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Abstract 

A one-way wave equatIOn IS a partIal dIfferentIal equatIOn whICh, In some apprOXI­

mate sense, behaves hke the wave equatIon In one dIrectIOn but permIts no propagatIOn 

In the OppOSIte one The constructIOn of such equations can be reduced to the apprOXI­

matIOn of ~ on [-1, 1] by a ratIOnal function r (8) = Pm (8 )/ qn (8) ThIS paper 

charactenzes those ratIOnal functIOns r for whICh the corresponding one-way wave 

equatIOn IS well-posed, both as a partIal dIfferential equatIOn and as an absorbIng boun­

dary condItIOn for the wave equation We find that If r (8) Interpolates ~ at 

suffICIently many POInts In (-1, 1), then well-posedness IS assured It follows that absorb­

Ing boundary condItIOns based on Pade apprOXImatIOn are well-posed If and only If 

(m , n) hes In one of two dIstInCt dIagonals III the Pade table, the two proposed by 

EngqUist and MaJda Analogous results also hold for one-way wave equatIOns denved 

from Chebyshev or least-squares apprOXImatIOn 
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1. Introduction 

The wave equatIOn 

(1 1) 

admits plane wave solutIOns 

u(x, y, t) = e ' (rtHz+'1Y) (1 2) 

for any e, '17, T E R that satisfy the disperSIOn relatIOn 

(13) 

In the (e, '17) plane, the curves of constant T determmed by this equatIOn are concentrIC 

Circles The phase and group velocities of (1 2) are IdentICal and equal to 

v = (vz , vy ) = (_f, _.!l..) = (cosO, smO), 
T T 

o E [0,211"] (14) 

Thus for each frequency T, (1 1) admits plane waves traveling With speed 1 m all direc­

tIOns 

In certam apphcatlons, what IS Ideally wanted IS a one-way wave equatwn or parax­

zal equatIOn that admIts only half of these solutions in thIS paper, all those WIth Vz < 0, 

leO E [;, 3;] ThiS Idea has been mtroduced over the years m varIOUS fields, and some 

early references are given m the AppendIX to [Ta77] In the past decade and a half, 

one-way wave equatIOns have come mto heavy use m three areas First, they were mtro­

duced by Claerbout m 1970 for geophysical migration of seismiC waves, III whICh the 

aim IS to construct Images of geological formatIOns underground by downward 
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extrapolatIOn of sound wave reflectIOn data measured at the surface [7J For subsequent 

developments see [4,8,25J and recent volumes of Geophyszcs Second, they were intro­

duced mdepedently by Tappert m 1977 for underwater acoustics calculatIOns, where 

the sImulatIon of waves m the ocean can be speeded up greatly by assummg one-way 

lateral propagation away from the source [26J Further developments in thIS area are 

descnbed In [22,24J, the last of whIch contaIns many references, and In recent volumes of 

the Journal of the Acoustzcal Soczety of America FInally, one-way wave equatIOns were 

proposed agam mdependently by EngqUIst and MaJda m 1977 [10,11], In extensIon of 

earher Ideas of Lmdman [23], for apphcatIOn as approXImate absorbing boundary 

conditions m numencal computatIOns where artificIal boundanes must be mtroduced to 

hmit a computatIOnal domam For subsequent developments of thIS and related Ideas, 

see [3,9,18J and recent volumes of the Journal of Computational Physzcs. 

SolVIng for e In (1 3), we get 

(15) 

where V denotes the standard branch of the square root By (1 4), the plus and mmus 

SIgns correspond to leftgomg and righ tgomg waves, respectively 

e = + T VI - TJ2/ 11- ~ Vz < 0, 

e = - T VI - TJ2/11- ~ Vz > 0 

(16a) 

(16b) 

Consequently the Ideal one-way equatIOn would be an equatIOn WIth dIspersIon relatIOn 

(1 6a), or equivalently, 

e=T~, s = !L = - smO. 
T 

IDEAL OWWE (1 7) 

In the (e, TJ) plane, the curves of constant T determIned by thIS equatIOn are concentnc 

semICIrcles SInce ~ IS not ratIOnal, however, (1 7) IS not the dIspersIOn relatIOn of 

a partIal differentIal equatIOn, but of an equation contaInmg a pseudodifferentIal opera­

tor Such an operator IS not local m space or time, and cannot readIly be implemented 

numencally, especially when the problem IS generalIzed to allow vanable coeffICIents. 

