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PREFACE 

The Second Sympos1um on Non11near Const1tut1ve Relat10ns for ~1gh Tempera
ture App11cat10ns, sponsored by the NASA Lew1s Research Center, was held at 
Cleveland, Oh10 on June 15~17, 1984. Some one-hundred part1c1pants and attend
ees represent1ng NASA, other government agenc1es, un1vers1t1es, and 1ndustry 
were 1n attendance. The purposes of the sympos1um were (1) to rev1ew the 
state-of-the-art 1n nonlinear constitut1ve modeling of high-temperature mate
r1als, (2) to identify needs for future research and development 1n th1s area, 
and (3) to document and d1ssem1nate the research progress and new technology 
developed fO date. 

I 
One of the spe~1f1c goals of NASA is to foster technolog1cal development of 

analytical/experimental methodologies for improved des1gn of gas turbine engine 
structures and components and space shuttle main engine structures. To support 
these technolog1es, both NASA and the aerospace 1ndustry recogn1ze that there 
1s cons1derable development work yet needed in the area of non11near const1tu
t1ve relat10ns for high-temperature applicat10ns. Th1s has become an 1ncreas
ingly cr1t1cal need w1th the recent advances in h1gh-temperature mater1als 
technology 1n response to new demands on mater1al performance. NASA Lew1s, 1n 
cooperat10n w1th 1ndustry,un1vers1t1es, and other government agenc1es, 1s 
support1ng th1s technology development, some of wh1ch 1s reported 1n th1s sym
pos1um pub11cat10n. The Sympos1um then served not only to foster th1s techno-
10g1cal development, but also act as a common forum for all 1ndustr1es w1th a 
commona11ty of 1nterrelated act1v1t1es and 1nterests relat1ng to nonl1near con
st1tut1ve model/exper1mental development for material character1zat10n at 
elevated temperature. 

The Symposium was organ1zed 1nto t~e following six sessions: 

I. ,Const1tut1ve Mode11ng I 
II. Const1tut1ve Mode11ng IT 

III. Numer1cal Method~ 
. -IV .·-Material -rest1 ng , 

v. Structural App11cat10ns 
VI. Panel D1scuss10n 

There were a total of twenty~one papers presented 1n the f1ve techn1cal 
sess10ns. The papers and the authors are grouped by sess10n .1n the Contents. 

I w1sh to thank the sess10n cha1rpersons, authors and speakers, and 
pane11sts whose efforts contr1buted to the techn1cal excellence and success of 
the Sympos1um. I am also grateful to the Lew1s staff for the1r help before 
and dur1ng the Sympos1um . 

. R. L. Thompson 
Sympos1um Cha1rman 
NASA Lew1s Research Cen-ter 
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A SURVEY OF UNIFIED CONSTITUTIVE THEORIES. 

K.S. Chan and U.S. Lindholm 
Southwest Research Institute 

San Antonio, Texas 78284 

S.R. Bodner 
Technion - Israel Institute of Technology 

lIaifa, Israel 

K.P. Walker 
Engineering Scientific Software, Inc. 

Smithfiled, Rhode Island 02906 

A literature survey has been conducted to assess the state-of-the-art of 
time-temperature dependent elastic-viscoplastic constitutive theories which 
are based on the unified approach. This class of constitutive theories is 
characterized by the use of kinetic equations and internal variables with 
appropriate evolutionary equations for treatins all aspects of ine.1astic de
fo~ation inc1udinl plasticity, creep, and stress re1azation. The review 
identifies more than ten such unified theories which are shown to satisfy the 
uniqueness and stability oriteria imposed by Drucker's postulate and Ponter's 
inequalities. These theories are compared on the basis of the types of flow 
law, kinetic equation, evolutionary equation of the internal variables, and 
treatment of temperature dependenc.. The similarities and differences of 
these theories are first outlined in te~s of matheaatical fo~ulations and 
then illustrated by comparisons of theoretical calculations with e%perimenta1 
results which include monotonic stress-strain curves, cyclic hysteresis loops, 
creep and stress relazation rates, as well as thermomechanica1 loops. Numer
ical methods used for intesratins these stiff time-temperature dependent con
stitutive equations are also briefly reviewed. 

INnODUCTION 

Constitutive theories based on the classical concepts of plasticity and 
creeP.lenerally decompose the inelastic strain rate into a time-independent 
plastic strain rate and a time-dependent creep rate with independent constitu
tive relations describins plastic and creep behavior. While this approach can 
be rationalized on historical Irounds and perhaps on computational conve
nience, e%perimenta1 evidence collected on structural alloys at elevated tem
perature indicates inherent time-dependency and creep/plasticity interactions 
[1]. This sUllests that inelastic defo~ation might be primarily contrOlled 
by a single overall mechanism and should be treated in a unified manner. 

In recent years, a number of formulations of elastic-viscoplastic con
stitutive equations have been presented in the engineering literature. Such 
equations are sometimes referred to as "unified" since inelastic deforma
tions are represented and treated by a sins1e kinetic equation and a discrete 

• This work was performed under NASA Contract No. NAS3-23925. 
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set of internal variables. In this context, creep, stress relaxation, and 
plastic flaw are different manifestations of time-dependent inelastic deforma
tions under particular loadins conditions with consequently different response 
characteristics. 

There are more than ten unified constitutivo thoories in the literature. 
These constitutive equations have some common properties and some e~sential 

differences which have been reviewed recently by Walker [2]. Since then, 
there have been more advances in the development of the unified theories. The 
purpose of this survey is to update Walker's previou~ work by revi6Yins the 
state-of-the-art and the numerical intelration teohniques for these unified 
theories. This survey also serves to identify areas for'further model devel
opments. 

The unified theories which are reviewed in this survey include those of 
Walker [2], Bodner and Partom [3,4], Hiller [5], Krieg, Swearengen and Rhode 
[6], Chaboche [7], Robinson [8], Hart and co-workers [9], Stouffer and Bodner 
[10], Lee and Zaverl [11], Ghosh [12], and Iagawa and Asada's modification of 
Hiller's model [13]. 

GPmmAL CBABAC'l'EllISTICS OP UNIFIED CONS'lIl'UIIvB EQUATIONS 
FOa ELASTIC-VISCOPLASTIC HA'l'ElUALS 

Consti tutive equations for e1astic-viscoplastic material could be fomu~ 
lated either with or without the use of a yield criterion. A basic assumption 
for this class of constitutive theories is that in the range where inelastic 
strains are present, the total strain rate iij can be divided into elastic and 
inelastic components which are both DOn:ero, I.e. 

- • e 
lij (1) 

This equation is applicable for the small strain case and a similar decompo
sition is assumed to hold for the defomation rates in the case of larse 
strains. Those are equivalent to strain rates if the strains are s.mall. 

For the small strain case considered here, the elastic strain rate is 
given by the time derivative of Hooke's Law. An important question related to 
Equation (1) is an appropriate definition of SiP. Ono possibility is to de- ' 
fine SiJ ,as the tot~l strain rate contributioJi that is both thermodynamically 
and leometrically irreversible, i.e., non-elastic in all respects. An alter
native definition of the incremental plastic strain is the residual strain 
upon loading and unloading from a stress increment. This seems to be the de
fini tio~ adopted by E. H •. Lee in his treatment of large plastic strains, soo 
e.l. [14]. Since non-elastic strains are also senerated during unloading, 
constitutive equations based on this definition would be different than in the 
fomer case. Each approach seems possible. but the proper definition and use 
of the sif tem should be indicated and be consistent with the constitutive 
equations. 
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The expression "unifiedll applied to such theories is senerally taken to 
mean that all aspects of inelastic behavior such as plastic flow. creep. and 
stress relAzation are included in the iiJ function and are particular response 
characteristios for different loadins histories. This broad definition of 
"unified II would admit theories with and without a yield criterion and al terna
tive specifications of ii~' Separation of the non-elastic strain rate into 
geometrically reversible ~anelastic) and non-reversible components could be a 
convenient procedure and does not detract from the "unified" concept. 

Constitutive theories which are for.mulated without the use of a yield 
criterion include that of Bodner and his associates [3.4]. Walker [2]. Miller 
[5]. and tries. Swearen,en and Rhode [6]. Since these models do not contain a 
completely elastic regime. the function that describes the inelastic strain 
rate should have the property that the inelastic strain rate be very small for 
low stress levels. 

For theories with a yield criterion, iil is identically zero until an 
invariant function of the stress reaches a prescribed valuo; the function. by 
definition, is independent of strain rate. For stresses at or ezceedins the 
yield value. Equation (1) applies and ii! and the stress ~ij are function
ally related. The fully elastic state. 1.e. id • O. would apply only for 
stress states less than the rate independent yield value, and loadins and un
loadin. paths above that are controlled by the loading conditions through the 
constitutive equations. Theories of this type have been developed by Perzyna 
[15] for the case of isotropic hardening and by Chaboche [7], Robinson [8]. 
and Lee and Zaverl [11] for the case of both isotropic and directional harden
ing. 

All the unified models are for.mulated on the basis of internal variables 
which depend on the lo.din. history. The essential features of these unified 
theories are: (1) a flow law which functional for.m depends on the method of 
treatment of directional (kinematic) hardening, (2) a kinetic equation which 
is the temperature dependent functional relationship between the strain rate 
and stress invariants and includes internal variables. and (3) a set of evol~ 
tion equations for describing the growth of the internal variables. Here. the 
internal variables are used to represent the current resistance to inelastic 
flow of the defor.med solid. Two defor.ming solids with identical values of 
their internal variables would have identical inelastic responses under the 
same imposed stress state. Both the choice and the number of internal vari
ables vary with the unified models., Most of the unified models use two inter
nal variables or one variable with two components: one to represent isotropic 
hardening and another to represent directional (kinematic) hardening. In most 
models. the isotropic hardening variable is represented by a scalar quantity. 
either the drag stre~s (X) or the yield stress (Y). whilo directional harden
ing is represented by a second order tensor Qij or a scalar fUnction of such a 
tonsor. 

Basic Flow Laws 

Four basic for.ms of the inelastic flow law have been identified. Plas
tic incompressibility is always assumed and these flow laws are: 
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(1) • p aij - 11 Sij 
• P 
all - 0 (2a) 

(2) ii~ - 12t ij - 12 (Sij - 0ij) 
• p 

- 0 # all (2b) 

(3) • p aij - 1ijkl SkI 
• P aUkl - .p 

lijll - 0 (2c) 

(4) • p - ~, • p 
- 0 aij aCJij • all (2d) 

where Sij' CJij' and tij are the deviatoric, direct and effective stresses, 
resllectively. The tensor 0ij represents the "equilibrilDll stress" which has 
also been referred to as the ''back stress" and the "rest stress." The para
meter t is a yield tunction 01' a flow potential. It shonld be noted that the 
tirst three law. can be considered or can be derived fro. Equation (2d)· if 
they are assooiated with a tlow potential. 

Equation (2a) is the Praudtl-ieuss tlow law assooiated with the von 
lise. yield criterion. However. it can be considered as a basic material 
equation in its own riJht independently ot a yield condition. As such. this 
equation is usually taken to be applicable tor proportional loadins conditions 
tor which isotropio hardeninl would be appropriate. The equation states that 
the material response (i.e •• the plastic strain rate) to stress is isotropic 
even thoulh 11 could be stress history dependent. Since stress is direc
tional, 11 could have a di~ectional character within the context ot incremen~ 
tal isotropy and there~ ~ocount tor induced directional hardenins ettects. 

Equation (2b) is the flow law obtained by introducin, the kine.atic 
hardening variable of Praler [16] into the classical plasticity formulation to 
account tor directional hardeninl (the Bauschinser eftect). In this context. 
the term 0ij would represont the new orilin of a translating von Kises yield 
surface in aeviatoric stress space. and Equation (2b) would be the associated 
flow rule. As bofore. Equation (2b) can be taken to be a basic material equa
tion in a formulation without a yield cri torion and the "equilibrium stress" 
tensor 0ij is ,enerally intended to serve the followin, functions: (a) to 
account for directional hardenins (the multi-dimensional Banschin,er effect). 
and for the non-coaxiality of iif &Ad Sij under nonproportional loadin, his
tories (FilU1'e 1). (b) to aocount for reversed plastic strainins effects, e.,. 
reversedcreep, relaxation throulh zero stress. when the effective stress tij 
is ne,ative; (c) for theories without a fully elastic range (i.e •• a yield 
criterion), to account for low plastio straininl within a liven ran,e. 

Equation (2c) is the ,eneralized anisotropio fo~ of the Prandtl-Rouss 
tlow law which can be r~ritt~ in a 6D stress and strain rate space to take 
the tom, 
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• 

CI - 1,-6 
P - 1,-6 

(3) 

where BCI and Tp are related to the usual plastic strain rates and stresses in 
a simple lIlanner, see [10], and A~ la' the 6x6 zutrix of coefficients. If the 
lIlaterial is initially isotropic and the law for plastically induced directio~ 
al hardeninl does not lead to off dialonal te%llls, then A~ is initially and 
relllains diasonal. Under these conditions, Equation (2c) is equivalent to 
Equation (2b) since 6 matorial constants dete%llline the anisotropic flow behav
ior. All the flow equations, Equation. (2a,b,c), would be equivalent for the 
case of proportional loadins, includinl cyclic conditioDs. The real differ
ences in those equation. would show up for nonproportioual loading histories. 

For constitutive theories with a flow potential, both the flow law and 
the arowth law of the directional (kinelllatic) hardening variable Qij are de
rivable from a single flow potential. The associated flow law of a basic fO%lll 
of such a flow potential is [8]. 

and 

n-l 
i p - l:...F 2 
ij 211 

ii~ - 0 

for inelastic loadinl (4a) 

for elastic loadins/unloadins (4b) 

where F is the von Hises yield function, n and ~ are lIlaterial parameters. The 
conditions for inelastic loadins aDd elastic unloadins have been identified 
in [8]. It can be easily seen that (4a) and (2b) are equivalent. In both 
cases, the direction of the inelastic strain rate vector is coaxial with the 
current effective stress vector (see Figure 1). 

Iinetic Bquations 

The flow laws, Equations (2a) and (2b) can be squared to sive respec
tively, 

~1 - [D P/1 ]1/2 
2 2 

(Sa) 

~2 - [D P/I' ]1/2 (5b) 
2 2 

where D2P is the second invariant of the plastic strain rate, D2P - (1/2) iir 
aiP, and 12 and 12 are the second invariants of the deviatorie stress and 
ofleetive deviatoric stress, respectively, 

- (6a) 

(6b) 
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Fudamental to all lI=if18d ll viscoplastic fomulations based 021 flow 
laws of the foms listed in E~uations (2) 'is that inelastic defamations are 
loverned by a factional relation between ~p and 12 (or Ii) that could in
volve load history dependent variables. These variables are intended to re
present propertie. of the inelastic state with respect to resistance to plas-

I 

tic flow, e.l. hardeninl, &21d dama.e. Some factions that have been sUllested 
are the followinl. 

(a) D P • 2 DoJ!1 (7a) 

(b) D p • Do e%p [ - (t) 21 ] (7b) 
2 

(c) D P • Do [sinh(X)m]n . (7c) 2 

where X • 3:r2/r- , or 3:r ~/r-

and 21, m, &21d Do are constants. The inelastic strain rate components can then 
be obtained as a faction of the stress by the use (2a) or (2b) and one of 
Equations. (7). Expression (7b) 1I'0uld seem to have some advantaae over (7a) 
or (7c) in theories without a yield criterion in t~at the value of D2p is 
almost zero for some ran Ie of :r2 relardless of the value of 21. In (7b), 
Do is the It-itinl value of the inelastic strain rate in shear: (7a) and 
(7b) do not contain such a It-it. These differences between the kinetic equa
tions are illustrated in a nomalized plot of 101 (D2p/Do> vs X in Fiaure 2 
for the case of 21 - 3 &21d • - 1.0. 

In all the precedinl equations (7a,b,c) the exponent n influences the 
slope of the ~, 12 relation and therefore has the major influence 021 strain 
rate sensitivity. That parameter also affects the overall level of stress
strain curves althoulh the level also depends 021 the hardeninl parameter X. 

Temperature (T) dependence of plastic flow is a first order phenolllenon 
comparable to strain rate sensitivity and should appear directly in the ki
netic equation. In the case of Equations (7a,b), this can be achieved by 
takinl the exponent 21 to be a fuction of T, 0.1. n • ck/T (k is BoltZDIaDll's 
constant and c a material constant) which leads to strons temperature depend
ence of the stress parameter X-3:r2/Xl (or 3:ri/X2). Numerical results for this 
dependence are shown in Fiaure 3 for both the power law and exponential kinet
ic equations at different non-dimensionalized strain rates. 

The method of includins temperature dependence in Equations 7a,b is com
parable to an activation enerl7 fomulation. Table I lists temperature
dependent kinetic equations based on four different factional expressions for 
the activation enerf.1. Some of the consequences of the various relations are 
discussed in [17]. 

Another procedure for includinl temperature dependence in the kinetic 
equations is to multiply the stress faction, the rilht hand side of equa
tions (9) by a tamperature faction. The temperature factor can alain be 
mot1vated by themal activation considerations and the Arrhenius expression 
see.s to be the reasonable faction to use (Table I). This is the approach 
taken by Miller [5]. 
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Evolutionary Equations for Internal Variables 

The leneral framework of the evolutionary equations of internal vari
ables is based on the now well-accepted Bailey-Orowan theory [18,19] which 
theorizes inelastic- deformation to occur under the actions of two simultan
eously competina mechanisas, a hardeninl process proceeding with deformation 
and a recovery or softeninl processproceedinl with time. The evolution rate 
of an internal variable is then the difference between the hardeninl rate and 
the recovery rate as liven by 

• ( 8) 

where ii is the- evolution rate of the internal variable Xi' and hl and rl are 
the bardeninl and the thermal recovery functions, respectively. hI and rl are 
functions of Xi. temperature, T, and the hardeninl measure, Mlis either 
iiJ or t p dependinl on the model. 

(1.) Isotropic Hardeninl 

The quantity I in Equation (7) is usually interpreted as the iso
tropic hardenin, internal variable and is often referred to as the dral 
stress. Evolutionary equations for the isotropic hardeninl parameter leneral
ly follow the hardeninl/recovery fo~at shown in Equation (8). A comparison 
of these bardeninl and recovery functions in various unified theories is shown 
in Table II. The rate of isotropiC hardeninl is usually liven by a function 
of the bardeninl variable I, which may saturate to a limiting value, shown as 
11 in Table II, multiplied by a measure of the bardeninl rate. Both the in
elastic work rate and the effective inelastic strain rate have been proposed 
as the scalar hardenin, measure. On the other band. the rate of softeninl 
or recovery is often taken to be a power function of I and a temperatur~ 
dependent constant 10 which value represents the reference state for that par
ticular temperature. This recovery model. sometimes credited to Friedel [20]. 
theorizes that recovery occurs only when the current internal state e%ceeds 
the reference state. 

(2.) Directional or Kinematic Hardening 

Probably the main difference in the various unified theories is 
the treatment of directional or kinematic hardening. Differences e%ist not 
only in the choice of the flow law but also in the evolutionary equations. 
The leneral framework of these evolutionary equations follows the hardening/ 
recovery formulation represented in Equation (8) with inde%es to indicato 
the direotions of hardenin, and recovery. 

0ij • h2 (Oij)S'lij - d(Oij' T)~ij - rZ(Oij,T)Vij + 9(Qij,T)1' "ij (9) 

where hZ, d, and rZ are the hardeninl, dynamic recovery , and static thermal 
recovery functions, respectively. 9 represents hardening and/or recovery as
sociated with the rate of temperature chanse. iij' Nij' Vij and 'Iii are the 
directional inde%es of hZ' d, rz, and a, respectively. The main differences 
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~onl the various theories, as summarized in Table III, are in the choices of 
the directional inde: and the hardening and recovery functions. 

As indicated in Table III, unified models based on the equilibrium 
stress utilize the inelastic strain rate as the directional inde: for harden
ing and contain a."dynamic recovery" term in the hardening function. The pro
posed hardeninl rule is thus similar to the Praler rule [16] in conventional 
plasticity which requires the translation of a yield surface to occur in the 
direction of the plastic strain increment. On the other hand, the evolution
ary equation proposed in conjunction with Equation (2a> is based on the direct 
stress as the inde: for directional hardeninl [3,4]. This form.ulation avoids 
the oross-softeninl effect associated with inelastic strain rate as the inde: 
and the theory is more compatible with Zieller's modification [21] of the 
Praler hardeninl rule. The directional inde: for" dynamic recovery" is gener
ally in the opposite direction of the directional hardening variable Qij. The 
"dynamic recovery" term. is treated in [3,4] as a saturation term. in the direc
tion of the direct stres~ but the inde: has recently been ~odified to be in 
the direction of - Qi.i also [22]. The. unit vector which represents the direc
tion cosines of the directional hardeninl variable is usually taken to be the 
directional inde: for static therm.al recovery. Recovery always occurs in the 
opposite direction of the unit vector and tonds to reduce the magnitude of the 
directional (kine.atic) .hardeninl variable. Most unified theories utilize 
Friedel's recovery model and take zoro masnitude of Qij as the roforence 
state. Tablo III shoWs that a temperature rate term is also included in the 
theories of Walker and Chaboche. In principle, similar term.s could be added 
to the other theories. 

The temperature dependenco of the internal variables is also important. 
The e:perience with the unified models to date indicates that all the material 
constants in the formulations would depend on temperature and must be evalu
ated at a number of base temperatures. 

Uniqueness and Stability Criteria 

For stability, unified theories with internal variables must, accordinl 
to Ponter [23], obey the followinl inequality: 

• 
at al > 0 (10) 

• 
where daij' diij' dIl, and dIi represent incr~ental changes in stress, in-
olastic strain rate, the current value and the evolution rate of the internal 
variables. The inequality admits classical plastic flaw, creep, and stress 
rela:ation behavior. It also admits recovery phenomena involving nelative 
inelastic work provided that the corrospondinl changos in the interna~ vari
ables are sufficiently larae to make the inequality in Equation (10) remain 
vali4. ne basic req'dr_ent of Eq1l&tion (10) is that the d.issipation rate 
must be nonnasative. 
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For a con.tant internal .tate, a saall ohanse in aij resu~ts in a cor
respondins chanle in iiJ so that [23] 

(11) 

The inelastio work inequality is identical to Druoker's postulate [24] in 
classioal plasticity that for a stable .aterial flow the plastic work done 
.ust be nOADelative. For proportional loadin~ the kinetic equations represen
ted in Equation (7a) to Equation (7c) all yield convez IIflow potentials II to 

.whioh the inelastio strain rate vectors are normal. The consequence is that 
the inelastic work is always po.itive, and unified theories based on Equation 
(7a) to (7c) obey the inelastio work inequality. 

For uniquen~ss, it appears that the inelastio strain rate must be a 
single-valued function of stress and internal variables. To satisfy the re
quire.ent for stable flow, Equation (10) dictates that stress-strain curves at 
constant strain rate .ust have positive .lope but .ust decrea.e with increas
inl strain. On the other hand, stress-strain curves at constant plastic 
strain or plastic work .ust have positive slope, but the slope .ay either 
increase or decrease with increasinl strain rate [23]. 

Host, if not all, of the unified theories listed in Table II satisfy the 
Ponter inequalities and .et the uniqueness and stability require.ents. The 
stability requirement is, howeTer, not essential for oonstitutiTe theory de
velopments. Unified theories admit unstable inelastic flow and are lenerally 
modeled by includin, softeninl mechanisms such as thermal softeninl and con~ 
tinuua d .. age in the evolution and/or kinetic equations. 

NUJ!ElUCAL ME'mODS FOR nnEGRATING 
UNIFIED CONStIlUtIVB EQUA7IONS 

The unified constitutive equations can be characterized as .athematical
ly "stiff." That is, in the .. equations, dependent variables are susceptible 
to larse chan.es frca small increments of the independent variables or frca 
small time steps. This "stiff" behavior occurs usually with the onset of a 
significant amount of inelastic strains in the loadin. cycle and is due to the 
,enerally nonlinear nature of the functional foroms that are employed in the 
kinetic equations of these theories. 

A systematic oomparison of a variety of approaches for inte,ratins 
unified constitutive equations has been reported by Iumar, MOrjaria, and 
Mukherjee [25]. This study concluded that for the oonstitutive theory of 
Hart, a rolatively simplo Euler intolration .ethod, tOlether with a t~e 
stop control stratelY, was optimal when ccapared with the .ore sophisticated 
.ethods. The Walker constitutiTe theory has been intolratod usinS the Buler 
sinsle step approach usually without autcaatic time step control, but rather 
by doter.minins an opt~ua step size for each problem. Efficiency obtained by 
using this approach has been acceptable and has shown considerable improvement 
OTtr more sophisticated approaches sach as hi,her order Runlo-Kutta methods. 
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Tanaka and I1ller reoently developed a noniterative. self-oorreotinl 
solution (NONSS) method for intelratinl stiff time-dependent constitutive 
equations [26]. In this approaoh. implioit quantities are re.oved by Taylor 
eXpan.ion. of ~. i. and i throulh the incorporation of the iatelratioa opera
tor CI. The iiethod whioh reduoe. to the ·ezplt,oi t Euler .ethod when CI • 0 and 
to the iaplioit Euler .ethod whea CI > 0 i. unoonditionally .table for CI > 1/2 
and i. noniterative. Acouraoy is maiatained throulh self-adaptive time oon
trol aad by oorreotial previous error. at the ourreat step. 

A summary of the.e various numerical teohnique. aad their applioation. 
to several unified theories a. well a. to Norton'. law for intelratinl a uni
a%ial stres.-strain ourve to a total .traia of 1-21 i. shown in Table IV. A. 
illustrated in Table IV. the ezplioit Euler i. itable whea the size of the 
strain inorement i. kept below 1~4. The size of the strain iaorement oan be 
increased by usinl an implioit method suoh as the NONSS or CI-.ethod with CI • 1 
(iaplicit Euler). By restriotinl the comparison to the ezplicit methods only, 
it·appears that there i. ao substaatial differeace betweea t~e iatelrability 
of Walker and Hiller theorie. nor betweea these unified theories and the 
olaslioal Nortoa law. The size of the straia iaoremeat ii, however, soaewhat 
sen.itive to the valuel of model oon.tant. whioh de.oribe .aterial strain 
rate senlitivity. 

PJUmlcrIVB AND SD1ULATIVB CAPABIL1T1ES OP llNIPIED 
CONS'lI1'UtIVE mEORIES 

Four of the unified modell whioh have been suooeslfully applied for st.
ulatial and/or predictial monotonio, cyolio, oreep, and stre •• rela%ation be
havior are tho.e of Iobia.oa [8], Walker [2], Bodner-Partoa [3,4], and Hiller 
[5]. Iobinson's .odel is based oa a yield oondition aad utilizel loadial and 
unloadial oriteria, while the latter three do not. The kiaetio equatioa. 00.
monly used in unified theories without a yield surfaoe or flow potential are 
based on the power-law, ezpoaeatial, and hyperbolio siae funotionl; the •• 
kinetio equation. are repre.eated in Walker, BOdner-Partoa and Hiller theo
rie., respeotively. Th •• e four theories will be used to illustrate the simu
lative and prediotive oapabilitie. of the unified theorie •• 

(1) Monotonio Strels-Straia Behavior 

All unified theories are oapable of repr04uoinl the monotonic stres.
strain ourve.. Plaure 4 shows aa ezperimental unia%ial teasile .tre •• -.train 
curve of Hastelloy-% defo~ed at a straia rate of 1.3 % 10-4 seo-1 at 922 X 
and model simulation usinl Bodner-Partoa theory. The oomputed ourve inolue. 
contributions from both work hardenial and the~al reoovery. 

(2) Cyclic Stres.-Straia (Hysteresis) Behavior 

Bauschialer Effect ia repre.eated ia most unified theories by a kiae
.. tic or direotionalhardeaial iaternal variable. ~c1ic hardeninl, however, 
can be represeated by iacrea.el ia the isotropiC hardeninl variable, the 
directional hardeninl variable, or both. These different types of cyclio 
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ha:dening behavior are illust:ated in Figu:e 5 for Bodner-Partom theory which 
does not use an equilibriua stress. The use of different evolutionary equa
tions for the equilibriua stress in different re,ions of stress space allows 
Robinson's model to reproduce rounded hysteresis loops. Examples of cyclic 
saturated hysteresis loops calculated using RobinSOn's model are compared with 
experimental results of 2-1/2Cr-1Mo steel in Fi,ure 6 [27]. 

(3) Creep Responses 

Host of the unified models can predict primary and secondary creep re
sponses of material subjected to constant load. Steady state creep rates are 
predicted by these unified models to occur when the evolutionary rates of the 
isotropic and/or directional hardenina variable vanish as the hardenina te~s 
are balanced by the the~al recovery. Examples of calculated steady state 
creep rate under constant stress and comparison with experimental data are 
shawn in Fiaure 7 for Bodner-Partam's model. According to the unified theo
ries. the steady ·state creep rate is a function of stress and temperature 
only; it should not depend on the loading histories. This is demonstrated in 
both experimental data and predictions by Hiller's model in Filure 8 [28]. 

(4) Stress Relaxation Response 

The behavior of unified constitutive models under stress relaxation is 
anaIOIOu. to the creep behavior. Undor a constant strain condition. the re
laxation rate would. alain. depend on the current values of the internal vari
ables and on the growth laws which describe their chanles with time and in
elastic defo~ation. Stress relaxation calculations based on Walker theory is 
compared with experimental data of Hastelloy-X [2] in Firure 9. 

(5) The:mamechanical Response 

The behavior of unified constitutive theories under the:mamechanical 
cycling depends critically on the chanle of material constants with tempera
ture. In particular. the shape of the predicted thermamechanical loop is 
sensitive to the growth of the kinematic hardeninl variable (the equilibriua 
stress) with temperature. Walker's model prediction of thermomechanical loop 
of Hastelloy-X is showu in Firure 10. 

(6) Hultiaxial Behavior 

All the unified theories utilize single-valued kinetic equations fozmu
lated in te:ms of either 3J2/X2 or 3J2/x2. For a constant value of the inter
nal variable X and under proportional paths. these kinetic equations predict a 
locus of constant inelastic strain rate invariant in stress space; the shape 
of the predicted "yield surface" or "flow potential" is identical to von Hises 
yield function. For unified models fo~ulated based on the equilihriua 
streu. the size of tho "yield surfaco" is proportional to X. While the center 
of the "yield surfaco" is at Qij and translates accordins to the evolution 
rate of Qij. 
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Recent studies [22,29], indicate that materials exhibit considerably 
more cyclic hardeninl when tested under nonproportional paths of combined ten
sion and torsion than under proportional paths of tension or torsion only. As 
a result, most if not a11,of the constitutive ,ode1s need to be modified to 
take into account the hardeninl behavior due to out-of-phase loadinl. 

stOOWlY AND CONCLUSIONS 

1. A review of more than ten time-temperature dependent elastic
viscoplastic constitutive theories indicates that these theories 
differ in the choice of flow law, kinetic equation, and evot~ 
tionary equation of the internal variables. 

2. The unified approach treats all aspects of inelastic defor.mation 
includinl plasticity, creep, and stress relaxation usinl the same 
set of flow law, kinetic equation, and internal variables. 

3. The unified constitutive theories satisfy the uniqueness and 
stability criteria imposed by Drucker's postulate for rate in
dependent stable plastic flow aDd Ponter's inequalities for con
stitutive theories based on internal variables. 

4. The unified theories can b. formulated either with or without the 
use of a yi.ld criterion. Three basic flow laws are identified in 
theories without a yield criterion. For theories with a yield 
criterion, the associated flow law is derived from the yield 
funotion or the flow potential. 

5. Thre. different for.mulations of the kin.tic equations are identified, 
and they include the exponential, power law, and hyperbolic sine 
functions. The exponential for.mulation lives a limitinl inelastic 
strain rate and appears to live better results for high strain rate 
applications. 

6. All three forms of kinetic equations are functions of 3I2/X2 (or 
3I2/X2) and result in "yield surfaces" and equi-creep rate .sur
faces which are described by the I2-based von Hises criterion. 

7. The nuaber of internal variables varies amonl the unified theories. 
Most unified theories use two internal variables. one to repre
sent isotropic hardeninl and one to present kinematic or direc
tional hardenin,. The measure of hardening is either the inelas-
lastic strain rate or the inelastic work rate • 

. 8. Directional (kinematic) hardeninl can be modeled with or without the 
us. of an equilibrium stress. The directional index of kinematic 
hardenin, can be based on either tho inelastic strain rate or the 
direct stress. 

12 



9. Material constants in the unified models are necessarily temperature
dependent and required to be evaluated at the temperatures of ,inter
est. There are 'indications that a temperature rate torm is also re
quired in the unified theories. 

10. All of the unified theories which are reviewed do not automatically 
predict additional cyclic hardeninl under nonproportional loadinl 
paths. Additional te~s are needed in the unified theories to ia
clude such hardeninl behavior. 

11. The equilibriu.-stress-based unified theories can describe reverse 
creep and/or reverse stress relaxation behavior without further 
modifications. Unified models which are not based on the equilibrium 
stress would require modification by addinl an anelastic ter.m in order 
to take into account these types of behavior. 

12. The unified constitutive equations are stiff but can be integrated usinl 
either explicit or tsplicit methods. 

The financial support of NASA throulh Contract No. NAS3-23925 is ,rate
fully acknowledsed. 
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TABLE I 

FIVE FORMS 'OF TEMPERATURE-DEPENDENT KINETIC EQUATIONS WITH 
THE CORRESPONDING ACTIVATION ENERGY FUNCTION 

Activation Energy 

2 ClkT 
~H = kT[~] 3J2 

~H = Q 

Temperature-Dependent Kinetic·Eguations 

oP = 0 -1 '. [3J ]C/kT 
2 0 K2 

D~ · DO·xp - (3~2) [ 

2 C/kT] 

where C, DO, H*, HO, Q, m, and n are constants; V is the activation 
volume; and k is the Boltzmann's constant. 
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TABLE II 

THE SPECIFIC FORMS OF ISOTROPIC HARDENING AND STATIC THERMAL RECOVERY 
FUNCTIONS USED IN THE SELECTED UNI"FIED CONSTITUTIVE THEORIES 

or Ml ~ Wp (Bodner-Partom1s Theory) 

Static Thermal 
Model Hardening Function! h,(K) Recover~ Function! r,(T,K) 

Bodner-Partom Cl (Kl - K) C2{K - Ko)P 

Walker Cl(Kl-K) 

Krieg et al Cl C2{K - Ko)P 

Robinson C . 
1 

-Chaboche C1 (Kl - K) + fl (e, £, n1j ) 

* Lee and Zaverl Cl (Kl - K)/v'J2 

Hart Cl ' 

Ghosh C K-q 
1 C2{K - Ko) P 

Miller Cl[Kl-C4{sinh-lc31~l)qJC"J C2[sinh C3 ~JP 

* where Cl , C2, C3, C4, CS' m, P, q, Ko' and Kl are material constants; Kl 
is the saturated valu; of K; Ki is governed by an evolutionary equation 
which is function of £ and J2" 
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TABLE III 

THE SPECIFIC FUNCTIONS OF ANISOTROPIC HARDENING, DYNAMIC RECOVERY, STATIC THERl4AL 
RECOVERY, ArID THE TEMPERATURE RATE TERM IN SELECTED UNIFIED CONSTITUTIVE THEORIES 
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TABLE IV 

COMPARISONS OF THE INTEGRATABILITY OF VARIOUS CONSTITUTIVE MODELS 
Comparison is based on the size of the average strain increment per step for 
integrating a uniaxial tensile stress-strain curve to a total strain of 1-2% 

Cons tI tut he Integration Method Strain Increment Auloutlc Hili! or 
tbdel Per Step Strain Incre.ent Stabll Ity Reference 

Control 

Walker Explicit Euler 10-5 to 10-4 No Stable Walker [2l; 
Cassent I 30] 

NOOSS (a-Method, 

Bodner-Part.- « • .1 I x 10-4 Stable 
I x 10-4 Present 

a • .5 No Stable Investigation 
a a I I x 10-3 Stable 

Explicit Euler 4 x 10-4 No llIstable Lee et al [31] 
Hiller Tayler Series Hodlfled Euler 4 x 10-4 No Stable Lee et al 

NOHSS (a-Hethod, a a1) 3 x 10-3• Yes Stable Tanalca [26] 

Explicit Euler 2 x 10-5- Yes Stable lCunlilr et a I [25] 
Predictor-Corrector 3 x 10-5• Yes Stable KtJllar et al 

lIart 
3 x 10-5- Kunar et al IUgh Order Predictor-Corrector Yes Stable 

Two-Step Ada. 2 x 10-5• Yes Stable Ktlnar et al 

Explicit Euler 
I x 10-3 No Unstable Lee et al [31] 

Horton 5 x 10-4 No Stable Lee et al 
Taylor Series tbllfled Euler I x 10-3 No Stable Lee et al 

* Average strain Increa~nt per step g total strain/number of·tlMe steps. 
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Figure 1. Graphical representation of the basic 
flow laws used in the unified consti
tutive theories. For theories based 
on an equilibrium stress~ the inelas
tic strain rate vector t,j is 'coaxial 
with the effective stress Ifj and nor
mal to the flow potential f .~ f such a . 
concept is used. For "theories which 
do not include an equilibrium stress, 
tP.. is coaxial with the deviatorfc 
sl~ess 5ij for both isotropic and in
crementally isotropic cases but is 
noncoaxial with 5ij for generalized 
anisotropic cas~s. 
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Functional behavior of the kinetic 
equations used in the unified con
stitutive theories. The exponential 
fonmulation 1n Bodner-Partom's theory 
is seen to give a limiting inelastic 
strain rate of DO. 
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Figure 3. Functional behavior of temperature
dependent kinetic equations utilized 
in Bodner-Partom and Walker theories. 
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are generated with Robinson's 
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VISCOPLASTICITY BASEl) ON OVERSTRESS WITH A DIFFERENTIAL 

GROWTH LAW FOR mE EQUn.IBRIUM STRESS 

1 E. Krempl, J.J. McMahon, D. Yao 
Department of Mechanical Engineering 
Aeronautical Engineering & Mechanics 

Rensselaer Polytechnic Institute 
Troy, New York 12181 

Two coupled, nonlinear differential equations are proposed for the 
modeling of the elastic and rate (time)-dependent inelastic behavior 
of structural metals in the absence of recovery and aging. The structure 
of the model is close to the unified theories but contains essential 
differences. The properties of the model are delineated by analytical 
means and numerical experiments. 

It is shown that the model reproduces almost elastic regions upon 
initial loading and in the unloading regions of the hysteresis loop. 
Under loading, unloading and reloading in strain control the model 
simulated the experimentally observed sharp transition from nearly 
elastic to inelastic behavior. These properties are essential for 
modeling mean stress effects in tension-tension strain cycling. When 
a formulation akin to existing unified theories is adopted the almost 
elastic regions reduce to points and the transition upon reloading is 
very gradual. 

For different formulations the behavior under sudden in(de)creases 
of the strain rate by two orders of magnitude is simulated by numerical 
experiments and differences are noted. 

The model presently represents cyclically neutral behavior and 
contains three constants and two positive, decreasing functions. It 
is described how these constants and fun~t.ions can be determined from 
tests involving monotonic loading with strain rate changes and 
relaxation periods. 

1 
Now at NASA, Houston, Texas. 
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INrRODUCTION 

Within the last decade the modeling of inelastic deformation through 
unified constitutive equations has made considerable progress [1-6J. 
With the exception of [5J, yield surfaces are not used in these 
approaches and creep and time independent plasticity are not considered 
separately. It is shown in [6J that these constitutive equations have 
similar mathematical structure but that tbey differ with regard to the 
specific choices of material functions. 

The models make the inelastic strain rate a function of the effec
tive stress defined as stress minus some quantity referred to as kine
matic stress, rest stress or back stress. In examining the mathe
matical properties of a first-order nonlinear differential constitutive 
equation it was shown [7J that making the inelastic strain rate solely 
dependent on the overstress gives qualitative solution properties of 
the differential equations found in corresponding experiments. The 
overstress is the difference between the stress and the equilibrium 
stress and is equivalent to the effective stress mentioned above. 

This approach has been verified for monotonic loading of 
Type 304 55 [8J and of a Ti alloy (9J. The purpose of the present 
paper is to present a further development of the theory of visco
plasticity based on overstress for cyclic loading. It will be shown 
that this development is similar to the unified theories but contains 
essential modifications which are necessary for reproducing regions of 
nearly elastic behavior and realistic reloading behavior. These prop
erties are basic for the modeling of mean stress effects in zero to 
maximum strain strain controlled cycling. 

THE MAIN PROPOSED MODEL 

Differential Formulation 

For the uniaxial state of stress with a and e denoting the engin
eering stress and infinitesimal strain, respectively, the model is 
given by the two coupled nonlinear differential equations 

• • eJ. • in • IE a - g 
e = e + e = a + Ek(a _ gJ (1) 

g• = .J. ( 1 . g - f ( J I· in I ,. e - b[ J e • (2) 

In the above E is the elastic modulus and square brackets following a 
symbol denote "function of." The positive, bounded, decreasing func
tion k is called the viscosity function, it has the dimension of time 
and controls the rate dependence. In the growth law for the equili
brium stress g there are three positive bounded functions, *, f and b, 
the argument of which will be determined in the sequel. For this 

26 



reason their arguments are not specified presently. A superposed dot 
denotes differentiation'with respect to time and the absolute value 
of a quantity is denoted by placing it between vertical bars. 

At the present this constitutive equation does not have any provi- . 
sions for modeling recovery and/or aging. It is therefore only 
applicable in regions where these two phenomena are not pronounced. 

By using the chain rule (1) and (2) can be rewritten as 

~ _ E _ a- 8 
de k[a- gle (3) 

"'-fl Ida/ • t _.iii--=. l - - - Sign e b E de 
.2.8. .. 
de 

(4) 

The basic equations (1) - (4) will nov be reformulated so as to 
identi~ the as yet unspecified functions with physical properties and 
to obtain mathematical properties of this system of nonlinear differ
ential equations. 

Integral Formulation 

Following the procedures of [71, (1) aml (2) can be transformed 
to the integral relations ~ 

t 

a- g- (a .. g )e:x:p - ....! + J d 
o 0 k I (Et - S> ( exp 

and 

g - f - (g .. f ) exp .. o 0 

to t o 

tIt f t I ~n dT + I (,~ -h(exp 
t t o 0 

(5) 

It leinl ) 
.. b ds dT 

T (6) 

respectively. A subscript zero indicates the value of the subscripted 
quantity at the initial time t - t • o 

Since the integrand of each first term on the right-hand side of 
(5) and (6) is positive its value will tend to zero for large times, 
provided that in (6) leinl will be different from zero as time increases. 

The second terms tend to a limiting value for infinite time [7J 
so that 

(a- g} = {E - *"} et{ (a- g}] (7) 

and 

(8) 

where braces denote asymptotic values. By differentiation of (5) and 
(6) and taking the limit for t-." [71 

27 

s.a.phillips
Note



and 

are, respectively, obtained. 

{aJ .. {gJ 

{gJ .. {fJ 

(9) 

(10) 

It is evident that (1) and (2) require a, g and f to grow ulti
mately at the same rate, Pi?Iided the functions have the properties 
stated initially and that Ii nl does not become zero for large times. 
Also ~ (7) and (8) it is required that i be bounded and constant 
for large times. 

Behavior Under Instantaneous Changes in Stress or Strain Rate 

l1le behavior of (1) under an instantaneous change in stress or 
strain rate has been determined in [10-12]. 

A superposed +(-) designa~es the value of a quantity immediately 
after (before) the jump. Then applying (3) and (4) before and after 
the jump yields (iin is continuous under a jump) 

(~+ - E)i + .. (~~ - - E)i- (11) 

and 

dg + .. dg - _i - + ( • -t 1 - !-.+) fo" r strain control de de.+ e f: 
(124) 

d + d - .- ( .-) 21L _ ~ £... a+" 1- a.2.... for stress control 
de de.+ .+ a a 

(12b) 

+ 
Where a .. da Ide. It is seen that ,the slope of g is related to that 

da-/de 
of a but the slope of a is not influenced by g at all. As a conse
quence the properties of da/df: as determined in [10-12] remain 
unaltered. 

If it is now assumed that the asymptotic properties (7) - (10) 
and da-/de fII:I Et «Ewith Et ~ 0 the tangent moduluSl in the inelastic 
range hold, then the slopes of a and g can be calculated for increase, 
decrease, reversal, reversal with increase and reversal with decrease 
of the stress or strain rate. Under the above assumptions (12) 
simplifies to 

1 This designates the slope at the limit of the region of interest. 
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and 

+ e-
~ - t + - (E - t) for strain control de .+ t 

e 

+.- d +, 
~_ t +!L (E - t) ade for stress control 
de cl t Et 

(13a) 

(13b) 

It can be obsexved that no changes in the slope of g are realized 
when the asymptotic value of t is equal to Et • 

Values obtained ~(ll) and (13a), (13b) are given in Table 1 
where it is assumed that rate· changes involve at least one order of 
magnitude. 

Creep and Relaxation Behavior 

During relaxation i- 0 and from (1) and (2) 

• a-g 
a- - k[a- g1 (14) 

and -.-
• &.:...£ ,. in, g-- b e (15) 

respectively. It is seen that both a < 0 and g < 0, if a- g > 0 and 
g - f > O. From (5) and (6) ,.it can be deduced that these conditions 
are met at any point during a prior tensile test provided i > 0 and 

S df. ; 
E - de > 0 and t - di> O. (If c < 0 the sign of a- g and g- f reverses 

and a and g are positive.) Therefore a and g always decrease in magni
tu.de but not uniformly. Indeed from (14) and (15) 

a bE -a-S g- f 
(16) 

Unless (g - f) /b < E the quantity on the right-hand side exceeds one 
and a > g, so that a relaxe~ faster than g. 

Stress relaxation stops at a- g but since g is zero at both a=- g 
and at g - f it is not' clear whether. equilibrium is reached at g .. f, or 
at g> f when a- g. If the right-hano side of (16) is greater than one 
it is expected that a- 0 at g> f. 

In creep (1) and (2) specialize to (a
e 

is the constant stress in 
the creep test) 

and 

a - g 
~ .. 0 

Ek[a - gJ o 
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• .I.. .s..:..1 1·1 g. ,.E: - be:, (18) 

respectively. It is seen by compar.ing (18) and (2) that the growth of 
g in creep is slightly modified compared to constant strain rate loading 

since in creep i - iin. Differentiation of (17) yields 

. 
c·· - t (k - (0 - g)k') 

k-E 0 
(19) 

dk[xJ . 
where k' = dX < 0 by initial stipulation. Secondary creep will be 

obtained when g = 0 and this is accomplished when f = :: e = 0, i. e., 

when the tangent of f is ultimately horizontal, see (10). Primary 
creep results if g > O. In this case creep terminates at 00 • g. If 
00 > g for all values of g creep will never terminate. 

REQUIREMENTS at A REALISTIC MODEL 

The following requirements are put on the model: 

1) There is an initial nearly linear elastic region starting 
from zero to some finite stress. In this region there is not only 
do/ de: • E but there is also no creep and relaxation. 

2) After unloading there is again an elastic region with the same 
properties as 1) which starts below the stress at which reversal begins 
and can end at zero stress but usually ends at a stress magnitude larger 
than zero. 

3) When a creep test is performed at zero stress after prior in
elastic deformation the strain magnitude will either stay constant or 
will decrease. However, equilibrium will be reached very close to the 
inelastic strain at which the creep test started. In no way should 
the strain magnitude increase nor should zero strain be reached at 
equilibrium if the strain magnitude decreases. (Aftereffect, recovery 
test.) 

4) After the initial linear elastic region inelastic deformation 
sets in characterized by a tangent modulus much less than the elastic 
modulus. The material exhibits normal rate sensitivity (an increase 
in rate increases the stress level), creep and relaxation. (The region 
of creep and relaxation may already begin upon loading before do/de: 
decreases appreciably.) 

5) Primary and secondary creep may be experienced together with. 
possible "anomolous" creep behavior. (Creep rate may not necessarily 
-increase with stress increase, at the same stress level creep rate is 
'higher on loading than on unloading, see [6,8,13,141.) 
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6) When relaxation behavior is considered it is not uniform every
Where on the hysteresis loop. It is most pronounced where the tangent 
moaulus is ".ow. It is minimal when the tangent modulus is close to the 
elastic modulus below the stress at which unloading started and above 
zero stress. At zero stress relaxation, if it occurs, is small and such 
that the stress magnitude increases [14,15]; see also 2). 

7) After unloading to zero stress and subsequent reloading in 
strain control the transition to inelastic deformation is very sharp. 
A small hysteresis loop may develop in the quasie1astic region. 

8) In cyclic loading cyclic hardening, softening or cyclic neutral 
behavior should be reproduced. 

9) The behaviors listed in 3) - 8) should not be peculiar to a 
certain stress or strain value or region. Rather they are inelastic 
properties fbund in the nonelastic regions. 

SELECTIOO OF FUNCTIONS " f AND b 

In the following the Simplest choice for these functions will be 
made such that the requirements listed above will be met as far as 
possible. The choices have been arrived at after numerous numerical 
experiments [16,17J which included other possibilities than those 
allowed by (1) and (2). 

In view of (9) and (10) 

(20) 

This selection permits the final slope of the stress-strain diagram to 
be selected by the usual choice Et ~ O. (The model permits the use of 
a negative Et • This will be explored in the future.) 

The choice 

t = t [0' - g1 > 0 (21) 

with 

Vi < 0, teO] = i < E 

and t [-x] ~ yCx] helps to satisfy conditions 1) - 3), 6), 7) and 9). (It 
is not possible to have t depend on 0' - g and to have t [0] = E. In this 
sase (1) and (2) produce only linear elastic behavior. For this reason 
E .. 0.99 E is usually chosen.) 

This choice makes g rate dependent, see (8). In this case k and g 
would both be responsible for rate dependence and inverse rate-sensitivity 
could be modeled (the stress decreases upon an increase in stress (strain) 
rate). H9Wever, for the present purposes it was decided to make the 
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asymptotic value of g - f and therefore of g independent of rate by 
selecting 

b .. A 
t[a - g] - E

t 
(22) 

where A > 0 is the asymptotic value of (g - f}. With this choice g will 
be rate dependent after the initial elastic region and before the 
asymptotic solution is reached. However, the initial and final proper
ties of g are independent of loading rates. 

Using (22), (1) and (2) reduce to 

(23) 

(24) 

In this version the model has two free functions k and t and three 
positive constants with dimensions of stress E, Et and A which permit 
fitting to experimental data of a given material. The functions k 
(dimension time) and t (dimension stress) are restricted to be positive 
and to decrease with increasing argument. Appropriate mathematical 
fo~ must be found and their choice will influence rate dependence (k) 
and the shape of the stress-strain diagram especially the transition 
from elastic behavior to inelastic behavior (t). A procedure for curve 
fitting is given in the Appendix. 

With this choice of functions the model represents symmetry with 
regard to the origin and a generalized Hasing hypothesis. To illustrate 
this consider a test starting from the origin loaded with constant cin 
compression. Another test is first loaded to some positive value of 
stress and strain, so that ao - go > 0 and g - f > 0, before loading with 
the same C 'in compreSSion as the first test? F~om (5) and (6) we see 

~~:ts:!:i;a::~Y~~~f~~:t~h;~~::~eat~~l~a:: ~;n!l~~do~;a~~ed~i~~: !;s~te 
(7) and (8). 

Because of these properties the model does not reproduce cyclic 
hardening or softening. These properties require that one or more 
constants be made dependent on an accumulating measure of history such 
as the inelastic strain path length. Another possibility is to postu
late an extra growth law for A which controls the stress level and/or 
to make Et depend on, say, the inelastic strain-path length. These 
additions are under development. 

Whether or not these ultimate values are obtained at strain levels 
of interest depends on how fast the first terms on the right-hand side 
of (5) and (6) become negligible. Experience with numerical experiments 
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has shown that these asymptotic values can be obtained with reasonable 
accuracy at strains of one percent. 

Aside from these general properties the details must be evaluated 
through numerical experiments, i.e., the automatic integration of (23) 
and (24) subject to various stress or strain histories. This will be 
done presently by selecting the constants and functions. Numerical 
integration was performed using the IMSL program DGEAR on an IBM 3033 
or 308lD computer. 

DISCUSSIOO AND NUMERICAL EXPERIMENTS 

Relation to Other Models 

The present model falls in the general category of the unified 
models which do not separately consider the actions of creep and 
plasticity. According to [61 the unified models can be written as 

• • eL • in 
c· c + C 

iin • .J"a- m. FeoI" o· Fe-xl =- - FexI . .l:L K -JJ , 

6- ~ iin - fz'll (inl - f3101 

K- .f4ein 
- fsKI ein

, - f6K 

(2S) 

(26) 

(27) 

(28) 

where fl - f6 are either positive constants or positive functions of one, 
two or three of the variables a, 0 and K. 

Comparison of (23) through (28) with (1) and (2) reveals the 
following: 

i) The functions f3 and f6 are absent 

ii) The variable K is not represented 

iii) t assumes the role of fl but it is multiplied by e 
f .in instead 0 e • 

The reasons for these choices are: 

i) Since the model is intended for regions where recovery of 
hardening (annealing) are considere~ co be insignificant· the recovery 
terms f3 and f6 are omitted. 

ii) The isotropic drag stress term is not included since it implies 
that rate sensitivity changes Significantly with deformation behavior. 
Inversion of (26) yields 

a_O=KF-l(ein): (29) 
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It demonstrates that the overstress (effective stress) cr- 0 is propor
tional to K. Comparing two specimens at the same inelastic strain 
rate, but different histories leading to different values of K would 
also lead to different effective stresses (overstresses) and therefore 
different rate sensitivities. 

Elevated temperature experiments aimed at determining whether 
hardening is due to growth in n or to a growth in K or both are not 
known to the authors. Indeed a recent review does not address this 
question [18). However, in [30J a change in K was inferred from a change 
in the stress drop with cycling during constant strain hold-time tests 
on 316 stainless steel at 600°C. Experiments at room temperature on the 
strongly hardening annealed Type 304·SS [19,20] showed that essentially 
all hardening was due to an increase in O. For cyclically neutral Ti
alloy no changes in 0 and K due to prior deformation were found [2lJ. 

Judging from a review of elevated temperature data [22,23J one 
might infer hardening primarily due to changes in 0 but this is not clear. 

Because of these uncertainties it was decided to stay with the 
cyclically neutral model, see (23), (24). MOreover, even the room 
temperature experiments have shown results [20,21) which demonstrate 
that strong cyclic hardening cannot be adequately modeled with the 
present approaches, see also [24J. 

iii) The use of e instead of ein to multiply the initial term in 
(24) will be disturbing to materials scientists who will argue that g 
is a state variable which should grow only when inelastic deformation 
occurs. lherefore the approach presented in (24) is not "physical." 
From (25), (26) and (27), and the chain rule 

and 

dcr ~ E 
de 

dO ~ 0 
de 

(30) 

~re obtained, respectively, at the origin (cr~ OJ 0= 0). On the other 
hand from (23) and (24) 

and 

~ = E de 

*' = tCOJ , 

(31) 

so that the slope of g at the origin can be controlled by t. By a 
proper choice of tCO] nearly linear elastic regions can be reproduced. 

