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STUDY OF MESHING OF BEVELED GEARS WITH NORMALLY
DECREASING ARC TEETH

F. L, Litvin and Go Kay

We know of two versions of beveled gears, cut on machine tools /28*
of the Gleasontype: a) with teeth of equal height; b) with teeth
of normally decreasing height.

The cutting scheme of the teeth of the former type of gear is
based on meshing of the cut gear with a flat originating gear.
The gear wheels, cut in this manner, are conjugate (the trans-
mission of rotation takes place with a constant gear ratio), the
surfaces of the :eth have point contact with different radii of
the cutting heads, and the working line on the surface of the tooth
— the geometric point of contact of this surface -— has a direc-
tion perpendicular to the direction of the longitudinal line of the
tooth [1].

The basis of the cutting scheme of gear wheels of the latter
type is meshing of the cut gear wheel with a noun-planar originating
gear. The tooth surfaces of such gear wheels are not conjugate,
and the transmission of rotation is accomplished with a variable
gear ratio. The contact area is diagonal, since the working line
on the side surface of the tooth of the gear wheel is not ortho-
gonal to the longitudiral line of the tooth if the cutting of the
teeth is carried out without special correction of the alignment.
On the convex side of the gear wheel teeth, the working line begins
at the tip of the inner part of the toothed ring and ends at the
head of the outer part of the toothed ring. On the concave side
of the teeth, the working line has an inverse nature. These char-
acteristics of meshing are known in gear-cutting practice, and are

examined in a number of studies [2,3].

*Numbers in the margin indicate pagination in the foreign text.



The present study is devoted to the analytic study of meshing
cf gear wheels of the latter type, which are viewed as non-conjugate,
for which we utilize the methods for solving direct and inverse
problems, as set forth in the monograph of F. L. Litvin [1].

The authors obtained dependences which make it possible to
achieve conjugation of the surfaces of the teeth with their contact
at the midpoint. The results of the conducted study given below
coincide with the experimental data which are well-known in the
practice of gear cutting. The value of the utilized method of
study consists, in the opinion of the authors, of the possibility
of the objective evaluation of the utilized methods of correction
of the adjustment of the machine tools and the determination of 129
the optimal magnitude of the adjustment parameters being corrected,
which ensure the absence of obliqueness of the contact and minimal
error of the gear ratio of the gear wheels. This method of study
becomes especially effective with the utilization of mathematical
computers for the calculations.

1. Direct and Inverse Problems of the Study of Gear Wheel Meshings

Known during the solution of the direct problem are the schematic
of the toothed mechanism, the absolute movements of both gear wheels
and the surface of the teeth of one of the wheels; it is necessary to
determine the surface of the teeth of the other wheel.

Known dur!ng the solution of the inverse problem are the schem-
atic of the toothed mechanism and the surfaces of the teeth of both
wheels; it is necessary to find the law of movement in the form of
a function which assocliates the positions of the gear wheels. At
the same time, during the solution of this problem, in the case of
point contact, one may find the working lines of the surfaces of
the teeth of both wheels and the line of meshing.

In the system of coordinates, associated with the originating
gear, let the eguations of both originating surfaces 2? and zg,
utilized for forming the surfaces of the teeth of the beveled gear
wheels with arc teeth, be known:
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Fu, = Tu, (ny. 0!);
Tuy = r,., (u,. ﬁ-_-).

According to the method of solution of the direct problem, we
will find the equations of the surfaces I; and I, of the teeth of
the gear wheels, which envelop the originating surfaces, in che
movable systems S; and S;:

ry =y (g B Ya)s (h

[i(uy, 0y 4} =0
and
rao=ry(ty, O gl

falia @y )= 0.

In these equations, ¢; and ¢, are the angles of rotation of the
originating wheels, and the functions f; and f£f; are the equations
of association between the parameters for the points of the character-
istic., With a fixed value of ¢, (i=1,2), equations (1) and (2) are
the equations of the lines of contact of the wheels being cut and the
originating wheels in the systems S; and S;; the locus of the points J
of the lines of contact form the surfaces of the teeth of the gear ;
wheels in the systems S, and S,.

In the next stage, which is solving the inverse problem, it is
necessary to examine the meshing of the gear wheels with one another,
and to find: a) the law of mocvement of the wheels; and b) the work-
ing lines on the surfaces of the teeth of both gear wheels.

b i S

In beveled toothed gearing, the wheels 1 and 2 execute rotary
movements. Let rotation by an angle ¢! be imparted to wheel 1 with :
its meshing with wheel 2. Then, the eguations of the surface I, in
the fixed system Sy are written in the form: /30
l.lt'l) = r‘til) |(H|, 'O|, '(Pg, (p;.)Q (3) »
Fr (s By ) = 0.
As a result of rotation of wheel 1, wheel 2 rotates by an angle

?4. The suiiace &, in the fixed system S is determined by the equa-

N - - - - . .
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tions

P es rl® (i, By, Py @)
[o_l (H-J. ﬂ-_-, 1,!._‘) = (. (‘”

At the point of contact of the surfaces E; and I; in the fixed
system S,, they should have a common normal and

e = et ®)

where eél) and egZ) are the unit vectors of the normal to the sur-

faces £; and I, in the fixed system Sj.