To construct practIcal one-way wave equations, therefore, we wIll apprOXImate (1 7) 

WIth the aId of a functIOn 

Pm (s) 
r(s) = () , 

qn S 
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where Pm and qn are real polynomials of exact degrees m > 0 and n > 0 wIth no com­

mon zeros We say that r IS a ratIonal functIOn of exact type (m, n) The aIm IS for 

r(s) to be a good approxImatIOn to ~ on [-1, 11. From any such approxImation, 

we wIll denve a corresponding partIal dIfferentIal equatIOn by replacmg (1 7) by the 

dIspersIOn relatIOn 

s=!L = -smO 
r 

APPROXIMATE 0 W W E (18) 

For example, suppose r IS the Taylor approxImant r(s) = 1 - ~ S 2 Substitutmg thIS 

for ~ m (1 7) gIves 

1 fl2 e = r(l- "27)' 

or eqUIvalently 

whIch IS the dISpersion relatIOn of 

ThIS is the ongmal one-way wave equatIon, now classical, and IS called the parabol'c 

equatton In the general case (18), we multIply both SIdes by .rnax{m-l,n} qn(fI/r) to clear 

denommators, and get 

d = max{m,n +1} (1 9) 

ThIS equatIon has the form 

p(e, fI, r) = 0, degree (P) = d, (110) 

where P IS a homogeneous polynomIal wIth real coeffIcients In three variables Thus It 

IS the dIspersIOn relatIOn or symbol of a homogeneous partial dIfferentIal equation of 

order d m x, y, t 

The most usual method for obtammg r IS by Pade approximatIOn [10,111 (Our 

example above IS the Pade approxImant of type (2,0).) The dISadvantage of Pade 

approximants IS that although they are very accurate for s ~ 0, they are Inaccurate near 

the sIngulanties at s = ±1, and as a result, the correspondIng one-way wave equatIOns 

behave poorly for 0 ~ ;, 3; Therefore It IS temptIng to consIder alternative choices of 
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r Two reasonable candIdates that we treat here are Chebyshev (L (0) approx~matzon 

and least-squares (L 2) apprOXImatIOn (CertaIn least-squares approxImations for one­

way wave equations have been Investigated prevIously [2,23,29] ) There are many other 

possIbIhtIes too, such as Chebyshev-Pade apprOXImatIOn [12], and we hope to compare 

the practIcal merIts of varIOUS approxImatIOn schemes m a later work 

The purpose of thIs paper IS to InVestIgate the well-posedness of one-way wave 

equatIOns Dependmg on the applIcatIOn, varIOUS well-posedness questIOns arISe, of 

whIch we wIll conSIder two 

Initial value problem (IVP). A one-way wave equatIOn could be applIed as a 

partIal dIfferentIal equatIOn In the domaIn t > 0, X, Y E R, subject to InItial data at 

t = 0 Well-posedness refers to the eXIstence of a UnIque solutIOn whose norm at t = to 

can be estimated m terms of the InItIal data. 

Initial boundary value problem (mvp). In absorbing boundary condItion 

apphcatIOns, the domam is x, t > 0, y E R, and the one-way wave equatIOn IS applIed 

as a boundary condItion along X = 0 for (11) Well-posedness IS now the eXIstence of a 

UnIque solutIOn whose norm at t = to and along X = 0 can be estImated m terms of the 

InItIal data 

Our mam result IS that for most methods of approxImatIOn of v'l"'=?, problems 

IVP and IBVP are well-posed If and only If (m, n) lIes m one of three dIagonals of the 

table of approximants, or two In the case of even approxlmants Our method consIsts of 

reducmg each well-posedness questIOn to algebraic CrIterIa mvolvmg the function r, 

whose relatIOnshIps to each other are studied systematically Here IS an IntUitive expla­

natIOn of why the result comes out so sImply even for the relatIvely comphcated problem 

IBVP an absorbIng boundary conditIOn permIts wave propagatIOn m one dIrectIon, 

whIle Ill-posedness amounts to the possIbIhty of propagatIon m the other Thus absorp­

tIOn and well-posedness are naturally related 

Analogous three-diagonal results have been obtamed preVIOusly for other problems 

In the numerIcal solutIOn of ordInary dIfferentIal equatIOns, the Ehle conjecture, proved 

by Wanner, Halrer, and N¢rsett [30], asserts that a certam class of dIscrete apprOXIma­

tIOns IS stable m preCISely three diagonals More recently, Iserles and Strang have esta­

bhshed a three-dIagonal stabIhty result for dIscrete apprOXImatIOns to hyperbolIc partIal 

differen tial equatIons [17] The connectlOns between these results and ours are at present 

not understood 

Well-posedness results for one-way wave equatIOns have been proved preVIously m 

[1,2,9,11,29,31], and elsewhere In partIcular, EngqUist and MaJda showed m [11] that 
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Pade approximatIOn leads to a well-posed problem IBVP for all m = nand m = n+2, 

but an ill-posed one in case (4,0) Thus another way to summarize our results is as fol­

lows we show that the boundary conditions proposed by Engquist and MaJda are the 

only Pade absorbing boundary condItions that are well-posed, and we extend an analo­

gous conclusion to other classes of approxImatIOns and to imtial value problems 

Two tOPICS must be mentIOned that are not discussed In this paper First, we do 

not consIder the well-posedness of one-way wave equatIOns as evolution equations In x 

rather than t, although thIS IS theIr most common use In geophysICS and underwater 

acoustICS Second, nothIng is saId here about dIScrete approximatIons to one-way wave 

equations, whIch may be unstable even when the differentIal equation IS well-posed We 

hope to repair these omISSIons In the future. 
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2. Statement of results and outline of the paper 