The difference between the two approaches is demonstrated in 
Figures 1 and 2. In both figures the evolution of cr and g under a 
strain controlled loading, unloading and reloading experiment are 
plotted. The mater-ial functions used are listed in Table 2 (they· 
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are not intended to represent a specific alloy and the difference 
between Figure 1 and Figure 2 is only that .ein is ~sed to multiply t 
in (2) or (24) in the former wherea~ e is employed in the latter. 

Regarding the evolution of a both figures show the same initial 
slope. From then on the a curve in Figure 1 is more gradual than in 
Figure 2. Upon reloading a sizeable hysteresis loop develops and the 
transition is gradual in Figure 1 Whereas almost no hysteresis and a 
very sharp transition is observed in Figure 2. This sharp transition 
corresponds to that observed in strain controlled experiments [25]. 

Figure 1 also demonstrates the zero slope of the g (back stress) 
curve at the origin. Since the inelastic strain rate depends on (a- g) 
and since in strain control the same ~ime is represented by the same 
strain it can be seen that only the origin and two other points in 
Figure 1 Where a and g intersect have zero inelastic strain rate. 
Elasticity is reduced to three isolated points in Figure 1. In all 
other regions creep and relaxation can be found. This fact is of course 
not noticeable if the figure does not contain the evolution of g. 

In contrast, in Figure 2 there are regions where a and g essentially 
overlap. In these regions nearly linear elastic behavior without 
noticeable creep and relaxation is reprod~ced. 

This behavior is closer to reality than the one depicted in 
Figure 1 and partly for this reason we have chosen to use e instead of 
in e in the growth law for g. 

Aside from the existence of elastic regions the use of e instead 
of ein 

makes quite a difference in the evolution of mean stress with 
cycles in a strain controlled test with positive mean strain. Figures 3 
and 4 again depict results of numerical experiments under such loading. 
The only difference in the two graphs is the use iin in Figure 3 and of 
i in Figure 4. 

Qualitatively the results on Figure 4 are more realistic than those 
in Figure 3, see [12J. Because of this behavior the formulation with e 
is preferred. 

Figure 5 shows the results of numerical Simulations such as depicted 
in Figures 3 and 4 for two strain ranges and two strain rates. The decay 
of mean stress is plotted vs cycles. It is evident that at the slow 
strain rate the decay is less rapid for the e than for the ein formula-
tion. However, when a fast strain rate (10-2 s-l) is used the difference 
is less pronounced and the e formulation predicts the smaller mean stress 
of the two. 

The cycles depicted in Figures 3 and 4 occur in turbine disks and 
buckets. For their life prediction the remaining mean stress must be 
known from analysis. Figure 5 clearly demonstrates that the two formula
tions predict considerably different mean stresses. 
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'l11e Material Functions of the Theory 

In the absence of recovery and of cyclic hardening the present 
model has three constants and two material functions that must be 
identified. The method of identification which requires considerable 
expertise and uses the asymptotic solution properties (7) - (10) is 
described in the Appendix. 

In co~trast to other approaches [1-6] the specific forms of the 
functions are not given rather general properties are stated, see (21). 
Within these properties specific functions must be found to suit the 
specific application. It was demonstrated in [8,26J how k affects rate 
sensitivity and a selection of specific k-functions was given in [8J. 

The function t affects the knee of the stress strain diagram and 
the behavior upon rate changes, see Table 1. For the purposes of demon
strating its influence two forms of .. are given in Table 2. One leads 
to an almost elastic viscop1astic behavior, see Figure 6, the other to 
a gradual transition from elastic to inelastic deformation, Figure 7. 

Corresponding hysteresis loops are shown in Figures 8 and 9. It 
is seen that Masing behavior is represented in either case and that 
cyclic hardening is absent. 'l11e regions of nearly elastic behavior are 
clearly identified as those where a and g coincide. 

Note that the constants of the functions given in Table 2 are 
selected to give the same Et and the same stress level, only the transi
tion behavior is different. 

Once the material functions have been set the behavior of the model 
is completely determined. As an example, the behavior at different 
strain rates and under strain rate changes shown in Figures 6 and 7 is 
cited. 

Both figures show an effect of loading rate on g in the transition 
region which disappears after some strain has accumulated. 'l11e influ
ence of rate on g is smaller but seems to disappear slower in Figure 6 
than in Figure 7. 

The transition from elastic to viscoplastic behavior for a is 
sharp in Figure 6 but gradual in Figure 7. As the strain rate increases 
the sharpness of transition increases. 

At point A in Figures 6 and 7 the strain rate is increased (reduced) 
by two orders of magnitude. Whereas little overshoot (undershoot) is 
observed in Figure 6 it is considerable for both the a and g curves in 
Figure 7. After some transient period the original curves are traced 
over again. Again the transition period is longer in Figure 6 than in 
Figure 7. 

36 



The difference in behavior is solely attributable to the change 
in the function t. The question arises whether these overshoots 
could lead to instabilities. A separate stability analysis [27J shows 
that the critical points which are the asymptotic values of (21), (24) 
are stable. Even if there are overshoots (undershoots), they TAill be 
transient in nature, see also (5), (6). 

Although overshoots (undershoots) are experienced in testing, 
see Figure 9 of [19J, and [28J, and are similar to those shown in 
Figure 7 the size of these transients is somewhat large. 

If t in (24) is multiplied by iin a simple analysis corresponding 
to (12) and (13) shows .that 

+ - - -
~ = !!L L = E .L (32) 
de de 1:+ t i+ 

and 
d + d - a- da+ a
~-~a----de de .+ de.+ a a 

(33) 

for strain and stress control, respectively. It is clear that (32) 
and (33) lead to less variations of dg+/de than experienced with the 
ti for.mulation, see Table 1. This is demonstrated in Figure 10 where 
the conditions are identical to those used in Figure 7, except for the 
multiplication of t by i n. Very little overshoot is observed in this 
case. 

The second term in (2) or (24) is multiplied by liinl and has ~o 
far not been varied. If this term is replaced by Iii the reloading 
behavior is similar to that shown in Figure 1·. (See also [16 J, 
Figures 5.21 and 5.22.) It can be seen from (4) that $&dd ~,as long 

da e 
as -d ~ E. Since under this condition a- g ~ 0 and since ,[OJ ~ E 

e da 
the slope of g remains very close to E as long as de m E and the 

behavior results in the sharp transition upon reloading shown in 

Figure 2. If liinl is replaced by 11:1 in (2), (4) shows that the 
second term on the right-liand side is not negligible from the begin-

ning and ~ decreases. faster than in the previous case. (See [16J 

for a further discussion of the subject.) 

A comparison of the hysteresis loops in Figures 8, 9 and 11 shows 
clearly the linear elastic regions for the ,i-formulation which are 
absent in/Figure 11. (Elastic regions are those where a= g.) It is 
not possible to model regions of no creep and no rela~~tion in Figure 11 
but Figures 8 and 9 display such regions. 
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CONCLUSIONS 

Mathematical methods permit the establishment of some properties 
of the proposed constitutive equation, but numerical experiments are 
very necessary to investigate the detailed properties. 

The proposed system which uses total strain rate in the growth 
law for the equilibrium stress (or back stress or kinematic stress) 
is able to reproduce regions of almost linear elastic behavior. If 
inelastic strain rate is used instead, these regions were shown to be 
absent. 

Loading, unloading and reloading under strain control are repro
duced in a realistic manner using the present approach. A much too 
gradual transition is exhibited when inelastic strain rate is employed 
instead. 

These properties have an influence on the decay of mean stress 
under tension-tension strain controlled cycling. It appears that the 
present approach represents a realistic decay of mean stress. This 
quantity is important for fatigue life prediction of turbine components. 

All comparisons were made by changing one parameter at a time. 
Although it is strongly suggested that presently available state 
variable theories share the qualitative properti~s of the present 
model with using the inelastic strain rate instead of the total strain 
rate a proof is outstanding. Such a proof requires numerical integra
tion of the respective theories under the loading histories used in 
this paper. 
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APPENDIX 

Determination of Material Functions 

The model is given by (23) and (24) and contains three material 
constants (E, Et , A)* and two material functions (k, V). Both functions 
must be continuous positive and decreasing functions. They are other
wise not specified. In applications specific forms must be chosen. 

The elastic modulus E and the tangent modulus Et are easily 
identified as the slopes of the stress-strain diagram at the origin 
and at the maximum strain of interest, respectively. 

In determining k, V and A the asymptotic solutions (7) - (10) are 
needed and used. Points of g and the viscosity function k are deter
mined as shown in [81 or [261. The strain rate change tests proposed 
in [81 are preferred. The relaxation tests [26J are also useful pro
vided the solution properties of (14) and (15) are accounted for (in 
[26) g- g[e} only). Candidate functions for k are also given in [8,26} 
but new ones may be easily proposed. In this step extrapolation, 
trial and error with judgement are required. 

Once a point of g is known, the asymptotic value of [g - f} = A can 
be determined from the corresponding value of a and f". Ete. 

With t [O} ". * [O} ". E, * [lmaxJ'" Et and at least one point of g 
known, g can be approximated by the functions provided in (29J or by 
other representations (i.e., Ramberg Osgood relation). A similar 
procedure is used to approximate the stress-strain diagram. These 
two functions are now used as inputs to 

g - Etf: *". t(a- gj B,C,DJ - b(a- gJ 1
1 - 1 da/ 

E de (A.l) 

which is obtained from (24) and where b is given by (22). The argu
ments B, C, D of V are the free constants in the assumed representa
tion of 

C 
,,,. B + f(x/D) (A.2) 

where fer) is an increasing function. Examples of such functions are 

given in Table 2. Since HOl= E". B + C/ f(OJ only two constants need 

*-E". HO} is selected to be slightly less than E. 
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be determined in the subsequent nonlinear least square analysis* which 
employs (A. 1), (A.2) and the fitted analytical expressions for a and g 
(since the derivatives are needed in (A.lh analytical expressions 
are preferred). This analysis then yields the constants for (A.2). 

With all the constants determined the. model can now be integrated 
numerically and should reproduce the experimental results used to 
determine th~ constants. Due to the nonlinearity of the problem some 
iterations are probably necessary. These iterations may employ dif
ferent forms of t and k consistent with the general requirements. 

* The IMSL subroutine ZXSSQ is an example of possible algorithm 
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TABLE 1 

SLOPES AFIER A JUMP IN STRESS OR STRAm RATE 

-- --. 
Change Condition1) + dade + dg Ide 

Strain Stress Strain Stress 
Control Control Control Control 

0<&«1 E 
E 

t E5+ ! Increase 1+ 5E/Et 1+ 5E/Et 

Decrease 5 » 1 -5E E..I5 5(E
t 

- Ijr) Et .. 
Reversal 5 = - 1 2E -E t 21jr - E t Et 

! 

Reversal -1« 5<0 E E 
V 

E5+ ! 
increase 1+ OE/Et 1 + &E/Et 

Reversal 6 «-1 ~5E Et/5 &(Et - t) Et decrease 

1) • .-1.+ ·-1·+ 
u - C c or 0' 0'. 

TABLE 2 

MATERIAL CONSTANTS AND FUNCTIONS USED 

E - Modulus of elasticity = 120,000 MPa 

Et = Asymptotic tangent modulus = 1200 MPa 

A .. 120 MPa 

t -4 ( k[x1 .. 2.296 X 10 exp 21.275 exp Ixl ) 
- 58.28 s 

V1 [xl = 48,000+ 70,800 exp(-0.12 Ixl) MPa 

Used in all figures except in Figures 6 and 8 

t2[xl =12,000+106,800 cosh(-0.2 Ixl) MPa 

Used in Figures 6 and 8 

t All x used here are measured in units of MPa. 
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THERHOMECIUWICAL DEFORMATION 'IN THE PRESENCE 

OF METALLURGICAL CHANGES* 

D.N. Robinson 
University of Akron 
Akron, Ohio 44325 

Cyclic hardening of some common structural alloys within 
their temperature range of interest is believed to be influ
enced by the ~henomenon of dynamic strain aging.l Strain aging 
occurs in solid 
nitrogen, etc.) 
parent lattice. 

solutions where solute atoms (e.g., carbon, 
are particularly free to diffuse through the 
It is energetically preferable for ~heae 

solute atoms to occupy sites in the. neighborhood of mobile 
dislocations where their presence immobilizes the dislocations 
or at least makes their movement difficult, thus causing 
strengthening. 

Isothermal cycling at temperatures where such metallur-
gical changes occur might therefor:be expected to show abnor-
mal hardening, i.e., higher hardening rates and greater 
saturation strengths than at temperatures both lower and higher. 
Macroscopic evidence of strain aging in three common alloys (i.e., 
Hastelloy X and types 304 and 316 stainless steel) is shown in 
Figures 1 through 3. In each case the hardening rate and the 
stress range at "saturation" are maximal at an intermediate tem
uerature in the range. This hardening peak is interpreted as a 
manifestation of dynamic strain aging. At lower temperatures the 
mobility of solute atoms is far less and strain aging cannot occur; 
at higher temperatures normal recovery precesses, e.g., climb of 
edge ~islocations, take over. 

In the aging process described dislocations can, under some 
circumstances, break away from their Cottrell solute atmospheres 
becoming mobile again. Although temporarily freed, dislocations 
can again be immobilized as solute atoms gradually diffuse back to 
them. As the thermally activated process of diffusion is involved 

*This work was performed under NASA Grant NAG-3-379. 
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and solute atoms are migrating to dislocations which themselves are 
mo'ing under the applied stress, it is ex~ected that the ensuing 
inelastic deformation (cyclic hardening in particular) has a com
nlex dependence on thermomechanical history. 

Phenomenological e",pidence of themomechanical path dependence 
under cyclic conditions is seen in the results of the simple 
nonisothermal tests reported in Figures 1 and 2 (dotted curves). 
In these tests cycling is initiated at one temperature and after 
some cycling the temperature is changed and eycling resumed. 

Figure 1 shows the results of two nonisothermal tests on 
Hastelloy X cycled over a strain range at constant strain rate. 
In one, the specimen is cycled at BOOF for five cycles, the tem
~erature is them changed to lOOOF and cycling is contjnued to 
virtual saturation, at about one hundred cycles. In the second, 
this history is re~eated up to thirty cycles where the specimen 
is then brought back to SOOF and cycling continued. Results of a 
similar test on ~e ;04 stainless steel are shown in Figure 2 
(dotted line) .. 

The features of these test results that reflect thermomechan
ical history dependence area 1) The change in strength (stress 
range) with temp'erature at a fixed number of cycles is always neg
ati"e, i.e., zn increase in temperature always produces a decrease 
in strength and "ice versa, contr'~ry to "~he implication of the 
isothemal data; 2) The current strength, in particular the "satura
tion" strength, depends on the temperature-strain history. Evi .. ·· 
dently, the information contained in the isothermal data is not 
sufficient for a complete nonisothermal description of the cyclic 
deformation in the temperature range of interest. In fact, the 
data suggests that, with accompanying metallurgical changes, the 
materials retain a full memory of their themomechanical history 
to cyclic saturation. 

In the present work a discussion is given of nonisothermal 
testing that can be used as a basis of a nonisothermal represen
tation. Related tests were discussed in Ref. 2 with regard to 
metallurgical changes that occur in other high temperature 
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structural alloys. 
In spite of the sparseness of nonisothermal data, a visco

plastic const1.tutive model capable of qualitatively representing 
the behavioral features observed in Figures 1 through ) has 
been formulated. Thls model is used here to begin to assess the 
differences in ultimate life prediction in some typical noniso
thermal structural problems when the constitutive model does or 
does not account for metallurgically induced thermomechanical 
history de~endence. 

1. 

2. 
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MICROMECHANICS m' HIGH TC:MPERATURE 

DEFORMATION AND ~'A,[LtJRE 

S. Nemat·Nasser and J.R. Weertman 
Northwestern University 

Evanston, Illinois 60201 

The aim of the current research sponsored by NASA-Lewis Research Center at 

Northwestern University has been to examine the micromechanics of the constitutive 

behavior of elasto-plastic materials at high temperatures. This research involves 

theoretical and experimental exfort. 

The experimental work has focused on the development of mi~roscopic defects 

in superalloys (Waspaloy), especially the formation of voids at grain boundary 

carbides, and slip-induced surface cracks within grains upon cyclic loading at high 

temperatures. The influence of these defects on the life-expectancy of the 

material is being examined. 

The theoretical work consists of two parts: (1) Analytical description of the 

mechanisms that lead to defects observed experimentally; and (2) development of 

macroscopic elasto-plastic nonlinear constitutive relations on the basis of micro-

me<~d.nical modeling. 
1. PROGRESS TO DATE 

A list of articles completed under the current grant is given in Section 2. 

Progress in experimental and theoretical efforts is briefly discussed in 

Subsections 1.1 and 1.2. 

1.1 Experimental Effort 

A study is under way of the effect of prior deformation, carried out at room 

temperature, ·on the subsequent high temperature fatigue behavior of Waspaloy. 
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At room temperature Waspaloy deforms by coarse, planar slip whereas by 650°C 

slip has become fine and homogeneous. Pineau and coworkers, Refs. [1,21, have 

shown that the planar low temperature behavior can be extended to higher temper-

atures if the material is deformed at room temperature prior to high temperature 

fatigue. 

In the series of experiments now in progress the effect of monotonic 

prestrain and of prefatiguing at room temperature on samples fatigued at 

650-7500 C is being investigated. Samples of Waspaloy were pulled at room 

temperature to a strain of about 4% or were fatigued with a plastic strain 

amplitude of 0.3% or 0.6% at a frequency of 0.05 Hz. The specimens then were 

fatigued at 0.05 Hz at 650°C with a stress amplitude of 810 MPa or at 750°C 

with an amplitude of 770 MPa. All high temperature fatiguing was carried out 

-6 in a vacuum of about 10 torr. Several samples were subjected to high temper-

ature fatiguing which had undergone no prior deformation, in order to observe 

the effect of prior deformation on high temperature fatigue behavior. 

Both monotonic straining and fatiguing produce coarse slip at room tem-

perature. While some slip lines appear straight, many detour around the larger 

y' particles. Shearing of y' particles is not universal during room temperature 

deformation. (The distribution of sizes of the y' particles is bimodal. The 

larger are about 200 nm in diameter.) An appreciable amount of microcracking 

was seen along coarse slip lines in the fatigued samples (Fig. 1) but no grain 

boundary cracking. A small number of grain boundary microcracks were found in 

the pulled material but no slip line cracks (Fig. 2). Waspaloy which was pre

strained either in tension or fatigue and then fatigued at 650° or 750 0 also 

showed coarse slip bands, an appreciable number of which had turned into cracks. 

Prefatiguing seems to favor microcracking along the slip lines, while prior de-

formation by pulling produces more grain boundary voids and cracked boundaries 
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Fig. 1: 

Fig. 2: 

TEM micrograph of a shadowed 2-stage replica of Waspaloy fatigued at 
room temperature for 100 cycles (0.1 Nf ) at a plastic strain amplitude 
of 0.6% at a frequency of 0.05 Hz. Several microcracks along coarse 
slip lines are seen on either side of the twin boundary. 

Shadowed 2-stage replica of Waspaloy pulled to a 4% strain at room 
temperature. Note coarse slip lines, one of which ends in a micro
crack at the grain boundary. 
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(Figs. 3 and 4). The slip generally is. finer in specimens fatigued at high 

temperature which had not undergone prior deformation (Fig. 5). Slip line 

and grain boundary cracking appear only after 500 cycles in these specimens, 

whereas such features appear by 200 cycles in the prestrained samples. 

1.2 Thco~etical Efforl 

A complete formulation of the overall macroscopic elasto-plastic response 

of polycrystalline solids at finite strains and rotations has been made; Ref. 

[3]. A number of illustrative examples have been worked out. A number of 

interesting new results have been obtained. In particular, the influence of 

residual stresses (backstress) at the micro-level on the overall mechanical 

response has been thoroughly examined. In addition, based on a micromechanical 

modeling, the macroscopic Bauschinger effect and kinematic hardening are 

exemplified. 

In Refs. [4,5] dynamic crack growth in elasto-plastic materials is given 

a complete asymptotic solution. These results shed new light on this difficult 

problem area and bring out a number of technically important questions per

taining to criteria for ductile fracture. 

Other articles listed in Section 3 respcesent various other micro

mechanical aspects of the research which has been completed. 
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boundary and continued on another slip system. Specimen 
of Waspaloy pre fatigued at room temperature for 200 cycles 
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fatigued for 160 cycles at 6500 C with a stress amplitude 
of 810 MPa. All fatiguigg done at a frequency of 0.05 Hz, 
and in a vacuum of _ 10- torr. 
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Fig. 4: 
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Micrograph of replica of Waspaloy specimen puil~u at room temperature 
to a 4.1% strain, then fatigued at 750°C at a frequency of 0.05 Hz with 
a stress amplitude of 770 MFa for 150 cycles. Note the coarse slip and 
the numerous microcracks al'ong the grain boundary. A s lip line crack 
also can be seen. 



Fig. 5: 

Ipm 

Slip on a finer scale in Waspaloy fatigued for 160 cycles, 
0.05 Hz, 650°C with a stress amplitude of 810 MPa. No 
prior deformation. Note the tendency of the slip lines 
to go around the large y' particles. 
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CONSTITUTIVE MODELING OF SUPERALLOY SINGLE CRYSTALS 

AND DIRECTIONALLY SOLIDIFIED MATERIALS 
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Smithfield, Rhode Island 02906 

Eric H. Jordan 
University of Connecticut 
Storrs, Connecticut 06268 

A unified viscoplastic constitutive relation based on crystallographic 
slip theory is developed for the deformation analysis of nickel-base face
centered cubic superalJoy single crystals at elevated temperature. The 
single crystal theory is then embedded in a self-consistent method to de
rive a constitutive relation for a directionally solidified material comprised 
of a polycrystalline aggregate of columnar cylindrical grains. One of the 
crystallographic axes of the cylindrical crystals points in the columnar 
direction whilst the remaining crystallographic axes are oriented at ran
dom in the basal plane perpendicular to the columnar direction. These 
constitutive formulations are currently being coded in FORTRAN for use 
in nonlinear finite element and boundary element programs. An experi
mental program to determine the biaxial tension-torsion behavior of PWA 
1480 single crystal tubular specimens at 16000 F is also underway. 

INTRODUCTION 

This paper represents a first quarterly progress report on a program 
to develop anisotropic constitutive equations for use in modeling the mul
tiaxial viscoplastic stress-strain response of single crystal and directionally 
solidified gas turbine alloys at elevated temperature. Two approaches are 
being pursued. The fi rst approach consists of modeling the anisotropic 
response from a macroscopic continuum point of view, whilst the second 
approach consists of taking a micromechanics viewpoint using crrstal plas
ticity concepts. Tubular specimens of the single crystal superalloy PWA 
1480 are currently being machined. Tension-torsion experiments on tubu
Jar specimens of PY.iA 1480 will be conducted at 16000 F to provide a data 
base for exercising the theoretical formulations. The anisotropic visco
plastic theories will be incorporated into a nonlinear finite element code 
since the non-uniform stress distribution in the tubular specimens will 
require the solution of a boundary value problem for data reduction pur
poses. 
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SINGLE CRYSTAL ANALYSIS 

An analysis of single crystal superalloys undergoing steady state 
creep deformation was presented by Paslay, Wells and Leverant [1] in 
1970 using a theoretical formulation based on crystallographic slip theory 
of face-centered cubic materials. In 1971 the theory was applied by 
Paslay, Wells, Leverant and Burck [2] to describe the creep behavior of 
single crystal nickel-base superalloy tubes under biaxial tension. Steady 
state creep formulations suitable for the analysis of single crystals were 
used by Brown [3] in 1970 and by Hutchinson [4] in 1976 to predict the 
behavior of polycrystaUine materials whose aggregate consists of randomly 
oriented single crystal grains. Recently, Weng [5] has developed a single 
crystal creep formulation which accounts for transient· (primary) as ""/eH 
as steady state (secondary) creep. However, in order to describe the 
combined plastic and creep behavior of polycrystalline materials, Weng 
combines the rate-independent and rate-dependent components of crystal 
behavior in such a way that each component is governed by a separate 
constitutive relation. The averaging of the single crystal creep relations 
to obtain the overall macroscopic creep response of the polycrystalline 
alf-regate is easily accomplished by using .l(roDf'jr's self-consistent method 
[6. In a general analysis the constitutive relations for the overall mac
roscopic plastic response of the polycrystalline aggregate must be obtained 
using Hill's self-consistent method [7]. Kroner'S method for calculating 
the macroscopic creep propenies of a polycrystal1ine aggregate of single 
crystals is explicit in nature; but Hill's method for calculating the macro
scopic plastic properties is implicit in nature· and requires lengthy itera
tive computations. 

In the decade of the seventies the creep and plastic r~nses of 
materials were combined into unified viscoplastic formulations [8J. These 
formulations differ from steady state creep theories by introducing history 
dependent state variables to account for primary creep and plasticity. 
Most of these unified theories exhibit an elastic response under instan
taneous deformation. This instantaneous elastic response occurs 
because the inelastic strain rate is assumed to depend only on stress, 
state variables and temperature and not on the rates of these variables. 
These unified theories may, therefore, be integrated in time by means 
of an explicit Euler forward difference method. Macroscopic properties 
of a polycrystalline aggregate, comprised of single crystal grains which 
are assumed to deform according. to a unified viscoplastic slip process, 
can therefore be obtained by means of Kroner's explicit self-consistent 
method. 

In the unit cell of the face-centered cubic crystal shown in Figure 1 
we denote by f.~ a unit vector in the ,'It slip direction (say of type (110) ), 
whilst ll~ is a unit vector in the normal direction to the slip 'plane (of 
type {Ill} ) of which ~~ constitutes a slip direction. The four octahe
dral {111} planes and the twelve corresponding (110) slip directions 
(three on each plane) are shown in Figure 1. 

From the geometry of the unit cubic cell in Figure 1 the Wlit 
vectors are given by 

~'=(i-!)/fi ) ~2.=(-~+~)/J2: , '!\=(i-d)/,ff) ~"t::(l-~)/li. ) 

f>f> 



with 

, ~,,~ (i to '~)/{2. ) 

) ~,o =- (j+ k)/J2 - - ) 

. ':1::' <}, + j)/fi. ) 

f\u:: (1-iJ/J2 ) 
~.:: (-! -t"'!)/Ji , 

~12. = (i + 'yJ/fi. 1 

~\·~·~s·(i+l+~)/J3) .n ... ·~S::~"s(!+~-!)/I3, 
"7=~. nt1&(~-j-k)/~ ) '''0';11 .. -n,1- (-C:-j+~)/.fj) 
"- .... "" ..... ~ -- "- ""''' "'-.J 

where i, j, k are unit vectors along the x,y,z crystallographic axes. ..., - .., 
Fig1Jre 2 shows a single crystal whose global axes are denoted by 

• • • x , y ,z and whose crystaUographic ,,"xes are denoted by x,y,z. If Q 
denotes the orthogonal tensor which rotates the crystaUographic (unstar
red) axes into the global (starred) axes, viz., :c.:: II: '<ij.%.t· ,then the 
stress tensor tf' and the strain rate tensor i in the crysta lographic axes 
may be obtained from the stress tensor ~ and the strain rate tensor i
in the global system from the -usual transformation relations, 

(1) 

The assumption is DOW made that any of the unified viscoplastic 
theories discussed in Reference [8], when specialized to the case of shear 
deformation, is a valid constitutive relation in each of the t~elve crystal
lographic slip directions. In the r'" slip direction the resolved I shear stress, 
7(:" ,is obtained from the relation 

(2) 

It is further assumed, in a manner analogous to the unified isotropic vis
coplastic models, that the applicable reladon governing the inelastic shear 
strain rate in the r"A\ slip direction is 

Y,.= K;" {(1t'~-t.}~)I1f~- t&l:"IP'"1 + 1C""(1t~ .. -~~)l'lt~- c.)~.lp-1 

+ f(.fW\ (t::n- (.)':.n) Itr~- c.o~tll'~-1 + oCu (1t:~- CI)~,) \ rr~l.- lAl"u l p-I 

+ 2K~'1(1t:z.-CD~'t) \tr:t-L&)~~\P'" +.2 O(c(~- ~:6)\1t:~- t.l~ \r'} , (3) 

where K" and f.Il~ (with p and q = m ,n,z) denote the drag stress and 
equilibrium (rest or back) stress in the r- slip direction. The expression 
for 1t~ is defined in equation (2). Ter"Tls such as Tt':'~ denote, by an
alogy, expressions of the type 

r 
1t'_~ = JY\". (1". z." , 
~ #tw -"''''' 

(4) 

where ~,. denotes .a unit vector perpendicular to the unit vectors mr and 
.n,. . The vector.!r is in the slip plane containing the vector Wr and 
the vectors ~I" , QI" , 1:,,.. form an orthogonal triad for the ,." slip sys
tem. In equation (3) the tensor ClC.p\ represents the effect of the non
Schmid factors [9] upon the inelastic strain rate in the r'" slip d!r€::tion. 
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For example, the term containing GC"" represents the effect of the resolved 
stress, normal to the slip plane containing the r4" slip direction, on the 
inelastic strain rate in the "it\ slip direction. . Such terms can represent 
the effect of a pressure dependent inelastic strain rate. The dominant 
term in equation (3) is the Schmid type term containing the expression 
Tr',:" ; estimates of the magnitude of the non-Schmid type terms con
taining the tensor _,... have been given by Asaro and Rice in Reference 
[10]. . 

To complete the constitutive formulation it is necessary to specify 
the growth relations for the equilibrium and drag stress state variables. 
The equilibrium stress in the r'" slip system may be assumed to evolve 
according to the evolution equation 

• r I • 1· .. · 1 \ .. \ .. -I .. 
CUP1- c f~ 'I" - fro. \'1", cu" - fpe, . t.)M- wfN\' 

where '~l!~) 9:" and m are temperature de;>endent material 
A simplifying assumption is to take 

I· w.,.·.· ~ c.l::n 
"'" P\o s WII\ _ ~Of' p,a C "'J",%, 
~~eo --;:- ""~.. ,,} l' y,"'_ It" . y"... ~.-A 

where the {umulative inelastic strain is defined by 
t. 

R... So \ ~ \ cl~ • 

(5) 

constants. 

(6) 

(7) 

Equation (6) states that the ratio of the saturated equilibrium (back) 
stress, i.e. the equilibrium stress for continued inelastic straining (~ .. -) 
under fast straining conditions ( Yyo ... .a ), to the resolved shear stress in 
the same direction, is equal for all the non-Schmid systems. Moreover, 
the ratio is equal to the ratio of the saturated equilibrium stress to the 
resolved shear stress for the Schmid-type components, c,..)~" and «:'n • 
Under continued inelastic straining the equilibrium stress saturates and 
~~ o. Under fast straining conditions ( y"~.c ) equation (5) shows 
that the saturated equilibrium stress is given by the relation 

~. " cc' .. ..::. Ci)." c ~ , (8) t...... fp\ 
since the thermal rec.overy term contaInIng the material constant 9:CJ. 
can be neglected for '1",-+ 00. The material cc.nstants !:" must therefore 
satisfy the relation 

\ 
~fCl, (9) 

Assuming the consta.~ts t'!" and !!. and the limiting saturated value of 
the resolved shear stress 1t~ are known for the Schmid-type terms, 
equation (9) determines the ratio of !~ to qk for the non-Schmid 
terms. If it is further assumed that the initial· hardening rate for the 
non-Schmid equilibrium stresses are all equal to the Schmid equilibrium 
stress hardening rate, then '~1:~~ for (=1,2 and pl~cl'\)n)%.. 
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The drag stress may be assumed to Irow according to the e\'Olution 
equation 

(l0) 

• 
(11) 

The hardening moduli "'t« defined in equation (10) account for the latent 
hardening effects observed in single crystal materials, and equation (11) 
is similar in form to that proJ)Osed by Hutchinson [11], Asaro [12] and 
Peirce, Asaro and ileedleman [13]. Numerous form~ for the hardening 
moduli h.« have been proposed in the literature and a review of harden
ing moduli may be found by consulting Havner's papers (d. Reference 
[14]). The drag stress eyolution equation does not contain thermal recov
ery terms, but these terms can easily be included in the formulation. 

The shear slip strain rates may now be resolved into the crystal
lographic system and summed for ·each ·s1ip system to obtain the inelastic 
strain rate tensor with respect to the crystallolraphic axes in the form 

• • £ C E it" (!.~" + ~"~IL) • (12) -I Finally, the stress rate teD30r with respect to the crystallographic axes 
is determined from the relation 

• DC. Co 0) 
CJ'C : '-Co , _ "'" __ #w (13) 

Co 
where.Q is the anisotropic elasticity tensor for the face-centered cubic 
crystal referred to the crystallographic axes. 

The variables can now be updated in the Euler forward difference 
form: 

(14) 

where At is the current time increment. The process may then be re
peated by integrating equations (0, (2), (3), (4), (5), (10), (10 for 
each time increment. 

The preceding discussion has focussed on slip which occurs on the 
l11lloctahedral planes in the < 110> type directions of face-centered 
cubic nickel-base superallo)'S. Paslay, Wells, Leverant and Burck [1,2] 
also found that slip occurs under creep conditions on the {Ill r planes 
in the (112) type directions. Cube slip on the crystallographic facE'S was 
also found to occur. For each different slip system the foregoing theory 
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is altered only by virtue of having different slip and normal vectors defin
ing th.e triad In, !l and 1: In general, the total inelastic strain rate may 
be WrItten as the sum, 

N 
i:: r A~ ~ it , (t 5 ) 

i.-' 
where £. is due to {Ull (110) type slip, Cl is due to {lll1 <.t12> 
type slip, ~,is due to cube slip, etc. Such a ow combination was stated to 
be required to model primary creep behavior in Reference [1] by Paslay, 
Wells and Leverant. It is possible that {UI} (112) type primary creep 
may evolve into {Ill} (110) type secondary creep as described by Lever
ant, Kear and Oblak in Reference [1S]. In this instance it may be nec
essary to modify the theory so that the ).~ evolve with deformation, in
elastic strain rate and temperature according to evolution growth equa
tions similar to that employed for the equilibrium and drag stress state 
variables. This mixing of different slip systems to model the anisotropy 
of nickel-base superalloys was also stated by Ezz, Pope and Paidar [16] 
to be necessary in order to model tension-compression flow stress asym
metry observed in nickel-base superalloys. 

DIRECTIONALLY SOLIDIFIED ANALYSIS 

A model for directionally solidified alloys can be constructed by 
making use of a suitable self-consistent method to average the results of 
the single crystal viscoplastic constitutive theory. The directionally solidi
fied material consists of aligned columnar single crystal grains which are 
oriented at random in the basal plane perpendicular to the cylindrical 
growth direction. This random orientation of the grains produces a mat
erial with transversely isotropic properties. 

The directionally solidified material comprised of an aggregate of 
single crystal columnar grains may therefore be modeled in the following 
manner. We first choose a particular single crystal columnar grain and 
replace the aggregate of single crystal grains surrounding the chosen 
grain by a transversely isotropic material. The properties of this sur
rounding transversely isotropic material are found by averaging the prop
erties of the chosen single crystal grain about its cylindrical growth axis. 
h is then possible to relate the stress and strain increments in the single 
crystal grain to those in the surrounding .uansversely i!:.otropj~ matrix 
by means of the method proposed by Eshelby [17] in 1957. 

Viscoplastic formulations which exhibit an instantaneous elastic 
response can be integrated by means of an Euler forward difference 
method. In physical terms this integration process consists of letting 
the material creep at constant stress at the level Z appropriate to the 
beginning of the increment for a time interval At. After the creep 
increment is completed the material is subjected to an instantaneous 
strain increment It.! - A.;, where AI. is the total strain increment during 
the time increment At and A~ is the completed creep strain increment. 
The instantaneous application of the strain increment A! - ~ induces an 
elastic stress increment given by Hooke's law in the form Il~ = D:(~·At) 
where £ is the elast icity tensor for the material. - - ,., .... 
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Let 2,c. and ~ denote the fourth rank cubic and transversely iso
tropic elasticity tensors for the single crystal and the. surrounding matrix, 
respectively. In the cylindrical single crystal grain the inelastic strain 
increment is denoted by AS; and the corresponding quantity in the matrix 
is denoted by <Af}. The quantity (.\~> is obtained from AS:. by averag
ing AS over all angular orientations (viz. from 0 to 2Tt' ) in the basal 
plane perpendicular to the cylindrical growth axis. In the single crystal 
crain the constitutive relation has the form 

~crU = D~\c\ (tl£ld - l1clr.I ) , 
(16) 

whilst in the directionally solidified matrix the constitutive form is 

(17) 

Given a known strain increment (AEIrl) in the directionally solidified 
matrix, the object is to determine the corresponding inelastic strain 
increment t.cld in the single crystal cylinder and then average this 
quantity by means of the relation 

ZIt 
(Acid) = ii So .Ac;a (8) cl~ , (18) 

where e is the angle between the crystallographic axes x,y in the speci
men and the global axes x· ,ye in the matrix, with the z,z· axes aligned 
in ~he cylindrical crystal's growth direction. The stress increment in the 
directionally solidified matrix is then determined by equation (17). 

The first step consists of determining the state of stress and strain 
in the cylindrical crystal grain when the matrix and crystal undergo creep 
for a time increment At. A preliminary step in this analysis consists 
of replacing the single crystal grain by a fictitious material which has 
elastic and inelastic properties which differ from those of the single 
crystal but in which the elastic properties are the same as that of the 
transversely isotropic matrix with elasticity tensor QYf\. Eshelby's cutting, 
straining and welding operations [17] are now applied to the fictitious 
crystal grain. 

The fictitious cylindrical grain is now cut out of the matrix and the 
instantaneous shapes of the grain and resulting cylindrical hole in the 
matrix are maintained by appropriate equal and opposite surface tract
ions applied to the respective cylindrical surfaces of the grain and hole. 
The stress in the matrix is denoted by <!> and that in the fictitious 
grain by ~ , where £, is the stress state in the actual single crystal 
grain. From Eshelby's results, if the strain history in the matrix is 
homogeneous, the resulting stress in the actual and fictitious cylindrical 
grains will be constant throughout the cylindrical volume. This will be 
demonstrated subsequently. The fictitious cylindrical grain and the sur
rounding matrix are now assumed to undergo creep responses for a time 
increment At at their respective stress levels of !! and <r). In the grain 
the resulting creep strain increment is denoted by ~ff and the corres-

#'>oJ 
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ponding creep st,rain increment in the matrix is <4~>. If incremental 
surface tractions are instantaneously applied to the cylindrical surface 
of the fictitious grain so that it is elastically strained by an amount 
- 4!,T , it will regain the original size and shape which it had upon re
moval from the matrix prior to the creep response. If it is subsequently 
elastically strained by an amount (A.s> through the application of a 
funher set of incremental tractions applied instantaneously to the cylin
drical surface of the grain, it will fit back into the matrix from which 
it was removed. The fictitious grain and matrix now fit compatibly 
together, and the strain increment experienced by the Irain is -b! where 

~Pkt s A£:I- (Acid) . (19) 

However, a layer of surface traction exists on the cylindrical surface 
boundary between the grain and the matrix. This layer of surface trac
tion is given in magnitude by the relation 

At.~- njh~ = "j D~"I (~l>- A£!\) :: -t1j O~kl APkt , 
and can be removed by the application of an equal and opposite layer of 
surface body force of magnitude 

'" Af, C "j Oijkr A~k' • (20) 

The displacement increment A"~ induced in the fictitious grain due to 
the application of surface tractions 111'- over its cylindrical surface is 
liven by 

(21) 

where G'j( L-X') is the elastic Green's function for the transversely 
isotropic matrix and the fictitious grain. Application of Gauss' diver
gence theorem to the surface integral produces the result 

fatA.~ c ~ ~s n .. O~k\ A~k.\ Gtpj (t-r,') rJ.S(t) 

• D~ ¥U ~~I ?C:rrj C;- !/) lliV(!:') 
r '" ')z\ 

.-J)~ ~,4-.. \~ G,i(t-tl).v{.c'). (22) 

The resulting strain increment Af,"v in the fictitious grain due to this 
annihilation of the incremental surface traction built up during the creep 
response of the fictitious grain and the matrix is 

c:. '( ')(~v.f) ")(~u~)) 
A£4 s 7. )Xp + 'DX, C Sir'''' l:a~11I\ , (23) 

where the Eshelby tensor ~ is defined by the relation 

S'I'I .. = -i O:j"" t ':;z. ~~ ~ ~rk1.') .~(t) + :; .. \S\ G~(!-1.') .... C!') } • (24) 

The strain increment induced in the fictitious grain !r. order to make 
it fit compatibly in the mat rix is given by - ~~~ ,whilst the: addit ional 
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strain induced in the grain by removing the unwanted surface traction 
increment bt.~ is given by At.~i. At the end of the creep increment the 
total strain increment induced in the fictitious grain is given by A&ij - l)~i.j , 
or from equation (23), by S~kl.A,a"l - A~~ The stress increment in 
the grain is therefore 

A~~ - t>~kl ( Ski"", - I"l ... ,,) Ap",n' (25) 

where.I is the fourth rank identin- tensor. Note that the strain incre-- . ment responsible for changing the size of the cylindrical grain from the 
size it had when it was placed back into the matrix is Af~j. Sijkl b~kl , 
since the change in size is due to the annihilation of the surface traction 
increment ~t~ by the equal and opposite traction increment ~fi. . 

Now consider the actual situation where the cylindrical grain has 
its own anisotropic elastic constant tensor with cubic symmetry, DC::: • 
We remove the cyiinder from the matrix~ as before, and let the cylin
drical grain undergo a creep strain increment 11= in time A-t and the 
matrix undergo a creep strain increment (A£>. If we now apply surface 
traction increments instantaneously to the cylindrical boundary so that 
the cyJinder is elastically strained by an amount (A.s-> - AJi:. , it will 
fit back into the matrix from which it was removed. Moreover, since the 
matrix creep strain increment (b1;> is the same as that in the problem 
with the fictitious cylinder, the cylindrical grain will have the same size 
and shape as the fictitious cylinder had when it was puIt back iDlo the 
matrix. The strain increment responsible for changing the size of the 
cyiindrical grain from the size it had when it was pJaced back into the 
matrix to the size in its final configuration is Sid,." Ap>".n. Hence, if 
the actual cylindrical grain is strained by the increment Setl",,, bp,..,.. 
+ (.belli> - ACtc.\ , it will have the same final size as the preVlously 
considered fictitious cylindrical grain with transversely isotropic elastic 
properties. The stress increment in the actual cylinder due to the strain 
increment SkI""" ¥tttn + <kid) 6C.1c:1 is 

A <r'j = D ~k.' t S k\"", ¥-n + < Ac",) - be"l } • (26) 