In order to determine the parameters ui, &1, %Y1, %!, vy, 9, v and
®4, it is necessary to make use of the following system of equations:

iy i,
Ill =Ty

ol i,

ey ==y
fl(”ltﬂh 1P:) = 0; (6>
fz (1ta, By, o) = 0.

In coordinate form, we will write the system of equations (6)

as:
A = )
1y = g,
g =yt
1, — 22,
zl(a) -.23 '
) (2}
E, = Oy, | (7)
ay __ e
elh = elh
b,
et = e
fr (yy Oy ) =0

fo (g Og a) == 0.

In system (7), there are only seven independent equations, since
681+ Ll 12+ [e]F =1 (i =1,2).

During the solution of the system of equations (7), one of the
paramneters ¥ or Y, may be considered fixed. If y; is considered as
given, then, as a result of the solution of the system of equations

\
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(7), the desired parameters ui, 01, ¢, w2, ¥z, v2, P4 will be
found. By substituting the obtained values of “he parameters, with
varous ¢, into equations (1), (2) and (3} or (4), we will find the
working lines and the meshing line on the surfaces I, and I,.

The table of values of ?{ and %}, in the form of the function
?)=f(p]), represents the position function of the toothed gear
mechanism being studied. After differentiation of the function Ti=
£(9l}), we obtain the function of the gear ratio

2. Coordinate Systems Used 31

The originating wheel Pi is associated with the coordinate
systems

Xup Yup 20 & Spp Yop 2o (Fig d—4)
the system XUi, in' zui is an auxiliary system, utilized for pre-
liminary recording of the originating surface. Here and subse-
quently, i=1,2, since two originating surfaces, which do not coin-
cide with one another, are utilized for cutting of wheels 1 and 2.
The cutting head is a set of
blades of rectilinear profile
with a profile angle o which
form the originating beveled

surface with their rotation

Fig. 1 Fig. 2

PR,



around the axis X,
i

The coordinate system x Y. ., 2 (Fig. 2-4) is an auxiliary

I f
fixed coordinate system, in gﬁichnthe ;étation of the originating
wheel is prescribed. The plane xnj=0 is parallel to the plane which
is tangential to the bevel of the recesses of the gear wheel being
cut. With cutting of the teeth, the originating wheel rotates around
the axis X0y (wi is the angle of rotation of the originating wheel).
The plane xn1=0 is called the adjusting plane, and the product radius

r, of the cutting head and the angle By formed by the tangent to

i

the longitudinal profile at the midpoint M, with the axis zp_, are
i
prescribed in it,

The fixed system of coordinated Xg, Yo, 2¢ i85 utilized for de-

termining the meshing line of the wheels being cut. The axis Opzg
coincides with the common generatrix of the initial bevels of the
gear wheels; 0y is the point of intersection of the axes of both

;2 in the ro-
ni ni
tation around yni by an angle i of the shank of the teeth of the
wheel being cut and in the displacement of 0y, relative to O,.¢ by /32 ‘

wheels. The system x¢, Yo, 2o differs from X0 ¥
1

1
Lsinyi; L is the average generatrix of the initial bevel of the

wheels.

The coordinate system Xpsr Yyr 2y {k=1 and 2) is associated with |
the wheel being cut (Fig. 3-6). Rotation of the wheel being cut is
prescribed in the auxiliary fixed coordinate system Xyt ybk, zbk

(k=1 and 2), the z, -axis of which coincides with the zk—axis.

bk
3. Eguations of Qriginating Surfaces 33
In the system Xy.r Yy, 0 2.7 the originating surface is de-
1 1
termined by the following equations (Fig. 1}):
Xy, =1y clg ety — uycos ay;
Yuy = t; sin a;sin ﬁ,';. (8)
2y, = W sing; cos 4y,
where u, ﬁi are independent parameters of the originating surface. :
A
6 h
¥,
R
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Fig. 3. Cutting diagram of convex side of tooth
of wheel 2

The index i=l,2 is related to the first and second originating
surfaces, respectively.

The unit vector of the normal to the originating surface (8) 34 ;
will have the form: 'j
dr,; dr,
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Zredh L} _5{ = Z0:7p,
\\ Jo— 2,
reference
plane

Fig. 4. Cutting diagram of concave side of tooth of
wheel 1

where k is the norming factor, and its projections are expressed by
the functions:

/35

Crny = SiN oy,
€y, = COS a; SN 7R
£ry; = COS &/ COS 4.

(10)

Lt Yo

Utilizing the matrix of transition from the system X s
i i

zu'l to the fixed system xni, yni, zni (Fig. 2):

s
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‘h'z"l

l 0 0 0

0 cos(q—p) —sinlg—) —besin(g—) (1
0 sin(p—w)  cos{g—w)  bcos{m — ) '
0 0 0 1

iwn,ru =

we obtain the equations of the originating surface and the projections

of the unit vector of the normal in the system X . Yo, z
1 1 1



Xn, = riclg & ~ ugcos a;;
Yny = i 8ln ey sin (& — g¢ + o) — by sin (g1 — pi); J
Zn, = th 8In oy cos (0 — g 4 §u) -+ bicos (g — p);
Cxny = sin 24;
eyny = €08 3¢ Sin (& — g -+ )
#ny == €08 24 C08 (&) — qu -+ ),

(12)

(13)

here, dy and bi are the mounting parameters of the cutting head.