Our results can be summarized as follows Throughout, problems IVP and IBVP 

are based on the one-way wave equatIOn derIved by (1 8) from an arbItrary real ratIOnal 

functIOn r of exact type (m, n) WIth r (0) =F 0,00 Also, the mteger Xmn IS defined by 

{ 
0 If m+n is odd, 

Xmn = 1 If m+n IS even (2 1) 

Theorem 1. Problem IVP as well-posed if and only af the zeros and poles of ~ 
8 

are real and simple and interlace along the real axas 

Theorem 2. Problem IBVP as well-posed af and only If the zeros and poles of '(8) 
8 

are real and sample and mterlace along the real axts, and furthermore r (s ) > 0 for 

s E [-1, 1] 

These results Imply 

Corollary 1. Problems IVP and IBVP can be well-posed only if n < m < n+2 

Corollary 2. IBVP well-posed =? IVP well-posed. 

Corollary 1 has the followmg converse' 

Theorem 3. If n < m < n+2, and If r (s) interpolates ~ at m+n +1+Xmn 

points in (-1, 1), counted wath muitipitclty, then problems IVP and IBVP are well-posed 

The approximants one might conSIder m practIce usually satisfy thIS mterpolation condi­

tIOn In particular, thIS is true of Pade, Chebyshev, and least-squares approximants 

(The least-squares approximants m questIon are reqUIred to be even, for as we wIll 

explain, the SItuatIOn becomes more complIcated otherWISe) ThIS Implies finally 

Theorem 4. The Pade, Chebyshev, and least-squares famtlaes of one-way wave 

equatzons yzeld well-posed problems IVP and IBVP in prectsely two dastmct diagonals of 

the tables of approximants, namely m = nand m = n+2 
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A remark should be made about odd values of m and n Usually, as In Theorem 

4, r IS an even function, and the resultIng one-way wave equatIOn IS symmetric about 

0=1[' In thIS event m and n are even, so the case m = n+l of Theorem 3 does not 

occur But there are also apphcatIOns in whIch one wants a one-way wave equatlOn 

tuned asymmetrIcally to be accurate near some angle 00 =F 1[', and here, m or n may be 

odd We have therefore consIdered It Important to derive results for arbItrary m and n 

rather than assume these numbers are even 

Here IS an outhne of the remaInder of the paper Section 3 15 devoted to InVestIgat­

Ing certaIn purely algebraIc properties of r that constItute the heart of our argument 

First, Lemma 1 estabhshes three eqUIvalent statements to the Interlace condItIOn of 

Theorem 1, assumIng r (0) > 0 Thus a fuller assertIOn than Theorem 1 would be that 

problem IVP IS well-posed If and only If r or -r satlSfies the condItIOns of Lemma 1 

Next, Lemma 2 estabhshes three eqUIvalent statements to the condItIon of Theorem 2, 

problem IBVP IS well-posed If and only If r satisfies the condItIOns of Lemma 2 One of 

these IS an InterpolatIOn conditlOn from whIch Theorem 3 WIll follow FInally, Lemma 3 

shows that a ratlOnal functIOn r can Interpolate ~ In at most m+n +1+Xmn 

POInts In the plane ThlS conclUSIOn has been used already In the proof of Lemma 2, and 

wIll be apphed again later to establlSh nondegeneracy of Pade and Chebyshev apprOXI­

mants Because of It, Theorem 3 would be unchanged If It read at least m+n +1+Xmn 

POInts of InterpolatlOn 

Section 4 treats well-posedness of problem IVP by redUCIng It to one of the alge­

braIC condItIons of Lemma 1 ThIS proves Theorem 1 

SectlOn 5 treats well-posedness of problem IBVP by redUCIng It to one of the condI­

tlOns of Lemma 2 This proves Theorems 2 and 3. 

Finally, Section 6 shows that various famihes of even approximants to ~, 
IncludIng Pade, Chebyshev, and least-squares, satlSfy the Interpolation conditlOn of 

Theorem 3 Together WIth Corollary 1, thlS proves Theorem 4 
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3. Lemmas on the rational function r 

Our first lemma identIfies a class of functions that decrease monotomcally along R 

except for sImple poles Parts of this result have appeared elsewhere, for example m 

[1,2,311 

Lemma 1. Let r be a real rahonal functIon of exact type (m, n) with 

r (0) ~ 0,00 The folio wang condztions are equivalent 

(a) If s as finite wzth 1m s > 0, then ~ IS finite wIth 1m ~ < 0 
s s 

(b) r (0) > 0, and the zeros and poles of ~ an C are real and szmple and anter­
s 

lace along the real axis 

(c) ~ can be wntten an the form 
s 

r (s \ n +1 bl: 
.:...J.::....L. = a - bos + E--

s 1:=ls-sl: 
(31) 

for some a , bl:, sl: E R, where s 1 < s 2 < < sn +1, b 0 > 0, and bl: > 0 for k > 1 