If the stress increments in equations (25) and (26) are equal, the actual 
cylindrical grain which has the elasticity tensor ~c. appropriate to cubic 
symmetry and which undergoes an increment of transformation strain At! , 
may be replaced with the fictitious cylindrical grain with elasticity tensor 
Q'" equal to that of the matrix without upsetting continuity of dis
placements and tractions across the cylinder-matrix interface. Equating 
(25) and (26) shows that 

~~~ c [(I>;t1-P~) S~.." -+ D~lIW\j1 t>~""1 ~JIC\ -{Ac.(1)} . (27) 

If this. transformation strain increment occurs in a cylinder with elasticity 
tensor ~'" , the stress increment in the cylinder is equal to that which 
actually occurs in the single crystal cylinder with elasticity tensor ].C 
undergoing a transformation strain increment A~ -(A£) . Substitution of 
the expression for A~ into equation (25) [or (26)J gives the stress incre
ment in the cylindrical single crystal grain at the end of the creep re-



sponse in the form _I 

~"'~:: oq'kl (Sttl"", - tat",,,) [( [)~"-O:"t1) Sp\~ + 0:"1'5 ) 

J( D~1l { ~CtrJ. - <. ·\c:.t.:> 1 · (28) 

According to the Euler foward difference integration method the 
crystal grain and matrix are now to be instantaneously loaded with the 
elastic strain increment <~!)-<A£). To this end we first consider 
the single crystal to be replaced by a fictitious cylinder having the same 
transversely isotropic properties as the surrounding matrix. If the fic
titious cylinder undergoes a stress increment free uniform strain incre
ment AI.T , the final strain increment inside the cylinder is ( Sajkl
I,tk() t."i:, • A uniform strain increment <~.!) - (A£) may now be ap
phed to the matrix and fictitious cylinder to produce the final strain 
increment of ( Sijltl- Itjkl ) ~£Id + (Ae. ~ > - <AC:y>. The resulting 
stress increment in the fictitious cylinder IS 

~~ij" D;kl {(St'lM -1\d",,,)AE:~ + (A~kl) - <~CW)} · (29) 

Only the strain increment !: A!T ... <j,!)-<A.£-> is responsible for 
changing the size of the cylindrical ...olume, since the strain increment - A£T 
is used to force the· cylindrical ...olume back to its original size after 
removal from the matrix. If the actual cylindrical ,rain with elasticity 
tensor ~(, is now subjected to the strain increment j:A{+ <.1) - (A.$) it 
will aquire the same shape and size as the fictitious cylinder which has 
elastic propenies identical to the matrix. The stress increment in the 
actual single crystal is then given by 

~G"ij:: D~j"11 S~I"'i\ Aa~ + <A~) - <ACkt) } . (30) 

The actual and fictitious cylinders now have the same final shape and size 
and if the stress increments in equations (29) and (30) are equal, the 
actual crystal cylinder can replace the transversely isotropic cylinder and 
still preserve continuity of displacements and tractions across the cylin
der-matrix interface. Equating (29) and (30) gives 

£\Eq:: - [(D~1c\ -D~IrJ) Sld .. i\ + Da~ ]-1 (I)~p\-D~~)t (~)-<~") 1· (31) 

Substitution of this result into equation (29) [or (30)] produces the stress 
increment in the cylinder due to the instantaneous application of the 
strain increment (A!> - (AS:.> in the matrix in the form 

AO'ij ~ D;l (AE1d)-<'Ac.k,» 
- Dqkl (Sk\"" - IkJ~) I. (O~,..- D:'-P't)S",rs -+- 1:>:,.51 ' (31) 

1< (t>~ -I)':,*:" ) \ (bE.t, .. ) -(Ac. •. I#)} . 
At the end of the creep response during the time interval dt the 

stress increment in the single crystal cylindrical grain is given by equation 
(28). When the matrix is further elastically strained by the instantaneou~ 
application of the strain increment <A!> - (A':) the additional stre!=s 
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increment in the single crystal grain is given by equation (31). Accor
dingly, the total stress increment in the single crystal due to the appli
cation of the strain increment <AJ::> in the time interval At, is given 
by the Euler forward difference method as the sum of the stress incre
ments in equations (28) and (31), viz. 

~(1"~ = (AG""j) + O~kl (Ski,*, - I\c\Mf\) ~ (O:npo,- O~p, )Spo,~ + o~,., 1-1 

)( ~ ~ ':..t~ ( 6Ct~ - (ACt~) ) - (P~t. - D~t.) ( (~h ) - < ACt.») ~, (32) 

where the first term in equation (31) is the definition of the matrix 
stress increment given in equation (l7)~ 

Provided the stress level ~ is known in the single crystal at the 
beginning of the increment, the single crystal analysis in the preceding 
section furnishes the value of the inelastic strain increment As:. Aver
aging A" over the basal plane for crystals of different orientation by 
means of equation (18) then furnishes the value of (AS) • Assuming 
that the strain increment in the matrix is given, equation (17) furnishes 
the required stress increment in the matrix. The stress increment in the 
single crystal constrained by the transversely isotropic matrix is given 
by equation (32). All peninent quantities can now be updated according 
to the Euler forward difference procedure and the process repeated for 
the next time increment. A procedure for evaluating the Eshelby tensor 
S is given in the appendix. -

WORK IN PROGRESS 

The single crystal analysis has been coded into a FORTRA N sub
routine and is currently undergoing numerical test experiments. Coding 
of the directionally solidified analysis is due to commence shortly. Single 
crystal tubular specimens of PWA 1480 are being machined and will 
be tested at 1600°F under biaxial tension-torsion loading conditions. 



APPENDIX 

The Eshelby tensor .e is defined by the relation 

S'fl .. = -i O;jl .. { ~~:Xk m. G,j bt' )dV( t'l + ~:)%. my G !kt')d~(rl) }, (!) 
where G'i (1. - [,' ) is the elastic Green's function for the transversely 
isotropic matrix material. Although the Green's function for transver
sely isotropic materials is known [18], it is more convenient to work with 
the Fourier representation of the Green's function. The Fourier trans
form of Go &j ( .c - [.' ) is known [19,20] and it can be shown, by taking 
the Fourier transform of the defining equation, viz. 

DJ:"'" ,~GiMCr-t~ + b" o(r-r') = 0 (2) 
lXII: oX" ~J <OW - , 

and inverting the result, that 

G .. ( _ ') - J. tJ'r d'K M7l(~J -i.~.(~-.c') (3) 
~ :;:. - 8'1"!J ,., t(l e • 

In this equation the real part of the Fourier integral corresponds to the 
Green's function, and the Christoffel tenSor ~ is defined by 

M~ (E)· tr D ;~q, ~ (4) 

with 

(5) 

being a unit wave vector in the direction of the Fourier wave vector ~ • 
Int roduction of this result into one of the integral terms in the defini
tion of S gives, on reversing the order of the volume and wave vector . . ,... 
mtegratlons, 2-

Lie .. :..:L- (lr G·· ( r_ ,.1) J.V( ,.,) 
I'J -a~"~i J ~ 'J ,., #ow ... 

c J. L (~d'K M~I(~ ~-t~ . .c .ill ei.'6·:;' ,J'l(r') . (6) 
~h ~ ~ox.f )1,0 #'oJ t( 1 v 

The volume integration extends over the cylindrical volume of the fictit
ious cylindrical grain and can be written as 

ill tK.r' ) ~~ l(K..xl+1C1%~i''')~1) I s ~ "' ... d'l( "I::: e d% dX d~ (7) 
.,'" I 2. 3· 

Let xl- ~Cb:)9) xJ - rsi...8. Then in cylindrical coordinates 

I: ~ t S· iK1Xl t( K, f ~S& ~ t<,.<~e) (8) 
j ~ e ~ Q'L () d() if, , '-0 ~_o a:.J~-.c 3) ~ 

where <1. is the cylindrical radius. Since 

rooe"C1X1 C::( ) J AX! :: 21t' 0 Kl , (9) 
-tIlJ 



where S'( K~) is the Dirac delta function, the integral takes the form 

("(K ) r t t( t<.~~~ +\(~~~) 
I = 2.1\ 0 J J ) e ~ d ~ cl~ . (10) 

.~o feo 

Let ~= ,.IJKtt~, t!~= ~/R~.~. Then 

1= 2no(K
J
) r '{f~~ e. L {\~coS6 + 1~;~e} 

lac \ao 

$ 49, doe • 
Vr:,".i;:- (11 ) 

If we now set K\ llit.il • UI!a> 6' , then K~IJK.1+r<.~ = $""e' so that 

(12) 

it is imma
therefore be 

(13 ) 

where .To and J'. denote the usual Bessel functions. 

Equation (6) can now be written as 

'K 

I . '0 _ ..L (IT d'r< flI.-;j<i). ~1. e-i.··r. . 4,riCKs) . 4 ~ .r. ( ~1.) 
~g~J - tit' )}} "'" K ~!L');( ,,1. .,1. ~~\+I<i I Clv«,-tl<i 

-10 -,,' ~\ + "'1 (14 ) 

"'ow )'1. c.-'~!. ~ -~I< ... 
"" ---- s - Kk."'r e ... -; so that 

~~:tc 

L",;j =_.!. rfr clt(,~cl~ltM~li!:)t<ICl(.f ;t"''i-l;i.(r...''''~~4) ~(~~4JKr .. ~ JJ4J"~~~~). 
lKJll ~t~~"'''l \(\~(\. l' (15) 

-~ 

If k=3 or g=3, the Dirac delta function i( '(1) gives zero values for 
the integral. Hence, the non-zero values of the Eshelby tensor .E are 
given by k=1,2 and g=1,2. This arises because there are no compon-
ents of the body force layer of surface tractions in the :C3 direction 
at the cylindrical interface between the grain and the matrix. Invoking 
the properties of the Dirac delta function gives 
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!low put 

so that the Fourier wave vector components K, and l<~ correspond to the 
z., and :lC.~ axes, respectively. Then in cylindrical coordinates, 

,(Ill C- I £Kr 
Lk(~ =-ii IJ J Kd\( J.9 H~ (S) 'k~' e- So J', (~K) 

or 6-0 I(wo K 

Zt - 'K 
\..Ic('j =-2~.l M~ (E)t"tc ciS 5 ae- L t"J', (ClK) tit<. . (17) 

..... ~o 

Since .§. is real, the' real pan of the preceding integral is -J'"·l:co'(K~)l',(~K)clK, 
But, (cf. Gradstyn and Rizhik, p. 730, Eq. 6.671, No.2) 

;r. [&. uS {si,,'(r/ .. ) II / Q-rs, ,.r 0 ~ r :S C1 , 

If e.",,' (r/4. ), then :r- o.e.es6/';;::;1.. c:..ie/[~/Cl] - ~e/c:ose· I • 

Thus 2r 

Lkl~ • -iw} M~ C.~)~t, tie, 
o 

independent of position r in the cylinder as expected from Eshelby's 
result. In this integral We haveC..c.ose,~,.s;....9)CJ:o')"~(£).(t_D;.t,,)-1 
and k and g are restricted to the values 1 and 2. The Eshelby 
tensor may now be written as 

For a transversely isotropic material the Chistoffel tensor 
component form 
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(19) 

has the 



o • (20) 

o c 

The EsheJby tensor can now be evaJuated by inverting the mat rix in equa
tion (20) and integrating according to equation (19). Explicit results 
may be deduced, according to the calculations in Mura's book [21], for 
the resulting integrals. Checking of these integrals is currently in 
progress. 
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ON THE USE OF INTERNAL STATE VARIABLES IN 

THERHOVISCOPLASTIC CONSTITUTIVE EQUATIONS 

D.H. Allen and J.H. Beek 
Aerospace Engineering Department 

Texas A&H University 
College Station, Texas 17843 

The use of internal state variables in modeling of inelastic solids is 
gaining widespread usage in current research. Therefore, it is useful to con
struct a well-defined framework for internal state variable models which is 
based in continuum mechanics. The objective of this paper is to review and 
clarify the general theory of internal state variables and to apply it to in
elastic metals currently in use in high temperature environments. In this 
process, certain constraints and clarifications will be made regarding internal 
state variables. 

It will be shown that the Helmholtz free energy can be utilized to con
struct constitutive equations which are appropriate for metallic supera110ys. 
Furthermore, internal state variables will be shown to represent locally av
eraged measures of dislocation arrangement, dislocation density, and inter
granular gracture. Finally, the internal state variable model will be demon
strated to be a suitable framework for comparison of several currently pro
posed models for metals and can therefore be used to exhibit history depen
dence, nonlinearity, and rate as well as temperature sensitivity. 

INTRODUCTION 

The prediction of inelastic behavior of structural materials at elevated 
temperature is a problem of great importance which has accordingly been given 
a great deal of interest by the research community in recent years. These 
materials exhibit substantial complexity in their thermomechanical constitu
tion. In fact, so complex is their material response that it could be argued 
that without useful a priori informa~ion, experimental characterization is fu
tile. The purpose of this paper is to show how the thermodynamics with in
ternal state variables can be utilized to emplace certain constraints on the 
allowable form of thermomechanica1 constitutive equations, thus providing some 
limited insight regarding experimental ~equirements. 

Historically, there have been two distinct approaches to the modelling 
of inelastic materials: 1) the functional theory [1], in which all dependent 
variables are assumed to depend on the entire history of independent variables; 
and 2) the internal state variable (ISV) approach [2], wherein history depen
dence is postulated to appear implicitly in a set of internal state variables. 
Lubliner [3] has shown that in most circumstances ISV models can be considered 
to be special cases of functional models. For experimental as well as ana
lytic reasons numerous recently proposed models for the classes of materials 
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discussed herein have been proposed in ISV form. Therefore, in this paper 
the ISV method will be reviewed as well "as clarified and it will be shown that 
this general framework is useful in modeling metals at elevated temperature. 

The paper begins with a review of ISV theory, and this is supplemented 
with a section describing the procedure for constructing macroscopically av
eraged internal state variables. These concepts are then applied to metals 
at elevated temperatures. Finally, applications to boundary value problem 
solving techniques are discussed. 

REVIE.W OF THE INTERNAL STATE VARIABLE (ISV) APPROACH 

The concept of internal state variables, sometimes called hidden vari
ables, was apparently first utilized in thermodynamics by Onsager [4,5] and 
numerous applications are recorded since the second world war [2,6-14}. Al
though not originally described for application to solids, the approach which 
will be discussed herein is due to Coleman and Gurtin [2]. 

In the theory of internal state variables applied to solids the follow-
ing state variables are required in order to fully characterize the state of 
the body at all points Xj and at all times t: * 

1) the displacement field ui .. ui(xk,t) (1) 

2) the stress tensor cr i' .. cr .. (xk ' t) (2) 
J l.J 

3) the body force per unit mass fi .. fi (~, t) (3 ) 

4) the internal energy per unlt mass u .. u(~,t) (4) 

5) the heat supply per unit mass r .. r (xk ' t) (5 ) 

6) the entropy per unit mass s .. s(xk , t) (6) 

7) the absolute temperature T .. T(xk,t) (7) 

8) the heat flux vector qi • qi (xk ' t) (8 ) 

and 

k k 9) a.ij .. a.ij (xm,t) k :II 1, 2, .•. , n (9) 

k where a.ii are a set of n internal state variables which are necessary to 
account for inelastic material behavior. Although they are listed here as 
second order tensors, they may be tensors of other rank as well [15]. 

* For convenience. only infinitesimal deformations will be considered here. 
although the general theory applies to finite deformations as well. 
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The method of Coleman and Noll [16] may be used to obtain the spatial 
and time distribution of the body force fi and heat supply r from the conser
vation of linear momentum and energy, respectively, assuming the displace
ments ui and the temperature T are specified independent variables. Subse
quently, it is ··hypothesized that constitutive equations of state may be con
structed for the state variables described in (1) through (8) in terms of 
ui and T and their spatial derivatives: 

O'i{Xk·t)~ O'ij(Emn(Xk,t), T(xk,t), ~(xk,t), CL~(Xk't» 

u(xk,t) - U(Emn(~,t), T(xk,t), gm(xk,t), ~:n(Xk,t» 

s(xk,t) = S(Emn(Xk,t), T(xk,t), gm(xk'~)' CL!n(Xk,t» 

qi(Xk,t)= qi (Emn(Xk,t), T(xk,t), Sm(xk,t), ~:n(xk,t» 

where gm is the spacial temperatur~ gradient T'm and 

Eij = ~(ui,j + uj,i) 

The form of equations (11) through (13) implies that all constitu
tive equations are evaluated in the speCified state (Xk,t). For this rea
son O'ij' u, s, and qi are termed observable state variables since they 
can be determined from equations of state even though there is implicit 
history dependence via the internal state variables ~, which are defined 
to be of the form: 

ok _ nk ( T i ) 
~ij = ··ij Emn' ,~, CLmn 

where time and spacial dependence have been dropped for notational con
venience. If equations (15) are at all times integrable in time, then 
the following form is equivalent to (15): 

a~j(Xm.t). It n~j(Xm.t·)dt· 
-co 

where t is the time of interest and t' is a dummy variable of integra
tion. Therefore, it is apparent that CL~j are not directly observable 
at any time and must therefore be cQnsidered to be hidden or internal. 

(10) 

(11) 

(12) and 

(13) 

(14) 

(15) 

(16) 

Although the above framework has been shown to be applicable to rate 
dependent crystalline solids [17,18], it is often misconstrued that the ab
sence of explicit strain-rate dependence renders the model inappropriate 
for use in viscoplastic1ty theories. It is alternatively hypothesized that 

O'ij a O'ij(Emn , €mn' T, gm' CL!n) (17) 
is an appropriate form of thermomechanical constitutive equations (10). Al
though metals at elevated temperature certainly exhibit strain-rate depen
dence, there are several reasons why equations (17) are less desirable than 
equations (10). First, equations (17) are not actually equations of state 
since the inclusion of strain rate implies knowledge is required at some time 
other than the current time t. Secondly, as demonstrated in discussions of 
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materials similar to (17) but without internal state variables [19], very 
little useful information will come from thermodynamic constraints. Finally, 
explicit strain rate dependence is actually redundant for the materials dis
cussed herein, as will be shown later. Therefore, although this is certainly 
a semantical issue, equations (10) through (13) and (15) are utilized as the 
constitutive model in the balance of this paper. 

It should also be pointed out that internal state variable growth laws 
(15) could contain explicit strain-rate dependence: 

, (18) 

as in the example of a rate independent elastic-plastic material, in which 
equations of the above form are linear in strain rate: 

• i k ~ • CL.=no
j 

(€ ,T,£,a)€ 
~J ~ pq mn '1I1 mn pq 

Such a form, although not ~~cluded by the principle of equipresence [20], 

(19) 

is only necessary in the circumstance wherein specific rate independence is 
required, as can be demonstrated by direct substitution of (19) into (16). 
Furthermore, although the thermodynamic constraints will vary somewhat when 
(19) are utilized [21,22], the results will be quite similar to those described 
below. 

On the basis of the Coleman-Mizel procedure [23] it can be shown that 
satisfaction of the first and second laws of thermodynamics for the class of 
materials detailed above will lead to the following conclusions: 

h = u - Ts ~ h(€ , T, ak ) mn mn (20) 

where h is the specific Helmholtz free energy; 

(21) 

(22) 

and 

qi - -kij gj + O(gi) . (23) 

Equations (21) should not be interpreted as defining as hyperelastic material 
since the Helmholtz free energy, described by (20), is dependent on the in
ternal state and therefore path dependent. 

Although not directly related to our problem, it is useful to note that 
the path dependence of the Helmholtz free energy precludes the usefulness 
of equations (21) in Rice's J-integral for fracture mechanics [24]. However, 
in the case wherein the loading path is radial: 

• (24) 
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X. 
where kij and kij are constant coefficients, then it is well known that equa-
tions (15) are directly integrable so that the free energy can be described 
by 

h = h(£ ,T, ap
i
q) - h(£ ,T, a i (£ » - h(£ ,T) mn mn pq mIl mn 

(25) 

Thus, for the case of proportional loading only, the constitutive equa
tions are derivable directly from a potential function and the J-integral 
method is applicable. 

THE LOCAL AVERAGING PROCESS 

Constitutive equations (10) through (13) and (15) are theoretically 
pointwise in nature; that is, they are applicable to fixed infinitesimal 
material points. However, practically speaking, there is no way to construct 
experiments on material points since at the microscopic level the continuum 
assumption becomes invalid. Rather, it is considered acceptable to construct 
constitutive equations by subjecting local specimens to surface deformations 
(or tractions) which lead to spacially homogeneous stresses and strains so 
that some local average of the pointwise observable state variables can be 
determined directly from the effects on the boundaries of the specimens • • 

As shown in Fig. 1, the scale of the smallest dimension of a local speci
men is generally constructed so as to be at least an order of magnitude larger 
than the scale of the largest material inhomogeneity. This sizing helps pre
serve the continuum assumption while at the same time averaging out the effects, 
of point defects such as crystal lattice dislocations. Conversely, the scale 
of the largest dimension of a typical specimen should be as small as possible 
compared to the scale of the global boundary value problem of interest. This 
constraint is necessary in order to pre-
serve the notion that constitutive equa-
tions are indeed pointwise in nature, but 
it is pragmatic in that it is a simple 
matter of economy. 

The local rather than pointwise con
stitutive equations that result from ex
perimentation are assumed to be of the 
same form as pointwise equations (10) 
through (13) and (15). For example, in 
the uniaxial test described in Fig. 1 
it is customary to define 

all = i ~ alldx2dxJ 
Bl 

"II = t ~ "11dx1 
L 

(26) 

(27) 
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and 

, (28) 

where L is the local specimen gage length, A is the croEs-sectional area in 
the x2-x3 plane, and (al' a2' a3) is some arbitrary point on the surface of 
the specimen. Utilizing these quantities, it is then hypothesized that 

where 

-Q. 
CL mn :: ~ f a.!n. dXl dX 2 dX3 

V 

, (29) 

, (30) 

and all quantities with bars represent the locally measured state variables. 

Although equations (29) represent an often used way of relating point
wise equations to experimental results, the local averaging process is never
theless fraught with shortcomings since definitions (26) through (28) all re
resent nonunique relations between poin!wise_stat~ varia~les Oij' €ij' !, a.fj 
and their locally defined counterparts ail! Eij' !, and at1. There are in 
fact an infinite number_of distributions ~(xl' x2' x3) wni.ch will result 
in identical values of ain. However, assuming that the scale of inhomogen
eities is small and that the distribution of ~ is random the specimen will 
be statistically homogeneous and the relation between ain and ~n will be 
reasonably one to one. 

For exampl~, suppo~e that during some monotonically fncreasing local 
strain history Ell a particular internal state variable Ct.ll such as a single 
dislocation arrangement is governed on a pointwise basis by the almost dis
continuous behavior shown in Fig. 2. Suppose further that the time t at 
which the internal state begins to change 
is detennined by the pointwise stress 
st~te. Then the number of dislocation 
rearrangements occurring in the local 
specimen as a function of time might be 
distributed as shown in Fig. 3. If the 
local specimen is large compared to the 
scale of the dislocation. and there are 
numerous dislocation rearrangements, as 
is usually the case in testing of metals, 
then the peak of the curve shown in Fig. 
3 will be several orders of magnitude 
greater than unity. It follows from 
equations (30) that the locally averaged 
value of the internal state variable 
represented in Fig. 2 will be as quali-
tatively shown in Fig. 4. 
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APPLICATION TO METAL CONSTITUTION 

In order to describe the class of metals discussed herein, the free en
ergy maybe expanded in terms of the elastic strain tensor E~l and the temper
ature T in a second order Taylor series a~pansion as follows: 

e:~j = e: ij - e:ij - e:ij , (31) 

where e:Ij is the thermal strain tensor and ~I· is the inelastic strain tensor, 
considered to be an internal state variable [17,18,22,25], and 

, (32) 

where the subscript R refers to quantities in t(~ih)reference state, Dijkl is 

the linear elastic modulus teDbor, and Cv = -T afZ is the specific heat at 

constant elastic strain. Substitution of equation (32) into (21) will result 
in 

• (33) 

The above equations, together with internal state variable growth laws (15), 
will be shown to be a suitable framework for comparison of all of the models 
to be discussed herein. 

Internal State Varia5les in Metals 

It is now generally agreed in the literature that in single crystals there 
are two locally averages internal state variables: the back stress (a

l 
) 

ij 
representing dislocation arrangement; and the drag stress (a2) represent~g 
dislocation density; where the bars have been dropped for convenience and the 
superscript has been converted to a subscript in order to avoid the confusion 
which would arise if a state variable were raised to some power. For obvious 
reasons the back stress is a second. order tensor, whereas the drag stress is 
a scalar. In specimens composed of multiple crystals it is generally agreed 
that a third internal state variable loosely termed damage (a3 .. ) is neces-

l.J 
sary in order to account for intergranular mechanisms such as grain boundary 
sliding and microvoid growth and coalescence that may occur at high tempera
ture and/or large strain. Although damage is obviously a directionally re
lated quantity and therefore tensorial in nature, it is difficult to distin
guish phenomenologically between damage and drag stress since both are pri
marily stiffness_reducing mechanisms. 

Within the thermodynamic framework described earlier it is also possible 
to define the inelastic strain tensor to be an internal state variable. How
ever, this interpretation is not generally utilized within the materials 
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literature. It is hypothesized that the 
rate of growth of the internal state vari
ables does not depend on the inelastic 
strain tensor so that 

Due to the form of equations (34) it is 
said that since the inelastic strain ten
sor does not appear on the right hand 
side it is not an internal state vari
able. However, within the framework de
fined herein, it is still possible to 
construct an internal state variable 
growth law of the form 

) , (35) 

Which is precisely in agreement with def
initions (15). 

In order to qualitatively verify the 
supposition that the inelastic strain ten
sor can be regarded to be an ISV, consider 
the example of a uniaxial bar subjected to 
applied displacements such that the end 
tractions will be evenly distributed. It 
is customary to deduce the inelastic strai~ 
in an experiment of this type by utilizing 
the output from a load cell to determine 
the stress and then making use of equations 

~o. of dislocation 
rearrangements in 
a local , 
specimen : 

~igure 3 

-1 
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J 
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~------+I+I---------· t 
dt 

Figure 4 

(33) to determine the elastic strain. This result and the total strain mea
sured by an extensometer are then substituted into equations (31) to deter
mine the inelastic strain. Nevertheless, this does not imply that the inelas
tic strain tensor in an obse~!able state variable. This result can be arrived 
at only in constitutive experiments such as uniaxial bar tests in which the 
stress and strain tensors are spacially homogeneous. In heterogeneous boun
dary value problems, only two state variables may be input (temperature and 
either stress or strain), and for this case equations (31) and (33) must be 
supplemented with an ISV growth law of the form of equations (35) in order 
to determine the inelastic strain tensor. Therefore, in the context of the 
current thermodynamic framework the inelastic strain tensor may be interpreted 
to be an ISV. 

A Framework for Current Metals Models 

In order to establish that current models can be constructed from equa
tions (33), consider the standard solid shown in Fig. 5. The governing dif
ferential equation for this analog is 

\t . Eex> • 
cr + - cr :II E e: + TM [l + - 1 e: , (36) 

EM ex> • ~ 
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where by convention the stress is denoted 
cr and the strain is E. Equation (36) may 
be written in the following equivalent 
form 

. 
E .. (37) 

In accordance with the instantaneous lin
ear elastic behavior of metals, it is as
sumed that 

E+E = E = YoUng's modulus" constant, (38) 
~ 'Xl 

so that it is clear that equation (37) can 
be integrated in time to give the following 
stress formulation 

E(t 1) • 
cr (t 1) 

+ El (t1) (39) E 

where EI is the inelastic strain, defined 
by 

t 

EI (t
1

) .. t~ [cr-EccE] 

~ 
dt (40) 

-= 

Figure 5 

Equation (39) may be solved for the stress and substituted into equation (40) 
so that it is clear that equation (40) is in accordance with ISV growth laws 
(16). Further, it can be seen from the standard solid analog in Fig. 5 that 
since cr-E E represents the stress in the Maxwell element, EI is not observ
able, so that EI satisfies the two conditions required for it to be an internal 
state variable. 

Equation (39) may be written equivalently in the following strain for
mulation: 

, (41) 

which is an equation of state compatible with constitutive equations (10) as 
well as equations (33). Since no other internal st~te variables ~re present 
in this equation, and also, no additional internal state variables are present 
in growth law (40) it is apparent that the standard solid analog with constant 
coefficients EM' ~ and Ecc is a single internal state variable model. 

It has been noted by several researchers that the standard solid is an 
appropriate analog for thermoviscoplastic metals if the springs and dashpot 
are nonlinearized [26,27]. In order to demonstrate this feature, consider a 
multiaxial extension of equation (36): 
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. 
o +K 0 =G • +M E pq pqmn mn pqmn -mn pqmn mIl 

, (42) 

where by convention the small strain tensor Eij is used in conjunction with 
the work conjugate stress tensor 0ij' In order to model metals Kpqmn, Gpgmn , 
and M~qmn are required to be nonlinear in some as yet undetermined way. In 
addit~on, in accordance with constraint equation (38), it is required that 

, (43) 

where Dijkl is the linear elastic modulus tensor. Equations (42) may be re
written in a strain formulation equatiop of state form as follows: 

Dijkl 
I o .. = [Ekl - E:kl ] 

l.J 
, (44) 

where J: is the inelastic strain tensor. defined by lu /1 I -1 
[0 -G E: ]dt E:ij - Mijpq pq pqmn mn . (45) 

_CCI 

Substituting equations (43) and (44) into equations (45) will result in 

<:"I Jt1 

-1 I-1 -ij 8 {Kijmn [E:mn - E:mn ] - Mijpq Gpqmn E:mn } dt , (46) 
_CCI 

so that equations (46) are in accordance with growth laws (16). The number 
of internal state variables contained in the model will depend on the degree 
of nonlinearity proposed in the nonlinear tensors ~qmn' Gpqmn • and.~qmn' 
and this will be discussed in the following section. However, before continu
ing, it should be pointed out that the constitutive equations developed in 
this section assume that the elastic and inelastic strain tensors may be lin
early decoupled. It has been shown that this assumption is invalid for finite 
deformation [28). However, even under finite deformation conditions the in
elastic strain is decoupled from the elastic strain in such a way that the 
inelastic strain tensor may be considered to be an internal state variable. 

C1,lrrent Models for :1etals 

The framework for metals models discussed in the previous section can 
be used to describe numerous models currently under development [26,27,29-58]. 
For example, the microphysically based isothermal model proposed by Krieg, 
et al •• [30] is of the form described by equations (33): 

, (4 i) 

where 
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°I e: .• 
~J 

and Eo and m are material constants, and crlj is the deviatoric stress tensor 
and ai .. is the deviatoric component of the back stress tensor. Since equa-

~J 

, (48) 

tions (48) contain the stress tensor, substituting equations (33) into (48) 
will result in equations consistent eith growth laws (15). In addition, Krieg, 
et al., give the back stress and drag stress to be, respectively, 

, (49) 

and 

, (50) 

where Aa and AR are hardening constants, and rd and rR are recovery functions 
of temperature and internal state variables. It can be seen that since ISV 
growth laws (49) and (50) are consistent with equations (15), the model pro
posed by Krieg, et al., contains three internal state variables: the inelastic 
strain tensor, the back stress tensor, and the drag stress tensor. 

Furthermore, classical plasticity theories can be described by the gen
eral form 

, (51) 

where 

• (52) 

~ is a scalar valued function of state, and F is a scalar valued state func
tion for inelastic behaviour often taken to be the yield function. If F is 
described by the von Mises yield criterion {53], given by 

, (53) 

where a1 is a tensor describing the yield surface center in stress space and 
ij 

k is a constant representing the yield surface size, then equations (52) can 
be written as 
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, (54) 

resulting in a kinematic hardening model with constant yield surface size. 
Substitution of equations (51) into the above will yield a result consistent 
with rate independent ISV growth laws (19). 

Furthermore, if the yield surface translation is derived from the Ziegler 
modification {60] of the P~ager wo~k hardening rule [61], it may be described 
by 

a l ~ ~(crij - a l ) 
~ ~ 

, (55) 

where ~ is a scalar valued function of state. By use of equations (51), equa
tions (55) can also be shown to be consistent with equations (19). Therefore, 
a classical plasticity-based kinematic hardening model contains two internal 
state variables: the inelastic strain tensor and the yield surface transla
tion tensor representing the back stress. 

In order to further illustrate the applicability of equations (33), (35) 
and (15) to current models for metals, ten of these models have been cast in 
uniaxial form in Tab~e 1, wherein it is shown that although the f~amework for 
each model is identical (Valanis' model is in simplified form), the ISV growth 
laws vary widely both in number and form. 

CONCLUSION 

The main content of this paper has been to review and clarify the continuum 
and thermodynamics based internal state variable model for application to ther
moviscoplastic metals. In this process the following points have been made: 

1) the definition of an internal state variable utilized in this model 
has been clarified; 

2) internal state variables in metals represent local averages of dis
location arrangement, dislocation density, and intergranular damage, 

3) in the context of the ISV definition given here, inelastic strain may 
also be interp~eted as an internal state variable; 

4) the path dependent Helmholtz f~ee energy may be expanded in a second 
order expansion in elastic strain and temperature in order to obtain a stress
strain equation of state; 

5) rate dependence enters the constitutive equations impliCitly via the 
inelastic strain, as demonstrated by the nonlinear standard solid analog; and 

6) a three-dimensional generalization of the standard solid may be used 
as a means of comparison of the general form of several currently proposed 
models. 
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Further ·ramifications of the ISV model discussed are also of importance, 
although not detailed herein. For example, this model may be utilized to con
struct a coupled heat conduction equation which may be utilized to predict 
heat generation in thermoviscoplastic metals [62]. Furthermore, the concept· 
of internal state variables may be utilized to construct models for the mech
anical constitution of composites. with damage [63,15,65,66]. 

ACKNOWLEDGEMENT 

The authors gratefully acknowledge support for this research which was 
sponsored by NASA Lewis Research Center under grant no. NAG 3-491. 

REFERENCES 

1. Coleman, B.D.: Thermodynamics of Material with Memory. Archive for 
Rational Mechanics and Analysis, Vol. 17, pp. 1-46, 1964. 

2. Coleman, B.D., and Gurtin, M.E.: Thermodynamics with Internal State 
Variables. Journal of Chemical Physics, Vol. 47, pp. 597-613, 1967. 

3. Lubliner, J.: On Fading Memory in Materials of Evolutionary Type. Acta 
Mechanica, Vol. 8, pp. 75-81, 1969. 

4. Onsager, L.: Reciprocal Relations in Irreversible Processes I. Physics 
Review, Vol. 37, pp. 405-426, 1931. 

5. Onsager, L.: Reciprocal Relations in Irreversible Processes II. Physics 
ReView, Vol. 38, pp. 2265-2279, 1931. 

6. Eckart, C.: Thermodynamics of Irreversible Processes, I. The Simple 
Fluid. PhYSics Review, Vol. 58, p. 267, 1940. 

7. Meixner, J.: Die thermodynamische Theorie der Relaxationserscheinungen 
und ihr Zusammenhang mit der Nachwirkungstheorie. Kolloid-Z., Vol. 
134, p. 2, 1953. 

8. Biot, M.A.: Theory of Stress-Strain Relations in Anisotropic Viscoelas
ticity and Relaxation Phenomena. Journal 6f Applied Physics, Vol. 25, 
p. 1385, 1954. 

9. Biot, M.A.: Variational Principles in Irreversible Thermodynamics with 
Application to Viscoelasticity. Physics Review, Vol. 97, p. 1463, 1955. 

10. Ziegler, H.: An Attempt to Generalize Onsager's Principle, and Its Sig
nificance for Rheological Problems. Z. angew. Math. Phys., Vol. 9, 
p. 748, 1958. 

95 



11. Valanis, K. C. : Uni.fi·ied Theory of Thermomechanical Behavior of Viscoelas
tic Materials. Mechanical Behavior of Materials Under Dynamic Loads, 
p. 343, Springe~.1968. 

12. Kestin, J., and Rice, J.R.: 
namics to S trained Rods. 
Mono Book Corp., 1970. 

Paradoxes in the Application of Thermody
A Critical Review of Thermodynamics, p. 275, 

13. Schapery, R.A.: Application of Themodynamics to Thermomechanical, Frac
ture and Birefringent Phenomena in Viscoelastic Media. Journalof-Ap
plied PhYSics, Vol~ 35, p. 1941, 1964 • 

. 14. Schapery, R.A.: A Theory of Non-Linear Thermoviscoelasticity Based on 
Irreversible Thermodynamics. Proceedings 5th u.s. National Congress 
of Applied Mechanics, ASHE, pp. 511-530, 1966. 

15. Krajcinovic, D., and Fonseka, G.U.: The Continuous Damage Theory of 
Brittle Materials - Part I - General Theory. Journal of Applied Mech
anics, Vol. 48, pp. 809-815, 1981. 

16. Coleman, B.D., and Noll, W.: The Thermodynamics of Elastic Materials 
With Heat Conduction and Viscosity. Archive for Rational Mechanics 
and Analysis, Vol. 13, p. 167, 1963. 

17. Kratochvil, J., and Dillon, O.W., Jr.: Thermodynamics of Crystalline 
Elastic-Visco-Plastic Materials. Journal of Applied Physics, Vol. 41, 
pp. 1470-1479, 1970. 

18. Kratochvil, J., and Dillon, O.W., Jr.: Thermodynamics of Elastic-Plastic 
Materials as a Theory with Internal State Variables. Journal of Ap
plied PhYSics, Vol. 40, pp. 3207-3218, 1969. 

19. Day, W.A.: The Thermodynamics of Simple Materials with Fading Memory. 
Springer, New York, 1972. 

20. Truesdell, C., and Noll, W.: The Nonlinear Field Theories of Mechanics. 
Randbuck der Physik, Vol. III/3, Springer, Berlin, 1965. 

21. Lubliner, J.: On the Thermodynamic Foundations of Non-Linear Solid Mech
anics. International Journal of Non-Linear Mechanics, Vol. 7, pp. 237-
254, 1972. 

22. Green, A.E., and Naghdi, P.M.: A General Theory of an Elastic-Plastic 
Continuum. Archive for Rational Mechanics and Analysis, Vol. 18, pp. 251-
281, 1965. 

23. Coleman, B.D., and Mizel, V.J.: Thermodynamics and Departures from Fourier's 
Law of Heat Conduction. Archive for Rational Mechanics and Analysis, 
Vol. 13, pp. 245-261, 1963. 

24. Rice, J.R.: A Pathe Independent Integral and the Approximate Analysis 
of Strain Concentration by Notches and Cracks. Journal of Applied 
Mechanics, Vol. 35, pp. 379-386, 1968. 

96 



25. Allen, D.H.: Some Comments on Inelastic Strain in Thermoviscoplastic 
Metals. Texas A&M University Repo~t No. MM NAG 3-31-83-8, June 1983. 

26. Cernocky, E.P., and Krempl, E.: A Theory of Thermoviscoplasticity Based 
on Infinitesimal Total Strain. International Journal of Solids and 
Structures, Vol. 16, pp. 723-741, 1980. 

27. Walker, K.P.: Representation of Hastelloy X Behavior at Elevated Tem
perature with a Functional Theory of Viscoplasticity. Presented at 
ASHE Pressure Vessels Conference, San Francisco, Aug. 12, 1980. 

28. Lee, E.H., and McMeeking, R.M.: Concerning Elastic and Plastic Compon
ents of Deformation. International Journal of Solids and Structures, 
Vol. 16, pp. 715-721, 1980. 

29. Hart, E.W.: Constitutive Relations for the Nonelastic Deformation of 
Metals. ASHE J. Eng. Mater. Tech., Vol. 98-H, p. 193, 1976. 

30. Krieg, R.D., Swearengen, J.C., and Rohde, R.W.: A Physcially-based In
ternal. Variable Model for Rate-Dependent Plasticity. Proceedings ASMEI 
CSME PVP Conference, pp. 15-27, 1978. 

31. Bodner, S.R., and Partom, Y.: Constitutive Equatio~s for Elastic-Visco
plastic Strain-Hardening Materials. Journal of Applied Mechanics, Vol. 
42, No.2, pp. 305-389, 1975. 

32. Bodner, S.R.: Representation of Time Dependnet Mechanical Behaviour of 
Rene 95 by Consitutive Equations. Air Force Materials Laboratory, AFML
TX-79-4116, 1979. 

33. Stouffer, D.C., and Bodner, S.R.: A Relationship Between Theory and Ex
periment for a State Variable Constitutive Equation. Air Force Mater
ials Laboratory, AFWAL-TR-8Q-4194, 1981. 

34. Bodner, S.R., Partom, I., and Partom, Y.: Uniaxial Cyclic Loading of 
Elastic-Viscoplastic Materials. J. App. Mech., 1979. 

35. Cescotto, S., and Leckie, F.: Determination of Unified Constitutive 
Equations for Metals at High ,Temperature. Proc. Int. Conf. on Consti
tutive Laws for Eng. Mater., pp. 105-111, 1983. 

36. Robinson, D.N.: A Unified Creep-Plasticity Model for Structural Metals 
at High Temperatures. ORNL-TM-5969, October 1978. 

37. Miller, A.K.: An Inelastic Constitutive Model for Monotonic, Cyclic, 
and Cr·eep Deformation: Part I - Equations Development and Analytical 
Procedures and Part II - Application to Type 304 Stainless Steel. 
ASME J. Eng. Mater. Tech., Vol. 98-H,p. 97, 1976. 

38. Krempl, E.: On the Interaction of Rate and History Dependence in Struc
tural Materials. Acta Mechanica, Vol. 22, pp. 53-90, 1975. 

97 



39. Liu. M.C.M •• and Krempl. E.: A Uniaxial Viscoplastic Model Based on 
Total Strain and Overstress. J. Mech. Phys. Solids. Vol. 27, pp. 377-
391. 1979. 

40. Cernocky, E.P., and Krempl, E.: A Theory of Viscoplasticity Based on 
Infinitesimal Total Strain. Acta Mechanica. Vol. 36. pp. 263-289, 1980. 

41. Cernocky. E.P., and Krempl, E.: A Nonlinear Uniaxial Integral Consti
tutive Equation Incorporating Rate Effects. Creep and Relaxation. Int. 
~. Nonlinear Mechanics. Vol. 14, pp. 183-203, 1979. ----

42. Valanis. K. C.:. A Theory of Viscoplasticity Without a Yield Surface Part 
I. General Theory. Archives of Mechanics. Vol. 23, pp. 517-533, 1971. 

43. Valanis, K.C.: A Theory of Viscoplasticity Without a Yield Surface Part 
II. Application to Mechanical Behaviour of Metals. Archives of Mech
anics, Vol. 23, pp. 535-551. 1971. 

44. Valanis. K.C.: On the Foundations of the Endochronic Theory of Viscoplas
ticity. Arch. Mech •• Vol. 27. pp. 857-868. 1975. 

45. Allen, D.H., and Haisler, W.E.: A Theory for Analysis of thermoplastic 
Materials. Computers and Structures. Vol. 13, pp. 124-135. 1981. 

46. Allen. D.H.: Computational Aspects of the Nonisothermal Classical Plas
.ticity Theory. Accepted for publication in Computers and Structures, 
1982. 

47. Kocks. U.F.: Laws for Work-hardening and Low-Temper.ature Creep. Journal 
of Engineering Materials and Technology. Vol. 98-H, pp. 76-85. 1976. 

48. cailletaud. G., and Chaboche. J.L.: Macroscopic Description of the Mi
crostructural Changes Induced by Varying Temperature: Example of IN100 
Cyclic Behaviour. Third International Conference of Mechanical Behav
iour of Materials, Vol. 2. pp. 23-32. ICM3, Cambridge. England. August 
1979. 

49. Lee. D .• and Zaverl. F., Jr.: A Generalized Strain Rate Dependent Consti
tutive Equation for Anisotropic Metals. Acta Metallica Vol. 26, No. 
11. p. 1771. 1978. 

50. Laflen. J.R •• and Stouffer. D.C.: An Analysis of High Temperature Metal 
Creep: Part I - Experimental Definition of an Alloy and Part II - A 
Constitutive Formulation and Verification. ASME J. Eng. Mat. & Tech., 
Vol. .100, p. 363, 1978. 

51. Zienkiewicz. O.C., and Cormeau. I.C.: Visco-Plasticity -- Plasticity 
and Creep in Elastic Solids -- A Unified Numerical Approach. Int. 
Journal for Numerical Methods in Engineering. Vol. 8, pp. 821-845, 
1974. 

52. Perzyna, P.: Fundamental Problems in Viscoplasticity. Advan. Appl. 
Mech., Vol. 9, pp. 243-377, 1966. 

98 



53. Perzyna, P., and Wojno, W.: Thermodynamics of Rate Sensitive Plastic 
Materials. Arch. Mech. Stos., Vol. 20, p. 5, 1968. 

54. Perzyna, P.: The Constitutive Equations for Work-Hardening and Rate
Sensitive Plastic Materials. Proc. Vibr. Probl., Vol. 4, pp. 281-290, 
1963; Bull. Acad. Polon. Sci.~ Sere Sci. Tech., Vol. 12, pp. 199-206, 

55. Perzyna, P.: On the Thermodynamic Foundations of Viscoplasticity. Sym
posium on the Mechanical Behavior of Materials Under Dynamic. Loads., 
San Antonio, Texas, 1967. 

56. Yamada, Y., and Sakurai, T.: Basic Formulation and a Computer Program 
for Large Deformation Analysis. Pressure Vessel Technology, Part I, 
ASME, pp. 341-352, 1977. 

57. Yamada, Y.: Constitutive Modelling of Inelastic Behaviour and Numerical 
Solution of Nonlinear Problems by the Finite Element Method. Compu
ters and Structures, Vol. 8, pp~ 533-543, 1978. 

58. Snyder, M.D., and Bathe, K.J.: Formulation and Numerical Solution of 
Thermo-Elastic-Plastic and Creep Problems. National TechnicalIniorma
tion Service, No •. 82448-3, June 1977. 

59. von Mises, 
Zustand. 

R.: Mechanik der Festen Koerper 1m Plastich Deformablen 
Goettinger Nachr., Math.-Phys. Kl., pp. 582-592,1913. 

60. Ziegler, H.: A Modification of Prager's Hardening Rule. Quarterly of 
Applied MathematiCS, Vol. XVIII, pp. 55-65, 1959. 

61. Prager, W.: The Theory of Plasticity: A Survey of Recent Achivements. 
Proceedings of the Institution of Mechanical Engineers, London, Vol. 
169, pp. 41-57, 1955. 

62. Allen, D.H.: A Prediction of Heat Generation in a The~oviscoplastic 
Uniaxial Bar. Texas A&M Mechanics and Materials Center, Report no. 
MM 4875-83-10, July, 1983 (to be published in International Journal 
of Solids and Structures). 

63. Schapery, R.A.: On Viscoelast~c Deformation and Failure Behavior of Com
posite Materials with Distributed Flaws. Advances in Aerospace Struc
tures and Materials, ASME AD-01, pp. 5-20, 1981. 

64. Talreja, R.: A Continuum Mechanics Charact~ization of Damage in Com
posite Materials. The Technical University of Denmark, Lyngby, to 
be published. 

65. Allen, D.H., Groves, S.E., and Schapery, R.A.: A Damage Model for Con
tinuous Fiber Composites. In preparation. 

99 



o 
o 

'l'hKcy 

Cernocky 
and 
Kr_p1 

Krle" 
Sw,aren"n, 
and 
IDhd, 

Sodner 

!L!!:. 

W.lkar 

HU1er 

ser .. ·5aa1D 
JaI.al:1on 

(T1) g_E[e_,I_,T] 

(T3) g_E[,_,I] 

(T7) a-E[e-eI ] 

(T10) a-E[c-e 1] 

(T14) a-E[c •• I _.T) 

TABLE 1. COMPARISON OF UNIAXIAL HODELS 

Intimal sc.te Variable Gmwth '-

(T2) ,I_~ 

pa-_ 'r2 (T4)1 ,I. cl ~ .,;(0-°1) 
. c _ 

(TS)l,2 Dl-c]iI-c40~[. S l-l].,n(ol) 

(T6)2 -2-c61,II- c7[a2-a2
0

}n 

r 1 r2A 

(Ta)l .1_ ..l.Doe - ~][:2 .,n(a) 
13 

. r1
-
Z1f (T9) -2-[Zl-a2]Wp-AZ1 ~ 

1 {a-a1Ir (T11) ,1 --.z- .,n(a·a2) 

(T12)2 -1-[n1+n2]iI I 

. -[-1-010-01.1] [I ,IIri:([n3+n41](10(t4,1 +1)]) 

+ ~1-1 - -101"'1] 

(Tl]) 'z-o."II-n9IiII-2-010['2--2 )q 
0 

(T1S)1 11.1., [a1nh(IG:;l l)l.S] 0 a,a(a--1) 

121 0 (T16) , -1-"11 -H1Ie'(a1nh(A11-11)] -an(-l) 

(T17)2 -Z-U2IiII(C2+1-11- f.. -~]-UZC2"'(a1nh(AZ_~)]Q 
1 

. 

HIe.dal 

~ 1' ....... 

1. G-G(c,T) 18 obtalned E,IO·ll ,12, 
froa extrapolatlon of I] 
relaxation data. 

2. k 1. curve-fit to 

~[¥r] 
- I. 2 

k-Ine 1 . 

E,cp c2,c], 
c4,cS,c6,c7, 
02 ,n 

0 

1. " _ail p E,DO·n,.,Zl' 
ZI,A,r 

1. I 1, the cuau1atlve E.n,n1,n2,n], 
lne1a.tic .train: n4,nS,n6,n7, 

1 
I.{-!!' ch . n"n9,n10··, 

h 
q'-l '-2 2. The ,rovth.lav for 02' o 0 

eq.(Tl3), la Dot 
preaently uaed in the 
aodel; -2 18 ... uaed 
to be • conaUnt. 

1. 8'- .-.a fa&- T.o.6 or. E.I.n."t~, 

-[~ ]r(~)+~ Hz·'·"z·Q 
8'·. • 

,... TcO.6T - . 
T. 1a the Mkq tlllp. 
k1athe .. ~ • 



..... 
o ..... 

c •• cotto 
.nd 
LacU. 

Hart 

Ioltlaeoa 

(Til) 8_£[,.,I.,T] (T19)1 II_ f (18
::11) .,n(8·-1) 

~T20)2 '1- ~ h_,1 • r.-1 

I T) (T2t) .. Ih·. ·a 

(T31) .. 1[a.al.aT) (T32) i
l -i[e·.1) + i[e.-1) 

(Tl3) '1-.C.·.1) 
2 

(T34) 62-f(&1 ) 

Itlte: PC8lltt-a ( ) fllpl,"An:tlan or', 
"-- ~cbta [ ) fllp1, ILIltJplkatlan. {

I • ~ 0 

1 -en(x) .°
1

• - ° 
acO 

1. f. b •• r •• h". and 
rIC ... ...,ct..ltal.ly 
cSc..u.l f\mctblll. 

1. 1ba ... et:r'eN .. 

t-.a to M e CXDIItIl't. 

II. -.:a thlre .. lID 

~_iD""..w.. 
u-ra ............ e' 
~ tat.-1 IItata 

,.. .. la. c....t .z • 
2: T fa the ...,ba t.I9 • 

• .. the .. CXDIItIl't • 

f1cdIw ........ 1a
tiaa!Jf acn.-.cr .. 

"'cn.p'" 
1WfIInII ..... 
.... W,.....c.r. 
I, j. -.Iii. 

I 

1 •• * ....... 
G ••• f.ltk. 
l.e 

-.II,I[,B,' • 
.... 00 

2 ,1 c.a be dletitut ... Uned, into pUMth 1w far ~ -.I -Z to 

obulA • faaa CClMIat.c vitti Intcnal .ute ".-1abla FCMh W. (14). 



Page intentionally left blank 



PHYSICAL CONCEPTS IN THE DEVELOPMENT 

OF CONSTITUTIVE EQUATIONS 

Brice N. Cassenti 
united Technologies Research Center 

East Hartford, connecticut 06108 

The currently proposed viscoplastic material models include in their 
formulation observed material response but do not generally incorporate 
principles from thermodynamics, statistical mechanics, and quantum mechanics. 
In the existing literature, numerous hypotheses have been made for material 
response based on first principles. Many of these hypotheses have been tested 
experimentally. Not only must the currently proposed viscoplastic theories be 
checked against these hypotheses but" the experimental basis of these 
hypotheses must also be checked. The physics of thermodynamics, st ltistical 
mechanics and quantum mechanics, including the effects of defects, will be 
reviewed for their application to the development of constitutive laws. 

INTRODUCTION 

The currently proposed viscoplastic material models include in their 
formulation ~bserved material response but do not generally incorporate prin
ciples from thermodynamics, statistical mechanics, and quantum mechanics. In 
the existing literature, numerous hypotheses have been made for material 
response based on first principles. Many of these hypotheses have been tested 
experimentally. Not only must the currently proposed viscoplastic theories be 
checked against these hypotheses but the experimental basis of these hypothe
ses must also be checked. 

As an example of hypotheses commonly accepted but not usually tested, 
consider the assumption that inelastic deformations in isotropic materials are 
volume preserving. This is primarily based on the intuitive belief that under 
large strains the volume must be preserved and on experiments that show the 
hydrostatic yield stress is much larger than the shear yield stress. Even 
though many tensile tests on round specimens are performed little attempt is 
made to check for a change in volume. 

The response of engineering materials is generally described in terms of 
the macroscopic behavior of large numbers of atoms. Such descriptions are 
semi-empirical in nature and usually neglect the information available from 
more fundamental theories, such as thermodynamics, statistical mechanics and 
quantum mechanics. Actually the macroscopic response of materials depends 
intimately on the quantum mechanical interaction of electrons in neighboring 
atoms. To illustrate this dependence, the distribution of the outer {valence} 
electrons of an atom determines the binding energy of the atoms in a solid. 
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The distribution and motion of these electrons can be calculated using quantum 
mechanics principles. The response of atoms bound by their outer electrons 
can be "averaged" using statistical mechanics principles including the effects 
of defects. The statistical mechanics analysis will result in the thermo
dynamic mechanical response of the material. 

Thermodynamic principles can be examined to determine constraints on the 
mechanical response of materials. Allen in Ref. 1 presents a clear and 
concise thermodynamic formulation. From thermodynamics, constraints on the 
isothermal and adiabatic elastic moduli variation with temperature and strain 
can be determined based solely on the definitions of the moduli. The second 
law of thermodynamics has been used to determine the constraints that should 
exist between state variables. Statistical mechanics can be applied to the 
determination of material response. This theory has not been extensively 
applied to solid materials but has been used to determine some relationships. 

Quantum mechanics principles also have not generally been applied to the 
determination of material properties because of the difficulty in analyzing 
the interaction between electrons in many electron atoms. Recently a new 
quantum mechanics analysis method, the pseudopotential method, has been 
developed which examines only the outer valence electrons. The pseudopoten
tial method has been applied not only to electronic proprties but also to 
mechanical and thermal properties •. 

The effects of defects on the response of materials can be described 
using topological and statistical concepts. For example, atomic vibration 
models near defects dictate that at moderate-to-high strain rates the yield 
stress should vary linearly with the logarithm of the strain rate. The yield _
stresses and slip directions in a crystal lattice can be estimated bas~ 
atomic configurations, forces, and the effects of defects. Defec~emselves 
can be characterized based on topological considerations of atomic configura
tions. The topological specifications of many defects and defect types can be 
described statistically and the macroscopic response of the materials 
specified. 

In the discussion that follows, the thermodynamics of materials will be 
discussed first including illustrations on the constraints it places on 
material behavior. The derivation of thermodynamic principles from 
statistical mechanics is then reviewed. The statistical mechanics results, 
though, are dependent on the energy levels derived from quantum mechanics 
principles. The analysis of the response of solid materials directly from 
quantum mechanics principles is illustrated in the next section. The 
following section discusses the effects of imperfections and the last section 
summarizes the conclusions. 
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THERMODYNAMIC CONSIDERATIONS 

Reversible Process Large Strains 

Thermodynamic restrictions for systems undergoing reversible processes 
(e.g., an elastic response) can be quite severe and the restrictions are not 
readily apparent. For a system of volume, V, the first law of thermodynamics 
requires the increase in internal energy, U, to be equal to the heat added, 0, 

• plus the work done on the system,W 

The work done on the system is 

~. J 
v 

a· ·v· ·dV 
1J 1) 

(1) 

where v·· • 1/2(U· .+U .. ) is the symmetric 1J . l,J), 1 
aij is tne Cauchy or current stress. For a 

part of the velocity gradient, and 
reversible process, the rate of 

change of entropy is 

(3) 

where T is the temperature. 

Consider a uniform closed system; a system with a small volume would be 
nearly uniform. Refer all quantities to the original configuration. Then 

where 

~ • a· ·v .. V • lL. S· .'/t .. 
1J 1) Po 1J 1J 

S·. is the Kirchoff stress, 
1J 

t .. is the Lagrangian strain rate, 
l.J 

P is the current density, and 

Po is the initial density. 
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Consider the internal energy, u, and entropy, s, per unit mass of the system 
where 

M 8 pV (5) 

is the total mass, then Eqs. (I) and (3) become 

U 8 Ts +.L S •• t .. 
p 1.1 1J 
a 

(6) 

for a reversible process u and s are functions of the ~nd points of the system 
and not dependent on the path taken. Using the temperature, and the strain as 
the state variables 

or 

From Eq. (8) 

U 8 u(T,E), s8 s(T,E) -
• au t a £ • 1 • U 8 - +.!lL.- e.. • Ts + - S·. E .. 

aT 3E. . 1J P 1J 1J 
1J a 

;.l.!f+1L-t .. 
aT aE.. lJ 

~I aE·. s·const lJ 

1J 

1 
8- S •• 

P lJ 
o 

(7) 

(8) 

(9) 

(10) 

This is not convenient if temperature is used as a state variable since 
entropy will be a function of temperature and strain. Instead defining the 
Hemholtz free energy as 

a 8 U - Ts • a(T,E) (11 ) 

then 

• t 1 • aa· aa • a·-s +-S .. E .. ·-T+-E .. 
Po lJ lJ aT aE. . lJ 

lJ 
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or 

l!. • -5 
aT ' 

aa 1 
--- • - s-· aE. , p lJ 

lj 0 

From the mixed pareials of Eq. (13) 

and 

1 as,· as 
- ..:.::..u. + - • 0 
Po aT 3E ij 

as· . as"1 ..:.::..u. • -A-
aEkl 3E ij 

Consider a linear elastic material 

where DijklJ ~l and To are constants. Then from Eq. (15) 

(3) 

(4) 

(15) 

(6) 

The symmetry of the stress (if there are no body moments) and strain tensors 
yields 

(18) 

and 

(19) 

These results imply that there can be at most 21 elastic constants for a 
generally. anisotropic material. In addition, if the material is assumed to 
have a specific heat at constant volume (strain), Cy, that is not a function 
of strain or temperature, then 

Cv • ~4. T 11. canst 
M .L aT 

(20) 
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All of the thermodynamic functions can now be found for a linear elastic 
material 

s • 

1 To 
u • U o + CvT + - D· 'kIE"Ekl + - D"klE . ·Q,l 2p l.J 1.J P 1.J 1.JK 

o 0 

(22) 

+ C [1 - In(L)] + _1_ D"klE"Ekl - _1 D"klE .. Qkl(T-T ) 
v T 2p 1.J 1.J P 1J 1J 0 

Roo 
(23) 

where Uo and TR are arbitrary constants. 

The thermodynamics of reversible processes places restrictions on the 
manner in which the elastic constants can be defined for nonisothermal 
loadings. Researchers have sometimes introduced the elastic constants as 
instantaneous constants, see Ref. 2, where 

(24 ) 

From Eq. (13) 

s·· ,. p 1A-,. Po a'E .. 
1.J 0 dE.. 1J 

1.J 

(25 ) 

and 

(26 ) 

Comparing Eqs. (26) and (24) 

3a'E .. __ -=1. .... 1 • _ 

3T 

1 3a'E.. Dijkl 
D 

1.1,. __ _ 

-p ijkl ~l' 
o 3Ekl 

(27) 
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But the mixed partials are equal, therefore 

a2a'E 0 . 1 a (D ijmn amn ) 1 aD ijkl 11 . -- 8-

ar aE kl Po aEkl Po ar 

or 

aD 0 0kl 
11 + a(Di jmn"mn) 

8 0 (28) 
ar aEkl 

Equation (28) implies variations in the elastic moduli with temperature as 
defined in Eq. (24), will produce variations with strain of the sum DijmnOmn' 
For an isotropic material 

(29 ) 

and Eq. (28) becomes 

(30) 

If i * j in Eq. (30) 

.i.lL... 8 0 (31) 
ar 

Hence, the shear modulus cannot vary with temperature! Contracting on i,j in 
Eq. (30) 

(32) 
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If k * 1 

a[ a(2\J+3X)] 
-:;.--....,..-..;. • 0 (33) 

the product a(2\J+3X) is not a function of shear strain. 
again 

Contracting Eq. (32) 

3 ax + 3(aX) • 0 
aT 3Ekk 

(34) 

where K • 1/3 (2u+3X) is the bulk modulus. 

The restrictions in Eqs. (31), (33) and (34) are mathematically quite 
severe for elastic (or reversible) processes. Equations equivalent to 
Eq. (28) are cited in Ref. 3 but the conditions of Eq. (24), are not stated 
leaving the result confused. If instead of Eq. (24) the stress is given by 

(35) 

Then Sij • Sij(T,:) and Eq. (27) are automatically satisfied. 

Irreversible Process Small Strains 

For irreversible processes thermodynamics is not as clearly defined. Two 
additional assumptions are made (Ref. 4): (1) the entropy is a function of 
state, this will hold for sufficiently slow processes, and (2) the second law 
is extended to the local level. Tnen for some ~olume V 

1L 
Dt 

J psdV· -J '.n.dA + 1L J pgdV 
v All Dt 

where ~i· entropy flow vector, 

g • internal entropy source, and 

ni • is the normal to the surface element dA. 
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Transforming the surface integral to a volume integral and using the 
conservation of mass 

DS DS 
p _. -; .. + p-

Dt 1,1 Dt 

where the second law now requires 

DS > 0 
Dt 

The heat being added to the volume V is 

where q 

DQ _. J 
Dt v 

[-h. . + a . • v1? . ]dV • J p Dq dV 
1,1 1J 1J Dt 

is the heat added per unit mass in the volume dV 

(38) 

v~. is the symmetric part of the velocity gradient which is converted 
1) 

to heat (the dissipative part). The total velocity gradient is 

v·· • v~. + ~. 1J 1J 1J 

and Vlj represents the part of the velocity gradient 
recoverable internal energy, the conservative part. 
then governed by 

Du Dq 1 
_. - + a·.v~. 
Dt Dt 2 1J 1J 

(40 ) 

that is converted to 
The internal energy is 

The change in entropy can be found by proceeding along a reversible path, or 

Ds 1 Dq h· . 
1,1 

--+ (42 ) -----Dt T Dt pT 
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Equivalently 

Ds 
p--

Dt 

hi • 
-(-) 

T .. 
11 

Comparing this vith Eq. (37) 

h· t· • ...!. 
1 T 

and 

DS 
p ---Dt 

For small strains take 

vhere 

v~. - C .. 1J 1J 

C·. is the inelastic strain, and 1J 

t .. is the total strain. 
1J 

+ 

a· .,J». 
1J 1J 

+ 
T 

> 

• v·· • E: •• 1J 1J 

o 

(43) 

(44) 

(45 ) 

(46) 

For uniform temperature distributions and small strains, Eq. (45) becomes 

a .. c·. > 0 1J 1J 
(47) 

Equation (47) is related to Drucker's postulate but in Ref. 5 there is no 
mention to isothermal conditions. Equation (47) can be extended to states 
vith an initial stress and infinitesimal stress changes, R~f. 3. Note that 
the condition in Eq. (47) holds only for systems vith uniform temperature 
distributions. Other assumptions in addition to the second law of thermo
dynamics must be made for Eq. (47) to apply more generally. For example, if 
linear phenomenological lavs are assumed and Gibb's condition for a reversible 
process is applied, then the internal entropy production must be a positive 
definite function of the state variables. Consider the functional theory, 
described in Ref. 6, where 
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• c .. • A (ol s.. - 0 .. ) 
1J 2 1J 1J 

where Sij • aij - 1/3 akk 6ij on the deviatoric stress, and 0ij is the 
equilibr1um stress. 

Equation (46) requires 

J. S .. S·· • 3J2' > S .. 0 .. 