The matrix of transition from the system Xyt Yy, 0 2

ug to the
system Xo, Yor 2¢ i5 expressed thusly (Figs. 3 and 4): '

costi T sinyesin (g — W)

0 cos (g — W)
/‘?Imq = Monaniui. = __1: sin v cosy sin (fh _ ‘i’!)
0 0
Tsinyicos (g — ) T besinyocos (g — i) = Lsinyrcos 1
— sin {qs — ) — by sin (qi — W) . (14)
cos 7, cos (g7 -~ ) brcos i ces {qi — ) 4 Lsin®ri
0 ]

Utilizing matrix (14), we obtain the equations of the origi-

nating surfaces and the unit vectors of the normals in the system
Xor Yor 20°

xP0 = (ryelg 2 — uycos 2 L sin o) [eos 10 -
T uesinag sin i cos (i — g — §.) T by sin i cos (g — i
P Y = g sin o sin (B g - ) — b sin (g — W) (1)
27 = 4 (reclg oy — g cos 2y o= Lsinysinyy -
- 1y sin gy cos 7y cos (T — i -+ i} + by cos 14 cos (gi — Pi):
‘-’L’.” Y= sin oy cos 1y TF cos 2 sin yi cos (T — g + Pi);
e“v’:‘ Ve cos ey sin (& — gy + 1, (16)

6% == - sin 2 sin 75 + cos 2,¢0s 71 €08 (G — g1 + ). |

In equationsg (l14), (15) and (16), the upper sign is related to 36

the case of cutting of the second wheel (i=2), and the lower sign
is related to cutting of the first wheel (i=1).

Subsequently, we will also need the eguations of the unit vec-

tors of the normal to the theoretical originating surface, utilized

for cutting of wheels with teeth of equal height, in the system Xg,

10
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yo, zob

By substituting Yino into equation (16), we obtain

A = sing;
e = cosasln (0 — g + )i
el = cosacos (¢ —q 4 ).

(17)

For the midpoint y=0 and §=90°~B+qg; therefore, for this point, the
projection of the unit vector of the normal is determined by the
equations

¢ ea sina; ]
el == cosacos B (18)

el = cosasing,

where o is the nominal angle of the profile of the cutter; B is the
nominal angle of the spiral.

4, Surfaces of Teath of Gear Wheels with Normally Lecreasing Arc

Teeth

The equations of the surfaces of the gear wheel teeth will be
found by utilizing the method of solution of the direct problem.

The equations of association between the parameters uz, ¢z,
Yy, for the points of the characteristic (lines of contact of the
originating surface and the surfacé being cut zE and r,) are obh-
tained by making use of the condition that the normal, at the point
of contact of the surfaces of the teeth, should pass through the
axis of meshing =~ the instantaneous axis of rotation in the rela-
tive movement [1,4]. For our case, this axis is 0yzy—the common
generatrix of the axoids of the originating gear wheel and the gear
wheel being cut. From Figure 3, it is evident that the axis of
rotation of the originating wheel makes an angle with the axis of
meshing on the machine tool which is equal to 90° — ¥,. Therefore,
the axoid of the originating gear wheel is a cone, and, according
to the form of the axoid, the originating wheel is called beveled.

11
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The axis of meshing 0pzo in the system Xoar ¥
mined by the equations

nz!' “na2

Ya,=0;
Lsin X
LI (19)
Zp,
where xnz' Ynz’ an are the coordinates of the current point of the

axis of meshing Og2zy.

The normal to the originating surface (12), which intersects
the axis of meshing, is determined by the equations

X,,'—xnl - Y,,'--ynl Zz z
¢

—t = e, (20)

xn, un, 2,

Based on equations (12), (13), (19), we can use equation (20)
to find the following association between the parameters u;, 93,

Pai
litg — (ryclg ag 4 L sin y,) cos oy sin ({y — g2 4 o) —
— by sin (g — Ya)sinay + bacos 2y lg vpsin dy =0, (21

Having examined equations (8) and (12) together, we will de-
termine the line of contact (characterlistic) on the originating

surface.

In order to obtain the egquations of the surface of the teeth
of gear wheel 2 in the system X:, Y2, 22, wWe will make use of the
product of the matrices Mszsznz' which expresses the transition

¢ 2 to %2, Y2: z2 (Fig. 3),

from
xnz' ynz ny

oS PaCOS by, SINQa COSMysindy,  Lsinv,cospecosdy,

—sin qg cos &y, cosp, — singasindy, —Lsin yasingycosdy,

— 5in &y, 0 cos &y, Lsinyg
0 0 0 1

May My, =

(22)