Proof (a) =9 (b) We wIll show that If any of the four assertions of conditIOn (b) 

falls, then (a) cannot hold FIrst, If r (0) < 0, then r (s )/s behaves hke a posItive multI­

ple of -1/s near S = 0, and necessanly maps If into the upper half plane for small 

enough f Second, if r (s )/ S has a zero or pole So E C - R, we can assume 1m so> 0 by 

symmetry, and r (s )/s must take values near So in both the upper and lower half­

planes Thud, If r (s )/s has a multIple zero or pole So E R, then r (s )/s must take 

values m both half-planes for s in a one-SIded neIghborhood of So with 1m s > 0 

Fmally, suppose the zeros and poles are real and SImple but do not interlace -- there are 

two zeros Sll s 2 E R with no pole in-between, or the reverse. Then r (s )/ s has a local 

maximum or mmlmum (7 at some pomt s* E (s 11 s 2), so r (s )/ s - (7 has a multIple zero at 

s*, and thIS is inconSIStent with (a) as before. 

(b) =9 (c) Condition (b) Imphes that r (s )/s has exactly n+l SImple poles and 

n+2 simple zeros, hence order at most 0 (s) at s = 00 Therefore ItS partIal fraction 

decomposition has the form (3 1) for some a, bl:, sl: E R with SI < < sn +1 and 

wIth bl: ~ 0 for k > 1, and If ko IS the index wIth sl:o= 0, then bl: o = r (0) > 0 Now If 

bl: < 0 for some k > 1, there must be a paIr bl:, bl:+1 WIth bl: bl:+1 < 0 But m thIS 

event there are an even number of zeros between Sl: and sl:+1 , contradIcting the inter­

lace condltlon On the other hand if bl: > 0 for all k > 1 but b 0 < 0, then r (s )/ s has 
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constant sign and IS therefore nonzero on (-00, SI) and (sn+1' 00) It follows that If the 

Interlace condItIon holds, r (s )/ s has only n real zeros out of n+2 zeros altogether, 

whICh Imphes the existence of a conjugate paIr of zeros off the real axIS, contradIctIng 

(b) 

(c) ~ (a). Tnvlal I 

The conditIOns of Lemma 1 are enough to ensure that r (s) does not mterpolate 

-~ in the upper half-plane or at s = 0 For well-posedness of problem IBVP, thIS 

WIll have to be strengthened to exclude interpolation throughout [-1, 1] In what fol­

lows, ~ denotes the branch of the square root defined by branch cuts (-00, -1] and 

[1,00) that takes the value 1 at s = o. 

Lemma 2. Let r be a real ratIonal functzon of exact type (m, n) WIth 

r (0) =r 0,00 The followmg condItions are eqUIvalent: 

(d) r satisfies the condItIons of Lemma 1, and moreover r (s) > 0 for s E [-1, 1] 

(e) r (s) = -~ has no solutions me - (-00, -1) - (1,00). 

(f) n < m < n+2, and r (s) = +~ has m +n +l+Xmn solutIOns in 

C - (-00, -1]- [1, 00), counted WIth multIpliCIty 

Proof. (d) ~ (e). For Ims > 0, we have Im[-.!.~] > 0, whIle by condItIOn 
s 

(a) of Lemma 1, 1m ~ < 0 Therefore r (s) = -~ has no solutIOns in the 
s 

upper half-plane, or by symmetry, in the lower half-plane. On [-1, 1] It cannot have any 

solutions either, SInce -~ < 0 < r (s) by assumptIOn. 

(e) ~ (J) Squanng r (s) = ±~ yields the polynomial equatIOn 

(32) 

which has exact degree 2d = 2max{m, n +1}, hence has 2d solutIons counted with mul­

tlphcity, whIch can only he In C - (-00, -1]- [1, 00) smce (e) prohibits solutions at 

s = ±1 Each of these IS a solutIOn of r (s) = ~ or of r (s) = -~, but not 

both, so If (e) holds, there must be 2d solutIOns of the latter equation. Since 

2 max{m, n +1} > m +n +1+Xmn, WIth equahty If and only If n < m < n+2, condItion 

(f) now follows from Lemma 3, below 
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(f) =9 (d). CondItIOn (f) can hold only if the estImates are sharp m the proof of 

Lemma 3, below, and thIS imphes the interlace property (b) of Lemma 1; we omIt the 

detaIls. Moreover, r (s) must be posItIve on [-1,1], for otherwIse r (s) =-~ 
would have a SolutIon there, and for n < m < n +2, this would put the total number of 

solutIOns of (3 2) above the hmIt 2max{m, n+l} I 

FInally, Lemma 3, whose proof we have just appealed to, hmIts the number of 

tImes r (s) can interpolate ~ m the plane. The folloWIng argument is based on 

Ideas suggested to us by Peter Borwem of DalhousIe UnIVersIty. See also Lemma 4 1 of 

[17], where Rolle's theorem 18 used to hmit the number of InterpolatIOn points on an 

mterval Aneh Iserles has further indIcated to us that an alternatIve proof of Lemma 3 

can be based on order stars [17,30] 