2 1J 1J 1J 1J 

For uniaxial loading, Eq. (49) becomes 

a2 > an 

(48) 

(49) 

(50) 

which means if the equilibrium stress and the stress have the same sign then 
the stress must be larger in absolute value than the equilibrium stress. 
Experimental evidence shows that Eq. (49) is violated. The ·reason for the 
disagreement .arises from the fact that all of the inelastic strain is not 
dissipated initially, which is assumed in Eq. (39). Initially some of the 
inelastic strain can raise the re~overable internal energy of the material. 
This rise in recoverable internal energy can be pictured as an atomic 
arrangement that is at a higher state, as shown in Fig. 1. This higher energy 
state can be relatively stable, represented by the higher of the two relative 
minimums. Thermal diffusion of the atoms to a lower state will gradually 
dissipate some or all of the inelastic strain energy as heat. The quantity, 
n, can now be viewed as representing structural changes in the atomic 
arrangement of a material. 

If Eq. (39) is replaced by 

M. 
Dt 

f [-h' , + (a.. - ..2. n .. )vl? , ] dV 
v 1,1 1J"J 1J 1J 

Then Eq. (49) will be converted to 

• 
.1 A (.1 s .. - 0 .. )(.1 s .. - 0 .. ) > 0 
3 2 1J 1J 2 1J 1J 

• 
This is always satisfied since A is positive. 
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STATISTICAL MECHANICS CONSIDERATIONS 

From statistical mechanics, which characterize the overall response of 
large numbers of atoms, many of the postulates and results of thermodynamics 
can be found. For example, the Onsager reciprocal relation, Ref. 7, for 
materials with linear phenomenological laws, can be derived from statistical 
mechanics considerations. Statistical mechanics is based on the assumption 
that "all microstates of °8 system that have the same energy are assumed to be 
equally likely" Ref. 8. By considering two large systems of atoms, A and B, 
in equilibrium, the probability that the total system, A and B, is at energy 
EA+EB is 

(51) 

This follows from the fact that the energy of atoms in system A (or B) where 
system A and B are each in contact with a thermal reservoir will be 
independent of the energy of the atoms in system B (or A). From Eq. (51) it 
can be shown that the probability that a system is at energy, EK is given by 

where Z • L 
k 

1 -BEk 
• - e Z 

-BEk e is the partition function, and 

B is a parameter to be determined. 

(52) 

(53) 

To determine this parameter, consider the internal energy which is now defined 
as the average energy of the system, then 

u • E • L EkP(Ek) • .1. I Ek 
-BEk e 

k Z k 
(54) 

From Eq. (53) 

u • - annZl (55) 
aB 
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For a perfect monitonic gas, Ref. 8, the partition function is 

where N is the number of atoms of mass, m, in volume V. From Eq. (55) 

u • Jli (57) 

but the internal energy is also 

2S 

u • .1 NkT 
2 

where k is Boltzmann's constant. Therefore comparing Eqs. (57) and (58) 

S • _1_ 
kT 

The result in Eq. (59) 1S general and applies to all systems. 

(58 ) 

(59 ) 

One thermodynamic function, the internal energy, is nov determined from 
the statistical response of the individual atoms. A second function needs to 
be determined to specify the system. To accomplish this, consider 

d(lnZ) • dlnZ d S + 3lnZ dt .. 
as at.. lJ 

lJ 

(60 ) 

Substituting for the first partial derivative using Eq. (55) and using 

UdS- d(SU) - SdU (61) 

d(lnZ + SU) • SdU + 3lnZ dt·. at.. lJ 
lJ 

(62) 
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From the first law of thermodynamics (i.e., the conservation of energy) for 
reversible reactions, 

dU • TdS + a· .Vd&·· lJ lJ (63) 

Substituting Eq. (62) with (63) 

d(lnZ + au) - 1 dS + [ava .. + 3lnZ]d& .. 
k lJ 0&' • lJ 

lJ 
(64) 

Equation (64) must hold for arbitrary changes in strain and entropy therefore 

dS - kd(lnZ + aU) (65) 

and 

(J •• • lJ (66) 

Statistical mechanics has been applied to the response of solids, (e.g., 
Refs. 9 and 10). For example, consider a solid to be a collection of N atoms 
each of which can vibrate in three orthogonal directions. Then if the atoms 
are assumed to be linear harmonic oscillations, quantum mechanics can be used 
to determine the possible energy levels in Eqs. (52) and (53). These energy 
levels are from Ref. 10 or the Appendix. 

where 

for a 

1 €. v •• - J. 
1 2n m' 

1 
state is 

E· - (n. + .l)hv, 
1 1 2 1 

n i -0 , 1 , 2, ••• ,-

i-l,2,3, ••• ,3N 

is the natural frequency of atom i. 

3N 

E - L 
i-I 

11& 

E· 1 

(67) 

The total energy 



and the partition function is 

Z - 1 e -BE 

states 
-

CD CD 

Substituting Eq. (67) into Eq. (68) and summing over each Ni 

Z -

3N -Shv'·/2 
\ e 1 
L -6hv. 

i-I I-e' 1 

or 

InZ -

From Eq. (55) 

3N ( [-ShVi]) u _ \' hv i +.: Shv i e 
L 2 8 -~-a!l"lh~v':"".-

i-I l-e 1 

and, at high temperatures 8 approaches zero (8 • l/kT) 

3N 

U - L 
i-l 

(hv i 1) 
- + - - 3NkT + 
2 S 

the specific heat at constant volume is then 

3N hv. 
L .::.:.J.. 

i-I 2 

(68) 

(69) 

(70) 

(71) 

(72) 

(73) 

which is the classical thermodynamic result and from experimental data is 
accurate at high temperatures. For a complete discussion of this result, see 
Refs. 9 or 10. 
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The above result does not include the stress strain response. To 
accomplish this, consider the atoms to be stretched to a new position a 
distance Xo from their relative equilibrium positions by an external applied 
force. The energy levels will now increase approximately by 

1 2 - k·x 2 L 0 

or 

E .• l hv. + l k.x 2 + n.hv. 
1 2 1 210 1 1 

(74) 

is the approximate energy of atom i. 

Using k· = 4n2m.v. 2 and x • 2a£ where 2a is the distance between atomic 111 0 
centers and £ is the strain. Equation (68) can now be rewritten as 

(75) 

Assuming the frequencies of each atom in each direction are the same, the 
Einstein approximation, the partition function becomes 

(76) 

and the stress is from Eq. (66) 

(77) 

where P = nm/V is the density, then the elastic modulus 

(78) 

It should be possible to test Eq. (78) against available data. 
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QUANTUM MECHANICAL APPLICATIONS TO THE RESPONSE OF MATERIALS 

In considering the statistical mechanics aspects of material response, 
quantum mechanics provided the means for determining the energy states of a 
system. Only the potential energy between neighboring atoms was considered, 
but actually this potential energy is determined by the chemical bonding 
between adjacent atoms, which in turn is determined by the outer electrons. 
Summarizing the mechanical properties of a solid are ultimately tied to the 
binding energy present in the outer electrons. In the analyses discussed in 
the section on statistical mechanics, the contribution to the energy of the 
system from the electrons was neglected; an assumption that generally produces 
accurate results, as quantum mechanics principles are considerably more impor
tant for low mass particles such as electrons than for higher mass particles 
like atomic nuclei. 

Nevertheless the pseudopotential method for describing these outer 
electrons is being developed,Refs. 112, 13),and shows promise for describing 
elementary mechanical properties. The pseudopotential method is based on 
assuming a potential which is approximately correct in the regions where the 
outer electrons are likely to be. For example, in Ref. (13), the potential 
energy, V, is assumed to be 

where 

V( r).\ a 
_ ~2 

r is the distance from an atomic nucleus 
e is the charge on an electron, a~d 

Re is a semi-empirical constant. 

(79) 

The approximation in Eq. (79) is referred to as the empty core model, and 
is relatively accurate compar~d with numerical solutions. The approximation 
is based on the assumption that when a valence electron enters the region of 
an atom's core electrons that it moves as if there is little change in poten
tial energy. 

In Ref. (14), several somewhat more complex approximations to the 
potential are compared for their accuracy in predicting the bulk moduli of 
solids and liquids at temperatures from absolute zero to over 1000 deg F. For 
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example, one theory predicts a bulk modulus for aluminum at room temperature 
that is within twenty percent of the experimental value and these results are 
predicted using initially rough analytical calculations. Certainly the 
pseudopotential method deserves careful examination. 

Quantum mechanics has, since the early stages of its development, been 
applied to the prediction of the interatomic potentials for diatomic hydrogen. 
Using these results, it has been possible to determine higher order terms in 
the energy eigenvalues, Ref. (15), as 

(80 ) 

The first term is the same as Eq. (67) used in the discussion on statistical 
mechanics, the second term is a correction. The constant D is the dissocia
tion energy for the molecule, and the maximum energy level cannot exceed the 
dissociation energy, or 

E < D < En +1 
nmax max 

(81) 

The second term in Eq. (80) is quite small and has only a small effect on the 
partition function, Eq. (68). A correction for the angular momentum can also 
be included in Eq. (80) but again the effect on the partition function is 
small. Better approximations to the energy levels lead to extremely accurate 
results for the thermodynamic properties, for example, see Ref. 10. 

EFFECTS OF IMPERFECTIONS 

In principle it is possible to derive the properties of solids by 
considering the energy levels of the atoms (and electrons). The discussion on 
statistical mechanics has been applied to essentially perfect crystals. 
Imperfections, or defects, have a profound effect on the response of solid 
materials. These imperfections will generally lower the oscillation frequen
cies of the atoms to such an extent that they will control the inelastic 
deformation of the material. 

For example, in Ref. (3), it is shown from a consideration of activation 
energies and dislocation geometry that 

• 
a( t) • f [T(l-a In -¥-)] (82) 

to 
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where 

to and a are constants determined 
T is the absolute temperature 
• c 
o 
f 

is the strain rate 
1S the stress, and 
is an arbitrary function 

The quantity 

by the dislocation geometries 

• 
Tm • T(I-a 1n ~) 

to 
(83) 

is referred to as the velocity modified temperature, and has been shown to 
have some experimental validity. 

An important concept employed in the derivation of Eq. (82) is Burgers 
vector. The Burgers vector is found by comparing a path about a line imper
fection (e.g., a screw dislocation) and a closed path in a perfect crystal. 
The path about the imperfection follows the same atomic path as the path in 
the perfect crystal. The path about the imperfection then will not close. 
The vector required to close this path is the Burgers vector. 

In a similar manner, it should be possible to represent plane and point 
imperfections in addition to line imperfections by similar integrations. For 
example, the line imperfection is described by performing a one dimensional 
integration. A point imperfection can be described by performing an integra
tion ona surface that surrounds the point and a surface imperfection can be 
described by taking a difference between two points on each side of the 
surface. In other words: (1) a zero dimensional (point) imperfection is 
described by performing a two dimensional (surface) integration, (2) a one 
dimensional (line) imperfection is described by performing one dimensional 
integration and (3) a two dimensional imperfection is described by a zero 
dimensional integration. The sum of the dimension of the imperfection and the 
dimension of integration required to describe it is always the same number, 
or 

where 

n + m • 2 

n is the dimension of the imperfection 
m is the dimension of the integration 
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Topological descriptions like those resulting in Eq. (84) have been applied to 
material description (e.g. see Refs. 16-17). 

Defects can be classified quantatively by performing the proper integra
tion. Not all defects will be identical and there will be some probabilistic 
distribution in the quantities used to classify the distributions. These 
'probability distributions will ultimately determine the inelastic response of 
the material. 

CONCLUSIONS 

The effects of a defect on the stress-strain law can, in principle', be 
found by using quantum mechanics to determine the energies from the potential 
energy of the neighboring atoms. The energies in turn, determine the results 
from a statistical mechanics analysis. Furthermore, the results of the 
statistical mechanics analysis determine the thermodynamic response of the 
material. 

Although such a procedure is possible in principle, it is not practical 
because the results would be overly complex for engineering applications. 
However, such an approach should produce important results which place 
constraints on the form of any newly proposed constitutive relations. 
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A COMPARISON OF TWO CONTEMPORARY 

CREEP-FATIGUE LIFE PREDICTION METHODS 

by 

Michael A. McGaw 
NASA Lewis Research Center 

Cleveland, Ohio 44135 

A comparison of two contemporary approaches to creep-fatigue life prediction, 
the Continuous Damage Mechanics as developed at ONERA, and Strain Range 
Partitioning, is presented. The general framework of each of these 
approaches, both being crack-initiation life prediction tools, are examined. 
The basis for, and implications of each predictive method are discussed, 
relative to the material class(es) for which each was developed, as well as to 
their general applicability. Evident is a need for critical experiments 
capable of discriminating among the models; to this end, the question of 
choice of experiment and material is addressed. 

(Paper not available at time of printing.) 
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A NUMERICAL ALGORITHM FO~ ENDOCHRONIC PLASTICITY 

AND COMPARISON WITH EXPERIMENT 

x.C. Valanis and Jinghong Fan 
University of Cincinnati 
Cincinnati, Ohio 45221 

A numerical algorithm based on the finite element 

method of analysis of the boundary value problem in a 

continuum is presented, in the case where the plastic 

response of the material is given in the context of en-

dochronic plasticity. The relev~nt constitutive equation 

is expressed in incremental form and plastic effects are 

accounted for by the method of an induced pseudo-force 

in the matrix equations. 

The results of the analysis are compared with observed 

values in the case of a plate with two symmetric notches 

and loaded longitudinally in its own plane. The agreement 

between theory and experiment is excellent. 

INTRODUCTION 

The greatest difficulty encountered in the applicati~on 

of the classical theory of plasticity is the lack of 

knowledge of the configuration of the subsequent yield 

surface for the particular material at hand, and the 

experimental difficulties encountered in finding it in the 

fully three dimensional case. More importantly, however, 
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it has been observed by many experimenters that the shape 

of the subsequent yield surface and its position in stress 

space depends very stronqly on the definition of the yield 

point, particularly in situations followinq prior deform

ation [1-3]. 

The essential premise of the classical plasticity 

theory is the assumption of an a priori exi"stence of a 

yield surface. This implies a finite elastic domain. 

From the mathematical standpoint, a finite domain is 

necessary because of the requirement that the increment 

in plastic strain be normal to the yield surface. Thus, 

the direction of the plastic strain increment is dictated 

by the yield surface confiquration. 

If plastic effects were to beqin ~ediately upon 

loadinq, perforce, the domain of the yield su~face would 

collapse to a point, thus making the direction of the 

plastic strain increment indeterminate since all directions 

are normal to a point. Thus, the classical plasticity 

theory cannot deal with materials that yield immediately 

upon loadinq. There are other difficulties associated with 

experimental attempts to describe and analyze a two-or 

three-dimensional response of a material (4}. For instance, 

investiqations in the hardeninq rule are much discussed in 

the current literature, but definitive functional forms out

side the Praqer-Zieqler rule are very few, and lack firm 

experimental verification. This rule specifically can have 

only limited application, and"is inappropriate for 
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complicated loading histories. Moreover, it gives rise to 

large discrepancies between calculated and experimental data 

in loading-unloading processes [1]. Other numerical 

difficulties arise from the fact that the loading increments 

cannot be assigned arbitrarily a priori. When the current 

loading increment makes the stress state of a particular element 

traverse the yield surface it is necessary to come back to 

the previous loading state and adjust the magnitude of the 

new increment of loading to ensure that the new stress state 

is located just on the yield surface. Certainly, this process 

increases the time of computation. 

In 1971, Valanis proposed an alternative theory of 

viscoplasticity called "endochronic theory" [5,6], which 

is based on irreversible thermodynamics and the concept of 

intrinsic time. The theory provides a unified point of view 

to describe the elastic-plastic behavior of materials since 

it places no requirement for a yield surface and a "loading 

function" to distinguish between loading and unloading. 

In a series of recent works, Valanis, Wu and others 

[7~-lO] demonstrated that the endochronic theory could apply 

more precisely to situations involving unloading and cyclic 

behavior of metals, as well as wave propagation in the plastic 

region. 

However, in all of the works, involving more than one 

dimension, where the loading was quasi-static, the stress 

fields were homogeneous. 
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In the present paper a numerical algorithm is first 

implemented in a computer program, which can be used to 

analyze the material response in monotonic and cyclic loading 

in the case of plane stress or plane strain. The calculated 

results are then compared with the data obtained from a 

specially designed experiment on a notched plate cyclically 

loaded in its own plane. The validity of the endochronic 

analysis, using this numerical algorithm, is thereby 

demonstrated. 

AN INCREMENTAL FORM OF THE ENDOCHRONIC ELASTOPLASTIC 

CONSTITUTIVE EQUATION IN TERMS OF {do} and (de) 

The ~ollowing are the formulae concerning the endoch

ronic constitutive equations for plastically incompressIble 

isotropic materials and small deformation [7] 

z 3eP 

~ = I p(z-z') d;' dz' 
o 

dl; =- II deP II 

(2.1) 

(2.la) 

(2.lb) 

where p(z) and f(l;) are two material functions namely the kernel 

function and hardening function respectively. 

(2.2) 
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deP - de - L ds 211 ... 
(2.3) 

By definition 
1 del.' J' = de:, , - -3 de: 5" l.J CLCL l.J 

(2.4a) 

1 
ds" = do 1.' J' - -3 do 5" l.J CLCL l.J 

(2.4b) 

In this paper the form of p(z) given by equation (2.5) 

was used in equation (2.1) 

p (z) = l (2.5) 
r=l 

with the conditions that 6r and Rr are positive for all 

rand 

= = 
r cr = = l 

c r < co (2.6a,b) , -CLr r--l r=l 

This form of p(z) is continuous and differentiable in (0,=) 

and therefore the incremental form of equation (2.1) specified 

below can be used in conjunction with a finite element code. 

Specifically in the case where the infinitely large value 

of p(O} is approximated by a suitably large value, as is done 

in this paper, one may differentiate equation (2.1) with 

respect to z to obtain the following differential form of 

the endochronic constitutive equation: 

ds - p(O)deP + h(z)dz (2.7) 

where 
Z A aeP 

h(z) = f p(z-z') a;' dz' (2.8) 

o 
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and 

'" 
p (z) 

dp 
= -dz (2.8a) 

The elastoplastic constitutive equations (2.3) and (2.7), 

can then be combined and expressed in the differential form 

where 

... 1 
ds .. = 2u{de .. + ~O h .. (z)dz} 

l.J l.J p\UJ l.J 

~ a p(O) {l + p(O) }-l 
21-1 

(2.91 

(2.9a) 

Alternately, for computational purposes the incremental 

form given by equation (2.10) may be used, i.e., 

(2.10) 

Substituting (2.4a,b) into (2.9) and usinq (2.2) one obtains 

the operational incremental form of the elastoplastic con

stitutive equation in matrix notation as follows: 

{da} = {D} {de} + {dHp } (2.11) 

where c l c 2 

{D} a c 2 c l (2.12) 

0 0 Up 
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and 
dBpx 

{dB } = p dBpy 

dHp 

In plane stress 

" + 4~2 
c 1 = 12Kll 

x 
3K + 411 

" "2 

<:2 -
6Kll - 411 

A 

3K + 4\.1 

" " 
°1 =-

211 (3k- 2\.1) 
" 3k + 411 

A 

dHpx =- {2\.1hx (z) - 0lhZ(Z)} dz/p(O) 

In plane strain 
A 

3K + 4lJ 
c 1 = 3 

A 

·3K - 2lJ 
c 2 = 3 
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(2.14) 

(2.15) 

(2.16) 

(2.17) 

(2.18 ) 

(2.19) 

(2.20) 

(2.21) 



" dHpx = 2~ hx(z)dz/p(O) (2.22) 

A 

dHpy = 2~ hy(z)dz/P(O) (2.23) 

" 
dHxy = 2~ hxy{z)dz/p(O) (2.24) 

We note that {oJ is an adequate approximation to the elastic 

matrix {E}. It is evident from equation (2.9a) that when 

p(O) + =, {oJ becomes the elastic matrix {E}. Take plane 

stress as an example on the simple tension curve (Fig. 1) draw 

lim 
p(O)+= 

E 
{D} =- {E} = 2(l+v) (i-v) 

2 

2v 

o 

2v 

2 

o 

o 

o 

(l-v) 

(2.25) 

We use axial tension to show the geometric meaning of equation 

(2.11). From a point A on simple tension curve (Fig. 1)· draw 

a straight line AB, the slope of which is Young's modulus 

E and its horizontal projection is dE. For simple tension 

{oJ {dE} = EdE (2.2Q) 

and 

BD = EdE 

so BO can be considered as the first term of right hand in 

(2.11). Since CD is equal to dcr, the geometric meaning of 

dH is represented by the segment BC the value of which is 
p 

negative for simple tension. 
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A FINITE ELEMENT CODE FOR THE ENDOCHRONIC THEORY OF PLASTICITY 

Using (2.11) and the principle of virtual work [11], one 

may formulate an initial stress finite element computational 

algorithm of the endochronic theory. In fact, we have 

fff{cr}T{O~}dV = {Pex}To{qj (3.1) 
v 

and {Pex} and {q} are respectively the vectors of nodal external 

forces and displacements of the element. Substituting (2.11) into 

(3.1) one finds that 

{x} {6q} ~ {6p } + {6p } ex p (3.2) 

where {X} is the stiffness matrix of the element and is the same 

as ~e stiffness matrix of an element in ~e usual elastic analysis 

but the constants Ci , C2 are obtained from equations (2.14 - 2.16) 

or (2.20 - 2.21). 

The quantity {6Pp } is the incremental plastic pseudo-force 

vector for a typical trianqular element used in the analysis and 

has ~e form 

(AP ) :::s -
t 

(ai~H + 6·6H ) px . 2 px l. pxy 
l. 

i :::s 1,2,3 (3.3) 

(6Ppy> . :::s _ t (6.68 + a.68 ) 2' l. 
l. py l. pxy 
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Where the components of. {~Hp-} are given in equations (2.17 -19) 

or (2.22-24) by chanqinq operator "d" to n~". eLi and 6i are 

related to the differences of nodal coordinates, i.e., 

, (i - 1,2,3) 

(3.4) 

where ~Yjk S Yj-Yk ' ~Xjk ~ Xj-~ and e ijk is the permutation 

symbol. 

From equat10ns (3.2) and (3.3) one obtains the total 

stiffness matrix {k}, total plastic pseudo force matrix 

L{~Pp} and the linear simultaneous equations for the structure. 

THE CALCULATION OF h(z) 

Equations (2.17) through (2.19) show that ~(z) plays 

a central role in the calculation of {~Hp} and plastic pseudo

force {~Pp}. To calculate h(z) numerically, we divide the 

domain of integration (O,z) in equation (2.8) into n subregions 

whereupon 
zl 

" f p (z -z') m 
o 

Zm 

••• + f 

... d' W z •••••• + f 
z. 1 1.-

" p(z -z') . m - d' -azr z •••.• 

(4.1) 

where zi-l, zi are the intial and end values, respectively, 

of the intrinsic time scale of ith interval, which corresponds 
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to the ith incremental loading process, and zm is the current 

value of the intrinsic time scale. 

The mean value theorem, and the smoothness of !p allows 

the approximation 

(4.2) 

provided that there is no strain reversal in the interval 

considered. In the present work we approximate the series 

on the right hand side of 
3 

p(z) =- I 
r=-l 

equation (2.5) by three terms, i.e., 

-a Z 
C e r 

r 
(4.3) 

Substituting equation (4.3) into equation (4.1) and 

using equation (4.2) we obtain the result 

(4.4) 

This form of h is unsuitable for numerical compulation • .. 
The term ar(zm-Zi_l) may in the course of calculation become 

very large of ther order of 5 x 104• Consequently, the 

value of the function exp{-arCzm-zi _l )} becomes a very 

small number leading to serious truncation errors. To avoid 

this difficulty we proceed as follows. By mathematical 

induction the following formula can be shown: 
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3 -a Az 
h(z.) = ~ h(z )e r i + - ~ , i-l (i = 1, .• m 

r=l 

(4.5) 

where ~(O) = 0 and AZi • zi-zi_l. 

This is an important result to the effect that the 

history dependence of the material response (through ~(zi» at 

the intrinsic time zi will be determined by ~(zi-l) and the 

aeP 
new incremental step (through a; and zi). This formula 

z=zi 

is also of value in the computer program, because (a) one need 

only store the information at zi-l to obtain results at zi' and 

(b) when using (4.5) instead of equation (4.4), the value 

of the term exp(arAzi ) is no longer small thus avoiding 

truncation errors present in the previous formulation" 

(equation 4.4). 

THB ITERATIVE PROCESS 

For every increment of loading or unloading an initial 

value ~zo is assigned to the increment of intrinsic tim~. 

The linear simultaneous equations are then solved and the 

displacement increments are obtained, from which the total 

deviatoric strain Ae is calculated. Also As and AeP are .. .. .. 
calculated using equations (2.10) and (2"3) respectively. 

aeP 
Opon use of equations (2.1a), (2.lb) and (4.5) Az, a;- and 

hare obta"ined. Also, from equations (2.17)-(2.19) or (2.22)-.. 
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(2.24) 6HpX ' 6Hpy ' 6Hpxy and finally (6Pp) are obtained. 

Substituting {6Pp } into the simultaneous equations (4.2) we 

then obtain a new solution for the displacement increments 

as well as the other variables, including 6z. The iteration 

process is continued until the difference in two consecutive 

values of 6z, corresponding to two consecutive iterations, is 

less than some defined tolerance. Results are stored for 

the· next step. The new loading process is then repeated. 

In this initial stress method of classical plasticity 

one [12] usually stops the iteration process if the difference 

in the magnitudes of the plastic pseudo-force vector corresponding 

to two consecutive iterations is sufficiently small. We use 

the scale t. z as a cri ter ion of convergence instead of the pseudo-

force vector, not only because of its simplicity but because 

of its crucial role in endochronic plasticity. 

CONVERGENCE AND TOLERANCE 

The rate o.f convergence is very important because it 

relates to consumption of computer time, truncation error 

and other related considerations. The key of accelerating the 

convergence rate is how to choose the initial t::.z in order to 

beqin the iteration process of a new incremental loading 

(unloadinq) step. An accelerator Ka was used to determine 
o the starting value of the increment of intrinsic time t.zI by 

the relation 

"(6.1) 
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where the subscript I denotes the current incremental loading 

step and I-l denotes the preceding step. The superscript 0 

denotes the initial value, L denotes the last value and K; 

is called the accelerator for the Iith increment. Equation 

(6.1) is not suitable for reversal points, at which ~z~ is 

taken equal to zero, because at the onset of unloading the 

response is elastic. The value of the accelerator was determined 

by the ratio of the final value of ~z in the two previous 

steps, i • e • , 

(6.2) 

With the exception of the first few (three) increments 

the value of KI was substantially constant. To illustrate 
a 

its utility and average value of 1.24 was used and the number 

of iterations needed for convergence was compared in cases 

where KI = 1 and KI = O. See Fig. 2 where n pertains to a a 

the fifteenth increment and eYP is the plastic strain near the 

tip of the notch. Curve 1 rKa = O} shosws that the convergent 

process is very slow. The reason is that at the first iteration 

~z~ = a since Ka = a and therefore {~p}p = a, i.e., the loading 

process so initiated is elastic and is far away from the real 

case. Curve 2(Ka = 1) shows the convergent rate is much better 

than in curve 1, because it takes the final value of ~z in the 

previous incremental loading step as the initial value of ~z 

in the current step. However, in this procedure the plastic 

pseudo-load is underestimated. A value of Ka greater than 
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unity does increase the rate of convergence as shown in curve 

3 (Ra - 1.24). Figure 3 shows the effect of accelerator 

factor Ka on the average iteration number N per incremental ave 
loading step. 

By definition the relative error ERR is defined as 

-where n is the number of iteration steps. Tolerance 

is defined as the maximum acceptable value of ERR. 

Figures 4 and 5 show the effect of tolerance on the 

accuracy and rate of convergence. In the example shown 

the smaller the tolerance the higher the accuracy (Fig. 4), 

but the number of iterations increases (Fig. 5). One however 

must guard against an excessively small tolerance, which may 

lie outside the inherent accuracy of the numerical computation 

and computer capability, leading to accumulation of truncation 

errors. In the present-work the tolerance was 1%. 

COMPARISON BETWEEN EXPERIMENTAL DATA AND CALCULATED RESULTS 

To verify the validity of the endochronic analysis, using 

the present numerical algorithm, the distribution of strain of 

a notched specimen (made of OFHe copper) cyclicly loaded in 

its own plane was calculated and measured. One quarter of 

the specimen is shown in Fig. 6. The material functions p(z) 

and f(~) were determined by means of an experiment on a round 
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specimen of precisely the same material as the notched specimen, 

in terms of purity, grain size and treatment. The method of 

determination of these functions will not be given here but 

may be found in Ref. 13. Suffice it to say that they are of 

the following form: 
3 

p (z) • r 
r:-l 

-a z 
A e r 

r (GPA) 

where Al , 2 , 3 ~ '( 592, 220, 46 ) and a 1 , 2 ,3 = <"27. 5, 11. 5, 7. 6 7 ) 

x 10 3 and 
f(~) ~ 1 + 0.53~0'.72 

The calculations ~ere conducted on an electronic computer 

(AMDAHL 470 V/7A, close to IBM 370) in the computer center of 

the University of Cincinnati. There are 413 elements and 230 

nodes in one quarter of the specimen (Fig. 6). The side of 

the smallest element is 0.25 mm. By "varying band storage II the 

amount of storage for the total stiffness matrix is 17698. 

The incremental loading for each step is 4% of the maximum 

load. The average number of iterations for each incremental 

loading was'about la, varying from 3 to 20. The computer time 

for each iteration was about 3.36 sec., most of which is used 

to solve the 460 simultaneous equations. The experiments were 

conducted in Metcut Research Associates Corporation. The 

strain distribution was measured using strain gauges, the 

snallest nominal length of which was 0.2 mIn. Since the locations 

of the elements and the strain gauges did not coincide exactly, 

we compared the calculated results with experimental data in 

terms of plotted curves. Comparisons were made over a wide 
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range of magnitude of applied maximum stress, location and type 

of histories. 

Measured and·Calculated Strain Distributions €y Along the Notch 

Center Line 00' a·re Shown, for Applied Stress Amplitude 3.7 x 10 7 FA 

(i) at first tensile peak A. Fiq. 7 

(ii) at first unloading point C. Fig. 8 

(iii) at first compressive loading peak B. Fig. 9 

Letter designations as shown in tho~e Figures. 

MeaSured and Calculated Strain Distributions €y Along the 

Vertical Line ob are Shown for Applied Stress Amplitude 2.3 x 107p~ 

(i) at first tensile peak E. Fig. 10 

(ii) at first compressive peak L. Fig. 11 

(iii) at second. loading peak H. Fig. 12 

Letter designations as shown in above figures. 

Despite the complexity of the boundary value problem and 

the inherent experimental difficulties the agreement between 

experimental and calculated results is excellent both from 

the aspect of tendency and magnitude •. 
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THERMOMECHANICALLY INDUCED PRE AND POSTBUCKLING 

OF GENERAL STRUCTURE 

Joseph Padovan 
The University of Akron 

Akron, Ohio 44325 

This paper develops an algorithmic solution strategy which enables 
handling the positive/indefinite stiffness characteristics associated with 
the pre and postbuckling of structures subject to complex thermomechanica1 
loading fields. The flexibility of the procedure is such that it can be 
applied to both finite difference and element type simulations. Due to 
the generality of the algorithmic approach developed, both kinematic and 
thermal/mechanical type material nonlinearity including inelastic effects 
can be treated. This includes the possibility of handling completely 
general thenmomechanical boundary conditions. To demonstrate the scheme, 
the results of several benchmark problems is presented. 

INTRODUCTION 

Literally a multitude of studies have been reported on the isothermal 
simulation of problems wherein kinematic and/or material nonlinearity is 
excited. In recent years, most typically such work involved the use of the 
powerful finite element (FE) scheme [lJ. In contrast, much less work is 
available for nonisothermal versions of such problems. This is an outgrowth 
of several main factors namely: 

i) Unlike mechanical type loads which are generally applied at· specific 
points around a given structure, transient thermally induced loads 
occur at every body point causing complex distributed loading and un
loading fields which typically induce difficulties in simulating proper 
inelastic type behavior; 

ii) Since thermal loads are internally induced, for nonlinear situations, 
it is typically quite difficult to adequately forecast the level of 
incrementation necessary for nonlinear equation solvers to yield con
verged solutions without involving an expensive time consuming trial 
and error procedure; 

iii) For problems with highly nonlinear kinematic behavior, little is under
stood of the process· of thermomechanical interaction; and lastly, 

iv) Thermomechanically induced pre and postbuckling behavior exhibits in
definite stiffness characteristics [2]; such behavior precludes the 
use of the classical form of the incremental Newton Raphson (INR) 
scheme which is restricted to problems with a given definiteness [2,3J. 

Since numerous thermomechanical problems fall into the foregoing cate-
gories, this paper will consider the development of a solution strategy which 
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bypasses the difficulties denoted by items i) - iv) noted earlier. Specific
ally, a constrained t~pe strategy [4-7] will be developed for use with either 
the finite element [lJ or difference methodologies. The generality of the 
procedure is such that both pre and postbuckling behavior can be handled 
along with arbitrary kinematic and material nonlinearity. In this context, 
problems exhibiting indefinite .stiffness characteristics can be handled. 

GOVERNING EQUATIONS: MECHANICAL 

Assuming the possibil ity' of 1 arge defonnations, the equations of motion 
complementing the thermal formulation are given by the expression 

a aU i a2u. 
aaj (Sjk(oik + aa

k 
)) + goi = Po ~ (2.1) 

where goi designates the body force vector, Qik is the Kronecker delta, Sji 
the second Piola Kirchhoff stress tensor, ui the deflection vector and aj the 
Lagrangian coordinates. For the current purposes, the Lagrangian strain 
measure Lij is employed in conjunction with Sij namely 

1 au; aUj aUt aUt 
L =-(-+ +-ij 2 aaj aa; aa; a aj 

(2.2) 

In tenns of the Sij and Lij measures, the thermoelastic-plastic be
havior is handled in t~nns of the usual yield surface flow rule assumption. 
The creep effects will be treated in tenns of strain hardening concepts 
wherein variations in creep rate depend on the existing strain rate. From a 
computational point of view, the overall thennoelastic-plastic-creep behavior· 
is solved via incremental type flow rules. Under the condition of large de
fO,nnation moderate strain behavior and the usual flow rule assumption, the 
following incremental type constitutive relation is adopted, that is [8] 

(2.3) 

where [Dep] is the elastic-plastic material stiffness and 6L, 6~C and 6~T 
are increments in Lagrangian creep and thennal strain. For-the current work, 
6LC is expressed in tenns of mechanical equations of state. In particular, 
it takes the fonn 

6~C = 6t Y ~d (2.4) 

where Sd is the deviatoric stress and 

1 ae:c 
y = - -- (2.5) ad at 

ae: 
such that ad and atC are respectively the equivalent stress and creep strain 
rates. Lastly, the increment in thennal strain appearing in (2.3) is de
fined by 

(2.6) 
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where g is the thermal expansion coefficient matrix and ~T is the temper
ature increment. Note, based on the thermal fields generated earlier, it 
follows that the various coefficients are temperature dependent. 

In the context of (2.3) it follows that depending on the load step, 
the current stress state is given by the expression 

S = E~S (2.7) 

where the matrix S takes the form 

S ... = (S ,S ,S ,S ,S ,S ) 
- -11 -22 -33 -12 -23 -31 

(2.8) 

Noting the 1in~ar structure of ~S,we see that the incremental scheme 
enables the following segregation of contributing components namely 

where 

~ep = E~:ep 

~epc = E~:epc 

:ePT = E~:epT 

such that 

~:ep = [Dep] ~~ 

~~epc = - [Dep] ~~C 

~~epT = - [Dep] ~~T 

(2.9) 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

(2.15) 

As will be seen later, such a partitioning of the stress state will enable 
the establishment of an improved control of successive iterates during the 
incrementation process. 

FE FORMULATION/SOLUTION ALGORITHM: MECHANICAL 

Following the thermal formulation, we shall employ a displacement 
type procedure to develop the requisite mechanical FE expressions. In this 
context, the deflection fi.eld is approximated by 

(3. 1) 

where 

U'" = (u , u , u ) 
1 2 3 

(3.2) 
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such that [N ] is the displacement type shape function while Y is ~he ~odal 
deflection v~ctor. For consistencies sake, the same order poTynom1al 1S used 
for both the thermal and mechanical phases. Based on (3.l) and the virtual 
work principle, the following FE expression can be developed [1] 

.. * 
[MU]Y +, [BU]~~ dv = ~ext 

o 
where 

* [BU] = [BU] + [Bn][G] 

[MU] = f Po [NU]#[NU] dv 
Vo 

~ext = ~noda1 + '0 [NU]# ~ext dv 

such that 

~ext = (gl' 9
2

," 9
3

) 

Note ~nodal represents the externally applied nodal loads. 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

(3.7) 

Since dynamic postbuck1ing problems will be the subject of another 
paper, for the current purposes, we shall consider quasi-static thermo
mechanical problems. In this context, (3.3) reduces to the form 

* , [BU]# ~ dv = ~ext (3.8) 
o 

To simplify the development of the requisite solution a190rithm, the 
partitioned form of ~ will.be used to recast (3.8) into a more tractable 
form. Before doing so, we note that due to their analytical form, the 
creep and thermal partitions of S can be lumped with Fext to yield a 
pseudo appl ied force fiel d namely ~ 

* ~ = ~ext -, [BU]# (~epc + ~ePT) dv (3.9) 
o 

Hence (3.8) reduces to the form 

* ~ =, [BU]# ~ep dv {3.10} 
o 

Since ~epc and ~epT are time dependent terms, the solution to (3.10) 
requires the introduction of a time stepping algorithm to generate the 
requisite solution. This is achieved by expanding (3.10) in truncated 
Taylor series. To start, y(t+~t) is expanded to yield 

Y(t+~t) = Y(t) + ~Y (3.11) 
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Substituting (3.11) into (3.10) and truncating higher order terms yields 
. the expression 

* * 
f [BU]~ Sep dv I = f [BU]~ Sep dv I + [KU] I 6V (3.12) 
Vo . t+6t Vo . t t • 

where 

(3.13) 

such that [S(t)] is the prestress matrix at time t. Based on the defi
nition of pseudo force, Eq. (3.9), it follows that 

* ~ ~+6t = ~ext ~+6t - ~ [Bu]~ ~ ~~epC + ~epT) ~+6t dv (3.14) 
o 

Now in terms of (3.10), (3.12) and (3.14), we obtain the following 
time stepping Newton Raphson type algorithm, that is 

* F I - f [B] ~I (S + S ) I dv = 
.ext t+6t V U t .epC .epT t+6t 

a 

* f [BU]~ Sep I dv + [KU] I 6Y 
V • t t • 
a 

(3.15) 

Based on the use of such a relation, successive time steps lead to the 
following thermomechanical history namely 

t T(t) §(t) ~(t) 

0 T(O) ~(O) b(O) 
6t T(6t) ~(6t) L(6t) 

26t T(26t) §(2t.t) ~(26t) 

36t T(36t) ~(36t) ~(36t) 

46t T(46t) §(46t) b(46t) .... 

i6t T(i6t) §(i6t) k(i6t) 

As noted earlier, the NR base of (3.15) suffers from several short-
comings. The more important of these are: 

1. Cannot handle turning points (buckl~ng); 
2. No direct control on successive iterations; and, 
3. Difficult to ascertajn zones of convergence as solution proceeds. 

Such drawbacks will be circumvented through the use of constraints in 
the manner of Padovan and Arechaga [6]. Specifically the load increments 
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associated with successive time steps will be constrained. Such a process 
leads to nonuniform time stepping. From the nature of (3.15) it follows 
that constraints must be imposed on increments in the pseudo load F. For 
the current purposes the hyper-elliptic constraint surface (HECS) of 
Padovan, Tovichakchaiku1 and Arechaga [7] will be employed to control succes
sive iterations of a given time step. Such a process is illustrated in 
Fig. 1. The development of the requisite constraint algorithm for the given 
problem requires several main steps, namely: 

i) Establish form of INR extrapolation for a given iteration; 
ii) Establish shape and size of HECS; 

iii) Determine intersection of HECS and INR extrapolation; 
iv) Establish iterative/time stepping aspects of solution algorithm; and, 

v) Establish information required for next time step. 

To start the development, it follows from Fig. 1 that the hyper1ine 
defining the INR extrapolation takes the form 

On solving for y we obtain 

~ = ~B + [KUB]-l(!-!B) 

such that 

:B = ~B - ~A 

~B = ~B - :'A 

(3.16) 

(3.17) 

(3.18) 

(3.19) 

The HECS appearing in Fig. 1 is given by the following normed poly
nomial expression 

11:112 + ~AII~112 = II:c112 
such that 

!C = ~C - ~A 

(3.20) 

(3.21 ) 

The parameter lJA appearing in (3.21) regulates the aspect ratio (abscissa/ 
ordinate) of the HECS. 

The intersection of the HECS and INR extrapolation occurs at point I 
as defined in Fig. 1 •. Specifically the coordinate~ of position I are 
given by 

~I = ~I - ~A 

:1 = AI (~C - ~A) 
(3.22) 

(3.23) 

such that AI is a single parameter constraint on the allowable load step 
size and hence the interval in time utilized. Based on (3.22) and (3.23), 
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it follows that (3.17) and (3.,0) yield the expressions 

~I = ~a + [Kuarl (:1 - :a) = ~a + [KUB r
1 (A I

: C - :a) 

":1112 + lJAII~1112 = II:c112 

In terms of (3.24), (3.25) takes the form 

IIAI:c I12 + lJAII~a + [Kuar1 (AI:c - :a) 112 = lI:cll2 

(3.24) 

(3.25) 

(3.26) 

Expanding (3.26) and collecting like terms in AI yields the following 
polynomial identity namely 

I I {A )2a1I + 2A a2I + a 31 = 0 (3.27) 

where 

= II~c112 + lJAII[KUBrl~cI12 

= lJA(~B)#[Kua]#~B 

= Ily - [K r 1 f 112 - II f 112 
~a ua ~B ~C 

Solving (3.27) for AI, we obtain 

AI = a:
I 

{-a2I : /(a2I)2 - a1Ia3I } 

(3.28) 

(3.29) 

(3.30) 

(3.31) 

Based on (3.22), (3.24) and (3.31), YI the nodal deflection associated with 
the Ith intersection of the INR extrapolation and the HECS takes the form 

To establish the requisite time stepping aspects of the solution algo
rithm, the following variables must be redefined in terms of incrementation 
namely YA, Ya, ~I-~S' EA, Ea, Ec and [KUS]. Letting.2. denote the time step 
number and i the iteration count, it follows that positions A, a and I in 
Fig. 1 designate the location of the oth, ith and (i+l)th iterations. In 
this context, it follows that 

Y 
_ 0 

~A - :.2.+1 
i i . :a = :.2.+1 = ~~+1 + E ~Y~+l - k=l ~ 

(3.33) 

(3.34) 

(3.35) 

159 



The time associated with point A is' the sununation of the R., preceeding con
strained time steps. Hence, since the interval utilized over a given load 
step is A~At, it follows that the time at the end of the R.,th step is given 
by . g, 

t A = t ).,VAt 
g, k=l k 

(3.36) 

such that A~ is the finally converged value of the constraint for the kth 
step. . 

Employing the foregoing nomenclature, it follows that 

~A = ~ [B~ (!~+l)]-~ep (!~+1) dv 
o 

(3.37) 

~B = ~ [B~ (!!+l)]-~ep (!!+1) dv 
o 

(3.38) 

* ; i + i 
:c = !ext ~A+At - / [BU(~1+1)] (~epC ~ePT)IA+ 

1 1+1 Va tg, Atg,+l 
dv (3.39) 

The various stress components appearing .in (3.37) - (3.39) take the fonn 
0 1 0 

~ep(!1+1) = k!' A~ep(!k) (3.40) 

~ep(!!+l) = ~ep(:~+l) + A~ep(:!+l) (3.41) 

A 1 A V 
~epc(tl) = k!l A~epc (tk_1 + AkAtk) (3.42) 

; (oX oX i A 
:epC t1 + at) = :epc(t1) + a:epC(tg,+at) (3.43) 

)., 1 A V 
~ePT(tg,) = k:1 A~epT(tk_l+AkAtk} (3.44) 

:!PT(ti+At ) = ~ePT(t~) ... A~!PT(t~+At) (3.45) 

such that the various increments are given by 
; _ 1 i 

A~ep(:1+1) - [Oep(:1+1)]A~(:1+1) (3.46) 

( i [* i ; 0 
A~ !1+1) = SU(!'+l)](!!+l - !1+1) (3.47) 

A~epc(t~_l + A~At) = - [Oep(!k)]A~C(t~_l'A~At) (3.48) 
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(3.49) 

(3.50) 

(3.51) 

To check the.convergence of the foregoing algorithm, several tests are 
employed. These include: 

i) Definiteness check: 

ii) 

iii} 

Pseudo force norm check: 

I IE(t~+A~:~6t} - f(t~+A~~16t}1 I 
II ~(t~+A!:~6t) II 

Displacement norm check: 
i+1 i 

IIY~+l - Y~+lll 
Ilyi+lll < €y 

-~+l 

iv} Constraint check: 
i 

+1 

(3.52) 

(3.53) 

(3.54) 

(3.55) 

The preceeding tests are applied at different phases of the iteration 
process. Test i} is used to resize the HECS by self-adaptively readjusting 
~A the aspect ratio so as to guarantee an intersection with the INR ex
trapolation and thus ensure a convergent solution [6]. Test ii) is employed 
to monitor the monotonicity of successive load excursions. Lastly tests 
iii} and iv} are used to quantify when adequate convergence has been achieved. 

Once convergence is obtained for a given time step, the overall solu
tion algorithm must be prepared for the next interval. This requires that 
the various field variables are properly updated. Specifically this in
cludes such terms as y, ~ep, SepC, §epT and t. In this context, if we let 
I~+l designate the nu~ber of lterations required to yield cohvergence of 
the (~+l}th time step, then Y at the outset of the (~+2)th is given by the 
expression I -

o ~+l k 
!~+2 = !~+l + E 6~~+1 (3.56) 

k=l -
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Note as the iteration process converges, the constraints 
sequence which approaches the limit (cluster) point A~+l 

1 2 3 i v 
Ag.+l' A1+1' A1+1"'" A1+1"'" A9.+1 

Al+1 represent a 
namely 

(3.57) 

In this context, the time at the start of the (1+1)th step is given by 

(3.58) 

Now, based on (3.56) and (3.58), it follows that the various stress 
partitions take the form 

~ep(~~+2) = ~ep(:~+.l) + 6~ep(:~+2) (3.59) 

~~pc A . = ~epc(t~+l) + 6~~PC(t~+1+6t) (3.60) 
t9.+1+6t 

(3.61) 

such that the various increments are defined by the expressions: 

6~ep(~~+2) = [Dep(:~+2)]6~(t~+1) (3.62) 

6~(t~+1) = [B~(~~+2)](:~+2 - ~~+1) (3.63) 
9.+1 

~epc(t~+l) = k!l 6~epc(t~_1 + A:6t) (3.64) 

A 1+1 A 
~ePT(t1+1) = k=l 6:epT(tk_1 + A~6t) (3.65) 

= -

= -

(3.66) 

[Dep(:~+2)]a(T(t~+1))(T(t~+1 + 6t) -T(t~+l)) 
(3.67) 

Note for the present purposes, to enhance the speed of calculation 
of the stiffness inverse, the BFGS [3,7] scheme is employed. This 
approach was chosen over the straight updating scheme which is particu
larly expensive when several iterations are involved. Such situations 
typically occur in the vicinity of buckling points. 

As was noted earlier, if the INR type scheme is employed to solve 
the thermomechanical problem, uniform time stepping in the thermal phase 
of calculations also leads to equal time intervals for the mechanical 
stage. In contrast, the use of constraints in the INR methodology yields 
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unequal time stepping requirements for the mechanical phase. Namely, 
the following type thermomechanical history is obtained, that is 

t T(t) 5(t) -
a T(a) 5(a) 

A176t 1 T(A~6t) ~(A~6t) 
tA+A176t 1 2 T(t~+A~6t) ~(t~+A~6t) 

where here the sequence a, A, 176t, ... t~ + A~+16t is typically nonuniform. 
Because of this, the temperature data required to generate the thermal 
strains and material properties are interpolated from the uniformly gener
ated data. 

BENCHMARKING 

In the preceeding sections, a specialized HECS constrained BFGS up
dated INR time stepping strategy has been developed. The methodology 
enables the static solution of pre and postbuckling thermomechanical prob
lems. In order to thoroughly ·evaluate the procedure, several highly non
linear benchmark problems were undertaken. The main thrust of this work 
was to ascertain the capability of the constraint methodology to deal 
with thermomechanical problems involving: 

a) 

b) 
c) 

d) 

Large deformation kinematics including the possibil ity of pre 
and postbuckling behavior; 
Thermoelastic-plastic-creep material behavior; 
Temperature dependent thermomechanical material properties; 
as well as, 
Time dependent thermomechanical loads with varying combinations/ 
interactions between the thermal and mechanical components. 

This was achieved by programming the solution scheme into ADINA [9] 
and its complementing thermal code ADINAT [10]. Such an approach enabled 
benchmarking over a wide variety of geometric configurations, material types 
and boundary conditions. For the present purposes, the demonstrational 
benchmarking consists of calculating the pre and postbuckling response of 
an arch to various types of thermomechanical loading fields. 

For demonstration purposes, Fig. 2 illustrates the geometry of the 
centrally loaded arch used for the benchmarking. The creep law employed 
is given by the expression 

Al A2 
e: = A a t c 0 

As seen from Fig. 2, eight noded plane stress isoparametric elements are 
used to generate the FE simulation. 

163 



To demonstrate the numerical efficiency and stability of the improved 
constrained MINR time stepping scheme, the thermoelastic-plastic-creep pre
postbuckling problem depicted in Fig. 3 ;s considered. As can be seen from 
this figure, the problem is driven into the postbuckling range of behavior 
by the time dependent growth of creep. Overall, the creep generated re
shaping initiates a redistribution in the internal loads hence causing a 
change in load carrying capacity. Due to the nature of redistribution, 
plasticity is initiated in the later stages of postbuckling. Noting Fig. 3, 
tcritical marks the time at which the pre to postbuckling transition occurs. 
This time zone is marked-by changes in the definiteness of the structural 
stiffness. Table 1 illustrates the numerical efficiency/stability of the 
BFGS updated constrained scheme in capturing such behavior. In the case of 
6t = .8 hours, Table 1, the improved algorithm yielded 210% reduction in 
computer time over the constrained MINR scheme. Note the classical un
constrained INR scheme completely fails in such zones of behavior for any 
choice of 6t. As the time step is increased further, unless some inter
mediate updating is employed, even the constrained MINR approach fails. 
This is in contrast to the BFGS updated scheme which shows significantly 
enhanced convergence, efficiency and stability characteristics. 

As a more severe test of the scheme, we shall consider the case of 
cyclical creep loading problems wherein buckling occurs after several cycles. 
Figure 4 illustrates the load deflection behavior of the arch under a 
cyclically applied external load. As can be seen, as tne load is cycled 
the accumulated creep over the various cycles progressively reduces the 
buckling limit of the arch. In essence, after several cycles the arch 
behaves as a structure with shape imperfections. Such reductions in 
load carrying capacity are illustrated in Fig. 5. Specifically, this 
figure depicts successive families of load-deflection curves which il
lustrate the decrease of buckling strength with time. Note, due to the 
efficiency and stability of the improved constrained MINR time stepping 
scheme, problems involving variable/cyclic loading environments can be 
handled more effectively. 

The last example considered consists of the thermally induced buck
ling of the bimetallic arch depicted in Fig. 6. Noting Fig. 7, as the 
arches temperature is raised, a critical value is reached wherein exces
sive deflections occur with no essential raise in T. Such behavior con
stitutes the thermal equivalent of buckling. This follows from the fact 
that the structural stiffness is indefinite during the event. 

SUMMARY 

As noted earlier, the main thrust of this work has been to develop an 
improved solution procedure for elastic-plastic creep pre-postbuck1ing 
problems. Also of major importance is the maintenance of maximum algo
rithmic compatibility with currently available general purpose codes such 
as ADINA, ANSYS, MARC, NASTRAN, etc. As can be seen from the proceeding 
benchmarking, the improved constrained scheme developed herein significantly 
enhances the numerical operating characteristics of MINR type algorithms. 
It should be further noted that due to the manner of formulation, the over
all procedure can be encoded into most general purpose codes with little 
rearchitecturing of the programming. 
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NLMERICAL CONSIDERATIONS IN THE· DEVELOPMENT 

AND IMPLEMENTATION OF CONSTITUTIVE MODELS 

W.E. Haisler and P.K. Imbrie 
Aerospace Engineering Department 

Texas A&M University 
College Station, Texas 77843 

Several unified constitutive models were tested in uniaxial form by 
specifying input strain histories and comparing output stress histories. 
The purpose of the tests was to evaluate several time integration methods 
with regard to accuracy, stability, and computational economy. The sen
sitivity of the models to slight changes ~n input constants was also in
vestigated. Results are presented for INIOO at I350°F and Hastelloy-X at 
1800°F. 

INTRODUCTION 

The characterization of the constitutive behaviour of metals has its 
roots in the early work of Tresca, Levy, vonMises, Hencky, Prandtl, Reuss, 
Prager, and Ziegler (Refs. 1-8). These early models are incremental in 
nature, assume that plasticity and creep can be separated, and they incor
porate a yield function, flow rule, and hardening rule to define the plastic 
strain increment. These original incremental theories have been axpanded 
and modified by many researchers so that they provide adequate, and often 
very good predictions of rate-independent plastic flow (see for example 
Refs. 9-10). However, they are sometimes criticized as having no formal 
micromechanical basis upon which to make the assumption of an uncoupling 
of the inelastic strain into rate-independent (plastic) and rate-dependent 
(creep) strain components. Nevertheless, the classical incremental theories 
are widely used. 

During the last ten years, a number of unified constiutive models have 
been proposed which retain the inelastic strain as a unified quantity with
out aritifical separation into plasticity and creep components. These in
clude the models developed by Bodner (Refs. 11-13), Stouffer (Refs. 14-15), 
Krieg (Ref. 16), Miller (Ref. 17), Walker (Refs. 18-19), Valanis (Refs. 20-
21), Krempl (Ref. 22), Cernocky (Ref. 23-24), Hart (Ref. 25), Chaboche (Ref.· 
26), Robinson (Ref. 27), Kocks (Ref. 28), and Cescotto and Leckie (Ref. 29). 
The applicability of these viscoplastic constitutive theories (mostly to 
high temperature applications) has been investigated by several researchers. 
Walker (Ref. 19) compared the predictive capability of several models (Walker, 
Miller and Krieg) for Hastelloy-X at 1800°F. More recently, Milly and Allen 
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(Ref. 30) provided a qualitative as well as quantitative comparison of the 
models developed by Bodner, Krieg, Walker and Krempl for IN100. Both Refs. 
19 and 30 conclude that these models generally provide adequate results 
for elevated isothermal conditions, they provide poor and overly-square 
results at low temperature, the material constants are often difficult to 
obtain experimentally, the resulting rate equations are "stiff" and sensi-

·tive to numerical integration, and the models do not provide any satisfac
tory transient temperature capability. Beek, Allen, .and Milly (Ref. 31) 
have shown that all the unified viscoplastic models mentioned above can be 
cast.in a functionally similar form (in terms of internal state variables). 

None of the published literature provides a thorough evaluation of cur
rent viscoplastic constitutive models with comparison to experimental re
sponse for compiex input histories. Such an evaluation is difficult at pre
sent for many reasons, namely: 1) Material constants' for most models are 
usually available only for a single material and often for a single temper
ature; 2) The experimental procedures given by model developers for deter
mining material constants from experimental data are often sketchy at best; 
3) Material constants for some models are often obtained by trial-and-error 
and are not based on experiments; and 4) There is a lack of good experimental 
data against which the models can be evaluated (that is, test data which is 
significantly different from that used to generate the material constants). 

The purpose of the present paper is to report some preliminary evalu
ations of several of the unified viscoplastic models (Bodner, Krieg, Miller, 
and Walker). These four models are evaluated with regard to 1) their sen
sitivity to numerical integration and 2) their sensitivity to slight changes 
in input material constants. 

CONSTITUTIVE MODELS CONSIDERED 

The constitutive theories which have been studied to date include Bodner's 
(Refs. 11-15), Krieg's (Ref. 16), Miller's (Ref. 17), and Walker's (Refs. 
18-19). These particular models were selected for this initial study be-
cause material constants for Hastelloy-X were available for three of the 
models. Other models are currently being considered as material constants 
become available. Each model is listed below in uniaxial form using a con
sistent notation as presented by Beek, Allen and Milly (Ref. 31). In Ref. 
31, it is shown that all of the current viscoplast~: ~~~els c~nsidere~ ~~ •. 
be written in uniaxial form as 

(1) 

where cr is stress,. E is Young's modulus e; is strain, 0.1 is the inelastic 
strain (internal state variable), and e;f is the thermal strain. Each vis
coplastic theory postulates a particular growth law for the internal state 
variable(s) and the inelastic strain is obtained by time integration of 
the growth law for 0.1 ' i.e. 
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t 

0.1 =f ~l(t')dt' (2) 

-00 

where 

. da 1 = ~l (E, T, 0.2 , 0.3 ' , am) (3) 0.
1 
=-- . . . dt 

In equations (2) and (3), t is time, T is temperature, 0.2 is the back stress 
(related to the dislocation arrangement and produces kinematic hardening 
or the Bauschinger effect), and 0.3 is the drag stress (which represents 
the dislocation density and produces isotropic hardening). 

Bodner's Theo ry 

The growth law for the inelastic strain in Bodner's model may be writ
ten in uniaxial form as 

0.1 = ~D exp [- (~l ) (~J2n] sgn(a) 
13 0 

(4) 

where 

r . . 
(0.

3 ~1 ZI) 0.3 = m(Zl - ( 3)wp - AZ1 (5) 

. 
W p = cr 0.1 

(6) 

The quantities E, Do' n, m, Zl' A, Zl and r are material constants. As 
noted before, the variable 0.3 is similar to the drag stress used in 
many models (a measure of isotropic hardening or dislocation density). 
It is noted that the model contains no parameter representing the back 
stress and cannot account for the Bauschinger effect in kinematic harden
ing materials. The material constants are tabulated for IN100 at 1350°F 
(732°C) in Table 1 (taken from Ref. 14). 
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Krieg's Theory 

The inelastic strain growth law for the model developed by Krieg and 
coworkers may be written in terms of state variables representing back 
stress and drag stress: 

0.1 = C1 
(10 :3~2Iy2 sgn(a - 0.2) (7) 

. 2 2 
0.2 = C3 0.1 - C 0.2 [exp(C

S 
0.2 ) - 1] sgn (0.2) 

4 
(8 ) 

(9) 

The model contains ten constants (C1 ' C
2 

• • • , C
7

' E, 0.3a; and n). 

These have ~en evaluated by Walker (Ref. 19) for Hastelloy-X at 1800°F 
(982°C) and are tabulated in Table 2. It should be noted that equations 
(7), (8) and (9) form a coupled set of ordinary differential equations. 

Miller's Theory 

The growth laws for Miller's model may be written in uniaxial form as 

(10) 

(11) 

(12) 

Miller's theory contains nine constants which are .tabulated for Hastelloy
X at 180QoF (982°C) in Table 3 (see Ref. 19). 
