 07)7/2
+ (E,2, - glkz)(m3 - 8"8" + A(Ks -o"!
J

The strains at the reference axis, referred to as force strains, are given by

v

where 6ij 1s the Kronecker symbol. The curvature-like quantities, referred to as
moment strains, are given by



Ky = wij63 (7
where, in matrix form,
C,Cy S, 0
W= §-C,S,; C, 0 (8)
S, 0 1

Derivatives of the warp function are denoted by X, = 3A/9&,. A restricted warp
amplitude ¥ = k3 - 0' is assumed here instead of the more general formulation in
terms of Y explicitly as in reference 5. This assumption results in the neglect
of transverse shear in the outer fibers of the beam. It is interesting to note that
the force and moment strains are very similar to those of Reissner (ref. 8) except
that the ones above are expressed in terms of Tait-Bryan orientation angles instead
of Rodrigues parameters as in reference 8. The moment strains have the dimensions
of curvature, but differ from curvature by a factor of s', where s 1is the length
coordinate along the deformed-beam elastic axis (ref. 6) and ( )' denotes the
derivative with respect to x3. The moment strains also closely resemble those of
Wempner (ref. 9) developed for small deformation of arbitrarily curved beams.

It is possible to eliminate 0; and 0, from the analysis if shear deformation
is ignored, resulting in an Euler-Bernoulli beam model. For this case the vector
tangent to the beam elastic axis, BRMFX/aslg —¢» Must remain normal to the local, beam
o

cross section during deformation. Thus, from equation (2)

F P

MF*
R /'as,IEOL=o = [84;(3x,/3s) + 3u;/9s]b, = by (9
By virtue of equations (3) and (9)
Ix u
3 i
C3i = 631 35 3s (o

Since Cjj 1is orthonormal, C434iCy3 = 1.
to x5 instead of s,

If all derivatives are expressed with respect
an expression for s' is obtained:

s' = (ul? 4wl 4 (1 +up?)/? (11)
From equations (10) and (&)
s, = u{/s' (12a)
-s,c, = ué/s' (12b)
c,c, = (1 + u;)/s' (12¢)

The angles
obtained

0

1

and 67

from equations (12)

can be eliminated from Cij

with the following relations




_u£

51 7 (sv2 _ uiz)l/z (138)

B 1+ u; (s'? - u{z - uz'z)l/2
c, = = (13b)
(s'2 - ulz)l/z (s'2 - uiz)l/z
_ % 13
Sz - S' ( C)
12 12 1/2
RSl (13d)
2 s'
Equations (12), when substituted into the expressions for force strains, yields
€ =0
3a (14)
- oo
€494 = 8 1

Considerably more algebra is required to eliminate 6, and 6, from the moment strains

if the above method is used. It is relatively simple, however, to write them directly
from reference 6 in terms of derivatives with respect to s where ( yt = 39/9s( ).

++ _ ot2y1/2 i +y et
K1 " S3 (I -u;") %y +H Uity
s' 1 +2y1/2 +2 Fova/z (Y2 7 +2 (15a)
(1 - uy ) (1 - ut -y ) | 1 - u’” |
K utte (1 - u+2)1/zs _++_ uTu u++w
-z = 1 3 + L 3 + L (15b)
s' +2.1/2 +2 t2y1/2 (U2 5 +2
(1 - uy 1 -u;® -u,”) L 1-u” ]
+ + 4+ ++
Bs gt = e b (15¢)
! 2 2 2 2
s 3 (1 - ut - u; )1/2 1 - uT
Equations (15) may be expressed in terms of ( )' quantities instead of ( )* quanti-

ties by equation (11) and lengthy algebra. This is unnecessary, however, in light of
the simplifications in the next section.

2.3 Small-Strain Simplification of Kinematics

Because the moment strains are complicated, it is useful to simplify them
through the derivation of a small-strain approximation. This is accomplished by
neglecting the longitudinal strain of the elastic axis with respect to unity in the
direction cosines as well as the moment strains. The expression for the longitudinal

force strain s' - 1 is already linear in the elongation of the elastic axis; the
moment strains that are to be obtained are then independent of elongation of the
elastic axis (i.e., independent of s'). It is interesting to note that Reissner's

moment strains differ from curvatures by a factor of s' and are independent of s'.

When 8, and 62 are eliminated, additional s' terms are introduced into the



equations through equations (13). Simply setting s' =1 1in all places that it
occurs in the moment strains and direction cosines removes the dependence of these
guantities on €44.