Here, %2 is the angle of rotation of wheel 2 around the axis OgZo

with its meshing with the originating wheel, with

12

Z is deter-

/37



oS T3
P2 = f2 5 8

For a direct transition from xuz, yuz, z, to X2, Va2, 22,
2
one must make use of the product of the matrices Mzbzmbzn Mn uy
2 N2
the matrix anu was represented earlier by expression (11). After

transformations, we obtain

a® b P Lsinygal® 4 byl

(2 g8 (9} (2) (2}
Mnb,ﬁ'lb.n.Mn.u, = a-(,,” b=.' c;:,,’ Lsin Te a'i,,) +bica ' (23)
a® B o Lsinyeal® + becl®
0 0 0 1
where
af®) = cos (p cos dy,;
a{? == — sin gy cos 8y,

a® = —sindy,;

b = sin g cos (. — 2} -~ €05 2 Sin &y, SI1 (G — Pa);
b5 = cos py €os (G2 — Yx) — i o 5in 8, $in (g2 — Pa);
b = cos 8y, sin (q; — ¢k

o = — 5In ¢y 5in (g — s} -+ €OS Py 5in by, cOs (G — o)
A2 = — cos g sin (g — Ys) — Sin Py sin 3, €05 (a — Y);

i) == cos 8y, €0s (g — s

Based on equations (8), (23) and (21), the surface of the teeth

of wheel 2 is determined by the eguations:

Xy = g Ol oty — 13 €08 &y + L sinyy) af - uy sin 2, sin 0,687 + ] 138
+ (g 5In og cos B, 4- by) e,
Yy = {raclg 2y — Uy COS oty - L 8In 14) @ - w0 51N 2y sin Oy 68 -
+ (g 8in g €05 Oy - by) i
23 = (raclg dp — Uy cOS 0ty + Lsinta) af 4 uy sin ap sin 9,08 4
-} (14 8in &y cos Gy + ba) o
[ty — (ractg g + L sin vs) cos a] sin (b — gz + ¥s) + |
o+ bo [cos aa g 1o 5in Uy — sin agsin (qz — Pu)i = 0. )
Having used a similar means of derivation, the surface of the
teeth of wheel 1 will be represented by the following equations:

13
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% = (rclgay — iy cos oy — Lsinyy) af”  uysin oy sin 40" 4 ;
+ (u, sinay cos O, 4- &) ' ]
i == (ryolgay — iy cos oy — L sing,) ¥ - uy sin oy sin 0,087 i

+ (uy sin &, cos O, -+ by) cf';
2 = (ryclgay — tycosay — Lsinyy) al 4 uy sin a, sin 0,08 +
+ (uy sinay cos &, 4 b;) cf*;

[— ity + (ryclgoy — L sinyyycos 2] sin (B — g5 -+ ) 4-
+ by [cos oy tg yrsindy + sinay sin (g — ) = 0. )

Here
al? = cos g, cos dy,;

al! = sin @, cos 3y,

al! = sin 8,

59 = —-sin @y cos (g2 — ;) — 05 Py 510 By, Sin (g1 —- Yy);
B = cos @y €05 (g1 — 1) — sin ¢y sin dy, sin (g1 — 1by);
b = cos by, sin (g — P1);

e = sin @y sin (g, — ¥,) — cos §; sin 8, €08 (g — ¥,);
¢V = coS iy 51N (g1 — Wy) — Sin Py Sin 8, €08 {G; — Py);

i = cos s, €05 (g1 — Y1)s

cO5 T
P = Y1 55

5. Selection of Parameters of Cutting Heads and Adjustment Para-
meters of Machine Tool

The selection of the parameters of the cutting heads and pre- :
liminary adjustment of the machine tool obeys the condition that
the surfaces of the teeth of the gear wheels, with their contact
at the midpoint, should be conjugate, i.e., with the transmission
of rotation by the gear wheels, the instantaneous gear ratio will

be equal to the prescribed ratio.

For this purpose, it is necessary that both of the originating
surfaces and the surfaces of the teeth of the gear wheels contact
one another at the midpoint My (i=1,2) (Figs. 3 and 4), which re-
presents the point of intexrsection of the axes Onizni and Ogpzg.
The axis 0O¢zy coincides with the common generatrix of the initial
bevels of the beveled wheels, and with the absence of errors of /39

the wheels, becomes their axis of rotation in relative movement.

14
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Contact of the originating surface and the surface of the teeth
of the wheel being cut at the midpoint Mi may be achieved by using
adjustment of the generating chain of the machine tool. For this
purpose, the gear ratio of the generating chain should be determined
From the equation:

‘P‘r sin 6,

=T =y, (b2 A=12) (26)

What is more, if both of the originating surfaces contact one
another at the point Mi' then, as is not difficult to see, this
condition determines simultaneously that the surfaces of the teeth
of the gear wheecls will also contact one another at Mi'

For this purpose, it is necessary that the radius-vectors and
the unit vectors of the normals at the point M; are equal, i.e.,

rf]ﬂ.) o r(()ﬂu);

(27)

e‘i]ml = céﬂn' .