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Walker's Theory 

Walker's nonlinear viscoplastic theory can be cast in the following 
uniaxial form 

(13) 

(15) 

where R is the cumulative inelastic strain 

R = tl
3Cl11 fat' dt' (16) 

o 

The general model requires sixteen constants (E, n, m, q, nl, n2, ..• , 
n

10
, Cl

20 
and Cl3(t=0). In determining the constants for Hastelloy-X at 1800°F 

(982°C), Walker made several simplifying assumptions [including Cl3 = cons-
tant = Cl3(t=0)] which reduces the number of parameters to those shown in Table 4 
(see Ref. 19). Further, the constants reported in Ref. 19 were developed from tests 
using strain rates in the range 10- 3 to 10-6 sec- 1 and strain ranges of ±0.6%. 

NUMERICAL TIME INTEGRATION STUDY 

The integration of the constitutive relationship given by equations 
(1), (2) and (3) forms an integral and extremely important part in any nu
merical solution of a nonlinear field problem. It has been observed by 
many researchers that the coupled system of ordinary differential equations 
defining the state variables may be locally "stiff" and thus are sensitive 
to the time ster size and numerical algorithm. The accurate integration 
o'f these stiff equations can be accomplished by various means: use of small 
time ste~s, higher-order or multi-point integration schemes, subincrementation 
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procedures (Refs. 33-35), "smart" algorithms which attempt to select appro
priate time steps in order to achieve accuracy and stability (Refs. 36,37), 
algorithms tailored for individual constitutive theories (Refs. 32,37), or 
combinations of these approaches. In general, the computation tim.e required 
for the accurate solution of materially nonlinear problems is dir"ectly re
lated to the numerical integration scheme used. 

Regarding the constitutive models reviewed herein, Walker (Ref. 32) 
uses a stable, iterative implicit scheme which takes advantage of the func
tional'form of the integrand in the development of the reccurence relation. 
Miller originally used Gear's method (Ref. 36) to integrate the stiff equa
tions in his theory but later concluded in Ref. 37 that an implicit back
ward difference method was more economical and preferable to either Gear's 
method or the explicit Euler forward integration method. The. type of num
erical integration scheme used by Bodner and Krieg is not known. 

The selection of an appropriate time integration scheme to be used in 
a computer code is very important but is often based on the answers to such 
questions as: "What is available in the present code?", "What will work 
most of the time?", "What can we use that most users will understand?", 
"What is the cheapest and easiest to use?", and the like. The usual re
sponse given is "it depends on the problem being solved!" 

In general, equation (3) may be integrated between time t and t + ~t 
by writing 

or 

J
t+~t 

da.
1 

t 
J

t+~t. 

= a. dt 1 
t 

t~t 

~a.l = a.1 (t + ~t) - 0.1 (t) = ~ 0.1 dt 

t 

(17) 

(18) 

where 0.1 is defined by the particular constitutive theory being used. The 
present investigation considers four integration schemes: explicit Euler 
forward integration, implicit trapezoidal method, trapezoidal predictor
corrector (iterative) method, and Runge-Kutta 4th order method. The approx
imations for each of these methods is given in Table 5. 

Each of the integration schemes in Table 5 were used to obtain stress
time and stress-strain responses for the four constitutive models considered 
herein when subjected to the uniaxial, alternating square-wave strain-rate 
history shown in Fig. 1. Figure 1 shows the 35 second response obtained 
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by Krieg's theory for Hastelloy-X at 1800°F using a time step of 0.1 sec
onds. For this time step, the Euler and trapezoidal predictor-corrector 
methods provide essentially the same results and are virtually identical 
to that obtained for all methods using a time step of 0.005 seconds. The 
4th order Runge-Kutta method generally overestimates the peak response while 
the trapezoidal method underestimates the response. Figure 2 presents re
sults for three integration methods such that the total computation time 
for a 35 second response solution is approximately the same. For equiva
lent computation times, the Euler method provides the most accurate results 
although smaller time steps are required. Similar results are observed for 
Miller's model. 

Figures 3 and 4 illustrate that various constitutive models may behave 
appreciably different using the same integration method (in this case the 
Euler method). In Fig. 3, Miller's theory (for Hastelloy-X at I800°F) gives 
considerable oscillatory response for a time step of 0.005 seconds while 
Walker's theory shown in Fig. 4 gives a much smoother response for the same 
time step. Comparing Figs. 3 and 4, it is seen that a smaller time step 
is required (with Euler integration) in Miller's theory than in Walker's 
theory. 

Figure 5 presents results for IN100 at I350°F using Bodner's model. 
Time steps were chosen for each integration scheme to obtain solutions which 
required approximately equal computation times. These results, when com
pared to solutions with much smaller time steps, indicate that the Euler 
method provides the most accurate results. Again, the time step used is 
smaller than that for the other methods but the computation time is the 
same (for integrating the constitutive equations). 

SENSITIVITY STUDY FOR MATERIAL CONSTANTS 

In the previous section, results were presented which showed how the 
numerical integration method used to integrate the constitutive equations 
could affect the accuracy and computation times of" predicted results for 
stress-time and stress-strain responses. In this section, we consider 
another important parameter in the application of any constitutive theory. 
Namely, "how does the accuracy to which material constants are determined 
from a'Cperimental test data affect the predicted response?" 

Figures 6 and 7 present results for Walker's model (Hastelloy-X at 
I800°F subjected to an alternating square-wave strain-rate history as shown) 
Wherein specified input material constants have been adjusted by 5%. Fig-" 
ure 6 shows the effect of a -5% change (error) in the stress exponent n 
(the most sensitive parameter). Figure 7 shows that a +5% error in all test 
data required to compute material constants results in significant predicted 
response errors, up to 30% over-prediction in the stress at a time of 35 
seconds (during the relaxation period). 

Figures 8 and 9 present similar results for Krieg's model (Hastelloy-X 
at I800°F) and Bodner's model (INI00 at 1350°F), respectively. Both results 
indicate that the most sensitive parameter is the stress exponent "n" and 
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that a 5% error in specifying n may produce significant errors in the pre
dicted response. Miller's model appears to be much less sensitive to er
rors in input material parameters. 

Figure 10 provides a comparison of the Miller, Krieg, and Walker models 
for the Hastelloy-X test at 1800°F (using constants obtained by Walker for 
all models). The Euler method was used with a time step of 0.0005 seconds 
which provides a solution with no significant truncation error. The results 
obtained here show approximately 10-15% differences in peak stress ampli
tudes between the three constitutive models. Since no experimental results 
are available at this time, no conclusions can be drawn as to which model 
more accurately represents observed test data. However, the results do 
point out that significant differences (greater than 15%) can be obtained 
for stress peaks and stress relation values through the use of different 
constitutive models. 

CONCLUSIONS AND FUTURE WORK 

The results of this study are not complete since only a portion of the 
available constitutive models and numerical integration schemes have been 
considered. However, some tentative conclusions can be reached. First, 
it appears clear from the present investigation, and the work of others, 
that simple integration schemes (like the Euler forward defference method) 
are often preferable to more complex schemes from the standpoint of accur
acy, computation time, and ease of implementation. Although not reported 
herein, our work in progress indicates that Euler's method used with a simple 
subincrementation strategy provides the most accurate and economical solu
tion for most constitutive models. 

The sensitivity study on material constants indicates that most visco
plastic constitutive models are significantly sensitive to one or more mat
erial constants derived from laboratory tests. It has been shown that a 
5% "error" in laboratory measurements may lead to errors of 25%, or greater, 
in predicted stress responses. Although most model developers have fine
tuned their models and input material constants for specific material/temp
erature/strain-rate combinations, it is not clear that end-users will be 
able to do so when called upon to develop material constants for a new sit
uation. The problem can be negated to some extent by defining more explicit 
testing procedures for obtaining material constants and by guidelines de
fining which constants are most sensitive to experimental error. 

Our current and future work concerns the application of several inte
gration schemes to the other constitutive theories, investigation of sub
incremental strategies, and consideration of "smart" integration methods 
which detect local "stiffness" and adjust time steps but without Signifi
cant computational expense. The material parameter sensitivity study will 
be continued by considering other constitutive theories, and more impor
tantly, by comparison with laboratory tests which involve complex thermo
mechanical loadings including transient temperature inputs. 
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Table 1. Material Constants Used in Bodner's Model 
for INI00 at 1350°F (732°C) 

Bodners notation 

E 
n 
Z1 
m 

Do 
A 
r 

Z:p 
E: (t=O) 

Zo 

Beek and Allen's notation 

E 
n 

21 
m 
Do 
A 
r 

ZI 
Ct.1 (t=0) 
0.3 (t=O) 
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.Numerical Value 

21.3x106 psi 
0.7 
1.105x106 psi 
2.57x10 3 pSi-1 

10" sec-1 

1.9x10- 3 sec-1 

2.66 
O.6xIO° psi 
0.0 
0.915x10 6 psi 



Table 2. Material Constants Used in Krieg's Model 
for Hastelloy-X at l800°F (982-0 C) 

Walker's notation 
for Krieg's constants 

n 
Al 
A2 
A3 
A4 
As 
E 

Ka 
n 
c (t=O) 
r2(t=O) 
K(t=O) 

Beek and All'en' s nota tion 

Cl 
Cz 
C3 
C4 
Cs 
Cb 

C7 
E 

0.30 
n 
a.dt=O) 
a.z (t=O) 
a.3(t=0) 

Numerical Value 

1.0 
4.49 
1. Oxl0 6 psi 
6.2lxlO- 6 pSi-1 sec-1 
4.027xlO-7 ~Si-2 
100 psi sec In 
4.365 psi 1-

n sec lln--2 

l3.2xl0 6 psi 

59,292 psi sec1/n 

4.49 
0.0 
0.0 
59,292 psi 

Table 3. Material Constants Used in Miller's Model 
for Hastelloj-X at l800°F (982°C) 

Miller's notation 

n 
Be' 
Hl 
Al 
Hz 
Cz 
Az 
E 
e:(t=O) 
R (t=O) 
Do 

Beek and Allen's notation 

n 
Be' 
Hl 
Al 
Hz 
Cz 
Az 
E 
0.1 (t=O) 
a.z(t=O) 
0.3 (t=O) 

180 

Numerical Value 

2.363 
2.6l6xlO- s sec- 1 

lxl0 6 psi 
1.4053xlO- 3 gSi-1 

100 psi sec1/ n 
5,000 psi 
4.355xlO-12 pSi- 3 

13.2xl0 6 psi 
0.0 
0.0 
8,642 psi 



Table 4. Material Constants Used in Walker's Model 
for Hastelloy-X at 180QoF (982°C) 

Walker's notation Beek and Allen's notation Numerical Value 

° 

"1 
n2 
ng 

n7 
n 
m 
E 
c(t=O) 
r2(t=O) 
K(t=O) 

n1 
n2 

* 
n7 
n 
m 
E 
Ct.1(t=0) 
Ct.2 (t=O) 
Ct.~(t=O) 
na,n9,n10,q 

-1,200 psi 

o psi (not used) 
1x10 6 psi 
312.5 
2.73x10~3 psi1- m sec-1 

4.49 
1.16 
13. 2x10 6 psi 
0.0 
0.0 
59,292 psi 
o (not used) 

bl 5 N i 1 i ima f A !t~t· dt Ta e • umer ca Integrat on Approx tion or ~Ct.l = t Ct. l 

Method Approximation 

Euler Forward Difference 

Trapezoidal Rule 

Trapezoidal Predictor-Corrector 

Runge-Kutta 4th Order 

Same as trapezoidal except iterate 

I 
6.Ct.l = 6(Kl + 2K2 + 2K3 + K4) 

K1 = 6.t ~l(t,Ct.l(t» 

K2 = 6.t ~l (t+~t/2,Ct.l(t)+Kl/2) 

K3 = ~t ~l (t+~t/2,~(t)+K2/2) 

K4 = ~t ~l (t+6.t,Ct.l (t)+K3) 
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Fig. 1 Comparison of integration methods for Krieg's theory (Hastelloy-X 
at l800°F) 
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Fig. 4 Stability and accuracy of 
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Fig. 5 Comparison of integration methods 
for Bodner's theory with equal 
computation time allowed for each 
method (INlOO at l350°F) 
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Due to the stringent design requirement for aerospace or nuclear 
structural components, considerable research interests have been gener
ated on the development of constitutive models for representing the 
inelastic behavior of metals at elevated temperatures. In particular, 
a class of unified theories (or viscoplastic constitutive models) have 
been proposed [1-10] to simulate material responses such as cyclic 
plasticity, rate sensitivity, creep deformations, strain hardening or 
softening, etc. This approach differs from the conventional creep and 
plasticity theory in that both the creep and plastic deformations are 
treated as unified time-dependent quantities. Although most of visco
plastic models give better material behavior representation, the associ
ated constitutive differential equations have stiff regimes which presen,t 
numerical difficulties in time-dependent ~nalysis. In this connection, 
appropriate solution algorithm must be developed for viscoplastic 
analysis via finite element method. 

In the past, inelastic finite element structural analyses were per
formed largely based on the classical concept of creep and plasticity 
[11-14]. Recently, some attempts have been made to incorporate a speci
fic type of viscoplastic theories'into finite element codes [15-20] for 
structural analysis. In this paper, three integration schemes are 
implemented into a nonlinear finite element program [21] to study their 
numerical efficiency pertaining to finite element analysis. Moreover, 
four viscoplastic models, namely, those due to Walker, Miller, Krieg
Sweari ngen-Rohde, and Robi nson, were implemented into a t"i nite el ement 
program for nonlinear analysis. A general implementation procedure is 
outlined in the paper. 
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VISCOPLASTIC THEORIES 

The basic assumption embodied in viscoplastic theories is the 
unified treatment of inelastic strain; i.e. no distinction is given to 
creep and plastic deformations. In addition, both elastic and inelastic 
strains are considered to be present at all stages of loading and un
loading processes. The unique feature of such treatment, as compared to 
classical theories, is that the yield condition is not explicitly in
volved. Consequently, the computational algorithm for complex loading 
history can be much simplified. In the context of small deformation, 
viscoplastic models may be written in the following general form 

• • • • E (2G£I (A + 3G)yT) o = D £ - + 15 (1 ) . ,.. 
• 
£1 = f(o a K T) (0 - a) (2 ) 

"",I"",' I 

2 • • 
a = ha£ - ra (3 ) 

1 • 
(4 ) 

• 
where ( ) = Time devative; T = Temperature; 

£ = Total strain vector; o = Stress vector; 

a = Back stress vector; K = Drag st ress; 

DE • = Elasticity matrix; A,G = Lame contant; 

£1 = Inelastic strain vector; 

y = Linear thermal expansion coefficient; 

f = Inelastic strain rate function; 
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ha,hk = Hardening functions for back and drag stresses, respectively; 

ra,rk = Recovery functions for back and drag stresses, respectively. 

Eqs. (1-4) represent a complete set of viscoplastic constitutive 
equations wherein the following assumptions are invoked in the extention 
from uniaxial case to the three-dimensional case, namely, i) isotropic 
material, ii) incompressible inelastic strain, and iii) linear bulk be
havior. Eq. (l) defines stress rate to be proportional to elastic strain 
rate while Eq. (2) states the functional dependence of inelastic strain 
rate on applied stress, temperature, and state variables. Furthermore, 
Eqs. (3-4), so-called evolutional equations, are generally constructed in 
hardening/recovery form such that the net effect of two antagonistic 
mechanisms uniquely determines the growth rate of state variables a and 
k. 

Although the mathematical expressions of viscoplastic models pro
posed by vari ous researchers differ in thei r detail ed descri pti ons, they 
do however portray several common phenomena: i) Initial linear elastic 
behavior wherein the inelastic effect is negligible and then nonlinear 
response afterwards, ii) strain-rate sensitivity, iii) time-dependent 
creep and relaxation, iv) cyclic hardening or softening, v) creep recov
ery, vi) creep plasticity interactions, and vii) Bauschinger's effect. 

NUMERICAL INTEGRATION SCHEMES 

For finite element applications, it is useful to choose an appro
priate integration scheme for handling the nonlinear viscoplastic 
equations concerned. Krieg (22) pointed out the existance of numerical 
stiff regions in viscoplastic formulation together with a discussion of 
potential difficulties. The stiffness of the equations originates from 
the nonlinear relationship assumed in Eq. (1) and the hardening/recovery 
form in evolutional equations. Formal definition of the stiffness of a 
set of differential equations can be found in Ref.(23) where the measure 
of "stiffness" is given in terms of the spectra of eigenvalues obtained 
from the Jacobian matrix of associated equation system. 

Numerical approaches intended for integrating stiff differential 
equations have been developed by a number of researchers. Among them 
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Gear1s method is the most famous one. Although Gear1s package has been 
used quite effectively in solving one-d,imensional constitutive equations, 
(1) it is not suitable for large scale finite element analysis simply 
because its solution procedure is of a multistep nature. When employed 
in finite element analysis, this method usually requires a large amount 
of storage in order to follow the deformation history of the material. 
For this reason, one-step method is much preferable. 

For the purpose of discussion, the constitutive equations are re
written as follows 

• 
y = f(y t) (5) 

,.., ,..,1 

where y represents stress, inelastic strain and state variables while f 
denotes nonlinear functions. One-step method for solving inelastic rate 
problems in the field of finite element has been investigated by several 
researchers (24-26). In a broad sense, it can be written in terms of 
one-parameter (e) family of implicit algorithm (the - method) as follows. 

Yn+l = Yn + ~tn [ (I-e) fn + e fn+l ] (6 ) 

where ~tn = tn+l - tn is the n-th time step size and e is an integration 
parameter which has the range of (0,1). In Eq. (6) it is assumed that a 
numerical solution at the beginning of time step n is known, the solution 
at the end of the step is to be sought. 

The simplest integration scheme is the explicit forward Euler scheme 
corresponding to e = O. It is an explicit scheme since the solution at 
time tn+l is completely determined from conditions existing at time tn. 
Therefore, in the forward Euler method, the solution at time tn+l is 
approximated by 

yn+l = Yn + ~tnfn (7) 

When this method is employed in solving stiff equations, very small step 
size must be used in order to obtain stable and accurate solutions. 

On the other hand, the case e = 1/2 results in the so-called impli
cit trapezoidal scheme which is also widely known as Crank-Nicholson rule 
in the context of linear differential equations. Then 
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Atn 
~n+1 = ~n + - (in + i n+1) ,.. ,.. y 

(8 ) 

Note that fn+1 = f{Yn+1, t n+1) is unknown. Nonlinear implicit equation 

is best solved by the Newton-Raphson iteration. To this end, Eq. (8) is 

rewritten in the form 

iii 
Fn+1 = yn+1 - Yn - At n(fn+1 + fn )/2 = 0 (9) 

The right superscript Hi" denotes iteration number. Since Yn and fn are 

known, Newton-Raphson iteration gives 

; +l = i 
~n+1 ~n+1-

(10) 

Rearranging Eq. (10) yields 

(11 ) 

Defining 

i+1 (;+1) i 
Ay = Y - Y (12 ) 
-n+1 -n+1 -n+1 

and performing differentiation, one obtai ns 

Atn 
i 

af n+1 
i+1 i At i 

[1 - 2 i ]Aln+1 = In - l + - (f + f 
aYn+1 

n+1 2 ... n ...... n+1 
(13 ) 

1 

where the initial value of y may be obtained by an explicit scheme. 
n+1 

Eq. (13) stands for a linear system of equations for implicit trape
zoidal method. The system is readily solved by Gaussian elimination and 
backward substitution. If this method is employed in an analysis, the 
immediate question is: how one can determine whether the solution has 
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converged or not? In fact, several convergence criteria could be used 
for this purpose. One convenient way is to check the iterative value of 
y such that 

where 

e = II ~y (i) II 
y <Tol 

II II = Euclidean norm 
Tol = A tolerance ratio 

(14) 

Presently, the above criterion is employed to determine the convergence 
of a solution. 

Comparing Eqs. (7) & (13), it is apparent that the implicit trape
zoidal method requires not only much more functional evaluations but also 
solving a system of linear equations. As an alternative, the implicitness 
of fn+1 in Eq. (8) may be removed by using Talor series expansion, namely, 

(15 ) 

where 
(16) 

Thus, Eq. (13) becomes 

(17) 

The above equation is referred as the explicit trapezoidal scheme since 
the solution is completely determined from the initial conditions. 

At this point, it is instructive to make some qualitative comparisons 
among the aforementioned numerical schemes. Comparing explicit trapezoi
dal scheme with forward Euler scheme reveals that they differ only in the 
expression Jn~t/2, i.e. the product of Jacobian matrix and half of step 
size. The addition of such matrix necessitates the solution be obtained 
by solving a system of simultaneous equations. Like implicit trapezoidal 
scheme, it also requires the evaluations of Jacobian matrix. Apparently, 
by including the extra term, the numerical behavior of the constitutive 
equations have become stabilized. In this context, Jn~t/2 essentially 
plays the role of a correcting factor. On the other hand, since no itera-
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tion is involved in the explicit trapezoidal scheme, it can be viewed as a 
starter of implicit trapezoidal scheme. 

We consider another extreme case, i.e. e = 1, which is called 'impli
cit Euler scheme, 

Yn+1 = Yn + 6tnfn+1 (18) 

Hughes et al (24-) demonstrated that for viscoplastic finite element anal:
sis one-parameter family of implicit algorithm is unconditionally stable 
when e > 1/2 while only conditionally stable otherwise. In recent years, 
varioJS ~umerical schemes have been applied to viscoplastic problems 
(15-20,24-26). Some of the authors have discarded the explicit Euler 
method due to its numerical instability. However, the validity of this 
conclusion needs to be further explored. In Ref. (27), present investi
gators evaluated three numerical techniques for integrating the visco
plastic constitutive equations for a uniaxial state of stress. The 
schemes evaluated were: i) forward Euler method, ii) explicit trapezoidal 
method, and iii) implicit trapezoidal method with Newton-Raphson itera
tion method. Although implicit trapezoidal method with iteration appears 
to be more stable and accurate than the other methods even when the step 
size is considerable large, its suitability for finite element analysis 
must be re-assessed. 

In principle, inelastic analysis using finite element method con
sists of a sequence of incremental process. Two most widely used 
approaches are the initial strain and tangent stiffness methods. In con
sideration of the formulation presented in Eqs. (1-4), one finds that the 
initial strain method is the most natural way to handle viscop1astic 
models. The reason behind this will be elaborated below. 

In Eq. (1), we invoke an assumption that the strain increment is 
decomposed into elastic and inelastic components. Then, the inelastic 
part, which is governed entirely by Eqs. (1-4) at constitutive level, is 
converted into an equivalent load in the finite element formulation. 
Thus, we have 

where 

(19) . .... -
KE = Elastic structural stiffness matrix, which may vary with 

the temperatu re 
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Au = Incremental nodal d1,sp 1 acement vector 
Apo = Incremental vector of applied load 
APE = Incremental vector due to inelastic and thermal strains. 

In addition to the incremental procedure used for solving the global 
stiffness equations, a subincrementing technique is employed to calculate 
the constitutive material matrix. That is, let At be the time increment 
for solving the global stiffness equations. Then At is sub-divided into 
smaller increments with a constant step size, AT = At/m. Moreover, the 
number of subincrements can be determined by an automatic stepping pro
cedure for which an error measure is compared with a speci'fied tolerance. 
Further discussion of this is given in [27]. 

COMPUTER IMPLEMENTATION 

Wi th the const 1 tut i ve re lat ions and numeri ca 1 i ntegrat i on schemes 
outlined in the previous sections, the next step is to implement these 
relationships into a typical (general pU'rpose) finite element program for 
intended analysis. For this purpose, the related computer subroutines 
are written in the form of an independent material module so that it can 
be easily interfaced with a finite element code. 

The calculation steps for a viscoplastic model can be summarized as 
follows: 
Step 1. 

Step 2. 

Step 3. 

Step 4. 

Step 5. 

Preset the strains, ,stresses, back stresses, inelastic strains, 
nodal temperatures, etc. transferred from the main program. 
For non-isothermal condition, interpolate temperature at Gauss 
points from nodal temperatures. 
Compute strain rate and temperature rate, and select step size 
of subincrements. 
Interpolate temperature dependent material constants based on 
the average temperature at the mid-point of a time step. 
Solve for the state variables from the constitutive equations 
using a subincrementing method with a selected integration 
technique. 

Step 6. Check for solution convergence and determine whether cut-back of 
step size is necessary. 
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Step 7. Update the stresses, strains, inelastic strains and other state 
variables, then return to the main program. 

EXAMPLE 

To demonstrate the utility of the finite element procedures, Rdbin
son's unified theory was applied to the analysis of a pressurized thick
walled cylinder which is restrained in its axial direction. Finite 
element mesh, its dimension and boundary condition are shown in Fig.1. 
The loading history consists of a 0.0028 hour ra~p up to an internal 
pressure of 3.65 ksi followed by a hold period at that temperature for 
200 hours. Explicit trapezoidal method was employed for this example. 

Figs. 2 to 3 show the predicted redistribution of hoop and axial 
stress at several selected time following rapid pressurization, wherein 
zero time denotes the end of the loading ramp. As can be seen, while the 
internal pressure is held constant, these stresses undergo variation 
exhibiting rapid redistribution followed by a steady-steady response. 
The tendency of approaching to a saturated state is apparent. 

Figs. 4 and 5 show the creep displacement at the outside wall of 
thick-walled cylinder using both Euler and explicit trapezoidal scheme 
with different time step sizes as well as number of subincrements. Solid 
line indicates the base-line solution using the explicit trapezoidal 
scheme. From the numerical experiments, it was found that the forward 
Euler integration scheme with an automatic stepping and error control is 
far more efficient in computation as compared to the explicit and impli
cit trapezoidal schemes. 
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TWO SIMPLIFIED PROCEDURES FOR PREDICTING CYCLIC 

MATERIAL RESPONSE FROM A STRAIN HISTORY 

Albert Kaufman 
NASA Lewis Research Center 

Cleveland. Ohio 44135 

vito Moreno 
Pratt & Whitney Aircraft 

East Hartford. Connecticut 06108 

Simplified inelastic analysis procedures were developed at NASA Lewis and 
Pratt & ~itney Aircraft for predicting the stress-strain response at the 
critical location of a thermomechanically cycled structure. These procedures 
are intended primarily Cor use as economical structural analysis tools in the 
early design stages of aircraft engine hot section components where nonlinear 
finite-element analyses would be prohibitively expensive. Both simplified 
methods use as inp~~ the total strain history calculated from a linear elastic 
analysis. The elastic results are modifi~d to approximate the characteristics 
of the inelastic cycle by incremental solution techniques. A von Hises yield 
criterion is used to determine the onset of active plasticity. The fundamental 
assumption of these methods is that the inelastic strain is local and 
constrained from redistribution by the surrounding elastic material. 

In the procedure developed by PUA, a power law creep expression is combined 
with the elastic response to define the stress change over an increment of 
time. A Taylor series expansion is used to calculate the stress at the end of 
an increment from the stress at the beginning and the appropriate derivatives. 

In the NASA Lewis procedure, a computer program (ANSYHP) was developed to 
predict the stress history at the critical location using the total 
strain-temperature history as input. Haterial cyclic stress-strain and creep 
properties and appropriate constitutive models are coded into user subroutines 
in the program. Plastic strains are computed iteratively for each increment of 
loading. Creep effects can be calculated on the basis of stress relaxation at 
constant strain, creep at constant stress or a combination of stress relaxation 
and creep accumulation. 

The two simplified procedures were exercised on a combustor liner louver lip 
cycle and two thermomechanica1 fatigue test cycles. Both methods were able .to 

capture the overall shapes of the hysteresis loops and to predict the stress 
levels to a degree of accuracy sufficient for most life prediction models. 
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INTRODUCTION 

Requirements for better performance and fuel economy in aircraft gas turbine 
engines have adversely affected the dur~bility of the hot section components. 
Structures such as combustor liners, turbine blades and vanes, and support 
structures experience severe gas temperature environments and operating 
conditions ~hich often result in significant cyclic plastic and creep strains. 
Structural analysis under these conditions becomes a formidable undertaking. 
Improvements in the durability of hot section structures depend on accurate 
definition of the cyclic stress-strain response at the critical fatigue 
location. 

Finite-element computer programs have been used with increasing frequency 
for the structural analysis of gas turbine engine components. In lower 
temperature components, design stress levels are maintained below the material 
yield strength. Linear finite-element analysis is sufficient for this type of 
component and the elastic solutions can be obtained rapidly and economically 
over the range of loading conditions constituting the flight cycle. However, 
for structures in the hot part of the engine, local stresses can exceed the 
material yield strength and can induce time-dependent creep deformation. 
Accurate prediction of the local inelastic stress-strain response under these 
conditions requires nonlinear structural analysis. 

An example of a nonlinear structural analysis of a hot section component is 
described in Reference 1 for a half-scale louver-type combustor liner. This 
liner specimen 'WaS constructed in an identical configuration with cutTent 
combustor liners in service and liaS tested in an induction heated experimental 
rig. The three-dimensional finite element model of a segment of the half-scale 
combustor liner (Figure 1) liaS subjected to the thermal loading cycle shown in 
Figure 2 (a). Both linear elastic and nonlinear stress-strain solutions for 
the critical fatigue location at the end of the louver lip are shown in Figures 
2 (b) and (c) with letter designations corresponding to the time points shown 
in Figure 2(a). The linear thermoelastic analysis was conducted at a number of 
specific points throughout the thermal loading cycle. The results show 
compressive stresses beyond the material yield strength and a closed cyclic 
reponse. An incremental nonlinear analysis predicts a more realistic 
stress-strain response that includes cyclic plasticity and strain ratchetting. 
These analyses were performed using the HhRC nonlinear finite-element code 
(Ref. 2). This. and similar general purpose nonlinear codes use uncoupled 
classical time-independent plasticity and time-dependent creep models and 
sophisticated computational algorithms. IJith these features, a nonlinear finite 
element analysis represents a labor intensive, time-consuming and costly effort 
which is generally incompatible with the iterative nature of the design 
process. 

This paper presents t~ simplified procedures for more economically 
estimating the local hysteretic response produced by cyclic thermal loading by 
using as input the total strain history calculated from an elastic analysis. 
The two procedures were exercised on two thermomechanical fatigue test cycles 
and a "faithfu: ~le" simulation of the strain-temperature history at the 
combustor liner louver lip. Both methods were able to capture the overall 
shapes of the hysteresiS loops and to predict the stress levels to a degree of 
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accuracy sufficient for most life prediction models. Development of these 
simplified analyses should reduce the need for nonlinear finite-element 
analysis in the early design stages for hot section components. 

SYHBOLS 

A,n = temperature-dependent constants in creep po~er la~, equation (8) 
£ = modulus of elasticity 
£, = strain hardening slope of stress-strain curve 
K,m = temperat~e-dependent constants in stress-strain equation 
t = time 
T = temperature 
w = ~ork hardening slope at maximum plastic ~train 
ae = strain increment 
~ = yield stress shift due to load reversal 
At = time increment 
E = strain 
G = strain rate 

equation (1) 
0' = stress 

""" = backstress , 
• • ft· 

a = £e -£lU crl a' •• It·"" ° a = -nEAJ 0'1· ocs 
0;; = -n(n-1)EAJ 0'1 "-.5~"_nEA(J'"·2. O'er 
". = Poisson's ratio 
subscripts: 
c = creep 
e = elastic 
1 = beginning of increment 
1+1 =.end of increment 
max = max1mum value at start of unload1ng 
p = plastic 
t = total 
y = yield 

ANALYTICAL PROCEDURE 

Uithin the gas turbine engine, certain hot section components experience a 
degree of inelastic or nonlinear stress-strain response. These components 
(combustor liners, turbine vanes, cases and other support structures) are 
subjected to cyclic thermomechanical loading ~here the predominant stress is 
produced by temperature differentials within the structure. In general, the 
resulting inelastic response is localized to the area of maximum temperature 
gradient vhile the remainder of the structure remains elastic. The stiffer 
elastic material acts as a constraining body and controls the cyclic strain 
range experienced by the inelastic region. A comparison of predicted results 
from nonlinear and linear elastic finite-element analyses in References 1,3 and 
q have shown that the cyclic total strain range and total strain history at the 
location of maximum inelastic response can be estimated from the linear 
thermoelastic analyses. Therefore, these simplified procedures assume, that the 
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local mechanical strain and temperature histories at a location in the 
struct.~e are kllown from previous linear analysis. Basic material (Hastelloy X) 
properties, including yield stres~es and creep parameters developed for trese 
analyses, are shown in Table I. 

Simplified Procedure 1 

This procedure for predicting local stress-strain response was developed at 
Pratt & ~nlitney Aircraft under contract to NASA Lewis Research Center and is 
fully documented in Reference 5. Development of tha procedure assu~es that the 
strain-temperature histories produced by a loadin~ cycle are J0'10lm from 
previous analysis. An incremental description of the histories together with 
the procedure described below is used to calculate the resulting stress 
history. Each increment in strain is assumed to be composed of either 
time-independent plasticity or time-dependent elastic and creep response. 

(la) 

or (lb) 

Since the solution strategy is based on the prediction of stress increments, 
equations (1) are rewritten as 

or 

}).o"-"c:r. -I,J p 

~CT =lJae +~~ 

(2a) 

(2b) 

During a loading cycle, the onset of plastic action is determined by the 
conventional yield surface concept taken from the classical time-independent 
plasticity model. The yield surface is assumed to be temperature dependent and 
isotropic with no strair. hardening (fixed size and equal in tension and 
compression). Justification for this definition of the yield surface is based 
on two observations: (1) that at higher temperatures, Hastelloy X dispiays 
little cycle hardening and (2) that the variable temperature experienced in a 
thermomechanical cycle, which is the primary application of this procedure, 
reduces the amount of cyclic hardening developed at the lower temperatures. 

The stress increment associated with time-independent plastic action is then 
calculated as 

0: -CT- =21cr .. =0::,/ ,. I -0'.,/ ,,-
I~I , ... I~ for c5',- ~(f'y,,- and T;,., ~T .. (3) 

or ~o; ... , -o;=ba;;=(E,=,;.,., +E,..; ),De-/2 for a;=t:J'y,,. and T;+/~T,' (iI) 
For all other load1ng coriditions the strain, or stress, is assumed to be 

time dependent elastic and creep response. 

However, rather than consider a separate uncoupled creep model, an 
integrated or viscoplastic approach is used. This approach was pursued based on 
the observation that the cyclic material response is not purely elastic in 
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either the loading or unloading parts of the response curves. Instead the 
transient response represents a simultaneous elastic and creep action. 
Development of the model ·is as follows: 

. , 
where Ee =o'/E 

(6) 

(7) 

with Young's modulus, E, assumed to be temperature dependent but constant over 
any increment of loadi~. For the creep rate term, use is made of the short 
time monotonic creep model developed in Reference 1. This expression is 

E:= 
Co 

(o-/A)n 

Thus, equation can be ~itten as 

~ =O'/E+Ao" 
't 

or .' " a=EE-e -El\a 

An incremental solution of this nonlinear equation was developed using a 
Taylor series expansion. 

, •• a.. ••• 3 
0" I =O'·+O'.~t+a.~t '2:+o:.~t /3:+ ••• 

,... 'I' I 

(8) 

(9) 

(10) 

(11) 

For cyclic analysis the stresses used in equation (11) are effective values 
modified by a backstress. i.e: 

(12) 

In a physical sense, the backstress is an internal stresz generated by 
plastic deformation that changes the reference point for measurement of global 
stress. The function used to estimate the value of the bacl:stress in these 
calculations is: 

(13) 

or ....n. =CTy 

This is equivalent to considering a series of temperature-dependent circular 
yield surfaces pinned at the maximum tensile stress in the cycle and the back 
stresses as the centers of the yield circles. The limiting condition occurs 
when the diameter of the yield circle equals the maximum stress; a smaller 
(hotter) yield circle would predict reverse plasticity at the same sign of 
stress as the maxir.~m stress which would be positive in this case. This is 
generally considered not possible and therefore thebacl: stress is limited to 
the value of the yield stress for these temperatures. 
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Simplified Procedure 2 

This fully automated procedure was developed at NASA Leuis Research Center 
for calculatin~ the stress-strain history at the critical fatigue location of a 
structure subjected to cyclic thermomechanical lo~ding. It has been 
implemented in a computer pro~ram (ANSYl1P) which is documented in Reference 6. 
The procedure has been exercised on a wide variety of problems including 
multiaxial loading, nonisothermal conditions, different materials and 
constitutive models, and dwell times at various points in tha cycles. 
Comparisons of the results of the simplified analyses for these problems with 
HARC inelastic solutions are reported in Reference 6. The basic assumption is 
that the total strain ranges calculated from linear elastic and nonlinaar 
analyses are approximately equal. Another assumption of the method is that the 
effective stress-equivalent total strain hysteresis loops constructed from an 
elastic-plastic analysis will be parallel to the elastic hysteresis loop. The 
validity of these assumptions is demonstr~ted in References 1,3 and q. 

The procedure was set up to calulate the material cyclic response using the 
total strain obtained from an elastic analysis or strain measurements. 
Classical plasticity methods are used to characterize the yield surface by a 
yield condition to describe yielding under multiaxial stress states and by a 
hardening model to establish the location of the yield surface during cycling. 
This procedure was set up to acco~odate itself to any yield criterion or 
hardening model. The only requirements are that the elastic input data, whethar 
calculated or measured. be in a form consistent with the yield criterion and 
that the appropriate material properties be used in conjunction with the 
hardening model. 

Host nonlinear computer programs use the von Hises yield criterion and 
incremental plasticity theory. Implicit in the von Hises yield criterion is 
the conversion of the total strain from a uniaxial stress-strain curve to 
modified equivalent total strain. The modified elastic equivalent total strain 
corresponds to the uniaxial total elastic strain multiplied by 2(1+v)/3. This 
relationship must be taken into account for multiaxial problems in applying 
strain results from elastic finite-eleme~t programs or strain measurements as 
input for the simplified procedure. 

In this study, all of the analyses were performed with the Hastelloy 
stress-strain properties and combined isotropic-kinematic hardening model used 
for the HARC nonlinear analyses in Reference 1. Creep computations were 
conducted with the same monotonic creep properties developed in Reference 1. 
Creep characteristics of the material were incorporated into the program with 
the creep model expressed by equation (8) and the constants given in Table I. 

The yield stress shift (~~y) due to load reversal under kinematic harden~ng is 

hCTy'=2(C'y-w(ep , ",_tt» 
where ~t represents the current, not the initial, yield stress. 

(15) 

The procedure permits any of three creep options to be selected; (1) stress 
relaxation at constant strain, (2) cumulative creep at constant stress, and (3) 
a combination of (1) and (2). Option 1 was used for the simplified analyses 
conducted for this study since the problems involved strain controlled tests. 
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The elastic input data are subdivided into a sufficient numb~r of increments 
to define the stress-strain cycle. To simulate the effects of time-depandent 
plasticity, dwell times for creep analysis were specified for all increments. 
The input data for the analyses were supplied by Pratt C ~itney Aircraft. The 
increments are analyzed sequentially to obtain the cumulative plastic and creep 
strains and to track the yield surface. An iterative procedure is used to 
calculate the yield stresses for increments undergoin~ plastic straining. 
First, an estimated plastic strain is assumed for calculating an initial yield 
stress from the stress-strain properties and the simulated hardening model. 
Second, a' new plastic strain is calculated as 

The yield stress is then recalculated using the new plastic strain. This 
iterative procedure is repeated until the new and previous plastic strains 
agree within a tolerance of 1 percent. 

(16) 

A FORTRAN IV computer program (ANSYHP) was created to automatically 
implement the simplified analytical procedure. The program consists of the 
main executive routine, ANSYHP, and four subroutines, ELAS, YIELD, CREEP, and 
SHIFT. The incremental elastic data and temperatures are read into subroutine 
ELAS. Haterial stress-strain properties as a function of temperature and a 
simulated hardening model are incorporated in subroutine YIELD and the creep 
characteristics are incorporated in subroutine CREEP. Subroutine SHIFT is 
required to update the temperature effects on the yield stress shift. SHIFT 
nlso serves the function of d~ciding the future direction of the yield surface 
under nonisothermal conditions by determining the relation of future to past 
thermal loading. 

The ANSYHP program is available from the Computer Software Hanagement 
Information Center (COSHIC), University of Georgia, Athens, Ga. 30602 under LE~ 
lQOll. A flow chart of the program and sample input and output data are 
presented in Reference 6. 

The calculational scheme initially follows the effective stress-equivalent 
strain input data from subroutine ELAS until the occurrence of initial 
yielding. The stress-strain solution then proceeds along the yield surface as 
determined from the stress-strain properties in subroutine YIELD. At eacll 
increment during yielding the stress shift (difference between new yield stress 
and stress predicted from elastic analysis) from the original input data is 
calculated. Elastic load reversal is signaled when the input stress is less 
than the yield stress from the previous increment. During elastic unloading, 
the stresses are translated from the original elastic analysis solution by the 
amount of the calculated stress shift. Reverse yielding occurs when the stress 
reaches the reverse yield surface as determined from the hardening model 
incorporated in subroutine YIELD. Again, the solution follows the yield s~rface 
until another load reversal is indicated when the stress based on the shifted 
elastic solution is less than the yield stress. The elastic response during 
load reversal is obtained by translating the original elastic solution 
according to the new stress shift calculated during re"~rsed yielding. The 
stress-strain response for subsequent cycles is computed by repeating this 
procedure of identifying load reversals, trac!:ing reverse yield surfaces and 
translating the original elastic solution during elastic loading and unloading. 
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Creep computations are performed for increments involving dwell times using the 
creep characteristics incorporated in subroutine CREEP. Depending on the nature 
of the problem, the creep effects are determined on the basis of one of the 
three options provided in the subroutine. 

PREDICTION OF THERHOUEC~~ICAL CYCLES 

Two types of thermo mechanical cycles were considered in the evaluation of 
the models; (1) a simple continuous thermomechanical cycle having the 
mechanical strain.and temperature in phase (sinusoidal strain and temperature 
variation) resulting in a linear strain-temperature history and (2) and Ita 
faithful cycle" that was representative of actual structural component response 
to thermal loading. Details of the faithful cycle are described in Reference 1 
for the analysis of a gas turbine engine combustor liner. The thermomechanical 
tests were conducted on uniaxial tubular specimens which are also described in 
Reference 1. The hollow geometry, in combination with low frequency induction 
heating and internal air cooling, per~itted testing with the prescribed 
mechanical strain and temperature histories. An axial extensometer attached to 
the internal ridges was used for strain control. 

Linear Strain-Temperature Cycles 

Two temperature histories were selected for the evaluation, 760°C to 982°C 
(1400°F to 1800°F) and 649°C to 982°C (1200°F to 1800 0 F). Each temperature 
cycle and a single mechanical strain cycle (approximately -0.001 to -0.0045 
mlm) were imposed on a -tubular test specimen with the reSUlting stress and 
strain response recorded from startup to stabilization. A description of the 
cycle parameters and loading sequence for the cycles is presented in Figure 3. 
Each test started at a constant 982°C (point A). The specimen was then 
compressed to a mechanical strain of ~0.004S (point B). A sinusoidal variation 
in temperature from 982°C to a mini~~m value of either 760°C or 649°C was then 
generated on the specimen in phase with a sinusoidal variation in mechanical 
strain from about -0.0045 to -0.0100. The period for both the temperature and 
strain histories was 1 minute. Cross plotting of these quantities resulted in 
the linear paths B-C and B-D in Figure 3. Predictions of the stress-strain 
responses for the 760°C to 982°C and 649°C to 982°C test cycles with the two 
simplified procedures are presented in Figures 4 and 5. Both methods 
essentially capture the overall shape, inelastic strain range and approximate 
stress levels of the experimental response curves. This would be considered as 
sufficient information for use as input to a life prediction model fora 
preliminary estimate of the base cyclic durability. 

There is a tendency for the simplified analyses to overpredict the peal' 
compressive stresses. This is especially true for the analytical cycles from 
the NASA procedure as shown in Figures 4 (b) and 5 (b). These discrepancies may 
be attributable to the use of monotonic stress-strain data for cyclic 
stress-strain problems. 

Prediction of Faithful Cycle Response 

Final evaluation of the models considered the combustor liner faithful cycle 
defined in Reference 1. The predicted strain-temperature response at the end of 
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the louver lip differs from the previous.ly defined conditions in that the 
~train and temperature are not continually in phase and the heatup and cool down 
parts of the cycle are not identical. The nominal temperature-time history for 
this cycle is that shown for the louver lip in Figure 2 (a) and the approximate 
strain-time history imposed on the speci~en was that obtained for the sixth 
cycle of th~ Hr\RC nonlinear solution. Application of thes~ loacing spectrums 
on the thermomechanical specimen produced a stress-strain response considered 
to be representative of the local louver response. Prediction of the cor.~ustor 
liner "faithful cycle" response by the two simplified procedures is shown in 
Figure 6. Again the analytical results agreed reasonably well with the 
experimental data. 

SUffit~y OF RESULTS 

Two simplified analytical procedures are presented for predicting the local 
inelastic stress-strain response of a structure sUbJected to cyclic 
thermomec~nical loading using as input the total strain hi~tory calculated 
from a linear elastic analysis. The first of these procedures was developed at 
Pratt t l.Jhitney Aircraft under contract to NASA. The second procedure, which 
was developed at the NASA Lewis Research Center, is fully automated in a 
computer program (ANSYtlP). These procedures were evaluated on their ability to. 
predict the cyclic structural responses for three thermomechanically loaded 
test specimens. Both methods were able to simulate the overall shapes of the 
stress-strain hysteresis loops and to calculate the stress-strain histories to 
a degree of accuracy sufficient for most life prediction methods. The analyses 
were based on use of monotonic stress-strain material properties. It is liJeely 
that better agreement with experimental results would have been obtained if 
cyclic stress-strain data had been available. These sirnplified procedures 
provide economical structural analysis tools which can be applied in the 
preliminary design of hot section components of gas turbine engines where 
nonlinear finite-element programs would be prohibitively expensive and 
time-consuming to use. 
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. .TABLE I. - TEMPERATURE DEPENDENT PARAMETERS FOR SIMPLIFIED 
RESPONSE PROCEDURES 

Temperature Young's Modulus, Yield Stress, Creep Parameters* 
°C, (OF) MPa (ksi) MPa (ks;) A n 

427 170 03 314 ------- ----
(800) (24.6 03) (45.6) 

538 170 03 314 ------- ----
(1000) (24.6 03) (45.6) 

649 161 03 303 -------
(1200) (23.3 03) (44.\1) 

760 152 03 252 592.54 4.15 
(1400) (22.05 03) (38.0) (85.94) 

815 146 03 207 277 .44 4.75 
(1500) (21.15 03) (30.0) (40.24) 

871 137 03 103 188.05 5.25 
(1600) (19.8 03) (l5.0) (27.27) 

927 130 03 16 176.95 3.35 
(1700) (18.85 03) (11.0) (25.66) 

982 123 03 48 91.53 3.15 
(1800) (17 .9 03) (1.0) (13.28) 

*Equation (8). 
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HULTIAXIAL FATIGUE LOW CYCLE FATIGUE TESTING 

S.Y. Zamrik 
Engineering Science and Mechanics Department 

The Pennsylvania state University 
University Park, Pennsylvania 16802 

Hultiaxial testing methods are reviewed. Advantages and disadvantages 

of each type test is discussed. Significant multiaxial data available in 

the literature is analyzed. The yield theories are compared for multi-

axial fatigue analysis. 

INTRODUCTION' 

Multiaxial Fatigue Analysis is becoming an essential element in 

estimating the life of structural components. For example, at .elevated 

temperature, most structural components experience a multiaxial stress 

condition either due to geometrical configuration, or to temperature 

variation or to both. 

Generally, multiaxial fatigue analysis is based on some type of cor-

relation that can be related to uniaxial data. The main reason for such 

an approach is the lack of sufficient multiaxial fatigue data and to the 

difficulty in producing such data. 

In the early work of Manson-Coffin (1) it was recognized that, in 

low cycle fatigue, plastic strain and not stress can be well measured and 

related to life. Based on this observation, the static yield theories 

became the favorite approach to analyzing multiaxial fatigue. The most 

widely used criteria are the maximum shear strain (Tresca's) theory and 
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the maximum distortion energy theory (Von-Mises). These two static yield 

theories are identical for uniaxial and equi-biaxia1 stress states but 

differ at other biaxial conditions as shown in Figure (1) • 

. The limited data that has been generated has not provided any 

definite conclusion to the applicability of either theory, particularly 

at high temperature environment, where creep is encountered. Also, these 

theories do not account for the influence of anisotropy or for the rotation 

of principal axes in the case of non-synchronous loading systems. 

Mu1tiaxia1 data at room or high temperature is greatly influenced by 

test conditions and in the manner in which the test is conducted. Numerous 

methods have been suggested for multiaxia1 fatigue testing, but a very 

limited number have been carried out successfully. 

METHOD OF MULTIAXIAL FATIGUE TESTING 

The complexity of multiaxial fatigue testing led researchers to 

simplify the test requi~ements due to the fact that fatigue failure is 

generally originated at a point on the surface of a structure. For example, 

in the case of pressure vessels the state of stress is considered to be 

biaxial and since the surface of the structure is free from discontinuities 

or surface tractions, several types of tests were devised to produce this 

biaxial state of stress. Among the favorites are: 

a - cylindrical specimens subjected to internal pressure, open-and 

closed-end cylinders 

b rotating disks 

c - plate-type specimens such as bulging plate, wide cantilever 

plate, cruciform plate and rhombic plate 

d - torsional tests of cylindrical specimens 
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CYLINDRICAL-TYPE SPECIMENS 

In the case of testing cylindrical-type specimens under internal 

pressure, the state of biaxial stress is 2:1. This biaxial stress ratio 

falls in the first quadrant of the yield envelope and it is possible to 

alter this ratio by introducing a bending or axial stress. To develop a 

state of stress in the 2nd and 4th quadrant of the yield envelope, compres

sive external load or torsional loads nave to De added to produce a nega

tive stress. It has been shown that the addition of such loads could 

easily produce a buckling situation or a stress gradient that cannot be 

controlled. Investigators such as Morrison, Crossland, and Parry (2) 

used only pressurized tubes and they controlled the biaxiality ratio by 

the radius to thickness ratio. Their data is not comparable nor consistent 

with present controlled fatigue testing techniques. Their objective was 

to relate the endurance limit of the material to the biaxial state of 

stress. Esztergar (3) indicated in his literature survey on fatigue under 

biaxial stress cycling that the data produced was qualitative since crack 

initiation could not be detected and the large amount of autofrettage 

affected the crack propagation through the wall thickness; thus, the 

data was greatly influenced by these two obstacles. In the case of a part

through crack presence, the circumferential stress is increased locally, 

which results in a reduced hoop restraint that causes a tendency for 

bulging. 

McKenzie et. ale (4) compared uniaxial and biaxial (shear) data from 

tests on thin-walled cylinders. They correlated their results on the 

basis of hyst~resis loop energy per cycle. A distinct difference in 

fatigue life becomes apparent if the comparison is based on the octahedral 

plastic shear strain as shown in Figure (2). 
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Biaxiality ratio can also be altered if torsional loading is added; 

however, a new problem arises in the generated data. Axial strain is 

accumulated in reversed torsion. Specimens develop axial compressive 

stresses which result in higher cycle life. This effect was shown 

independently by Yokobori et. ale (5) and by Zamrik (6) using torsional 

test data of Halford and Morrow. Additional data for cylindrical specimen 

tests can be obtained from references (7). 

FLAT-PLATE SPECIMENS 

There are three types of tests that can be conducted utilizing the 

flat plate specimens, namely: 

(1) the cantilever plate 

(2) the Rhombic plate 

(3) the circular or elliptical plate (oval plates) 

In the first type, the biaxial stress ratio was produced by con

sidering the ratio of transverse stress aT to longitudinal stress aLe 

By successfully decreasing the width w, the biaxiality ratio decreases. 

This approach was ~aken by Weiss et. ale (8) and their results are 

shown in Figures (3) and (4). Figure (4) shows a comparison between 

push-pull type uniaxial tests and plate bending tests. They also dem

onstrated that the decrease in fatigue endurance is associated with the 

increase in biaxiality ratios. This decrease can be correlated with 

the proportional loss in the static fracture ductility, Ef , as shown in 

Figure (5). 

Wide-beam-type specimens of pressure vessel steel materials were 

tested at Lehigh University (9). The stress ratios of 1:1 results are 

shown in Figure (6) on the basis of effective Von-Mises strain. They 
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showed a s~ight reduction in the fatigue endurance of the lower-strength 

alloy and perhaps a greater effect on the high strength alloy (I-l). ' The 

data was reported on the basis of crack initiation. 

Another type of plate specimen was developed by Zamrik et. al (10). 

The plate specimen known as the "rhombic" specimen showed a stress state 

in the second and fourth quadrants of the yield envelopes. The state of 

stress was produced by anticlastic bending as shown in Figure (7). Test 

data of three stress ratios from 0.1 to' 1.0 were plotted on the basis of 

octahedral shear strain range and maximum strain range. The octahedral 

shear strain range shown in Figure (8) fitted the data well for all 

stress ratios. In the case of torsional data, the stress ratios exhibited 

a higher fatigue strength when compared to uniaxial fatigue data. The 

reason for this observation can be attributed to the degree of axial 

restraint imposed on the torsion specimen. 

The rhombic plastic specimen is very attractive for biaxial t'esting 

since it affords simplicity in the loading system and provides a wide 

range of biaxial stress ratios. 

Another type of plate specimen tested by Zamrik et. al (11) is the 

circular and elliptical specimen. For this type, shown in Figure (9a), 

pressure was applied to the specimen but the results showed a dependence 

on two variables: isotropy and Poisson's ratio as shown in Figure (9b). 

The method of analysis used in interpreting the flat plate specimen is 

described in appendix (A). 

OUT-Of-PHASE STRAIN EFFECT 

In some cases, partic~larly in temperature environment, the biaxial 

strain may become out-of-phase, e.g. , non-synchronous loading as shown in 
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Figure (10); therefore, by applying the correlation used in analyzing the 

room temperature data,a large error may be produced in predicting the life 

of the material. A significant cause, in this case, is the distribution 

of the principal strain magnitudes and their directions, whereby a rotation 

of the principal strain axes takes place. The surface element of the 

material takes a new orientation and the maximum and minimum principal 

strains ~ccur at different times as shown in Figure (11). The limited 

data available for phase angles of a to 90° was analyzed by Zamrik (12) 

on the basis of maximum total strain: 

A correlation, similar to that of Manson-Coffin relation~ was obtained 

with the constants (a ; 0.3, c • £f~) as shown i~ Figure (12). The 

reasonable fit of the data for the entire range indicates that the damage 

mechanism in multiaxial fatigue may be similar to the uniaxial case even 