Another way to view this approximation is to expand the strain in a Taylor
series with elongations caused by stretching of the elastic axis as the small param-
eter. This separates elongation into components on and off the elastic axis. When
only the terms linear in elongations are retained, the result is equivalent to having
set s' =1 4in all quantities except €33. Thus strain is considered small compared
to unity as in the example given in reference 6, p. 32. It is claimed in reference 11
that this sort of approximation invalidates the strain for cases other than inexten-
sional. 1In reality, a simplification of this sort cannot significantly affect the
accuracy of the mathematical model as long as the strains are small relative to unity,
which they must be for applications of Hooke's law. The resulting simplifications in
the derivation and in the final equations are substantial.

If s' 4dis set equal to 1 in equations (13) and (15), the result is

u'l's3 (1 - ul'z)l/zc3 B ulu;u;-
K = — U” + _ (163)
IR e N SR L N N T
u'l'c3 (1 - u12)1/253 [ u'u'u")
“2 T 12y1/2 + 02 12y1/2 ug + v (16Db)
(I - u{*) (1 - u;® - u;) i 1~ uy ]
ui u{uéu!
K, = 0! - ul) (16c)
3 3 (1 - ul? u2|2)17? 2 1 - ulv‘.
and
_u?'
s, = - (17a)

_ 1
T (17b)
S, = ui (17c)
c, = (1 - ul'z)l/2 (17d)

Note that the sign of the square root quantities becomes ambiguous when 6, or 0,

exceeds 90°. Thus, it is imperative in this formulation to restrict orientation
angles to less than 90°. Also note that i and Cij are now independent of uj;
s' must not be set equal to unity in the force strain g33 = s' - 1.

Geometric boundary conditions are determined from specified uj and Ciy at
X3 = 0 and x, = £. Natural boundary conditions may be obtained from the complete
statement ol the principle of virtual work as developed in the next three sections.

8




3. DEVELOPMENT OF GENERALIZED FORCES CAUSED BY INTERNAL LOADS FROM STRAIN ENERGY

In this section, the internal loads for the beam element are developed from the
strain-displacement relations from section 2 and a conventional constitutive law.
The beam is assumed to be of such a configuration that open-cross-section effects,
such as warping rigidity, are negligible, which is justified for rotor-blade cross
sections. However, the effects of warping are retained in other parts of the inter-
nal loads development. This assumption is helpful in a finite element context since
enforcing kinematical boundary conditions on the warp displacement field at finite
element nodes is not possible in the general case of beams being joined at arbitrary
positions and orientations with respect to one another.

The virtual work on the internal loads is obtained from the variation of the
strain energy U as in (ref. 9)

8U = ‘[2’ IA (E€336€33 + Gemﬁsw)dil dEj,2 dx3 (18)
where
Segy = 88" + £ 8k = £ 8k, + [(ED + €D (e, ~0") + (g2 - g2 )8' I8k + xsK;W
Gssl = (Al - EZ)GKs > (19)
Seg, = (X, + 51)6K3

.J

The expressions are greatly simplified if the variations of force and moment strains
are written as

9s' N
§s' = Su_i Gu]!_ (20)
BKi ami
- - " ' '
Sy = ™ Suy + 6,68, + Bu& Sul + eiasKa563 (21)

where €§ik is the Levi-Cevita permutation symbol and

3! 831t uj h
98 _ -
aui s
oK C K -c® ¢ oK , -C,

o _ oz | 3 _ 31 32 . i_ i1 } (22)
au" ’ du" _ 2 du!' ¢

1 33 1 ¢ . cy,) 2 33

n C C C " 2

BKl _ ! 2232 12C31 2 11 31 32
ul T Az _ A2 C33 3 _ A2

t Css 1 C31 Csa(l C31) -~



2

R " ~ - "
3, o] 1254, +-C22C31 s 21C3:C32 A
du! L2 a2 C 2 2
1 C33 1 C31 33 C33(l - C31)
1 2 2 Iy " 2
8K3 _U1C31C32(2C33 +Cy; - Cqy) uz(l C32) } (22)
v 3 2 2 B 3 t
ou, c (1-¢C ) (cont)
33 31 33
aKi i1
— = - —= (ujC + uC,.)
T 3 1b31 232
Y2 33 /
Next, the strains are substituted, equations (5) with €, given by equation (14),

Ki

by equations (16), and the virtual strains given in equations (19) into the

strain energy by equations (18).

terms that multiply

8§s', 8k, and 6K;.