Utilizing equations (15), (l16) and (27) of the originating
surfaces and the unit vectors of the normals in the system x¢, Yo
zg, with q‘:i=0, we obtain:

{ry ctgoy — uycos %y — Lsiny,) cosy; + 4y sinaysiny; cos (4, —q,) + .
-} by sinry cos gy = (raclgaa — uacOs 2y + Lsinyy) cosyy -- K
— Uy Sin ay $in 2 €08 (B3 ~— ga) — By SN T2 €08 qo :
uysinay sin (U, — q1) — by singy = uysin xsin (b — o} —basingy, (28)
— (ry ctg ey — y cos &y — Lsiny,) sint, 4, sina; cosy, cos (¢ — q1) -
4- by cos 7y cos @y = (ractgay — uycos 2, 4 Lsinys) siny, +
-} Uy sint oty €OS T3 oS (s — ga) - by COS 74 COS Gy; J

sin ay cos 7y + cos &, sin 1, cos (¢ — q1) = sinx,c08 72 —
~— COS oty 5iN T oS (&g — Ga);

—sina; siny; 4 cosa; cos 1y (% — 1) = sine, sinye -

l‘

cos & sin ( — qy) = cos 2 sin (O — ga); } (29)

!
4~ cos az €0s 7z €08 (G2 — ga)- J

. . _ . —ano_ .
For the midpoint Miuimri/sa.nai, 9 90 B, +d, . After substi

tution of these values into equaticns (28), one may see that rg(pl)=
(pz2)
b)) .

Having substituted the above into equations (29), we obtain

o

15
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sl oy cos 1, — €03 aty SiN 1, 50 B, = sin x, cos 7, + cos a, sin T5in A
COS o3 COS 33 == COS &y cos 3.t (50)
SiN oy 310 12 — c0s oty COS Ty SiN By = — sin 1, sln v, 4 cos %, cos 7, sin B.

Contained in system (30) are four unknowns: a1, a2, B1 and Ba;

of the three equations of thig system, however, only two are inde-
pendent.

We will obtain the missing equations for determining the un-
knowns by utilizing the following conditions.

1. We will require that, at the midpoint, there will occur /40
simultaneous contact of the three originating surfaces: two prac-
tical, utilized for cutting of the gear wheels using decreasing
teeth, and one theoretical, utilized for cutting of wheels with d
teeth of equal height. For this purpose, proceeding from equations
(18} and (30), we will obtain

Sin &s COS 7 — €OS oty SiN 7y sinPy = sinay cos 71+ ) A
-+ cos ey sinyysinly =slna; L
i

COs oy oS fiz = €O &, tuS Py = cos & cos (31)

Sin ot sin 1, - cos ety cos 1o sinfa =
= —Sin&; sin7; - cos & cos Ty SiNf,y =cosocsinB.J

In system (21), of the six equations, four are independent.
After transformations, we will find the following four equations
for determining «;, oz, By and B2:

siney = cosy;sina sin g, cos xsin 3, (32)

cos a cos 3

cos iy = —~7 @,

(33)

Here and subsequently, the upper sign is related to the case ,
of cutting of the second wehel (i=2), and the lower sign — to the
case of the first wheel (i=l).

It is necessary to note that, with the given selection of the

parameters aj;, oz, B1 and Bz, the angle of meshing on the surface of

16 i
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the teeth of the wheel being cut at the midpeint will bue equal to
the nominal value of the angle of meshing, i.e., 20°,

2. The second possibility of representation of the missing
equations is based on the fact that the values of the angles «; and
o, are calculated according to the known approximate formula, used
in gear~cutting practice

m=a:|;ﬁ.’z-slnﬁ(lg'r=+tgm%‘£- (34)

The angles B; and B, after the determination of o v should be
calculated from the equations in (30). After transformations, we

obtain
__ sinag--sin2eo0s (Ye - T1) .
Sinpr = rmsmm T (35)
sin P = S8 (Wt T sz (36)

cos @z 5in (1: — 1)

We would note that, in this case, the angle of meshing at the

midpoint, strictly speaking, is no longer equal to 20°.

calculation of the remaining parameters of the cutting heads and
their setting is carried out according to the following formulas
(Figs. 3 and 4}:

r,:f,,:Fl:i-:FLs'm':;!ng: (37}
Lcos y, —rsin 3
ryeosf
by = _Iqu,_!' (39)

where r is the nominal radius of the cutting head; W is the set
of the blades.

In gear-cutting practice, the following approximate dependences /41

[3,2] have been utilized for the calculation of Bi before now:

17
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Bt =08 F 1 lgacosfl,
Br = B Farctg(tgacosPlg ).

The equations given in the present paragraph for determining
the parameters of the cutting heads and the data for adjusting the
machine tool are more precise than those presently used in gear-
cutting practice, namely:

a) in equation (38), the distance of the midpoint Mi from the
axis OJ.x . 1is taken as Lcosyi, rather than L, as had been used until

i Pi
now [2,3]; b) new dependences are obtained, which associate oy, a2z,
1 and Ba.