though the stress (strain) axis was rotated. This interpretation may be 

considered conclusive if and only when actual non-synchronous data at 
\ 

high' temperature becomes available. 

ENGINEERING CORRELATIONS 

a - Maximum Shear Stress Theory (Tresca) 

The theory predicts yield condition when the shear stress 

on any plane reaches the uniaxial yield stress. Therefore, 

the following condition exists for maximum and minimum 

principal stresses: 
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The equivalent stress and strain are defined as: 

b - Distortion Ener!: Theory (Von-M!ses) 
1 

22 
- e: ) ] 1 

For low cycle fatigue condition, one assumes a 

constant volume and Poisson's. ratio of 1/2: 

For a biaxial case, a strain range ratio can be 

introduced in the form of: 

The effective strain range, ~e: , which is another form of the e 

octahedral shear strain range, has a form: 

1 

or 

~£ • L (412 + 41 + 1)2 ~e:1 eYi 

on the basis of tests shown in Figure (8), a relation 

between unaxial and biaxial data can be derived in the 

following procedure: 

(~y ). -{2 ~e: 
o uni 
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utilizing Manson's relation: 

then 

where 

~ENz • C 
1 

(fly ) 
o uni 

if failure under multiaxial strain cycl~ng can be defined 

to occur when: 

(~y ) • (fiy ) 
o multi . 0 uni 

then multiaxial strain cycling can be related to the number of 

cycles to failure Nf in a relation such as: 

CONCLUDING REMARKS 

Multiaxial fatigue testing is a complex technique where the utmost care 

must be considered in analyzing th., data. Variables such as anisotropy, 

Poisson's ratio, strain accumulation, crack initiation in cylindrical 

specimens, ••• , must be monitored and accounted for. These variables 

have minimum influence on uniaxial fatigue data. 

The static yield theories should be used conservatively since they 

are not designed for fatigue analysis, particularly in the presence of 

high temperature environment. 
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SOME ADVANCES IN EXPERIMENTATION SUPPORTING DEVELOPMENT OF 

VISCOPlASTIC CONSTITUTIVE ~ODElS* 

J.R. Ellis and D.N. Rob1nsont 
University of Akron 
Akron, Ohio 44325 

The primary aim of this paper is to describe the design and development 
of a biaxial extensometer capable of measuring axial, torsion, and d1ametra1 
strains to near-m1crostra1n reso1uttona~~levated temperatures. An 
instrument with this capability-was needed to provide experimental support to 
the development of v1scop1ast1c constitutive models. The operation of the 
instrument is described first in general terms. Attention is then 
concentrated on the method of torsional strain measurement. This emphasis is 
in keeping with the second aim of the paper which is to highlight the 
advantages gained when torsional loading is used to investigate inelastic 
material response at elevated temperatures. 

The development of the biaxial extensometer was conducted in two stages. 
The first involved a series of bench calibration experiments performed at room 
temperature. These experiments investigated characteristics such as linearity 
and crosstalk over the maximum measurement ranges practicable with the 
instrument. The second stage of development involved a series of in-place 
calibration experiments conducted at room and elevated temperatures. The aim 
of these experiments was to investigate features such as signal stability and 
signal noise levels under actual test conditions. A review of the torsional 
calibration data indicated that all performance requirements regarding 
resolution, range, stability and crosstalk had been met by the subject 
instrument over the temperature range of interest, 20 to 650°C. . 

On completing the instrument development work, the scope of the in-place 
calibration experiments was expanded to investigate the feasibility of 
generating stress relaxation data under torsional loading. This approach was 
found to be practicable and a number of exploratory tests were conducted. The 
data generated in these experiments were found to be in reasonable agreement 
with predictions made using the Robinson v1scop1ast1c constitutive model. 
Also, the experimental data were used successfully to quantify the kinematic 
state variable in this model. The results of this study showed that the 
stress relaxation test conducted under torsional loading can be used to 
advantage in supporting the development of v1scop1ast1c constitutive models. 

*Research sponsored by the Office of Breeder Technology Projects, U.S. 
Department of Energy under Contract W-7405-ENG-26 with the Union Carbide 
Corporation and by NASA lewis Research Center under Grant NAG 3-379. 

tResident Research Associates, NASA lewis Research Center. 
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I NTRODUCTI ON 

One activity within the High Temperature Structural Design Pro
gram at the Oak Ridge National Laboratory (ORNL) is the development of 
constitutive equations for structural alloys intended for Advanced 
Reactor Systems. These equations were first developed using concepts 
borrowed from classical plasticity and classical creep (Ref. 1). Exper
iments conducted in support of this work included investigations of 
yield and hardening behavior under biaxial loading (Refs. 2 through 5). 
The type of loading used for this work was tension-torsion and the 
type of specimen was the thin-walled tube. It was possible, at tem
peratures in the range 20°C to 232°C, to use foil strain gage rosettes 
to measure the axial and torsional components of strain. The near
microstrain resolution of these gages allowed small-offset (10 ~E) 
yield behavior to he investigated without causing significant changes 
to the material's state. 

More recently, a viscoplastic constitutive model was developed at 
ORNL which makes use of two internal state variables (Refs. 6 and 7) •. It 
was planned to conduct biaxial experiments at temperatures in the range 
20°C to 538°C to verify the multi axial form of this model and also to 
quantify the internal state variables. The lack of suitable high
temperature strain gages meant that the strain measurement technique 
used in the earlier experiments could not be used for this work. Since 
the specimen geometry and the type of loading were relatively simple, it 
appeared that this would be a suitable application for a biaxial exten
someter. 'However, a detailed review of the literature revealed that 
existing instruments were not suited to high-precision, probing type 
experiments at elevated temperatures. This led to an effort being 
started at ORNL to design and develop such an instrument. 

The design requirements for the instrument were based in part on 
the performance of foil strain gages at room temperature. It was 
required that th~ extensometer have near-microstrain resolution while 
allowing measurement of axial strains and shear strains (engineering) 
as high as ±20,OOO ~E. An additional requirement was that the instru
ment should be capable of measuring diametral strains up to ±10,OOG PE. 
This was because it was planned to add internal pressure to the types 
of loading available for these experiments. It was required that this 
performance should be maintained up to 650° C. 

The t/pe of diametral extensometer developed by Slot et al for high 
temperatur~~ low cycle fatigue testing was used as a starting point for 
the subje\.!: l nstrument. Two such di ametral extensometers, termed sensors 
in the fol'owing, were used in conjuction with a system of levers to make 
the biaxial measurements. As might be expected, a lengthy period of de
velopment was needed to achieve the required level of performance. 

The approach adopted was to first evaluate the instrument on the 
bench using a biaxial calibration fixture. Such experiments allowed the 
instrument's characteristics to be investigated at room temperature under 
closely controlled conditions. A series of in-place calibration experi
ments was then conducted with the extensometer positioned on strain gaged 
specimens. Initially, these experiments were conducted at room tempera
ture so that direct comparisons could be drawn between the two strain mea
surement systems. Subsequently, the emphasis was shifted to investigating 
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performance at elevated temperatures. Characteristics of interest here 
were linearity, resolution, crosstalk, mechanical hysteresis, signal noise 
levels and signal stability. , 

Finally, exploratory tests were conducted to evaluate the instrument's 
performance in controlling experiments at elevated temperatures. One 
such series of test~ was aimed at establishing whether the extensometer 
had sufficient resolution and stability to a110w stress relaxation behav
ior to be investigated under purely torsional loading. This was of parti
cular interest since interpretation of earlier stress relaxation data for 
2-1/4 Cr-1 Mo steel, determined under uniaxial loading, had been compli
cated by coupling between specimen heating and specimen loading. It was 
anticipated that such coupling, discussed in detail later in the paper, 
would not be a factor in tests inv6lving torsional loading. 

This paper is written in. three parts. The first describes the 
design and development of the ORNL biaxial extensometer, with particu
lar emphasis being given to the method of torsional strain measurement. 
The second part describes a series of stress relaxation tests performed 
on 2-1/4 Cr-1 Mo steel under cyclic torsional loading~ Finally, com-' 
pari sons are drawn between the results of these experiments and theo
retical predictions made using the Robinson viscoplastic model. 

DESIGN AND DEVELOPMENT OF A HIGH-PRECISION BIAXIAL EXTENSOMETER 

In designing high temperature extensometers, a numher of advant
ages result if the body of the device is maintained at or near room 
temperature during elevated temperature tests. This situation can be 
achieved by using localized specimen heating, ceramic sensing probes, 
heat shields, and some form of cooling. Adopting these measures, 
room temperature transducers can be located on the body of the instru
ment and used in effect for high temperature strain measurement. 

Another desirable feature of extensometers is that mechanisms can 
be incorporated to magnify specimen displacements before they are 
sensed by the transducers. Such magnification can be an important fac
tor in achieving good resolution in tests involving small strains. One 
design which successfully incorporates these features in a relatively 
straightforward manner is the diametral extensometer developed for high 
temperatare, low cycle fatigue testing (Ref. 8). With this simplicity 
and the need for diametral strain measurements in mind, it was decided 
to use this instrument as a starting point for the subject biaxial 
extensometer. 

BASIC APPROACH 

The basic approach is illustrated schematically in Fig.(1). Two 
sensors of the type shown in Fig (1a) are positioned on the specimen. 
These sensors incorporate ceramic probes which grip the specimen by 
means of friction. The assumption is that once installed, the point of 
contact of each probe remains fixed on the specimen. The probes serve, 
therefore, to transmit specimen di~placements and rotations to the body 
of the instrument. A further assumption is that a suspension system 
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can be designed which constrains the sensors to planes parallel to the 
X-V plane of Fig (lb). Two such planes are the DEFG and the HIJK 
planes shown in this figure. 

The method of strain measurement is as follows. Under axial 
loading, the vertical distance between the sensors, BB in Fig (lb), 
changes and is ~sed as a basis for axial strain measurement. This is 
achieved by positioning proximity transducers on the top sensor and a 
target on the bottom sensor. Regarding rliametral strain measurement, 
loading in the radial sense resulting from internal pressure causes the 
specimen diameter to change. These changes are transmitted via the 
hin~e to the mounting arms. Relative movement between the mounting 
arms, AA in Fig (la), is used for diametral strain measurement. This 
is accomplished hy positioning the core of a linear variable differential 
transformer (LVDT) on one mounting arm and the coil on the other. Under 
torsional loading, the sensors rotate different amounts about the Z axis 
within their respective reference planes. This difference in angular ro
tation, ti in Fig (lb), is used for torsional strain measurement. The 
various mechanisms and transducers lIsed in making torsional measurements 
will be discussed in detail later in the paper. . 

Regarding the mechanical details, the instrument consists of three 
subassemblies; the sensors; the lever-arms; and the support structure. 
One of the extensometers two sensors is shown in Fig (2). The more 
important components of this subassembly are the ceramic probes, the 
elastic hinge, the mounting arms, and the preload spring. The function 
of the spring is to force the probes against the specimen to provide the 
frictional force necessary to prevent slippage. The strain gages mounted 
on ~he probes are monitored during this process to control the amount of 
preloading. The transducer mounting block is used to grip the coil of 
the LVDT used for diametral strain measurement. The core of this 
transducer is shown positioned on the null adjustment screw. Also 
shown in Fig (2) are the heat shields and water cooling arrangement 
used to prevent heat buildup in the instrument. Elimination of this 
effect was viewed as being deSirable in isothermal tests and essential 
in the case of non-isothermal tests. 

One of the instrument's four lever-arm assemblies is shown in Fig. 
(3). The primary function of these assemblies is, in conjunction with 
the sensors, to transmit specimen rotation to four rota~ variable differ
ential transformers (RVDTs) positioned on the support structure. These 
mechanisms can be thought of as consisting of two levers, BC and CD, which 
are free to rotate about the vertical axes designated B, C, and D. Such 
rotation is allowed by flexural pivots which act as bearings (Ref'. 9). 
One end of the lever-arm is bolted to the sensor and the othefto the· 
support structure. This arrangement allows the sensors freedom to rotate 
and displace within planes perpendicular to the three axes. The larger of 
the two levers, BC, includes a parallel linkage which allows the sensors 
to displace vertically. At the same time, the parallel linkages ensure 
that the sensors are constrained to planes which are parallel to the 
original reference plane. Use is again made of flexural pivots in these 
linkages as they allow rotation with no associated friction. " 

The primary function of the instrument's support structure, Fig(4} 
is to provide a means of mounting the device on the test system or on a 
calibration fixture. This subassembly consists of a cross-arm which 
when suitably supported, facilitates positioning of the instrument prior 
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to testing or calibration. Two vertical posts are attached to the cross
arm and provide mounting locations for the lever-arm assemblies and the 
RVOTs. One further function of the support structure is to provide a 
means of supporting the sensors at their centers of gravity on soft verti
cal springs. This is accomplished using two support brackets which bolt 
directly to the cross-arm. In addition to housing the spring holders, the 
support brackets provide convenient mounting locations for the instrument IS 

electrical connectors. This approach has the advantage of isolating 
the instrument from long lengths of cable. 

The complete instrument is shown positioned on a calibration 
fixture in"Fig (5). "This figure serves to show the complexity of the 
assembled instrument. The method of suspending the sensors on springs 
is shown in this figure along with the method of mounting the electri
cal connectors. 

DETAILS OF TORSIONAL STRAIN MEASUREMENT 

The method of torsional strain measurement is shown in more detail 
in Figs (6) and (7). In the first ~f these figures, the sensors are 
considered to be two levers, AB and AE, which have a fixed angle be
tween them and which are constrained to follow the rotation of the spec
imen. The lever-arms are idealized into three bearing/two lever systems 
which are supported at pOints 0 and G. This mechanism was analyzed to 
determine the relationship between specimen rotation, e, and the corres
ponding lever-arm rotations at the support points, a and a l

• The results 
of this analysis are shown in Fig (7). Here, it can be seen that the 
relationships between specimen rotation and individual lever-arm rotation 
are highly nonlinear. However, the curve relating specimen rotation, e, 
with the sum of the rotations at the support points, a + ai, can be seen 
to be near-linear. Thus, by positioning RVOTs at the support points, 0 
and G, and summing their outputs electronically, near-linear relation
ships are obtained between specimen rotation and summed transducer out
put. By summing in turn the outp"uts from the two sensors, a combined 
output is obtained which is proportional to torsional strain as defined 
in Fig (7). 

One problem peculiar to biaxial and multi axial extensometers is that 
interaction or crosstalk can occur between the various forms of strain
ing. The mechanism by which specimen displacements in the axial sense 
can affect torsional strain measurements is shown in Fig. (8). Such dis
placements cause the parallel linkages incorporated in arms Be and EF to 
a~sume some angular position, 6, relative to the original reference 
plane. These rotations cause the projected lengths of arms BC and EF to 
shorten in this plane. This shortening in turn causes lever CD to rotate 
-a from its original position and lever FG to rotate +a from its original 
position. These rotations are sensed by the RVOTs positi"oned at loca
tions 0 and G. However, since the outputs from these RVOTs are summed 
before being used for measurement purposes, it mfght be expected that the 
effect would be self-cancelling~ In practice, this situation would only 
be realised if the lever-arms were manufactured and assembled so as to be 
identical. With this in mind, the four lever-arms were assembled with 
extreme care using a special purpose jig. Also, the support structure 
was designed to provide the linear and angular adjustments necessary dur
ing final assembly to achieve the self-cancelling condition. 
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EVALUATION OF THE BIAXIAL EXTENSOMETER'S PERFORMANCE IN MEASURING 
TORSIONAL STRAIN 

The instrument's performance in measuring torsional strain was 
evaluated in two stages. The first involved a series of bench calibra
tion experiments conducted at room temperature. A biaxial calibration 
fixture was designed and developed at ORNL specifically for this work. 
The aim of these experiments was to investigate linearity and crosstalk 
over the maximum measurement ranges practicable with instrument. 

The second stage of the evaluation involved a series of in-place 
calibation experiments conducted on thin-walled tubular specimens in
strumented with foil strain gage rosettes. The aim here was to inves
tigate mechanical hysteresis, linearity and crosstalk over small strain 
ranges, say ±190~E. This was accomplished by loading the specimen 
within its elastic range and drawing direct comparisons between strain 
measurements made using the extensometer with those made using the 
strain gages. This was the preferred evaluation technique in the case 
of small strains as it avoided placing unrealistic demands on the per
formance of the calibration fixture. 

BENCH CALIBRATION EXPERIMENTS 

The fixture used for the bench calibration experiments is shown 
in Fig.(9}. The more important components of this fixture are the 
micrometer heads used for diametral and axial calibrations and the ro
tary table used for torsional calibrations. The fixturing shown attached 
to the diametral micrometer head is designed for diametral calibration 
work. That shown positioned on the rotary table in Fig. (5) allows 
axial and torsional calibration. In addition to routine calibration 
work, the fixture was used to establish ranges of linearity and also to 
investigate crosstalk between the various types of straining. 

The approach adopted in determining torsional calibration data is 
shown in Fig (5). The extensometer's probes were positioned on the 
simulated specimen which in turn was positioned on the rotary table of 
the calibration fixture. The voltage outputs from the RVDTS associated 
with the top and bottom sensors were monitored after being summed in 
filter/amplifier modules. The procedure followed in these experiments 
was to rotate the simulated specimen through known angles and to note 
the corresponding RVDT output. The angular calibration data generated 
in this manner for the range ±60 arc-min. are shown in Fig (10). As 
indicated on this figure, the extensometer was removed from the cali
bration fixture and then reinstalled at total of six times in generating 
the data shown. This procedure was followed to determine the repeatabil
ity of the calibration data. 

The multiaxial calibration fixture was also used to investigate 
crosstalk between axial and torsional straining. The approach adopted 
here was to set known angular rotations and then to note the change in 
RVDT output as axial displacements in the range ±1.27 mm were superim
posed using the calibration fixture's axial micrometer head. This range 
of displacements corresponds to an axial strain range of ±50,OOO ~E, 
assuming a 25.4 mm specimen gage length. Data generated for angular set
tings in the range 0 to +60 arc-min. are shown in Fig (11). These data 
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are typical for angular settings in the range 0 to -60 arc-min. and also 
o to ±150 arc-min •• 

IN-PLAr.E CALIBRATION EXPERIMENTS 

The second stage of the evaluation was performed with the extenso
meter positioned on strain gaged specimens which in turn were installed 
in a tension-torsion test system. This allowed direct comparisons to be 
drawn between strain gage output and extensometer output as the specimens 
were subjected to biaxial loading within the material's elastic range. 
These experiments showed that torsional measurements made using both 
systems exhibited minimum hysteresis and were well behaved on passing 
through zero. As indica'ted in Fig. (12a), the hysteresis exhibited by 
the extensometer was about 6~€ when the specimen was loaded over a tor
sional stress range of 32 mpa. 

Crosstalk was further investigated by subjecting the specimen to 
axial loading and monitoring any resulting change in torsional strain 
output. These experiments confirmed the earlier results in that cross
talk was found to be small. It can be seen in Fig.(12b) that torsional 
strain output changed by about ±6~€ when the specimen was loaded 
axially over the range ±120mpa. 

Finally, attention was directed' at investigating the extensometer's 
performance at elevated temperatures. As already noted, a number of 
features had been incorporated into the design to ensure that the body 
of the device was at or near room temperature during elevated tempera
ture tests. The effectiveness of these measures made it unlikely that 
the instrument's strain transfer characteristics at elevated tempera
tures would be significantly different from those at room temperature. 
Therefore, this stage of the evaluation was limited'to investigating a 
number of electronic characteristics such as signal noise levels and 
signal stability. 

After establishing base-line data at room temperature, signal 
noise levels were recorded under isothermal conditions at 232, 454, 
538, and 650°C. It should be noted that specimen heating was by means 
of a 5kW radio frequency (RF) induction heater and that the heater in
corporated a closed-loop temperature control system. This form of 
heating was found to cause drastic increases in signal noise levels. 
Thus, it was necessary to filter the signals from the extensometer to 
avoid problems with test system control. A variety of active and pas
sive filtering systems were tried with mixed results. The best compro
mise was found to be obtained using passive filters with time constants 
of about 0.5 seconds. Typical strain signals recorded over 200 second 
time intervals after installing such filters are shown in Fig. (13). Be
havior over this time interval was of particular interest as it approxi
mates the time required for individual loading probes in multiax1al defor
mation experiments. Recordings of this type were also made over 24 hour 
periods to establish the influence of laboratory environment on signal 
stability. 
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EXPERIMENTS INVESTIGATING STRESS RELA~ATION BEHAVIOR UNDER CYCLIC 
TORSIONAL LOADING 

On completing the instrument development work, the scope of the in
place calibration experiments was expanded to investigate the feasibil
ity of the generating stress relaxation data under torsional loading. 
By way of background, an attempt had been made to use stress relaxation 
data determined under uniaxial loading to quantify the kinematic state 
variable in the Robinson viscoplastic model (Refs. 10 and 11). However, 
interpretation of the data generated in these experiments was complicated 
by the extreme.sensitivity of uniaxial strain measurements to thermal 
effects. In contrast, torsional strain measurements, as a result of 
being based on specimen rotations, are relatively unaffected by tempera
ture changes and associated thermal expansion. F.or this reason, it was 
anticipated that less than ideal temperature control would not be a 
limiting factor in stress relaxation tests conducted under torsional 
loading. 

TEST EQUIPMENT 

Details of the test equipment are given in Table (1). In summary, 
the tests were performed on an MTS closed loop, e1ectrohydraulic test 
system with provision for tension-torsion loading. The MTS system is 
controlled by a Digital Equipment Corporation PDP 8e computer and an 
Electronic Associates Inc. TR-10 Analog Computer. The type of specimen 
used is shown in Fig. (14). After fabrication, the specimen was solu
tion annealed and postwe1d heat treated. Details of these heat treat
ments are given in Table (2) along with other information regarding the 
the particular heat of material tested. 

Prior to installation in the test system, the specimen was instru
mented with four rectangular strain gage rosettes and seven chromel! 
alumel thermocouples. The strain gages were used to minimize bending 
during specimen installation and also to check out the performance of 
the biaxial extensometer at room temperature. Specimen heating was by 
means of a 5kW RF induction heater. The geometry of the heater load coil 
was designed to give a temperature profile within ±5°C of the nominal 
test temperature over a 25 mm gage length. The outputs from six of the 
chromel/alumel thermocouples were used to achieve this condition while 
the seventh was used for temperature control. The test setup described 
above is shown in Fig.15. Not shown in this figure is the water cooled 
heat shield which is positioned between the specimen and the biaxial 
extensometer during tests. This heat shield, in conjunction with those 
mounted on the sensors, prevents heating of the instrument by radiation. 

PRELIMINARY EXPERIMENTS 

At the start of this investigation, well established procedures 
were followed to ensure that the loading system and the various measure
ment systems were functioning properly. This preliminary work was aimed 
at ensuring the following: 
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1. The specimen was installed in the test system such that bending 
strains were within ±5% of the average strain. 

2. The foil strain gage measurement system was functioning properly. 
3. The biaxial extensometer was installed and functioning properly. 
4. The temperature profile over a 25mm gage length was within ±5°C of 

the nominal test temperature. 
The various procedures adopted to achieve these conditions are summarized 
in Table (3) along with the results obtained in the present experiment. 
As indicated in this table, the required conditions were met with one 
exception. This was that the best temperature profile that could be 
obtained was 538±20°C. 

EXPERIMENTAL PROCEDURES 

The experimental procedures used to investigate stress relaxation 
behavior under cyclic torsional loading were based in part on those 
used earlier in uniaxial experiments (Ref. 10). First, the specimen was 
cycled over a tensorial shear strain range of 0.56% using a ramp waveform 
and a nominal strain rate of 600~£/min. The required fully cyclically 
hardened condition was achieved after about ten cycles. 

Stress relaxation experiments were then conducted from five starting 
locations on the stabalized hysteresis loops (Fig. 16). Details of the 
target values of stress and strain used for computer control are given 
in Table (4). Also shown in this table are the sequences of loading 
followed before and after individual stress relaxation experiments. 
The aim of these loadings was to return the material to the reference 
condition before starting the next experiment. Five stages of loading 
were required in stress relaxation tests conducted from the peak of the 
hysteresis loop while six stages of loading were required in tests 
conducted from other locations (Fig. 17). 

TEST RESULTS 

A typical stress-strain hysteresis loop for material in a fully 
cyclically hardened condition is shown in Fig. (18). Such loops were 
recorded directly using analog outputs from the test system's load cell 
and from the biaxial extensometer. One difficulty indicated in this 
figure is that strain rate was not controlled at the specified value, 
600~£/min., with any degree of precision during the various stages of 
loading. Post-test analysis of the results showed that strain rates 
during elastic straining were as high as 900~£/min. while those during 
inelastic straining were as low as 300~£/min. 

The results of the stress relaxation tests are shown in Fig. (19). 
One feature of the raw data is that a ±1mpa amplitude cycle is super
imposed on the overall stress relaxation response. It was established 
that this cycling resulted from less than ideal control of torsional 
strain during the 0.167hr hold-periods. More specifically, the problem 
was caused by a deadband incorporated in the computer software to allow 
for noise on the signal being controlled. The cycling app~rent in Fig. 
(19) clearly indicates that the size of the dead band selected, ±5~£, 
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was too wide for precise stress relaxation testing. However, as the 
trends in the raw data were w~ll defined, it was possible to construct 
average curves without much difficulty' (Fig. 20); These curves subse
quently were used to establish relationships between initial stress rate 
and starting stress on the hY5tef~sis lpop. The results of this analy
sis are shown in Fig. (21). 

THEORETICAL CONSIDERATIONS: COMPARISON ;OF EXPERIMENT AND THEORY 

As the results of the exploratory tests were reasonable consistent, 
it was possible to proceed to the final stage of the investigation. 
This involved use of the ORNL viscoplastic constititutive model to pre
dict material response under conditions approximating those of the ex
per;ments. Because of the lack of mult;ax;al test data for 2-1/4 Cr
IMo steel at elevated temperatures, the constants in this model were 
determined through uniaxial testing only. Thus, it was of considerable 
interest to determine how closely the model would predict behavior under 
other forms of loading, in this case simple shear. 

THE VISCOPLASTIC CONSTITUTIVE EQUATIONS 

An isothermal statement of the ORNL viscoplastic constitutive model 
is as foll ows: 
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Here, Eij denotes the components of inelastic strain rate, K and aij are 
state variables and ~, n, m, B, Rand H are material constants. Values of 
the constants for 2-1/4 Cr-1Mo steel at 538°C are as follows: 

~ = 3.6- x 107 

n = 4.0 

t3 = 0.75 

m = 3.87 

R = 8.97 x 10-8 

H = 9.92 x 103 
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These values are consistent with the units of Ksi for stress. in/in for 
strain and time in hours. The scalar state variable. K. is taken to be con
stant for material in a fully cyclically hardened condition. The value of 
K used in the following analysis, 0.82, resulted from isothermal. uniaxial 
testing as did the other values listed above. 

As indicated in equations (6) through (9). the stress dependence in this 
model enters through the second principal invariants of the applied stress 
and the internal stress. This infers that the material is initially isotro
pic and that it behaves independently of the third principal invariants. The 
validity of the latter assumption is examined later in the paper in light of 
the experimental results. 

c 
12 

. 
s 

REDUCTION TO PURE SHEAR: COMPARISON OF PREDICTED AND EXPERIMENTAL RESULTS 

In the case of simple shear, the equations (1) through (9) reduce to 
the fo 11 owi ng: 
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Here, Ejj is the tensorial component of inelastic shear strain rate, T is 
the applled shear stress, and s is the shear component of the state vari
ab 1 e ai j. 

248 



The above equations were used to predict saturated stress-strain 
hysteresis loops under conditions approximating those of the experiments 
(Fig. 18). To avoid undue complication, the prediction shown in this 
figure was made assuming a single strain rate, 900~E/min., applied for 
the entire cycle. These equations were also used to predict stress 
relaxation behavior from various starting points on the hysteresis loops 
(Fig. 20). It should be noted that the model has no provision for pre
dicting the "reversed" stress relaxation observed from points 3, 4, and 
5. The horizontal lines constructed through these pOints are shown to 
emphasize the reversal of the experimental data. 

DISCUSSION 

In discussing the results of theis investigation, consideration is 
given first to the performance of the biaxial extensometer. Of particu
lar interest here are the characteristics important in high precision, 
probing type experiments. These include linearity, crosstalk, mechani
cal hysteresis, resolution and stability. This is followed by some 
general discussion on problems associated with traditional methods for 
investigating time dependent material behavior at elevated temperatures. 
Possible advantages resulting from the use of torsional loading are out
lined and the results of some preliminary experiments are discussed in 
light of predictions made using the viscoplastic constitutive model. 
Finally, methods are discussed for quantifying the internal state vari
able and the constants in this model. 

PERFORMANCE OF THE BIAXIAL EXTENSOMETER 

One basic requirement for any strain measurement system is that 
its output should be linear over the full range of interest. As indica
ted in Fig. (7), the kinematic analysis performed during the preliminary 
design stage showed that this goal theoretically was attainable with 
the present design. This result subsequently was confirmed in bench cal
ibration experiments conducted over angular ranges of ±60 and ±150 arc
min.. The data generated for the smaller range are shown for purpose of 
illustration in Fig. (10). The importance of this result is that the 
relationship between specimen strain and voltage output from the 
instrument is known with certainty even though conditions at the start of 
tests may not be well defined. This situation can arise, for example, 
as a result of less than ideal instrument installation or thermal expan
sion of the specimen. Provided the instrument's calibration is linear, 
voltages resulting from these effects can simply be nulled out prior to 
testing without compromising the accuracy of subsequent measurements. 

Another important result shown in Fig. (10) is that the calibration 
data are repeatable for successive installations. ,This lent confidence 
to the assumption that calibrations performed on the bench would still 
apply when the instrument was installed on a specimen. Further confi
dence in this approach was obtained when strains measured using the bi
axial extensometer were compared to those measured using foil strain 
gages. The results obtained using the two strain measurement systems 
were usually within 2% of each other. 
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As already noted, one problem peculiar to biaxial and multiaxial ex
periments is that interaction or crosstalk can occur between the various 
forms of loading and straining. This problem is particularly limiting 
in experiments involving small changes of inelastic strain or inelastic 
strain rate. The meaning of such experiments is lost if, for example, 
loading in the axial sense produces apparent torsional strains and vice 
versa. Also, crosstalk of this type clearly precludes any meaningful 
investigation of normality. This problem was approached in two ways 
during the design and development of the subject extensometer. First, 
crosstalk was recognized as being a problem from the outset and measures 
were taken to minimize its effect during the design stage. Second, in 
tests requiring extreme precision, techniques were developed to computer 
correct for crosstalk effects. 

The effectiveness of the self-correcting feature designed into the 
instrument can be'judged by the data shown in Fig. (11). Here, it can 
be seen that axial strains over the range ±50,OOO ~£ caused tensorial 
shear strain measurements to change by less than 30 ~£. A similar result 
is shown in Fig. (12b). In this case, loading a specimen over a ±125 MPa 
axial stress range caused measurements of shear strain to change by less 
than ±6 ~£. The linear relationship shown in this figure subsequently 
was used to computer correct for crosstalk effects in yield surface deter
minations conducted on 2-1/4 CR-1Mo steel at 20°C (Ref. 12). In these 
experiments, axial and torsional stresses and strains are sampled at 1 se
cond intervals. Thus, for a known axial stress, the corresponding value 
of apparent torsional strain was computed using the expression ~£12 = 
0.05 all and used to correct the measured value. A similar approach was 
used in these biaxial experiments to correct the measured values of axial 
strain. In this case, the analytical representation of crosstalk was 
~£11 = 0.29 012, where ~£11 and 012 have units of microstrain and MPa. 
Such corrections were found to be a prerequisite for the successful 
definition of small offset (25 ~£) yield surfaces using the biaxial ex
tensometer • 

A further requirement in high-precision, probing type experiments is 
that the strain measurement system should not exhibit significant mechan
ical hysteresis. This is because differences in response between loading 
and unloading can provide a useful measure of change of material state. 
Clearly, any mechanical hysteresis in the instrumentation will complicate 
interpretations of this type. The need to minimize hysteresis influenced 
the design of the biaxial extensometer in two ways. First, flexural 
pivots were used in the lever-arms to act as bearings. These pivots, by 
utilizing sets of flat cross flexures, allow rotation between components 
without any associated rolling friction or backlash. Second, careful 
consideration was given to the method of mounting the instrument on spec
imens. The aim here was to avoid techniques which might lead to diffi
culties when the direction of loading is reversed or when loading passes 
through zero. The approach adopted was to use pairs of ceramic probes 
which grip the specimen by means of friction at three locations (Fig.2). 
The surfaces in contact with the specimen are flat resulting in line 
contact over 2.5mm lengths at each of the three locations. As indicated 
previously, preload springs are used to provide the frictional force 
necessary to prevent slippage. 

The data shown in Fig. (12a) illustrate the effectiveness of these 
measures. These data were obtained by cycling a specimen over a 32 MPa 
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torsi anal stress range and recordi ng the correspondi ng strai n outputs froln· 
foil strain gages and the muJtiaxial extensometer. It was found that the 
extensometer exhibited only slightly more hysteresis than the strain gages 
the width of the hysteresis loop at zero load ·being about 6lJE. Also, the 
output from ·the extensometer was found·to be well behaved when the direc
tion of loading was reversed and when loading passed through zero. 

High resolution is another important requirement for strain measure
ment systems supporting development of viscoplastic constitutive models. 
This characteristic plays a key role in experiments investigating behav
ior under multi axial stress states. In these experiments, attempts are 
made to investigate inelastic response while maintaining the material in 
an unchanged state. This conflicting requirement can be·approximated in 
probing type experiments in which very small changes in inelastic strain 
or inelastic strain rate are used as mea~ures of inelastic response. 
Clearly, strain measurement systems used for this work must be· capable of 
detecting these small changes which in practice requires near-microstrain 
.resolution. 

One feature of extensometers is that mechanical gain can be used to 
obtain high resolution. The kinematic analysis performed during the pre
liminary design stage showed that suitably designed lever-arm assemblies 
can provide significant mechanical magnification of specimen rotations. 
It was established that most magnificat-ion could be obtained by maximizing 
the length of lever BC and minimizing the length of lever CD (Fig. 3). 
Further gain was obtained by summing the rotations of the two lever-arm 
assemblies associated with a particular sensor. With the geometry used in 
the present experiments, one degree of specimen rotation produces a summed 
output of about 4 degrees at the attachment locations of the RVDTs. This 
meant that only modest amounts nf electronic gain, x 100, were needed to 
calibrate the instrumentation such that ±3,OOO lJE = ±lO volts. Using 
this arrangement, the ability to detect voltage changes of the order of 
of 3mV would theoretically give the required microstrain resolution. 

In practice, however, the resolution of strain measurment systems are 
usually limited by electrical noise. This is particularly the case in 
elevated temperature tests where the heating system and the temperature 
control system can add to the problem. As previously noted, passive fil
ters were used to minimize this difficulty. It can be seen in Fig.(13) 
that even after filtering, noise levels at 650°C are a factor of at least 
five greater than those at room temperature. Based on these results, it 
appeared that the aim of developing an instrument with near-microstrain 
resolution had been achieved in the case of tests conducted at room tem
perature. In the case of elevated temperature tests, the resolution was 
about 5 lJE. 

Regarding signal stability, considerable effort was needed to achieve 
the results shown in Fig.(13). First, it was found necessary to control 
the laboratory air temperature to within ±loC. Further, in experiments 
requiring extreme precision, it was necessary to isolate the specimen, 
extensometer, and load frame from laboratory air currents. This was a
chieved by constructing an enclosure around the load frame and the ancil
lary equipment. Under these conditions, the strain signals from the ex
tensometer exhibited negligible drift once thermal equilibrium had been 
established. It should be noted that the time periods investigated were 
relatively short, 24 hours and less. Such periods were consistent with 
early experiments which were short-term and exploratory in nature. 
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INVESTIGATION OF TIME DEPENDENT MATERIAL RESPONSE AT ELEVATED 
TEMPERATURES 

Having developed instrumentation allowing precise biaxial strain 
measurement, the next problem addressed was how best to use this capa
bility for investigating time dependent behavior at elevated tempera
tures. The two experimental approaches traditionally used for this pur
pose are the monotonic creep test and the stress relaxation test. Based 
on experience gained in previous uniaxial test programs, the preferred 
test method for the present experiments was the stress relaxation test 
and the preferred type of loading was pure torsion. Some background 
regarding thes.e choices is given in the following. 

One characteristic of creep data determined on test machines using 
dead weight loading is that the data usually exhibit considerable 
scatter (Ref. 13). Possible reasons for the var.iabi1ity include less 
than adequate control of conditions during initial loading and the test 
method's extreme sensitivity to errors in load and temperature. Also, 
difficulties arise as a result of the simple forms of extensometry used 
in the majority of these experi ments.· Poor dynami c response can resul t 
in unreliable strain measurements during the early stages of tests and 
less than adequate stability can result in errors in long term tests. 
Thus, although tests leading to steady state creep rates might appear 
advantageous from the modeling viewpoint, the associated experimental 
difficulties raise serious questions regarding the value of this test 
method in supporting constitutive equation development. 

In contrast, the accuracy of stress relaxation data generated using 
closed-loop, electrohydraulic test systems appears less susceptable to 
experimental difficulties. Since these experiments are conducted under 
strain control, the magnitudes of both strain and strain rate are known 
with certainty during initial loading. Further, since total strain is 
simply held constant during the critical stage of the experiment, less 
demanding requirements are placed on the strain measurement system. One 
important advantage here is that the dynamic characteristics of load 
cell are limiting in detecting high inelastic strain rates rather than 
those of the extensometer. This is an advantage since load cells can 
detect dynamic events as rapid as 100in/in/sec. Also, since stress re
laxation experiments are relatively short-term, unrealistic demands are 
not placed on the stability of the instrumentation. Another advantage 
of conducting these experiments on closed-loop, electrohydraulic test 
systems is that the material can be cycled over a known strain range be
tween st ress re 1 axat ion experi ments and retu rned .to a known reference 
condition. This approach allows a number of experiments to be conducted 
on a single specimen (Ref. 10). 

Unfortunately, unless conducted with extreme care (Ref. 14), the 
stress relaxation test is not entirely free from experimental difficul
ties. One such difficulty is that the test method is extremely sensi
tive to temperature fluctuations when conducted under uniaxial loading. 
To illustrate, in tests conducted on 2-1/4CR-Mo steel at 538°C, a ±5°C 
or ±1% variation in specimen temperature causes stress to change by 
about ±10MPa. As can be seen in Fig. (19), stress variations of this 
magnitude will compJetely mask stress relaxation response in this mater
ial. It follows that both specimen temperature and laboratory tempera
ture have to be controlled within very close limits if the production 
of misleading data is to be avoided. 
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A related difficulty arises in experiments in which radio frequency 
induction heaters are used to test ferritic steels. In these experi
ments, coupling can occur between specimen loading and specimen heating 
as a result of the magnetomechanical effect (Ref. 15). By way of ex
planation, the heat dissipated in inductively heated ferritic steels is 
a function of the material's ferromagnetic permeability. Also, it has 
been demonstrated that the permeability of these materials is a function 
of mechanical straining. Since specimen temperature typically is con
trolled by means of a single thermocouple located at a point on the 
specimen surface, straining an inductively heated specimen causes tem
perature to change at other locations in the specimen. The net result 
is that the temperature in the specimen gage length is not in a stabil
ized condition prior to conducting the stress relaxation test. As indi
cated above, the resulting temperature changes, occurring, say over a 
25mm gage length, can invalidate the results of subsequent stress relax
ation experiments. 

One solution to these difficulties is to use an alternative form of 
loading. As noted earlier, torsional strain measurements are based on 
specimen rotations which theoretically are unaffected by temperature 
changes and associated thermal expansion of the specimen. This can be 
seen by inspection of the expression for torsional strain shown in 
Fig. (7). Also, the design of the biaxial extensometer is such that 
torsi onal measurements are insensitive to changes in 1 aboratory tempera
ture. This is because the symmetry of the instrument causes thermal 
effects to be self cancelling. In summary, therefore, it appeared that 
many of the difficulties experienced in previous uniaxial test programs 
would not be a factor in stress relaxation tests conducted under purely 
torsional loading. The exploratory tests described in the following 
were conducted to examine the feasibility of this approach. 

The success of these experiments can be judged by the data shown in 
Figs. (18) through (21). Considering first the data shown in Fig. (18), 
no difficulty was experienced with the biaxial extensometer in cycling 
the specimen over a shear strain range of 0.56%. As in earlier experi
ments conducted at room temperature, no problems were experienced when 
the direction of loading was reversed or when loading passed through 
zero. Also, the extensometer exhibited no tendency to "walk" on the 
specimen with repeated cycling. The one difficulty which did occur 
during this stage of the experiment was that the nominal value of strain 
rate, 600pe/min., was not maintained constant within reasonable li~its. 
This resulted from a problem with the computer control and was not rela
ted to·the instrumentation being used. 

The data shown in Figs. (19) and (20) demonstrated that the biaxial 
extensometer had sufficient stability and ~esolution to allow stress re
laxation behavior to be investigated under purely torsional loading. 
Perhaps the most striking feature of the data shown in these figures is 
that the sense of the relaxation process reverses at a stress value of 
about 45 MPa. To illustrate, in the experiments conducted from starting 
stresses of 87 and 69 MPa, stress dropped by 21 and 9 MPa during the 600 
second hold-periods. In contrast, stress increased during the hold
period in the other three experiments. For example, in the experiment 
conducted from a starting stress of 0 MPa, stress increased by about 
7 MPa. This result confirms trends observed in earlier programs conduc
ted on 2-1/4CR-Mo steel under uniaxial loading (Ref.10). As will be 

253 



discussed later, use will be made of this characteristic of the data to 
quantify the kinematic state variable in the viscoplastic constitutive 
model under consideration. 

One apparent disadvantage of the experimental approach described 
above is that the magnitude of the stress changes occurring during the 
relaxation process are relatively small. If, however, consideration is 
given to the rate of change of stress, then the relaxation data shown in 
Figs. (19) and (20) can be shown to vary over several orders of magni
tude. This is illustrated in Fig. (21) for the case of the initial 
stress relaxation rate. Whereas the stress changes occurring during 
relaxation fall within a ±20MPa range, the initial stress rates for the 
same data can be seen to cover a ±1000 MPa/h range on average. It is 
reemphasized that these rates were measured using the test system's load 
cell. Bearing in mind the reliability of load cells, it was possible to 
place a high degree of confidence on the accuracy of these data. 

Regarding the temperature insensitivity of the torsional strain 
measurements, no direct evidence has been presented thus far supporting 
this claim. Such evidence was obtained on completing the series of 
stress relaxation tests when the specimen was cooled from 538°C to room 
temperature. It was established that torsional strain output changed by 
less than 40~E during this process. In comparison, the thermal contrac
tion associated with this cooling would have resulted in apparent axial 
strains of the order of 8000~£. Based on these values, use of torsional 
loading reduced temperature sensitivity by at least two orders of magni
tude. 

In related activity, the magnetomechanical effect was shown not to 
be a factor in these experiments. In a series of exploratory tests 
conducted at 538°C, the specimen was loaded within its elastic range to 
a torsional stress of 45 MPa and held constant at this value for about 
600 seconds. Both torsional stress and torsional strain were monitored 
during this period to investigate the stability of the signals. It was 
found that both signals 'remained constant within the limits of accuracy 
of the measurement system during the hold-period. Thus, if any thermal 
readjustments were occurring in the specimen as a result of the loading, 
the torsional strain measurement was totally unaffected by them. As 
stated earlier, this insensitivity to thermal effects is viewed as being 
an important advantage of torsional loading since it eliminates a major 
source of uncertainty. ' 

COMPARISON OF PREDICTIONS WITH EXPERIMENTAL RESULTS AND DETERMINATION 
OF THE INTERNAL STATE VARIABLE 

As noted earlier, it was of considerable interest to compare the 
data generated in the cyclic relaxation experiments to predictions made 
using the v;scoplast;c constitutive model. This was because this model 
was developed before the present results were available and also because 
the formulation of the model was based entirely on uniaxial test data. 
Thus, the results of the present experiments provided a totally inde
pendent check of the predictive capability of the model for a more 
fundamental form of loading, pure shear. 
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First, equations (10) through (13) were used to predict the stabal
ized hysteresis loop for conditions approximating those of the experi
ments. As indicated .in Fig. (18), the theoretical and experimental 
results were found to be in reasonable agreement considering that the 
experimental values of temperature and strain rate varied from the 
nominal test values. Although falling short of a proof of the adequacy 
of the "J2" asssumption made in the theo~, this comparison does provide 
some measure of its validity under the present conditions. 

Equations (10) through (13) were also used to predict stress relax
ation response from two ~f the starting locations on the stabilized hys
teresis loop. These locations correspond to stress values of 87 MPa and 
69 MPa. As indicated in Fig. (20), the predicted and the experimental 
data agree reasonably well. One feature of these data is that the vis
coplastic model somewhat underpredicts the relaxation occurring in 600 
seconds. It was not possible to make predictions of the curves from the 
other three starting locations as there is no provision in the model ~or 
predicting reversed stress relaxation. . 

One basic requirement for viscoplastic constitutive models incor
porating internal state variables is that it should be possible to 
determine the current value of the state variable through simple phenom
enological testing. The type of experiment described earlier, the 
stress-dip-test, can be used for this purpose. The particular value of 
starting stress, 012 = T* at which the initial stress relaxation rate is 
zero can be obtained from equation (12) as follows: 

giving in SI units 

F = (T* - s)2 _ 1 = 0 
0.67 

T* - S = 5.6 MPa 

(14) 

(15) 

An experimental value of T* was determined from Fig. (21) to be 45 MPa. 
By substituting this value into equation (15) and solving for s, the 
value of the internal state variable was found to be 39.4 MPa. This 
value applies along the unloading side of the hysteresis loop, i.e., for 
the points 1 through 6 in Fig. (16)/for material in a fully cyclically 
hardened condition at a temperature of 538°C. 

It is of interest to note that the data generated in the stress
dip-test can also be used to determine the constants in the flow law. 
As indicated above, the internal state variable, s, is constant along 
the unloaded portion of the hysteresis loop. It follows that bo~h 012 
and s are known at the start of each of the relaxation experiments. 
Further, the inelastic strain rates can be obtained for the start of the 
experiments using the expression, 

(16) 

• 
where 012 is measured directly and G is the shear mOdulus. 
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In the case where the material constants are unknown, the flow law is 
written, 

(17) 

The unknown constants, A and n, can be determined since " sand E12 
are known for a number of points. Optimized values of the constants 
can be determined by conducting a series of these experiments. 

CONCLUSIONS 

The following conclusions were drawn regarding the performance of 
the instrumentation, the practicality of the experimental approach 
proposed in this study, and the predictive capability of the Robinson 
viscoplastic constitutive model. 
1. The ORNL biaxial extensometer gave excellent results when used to 

measure torsional strains at room and elevated temperatures. The 
instruhlent's output was linear over the strain range of interest, 
~E12 = 0.56%, and exhibited minimum crosstalk and hysteresis. 

2. The torsional strain ou~put of the biaxial extensometer was found to 
be insensitive to temperature changes in the specimen. This indica
ted that torsional loading can he used to advantage in generating 
stress relaxation data. 

3. Theoretical predictions made using the Robinson v1scoplastic con
stitutive model were in reasonable agreement with the experimental 
results obtained in this study. 

4. The experiments conducted under torsional loading confirmed that 
kinematic state variables can be quantified by investigating stress 
relaxation behavior at various locations around stabalized stress
strain hysteresis loops. 

REFERENCES 

1. Robinson, D.N., Pugh, C.E., and Corum, J.M., "Constitutive Equations for 
Describing High-Temperature Inelastic 8ehavior of Structural Alloys," 
Proc. of Specialists Meeting on High-temperature Structural Design Tech
nology of LMFBRS, IAEA Report IWGFR/11, pp. 44-57 (April 1976). 

2. liu, K.C., "Room Temperature Elastic-Plastic Response of Thin-Walled 
Tubes Subjected to Nonradial Combinations of Axial and Torsional Load
ings," Pressure Vessels and Piping: Verification and Qualjfication of 
Inelastic Analysis Computer Programs, ASME Publication G00088, pp. 1-12, 
Tf975}. 

3. Liu, K.C., and Greenstreet, W.L., "Experimental Studies to Examine Elas
tic-Plastic Behavior of Metal Alloys Used in Nuclear Structures," 
Constitutive Equations in Viscoplasticity: Com~utational and En1ineer~ 
Aspects, ASME Publication AMD-Vol. 20, pp. 25- 6 {December 1976 • 

256 



4. Ellis~ J.R.,. Robinson, D.N., and Pugh, C.E., "Behavior of Annealed Type 
316 Stainless Steel Under Monotonic and Cyclic Biaxial Loading at Room 
Temperature," Nuclear Engineering and Design 41, pp. 115-123 (1978). 

5. Ellis, J.R., Robinson~ D.N., and Pugh, C.E., "Time Dependence in Biaxial 
Yield at Room Temperature," Journal of En ineerin Materials and Tech
nology, Vol. 105, pp. 250-256 ctober 1983 • 

6. Robinson, D.N., itA Unified Creep-Plasticity Model for Structural t~etals 
at High Temperature," ORNl/TM 5969, Nov. 1978. 

1. Robinson, D.N., and Swindeman, R.W., "Unified Creep-Plasticity Consti
tutive Equations for 2-1/4 CR-1 Mo Steel at Elevated Temperature, II ORNL/ 
TM-8444, October 1982. 

8. Slot, T., Stentz, R.H., and Berling, J.T., "Controlled-Strain Test Pro
cedures," Manual on Low-Cycle Fatigue Testin~, ASTM STP 465, American 
Society for Testing and Materials, pp. 100-1 8 {1969}. 

9. Troeger, H., "Considerations in the Application of Flexural Pivots," 
Automatic Control, Vol. 11, No.4, pp. 41-46 (November 1962). 

10. Swindeman, R.W., Robinson, D.N., "Experimental Methods to Determine the 
Kinematic State Variable in 2 1/4 CR-1 Mo Steel at High Temperature," 
ORNL-5776 (July 1981). 

11. Swindeman, R.W., Williams, B.C., and Robinson, D.N., IIEvaluation of the 
Mechanical Behavior of Vacuum Arc Remelted 2 1/4 CR-l Mo Steel in Sup
port of Constitutive Equation Development,lI Oak Ridge National Labora
tory Report, ORNL/TM-8402 (December 1982). 

12. Ellis, J.R., "Multiaxial Exploratory Testing," High-Temperature Struc
tural Design Progress Report, Oak Ridge National Laboratory Report, 
ORNl-5930, pp. 7-23 (June 1982). 

13. McAffee, W.J., and Sartory, W.K., "Materials Heat-to-Heat Variability 
Study: Part 1 - Compilation and Analysis of Data," Oak Ridge National 
Laboratory Report, ORNL-5604 .(November 1980). 

14. Hart, E.W., et al., "Phenomenological Theory: A Guide to Constitutive 
Relations and Fundamental Deformation Properties," Constitutitve 
Eguations in Plasticity, Edited by A.S. Argon, MIT Press (1975). 

15. Jones, W.B., "Influence of the Magnetomechanical Effect in Testing 
Inductively Heated Ferr1tic Steel,lI Sandia Laboratories Report, Sand 
82-0752 (May 1982). 

257 



Table (1) DETAILS OF TEST EQUIPMENT 

r---. 

Loading System MTS Tension-Torsion Test System with ±200kN 
axial capacity and ±2000N - m torsional capacity. 

Computer Digital Equipment Corporation PDP 8e Computer in 
Control conjunction with an Electronics Associates Inc. 

TR-10 Analog Computer. 

Software ORNl enhanced version of FOCAL. 

Specimen Thin walled tubular design, the parallel section 
Type being 64mm long and the inside and outside dia-

meters being 23.5mm and 26.04mm, respectively. 

Specimen 5kW radio frequency induction heater with closed. 
Heating loop temperature control. 