The resulting expression can be arranged by

and B, respectively, which are given by

I

1]

i

These quantities are the stress resultants given in terms of the displacements.

Eo(s' - 1) + E,k;

¥

- E,x, +

172

= S,plg<g * eGB3E%#S' - 1" +
x (ky, = 0" + [D (" - 1) -
sl(»<3 - 08" + sze'

2

(ky -

(K3

eaBaDaKB

- e')z

16’

+

3D,0'
2

6")% + Dy8"(k, — 0")

(ky = 0% + Dgb'(xy - 9'4

- ' 12
(Ks ') + qu ]

These coefficients are denoted by F,, My,

)

X

(23)

./

The

distributed axial force is F,; local distributed moments along bg are denoted by
The distributed bimoment is

Mj.
cons

idered herein.

B, which may be neglected for the class of beams

following integrals over the cross section.

Ey = II E dey dE, 5 D,
A
E, = J]; Eg, dg, d&, 5 D,

—
[

E§2 dp. dE.
1 J]; 3 1 2 3

o

1

11

0

J]' E edBSAGEB dgl d&z -}
A
J]; EEqy egyatpby dEy de,

A _

The section properties used in equation (23) are defined by the

(24)




i

N

= ﬂ; EE? dg, dE, ; D, ﬂ; Eeygahobp)® dE, dE,

i

Q

Bo = -ﬂ. EEqbglp 4By 48, 5 I .U' GI(Ey + 2D + (5, - AD%1dE, dE,
A A

“r

B, = ‘U E(g 8 )% dE dE, 3 J'J' EE,E, dE, dE, =03 I, =1 +1,
A A

(24)
(cont)
S, = JT EA(E A, = E1A,)dE, dE,
A
S, = J-J' EAE Ey dE, dE,
A
J.J‘ EAEa d&l dgz =0 ; ‘U‘ EA dgl dgz =0
A A
The strain energy is then
£ oK '
_ _ as' i 3s R
‘swint = 80U = J‘ [(Fa S’ + My ——au,) Suy + F, Sav Gus + eOLB3MOLK6563
0 o o 3
SKi
" 1
+Mi?u_&'_ Gua +M3693]dx3 (25)

A suitable discretization of uj and 6, is sufficient to obtain generalized forces
in a Ritz-type formulation.

4, GENERALIZED FORCES CAUSED BY INERTIAL AND GRAVITATIONAL LOADS

In this section the generalized forces caused by inertial and gravitational
loads (i.e., body forces) are developed for the beam element. The effects of cross-
section warp on the body forces are negligible and are not considered. It is
assumed that the gravity field g, the velocity of point F*_ in an inertial frame
v I, the acceleration of point "F*¥ in an inertial frame gF*I, the angular velocity

and angular acceleration of frame F 1in an inertial frame QFI and gFI, respectively,
are given and defined in frame F as

_ JF JFFL PRI F*T _ F*LF
g = Bpily 2 Fi 2i ° 4 Vri 24
(26)
wFI = wFI.b]? 5 OtFI = OLF%Fb]E.T
- -Fi-i - Fi-i

11



We must find the acceleration and virtual displacement of the point M where the
position of M with respect to F* 1is governed by

R - v ut g 27)
where
Xy = Xalilj\1
uw=upl b (28)
£ - 5yl |

The velocity of M 1in an inertial frame is then

MI F* . P
V= e Gy )+ T b x g e (29)
wnere F(.) is a time derivative in F. Cross-section distortion Pé is to be
neglected. The angular velocity QPI can be written as
9PI _ 9PF + @FI (30)
Differentiation yields the angular acceleration
aPI - gFI + QFI y wPF + aPF (31)

Now the acceleration can be written in terms of previously developed expressions as

MI F*1 FI FI FI

F.. PI
=a T te T x (g, tw el x (o Pt

< Gy twl 2 x T i

PN 4 SV (i\PI 5 (QPI .t (32)

Substitution of equations (30) and (31) into (32) yields

MI F*1 F1 FI FI

N I F
=a e (g tutb e Xl

><(>_(3+1_1+§)]+ng x 0+ U

+ ZQFI X (wPF x £) + wPF X (wPF X §) + QPF X (QFI x E) + aPF X g (33)