6., Determination of the Line of Meshing, the Working Lines on the

Surfaces of the Teeth, the Pogition Function and the Gear Ratio
of the Gear Wheels

During the solution of this problem, as indicated in paragraph
1, it is necessary to f£ind the equations of the surfaces of the teeth
of both gear wheels, and the projection of the unit vector of the
normals to the surfaces in the fixed system Xo, Yo, Zo-

For this purpose, it is necessary to make use of the product
of the matrices Mobamgzz, which expresses the transition from X,
Y2, Z2 to Xo, Yo, 2o¢ (Fig. 5).

cos 8y cos tp:_» —cosBasin g, —sind, 0
sin ga COS (a 0
sh16qcosm; — sindasin gy cosd,

0 0 0

Mup,Mag = (40)

—_0 o

For a direct transition from xuz, YU2' zu2 to X0, Yo, 29, One
Cq s , . *
should utilize the product of the matrices M°b2Mb22M2b2Mbgn2Mnguz'
The product of the matrices Mz, M M was represented earlier
b bang naua

by expression (23). After transformations, we obtain

18
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Mub'M ;;_'Mgb,ﬁ" bﬂ.l"’n'u' =
A(ﬂ Bl?l Cl?) Lsin,h._‘(‘.'l_’_bnciﬂ
- A(") Bﬂl) C('.'} L sin - m-l-f)ac-iﬂ
AR BE €O L sinyed 4 p00 |l (41)
0 0 0 |
where

A = cos 8; cos (1p. — ;) cos By, -+ sin 6y sin dy,;
AR = sin ((pe — o) cos By,
AR = sin 8, cos (s — a) €05 8y, —- c08 by sin &y,
B = cos 8, cos ((py — Pa) 5In By, 5in (92 — Vo) ~-
— ¢0s 8, 51 (s — pa) COS (g — ) ~— 51N &, c05 8, sin (g — Wa);
B wsin (ipg — y) sin 8y, 8in (2 — $1) = €OS (i — 1) €OS (g — W);

.
LN
38 ]

|

BIP = sin b, cos (g — @2) 510 85, 5In (g2 — o) —
— sin &, sin (rp-'_a — (pg) €OS (g — ) + €03 ;08 By, sin (gy = Pa);
CH = cos 8y cos (ipy — py) sIn 8y, cos (g — ) -+
- €05 8y 510 (1pg — ) SIN (gg = z) — sin 8, €05 B, COS (s — Pa);
C = sin (py — s) 5in 8y, €08 (e — V) — €OS (Pg — Py} 51N (g ~ WPa);
= sin 8, cos (p; — @z) 5in O, cos (gy — Yu) +-
-} 511 8, 8in ((pz — @2} 5i0 (g3 — Wa) + €05 8y COS By, €OS (g2 — Pa)s

Based on (8), (21), (41) and (10), (41), we obtain the equations

of the surface of the teeth of wheel 2,

. 2)
unit vector of the normal e.o( ) in the system Xo, Yo, 2o

and the projection of the

* = (ryelgay — uycos ay 4 Lsinys) A 4 wysin aysin 0,88 4
- (g 5in1 &t coS By -+ by) CI;

i = (ractg g — Uy c0S oty -+ Lsinys) AY + upsin ogsin 9,88 4

- (ug 5in dtg cOS Oy +- b2) CI; '

(42)

= (rpclg g — Uy cos g + Lsinyy) A + upsin o sin 8,85 +
-+ (1o 5in g cos & + ba) C;

[ty — (ractgag -+ L sinyg) cos ag) sin (@ — qa -+ ¥a) +
-} by [COS &ty tg vy sin Oy — sin 2, 8in (g2 — Pg)] = 0;

Zu

e? =sinoay AP 4 cosaysin B"’ + cos &, cos B,
= sineag A® 4 cos oy sin 8,85 4 cos oy cos 8.0 (43)
eﬁ':" = sin oy A 4 cos ey sin G,B;‘, D+ cosa cos B2, )



One may similarly determine the surface of the teeth and the
projection of the unit vector of the normal for wheel 1, which are
expressed by the equations

2 = (ry etgay — uy cosay — Lsiny) AP 4wy sinay sin 6,89 4 \
+ (1 sln &, cos @, -~ bl) cM
== (ry clg oy — tycO8 oy — Lsing,) A - uy sin o, sin 8,88 +
+ {1y sin &, cos 9, = by) CI,
2 = (ryelg @y — 1y cos &y — Lsiny) A 4 uy sin ay sin 0,85 4
o (g sln ey cos &, 4 b,) Cs
[=ty 4 (rretgoy — Lsiny) cos 2] sin{dy — g1 + ) +-
+ 0y [cos oy lg v sindy 4 sinzysin(g,— )] =0

(l!

(44)

and
et = sin o, A 4 cos &, sin 0,81 -+ cos x, cos #,C;
el = sin oy AN 4 cosa, sin 9,88 4 cos ¢, cos §,C; (45)
e = g5in o, ALY + cos oy sin 9, B +4- cos &, cos &,C4;
In these eguations 43
MY = cos 8, cos (py — py) cos by, + sin &y sin &y, 1’
AW = ——-sin((p'1 — 1py) cos dy,; 't
AN = —sin 6, cos (:p'l e 1y ) €08 Oy, - €0S 8 510 By,;
B!Y = — cos 8, cos {ip, — p,) sin &y, sin (g, — Wpy) - |
+ cos 8, sin { — 1) cos (g — W) -+ sin 8, cos &y, sin (g — P 1
B{= sin (@, — ;) sin &g, sin (g1 — 1) -+ cos (i — 1) cos (g1 — Pu); Y}

BV= sin 8, cos (g, — @) sin 8y, sin (g — Py) —

— sin 8, 5in {fpy — ) €os (gy — 1) + cos 3, cos By, sin (g, — W );
CM= — cos b, cof (¢, — @) sin by, cos (g, — y) —

— cos &, sin (ip, — tpy) sin (g — 1) -+ sin 8, cas 8y, cos (g, -— P1);
Ci== sin (gy — ) sin 8, cos (gy — Y1) — cos (g1 — @u) sin (g — hr);
L= sin §, cos (i, — @1) sin &y, cos (¢ — ) +

-+ sin 8, $in (@ — @1} sin (g — 1) + cos &, cos By, cos (g; — ).