Lemma 3. Let r be a real ratIOnal functIOn of exact type (m, n), and let L be the 

number of solutions of r (s) = ~ In C - (-00, -1) - (1,00), counted wzth multzph­

czty Then 

L < m+n+l+Xmn' (33) 

Proof If there is a solutIOn at s = ±1, Its multIphCIty IS defined to be I, SInce 

r (s) cannot match the mfinite denvative there But we can dIspose of thIS possIbIhty 

by consIdenng a new ratIOnal functIOn rf(s) = r (s +c::) or rf(s) = r (s +c::s), dependmg 

on the sIgns of r (s) near the endpomts of [-I, 1] For c:: suffICIently small and of 

appropnate sign, r f = ~ wIll also have L solutions, all of them in the open regIOn 

C - (-00, -1]- [1,00). So without loss of generahty, we can assume r (±1) =F 0 

The number L IS the number of zeros of 

¢>( s ) = Pm (s ) -~ qn (s ) 

m C - (-00, -1]- [1, 00) For suffICIently large R, these must all he m the regIOn shown 

m FIgure 1 Therefore ¢> has wmdmg number L along the boundary a-f3-'Y-;:;-f3-C; ThIS 

Imphes that Im¢>(s) and Re¢>(s) must each have at least 2L zeros interlacmg on this 

boundary In what follows we assume m > n+l, and bound the number of zeros of 

Im¢>(s), for m < n+l, one proceeds analogously by boundmg the number of zeros of 

Re ¢>(s ) 
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Figure 1. Contour for counting zeros of r (s) -~ 

On /3, ¢>(s) behaves approximately hke Asm- IBsn+l, where A and B are the lead­

ing coeffIcIents of P and q, respectIvely Therefore 1m ¢>( s ) has at most m + X mn zeros 

on /3, where the Xmn results from the fact that If m and n are both even or both odd, 

the lower-order term iBsn+l may brmg about one extra crossmg of the real axis On ~ 

the count IS the same On a, "I, ;:y, and Q, we have Re ¢>( s ) = Pm (s) and 

1m ¢>( s ) = -I ~ qn (s ), and therefore 1m ¢>( s ) has at most 2n+2 zeros on these con­

tours, mcludmg those at s = ±1 Addmg these bounds together gives 

2L < 2m + 2Xmn + 2n + 2, 

whIch reduces to (3 3). I 
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4. Well-posedness of problem IVP 

Let r be a real rational functIon of exact type (m, n), and consIder the 

corresponding homogeneous partIal dIfferentIal equation of degree d= max {m, n+l} 

obtaIned from (1 8)-(1.10). Throughout this sectIon, we assume r (0) =r 0,00, whIch IS no 

restrIction In practIce sInce ~ = 1 at s = 0 By (19), the conditIOn r (0) =r 0 

amounts to the assumptIOn that the coeffIcient of ~ m p(e, '1'/, T) does not vanISh, so 

that t = 0 is not a characteristic surface for the differential equation Here IS the stan­

dard result on well-posedness 

Well-posedness criterion. Problem IVP ,s well-posed 'f and only 2f P (e, '1'/, T) = 0 

has no solutions w,th e, T/ E R and 1m T < 0 

A partial dIfferentIal equatIon that satIsfies thIS condition IS saId to be hyperbolac 

For a preCISe defimtion of well-posedness and a derIvatIOn of thIS crIterIon, whIch IS 

due originally to Girding, see SectIOn 52(b) of [19] or SectIOns 12.3-125 of [15] The 

essential idea IS Fourier analysIS For suppose Problem IVP admIts as a solutIOn a mode 

(12) wIth e, T/ E R and 1m T < 0 By homogeneIty, for any a> 0 there IS another solu­

tion wIth parameters (ae, aT/, aT) that grows at the rate e at 11m T I, and as a can be arbI­

trarIly large, the growth up to a fixed tIme to cannot be bounded 

Here IS the proof of Theorem 1 

Theorem 1. Problem IVP ,s well-posed if and only if the zeros and poles of M 
8 

are real and simple and mterlace along the real axis. 

Proof Smce the zeros of P (e, T/, .) are contmuous functions of T/, In the well­

posedness CrIterIon It IS enough to look for normal modes WIth T/ =r 0 By (1 9) and 

(110), SInce Pm and qn have no common zeros, an eqUIvalent well-posedness criterion In 

therefore that if e E Rand T/ E R - {O}, then 

T Pm (T/IT) e 
T/ qn (T/IT) =-:;; 

has no SolutIons WIth 1m T < 0 -- or WIth 1m T> 0, SInce the solutIOns come in conjugate 

paIrs ThIS IS further eqUIvalent to the statement that if MER for some 
8 

sEC - {O}, then s E R Con trapositively, If sEC - R, then ME C - R Since 
8 

r(8) IS a contmuous functIOn of s away from poles, thIS IS equivalent to the statement 
8 
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that M maps the upper half plane either into Itself or into the lower half plane That 
8 

is, either r or -r satISfies condition (a) of Lemma 1 By that lemma, this is the same a 

saying that either r or -r satIsfies condition (b), which IS the assertion of Theorem 1 I 