Details of the work coil are as follows: 84mm 
overall length; 48mm 10; 32mm spacing between the 
4 turn windings; and manufactured from 5mm 00 
copper tubing. 

Specimen 4 foi 1 rectangular strain gage rosettes in full 
Instrumentation bridge circuit for torsional measurement and ha1f-

bri dge circuit for axial measurements. The two 
bridge circuits were set up using shunt calibration 
procedures so that 3000~e = 10 V. 
7 intrinsic chrome1/alume1 thermocouples located 
over the 25mm gage length. 

i 
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Materi al s 

Detail s 

Heat 

Treatment 

Detail s 

Mi crostructural 

Characteristics 

Table '(2) DETAILS OF THE MATERIAL TESTING 

Vacuum arc remelted'2.25Cr-1Mo Steel, 

Cameron Iron Works ~eat 56448, 
50 mm-o.d. Bar Form 

Solution anneal 

Heat to 927~, hold for 60 min; cool at rate not 
exceeding 1°C/min. to 316°C; and air cool to room 
temperature. 

Postweld heat treatment 

Heat to 727°C, hold for 40 hr.; cool to 427°C at 
1°C/min; and air cool to room temperature. 

Note: These heat treatments were performed under 
vacuum on fininsh-machined specimens. 

Equiaxed with grain size in the range 5-6 ASTM units 

Microhardness values in the range 110-125 (DPH) 

Microstructure consists of ferrite with globular 
M23C6 carbides and, carbide. 
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Table (3) RESULTS OF THE PRELIMINARY EXPERIMENTS 

Experimental Method Adopted Results 
Stage 

Target Value 
Value Obtained 

1. Sped men Special purpose fixturing was used 0.05 mm 0.05 mm 
Installation to get the specimen parallel and TIRa TIR 

concentric with the acutator rod 

Bending was minimized by successive- within ±3% of 
ly shimming the load train, loading ±5% of average 
the specimen in compression, and average 
measuring the resulting strain dis-
tri buti on. 

2. Checkout of Measurements of torsional stress and G=l1 72 G=11 67 
the strai n gage strain were made while the specimen x 106ps; x 106ps ; 
measurement was loaded within its elastic range. 
system. A value of shear modulus was then 

determ;ned~nd compared to a hand-
book value. 

3. Checkout of Measurements of torsional stress and G=11.67 G=11.79 
the biaxialex- torsional strain were.made while the x 106ps i x 106psi 
tensometer at specimen was loaded within its elas-
room tempera- tic range. A value of shear modulus 
ture was then determined and compared to 

the value obtained using foil strain 
gages. 

4. Tuning the Adjustments were made to the load 538±5°C 538±20°C 
heating system coil of the induction heater until 

the required profile was obtained 
over the 25mm gage length. The 
outputs from six chromel/alumel 
termocouples were used to achieve 
this condition. 

a. Total indicator reading b. Nuclear Systems Material Handbook, Vol. (1) 
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TABLE (4) LOADING SEQUENCES USED TO INVESTIGATE STRESS RELAXATION 

BEHAVIOR UNDER CYCLIC TORSIONAL LOADING 

LOADING TARGET 
EXPERIMENT LOADING TENSORIAL HOLD-PERIOD 

NUMBER SEQUENCE SHEAR TORSIONAL (h) 
STRAIN STRESS 

(lie) (MPa) 

1 2800 0 
2 -2800 0 

1 and 2 3 2800 0.167 
4 - 500 0 
5 0 0 

-
1 2800 0 
2 -2800 0 

3 3 2800 0 
4 0 0.167 
5 - 500 0 
6 0 0 

1 2800 0 
2 -2800 0 

4 3 2800 0 
4 41.37 0.167 
5 - 500 0 
6 0 0 

1 2800 0 
2 -2800 0 

5 3 2800 0 
4 20.69 0.167 
5 - 500 0 
6 0 0 

1 2800 0 
2 -2800 0 

6 3 2800 0 
4 68.95 0.167 
5 - 500 0 
6 0 0 

261 



A 
SPEC IMEN--

CERAMIC / 

PROBES J-- - I 
I 

L HINGE 

(a) 

, TOP SENSOR 
A \ 

\ E 
\ 
\ 

D 9 

H 
- \ , 

'- BOTTOM SENSOR 
K 

(b) L.. 

(a) Sensor pos1t1oned on spec1men. 
(b) Use of two sensors for multiaxial measurements. 

Figure 1. - Bas1c approach. 

Figure 2. - Sensor assembly. 
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SIGN CONV[NTION 
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ROTATION ABOUT A 
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Figure 6. - Method of transmitting specimen rotation to fixed points on the 
support structure. 
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Figure 1. - Results of a kinemat~c analysis of the lever-arm assemblies. 
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F1gure 10. - Tors1onal ca11brat1on data for top and bottom sensors. (For a 
25 mm-o.d. spec1men and a 25 mm gage length. a relat1ve rotat1on of ±60 arc 
m1n between top and bottom sensors is equivalent to a tensorial shear strain 
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Figure 11. - Change 1n tensor1al shear stra1n result1ng from superimposit1on 
of axial d1splacement. 
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F1gure 12. - Results of 1n-place tors10nal ca11brat10n exper1ments performed 
at 20°C. (The nominal ca11brat1on for all stra1n measurement systems was 
3000 P& = 10 V.) 
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F1gure 13. - Stab111ty of tors10nal stra1n s1gnals at 20 and 250°C. 
(A pass1ve f11ter1ng system w1th a 0.5 second t1me constant was used 1n 
obta1n1ng the s1gnals shown.) 
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Figure 20. - Comparison of experimental 
and predicted stress relaxation 
behavior. 
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A COMPARISON OF SMOOTH SPECIMEN 

AND ANALYTICAL SIMULATION TECHNIQUES 

FOR NOTCHED MEMBERS AT ELEVATED TEMPERATURES 

John F. Martin 
Department of Metallurgy, Mechanics, and Materials Science 

Michigan State University 
East Lansing, Michigan 48824-1226 

Experimental s'train measurements hav~ been made at the highly strained 
regions on notched plate specimens that were made of Hastelloy X. Tests were 
performed at temperatures up to l,600·F. Variable load patterns were chosen 
so as to produce plastic and creep strains. Were appropriate, notch root 
stresses were experimentally estimated by subjecting a smooth specimen to the 
measured notch root strains. The results of three analysis techniques are 
presented and compared to the experimental data. The most accurate results 
were obtained from an analysis procedure that used a smooth specimen and the 
Neuber relation to simulate the notch root stress-strain response. When a 
generalized constitutive relation was used with the Neuber relation, good 
results were also obtained. however, these results were not as accurate as 
those obtained when the smooth specimen was used directly. Finally, a general 
finite element program, ANYSIS. was used which resulted in acceptable 
solutions, but, these were the least accurate predictions. 

INTRODUCTION 

A variety of methods are available for the analysis of structures and 
components that are subjected to variable loads that result in inelastic 
strains. These analysis techniques usually can accommodate inelastic strains 
produced by both time-dependent creep and time-independent plastic strain. 
The finite element method is perhaps the most popular technique for these 
problems. However, other methods exist that show potential for much more 
economical analyses. 

Regardless of the analysis procedure employed, an accurate set of 
constitutive relationships are required. If the uniaxial stress-strain 
response of the material is not adequately described, an analysis of any notch 
geomtry will not be successful. Also, with all the possible variables 
associated with elevated temperature cyclic behavior. it is necessary to 
experimentally verify any analysis technique on simple notched laboratory 
specimens before attempting to analyze a complicated component such as a gas 
turbine engine. 

Experimental data on smooth speCimens and center notched plates have been 
generated. Smooth specimen data were generated at 70·, 1,200· and 1,600·F. 
Notched specimen data include temperatures of 70·, 1,200· and l,SSO·F. All of 
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these data were generated for the purpose of establishing experimental 
evaluation criteria for constitutive models of time-dependent cyclic 
plasticity. 

For comparison purposes. three analysis techniques were compared to some 
of these data. References 1-3 describe the analysis techniques and 
experimental procedures in detail. This paper presents a short summary of the 
three techniques and several examples of e);perimental versus analysis 
predictions. 

MATERIAL. SPECIMENS AND EXPERIMENTAL TECHNIQUE 

All tests were performed on specimens machined from Hastelloy X, a 
nickel-based superalloy used in components requiring oxidation resistance. 
Smooth specimens used for room temperature testing were machined with straight 
gage sections; specimens tested at elevated temperatures contained hour glass 
shaped gaged sections. For these high temperatures tests, diametral strain 
and axial stress were converted to axial strain. Elevated temperatures were 
produced with an induction furnace. 

Notch specimen data that are presented in this paper were produced on 
thin plates with a,notch located at the center of the plate. This notch was a 
circular hole with a theoretical stress concentration factor of 2.37 based on 
net section nominal stress. Notch root strains were determined with an 
interferometric technique that is described in Ref. 1 and 4. With this 
technique, normal strains were measured over very short gage lengths. The 
physical part of the gage consisted of indentations on the flat surface of the 
specimen. These indentations were pyramidal in shape with inclined sides 
tilted 45- to a normal of the surface. The indentations used for this 
experiment were placed 100 microns apart and were 25 microns square. They 
were placed 50 microns from the edge of the notch. 

A He-Ne laser was used to simultaneously illuminate both indentations. 
Due to the coherent and monochromatic nature of this light, two interference 
fringe patterns resulted that were 90- relative to each other and'45- relative 
to the laser light. Movement of the indentations resulted in proportional 
movement of the fringe patterns. Averaging the movement of both fringe 
patterns eliminated rigid body motion. By monitoring the motion of these 
fringe patterns, strain could be determined. The fringe patterns were 
electronically sensed and the analog signal of relative light intensity was 
relayed to a minicomputer system. Final output of this system was an analog 
equivalent of strain that ranged from 0 to 10 volts. 

SMOOTH SPECIMEN SIMULATION 

The most direct approach to determine uniaxial constitutive behavior, is 
to directly control a smooth specimen so as to produce the required stress
strain combination that is dictated by a mechanics analysis of the notch 
geometry. The' Neuber relation is the result of such an analysis that has been 
extensively used for room temperature fatigue life predictions. For cyclic 
loading this relation is written as: 

(l1a)(l1e:) = (K ' )2(l1S)(l1e) 
t 
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where: 60 and 6£ are the notch root stress and strain ranges, respectively; 6S 
and 6e are the remote stress and strain ranges. respectively; and Kt~ is the 
experimentally determined elastic stress concentration factor (the/indicates 
an experimental value as opposed to a calculated value, Kt). 

Equation (1) by itself is indeterminate. Knowing the remote stress or 
strain range leaves three unknowns. For this study it was assumed that smooth 
specimens could be used to supply the needed stress-strain (constitutive 
behavior) at both remote and local regions. Notched specimens were subjected 
to controlled loading rates and peaks. Remote strains were measured with the 
ISG. Smooth specimens were subjected to the same strain patterns that were 
recorded from the ISG (the same strain rate was also maintained). The remote 
stress and strain, versus time plots were multiplied by (k t )2 so that 
(Kt )2(6S)(6e), which is the right side of EQn. (1) can be determined as a 
function of time. A smooth specimen was then controlled so that the 
product of stress and strain, (60)(6£), would follow the pattern predicted by 
the Neuber relation. Eqn. 1. Figures 1 and 2 show the stress-strain behavior 
as predicted by the Neuber relation versus the experimentally determined notch 
root stress-strain simulation. Notch root stresses were simulated by 
subjecting a smooth specimen to the same strains as measured with the ISG. 

Room temperature results are shown in Fig. 1. Four load levels were used 
for this part of the program. 

Level' 

1 

2 

3 

4 

Load (KN) 

±14.0 

±14.S 

±lS.5 

±16.0 

All these data were generated with the material in the stable condition. As 
can be seen, the agreement is excellent. Similar elevated temperatue data at 
l,200·F are shown in Fig. 2. Two load levels are shown. 

Level' 

1 

2 

Load (KN) 

±10.S 

±11.3 

A 100 sec. hold time in both tension and compression was used for the elevated 
temperature tests. At both load levels the direct ISG-stress simulation data 
did not show stress relaxation from the hold periods, whereas the Neuber 
prediction showed a pronounced effect. The actual difference in the general 
trend of the stress-strain response would result in significant errors in the 
peak values, which are often used for damage analyses. 
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MODEL OF UNIAXIAL BEHAVIOR 

The -direct use of smooth specimens for determining constitutive behavior 
is not practical for most design applications. An accurate mathematical model 
of a materials behavior that can be used with mechanics analyses would be 
beneficial. In an attempt to satisfy this need, a new constitutive modeling 
technique was developed that is capable of predicting typical uniaxial 
materials behavior at room and elevated temperatures. Simulation of the 
time-independent phenomena of cyclic hardening or softening, cyclic relaxation 
of mean stress and history dependent memory, and the time-dependent behavior 
of creep and stress relaxation was accomplished. This constitutive model is 
based on a generalized analysis of any configuration of classical rheological 
model elements and special purpose elements that were developed specifically 
for this constitutive modeling technique. 

The modeling technique provides for the use of classical elements such as 
elastic springs, viscous dampers and frictional sliders. Special elements to 
simulate cyclic hardening and relaxation of mean stress were also added. All 
these elements could be readily arranged in any manner to predict the 
stress-strain response of materials under complex loading. The theory 
supporting this technique is based on the ability to formulate matrix 
representations of the model parameters so as to provide a set of equations 
that may be solved numerically to determine the model response. For the 

- analysis of notched members, a numerical technique was created to expand the 
Neuber relation with the constitutive model to include time-dependent 
phenomena. This technique was used to form a specific constitutive model that 
was constructed from the material properties of Hastelloy X. 

For comparison purposes this model was used to predict the response of a 
uniaxial specimen that was subjected to a complicated strain history at 
1,600-F. Figure 3 shows this comparison. The maximum discrepancy between the 
two responses is about 5 ksi or 9S of the total stress range experienced. The 
major differences occur during the times of stress relaxation. 

This constitutive model was combined with the Neuber relation to predict 
the notch root strain response of a circular notched specimen tested at 
1,200-F. This specimen was subjected to completely reversed constant rate, 
cyclic loads with hold times at both the tension and compression peaks. 
Comparisons of the experimental and-model prediction for this test is shown in 
Fig. 4. The results of the comparison are relatively good. The general form 
of the response was very close to the measured output. The model strain 
values were within ISS of the experimental v_alues at all times. 

FINITE ELEMENT ANALYSIS 

The previous two analysis techniques employed the Neuber relation to 
relate remote and local behavior. Although these analysis techniques are 
relatively economical, their ability to deal with complicated geometries, 
without any experimental data on the stress concentrations, is limited. The 
most popular and versatile method of stress analysis is the finite element 
method. This method was used in a straight forward manner to calculate the 
notch root strains for two notch geometries. 
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The finite element analysis of the experimental data that were generated 
in this study used a large scale general purpose program, ANSYS. This program 
was utilized on a Prime 750 computer system that is linked to Tektronix 
interactive graphics terminals. 

For this study, 2-0 models were created for elliptical and circular 
notched specimens. Because of symmetry, the models were reduced to quarter 
sections. These models consisted of approximately 100 elements. 

ANSYS uses the initial stress method for plasticity effects. Yielding is 
governed by the von Mises yield criterion and multiaxial effects are based on 
Prandtl-Reuss flow equations. Plactic solutions are restricted to isotropic 
behavior. Bilinear kinematic hardening was found to best fit the available 
experimental data. 

All materials behavior that were required for this program were obtained 
from uniaxial data. Only cyclic stable behavior was simulated under 
isothermal conditions. For the creep p·ortion of the program, only secondary 
creep was accounted for even though ANSYS does allow for primary creep. 

For notched members made of Hastelloy X, good correlation was obtained 
between the analysis and experimental data at room temperature. Figure 5 
shows the notch root strains on an elliptical center notched plate as 
predicted by ANASYS and as measured by the ISG. This plate was subjected to a 
completely reversed, symmetric load pattern. This agreement is extremely good 
considering that the stress-strain behavior is simulated by only two straight 
line segments. 

Figure 6 shows experimental data and predictions for a circular notch. 
This test was performed at 1,200·F. The load pattern was symmetric with hold 
times in both tension and compression. Correlation of experimental ISG 
results and analytical predictions are very poor compared to the room 
temperature results. At least a portion of this inaccuracy can be attributed 
to not including primary creep in the program. 

CONCLUSIONS 

The results presented in this paper represent only a small fraction of 
the experimental data that are avai·lable and of the analyses that were 
performed. In general, all three analysis techniques produced reasonably 
accurate predictions for both smooth specimen stress-strain behavior and notch 
root response for center notched plates mad~ of Hastelloy X. The easiest 
experimental data to simulate were those generated at both temperature 
extremes, 70· and 1,600·F, where creep either dominated the strain response 
or had relatively little effect. 
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F1gure 1. - Neuber pred1ct1on and stress s1mulat1on of stab1l1zed local behav1or. 
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NEUBER PREDICTION 

STRESS SIMULATION --------------

figure 2. - Neuber prediction and stress simulation at 1200 OF. 
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FINITE ELEMENT MODELING OF CRACKED BODIES 

USING THE BODNER-PARTOH FLOW LAW 

T. Nicholas and M. Bohun 
Air Force Wright Aeronautical Laboratories 
Wright Patterson Air Force Base, Ohio 45433 

The Bodner-Partom flow law which models viscoplastic material 
behavior has been used to represent two nickel-base superalloys, 
Gatorized IN100 and Inconel 718 at elevated temperature. Proce-
dures for the determination of the material parameters are present
ed along with a discussion of the physical significance of each 
parameter. The material model is then used in finite element 
computations to evaluate the response of cracked bodies to 
monotonic, sustained, or cyclic loading. Geometries investigated 
include the center cracked panel, the compact tension specimen, and 
the single cracked ring under tension. A Hybrid Experimental 
Numerical (HEN) procedure has been used to deduce crack growth 
rates from experimental displacement measurements which are input 
into finite element computations. The results of several studies 
conducted over the last several years are summarized. 

INTRODUCTION 

Sustained load crack growth data are often difficult to obtain 
at elevated temperatures for several reasons. Optical measurements 
of surface crack length produce large amounts of scatter when the 
oxidized surface reduces the visibility at high temperatures. 
Localized inelastic deformation in the vicinity of the crack tip 
makes the exact determination of surface crack length ambiguous and 
usually leads to variability in observations from one observer to 
another. Tunneling, where the interior of the specimen grows at a 
faster rate than on the surface, leads to erroneous crack length 
data when surface measurements are used. Very low crack growth 
rates, leading to small amounts of crack extension, can compound 
thedifficu1ties associated with· determining crack growth rates. 
For long-term tests, around the clock and weekend observations are 
required which are often impractical. As alternatives to optical 
measurements, automated data acquisition systems provide desirable 
features. Electric potential drop measurements, although requiring 
sophisticated equipment and calibration, can provide continuous 
data on crack length. Compliance measurements ftom periodic 
unloading and reloading can provide discrete crack length values in 
the absence 'of an observer. The simplest measurement, however. is 
a continuous displacement measurement across two suitably chosen 
points under constant load. If these displacement values can be 
related to crack extension. crack length data can be obtained 
easily and continuously. 
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A procedure has been developed for determining crack length 
from displacement measurements during sustained load crack growth 
tests. This procedure, labeled the Hybrid Experimental Numerical 
(BEN) method, utilizes experimental displacement data in finite 
element method computations where a realistic constitutive model 
describing the material behavior is incorporated. The model 
describes time-dependent viscoplastic flow in an incremental strain 
rate equation with a single state variable which includes the 
materials history of loading. The constants for the model are 
obtained from constant strain rate tests and creep data. The model 
has been incorporated into a constant strain triangle finite 
element program which is used in t~e BEN procedure. This procedure 
has been applied to several cracked specimen geometries using 
different displacement measurement techniques and locations. In 
addition, the finite element program has been used to evaluate the 
stress and strain states in cracked bodies under cyclic loading. 
This paper presents a review of these applications of the finite 
element method to cracked geometries. 

BODNER-PARTOH PLOW LAW 

The constitutive equations used to describe the elevated 
temperature viscoplastic material behavior in this investigation 
are those of Bodner and Partom.(ref. 1) The equations represent 
time-dependent viscoplastic flow over a wide range of strain rates 
using a state variable and are of the incremental type which does 
not require a yield surface. Total strain rate is decomposed into 
nonzero elastic and inelastic portions. The elastic portion is 
given by the time derivative of Bookes law while the inelastic 
portion takes the fo~ 

p -(n+l) Z2 n _~ 
eij - Do exp[ 2n (3J

2
) ] J 2 Sij (1) 

where D and n are material constants, J and si represent the 
second ~nvariant and the components of t5e deviatoric stress 
tensor, respectively, and Z is a history dependent state variable 
representing the materials resistance to plastic flow. The evolu
tion equation for Z is given in rate form 

(2) 

where m, ZI' Z2' A, and r are material constants and W is plastic 
work. In fotal, there are 7 constants to be determineR from 
experimental data. A procedure has been developed by Stouffer 
(ref. 2) to aetermine the constants from constant strain rate 
stress-strain data and creep curves. This procedure was applied to 
Gatorized INIOO at 732°C. The constants used in the computations 
described here were obtained from that investigation. Further 
refinements to the procedure and a parametric study, of the effects 
of each constant on material behavior were presented by Beaman 
(ref. 3) who obtained the constants for Inconel 718 at 649°C. 
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Determination of Constants 

The constant D represents the limiting plastic strain rate or 
the rate at which a~plied stresses tgnd to infinity to sustain that 
strain rate. It ca~ be chosen as 10 /second for most metals and 
has been used as 10 in previous investigations. Unless high 
strain rate behavior is being evaluated, any value above the range 
of strain rates

6
being computed is adequate. We recommend fixing 

the value at 10. The next pair of constants to be evaluated are n 
and Zl. The strain rate sensitivity at conventional testing rates 
is defermined by n. The value of Z represents the maximum value 
or saturation value of Z. For the !odner-Partom model, 
stress-strain curves at conventional constant strain rates 
asymptote towards a constant value of stress. At this stress, the 
material is fully saturated, ie Z-ZI •. At conventional strain 
rates, furthermore, the second term in eq. (2) can be neglected. 
The procedure for determining n and ZI is to obtain values of 
saturation stress for several. (at least two) constant strain rate 
tests over several decades in strain rate. The uniaxial version of 
the flow law is written as 

eP 
- !fDo r;Jexp [_~$2nEn:l)] (3) 

Setting Z-ZI in eq. (3) and rearranging term leads to 

13 ., 
ln [-In ~D: ] - -2n InO'" + [2n lnZ I + In(~l)] (4) 

.p 
The first term. which involves E. , is linearly related to lna. 
Plotting the experimental data and fitting the best straight line 
will provide a value -2n for the slope. From n. a valu~,of ZI can 
be determined from eq. (3) from any pair of values of c! and cr 
along the straight line. Considering again the high strain rate 
regime where the recovery term in eq. (2) can be neglected, eq. (2) 
can be written in differential form and integrated to yield 

In{Z - Z) - In{Z - Z ) - mW 1 1 0 p (5) 

where.Z is the initial hardness when no plastic work has been 
expende~. From a stress-strain curve at a ~onstant (high) rate, 
values· of Z can be computed for corresponding values of Wallows 
the determination of Z as the extrapolated value for W 2 0 which 
are obtained by integrgting the area under the stress-plRstic strain 
curve. Plotting In(ZI-Z) against plastic work Wallows the 
determination of Z as the extrapolated value fo~ W - 0 from a 
best linear fit toOthe data. The slope of this ling will define 
the value for m which controls the shape of the stress-strain 
curve. 

If material behavior at very low strain rates, in the creep 
regime, is to be modeled, the second term in eq. (2) has to be 
used. Determination of the constants A, r, and Z2 requires creep 
or very low rate stress-strain data. Note that tfie saturation 
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stress in a stress-strain test at very low constant strain rate is 
equivalent to an applied stress in a creep test causing a steady 
second stage creep rate. The constants can be determined by 
matching the experimental data on a plot of In strain rate against 
stress as shown in Fig. 1a. For steady state values, ie constant 
strain rate under constant stress or vice versa, Z must achieve a 
steady state value from eq. (3) and, thus, Z must be zero in eq. 
(2). These two equations, when combined, provide a functional 
relation betveen the non-dimensional quantities AP/D anda/Z

I
. 

Figure 1a shows the overall behavior of the curve ana the reg ons 
affected by the several constants. Figures lb, c, and d show the 
effects of varying each o~ the constants, A r, and Z2 individually. 
These curves also show the insensitivity to these constants at the 
higher strain rates. An interactive computer program with graph
ical display of the equations has been found useful in determining 
the constants A, r, and Z2 by trial and error manipulation. 
Basically, each constant controls one aspect of the curve, ie 
either slope or location of an inflection point. Following the 
procedure outlined above in the correct order makes it relatively 
easy to arrive at the Bodner-Partom constants from uniaxial data. 

THE BEN PROCEDURE 

The hybrid experimental numerical procedure (HEN) was devel
oped by Hinnerichs (ref. 4) to determine creep crack growth rates 
from expermental displacement measurements. The procedure uses a 
finite element computer program called VISCO (ref. 4) and utilizes 
the Bodner-Partom equations to describe the inelastic material 
behavior. These equations are incorporated into the VISCO computer 
code which uses constant strain triangular elements. The code 
computations utilize experimental displacement data as input in the 
HEN procedure. Essentially, the HEN procedure compares 
experimental displacements at a fixed point on a specimen to finite 
element model displacements at the same fixed experimental point. 
If the finite element displacement values (including creep and 
plasticity) are below the experimental ones, the crack is allowed 
to extend by popping a node. In this manner, increments of crack 
extension occur by node popping in the finite element scheme. 
Figure 1 shows a schematic of a center cracked specimen which was 
utilized by Hinnerichs et al (ref. 5) in the first application of 
the HEN procedure to determine ~reep crack growth rates in INlOO. 
The experimental displacements were determined by Sharpe (ref. 6) 
using a laser interferometric technique which has a measurement 
precision of approximately 0.01 mic.ron. The center cracked panel 
specimen was 25 mm wide by 7.6 mm thick. Displacements were 
obtained across two closely spaced microhardness indents on either 
side of the initial crack at distances of approximately 0.1 mm 
behind the crack tip as shown schematically in figure 2. 

The computational scheme provides displacements at the mea
surement location from creep strains in the cracked specimen under 
sustained load. Figure 3a shows the computed displacements (NO 
CRACK GROWTH) compared to the experimental values. It is seen that 
the computed values are much less than those measured. The reason 
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is that the crack is extending in the experiment which increases 
the complianc~ of the specimen. To match the experimental dis
placement measurements. the HEN procedure provides for node popping 
to simulate crack growth. Nodes are popped whenever additional 
displacements are required to match the experimental values. In 
figure 3a. the points labeled RUN S2 show the displacements matched 
to the experimental data through the appropriate node popping. The 
node popping simulates the crack growth as seen in figure 3b. From 
the slope of the crack extension versus time plots for each of the 
experiments. a series of crack growth rates were obtained. These 
values are plotted against stress intensity factor in figure 4 and 
show very good correlation with creep crack growth data obtained by 
Donath et a1 (ref. 7) at higher K values. Additionally. the total 
amounts of crack extension computed for each numerically simulated 
experiment agreed very closely with those measured on the fracture 
surface of the specimen. In most of these cases. very small 
amounts of crack growth were obtained (see fig. 3b. for example). 

Computational Procedure 

The finite element analysis uses the residual force method to 
incorporate nonlinear viscop1astic material behavior into VISCO. 
This method increments time directly. but load. strain and stress 
are incremented indirectly through a time integration procedure. 
To implement the residual force method. the plastic strain rate of 
the material is determined from the Bodner-Partom constitutive 
eqns. (1) and (2) describtd in the previous section. Usin~ the 
current time increment dt and the plastic strain rate, iq ,the 
incremental plastic strain vector is 

J '1' { "1 ' l..d(~ • £q J Jt (6) 

where the superscript "i" represents the current time increment. 
The total plastic strain is then computed from the incremental 
~lastic strain from eqn. (6) as 

{el} , • f9!}'-' + {Je;} , (7) 

where {~~J' is the total plastic strain at the current time 
increment. Next. the plastic load vector (Q]. representing the 
nodal forces generated by viscoplasticity is formulated as 

{ Q,} L·I :I S ['1 T (1)1 { e&j'} i d Yol (8) 

T Vol 
where [B) is the transposed strain-displacement matrix and CD] is 
the stress-strain matrix. Tfe plastic load vector is then added to 
the current nodal loads {p} to determine the current nodal 
displacements. computed by 

(9) 
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where [K]-I, is the inverse elastic stiffness matrix and {u} i is 
the nodal displacement vector. The total strain vector is then 
computed by 

(10) 

Finally, the stress is updated using eqns. (7) and (10), 
• L' 

. fcr~} ~ - [D] ( fe\j} .. {Sl}l ) (11) 

where {~}L is the current updated stress. This becomes the new 
stress value to be entered into the constitutive model to generate 
a new viscop1astic strain rate. This procedure continues for each 
time increment until t~e desired simulation time for the problem is 
reached. 

Application to CT Geometry 

The Hen procedure was subsequently applied to the compact 
tension (CT) specimen geometry (ref. 8) using experimental dis
placement data of Donath et a1 (ref. 7). Displacements were 
obtained off E-shaped plates fixed to the top and bottom of the 
specimen along the load line using LVDT's. These specimens were 
S.4 mm thick and w~re tested using initial K values ranging from 
33.0 to 49.S MPaom. Figure Sa shows the finite element mesh used 
in these computations. Figure 5b shows displacement data for one 
of the specimens for the early part of the test. The crack ex
tensions computed from these data using the HEN procedure are shown 
in figure Sc. The data for the entire test which involved a 
considerable amount of c~ack extension are presented in figure Sd. 
It can be seen that the computed values follow those labeled 
"effective length" fairly well. The effective lengths were ob
tained from unloading compliance measurements taken periodically 
during the sustained load test. There was fairly severe tunneling 
in all of the tests after the crack had extended several millime
ters. The final crack lengths, as determined from the numerical 
computations using the HEN procedure, agreed with these from the 
fracture surface better than those determined from c'ompliance 
measurements! 

Application to a Ring Geometry 

The third type of specimen was a 6 mm thick circular ring 
having an outside diameter of 76 mm and an inner diameter of 38 mm. 
The ring is loaded in tension using a pin and c1evise arrangement 
and is cracked from the inner diameter at a location 90° from the 
two loading pins as shown in figure 6 which aiso shows the finite 
element mesh details. The stress intensity solution for this 
geometry shows a region of nearly constant K over half the 
thickness of the ring. Displacements were obtained across the two 
loading pins using LVDT's. Since load is constant and the tests 
are under isothermal conditions, the differential displacements are 
not affected by deflection of the load train or pins after the 
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initial load is applied. The numerical solution in the HEN 
procedure is, however, very sensitive 'to the manner in which the 
load is applied to the finite element grid. 

The displacement measurements along with experimental data on 
crack length from compliance measurements were obtained by Donath 
etal (ref. 7). There was considerable scatter in the experi
mentally determined crack lengths and difficulty in correlating 
cotal crack extension with that measured on the fracture surfaces. 
The displacement data~ on the other hand, appeared to be smoother 
and more consistent. For this reason, the HEN procedure was 
applied to obtain a somewhat independent determination of crack 

, extension in the same specimens. Results of a typical case are 
presented in figure 7. Crack extension versus time from the HEN 
procedure are compared to the experimental data. The final crack 
lengths from the HEN procedure agreed closely with.those obtained 
experimentally. In figure 8, the stress in the "y" direction is 
plotted versus horizontal distance ahead of the crack tip after 
various crack extensions. These stresses are determined at the 
centroid of each triangular element ahead of the crack tip which 
has the same dimensions, therefore, element size effects are 
eliminated. Notice that the peak stress at a crack length of 8.26 
mm (.325 in) is 955 MPa (138.5 KSI) but drops to 782 MPa (113.4 
KSI) after 3.18 mm (.125 in) of crack growth. This peak stress 
reduces slightly with each subsequent crack advance. As the crack 
advances, the stress distribution becomes sharper indicating that 
as the crack propagates to the edge of the ring, stresses ahead of 
the crack are greatly reduced as the other side of the ring carries 
the major load. 

CRACKED BODIES UNDER CYCLIC LOADING 

The Bodner-Partom constitutive equations have been used in 
finite element computations to determine the stress and strain 
fields in a compact tension specimen in the vicinity of the crack 
tip when the specimen is subjected to cyclic loading. The VISCO 
computer code was used in these investigations. In the application 
of the Bodner-Partom equations, no modifications were made to 
account for kinematic versus isotropic hardening behavior of the 
material. The material was assumed to undergo isotropic hardening 
during cyclic loading. The first problem investigated was that of 
a CT specimen under cyclic loading at various frequencies at a 
stress ratio '(ratio of minimum to max1..;·lm applied load) of 0.1. 
The uniaxial response of the constitutive model to an applied 
cyclic load of load ratio 0.1 was also computed for comparison. 
Figure 9a shows the uniaxial response to a maximum stress of 1241 
MFa at a frequency of 0.167 Hz. Figure 9b shows the effective 
stress versus strain in an element directly ahead of the crack tip. 
It was observed in both the uniaXial model and the CT specimen at 
the crack tip' that strain continued to accumulate under cyclic 
loading. In the CT specimen, the element ahead of the crack tip 
appears ,to cycle under more or less fixed stress limits. The 
finite element computations were able to provide additional details 
of the stress and strain fields around the crack tip. Figure 10 
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shows the stress profile ahead of the crack tip after 2~ cycles and 
then after a 15 min hold at maximum load. It can be seen that 
there is a slight change in the stress field during the hold time. 
Experimentall~, sustained load crack.growth occurs at this K value 
of 38.5 MPa.m. To simulate this crack extension, a node was re
leased. The results, shown in figure 10, indicate that the stress 
field with respect to the position of the crack tip has not 
changed. This is in contrast to the results in the ring tests 
where there was a change with crack extension (see fig. 8). 

A similar study was carried out to evaluate the stress and 
strain field under fully reversed cyclic loading in a CT geometry 
(ref. 10). Figure 11 shows the displacement profile behind the 
crack tip at various load levels. It can be seen that residual 
displacements due to inelastic deformation have occured. At zero 
load, there is crack opening a small distance behind the crack tip. 
In these. numerical exercises, no account was taken of any plastic 
wake which formed behind the crack du~ to prior cycling. 

CONCLUSIONS 

The Bodner-Partom flow law is a realistic representation of 
material behavior in nickel base superalloys at elevated tempera
tures. The use of this model in finite element computations of 
stress fields in cracked bodies provides valuable insight into 
elevated temperature creep and fatigue phenomenology. These tools 
are also very valuable in predicting sustained load crack growth 
rates from experimental displacement data using a hybrid
experimental-numerical procedure. 
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FINITE ELEMENT ANALYSIS OF NOTCH 

BEHAVIOR USING A STATE VARIABLE CONSTITUTIVE EQUATION 

L.T. Dame, D.C. Stouffer and N. Abuelfoutouh 
Department of Aerospace Engineering and Applied Mechanics 

University of Cincinnati, Cincinnati, Ohio 45221 

The state variable constitutive equation of Bodner and Partom was used 

to calculate the load-strain response of Inconel 718 at 64g0 C in the root of 
a notch. The constitutive equation was used with the Bodner-Partom 
evolution equation and with a second evolution equation that was derived 
from a potential function of the stress and state variable. Data used in 
determining constants for the constitutive models was from one-dimensional 
smooth bar tests. The response was calculated for a plane stress condition 
at the root of the notch with a finite element code using constant strain 
triangular el~ments. Results. from both evolution equations compared 
favorably with the observed experimental response. The accuracy and 
efficiency of the finite element calculations also compared favorably to 
existing methods. 

INTRODUCTION 

The purpose of this work is to explore the development, efficiency and 
accuracy of a finite element computer code for hot section gas turbine 
components that is based on a state variable constitutive equation. The 
Bodner-Partom constitutive equation [1,2,3] used for this study, does not 
require the use of a yield surface or separate representations for loading 
and unloading in the elastic and inelastiC domains. The model contains a 
single state variable to define the resistance to inelastiC flow or 
hardness. This variable is determined from the deformation history in this 
study using two different evolution equations. The results from the 
evolution equation developed by Bodner and Partom and proposed with the flow 
equation are compared to the results computed from an evolution equation 
that is derived from the inelastic flow equation itself, [4,5]. The second 
formulation is established using a potential function that can be derived 
from the first law of thermodynamics. 

One of the important aspects of this study is to test the tensorial or 
multidimensional characteristics of the Bodner-Partom flow equation. The 
material parameters for the study are determined from one dimensional tests 

(tensile, creep and fatigue) on Inconel 718 at 649 0 C. The equations are 
used to compute the response of a notched specimen using a plane stress 
finite element computer analysis. The calculated results for the strain in 
the root of the notch are compared to measured yalues reported by Domas et 
al in [6] for the same material. This provides a test of the model to 
predict ~he response in a general state of loading trom data obtained in 
uniaxial experiments. A comparison that is usually difficult to achieve. 
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Another important aspect of this work is the development of the finite 
element computer code as a design tool and utilizes the state variable 
constitutive model. The code is based on two-dimensional constant strain 
triangles, an initial strain iterative procedure, piecewise linear load 
histories in a steady state thermal environment and a dynamic time stepping 
algorithm. 

THE BODNER-PARTOH EQUATIONS 

These equation~ were motivated by the concepts of dislocation 
dynamics and formulated in the context of mechanics. For small strains, the 

·e strain rates are considered to be decomposable into elastic, &ij' inelastic, 

·T thermal, &ij' components; that is 

·e ·I ·T 
- &ij + &ij + &ij (1) 

·e where &ij are given in terms of the stress rates determined from the time 

derivative of Hooke's Law and &i j is proportional to the change in 

temperature from a reference state. All components of Equations (1) are 
always nonzero for all nonzero values of stress and stress rate. However, 
the values of the inelastic strain rate term are negligible for small values 
of stress; thus, a yield criteria and separate loading and unloading 
repres~ntations are not required. 

The inelastic strain rate is written in a form similar to the Prandtl
Reuss flow law; i.e. 

-I 0 {n+1[z2 ]n} Sij (2) 
& ij - 0 exp - - -- --2n 3J2 J 2 

where Do is the limiting strain rate in shear. The material constant n 

controls the strain rate sensitivity and also influences the overall level 
of the stress-strain curves and J 2 is the second invariant of the deviatoric 

stress tensor, Sij' The internal state variable, Z, governs the resistance 

to inelastic flow such that an increase in Z corresponds to work hardening 
and would require an increase-in~tr~~ ~v maintain a constant inelastic 
strain rate. 

The hardening law proposed by Bodner and Partom for application with 
several materials is 

where Z - Zo initially. The first term defines the rate strain hardening 

• -I and W - Sij&ij is the inelastic rate of working. The second term in 

Equation (3) characterizes the thermal recovery and is important for 
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predicting creep. The representation is only for primary and secondary 

creep, and the secondary creep rate is obtained when Z • 0: The constant Z1 

defines the maximum value ot Z and Z2 is the minimum value of Z obtained in 

thermal recovery. Frequently Z2 is taken equal to ZOi that is, the initial 

hardness and minimum.recoverable value of Z are equal. Methods to determine 
the constants are presented in References [7] and [8J, and the constants for 

Inconel 718 at 6490 C are given in Table 1. 

The model presented above, in addition to neglecting tertrary creep, is 
limited to an isothermal environment and isotropic hardening. An extension 
to time varying temperature histories is based on making n temperature 
dependent as reported in [3J. Extension to a hardening rate similar to 
kinematic hardening for uniaxial histories is given Reference [9]; but a 
full three dimensional anisotropiC hardening law still needs to be verified 
for a variety ot loading conditions. 

A POTENTIAL FUNCTION DERIVATION 

Recently it has been shown [4,5] that a system of equations to predict 
the inelastic strain rate and evolution of the state variables are derivable 
from a potential function. The essential structure of the theory is based 
on the balance law of thermodynamics and the concept of work hardening. For 
isothermal histories, the reduced form ot the potential relationship is 

·I • .!!.. and ~ • 11 . (4) 
£i j 30

ij 
az 

where .~ is a function the stress and stress state variable, Z. The quantity 
~ is a strain on the microscopic scale such that Zd~ is the stored energy ot 
cold work. The relationship between ~ and Z on the microscopic scale is 
taken in the form ot the Prandtl-Reuss equation on the macroscopic scale; 
i.e. 

~ • gz + hZ (5) 
where g and. h are generally assumed to be functions of 0ij and Z but are 

taken as constants in this study. Combining Equations (4) and (5) and 
redef1ning the constants as a and S gives 

Z • - a(Z-~) + aSI (6) 
where ~ is a material parameter. The quantity I is the 1ntegral 

t ·I 
1 I a£ij 

I • --:y- az do ij (7) 
1£ I 0 

wh~re liII - (~ij~ij)1/2 and ~ij 1s evaluat~d using the Bodner Partom 

Equation in thls example. 

The parameter a characterizes the initial rate of hardening, zO' which 

arises from the integration. This term contributes to the strain rate 
sensitivity of the model and includes the initial loading such as in a creep 
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test [4]. For this exercise a is taken as 1251£01: The remaining parameters 

t and B can be calculated directly trom creep or tensile data during steady 
state conditions; that is, when both the strain rate and stress are 

approximately constant. In this case Z - 0 and Z obtains a steady value, 
Zs' that depends on the test conditions. A plot of Zs vs I for Inconel 718 

at 6490C shows that this response is nearly trilinear and can be represented 
by the parameters shown in Table 1. 

FINITE ELEMENT IMPLEMENTATION 

The finite element code utilizes two dimensional constant strain 
triangles and an initial strain it~ration technique. To facilitate the 
simulation of arbi.trary load histories, the load history is partitioned into 
piecewise linear segments. In order to simplify input, reduce stability 
problems and minimize cost a dynamic time stepping procedure is also 
incorporated. 

The incremental equilibrium equation for the initial strain method with 
steady state thermal conditions is 

[K] {~·dT} _ {~F} + (;FI} (8) 
..• T 

where [K] is the elastic stiffness matrix, {6d } is the increment in the 
total displacement vector, {AF} is the increment in the applied force vector 

... I 
and {6F } is a pseudo force vector due to the increment in a vector of the 

inelastic strains components. The 
" I 

vector {6F } is calculated by 

{AFI} - r (f[B]T[E]{A~I}dV) (9) 
1 v 

where N is the number of elements. In Equation (9). [B] is the strain 
displacement matrix and [E] is the elastic constitutive matrix. 

At the beginning and end of a linear load case the elastic solutions 
are obtained using 

{dE}O - [K]-1 {F}O 

and 

{dE}F - [K]-1 {r}r • (10) 

The vectors {dE}o,r are the initial and final elastic displacements due to 

initial and final applied thermomechanical loads. The elastic displacements 
at any time ti in the load case are given by 

t -t 
{dE} _ {dE} + i 0 [{dE} _ {dE} ]~ (11) 

i 0 tF-tO F 0 

The total displacement vector at t~me ti is written as 

{d
T

} i • {dE} i + {dI } i-l + {A'dI } ( 12) 

where the increment in the inelastic displacement vector 1s 
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( 13) 

and the i~crement in the inelastic pseudo force vector is given by Equation 
(9)~ Thus, it is necessary to integrate the constitutive model from time 
t i - 1 to t i • Although any number of integration schemes could be used, a 

second order Adams-Moulton method was employed. Since the flow equation and 
the state variable evolution equation are coupled an iterative procedure is 

required to compute {~I} and Z at the end of a time step. The integration 
of the constitutive equation is within the overall equilibrium iteration 
loop as shown in Figure 1.0 

A significant improvement in the iteration scheme was achieved by 
making an initial estimate of the incremental inelastic pseudo force vector 

{~FI} in the first iteration of a new time step. If {6FI} is set equal to 

zero on the first iteration of a new time step (as is usually done) the 
first estimate of the solution may be very poor. An initial estimate of the 

inelastic strain increment for each element can be made using {6°£I} • 

{~I}i_16t, where {&I}i_l is the inelastic strain rate at the beginning of 

the time increment. If this is then used in Equation (9) to make an initial 
estimate of the incremental inelastic force vector the stability and rate of 
convergence of the method is improved. By including this logiC, the number 
of equilibrium iterations was reduced by about 60%. 

In a finite element code that allows a linear variation of applied 
loads, large excursions in stress and inelastic strain rate are to be 
expected. To be economical and easy to use, dynamic tim1e incrementing is a 
necessity. There are two important conSiderations in developing such an 
algorithm; first the stability of the iteration scheme and second the 
accuracy of the integration procedure. The stability of the system of 
equations depends on the constitutive model, geometry, loading history and 
material parameters. An approximate but simple and effective approach is to 
base the time step on the maximum inelastic strain increment to occur in all 
of the elements. In order not too overshoot the point where inelastic strain 
rates become s 19n1flcant 1 t is also necessary to lim! t the.maximum_..Bu.ess 
increment. A final consideration i~ controlling the local integration error 
when computing inelastic strain increments. For components in which fatigue 
life is a major consideration the accurate calculation of local stresses and 
strains is crucial. In order to control the error the time step should be 
chosen such that the local integration error does not exceed some allowable 
value. 

CALCULATED AND EXPERIMENTAL RESULTS 

A recent comprehensive study, [6], of the strain in the root of a notch 
was conducted for a variety of local patterns in Inconel 718 notch 

o 0 0 
specimens at 649 C (1200 F). A laser interferometric strain displacement 
gage was used with reasonable certainty to evaluate the displacement of a 
gage 100 microns in length a~ the root of the notch at temperature. Th~ 
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measurements were made for six load histories including continuous cycling 
and cycling with hold time periods in tension, tension and compression, and 
compression. The specimen was a thin flat double notch bar, as shown in 
Figure 2, with an elastic stress concentration factor of 1.9. The geometry 
in the test section is approximately plane stress and is modeled by the 
constant strain triangular element mesh also shown in Figure 2. 

The above study included a limited number of smooth bar tests in 
tension, creep and cycling for use with a Neuber analysis. These data and 
other published tensile, [10], and creep, (11], data were used to evaluate 
the material parameters in the flow and evolution equations. The constants 
were evaluated using the methods reported in (4], (1J and (8J. The major 
difficulty encountered was not having two complete tensile curves at 
different strain rates to evaluate the parameter n in the inelastic flow 
equation. Thus an estimate was used based on one ourve and the other 
oonstants, as shown in the Table 1, were evaluated based on this value. 
Increases in n would change the values of the other parameters, but the 
combined effect would produce essentially the same predictions with less 
strain rate sensitivity in the tensile response. Decreases in n would oause 
the equations to overprediot the tensile strain rate sensitivity. 

The oaloulated response to a smooth ~ar tensile test at a strain rate 
of one peroent per minute is shown in Figure 3a for the two evolution 
equations. The potential funotion representation overprediots the observed 
stress in the transition from elastio to plastio response; however the 
asymptotic behavior of both representations match the data very well. The 
oaloulated smooth bar oreep response is shown in Figure 3b for three values 
of stress. The results of the oaloulations are mixed with the potential 
funotion representation better at the high value of stress, the Bodner
Partom representation better at the intermediate value of s~ress and both 
models underpredicting the creep strain at lower values of stress. In 
general, representations could be improved by adjusting the material 
parameters; however, with only five curves in the smooth bar data base there 
is no guarantee that this would improve the predioted response of the notoh 
strain. The flow law is also limited to primary and secondary oreep, so nQ 
oorrelation with the tertiary oreep is included. 

The strain response at the root of the notoh for three tests is shown 
in Figures 4, 5 and 6. The total ~pecimen load is held constant for two 
minutes in oompression, tension and compression, and tension as shown in 
Figures 4, 5 and 6, respeotively. The finite element and experimental 
results are for the first cycle. In general, both evolution equations matoh 
the measured data rather well. The largest error is the over prediotion of 
the tensile creep in Figure 6 by both equations; however, the measured 
tensile oreep in Figure 6 is much less than the measured tensile creep in 
Figure 5 where the prediotions are satisfactory. The assumption of 
isotropic hardening appears reasonable for the first cyole and the 
correlation with oompressive creep is shown in Figures 4 and 5. 

DISCUSSION 

The state variable constitutive models used in this study have several 
advantages and limitations. The formulation is convenient for finite 
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element methods, because it admits a forward time marching integration 
procedure and ~oes not require separate loading and unloading 
representations. The flow law and evolution equation can predict many 
inelastic effects; however, for Inconel 718 there still are some areas that 
need improvement. Inconel 718 general exhibits a combination of "kinematic 
and isotropic" hardening and softening in uniaxial cycling which is not 
included in the current formulation. Further, the constitutive models have 
not been fully developed and verified for nonisothermal loading conditions. 
For extension to multiple oyole analysis it would also be advantageous to 
use the cyclic stress-strain ourve rather than the monotonic response curve 
to determine the material parameters. 

There is a oorre1ation in the errors observed in the calculated finite 
element response at the root of notoh and the smooth bar ca10ulated 
response. When using the Bodner-Partom evolution equation, (3), the oreep 
strain at 827MPa(120KSI) was over predicted. The oa1cu1ated tensile oreep 
response in the root of the notch is largest for the Bodner-Partom equations 
as shown in Figures 5 and 6. This observation indioates that the fini te 
element predictions could be refined by improving .the smooth bar oalou1ated 
response. Recalling that the constitutive parameters were obtained from 
f1ve ourves, one tensile and four oreep published [6,10,11] between 1971 and 
1982, the caloulations are reasonable and oould be improved by improving the 
smooth bar data base. 

The oomputational exercises were limited to initial cycle of three load 
patterns for reasons of cost and lack of cyclic data to develop the model. 
The computational efficiency proved to be very good~ On a Honeywell 6000 
computer, the run times varied from 1.5 to 3.5 CPU hours for a model with 
over 1000 elements. This is very oompetitive with similar finite element .. 
calculations based on classioal plasticity and oreep formulations. Further, 
the longest time could have been reduoed by inoorporating all the time 
saving features used in the later runs. 
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Table 1. Constitutive Parameters 

Flow Equation: 
D • 104SEC-1 
o 

Bodner Partom Evolution Equation: 

Zo • 1805MPa (262 KSI) 

Z, • 2253MPa (327 KSI) 

Z2 • 1805MPa (262 KSI) 

A • 5.6 x 10-5SEC-l 

M • 0.160MPa-l 

R • 1.37 

Potential Function Evaluation Equation: 

Zo • 1860MPa (270 KSI) a • 1251~01 

leII ~ 3.2 x 10-10SEC-1 ~ • 0 

S • 4.01 x 107MPa/SEC(5.82 x 106KSI/SEC) 

> 3.2 x 10-10SEC-1and ~. -4033MPa(-585 KSI) 

~ 7 x 10-6SEC-1 S • 1.60 x 108MPa/SEC(2.33 x 107KSI/SEC) 

~ • 1l02MPa(160 KSI) 

S • 2.94 x 10 7MPa/SEC(4.27x 106KSI/SEC) 
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eE~IN LeAD CASE, COMPUTE INITIAL ot AND 
(e~l. AND i. FOR EV=~V ELEMENT 

BEGIN TIME LOOP 

BEGIN ITERATION lOOP 

BEGIN LOOP OVEi=l ELEMENTS 

BEGIN LOOP OVER INTEG~~TION POINTS 

CONSTITUTIV~ EaUATION ITERATION, COMPUTE 
z..., OZ" {tIh ~ 10 £.%1 

NO 

UPDATE (e.~1, Z, etc. ; COMPUTE NEW ot 

NO 

Figure 1. Schematic diagram ot the iteration procedure tor the tln1te 
element program. 
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Figure 2. Description of the benchmark notch specimen and the finite 
element mesh at the root of the notch. 
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0.0 ~ .. _n:miiiii=============:--
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TIME (hr) 

Figure 3. ComparIson of experImental and calculated response ot Inconel 718 

at 6490 C usIng the Bodner-Partom and potentIal functIon evolution 
equations: CA) tensile response at 1% per minute and (b) 
comparison of creep response at 689MPa(100KSI), 758MPa(110KSI) 
and 827MPa(120KSI). 
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BODNER PARTOM 

STRAIN (%) 

0.8 1.2 

LOAD 29873 N(6716 LB) 

TIME (sec) 
-18000 

100 200 

-17925N(-4030LB) 

Figure 4. Comparison of experimental and calculated load-strain response at 
the root of the notch for Benchmark Notch Test 8 with a hold in 
compression. 
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270.00 
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• DATA 

--- POTENTIAL FUNCTION 

9000 BODNER PARTOM 

STRAIN (%) 
.--------r~_.r.~--r_------~------~ 

-0.4 0.8 1.2 

LOAD 29873N(6716LB) 
. 

TIME (sec) 
-18000 O~--------~I--*-------~'~-----

100 200 
. 

-17925N (-4030LB) 

Figure 5. Comparison ot experimental and calculated load-strain response at 
the root ot the notch tor Benchmark Notch Test 9 with hold in 
tension and compression. 
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BODNER PARTO M 

STRAIN (%) 

0.4 0.8 1.2 

29873N(6716LB) 
LOAD 

TIME (sec) 

O-t------r---Ir------, 
100 200 

-17925N(-4030LB) 

Figure 6. Comparison of experimental and calculated load-strain response at 
the root of the notch for Benchmark Notch Test 10 with hold in 
compression. 
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NONLINEAR ANALYSIS OF AN AXISYMMETRIC 

STRUCTURE SUBJECTED TO NON-AXISYMMETRIC LOADINGS 

P.C. Chen and R.L. McKnight 
General Electric Company 
Cincinnati, Ohio 45215 

The development of the SHELPC finite element computer program is 
detailed. This program is specialized to simulate the nonlinear material 
behavior which results from combustor liner -hot streaks·. This problem 
produces a nonlinear Fourier Series type loading on an axisymmetric 
structure. Example cases are presented. 

One problem which is unique to Aircraft Gas Turbine Engines (AGTE 1 s) is 
the thermal hot streak problem experienced by certain combustor liners. These 