The virtual displacement is obtained by the replacement of F(') with FG( ), a vari-
ation in the frame F, in equation (29) and the substitution of SR and Sy for
v and w, respectively, in equations (29) and (30), as in reference 6, which yields

M %
GRI=6RFI+6_4}FIX(§

L fu+E) + FQE + QEPF x £ (34)

% .
where 6RF L= 6RE£E§ and 69FI = ngﬁbg. These quantities reflect any nonprescribed
motion of the frame in inertial space. The angular velocity and virtual rotation of

the cross—section axes P in F (ref. 6) can be written as
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3K 4 .
W= (——% a! o+ asiea)bP (35)

aua a =i
! and
oK 4
i PF i
sy = (_BuT Suy + 63159:{)131; (36)
f o i
| The angular acceleration of P in F, gPF, is simply the time derivative in F of
W
3K 9%k
PF _ F.PF _ i, . i eye,\,P
a = w = (Eag-ua + 63i63 + gagsag-uaue Ei (37)

The generalized forces are now found from the virtual work

£
M
f J'f o(a ' - g ° 6.RMI dg, dg, dx,
0 A

Q/ to
, f _U ol (@ - g) @R+ Fow) + [(xy +ut D)
0 A -

\ _dwbody

Ii

x (@ -] st e x @ -] - sy dE, de, dx, (38)

!
I

' =) 2

:

| The generalized forces associated with frame motion are useful in multibody/finite
{ element applications in which it is necessary to couple bodies together that are
moving relative to each other. These generalized forces are the coefficients of
6RF£ and éwFi and can be obtained in a straightforward manner; the calculation of
these forces is left to the reader. For the generalized forces associated with

Sug, Su&, and 89,, the necessary ingredients are suitable discretizations for uy
and 8, and the virtual work, which is given by

L
F F*1 F1 FI
-5 = . -
"body T 23 J: su (mia gtol x(x, tu) tu x g

% Fﬁ + Fﬁ} " uFI x m. 4+ wFI y (wFI x m.) + szI - wPF _ szI . mPF n
- - = -£ = - -£ - &= = - -t

+ OLPF xm 4+ wPF y (wPF xm.) + wPF c mFI _ wPF . u)FI o >dX

= -£ - = -£ - &= = - =g 3

L 793k
i P i F*1 FI FI

+ ‘Ei . J; (W Su& + 631563><r£1€ x {a -g+a X (%X, +u) +u
x [T (e, + w1+ 2 x Ty + Fi) 4 iagFI R A A

w26y o WFF e (WBF gy« ST (WFF - 1) x oPF 4 $5aPF = GFF _%>dX3
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where the section integrals are defined as

|
f[ oac, e, 1= ff e e ag] :
A

m =
A ‘
(40) \
me = ﬂ. pg dg, dg, ; is= _U pEE dg, dE,
A A
and
Focanl s Fi=unt (41) |
= i-i - i=i
5. DISTRIBUTED APPLIED LOADS
In this section, generalized forces caused by distributed applied loads are
simply stated for completeness. The applied force F and moment M act on the ‘
elastic axis so that the virtual work is
!
SW J'Q {F (GRF*I + F%u) + M (wFI + & PF) |
- = - . ¢ .
applied loads o — - - — — |
FI ‘
+ [(x5 +uw) x F] + 8y "ldx, (42)

or

2 BKi P 2 F
- = - e | —— ' , _ R
dwapplied loads .‘; i (aug Sug + 631663)13.1 dx, fo ¥ Su dX3

) L
*
- _OBF L, J’ Fodx, - (Sq)FI . J‘ M+ (x; + u) x Fldx, (43)

0 0

As with the inertial loads, the generalized forces can be obtained from the virtual
work and any suitable discretization of uy and 6,.

6. VARIOUS SCHEMES OF IMPLEMENTATION

The total virtual work may be written as

SU - wao -8

= 44
dy wapplied loads 0 (44)

<

where the various components of the total virtual work may be obtained from equa-

tions (25), (30), and (43). The kinematical variables wuj, i = 1,2,3, and 0, may
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be discretized in several ways. One way is to use a set of admissible functions in

a Ritz-type analysis based on equation (44) where all the frame variables are pre-
scribed and SRF*I and syFI are zero. A variation on that type of development would
be to allow &RF*I and E@?I to be nonzero, thus collecting frame (i.e., rigid body)
forces and moments from equations (39) and (43) directly. 1In this case there would
be prescribed and nonprescribed components of each of the kinematical quantities in
equation (26). There are clearly other ways of using the frame motion to advantage.