As mentioned earher, we have actually proved a stronger result: problem IVP IS 

well-posed If and only If r or -r satISfies any of the conditions of Lemma 1 

5. Well-posedness of problem IDVP 

Again let r be a real ratIOnal function of exact type (m, n), and consider now the 

use of the correspondmg one-way wave equatIOn as a boundary condition at x = 0 for 

the wave equation (11) m the domain x> 0, y E R For simphcity we continue to 

assume r (0) =r 0, 00, as m the last sectIOn .. To determme well-posedness, we turn to the 

theory publIShed by KreISS in 1970 [20], speciahzed for the wave equation m the in tenor, 

and obtam: 

Well-posedness criterion. Problem lBVP ,s well-posed 'I and only il 
p(e, 1], T) = 0 and (19) have no mutual solutwns (e, 1], T) =r (0, 0, 0) w,th 1] E R, 

1m T < 0, and wath e belongmg to the branch (1.6b). 

Smce T and e are now complex, we have to be careful about what IS meant by the 

branch (1.6b) For 1] E R and 1m T < 0, It means e = -V -? - 1]2, the analytic function of 

T and 1] obtamed by analytic continuation from the values e = -T for 1] = 0 These 

values of e satISfy 1m e > o. For T E R, e IS defined by lImits in the half-plane 

1m T < 0, and satisfies 1m e> 0 If 1 T 1 < 11] I, e E [-1, 1] If 1 T 1 > 11] I· 

For the defimtlOn of well-posedness and a denvatlOn of this cntenon, see [20] and 

[10,11]. Agam, however, the essential idea is to look for Ill-posed normal modes Sup­

pose problem IBVP admIts a solutIOn (1 2) WIth 1m e > 0 and 1m T < 0 If 1m e > 0 

(decay as x -+00) but 1m T < 0 (growth as t -+00), then by homogeneity, as m the last 

sectIon, unbounded exponentIal growth as a function of t is pOSSible. If 

1m T = 1m e = 0 and (1 6b) holds, on the other hand, the solutIOn is a plane wave With 

v% > 0 that radiates energy from the boundary mto the interior, generatmg weaker but 

stIll unbounded growth See [13] for a presentatIon of the KreISS theory from this 
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physical point of VIew, and [27] for the analogous dIScussIon of stabIlIty of fimte 

dIfference models. 

Here IS the proof of Theorem 2. 

Theorem 2. Problem lBVP ,s well-posed if and only 'f the zeros and poles of r(s) 
s 

are real and s,mple and interlace along the real ax,s, and furthermore r (s ) > 0 for 

s E [-1, 1] 

Proof If there IS an normal mode (1 2) wIth T = 0, then E = ± Z TI, and by (1 9), 

the equatIOn P (E, TI, T) = 0 reduces to 

± iATd-1- n TIn+! = BTd-m.,.,m, d = max {m ,n+l} 

for nonzero real constants A and B Whether or not m = n+l, thIS ImplIes TI = 0 and 

thus E = o. Therefore we can assume T =I:- 0 Now for TI E R and 1m T < 0, the variable 

s = TIlT lIes m C - (-00,0) - (0,00) Takmg lImIts 1m T -+ 0 wIth T -1+ 0 amounts to let­

tmg s range over all of C, wIth points on the two sides of the cuts (-00,0) and (0,00) 

VIewed as dIStmct By (1 6b) and (18)-(19), the well-posedness CrIterIon now reduces to 

the condition that for s m thIS regIOn, the equations E = -T ~ and E = T r (s ) are 

never sImultaneously satisfied. That IS, the equatIOn r (s) = -~ must have no 

solutIOns, where as m Section 3, the square root IS defined by branch cuts (-00, -1] and 

[1,00) and the value 1 at s = 0 

On (-00, -1) and (1,00), r (8) = -~ cannot be satISfied, because the left­

hand SIde IS real or mfimte whIle the rIght-hand SIde is ImagInary, finite, and nonzero 

Thus we have reduced the well-posedness crtIerion to condItIOn (e) of Lemma 2 By that 

lemma, an eqUIvalent condItIOn IS (d), and by Lemma l(b), thIS IS eqUIvalent to the 

assertion of Theorem 2 I 

Agam, we have actually proved a stronger result problem IBVP IS well-posed If and 

only If r satISfies any of the condItIons of Lemma 2. In partICular, by condition (e), It IS 

well-posed If and only If r (s) mterpolates ~ at m+n+l+Xmn POInts m 

C - (-00, -1]- [1,00) Therefore a suffICIent condItion for well-posedness is the existence 

of m+n+l+Xmn points of mterpolation m (-1, 1), and together with Corollary 2, this 

proves Theorem 3. 