In order to determine the point of contact of the surfaces of
both wheels, it is necessary to make use of the system of equations

;

Y

1 a), L

x((J) = x((l ’1 ] y

2} 3

i =yl '

A = 2 {

20 ;
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1 2,
e = o

(1) (2,
Qy, = Oy,  (46)

o) = o

[—ty - (ryctgay — Lsiny) cos 2] sin (0 — gy 4+ ) +
+ 0y [cosay tgrysin &, = sineysin{g, — )] = 0;
[y — (roctg ay - Lsiny,) cos 2a] sin (O — qg + ) -
+ Uy [cos &g g 1asin Oy — sin ey sin (s — Pq)) = 0.

From analytic geometry (5), it is common knowledge that the
coefficients of formulas of transformation of rectangular coordinates
are associated by the following equations:

LAV 1AL + 1402 = 1
(B + 1B + (B P = 1; (47)
ICP 4 1C7 + (CEF = 1,

AmBm-kAmBmﬁ-AmBm——Ol
Bmclﬂ_i_ B[ﬂc + BUJcU) } (48)
A+ P4 1 ¢ =0 |

or 44
(AP 4 (B 4 1C = | .
AL 4 1B 4 1P == 1 (49)
(AP 4 1B 4 1€ = 1
AL A + BB 4 clCi = 0; (50)
AP AY + BB - CCY = 0.
In these equations, i=1,2.
From equations (46), it is evident that
(RO - (0] =k (2] = [ 4 (5P -+ [2P) (B1y
and
e-ftlalx((’l) + e&)yéﬂ - e(::)z(()l) = gﬁ)x‘(;-') + gﬁly[{)’.‘) -} gii;)z((]ﬁ)_ (52)

By substituting expressions (42), (44) into (51), expressions
(42}, (43), (44), (45) into (52), and taking dependences (47), (48)
into account, after transformations, we obtain

21

1

f

N



Bt b oadi e & o Pl D - . W -

(riclgoy — tycosoy — Lsing)® 4 (uysin ay sin ®y)? 4 (uy sln g cos Oy + &y)° =
e (rgclp @y — uycos oy - Lsin1g)® 4 (aslnog sin 0y)° 4

- (t13 810 a1y €05 Oy + bg)?; (63y
sine; (ryclga; —Lsiny;) -t cos e, cos @) =
e= 5in &y (raclg oz - Lsiny,) + dycosaycos &y, (64)

In order to determine the parameterxs u,, ®i, oi, uz, %2, Va2,
P4, utilizing dependences (53), (54) and (39), we will obtain the
following system of equations:

[—ty 4 (ryelgay — Lsinyy) cos ) sin (& — gy 4 1} + )

- by [cos oy tg 1y sin € - sin ey sin{gy — ) = 0; (a)
siney (ryelgay —Lsiny,) 4 b cosa,cosdy =
© = sindg (raolg oy 4 Lsiny,) + bacos ag cos Oy {1y

{rictga, — 1y cos oy — Lsing,)® - (i, sin ey sin &,)2 -
+ (#ysine; cosdy + 6;) = (roctg ay — uycosay + Lsin 1y)? -

-+ (1t 510 atg sin 0g)? 4 {12y sin 24 COS Oy -+ by)%; @)
ltg = (roctg oy - L sin7g) cos 2] sin (03 — qo 4 2) -+
=+ b3 lcos &g 1g 1o 5in Oy — sin 2, 5in (ga — )] = 0; @14 (55)
stn o A - cos &, sin 4,84 +- cos 2, cos $,CM =
= sin ey A o+ cos &, sin G, B° - cos &y cos $,C0; (o)
sin o A" + cos &, sin 0,85 - cos a, cos $,CH =
= sin @y AP - cos aysin §,85 + cos ay cos #,C57; ®

(rictgay —uycos oy —Lsiny) AY -+ uysine, sin 9,8 +
o (ny sin &, cos &y 4 by) CIF = (raclg @y — 125 005 &5 -+
+ Lsinya) AR -+ ua sinagsin 0,85 4 (uasina, cos 9, 4+ 6,) CF, (g) )

where y; is a fixed parameter, and u;, ¢1, (f1-9i), vz, 92, Y2 and
(p2-®4) are the desired parameters.,

The system of equations (55) is nonlinear, and it is necessary /45
to utilize the method of sequential approximations for its solu-
tion. With a fixed value of ¢, prescribing the value of ®¢,, we will
find u; and %, from equations (55a) and (55b), and then, knowing the
values of uy, 71 and 0¢;, we will determine u: from (55¢); by sub-
stituting uz, ¥, into equation (55d), we will obtain ¢, Knowing
1, ¢1, W and y,, and solving (55e) and (55f) together, we will
find (®{-%y) and (¢i~®,). If, with a fixed value of y,;, the obtained
magnitudés of uy, %1, ®{, uz, B2, P2, 14 do not satisfy the calcu-
lation process set forth above, then values of u:, t1, ¢i, vz, %2, V2,

22



T4, which satisfy the system of equations in (55), will not yet be
found.