If a finite-element discretization is used, it should be based on variable-order
shape functions (refs. 12 and 13) to avoid poorly approximating the geometric stiff-
ening term which, in this analysis, is calculated from the longitudinal strain
s' - 1. 1If u, 1is crudely approximated, this term will be inaccurate. It should
be noted that in a redundant structure undergoing finite deformation, the geometric
stiffening effect must be calculated from the strain-displacement relations.

In a finite~element implementation the frame motion and forces may be used to
advantage when coupling elements together that are defined in different moving coor-
dinate systems, such as at the interface between rotating and nonrotating components
of a helicopter or at a hinge.

In figure 3, the beam element is shown with the frame F and two nodes R and T
at the root and tip of the beam, respectively. The displacement and orientation of
the beam cross section as a function of X, 1s represented by the displacement and
rotation of the nodes R and T and by a variable number of generalized coordinates
that are kinematically uncoupled from nodal translations and rotations. The beam
displacements at the root and tip, then, must be determined from the nodal
displacements.

The bending displacements u; and u, are to be expanded in Cl—type functions
¥i, and u, and 6; in Co—type functions B4, namely

Ny+1 N

. = Z q,; (0¥, ()
1=1

(o
|

=
I

N,+1
s = 2 9,y (0)8, (0 & (45)
i=1

Nu+1

3 2: qui(t)Bi(X)
i=1 -

@
I

where x = x3/2, 0 <x <1, and N5 and N, are the orders of the shape function
polynomials, N, > 3 and N3,Ny > 1. The generalized coordinates qji with

j = 1,2,3 have the dimensions of length and q,4{ 1is dimensionless. The boundary
conditions on the functions are

uOL(O’t) = qal(t) H ua(ﬁl,t) = qag(t)
u,(0,t) = q, (t) ; u, (2,t) = q, () (46)
ea(O,t) = th(t) ; 63(2,t) = quz(t)
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and on the first derivatives

! (0,8) = q (/25 ul(ho) = q, (/0 47

The standard linear displacement functions satisfy these conditions for B:

81 1 -x

B, = X

and the standard cubic displacement functions satisfy these conditions for V:

_ 2 3
yoo=1 - 3x% + 2x°0)
¥, = x - 2x?% + 2%°
s (49)
¥, = 3x? ~ 2x°
Wq = x% + x° _

If Ny exceeds 3 or N3,N,+ exceed 1, the following higher-order shape functions
allow extra generalized coordinates to be introduced (ref. 13) but still to fulfill
the above end conditions

Bn+3 = x(1 - X)Gn(5)3’x) 0.1 (50)
n = LEa A
¥nts = x“ (1 - X)ZGH(Q,S,X)

where G, 1s a Jacobi polynomial (ref. 14). At the ends, the displacement and rota-
tion of the nodes are related to generalized coordinates from simple kinematics. Let

R R ,R T T ,T
= . = 1
4T upgPy 5w T upgby b
b= bt 5 bl o= RN (52)
-i =i ~i ij=j
where CIR depends on the pretwist 6(%) of the beam element at the tip of the
element.
cy Sy 0
TR
¢ = -8 <y 0 (53)
0 0 1

where sg = sin 68(%) and c¢g = cos 6(2). At the root of the element, the displace-
ments of the node and beam are identical

R ,R _ F R
Upili T 94,P5 = 94,05 (54)
or
R
- 55
uRi qil (55)




Similarly, the rotations must be the same. The direction cosines of R' with
respect to its undeformed position R, C R are

R Rty = ceo,0) (56)

At the tip, the displacements of the node and beam are identical

T F F F
UpiBy T 93,0 ta,.b, 5,0, (37
or

(1) (.
T1 13
T | _ TR

QUppp = C jqzak (58)
UT q

LTy (32

and the rotations of the tip node cT'R  are identical to those of the beam tip
C(&,t)

IR T T e™ - e, (59)

Equations (56) and (59) each represent nine equations, but only three are independent.
Three preferred elements to equate are C,,, Cy,» and C,, since