If one or two pomts of interpolatIOn he at ±1 Instead of m (-1, 1), problem IBVP IS 

Ill-posed This IS a borderhne case of weak ill-posedness, correspondmg to a wave (1 2) 

that propagates tangentIally to the boundary x = 0 
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6. Families of one-way wave equations 

In this final section we WIll examme varIOUS families of approximants r (8) to 

~ on [-1,1], whIch correspond to various famIlies of one-way wave equatIOns By 

Theorem 3, well-posedness IS assured for n < m < n +2 If r (8) interpolates ~ at 

m+n+l+Xmn POInts of (-1, 1), and conversely, the approximants one might conSIder in 

practIce WIll almost always satIsfy thIS condItIOn In fact, different methods of approxi­

matIOn of ~ can fruitfully be Interpreted and compared as different strategies for 

the allocatIon of interpolatIOn pomts in (-1, 1) -- hence of angles in ( ;, 3;) at whIch the 

Ideal and apprOXImate one-way dISperSIon relations cOIncide 

UntIl the end of the section, r IS an even function FIrst, we WIll show that 

~ can be mterpolated m an arbItrary set of pomts symmetrIcally distributed m 

(-1, 1) Then we WIll conSIder Chebyshev, Pade, and least-squares approximatIon, and 

show that each leads to the appropriate number of interpolation points, thereby provmg 

Theorem 4. (These methods of apprOXImatIon are illustratIve; we make no claIm about 

what method may be best in practIce.) In Chebyshev and Pade approximatIon, umque­

ness Implies that r (8) IS automatically even, for otherWIse, r (-8) would be a dlstmct 

and equally good apprOXImatIon. In least-squares_approximatlOn apprOXImation, umque­

ness does not hold, so we have to Impose evenness of r as an explicit constraint 

Symmetric interpolation in arbitrary points. The followmg construction has 

been pomted out to us by PhIlIp Roe. For any even K > 2, let ±81,' , ±8K/2 be a 

set of K pomts m (-1, 1), counted WIth multIplICIty, except that one of these paIrs may 

be ±1 Set m = 2 L ~ J and n = 2 r ~1-2, so that m = n or m = n+2 and 

K = m+n+2 Let p be a nonzero polynomIal of degree ~ that is zero at "'/1- 8,,2 for 

each k, and set 

r(8)- p{t}+p{-t} 
- (-p(t)+p(-t)}jt' 

(6.1) 

where t = ~ SInce the numerator IS even as a function of t , It IS a polynomial in 

8 of degree m, and smce the denommator IS even as a functIOn of t , It IS a polynomIal 

m 8 of degree n. Also, smce Ip(-t)1 > Ip(t)1 for t>O and p'(O)=rfO, r(8) can 

have no poles or zeros m [-1,1] (we exclude the triVIal case K = 2, 8" = 1, r (8) == 0). 

Thus r (8) = ~ IS eqUivalent to 

p (t) + p (-t) = -p (t) + P (-t), 

that IS, P (t) = 0 In other words, (61) interpolates ~ at the points ±8", and by 
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Theorem 3, the correspondmg one-way wave equation IS well-posed 

An alternative and more transparent presentation of thIS construction IS Imphcit m 

SectIOn 9 of a paper by Higdon [14] If we wnte ,,11 - s,,2 = -cos(}", then p (e/T) = ° IS 

eqUivalent to 

K/2 
II (e + cos()" T) = 0, 
"=1 

whIch corresponds to the partial differentIal equation 

K/2 
II (ax + cos()" a,) u = 0, 
"=1 

(62) 

(63) 

whIch is satISfied exactly by plane waves at the angles ±(}". Conversely, gIven a one­

way wave equation in the form (63), let us use (1 3) to elIminate all powers of e higher 

than 1 m ItS dIspersion relatIOn (62) The result IS a new dIspersion relatIOn that inter­

polates ~ in the pomts SIc and IS equivalent to a ratIOnal expreSSIon (18) For 

example, HIgdon pomts out that the Engquist-MaJda absorbmg boundary condItIOns can 

be generated m this fashIon from (ax -a, )K/2 u = 0, an observatIon that hIghhghts 

theIr close relatIon to the boundary condItIons of Bayliss and Turkel (see SectIOn 2 of 

[3]) 

Now we turn to Chebyshev, PaM, and least-squares approxImatIOn In what fol­

lows, let r denote a real ratIonal functIOn of type (M, N) but not necessarily exact type 

(M, N), that is, r has exact type (m, n) for some m < M, n < N Assume further, 

untIl further notIce, that M, N, m, and n are even integers and that r IS an even 

function The defect of r (as a functIon of type (M, N)) IS the mteger 

8 = mm{M-m, N-n} > 0. (64) 

Also, let K be the number of zeros of ~ - r (s) m (-1, 1) By defimtion K < L, 

where L IS the integer of Lemma 3, and so by that lemma, smce Xmn = 1 when m and 

n both even, we have 

K < m+n+2 (65) 

Chebyshev approximation. The Chebyshev approxImant of type (M, N) to 

~, denoted r!.JN(s), IS defined by the condItIon 

II ~- r!.fN(s) 1100 = mmimum, 
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where II 1100 is the supremum norm on [-1,1]. It IS well known that rAIN eXIsts, IS 

unique, and IS characterized by the folloWIng "eqUloscillation condItion" [5,27] Let r be 

a rational functIOn of type (M, N), exact type (m, n), and defect 8 Then r = rAIN if 

and only 2f ~ - r (s) attams alternating values ± II ~ - r (s ) II 00 on some 

sequence of points -1 < So < < SJ < 1 with 

J > M+N+I-8 (66) 

Let r = rAIN be the Chebyshev approximant to ~ of type (M, N) Between 

any two equiosctllatIOn POInts there must be a zero, so we have K > J, and by (66), 

K > M+N+I-8 (6.7) 

Together wIth (65), thIS YIelds 

M+N+I-8 < m+n+2, 

or by (6.4), 

M+N+I-8 < (M-8)+ (N-8)+ 2. 