By substituting the obtained values into equations {44) ., (24)
and (25), we will find the coordinates of the point of the line ot
meshing, and the point of contact on the su: faces of the teeth of
wheels 1 and 2.

By utiiizing the obtained data of %1 and ¥} , one may compile
the position function cf the wherls: #4=£(%|) in tabular form.
Their instantaneous gear ratio may be determined by two means:

a) differentiation of the pogition function; b) determination of
the position of the instantaneous axis of rotation of the gear
wheels. In the latter case, by utilizing the coordinates of the
point of contact of the surfaces of the teeth in the fixed system
S (coordinates of the point of the meshing line) and the projection
of the unit vector of the normal at :his very same point, it is
necessary, by extending the normal, to determine the point M of
intersection of the normal with the plane of the axes of the gear
wheels., frhe line O¢M, where O¢ is the point of intersection of
the axes of the wheels, is the instantaneous axis of rotation of
the wheels in relative movement.

7. Calculation Example

Examined herein is the case of cutting of gear wheels with a
gear yratio i;,=1, in which, as 1s common knowledge, the area of
contact has a sharply-pronounced diagonal nature. The direction
of the teeth on wheel 1 is to the right, and on wheel 2 — to the
left; the number of teeth 2:=2,=20, the face modulus ms=10 mm, the
nominal value of B8=35°, the angle of meshing o=20°, and the width of
the ring B=40 mm. The nominal radius of the cutting head ru=152.4
mm, and the set of the blades W=1.524 mm. The method of cutting of
the teeth is one-sided.

Utilizing geometric calculation of the ENIMS system (2], and
the calculation formulas for adjustment of the machine tool, set
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forth in soction 5, we will obtain the following values of the
parameters of meshing of the gear wheels, the cutting heads and
the adjustment of the machine tool:

Avoragoe goneratrix L, mm , . . .

Anglo
Shank
Angle
Blado
Anglo

Gear ratio of generating chain i

of initial bovcl 64 dcgroos
angle v, degrees. . . « 4+ .
of inner bevel §p,;, degrees.
angle a4, dogroos. s e e
of spiral in referonce plane

31:
Goneratlng radius vy, nm . . . . . . .
Angular sotting qi, mm . . . + . « . .
Radial setting by, mm. , + . . + + &+ .

pik’

[

*

Wheel 1 Whee! 2
120,4214  121,4214
4 45
4,125308  4,125308
40,87469  40,87400
14,02072  22,37028
36,24503  33,78168
155,0378 148,0431
77,05435 72,50271
120,021  120,0173
0,7080436  0,7080430

With the utilization of the system of equations in (55), the
following results are obtained.

Angle of rotation y; of originating wheel Py, °
Parameters of originating surface E?:

$i, degrees. . v v . 0 0 b 4

u

1; MM ¢« o ¢ o 2 v & » .

Parameters of originating surfnce El
ﬁ’l dengGSO . L) LI ] . . » . .

Uz, mm . « « .
Angle of rotation Y2
Angle of rotation |
Angle of rotation g
Coordinates of point

XD o 0 o 0 0 a0

51)
o
Coordinates of point

teeth of wheel 1
X1.......

ylo'litol

Z1 v v e . .
Coorﬁlnate of oint
teeth of w s mm:

X2 + 4 +

y2 T I

Zz L T I ]

, mm:

) LI ] * L] )

of orlglnatlng wheel Pz,

of wheel 1, degrees .
of wheel 2, degrees .
of weshing line, mm;

surface

.« * LI ] [ .

. . LI ] LI . L) LI

surface

L | ) . . . L] [ s = L]
. » - - » - [] L] L] L] L]

+ LI I ) . [) » . L] . )

Presented in Figure 7,a is the

L3

80,5 85,80

80,6 85,86
4,2 0,00
Ba,d1 86,80

-5 0 45
143,50 130,81 128,25
517,24 514,88 512,45
151,20 128,72 120,16
30221 388,08 985,08
—5,05 0 5,014
—7,35 0 —
7,28 0 -
206 000 2.7
—6,1 0,00 6,8
16,4 21,42 126,2
84,2 —85,80 -

A7 0,00 -

1

projection of the working line

of the surface of the teeth of wheel 1 on the plane X10421, and in

Figure 7,b — the projection of the working line of the surface of

the teeth of wheel 2 on the plane x20022.
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Fig. 7. Projections of working lines of surfaces
of teeth of gear wheels

The enumerated calculations and constructions (Fig. 7} indi-
cate that, with the recommended method of calculation of the para-
meters of the cutting heads and the adjustment of the machine tool,
the working lines pass through the designated midpoints of the sur-
faces of the teeth, but the contact area has a diagonal form, while /47
the gear ratio of the wheels is not constant. The indicated de-
fects may be decreased by correction of the adjustment of the
machine tool, but this should be the subject of a special study.
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