Cpy = ~(1 - u{z)l/2 sin 0,
Cyy = u{ (60)
Cap = Uy

and are thus easily expressed in terms of q's at the root and tip. The use of
equations (46), (47), and (60) yields for the root, from equation (56)

Qa2 _ R'R
£ s
1
q . = -sin”? 21
41 2\1/2
R'R
(l - C31 )

and for the tip, from equation (59)
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Qo4 _ T'R
—— = C
2 30
cT'R (62)
q = -gin™! 21
42 T'R? 1/2
(1 - C3; )

The forces and moments at the root and tip nodes must be determined from the
generalized forces at the beam root and tip, respectively. First note that the vir-
tual displacement and virtual rotation of the root node must be identical to those
of the beam root

suN(8) = 8u(0,t)
R (63)
sy (E) = 8y(0,t)
PF L .
where &8y = 8y =~ (see eq. 36). Similarly at the tip
T
Su (t) = Su(L,t)
T (64)
Sp(E) = §9(2,t)
The relations for the virtual displacements are simple first variations of equa-
tions (55) and (58). The rotations are more involved. The use of equation (36)
evaluated at the root yields
JK 8q
R i az .
Shpi(B) = [su& (0,8) =5+ 6Riéq“:] Cij(O,t) (65)
where GwR = ng.bR. In matrix form
e d i-i
R
84,, SRy
= R
8q,, ¢ = R(0,t) { Sup, (66)
o R
64y, S¥R,
where
- .
0 ec,, -Gy,
R(x,,t) = ~%Cy, 0 ¢,y (67)
0 C3? C33
2 2
L 1 -C3 1 - C3y ]

A similar relation holds for the beam tip
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5q,, syl

T1
T
845, > = R(L,E)CRT {oyp,
T
84y, 6¢T3

The virtual work of forces and moments at the root and tip nodes must equal the vir-
tual work caused by generalized forces at the root and tip of the beam

R R
Fr-ou = Qil 91y
R R _
MT e 8 =Q,0q, +Q 8q 68
T T
F" « Su” = Qu36q4;3 + Q3,04,,
T T _
MU 80 = Qu,8q,, tQ,,%,,
so that
R —
Fri =,
T
FT1 Qi,
T TR
Fr, =C Qza
T
FT3 Qsz
(R
MRl 012 (69)
R _ ol
R
LgRa Qi
-
T
M1, Qy
TRLT
- C R (int) Q2|+

o SF%

w

Qu 2

where RT is the transpose of R and the Q's are the generalized forces from the
discretization of the beam (i.e., coefficients of the &q's).

The element mass matrix may be written explicitly from equation (39) by collect-

ing coefficients of Fi and o F. After simplification, and ignoring rows and columns
associated with frame degrees of freedom, the mass matrix can be obtained from
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T ™~ aKj < (.7
6u;w mdij Cki ekja gﬁg*mu mlczi - m2Cli uj
0K, 0K K., 9K AP
. 3 3 , Y Y . 3 ..
6U'L i3 507 57 T iy o0 50 i, — ﬁU'L (70)
o BuOL BuB Sua BuB 3 duy B
56 . . ) 5 |
3 symmetric 1, k {) |
D o

To obtain the discretized matrix substitute the shape functions, equation (45), into 1
equation (70) and integrate over the element using, for example, Gauss-Legendre quad-
rature. The dimension of the discretized matrix will depend on the number of internal
degrees of freedom. 1Its contribution to the system in terms of nodal degrees of free-

dom is straightforward and can be left to the reader to determine. Similarly, ele-

ments of the gyroscopic matrix can be calculated.

These equations can be programmed either for finite-element computation as they
are or written in a more explicit matrix form. When the equations are linearized
about static equilibrium determined from nonlinear static equations, a convenient
approach is to calculate the mass and gyroscopic matrices explicitly as above and

solve for the stiffness matrix by numerically perturbing the total static general-
ized force.

7. RESULTS

In this section, two sets of numerical results are presented along with corre-
sponding experimental data. The numerical results were obtained by exercising a pre-
liminary version of a multibody/finite-element program presently under development in
which the beam c¢lement formulation outlined in section 6 is implemented. The examples
were set up for calculation using only the properties given in this report.