Therefore 8 <1 SInce 8 IS even, however, we must have 8 = 0 Since K is even also, 

(65) and (6 7) now YIeld 

m=M, n=N, K= m+n+2 (68) 

(That IS, the Chebyshev table for ~ IS normal except for the even-odd degeneracy' 

It breaks Into dIStInct 2 X 2 blocks of Identical entries 

= r~+l,n+l) ThIS establishes the hypotheses of Theorem 3, provIng Theorem 4 for 

Chebyshev approxImatIon 

Pade approximation. The Pade approxImant of type (M, N) to ~, 
denoted rllN' IS defined by the condItIOn 

~ - rllN( s ) = 0 (s maximum) as s-+O 

AgaIn one has eXIstence and umqueness (the former is trIvial) For thIS partIcular case, 

rllN IS known explICItly and can be constructed from a contInued fractIOn expanSIOn 

[4,11,30], from hypergeometnc functIOn IdentIties [16], or from (61) AlternatIvely, to 

emphasIze the analogy to Chebyshev approximatIOn, one can reason by means of the fol­

lOWIng equioscillation-type charactenzatIOn [28]. Let r be a ratIOnal function of type 

(M, N), exact type (m, n), and defect 8 Then r = rllN if and only if 

~-r(s)= O(sJ) as s-+O (6.9) 
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for some J satzsfymg (6 6) Smce (69) asserts that r (s) mterpolates ~ at least J 

times at the ongin, we agam have K > J, and the argument leading to (6 8) goes 

through exactly as before (That IS, the Pade table for ~ is also normal except for 

even-odd degeneracy.) ThIS proves Theorem 4 for Pade approxImatIOn. 

Least-squares approximation. RatIOnal least-squares approxImatIon, unlIke Its 

polynomIal counterpart, has certam troublesome propertIes -- notably nonumqueness and 

the possIbIlIty of local best approxImatIOns that are not global To begin with, let us 

drop the assumptIOn that M, N, m, and n are even It IS known that a least-squares 

approximant of type (M, N) to ~ eXIsts, so let us denote such a function by rJt2J 

Here IS the remarkable property that dIstInguIShes this problem from Chebyshev and 

Parle approxImation, proved by Cheney and Goldstein m 1967 [6]: rJt2J always has {) = 0 

As a corollary, first pointed out by Lamprecht [21], rJt2J cannot be even when M and N 

are odd, and so It cannot be umque We do not know whether It IS unique when M and 

N are even. 

Nevertheless, certam conclusIOns about rJt2J can be reached despIte Its lack of 

umqueness. Smce 8 = 0, one can show that ~ - rllJ must be orthogonal on [-1, 1] 

to all polynomIals of degree M+N +1, and accordmgly, must have K > M+N +1 zeros 

m (-1, 1) (Cheney and GoldsteIn point this out as theIr final corollary) SInce 

K < m+n +I+Xmn by Lemma 3, we now reason as follows If M and N are both even 

or both odd, then m = M and n = N, but we are assured of only m+n +1 mterpQla­

tion pomts, not the m +n +2 reqUIred by Lemma 3. On the other hand If one of M and 

N IS even and the other IS odd, then the possIbIlIties are m = M and n = N, 

m = M-I and n = N, or m= M and n= N-I, and m each case, 

m+n +I+Xmn = M+N +1, whICh guarantees a suffiCIent number of mterpolation 

POInts 

We conclude that If one-way wave equatIons are denved by general least-squares 

approxImation, problems IVP and IBVP are well-posed If M = N+I, but whether they 

are well-posed for M = Nand M = N+2 IS uncertam 

Symmetric least-squares approximation. The situatIOn returns to normal If, 

rather than permItting an arbItrary approxImant of type (M, N), we reqUIre r to be 

even. (Formula (6 1) WIll now be a computatIOnal help, for we can take the mterpolatIOn 

points as mdependent vanables and vary them systematICally to mInImIZe 

II ~- r (s) 112') Assume agam that M, N, m, n, and K are even The problem 



- 19 -

IS equivalent to that of approximatmg ~ on [0, 1] by a ratIonal functIOn of type 

(M/2, N/2) in the least-squares sense with weIght function q-l/2 By an adaptation of 

the Cheney-Goldstein argument, we get I) = 0 again, from which (68) follows. This 

completes the proof of Theorem 4 
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