The first set of data concerns a cantilevered beam loaded with a tip weight
(ref. 15). The properties are tabulated in table 1, and the experimental configura-
tion is described in detail in reference 15. The beam was modeled with one element
and a sufficiently large number of polynomials to achieve convergence. Results for
transverse tip deflections u, and u, and tip rotation 9§ are shown in fipgures 4-6
along with experimental data. The agreement is good, much better than in reference 15.
This good agreement is achieved, however, without ad hoc modifications of the equa- ‘
tions based on the values of beam stiffnesses as is done in reference 4.

The second set of data concerns a cantilevered rotating beam in axial airflow.
The air flowing down through the rotor plane is induced by the thrust at collective
pitch setting 6, for a two-bladed rotor. Bending and torsion moments were mea-
sured near the beam root for variable thrust settings. The program was set up to
calculate air loads based on a quasi-steady aerodynamic formulation by Greenberg ‘
(ref. 16) and on uniform induced inflow determined from momentum theory. (The
experimental configuration is described in a forthcoming publication by Sharpe
(Sharpe, D. L.: An Experimental Investigation of the Flap-Lag-Torsion Aecroelastic
Stability of a Small-Scale Hingeless Helicopter Rotor in Hover. NASA TP, to be pub-
lished in 1985) . The rotor properties are tabulated in tables 2 and 3.) The rotor
blade was modeled with two uniform elastic segments and rigid masses for the
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remainder of the structure. Results for a droop angle of 0° and precone angles of
0° and 5° are shown in figures 7 and 8. The agreement, again, is very good.

CONCLUSIONS

Nonlinear beam kinematics for small strains and large rotations have been
developed and applied to the dynamic analysis of a pretwisted, rotating beam element.
There are no explicit restrictions on rotation caused by deformation in these equa-
tions —only the extensional strain of the elastic axis is required to be small rela-
tive to unity. The only restriction on the magnitudes of the orientation angles
used in describing the cross-section orientation is that they remain less than 90°.
For applications of the kinematics where larger rotations may be encountered, a
method of overcoming the restriction on the magnitude of rotation, which utilizes
Rodrigues parameters, is presented in the appendix.

In order to be applicable to all existing rotor/hub configurations in helicop-
ters, the analysis needs to be incorporated into a hybrid multibody/finite-element
program. This incorporation is under development. Useful future extensions include
constitutive equations for composite beams and effects of shear deformation, warping
rigidity, and initial curvature.

Ames Research Center
National Aeronautics and Space Administration
Moffett Field, California 94035, January 18, 1985
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APPENDIX

In this appendix the direction cosines and moment strains are expressed in
terms of Rodrigues parameters. To remove the sign ambiguities of the development in
the text, the direction cosines should be left in terms of ui, i=1,2,3 so that

C.,:. = (¢

- + ui)/s' (AD)

3i

This is not necessary in the text because the use of orientation angles limits the
rotations to be less than 90°; furthermore, it makes the computation slightly more
involved. For the use of Rodrigues parameters, we make use of similar relationships
derived in references 8 and 10. The direction cosines in terms of Rodrigues
parameters ¢ are

Cpy = L1~ 0,0, /06, + 6,0./2 + e 6,1/ (L+ o8 /0 (A2)

After much algebraic manipulation, ¢, can be eliminated in terms of the third row
of C

¢ = (2e C + ¢3C3a)/(1 + C33) (A3)

The use of equation (Al) then yields

¢a = (Zeugaué + ¢3u&)/(l + s' + u;) (AL)

which goes to infinity only when the beam rotations due to deformation reach
180°.

The moment strains, as simplified for a straight beam based on those of Reissner
(ref. 8), are

cg = [y + ey g0 /2001/ (L + ¢,0,/8) (A5)

which can be expressed in terms of wuj, ¢,, uj, and ¢, by differentiation and sub-
stitution of equation (A4) into equation 2A5). It should be noted that the reference
basis used by Reissner corresponds to the principal axes of the local undeformed
beam, instead of the principal axes of the root used herein. Equation (A5) thus
differs somewhat from Reissner's equation (49) in reference 8.
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TABLE 1.- CANTILEVERED BEAM LOADED WITH TIP WEIGHT

Value
Property ]
Metric Standard
E 7.2919x10'% N/m?{(10.576%x10° 1b/in.?)
G 3.022x10'° N/m? | (4.383%10° 1b/in.?)
0 2807 kg/m®| (0.1014 1b/in.?)
I, (Ec®t/12)
1, (Ect3/12)
c 1.270 cm (0.4999 in.)
| t .3178 cm (0.1251 in.)
L 50.76 cm (19.985 in.)

TABLE 2.- ROTOR BLADE PROPERTIES (NACA 0012
AIRFOIL WITH TWO BLADES)

Rotor diameter, m . . . . . . 1.923
Blade length (L), m . . . . . .870
Hub offset, R . . . . . . . . 9.51
Chord, cm e e e e e . . . B8.064
Taper . . . . . . .. . . .. 0

Twist . « « ¢« « ¢« ¢« ¢« « « .« . O
Maximum tip Reynolds number . 600,000
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TABLE 4 .- BLADE MASS PROPERTY DISTRIBUTION

Inboard

Outboard

Polar moment of

station, | station, Mass/length, inertia/length,
r/R r/R kg/m kg-m?/m

0.0185 0.0215 5.214 -
.0215 .0374 L0214 -
.0374 .0407 5.418 5.827x1073
.0407 .0440 10.010 7.073x1073
.0440 L0456 12.745 4.715x1073
.0456 .0555 9.969 6.317x1073
.0555 .0608 5.265 1.468x1073
.0608 L0634 2.663 2.082x1073
L0634 .0951 2.429 2.082x1073
.0951 1.0000 .343 2.062x107"
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Figure 1.~ Schematic of beam and associated coordinate systems.
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Figure 2.- Beam cross—section coordinate systems.
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Figure 3.- The frame F, root node R, and tip node T for a ?eam element showing
deflections ER and ET and change of orientation cR R ¢T'T with respect to
the initial positions and orientations.
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Figure 4.- Flatwise bending deflection at tip (cm).
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Figure 5.- Edgewise bending deflection at tip (cm).
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GEOMETRIC TWIST AT TIP, deg
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Figure 6.- Geometric twist at tip (deg).
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droop = 0°, 1000 rpm, soft pitch flexure.

32




1. Report No.
NASA TP-2470 AVSCOM TR 84-A-5

2. Government Accession No.

3. Recipient’s Catalog No.

4. Title and Subtitle
Nonlinear Equations for Dynamics of Pretwisted
Beams Undergoing Small Strains and Large Rotations

5. Report Date
May 1985

6. Performing Organization Code

7. Author({s) 8. Performing Organization Report No.
Dewey H. Hodges A-9833
10. Work Unit No.
9. Performing Organization Name and Address
K-1585

Aeromechanics Laboratory

USAAVSCOM Research and Technology Laboratories
Ames Research Center

Moffett Field, California

11. Contract or Grant No.

13. Type of Report and Period Covered

12. Sponsoring Agency Name and Address
National Aeronautics and Space Administration
Washington, DC 20546

Technical Paper

14. Sponsoring Agency Code

992-21-01-90-01
and

U.S. Army Aviation Systems Command
St. Louis, MO 63120

15. Supplementary Notes

Point of Contact: Dewey H. Hodges, Ames Research Center, MS 215-A/215-1,
Moffett Field, CA 94035 (415) 694-5831 or FTS 464-5831

16. Abstract

Nonlinear beam kinematics are developed and applied to the dynamic
analysis of a pretwisted, rotating beam element. The common practice of
assuming moderate rotations caused by structural deformation in geometric
nonlinear analyses of rotating beams has been abandoned in the present
analysis. The kinematic relations that describe the orientation of the
cross section during deformation are simplified by systematically ignoring
the extensional strain compared to unity in those relations. Open cross
section effects such as warping rigidity and dynamics are ignored, but
other influences of warp are retained. The beam cross section is not allowed
to deform in its own plane. Various means of implementation are discussed,
including a finite element formulation. Numerical results obtained for
nonlinear static problems show remarkable agrecement with experiment.

17. Key Words (Suggested by Author(s)) 18. Distribution Statement

Dynamic structural analysis Unclassified - Unlimited
Rotating beams

Helicopter rotors

Subject Category 39

19 Security Classif. (of this report)
Unclassified

20. Security Classit. (of this page) 21. No. of Pages 22. Price
Unclassified 35 AO3

For sale by the National Technical Information Service, Springfield, Virgima 22161

NASA-Langley, 1985




National Aeronautics and
Space Administration

Washington, D.C.
20546

Official Business
Penalty for Private Use, $300

THIRD-CLASS BULK RATE

Postage and Fees Paid
National Aeronautics and
Space Administration
NASA-451

POSTMASTER: If Undeliverable (Section 158

Postal Manual) Do Not Return