liners are -thin axisymmetric pressure shells whose function is to contain and 
promote the combustion process. Because of the high temperatures involved in 
this combustion process, the functioning of these liners depends on their 
being ·cooled- by lower temperature air from the compressor. To complicate 
this problem further, the temperatures generated by the combustion process are 
not uniform in either the axial or circumferential directions of the combustor 
liner. 

The temperature variation in the axial direction is the variation normally 
shown in textbooks and calculated from the thermodynamic laws based on 
pressure/volume considerations. The circumferential variation is a more 
complex, three dimensional mixing problem. It is a function of the number of 
fuel nozzles employed and the geometry and thermodynamics of the combustor. 
The result is a circumferential variation in the metal temperature of these 
liners which can be approximated with Fourier Series. 

The functional lives of these liners are primarily dictated by the 
resulting material response to these temperature variations, which produce 
thermal stresses. The stresses produced by the differential pressures across 
the liner walls are limited to small values and are secondary contributors to 
the problem. Because of the high temperatures and large temperature 
variations involved, the material response problem is nonlinear and time 
dependent. AEBG has been active in developing internal computer tools for 
attacking these types of unique AGTE problems. Our capabilities include both 
two-dimensional and three-dimensional nonlinear finite element computer 
programs. 
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The thermal stress problem generated by the axial variation in metal 
temperatures can be handled quite readily by a two-dimensional (axisymmetric) 
analysis. However, the thermal stresses generated by the circumferential 
variation in metal temperatures is truly a three-dimensional problem. As 
such, one method of attack would be to develop a simulation using 
three-dimensional finite elements, such as our 8, 16 or 20 noded isoparametric 
elements. 

This method of attack has drawbacks in economy, accuracy, and utility. 
The number of hot streaks can be quite large (in the 60 1 s) and the hot to cold 
temperature variations can be in the hundreds of degrees Fahrenheit. This 
would require a large number of 3D elements to produce an acceptable 
simulation. This could also produce bad element aspect ratios, resulting in 
solution accuracy problems. Varying these models in an iterative design 
process wpuld be manpower and computer intensive. For these reasons we sought 
other methods of attacking this problem. 

Since the circumferential temperature variations can be represented as 
Fourier Series expansions, this suggests attacking the structural problem by 
means of Fourier Series. This method of attack for linear elastic problems in 
a finite element format was presented by E.l. Wilson in Reference (1). For 
linear elastic problems the method of· superposition of Fourier Series loading 
is mathematically exact and precise. However the problem in question is 
nonlinear. 

In Reference (2), E.A. Witmer and J.J. Kotanchik presented a nonlinear 
solution procedure for axisymmetric shells under asymmetrical loading. In 
their approach, they utilized an initial strain method with 8esseling l s 
isothermal constjtutive model in a sublayer format. This then presented a 
method of attacking nonlinear Fourier Series loading problems but with one 
tremendous deficiency; our problem under consideration is totally 
non isothermal in nature. 

Subsequ!ntly, one of the present authors, R.L. McKnight, developed a 
variable temperature version of 8esseling l s constitutive model in a subvolume 
format as presented in References (3) and (4). This has been the primary 
basis of AE8G l s internal nonlinear computer tools since 1975. To this 
time-independent plasticity formulation, we added classical creep capability 
with time-hardening, st~ain-hardening, and life-fraction rules for attacking 
quasi-static time-dependent nonlinear problems. Over the years, through large 
amounts of production usage, these tools have been provided with much 
verification, validation, and operational experience for both 20 and 3D 
problems. With this background, we decided to reattack the combustor liner 
hot streak problem: 

SHELPC 

The following is a synopsis of the theoretical development of the 
combustor liner program, SHElPC. A complete development will be found in the 
Ph.D. Dissertation of p.e. Chen, to be published later. 

As in Reference (1), the finite element employed is the triangular ring 
element shown in Figure 1. This is an extension of that element commonly used 
for plane stress, plane strain, and axisymmetric analysis. In those cases, 
there are two degrees of freedom, or displacements at each node. To allow for 
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the circumferential variation in load a third degree of freedom, the 
circumferential or hoop displacement, is introduced. These three displacement 
components are assumed to be linear functions of positi·on in the R-Z pla·ne. 
This is expressed mathematically as follows 

UR • bI + b2R + b3Z 

Uz = b4 + bSR + bSZ 

Us • b7 + baR + bgZ 

The straifl components in terms of these displacements are (for small displace
ment theory). 

U 1 aUZ Eze = iz-L +--R ae 

= 1 ..& aUe Ue 
EeR R .e +r -"R 

The loading is now allowed to varying in the circumferential direction in a 
sine or cosine fashion as defined in Table 1. 

Equations (1), then become 

UR = (bIn + b2nR + b3nZ) cos Ne 

Uz = (b4n + bSnR + bSnZ) cos Ne 

U = e (b 7n + banR + bgnZ) Sin Ne 

or 
UR = (bIn + b2nR + b3nZ) Sin Ne 

Uz = (b4n + bSnR + bSnZ) Sin Ne 

U • e (b 7n + banR + bgnZ) Cos Ne 
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TABLE 1 

FOURIER SERIES LOADING AND DISPLACEMENT DESCRIPTION 

Symmetric about a Anti-symmetric about a 
plane containing the plane containing the 
axis of revolution axis of revolution 

T = tTn(r,z) cos na T = tTn(r,z) sin n a 

Sr = tSrn (r,z) cos ne Sr = tSrn(r,z) sin ne 

Sz = tSzn(r,z) cos na Sz = tSzn(r,z) sin nS 

Sa = tSan(r,z) sin ns Sa = tSan(r,z) cos ns 

Ur = tUrn(r,z) cos ns Ur = tUrn(r,z) sin ns 

Uz = tUzn(r,z) cos ns Uz = tUzn(r,z) sin ns 

Ua = tUan(r,z) sin na Ut = tutn(r,z) cos ns 

n is the harmonic number. 

T is the temperature. 

S·s are the loads. 

U·s are the displacements. 
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To introduce nonlinear material behavior, we make the classical assumption 
that the total strains consist of a summation of elastic, plastic, creep, and 
thermal components 

e P c T 
£ • £ + £ + £ + £ 

We also assume that stress is linearly related to the elastic strain only 

e 
a • e £ 

peT 
a • e(£ - £ - £ - £ ) 

Where e is the elastic Hook's Law matrix. 

The sum of the plastic, creep, and thermal strains are considered as 
initial strains. 

I 
£ • EP + £e + £T 

or 
a • e( £ _ E I) 

Applying the precepts of Reference (2), we make use of the Principle of 
Stationary Total Potential Energy. 

The strain energy density is expressed as 

o = ~ aT £e 

or 

I T I o • ~ (£ - £) e(£ - £ ) 

The total potential energy of one ring element is 

I T I' T PE • Iv ~(£ - £) e (£ - E )dV - ~ F 

where 6 is the generalized displacements and F is the generalized external 
forces. 

For a system of ring elements, this development leads to 

K~ • F + FI 

where 

K • elastic stiffness matrix for 
discretized system 
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• generalized displacements of the 
discretized S1stem 

F • applied generalized forces 

FI • generalized forces due to initial 
strains 

Now, to introduce the Fourier Series loading into this system of 
equations. Our assumption is that the total strain can be considered to be 
made up of the sum of a certain number of A-series and B-series Fourier 
components. The A-series components are those symmetrical about a plane 
containing the axis of rotation. The B-series components are those 
antisymmetrical about a plane containing the axis cf rotation (see Table 1). 
Thus we assume 

U(R.Z.e} • t ~ (R,Z) cos Ne 

+ t u: (R,l) Sin Ne 

and therefore 

or 

t(R.I.e) • t t~ (R,Z) cos Ne 
B +t tN (R.Z) Sin Ne 

A B t(R,Z,e) = t (R,l,e) + t (R,l,e) 

and, USing Equation (5) 

t(R,I.e) • teA(R,Z,e) + tPA(R,Z,e) + tCA(R.Z,e) 

+ cTA(R,Z,e) + ceB(R,Z,e) 
PB CB + t (R,Z,e) + £ (R,Z,e) 

(15) 

(16) 

( 17) 

TB + c (R,Z,e) (18) 

For a discretized model, the system of equations are set up and solved a 
harmonic and a series at a time 

[vA, ()A • ~ +FIA ( 19) 
"NJ·N NN 
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The nodal displacements are then given-by 
A B ' 6(R,Z,e) • t 6N cos Ne + t 6N Sin Ne 

NONLINEAR SOLUTION SCHEME 

A given axisymmetric geometry with thermal and mechanical loadings which 
can be simulated by Fourier Series is first discretized by triangular rings. 
The pertinent system of equations, (19) and (20), are set up'and solved, first 
assuming elastic behavior. This gives a first approximation for the nodal 
point displacements. With these results, which are the amplitudes of Fourier 
Series displacement components, we can now determine the displacements at any 
circumferential location. 

A minimum period is selected based on the lowest order harmonic other than 
o (for the combustor liner this is determined by the number of fuel nozzles). 
This minimum period is then approximated by 10 points in the O-direction. At 
each of these 10 points, each rings nodal po~~t displacements can be 
determined. From this the total strain can be determined for each location. 
Then using the constitutive models as covered in References (3) and (4), an 
initial estimate is made for the inelastic strains and from these inelastic 
pseudo-forces, FP and FC. These inelastic pseudo-forces are then 
approximated by the Fourier Series harmonics. 

FP(R,Z,e) = tFN
PA (R,Z) Cos Ne + tFN

PB (R,Z) Sin Ne 
(22) 

FC(R,Z,e) = tFN
CA (R,Z) Cos Ne + tFNCB (R,Z) Sin Ne 

The amplitudes of these harmonic pseudo-forces are then added to the initial 
force vector. FN1(R,Z,e) _ FNTA(R,Z) Cos Ne + FNTB(R,Z) Sin Ne 

+ FNPA(R,Z) Cos Ne + FNPB(R,Z) Sin Ne 

+ FNCA(R,Z) Cos ,Ne + FNCB(R,Z) Sin Ne 

(23) 

This new value for the initial force vector is used to obtain a new series of 
solutions. From these, new inelastic strains are predicted and from these a 
third initial force vector. This process is continued until convergence 
occurs. 

EXAMPLE' CASES 
. t,! 

In order to verify the correctness of the solution ,scheme- as outlined, 
several comparisons with finite element methods were made. Two problems 
analyzed are presented, one representing combined thermoplasticity and creep 
under cyclic loading, and the other a verification of the elastic Fourier 
series analysis capability. These cases represent a check on ~he two Qasic 
aspects of the combined elastic/plastic technique for har~nic'Joading~ . 

',: . ~ " 
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In the first case, which verifies the cyclic plasticity and creep 
capability, a thick-walled cylinder is subjected to a time-varying pressure 
and temperature loading history (Figure 2). These loadings are the 
predominant types experienced by combustors. Plane strain conditions were 
assumed, the'finite element model being composed of triangular ring elements 
as shown in Figure 3. The model was also run using the CYANIDE 2-D computer 
code, subjected to the same temperature and pressure history as shown in 
Figure 2. The comparison between SHELPC and CYANIDE 2-D under these 
axisymmetric loadings was then made, the results being presented in Figures 2 
and 4. Figure 2 shows a comparison of radial displacement versus time for the 
two methods. Figure 5 shows the residual stress distribution through the 
wall at t • 10 hours when the pressure was equal to zero. As can be seen from 
these results, correlation was very good. . 

A second test case was used to check the Fourier series method under a 
thermal loading represented by the combinati~n of temperature harmonics of the 
form: 

T(9) • 70 + 30 cos (49) 

In an actual component, such as a combustor, the harmonics used would be a 
function of the number of ·hot streaks· around the circumference. The model 
used was again a thick-walled cylinder as shown in Figure 3. To verify the 
response of the structure to this type of loading, the same model was run 
using the CLASS/MASS code which also has harmonic loading capability but 
limited to linear elastic behavior. This problem was run elastically with 
SHELPC in order to achieve a direct comparison. Results are presented in 
tabular form to demonstrate the closeness of the numerical comparison. In 
Table 2, the displacement components from SHELPC and CLASS/MASS are compared 
for the harmonic loading: 

T(9) • 30 cos (49) 

Table 2: Nodal Displacements at 9 • 00 Due to a 
Single Harmonic Thermal Load 
T(9) • 30 cos (40). 

Node SHELPC (10-5 inch) CLASS/MASS (10-5 
No. 6R 6Z 6, 6R 6Z 

1 -8.947 -7.726 8.633 -8.958 -7.736 

2 -8.946 7.727 8.633, -8.958 7.736 

3 -0.2380 0 3.661 -0.2445 0 

4 7.718 -8.767 9.678 7.719 -8.770 

5 7.718 8.767 9.678 7.719 8.770 

inch) 
68 

8.641 

8.641 

3.646 

9.678 

9.678 

In Table 3, the individual harmonic results from SHELPC for the displacements, 
stresses and strains are shown. The results from a combined harmonic run are 
also tabulated. As can be seen from this table, the results are correctly 
superimposed. They also correlate well with the corresponding CLASS/MASS 
values. 
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Table 3. 

Nodi 
No. 

I 

2 

] 

4 

5 

Nodal Disptacements and Element Strains and Stresses at 8 • 0 
Due to Combined Harmonic Thermal Load (i.e., T(8) - 70 + 30 
coe 40). 

,,-u "-,, eo.blned -. 'z " '. 'Z '. I. IZ I. 

0.4200 -0.2100 0 -0.08947 -0.07726 0.0863) 0.))05 -0.21171 0.08655 

0.4200 0.2100 0 -0.011946 0.07727 0.0861) 0.ll05 0.287) 0.086)) 

0.6]00 0 0 -0.02180 0 0.0)66\ 0.6276 0 0.0)66\ 

0.11400 -0.2100 0 0.07718 -0.08767 0.09618 0.9112 -0.2911 0.09678 

0.8400 0.2\00 0 0.07118 0.08767 0.09618 0.9172 0.2977 0.096711 

!Ie.lnt Strlln. (10 ] Inch/Inch) 
III. ...0 ,,-0 eo.binld 
No. !r !Z I, !er !r EZ t. E' r Er !Z !. ler 

I. 0.420 0.420 0.420 0 0.174 0.155 0.1117 -0.0480 0.594 0.575 0.607 0.0480 

2 "0.420 0.420 0.420 0 0.167 0.165 0.192 -0.025) O.S57 0.585 0.611 0.0253 

)" 0.420 0.420 0.420 0 0.\67 0.165 0.192 ·0.025.'· 0.587 0.585 0.612 0.025' 

4 0.420 0.420 0.420 0 0.157 0.175 0.19) j -0.0)20 0.519 0.595 0.615 -0.0]20 

!I .. Int Str ... u (I 1 .) 0 pea 
Ell. ,,-0 ,,-0 CoIob Ined 
No. "r liZ ", 

"'
r "r liZ CI. "er Cl r liZ ". "er 

I 0 0 0 0 -0.549 -1.00 -0.244 0.551 -0.549 -1.00 -0.244 0.55) 

2 0 0 0 0 -2.592 -o.6ll -0.005 -0.292 -0.592 -0.6)1 -0.005 -0.92 

] 0 0 0 0 -0.591 -0.611 -0.005 -0.29) -0.591 -0.61\ -0.005 -0.91 

4 0 0 0 0 -0.664 -0.289 0.165 -0.110 -0.664 -0.289 -0.16) -0.310 
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Then three more complex nonlinear comparison cases were run to demonstrate 
the capabilities of SHELPC. These cases demonstrate elastic/plastic 
comparisons for axisynwnetrically loaded structures as well as harmonic 
summation comparisons in the elastic regime. Since no other code which does 
the harmonic analysis was available. a direct comparison of nonlinear harmonic 
analysis could not be made. This comparison will rely primarily on 
experimental results from actual combustors. 

To comPare the elastic/plastic analysis capability for axisymmetric 
loading. we modeled a typical axisymmetric combustor lip. as shown in 
Figure 5. It was modeled using 168 3-node finite elements in both SHELPC and 
CYANIDE 2-D programs. The axisymmetric loading conditions were run and 
compared satisfactorily. Figures 6 and 7 show comparisons of the effective 
stress and effective plastfc strain. respectively. as predicted by the two 
~rograms. The plot is for the inner surface of the cooling louver around the 
edge from element No. 56 to element No. 136 as shown in Figure 8. As can be 
seen from these results, the comparison between the two programs is 
excellent. This case was one of those used to validate the analytical 
development of SHELPC where a direct comparison with axisymmetric loads (zero 
harmonic) could be made. 

Our second example demonstrates the Fourier series capability of SHELPC 
under a mechanical loading situation. Figure 9 gives the particulars of the 
problem, a ring under a harmonic pressure distribution applied at the outer 
diameter. This problem was solved both elastically and plastically for the 
stress-strain properties shown. Figure 10 shows the SHELPC predictions for 
the radial displacement at the outer diameter for the two cases. The elastic 
results were correlated with hand calculations and CLASS/MASS results. 

As a final validation example, we extended the previous comparison with 
CLASS/MASS to the nonlinear regime. 

Figure 11 shows the problem conditions. an increased thermal loading, and 
the assumed stress-strain curve. The elastic solution was correlated with 
CLASS/MASS. The plastic solution shows the difference in effect between the 
pressure load of the previous example and a thermal hot streak, Figure 12. In 
this case, plastic flow reduces the radial displacement. 

This program is continuing under development with more verificat.ion and 
validation cases being pursued. 
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Figure 3. Thick-l-lal1ed Cyclinder Model Used for 
Combined Harmonic Loading Verification. 
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Figure 4. Residual Stress Distribution at Time - 10 hrs. 
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Figure 5. SHELPC Model for Combustor Lip. 
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-Figure 6. Effective Stress Comparison for Combustor Model. 
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Figure 8. Combustor Model Louver Detail. 
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ANALYTICAL SIMULATION OF 

WELD EFFECTS.IN CREEP RANGE 

A.K. Dhalla 
Westinghouse Electric Corporation 
Advanced Energy Systems Division 

Madison, Pennsylvania 15663 

The purpose of th1s paper 1s to present the 1nelast1c analys1s procedure 
used to 1nvest1gate the effect of welding on the creep rupture strength of a 
typical Liquid Metal Fast Breeder Reactor (LMFBR) nozzle. The current study 
is part of an overall experimental and analytical investigation to verify the 
.1nelastic analysis procedure now be1ng used to design LMFBR stru~tural 
components operating at elevated temperatures. Two important weld effects 
1ncluded in the numerical analysis are: (a) the residual stress 1ntroduced in 
the fabrication process, and (b) the time-independent and the time-dependent 
material property variations. Finite element inelastic analysis was performed 
on a CRAY-1S computer using the ABAQUS program with the constitutive equations 
developed for the design of LMFBR structural components. The predicted peak 
weld residual stresses relax by as much as 40% during elevated temperature 
operation, and their effect on creep-rupture cracking of the nozzle is 
considered of secondary importance. 

INTRODUCTION 

A test facilHy was des1gned and built to perform thermal transient load 
tests on prototypic Liquid Metal Fast Breeder (LMFBR) Intermediate Heat 
Exchanger (IHX) inlet and outlet nozzles. Three prototypic nozzles forged 
from type 304 stainless steel were welded equidistantly around the 
circumference of the cylinder as shown in F1gure 1. 

All nozzles were subjected to internal pressure (p) and creep hold t1me 
(t) 1n a two stage creep-ratchet1ng test at a temperature of ll00°F (593°C): 
(a) Stage l--p • 200 ps1 (1.4 MPa) and t • 1400 hours, and (b) Stage 2--p • 
450 psi (3.1 MPa) and t • 3000 hours. One of the shell nozzles wa~ subjected 
to a total of 26 thermal downshock trans1ents; the remaining nozzles in the 
test article were baffled off and did not experience thermal transients. 
After each transient the pressure vessel was depressurized, repressurized. and 
unHormly heated and held at a temperature of 1100°F (593°C) for about 160 
hours of creep hold time before initiating the next thermal transient. 
Post-test liquid dye penetrant examination revealed cracks parallel and 
perpendicular to the weld in the heat affected zone (HAZ) on nozzle side of 
all the shell nozzles. A metallurgical examination revealed that 
creep-rupture was the major cause of these cracks. 
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The investigation reported here is part of an overall experimental and 
analytical investigation to verify inelastic analysis procedures used to 
predict the creep r.atchet1ng and the creep-rupture failure in welded 
structural components operating at elevated temperature. This paper presents 
only the analytical procedure used to investigate the weld residual stress 
relaxation and weld material proper-ty variation in a prototypiC LMFBR-IHX 
shell nozzle. The following three specific areas are discussed: . 

1. selection of an appropriate 3-0 mesh in the weld region. 

2. representation of time-independent and time-dependent material 
response based upon uniaxial tensile and creep test data. 

3. simulation of weld shrinkage due to weld cool-down. 

The predicted peak effective, circumferential and longitudinal weld 
residual stresses relax by about 40% during elevated temperature operation, 
and their effect on cracking is considered of secondary importance. In 
subsequent discussion, the maximum weld residual stress parallel to the weld 
slice around the nozzle -cylinder intersection is designated as a 
circumferential stress, and the intermediate principal stress along the nozzle 
and perpendicular to the weld slice is deSignated as a longitudinal stress. 

FINITE ELEMENT IDEALIZATION OF THE SHELL NOZZLE GEOMETRY 

Three planes of symnetry were advantageously utilized to generate the 
refined finHe element mesh shown in Figure 2 which represents the as-built 
nozzle geometry. The as-built nozzle sections were measured by the fabricator 
(Foster Wheeler Energy Applications, Inc.) after final machining but before 
the nozzles were welded to' the cylindrical shell. The geometric dimensions of 
the as-built cross-sections of the nozzle were transferred via a DigHizing 
Tablet linked to the FIGURES-II interactive mesh generation program [1].* The 
finite element analysis was performed on a CRAY-1S computer using Vers1on-4 of 
the ABAQUS computer program [2]. A reduced integration (2x2x2) scheme was 
used to obtain better accuracy at integration points than that predicted by 
the full (3x3x3) integration scheme [3]. The reduced integration option of 
the ABAQUS program uses a higher order (3x3x3) integration to form element 
st1ffnesses and the distributed loads are integrated fully, but stresses and 
strains are calculated only at the reduced (2x2x2) integration points. To 
utilize computer resources more effiCiently and to improve overall accuracy of 
predictions, it 1 s preferable to use more elements in the nozzle weld region 
with reduced integration instead of using more integration points per element. 

Boundary Conditions 

In addH10n to the symnetr1c boundary conditions along the transverse, 
10ngHudinal and 60· symnetry planes shown in Figure 2, H was necessary to 
apply appropriate end cap pressure loadings and displacement boundary 
conditions to the finite element model. The pipe welded to the nozzle is 

*Numerals in brackets designate references at the end of this paper. 
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quite flexible, hence the end cap pressure loading was applied to the pipe 
attachment of the nozzle without restraining the oval1zation deformations of 

. the nozzle end. In contrast, two hemispherical heads welded to the cylinder 
constrain free ovalization deformations of the cylinder ends. This effect was 
included in the analysis by constraining the circular cylinder end section to 
expand only axisymmetrically; end cap pressure was also applied to the 
cylinder end. 

Convergence Study 

. Three elasti~ analyses were performed to evaluate the convergence 
characteristics of the 20-node 1soparametr1c (trl-quadrat1c) element of the 
ABAQUS computer program. To select an economical mesh 1n the weld region 
internal pressure was app11ed to the nozzle. The thr.ee f1nite element models 
evaluated 1n this study are designated as: 

1. I-Ql: Coarse surface mesh (72 elements), and one tr1-quadrat1c 
cont1nuum element through the thickness. 

2. A-Ql: Refined surface mesh (108 elements) near the weld region, and 
one tri-quadratic element through the thickness. 

3. A-Q3: Refined surface mesh (108 elements) near the weld region, and 
three tri-quadratic elements through the thickness. 

The effect of weld reglon surface mesh reflnement is shown in flgure 3. 
The component stress distr1but1ons pred1cted from the I-Ql and A-Ql models are 
1n good agreement except near the weld. The surface mesh model I-Ql is coarse 
and any as-bu11t thickness var1at10ns are smoothed out. In contrast, the 
solid line stress distributions predicted by the A-Ql analysis show 
sign1ficant irregular variation of stresses due to as-built thickness 
variations in the vicinity of the weld. The insert in Figure 3 shows the 
irregular th1ckness variat10n and slope discontinuity at the transverse 
section near the weld. The max1mum change 1n thickness 1s from 1.19 to 1.29 
1nches (about 8%). The stress variat10ns predicted by modelA-Ql near the 
weld are not d1rectly proport10nal to the th1ckness because the stress 
distr1bution near the nozzle cy11nder 1ntersection is not uniform through the 
thickness and around the doubly curved nozzle surface. 

The effects of mesh refinement through the thickness are illustrated in 
figure 4, where the ax and ay stress components are plotted at the 
highly stressed welded location on the transverse section. .The stress 
d1stributions predicted by the one and three element models (A-Ql and A-Q3) 
with the same surface mesh of 108 elements are 1n good agreement. S1m11ar 
good agreement was observed at other locations 1n the nozzle. E1ther of these 
two models would have been adequate for final analysis; however, the three 
element ref1ned model (A-Q3) was selected for f1nal 1nelast1c analysis to 
include stress d1stributions through the thickness that would occur due to 

. temperature variations during the simulated weld cool-down process. 
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MATERIAL MODEL FOR INELASTIC ANALYSIS 

A spare nozzle forging of the same heat of material was sectioned to 
obtain tensile and creep mater1a1 property data 1n c1rcumferent1a1 and 
longitudinal directions from various locations in the nozzle forging. 
Thirteen short term tensile tests and six short term cyclic tests were 
performed on spec1mens extracted from the spare nozzle at temperatures ranging 
from 70 to 1100°F (21 to 593°C) to obtain time-independent stress-strain 
curves' for elastic-plastic analysis. Twenty-two creep tests and n1ne 
relaxation tests were performed at two temperatures. 1050 and 11000f (566 and 
593°C), to obta1n time-dependent creep properties. Four tenslle and eight 
creep tests were also performed on uniaxial miniature specimens fabricated 
from the HAl and the weld material. The test specimens were along the nozzle 
(longitudinal) and perpendicular to the circumferential weld slice. 

The creep and tensile material test data 1nd1cate that propert1es change 
rap,dly within a d1stance of 1 1nch (25 mm) of the weld region of the 
nozzle-cylinder 1ntersect1on. Although the change is continuous, from weld to 
HAl to the nozzle forging base metal, in the f1nHe element idealization H 
was necessary to s1mu1ate th1s change as a stepw1se funct10n. To s1mu1ate the 
observed mater1a1 property var1at10n at a reasonable computat10n cost, a five 
zone material model was developed for the nozzle side of the nozz1e-cy11nder 
'ntersect10n. where creep-rupture cracks were observed 1n the experiment. The 
creep-rupture cracks, as well as s11p traces, were observed as far away as 0.5 
1n. (12 mm) from the weld. Material model presented in this paper reflects 
the nozzle material work hardening and other material property changes due to 
welding. 

Time-Independent Material Model 

The time-independent isothermal tension coupon tests conducted on the 
nozzle forging material at 11000f (593°C) show a significant scatter in 
Figure 5. This figure displays both monotonic (first cycle) and tenth cycle 
test data, along wHh the ASME Code curves for type 304 stainless steel 
material. The base metal data are within the scatterband represented by the 
ASME minimum and average curves shown as solid lines. The curve designated as 
BASE METAL represents a reasonable average of specimens extracted from 
different locations in the nozzle forging. The nozzle weldment test results 
are deSignated as WELD and HAl in Figure 5. To comply wHh the constitutive 
theory of linear kinematic hardening, H· was necessary to b1l1near1ze the 
stress strain curves obtained from the weld, HAl and base metal of the 
nozzle. Figure 6 shows the decrease 1n bilinear yield stress with respect to 
the distance from the weld. 

Temperature in the weld region during weld cool-down varies from room 
temperature to 2000°F (1093°C). Therefore, to predict residual stresses it is 
necessary to include temperature dependence of material properties in the 
analysis. The tests performed on the nozzle material were not sufficient to 
develop a complete temperature dependent material model. Therefore, 
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engineering judgment was used to utilize and extrapolate the data available in 
the ASHE Code. The material property variations presented in [4 to 6] also 
provided guidance in the selection of the material model. 

Temperature dependence of yield stress ay and plastic slope (Ep • 
daldc p ) are shown in Figures 7 and 8, respectively. The 1dea11zed 
variations to be used in analysis are shown as dotted lines. A f1nHe, but 
small, value was assumed for both ay and Ep at 2000°F (1093°C). At that 
temperature the material is liquidus and cannot sustain s1gn1f1cant stress. 
For weld and the HAZs, the variations with respect to temperature were assumed 
to be the same as those for the base metal up to 1500°F (816°C); thereafter, 
the corresponding values at 1500°F (816°C) were l1near1y connected to the 
finite value of 1 ks1 (6.9 MPa) at 2000°F (1093°C). The temperature dependent 
mater1a1 property var1at1ons of Young's Modulus E, Poisson Ratio, v, and 
coefficient of thermal expansion, a are given 1n Table 1. 

TABLE l.-TEMPERATURE DEPENDENT MATERIAL PROPERTIES 
FOR TYPE 304 STAINLESS STEEL 

MODULUS OF ELASTICITY (E) 
E (ks1) 2 [28.31 x 103 - 5.286 (T-70)] 70 < T < 700 

= [24.98 x 103 - 8.16 (T-700)] 700 < T < 1200 
a [20.9 x 103 - 24.88 (T-1200)] 1200 < T < 2000 

POISSON'S RATIO (v) 
v • [0.2672 - 4.02 x 10-5 (T-70)] 70 < T < 2000 

COEFFICIENT OF THERMAL EXPANSION (a) 
a (1°F) = [8.58 x 10-6 

+ 1.82 x 10-9 (T-70)] 70 < T < 700 
• [9.73 x 10-6 

+ 1.13 x 10-9 (T-700)] 700 < T < 2000 

Note: Temperature T is in degrees Fahrenheit. 
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Time-Dependent Creep Model 

Twenty-two uniaxial constant load creep tests on specimens fabricated 
from the spare· nozzle forging were conducted at stress levels ranging from 7.5 
to 25 ksi (51.7 to 172.4 MPa). Eight add1tiona1 creep and/or creep-rupture 
tests were also performed to obtain data for the HAZ and the weld region of 
the nozzle. In1tia11y, attention was focused on developing an appropriate 
analytical representation from creep data obtained for the base metal. 
Thereafter, the analytical representation was extended to simulate the weld 
and HAZ creep data. 

The experimental base metal data are compared in Figures 9a and 9b with 
available creep curves for type 30~ stainless steel material. Typical 
comparisons are sho.wn at only two stress levels: a low stress of 10 ks1 (68.9 
MPa) and a high stress of 20 ks1 (137.9 MPa). The numerals 1 and 2 designate 
the single exponential (1-Exp.) and the double exponential (2-Exp.) creep 
equations developed for specific heats of type 304 SS material. The letters A 
and 0 designate the -ORNL ALL DATA- 'and -1000 HOUR DATA- creep equations 
developed by Oak Ridge National Laboratory for a specific heat of type 304 SS 
material. The letter C designates the nozzle forging base metal creep data 
and the letter R designates the final best-fit rational polynomial creep 
equation used in this study. A compar1son of uniaxial creep data and the 
available mathematical representations show that the correlation between 
measured data and the analytical curve 'R' developed for the present study is 
quite good. 

The rational polynomial creep equation form selected for the present 
study is as follows: 

e • Cpt + ~ t 
c (1 + pt) m ( 1 ) 

where, Cc 1s the total creep strain 1n ,,; C is the amount of transient 
creep strain in %; p is the primary creep parameter in l/hr, which relates to 

• sharpness of curvature of primary creep region; em is the minimum creep rate 
in "'hr; and t is the elapsed time in hr. Booker, et a1., (7] have. 
developed functional relationships for C and p 1n terms of em' with em having 
a term Ch (lot constant) to adjust for differences between heats of the material. 

The minimum creep rate, in Equat10n (1), is a known quantity that is 
obtained from each uniaxial creep test. Based upon em and the average lot 
constant, Ch. the primary creep parameters C and p were calculated according 
to the relationships presented in [7]. The creep strains predicted by the 
rational polynomial creep equation (1) are compared with the experimental data 
in Figures lOa and lOb for the low and high stress levels. The measured creep 
strains (designated by a letter C) are not in good agreement with the rational 
polynomial predictions (designated by numeral 1), which were calculated 
according to the procedure presented in [7]. Consequently, it was necessary 
to adjust constants C and p in Equation (1) to obtain a better fit to the 
creep data, especially to the initial primary creep. strain rates, which in t~e 
analysis would determine the relaxation of residual stress due to weld 
effects. Various combinations of constants C ,and p were examined. A 
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reasonable fit to creep data (designated by numeral 3 in Figures lOa and lOb) 
was obtained by adjusting the constants C andp. That is, to obtain curve 3 
from curve 1, the constant C calculated as per [7] was reduced by a factor of 
3 and the constant p was increased by a factor of 9. The adjusted rational 
polynomial creep equation (designated as curve 3 in these figures) is adequate 
to represent creep response of the nozzle forging material. 

The uniaxial data obtained from the HAZ and the weld material indicate 
that the we.ld region 15 substantially stronger (lower creep rates) than the 
base metal. To develop ~ material model for the weld region, the creep 
equation constants C and p were appropr.1ately adjusted to obtain reasonably 
smooth variations of creep rates between the weld and the nozzle forging. The 
rational polynomial creep curves' for five zones in the weld region are shown 
in Figure 11. The nozzle forging and ·the weld metal analytical curves are 
designated by numerals 1 and 5, respectively. 

The rational polynomial creep model developed here is considered adequate 
to simulate the creep response in the nozzle analYSis, however, the actual 
properties used in the analytical model are difficult to justify in all 
respects because: 

1. the extent of heat affected zone (HAZ) in the as-built nozzle cannot 
be defined accurately, 

2. the size and the number of f1nHe elements used in the analytical 
model to represent the weld region require discontinuous 
representation of the material properties, and 

3. the scatter in uniaxial material data [8] requires some approximation 
in the analytical representation. 

THERMAL LOADING TO SIMULATE RESIDUAL STRESSES DURING WELD COOL-DOWN PROCESS 

The distribution and the pe~k amplitude of the residual stress introduced 
during the welding process depend upon many variables. A few of these 
variables mentioned in the literature [9 to 12] are: (a) plate thickness, 
(b) heat input, (c) rate of coo~1ng (heat. sink, surface convection and 
radiation. etc., in complex geometries), (d) shift in peak temperatures during 
the cooling process, (e) weld repair (if any), (f) g.eometr1c configuration of 
the weld groove, (g) number of weld passes, and (h) geometry and size of the 
welded component. 

Temperature Profiles Developed for the Nozzle 

Th.e . pu~pose 'of the 'pr~sent investigation ,15 to evaluate the relaxation 
and subsequent redistribution of residual stresses ,during creep hold time of 
110QoF (593°C). Consequently, :,'t.1s not 'necessar"y 'to simulate accurately the 
residual stres.s distribution" and predict the peak .res1dual stress in the 
nozzle. An overall'" simulation of residual stress' d1str1but1on was 
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accomplished by specifying temperature distributions due to the last weld pass 
cool-down on the outs1-de surface. Typ1cal weld thermal cycle charts presented 
1n the We1d1ng Handbook [9] show that: 

1. the coo11ng rate of a weld and the w1dth of the correspond1ng HAZ can 
be controlled by manipulating energy input and preheat temperature, 

2. the coo11ng rate increases w1th 1ncrease 1n plate th1ckness, 

3. the time at elevated-temperature decreases with 1ncrease 1n plate 
th1ckness, and 

4. the heat flow pattern changes from a two-d1mens10na1 flow for very 
th1n plates to a three-d1mens10na1 flow for very th1ck plates. The 
heat flow change qual1tat1ve1y expla1ns the 1nfluence of plate 
th1ckness on cool1ng rates. 

F1gure 12, taken from [10], shows the weld cool-down rate measured with 
respect to t1me and d1stance for a 1,3 1n. (33 mm) th1ck 26 1n. (660 mm) 
d1ameter type 304 sta1nless steel butt welded p1pe. The weld and geometr1c 
parameters for the welded p1pe; although siml1ar, are not the same as those 
used to fabr1cate the nozzle test assembly. Temperature prof1les dur1ng weld 
cool-down were not measured 1n the nozzle exper1ment, therefore, the 
temperature d1str1but1ons shown 1n F1gure 12 were used to generate temperature 
profiles for the nozzle weld cool-down analys1s. Time dependent temperature 
profl1es along the nozzle are shown 1n Figures l3a to 13c for three layers 
(outs1de, middle, and inside) through the thickness of the weld region. These 
nodal temperature d1str1but10ns along the nozzle are assumed to be 
circumferent1al1y symmetric (ax1synrnetric with respect to the nozzle 
centerline). 

F1gures 13a and 13c show that the temperature decreases rapidly away from 
the weld and within 50 seconds the highest temperature of sooor (421°C) is 
below the creep range of type 304 sta1nless steel. Also the temperature 
decreases below SOO°F at a d1stance of about 0.5 1nch {13 nrn} away from the 
edge of the weld. The analytical s1mulat1on of the nozzle weld cool-down 
process shown 1n Figures 13a to' 13c . 1s consistent with the temperature 
measurements presented in [9 and 10]. The metal temperatures up to a distance 
of about 0.8 in. (20.3 nrn) from the welded hot spot decrease with elapsed 
time, whereas the metal temperatures at distances greater than O.B in. (20.3 
nrn) 1ncrease with elapsed time, up to about 50 seconds, before reaching a 
steady state uniform temperature distribution of 200°F (93°C). To further 
simplify the analysis, the weld deposit10n {heat-up} process was not 
simulated. The justif1cation 1s that at the end of heat-up the weld would be 
11qu1dus at temperatures above 2000°F (1093°C), and would not be able to 
susta1n s1gn1f1cant stresses before 1t cools down. 

Loading H1story for Weld Res1dual Stress Analysis 

The follow1ng steps summarize the load1ng history used to perform the 
inelastic analysis: 
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1. Assume an initial stress-free state at a time less than 3 seconds for 
temperature distribution shown in Figures l3a to 13c, with 200°f 
(93°C) uniform temperature away from the weld. 

2. Apply temperature d1stributions at times of 20 sec., 50 sec., and 
greater than 2000 secs. to simulate the weld cool-down process. 

I F I 

3. Heat-up to 11000f (593°C) uniform operating temperature, hold at 
elevated temperature (without pressure) for 156 hours and cool-down 
to 70°f (21°C) ambient temperature. 

INfLASTIC ANALYSIS RESULTS 

The inelastic analysis was performed in accordance with the constitutive 
equations recommended in [13] for the LMfBR structural components operating at 
elevated temperature. Figures 14a to 14c show deformations of the nozzle at 
the end of 156 hours of creep hold time. These deformations include free 
thermal deformations of the nozzle. The dotted lines in these figures 
represent the original nozzle geometry and the solid 11nes show the deformed 
shape, where the dlsp1acements are magnifled 100 tlmes. Flgure 14a shows the 
overall deformatlons, whereas Flgures 14b and 14c show two deformed sectlons 
along the length of the nozzle: (a) longitudlnal sectlon and (b) transverse 
sectlon. The weld shrinkage effects are clearly seen in these figures. At 
distances away from the weld, free thermal expansion deformatlon is large but 
the differential thermal deformation between contiguous elements is small. 
Consequently, the residual stresses away from the weld region are small. Thu~ 
the stress dlstrlbutlon of interest is around the weld sllce--a 
circumferentla1 set of elements around the nozzle-cylinder intersection. 

Figure 15 shows d1stribution of two principal stresses (circumferential 
and longitudinal) around the nozzle weld slice. The maximum principal 
residual stress 15 in the circumferential direction. Two curves for each 
principal stress in this figure show that the residual stresses decrease when 
the test article is unlformly heated from 200°F (93°C--cold state) to an 
operating temperature of 1100°F (593°C--hot state). At 200°f (93°C) the 
residual stresses are on the yleld surface; at the llOO°F (593°C) operating 
temperature the yield surface shrinks and residual stresses decrease to 
satisfy the flow rule of the material. 

Residual Stress Distribution 

Figures 16 and 17 show the circumferential stress and effective plastic 
strain distributlons along the longitudinal and transverse sections. The 
stress and strain predictions are plotted at the boundary of two contiguous 
finite elements as an average of two integration points to present smoothed 
stress distribution in these figures. The dhtributions are displayed along 
the inside surface of the longitudinal section in Figure 16, and along the 
outside surface of the transverse section in figure 17. 
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The stress and strain profiles along the length of the nozzle, shown in 
Figures 16 and 11, indicate that the peak stress levels are predicted near the 
weld as anticipated. At the end of creep hold time of 156 hours the peak 
residual stresses near the weld region relax by as much as 40%. Longitudinal 
and effective peak stresses also relaxed by about the same amount. The 
maximum plastic strain of about 1.4% is accumulated at the transverse section 
of the weld slice (Figure 11). The residual stress relaxation predicted here 
is consistent with relaxation results presented in [14 and 15] for 
c1rcumferent1a11y welded pipes. 

After completing the weld cool-down analysis, the nozzle was subjected to 
the internal pressure loadings and creep hold times recorded in the 
experiment. The creep-rupture pred1ct10ns, which will be presented in a 
separate paper [16]. indicate that. the observed creep-rupture crack.ing 
parallel to weld 1s' not due to the presence of weld residual stresses. The 
maximum principal residual stress is parallel and not perpendicular to the 
observed circumferential cracking on the outside· surface. The secondary 
importance of residual stress on cracking can also be judged by the fact that 
the weld residual stresses relax rapidly during creep hold time. In contrast, 
the internal pressure stresses do not relax significantly and the maximum 
principal pressure stress is aligned perpendicular to the observed cracking. 
Therefore. the primary cause of cracking observed in the experiment is due to 
the pressure stresses [16]. 

CONCLUDING REMARKS 

A 3-0 finite element model consisting of 324 tr1-quadraUc elements of the 
ABAQUS computer program was used to predict residual stresses 1n a prototypic 
LMFBR nozzle. The weld shrinkage effects and the residual stresses were 
simulated numerically by specifying time-dependent temperature proflles for 
the nozzle weld. The variation of time-independent and t1me-dependent 
analytical material models for the weld region were established from the 
uniaxial tensile and creep tests of the nozzle weldment material. 

The deformation plots of the nozzle after weld cool-down qualHatively 
show that the analysis simulated the weld shrinkage effects very well. Two 
highly stressed regions where cracks were observed in the experiment were 
correctly identified by the analysts. The maximum residual stresses occur on 
either side of the weld. and attenuate away from the weld region. In the 
absence of experimental measurements, the residual stress distributions 
predicted by the 1nelast1c nozzle weld analysis are considered reasonable, 
especially at highly stressed nozzle locations where the residual stresses are 
UmHed by the y1eld surface spec1f1ed for the weld, HAZ and nozzle forg1ng 
material. An important conclusion from this analytical study is that the peak 
residual stresses relax by as much as 40% during elevated-temperature 
operat1on. 

The present study is part of an overall analytical investigation 
undertaken to evaluate the effect of weld residual stresses on creep-rupture 
failure of structural components operating in creep range. In a separate 
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paper [16] H 15 shown that the residual stresses raise the total stresses 
predicted in the internally pressurized nozzle; however, the observed 
circumferential cracking (parallel to weld) on the outside surface of the 
"nozzle is parallel to the maximum principal residual stress. 

A detal1ed evaluation of analytical predictions in [16] show that the 
effect of residual stresses on creep-rupture cracking is of secondary 
importance. The primary reasons for nozzle weld cracking are: (a) the 
principal pressure stresses which are perpendicular to the observed cracks and 
do not relax significantly during creep hold time, and (b) the weld effect in 
the form of higher HAZ and weld material yield strength with about the same or 
slightly lower creep-rupture strengt"h than that of the base metal. 
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Fi gure 1. - Full Scale Pre ssure Ves sel Nozzle s were te sted and analyzed to 
validat e methods of anal ysis and design criteria 
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Figure 2 . - Fini t e Element Idealization of As -Bui l t I nlet Nozzle Geometry 
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Dotted line - original geometry 
Solid line - deformed geometry 
Displacement magnification 
factor = 100 
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Figure 14. - Magnified Nozzle Deformation at the end of Weld cool-down 
(Includes 156 hours of Creep Hold at zero pressure) 
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CREEP CRACK GROWTH PREDICTIONS IN INCO 118 

USING A CONTINUUM DAMAGE MODEL 

Kevin P. Walker 
Engineering Science Software, Inc. 

Smithfield, Rhode Island 02906 

Dale A. Wilson 
Pratt and Whitney Aircraft 

Government Products Division 
East Hartford, Connecticut 06108 

Creep crack growth tests h~ve been carried out in compact type 
specimens of INCa 718 at 12aaoF (649°C). Theoretical creep cracK growth 
predictions have been carried out by :ncotporating a unified viscoplastic 
constitutive model and a continuum damage model into the ABAQUS nonlinear 
finite element program. 

Material constants for both the viscoplastic model and the creep 
continuum damage model were determined from tests carried out on uni
axial bar specimens of INCa 718 at 1200°F (649°C). 

A comparison of the theoretical creep crack growth rates obtained 
from the finite element predictions with the experimentally observed 
creep crack growth rates indicates that t~e viscoplastic/continuum damage 
model can be used to successfully predict creep crack growth in compact 
type specimens using material constants obtained from uniaxial bar 
specimens of INCa 718 at 1200°F (649°C). 
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INTRODUCTION 

The Air Force and Pratt and Whitney Aircraft are developing 
technology to allow for an eventual damage tolerant design approach 
to turbine engine components and to retire existing components based 
on the detection of service initiated flaws. This approach is based 
heavily on the capability to predict the growth of flaws in critical 
structural components during the service life of the component. The 
majority of critical structural components operate at elevated temp
eratures where plastici ty and time-dependent creep occur, parti cu
larly in regions of stress concentratiun and near the tips of fatigue 
cracks. Considerable research is currently being conducted on model
ing crack growth behavior in engine materials. These research ef
forts require an ungerstanding of crack tip behaviour in order to su
ccessfully evolve real i stic crack growth crt teri a. Because of the 
complex inelastic behaviour, closed-70rm solutions to crack problems 
are not practical. An alternative a~proach is to use finite element 
methods for modeling test geometries. Such an approach, however, 
depends heavily on realistic constitutive models of the material 
behaviour as well as local ized fai lure criteria for crack growth 
problems. 

This paper presents some results on creep crack growth obtained 
under a contract [1] with the Air Force Materials Laboratory at 
Wright Patterson Air Force Base under the cognizance of Dr. Ted 
Nicholas. The Program involved the development of a constitutive 
model for INCO 718, a nickel-base alloy, at 12000F (649°C) under 
monotonic, cycl ic, and sustained loading. This model has the capa
bility of accounting for load history effects as well as material 
failure or damage accumulation. The model has been incorporated into 
a nonlinear finite element program to simulate the crack growth be
haviour in laboratory test specim.::n~, and data have been generated 
to evaulate the applicability of the model. Development of the model 
was based on prior constitutive modeling efforts, and as such, pri
marily involved modifications and refinements to established ap
proaches. 

PROBLEM DESCRIPTION AND SOLUTION 

At elevated temperatures the material in the vicinity of a crack 
tip can fa i I or rupture under creep (constant load) cond it ions due 
to the high stress concentration. To predict creep crack growth 
analytically it is first necessary to determine the stress-strain 
behaviour of the material in the vicinity of the crack tip. Once 
the stress and strain histories are known at a particular pOint, the 
time required to fail or rupture the material at that point can then 
be determined by a suitable failure criterion. 

The theoretical effort makes use of a unified viscoplasti~ 
constitutive formulation to det€~mine the time-dependent material 
behaviour in the crack tip vicinity, while a continuum damage model 
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is used to predict the time required to fail a particular point in 
the crack tip neighborhood. Both the viscoplastic constitutive model 
and the' continuum damage model have been incorporated as a FORTRAN 
subroutine into the ABAQUS [2] general purpose nonlinear finite ele- . 
ment program. When the continuum damage criterion dictates that the 
material at the Gaussian integration point in the finite element 
closest to the crack tip has fai led, the node at the crack tip is 
released; and the crack advances to the adjacent node in the crack 
plane. 

Under creep conditions the small amount of crack growth is dif
ficult to determine by conventional experimental crack measuring 
techniques. Instead of measuring crack length as a ,function of time, 
the displacement of two points located on either side of the crack 
tip is monitored as a function of time by an optical interferometric 
displacement measurement technique. The nodes along the crack plane 
in the finite element model are released in such a manner that the 
computed displacements of the two points, due to both the visco
plastic material behaviour and the crack growth, matches the experi
mental displacements as time progresses. Crack length, as a function 
of time, then becomes a product of the finite element analysiS rather 
than an input. Since the failure criterion under creep conditions 
is determined by a continuum damage model, the material constants in 
this model can be chosen to give a least square fit to the creep 
crack growth experiments in the INCO 718 conipact type specimens at 
1200°F (649°C) carried out under different applied loads. The mat
erial constants in the continuum damage model can also be determined 
to give a least square fit to the creep rupture data obtained from 
uncracked uniaxial specimens of INCO 718 at 1200°F (649°C). If creep 
crack growth is governed by creep rupture of the material directly 
ahead of the crack tip, then the material constants determined from 
the creep rupture experiments on the uncracked uniaxi al specimens 
should coinCide with those obtain~d from the creep crack growth 
experiments on the compact type specimens. 

The use of combined experimental and theoretical procedures 
to determine crack growth criteria :,as been labeled the Hybrid Exper
imental-Numerical procedure by Kobayashi [3].' Hinnerichs and his 
colleagues [4J used this procedure to determine a creep crack growth 
criterion for IN 100 at 13500 F (732°C) from experiments carried out 
on a centre-cracked plate test specimen by Sharpe [5]. They found 
that a critical damag~ accumulation 'criterion for creep crack growth 
simi lar to that employed in the present work gave good correlation 
with the experiments conducted by Sharpe. 

CONSTITUTIVE FORMULATION 

Cyc 1 i c hysteres i sloops . and creep curves were generated for 
INCO 718 at 1200°F (649°C). Figure 1 shows a logarithmic plot of 
stressvs. inelastic strain rate from creep tests and cyclic hyster
esis loops generated in the present' work and from tests conducted 
by Domas, Sharpe, Ward, and Yau [6]. The plot shows the variation 
of secondary creep rate (or extension rate in a uniaxial hysteresis 
test) with applied stress. Discrepancies between the present data 
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and that generated by Domas, et al [6], occur at both low and high 
stress levels. At high stress levels corresponding to the uniaxial 
hysteresis tests, the data pOints are estimates obtained by extra
polating the test data to obtain the ultimate stress values. 

At high strain rates (in this context 10-4 to 10-3 per second) 
the material behaviour becomes insensitive to strain rate. This may 
be observed in the flattening of the logarithmic stress vs. inelastic 
strain rate curves shown in Figure 1, and is exhibited by the present 
data and by the data generated by Sharpe and his colleagues. 

A power law expression [7] for the inelastic strain rate in 
terms of the applied stress and equilibrium stress was first fitted 
to the creep and hysteresis data. When fitting unified viscoplastic 
mode1s to test data, the usual procedure is to assume that the func
tional form of the inelastic strain rate expression is correct, and 
that any deviation of the test data from the assumed functional form 
is due to thermal recovery of the state variables. In this manner 
the material constants for both rate effects and thermal recovery 
can be determined from the test data. A reasonable correlation of 
stress vs. strain rate was achieved with the power law at low to 
intermediate strain rates provided thermal recovery was taken into 
account. However, the power law may be expected to hold only over 
a relatively small strain rate range, and the stresses at high strain 
rates tend to be overestimated with a power law expression. This 
was clearly evident in the predicted stress results for strain rates 
of 5.3x10-4 per second and 5.3x10-3 per second used in the hyster
esis loop testing. To obtain a bettp.r overall correlation of stress 
vs. strain rate, it was decided to use an exponential law for the 
inelastic strain rate in place of tlle power law. This provided a 
much better fit to the experimental data at all strain rates without 
including thermal recovery effects. Thermal recovery is present at 
1200°F (649°C), but deri ve the current set of materi a 1 constants, 
thermal recovery has been neglected. Table 1 shows the correlation 
between experiment and theory using the exponential constitutive 
formulation given in Appendix 1. 

Tab 1 e 1 Stress us Strain Rate With E%ponential 
lAu; 

5.3 £03 
5.3 E-4 
6.88 E-6 
8.22 £.7 
1.&2 £07 
3.66 E-8 
1.67 £.9 
3.65 £010 

• (pti. T~'t) 
172000 (Ezuapolatld) 

140000 
130000 
l20000 
110000 
100000 
80000 
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177536 
164492 
140000 
127971 
118406 
110435 
100000 
86377 



Table 2 Creep Rupture Details of INCO 718 at 12000 F 
(649°C) Obtained in Present Contract 

Strrsin on Loculi!!! Fwd R,duction 
StreA ElGItic IMlutic Ruptw:e Time Eloniacion in Ana 
(lui) (90) ( .. ) (1ar~ (~) (~) 

140 
13& 
130 
120 
110 
100 
80 

0.508 0.639 1.4 8.2 12.6 
0.610 0.e07 2.0 9.0 14.2 
0.251 0.151 U 7.' 12.2 
Q.279 0.056 25.5 10.5 18.2 
Q.292 0.006 156.7 8.0 13.2 
0.286 0.0 281.1 13.4 41.9 
0.277 0.0 OiIcoDCilu.d 

after 358 hr 

Table 3 . Creep Rupture Details of INCO 718 at 
1200° F (649°C) Obtained by Domas, 
Sharpe, Ward, and Yau [5] 

StreA (lui) 

120 
110 
100 
80' 

• aoTF6 SpeciftcatioD 

2S 
92 

131 
1583 

15 
50 

160 
1800 

Table 4 Creep Rupture Details of INCO 718 at 1200° F (649°C) 
Obtained by Thakker and Cowles [8] 

Stre., 
flUi) 

120 
110 
105 
90 

Strain on LoGdi!!l, Finol RedIM:tion in 
Elutic IMIu~ Rupture TilM Eloniation Area 

(")f,) (~) (hr) (")f,) ('!'o) 

0.597 0.060 20.1 1:'1 15.9 
0.581 0.012 48.3 14.8 52.3 
0.476 0.009 116.0 23.7 56.8 
0.450 0.005 494.8 2£.0 61.3 

Table 5 Comparison of Theoretical and 

Streu 
(pti) 

140000 
130000 
120000 
110000 
100000 

E%perimental Creep Rupture Times 

5040 
24B4O 
91800 

204120 
1011960 

Rup4U1'C TUM 
(,cc) 
from 

tit-fA'" t 11(.)+1 I r l 

5041 
21000 
85015 

315123 
1011687 

A - 2.394 X 10-G, r - '.2; k(.) - 1 + 1.011E-4e'·~' 
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INCO 718 displays cyclic softening at 1200°F (649°C). The soft
ening is observed in the decrease in the. stress amplitude of the 
hysteresis loops as cycling proceeds under constant strain amplitude. 
,It can also be observed in the increase in the width of the hyster
esis loops under constant stress aMplitude in fatigue testing. This 
cycl ic softening can be modeled with the V) scoplastic formulation 
at small cyclic strain amplitudes by allowiny the drag stress state 
variable to decrease with cumulative inelastic strain. In the finite 
element creep crack growth calculations the drag stress was assumed 
to be constant and cyclic softening was not permitted. Material 
constants for the cyclic softening case and for the noncyclic soften
ing case used in the finite element calculatIons are listed in Ap
pendix 1. 

Tertiary creep and creep damage accumulation have been included 
in the constitutive formulation by using Chaboche's continuum creep 
damage model [8]. Details, of this model are given in Appendix 2. 
Experimental results of creep rupture time and cre2p rupture strain 
as a function of stress level are given in Tables 2, 3 and 4. A 
comparison of theoretical and experimental creep rupture times is 
given in Table 5. 

Material constants for the ~reef' damage mode1 were determined 
from creep rupture tests on uniaxial bar specimen'3 of INCO 718 at 
1200°F (649°C). The specimens were given a standard heat treatment 
per specification AMS SS96C as follows: 

Solution anneal at 1750°F (854°C) for one ho~r. Air cool to below 
932°F (500°C). Age at 132soF (718°C) for eig~t hours. Furnace cool 
to 11S0°F (621°C). Age at 11S0oF (621°C) for a total time of eigh
teen hours aging, cooling, and aging. Air cool to room temperature. 
The test material was furnished in the form of 0.5 in. (12.7mm.) 
thick flat plates having nominal dirr~nsions 12x4 in. (30Sx102mm). 

Figure 2 shows a logarithr.1ic plot of stress vs. rupture time 
for the creep rupture tests performed in the current work and for 
creep rupture data generated by Domas 'et al [6] and by Thakker and 
Cowles [9]. The rupture time corresponding to an initial tensile 
stress level can be determined from t~e uniaxial form of the damage, 
growth relation presented in Appendix 2. This relationship may be 
written in the uniaxial form 

(1) 

Integration between the limit 0=0 to 0=1 gives the c~eep rupture time 
in the form 

( 2) 

A least squares fit to the three data sets is achieved with the 
values 

A=1.17x10- 38 ,r:6.31,k(C)=1+(1.011x10-4)exP(9.446x10-SC). 
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This fit is shown as the solid line in Figure 2. For the data gen
erated in the current work a least square fit is achieved with the 
values 

A=2.394x10-43 ,r=7.22,k(a}=1+(1.011x10-4}exP(9.446x10-5a}. 

FINITE ELEMENT MODELING 

The unified viscoplastic constitutive formulation including 
Chaboche ' s continuum creep damage model outlined in the appendices 
was incorporated into a FORTRAN subroutine of the ABAQUS general 
purpose nonlinear finite element program. The ABAQUS program solves 
the nonlinear finite element equilibrium equations by a Newton-Raph
son iterative method. For quasistatic loading conditions the finite 
element equilibrium equations are solved in the form: 

I(L BT J B dV) c· - P(t + .1t) - IL BT ·(I1(t) + ~(Au·»dV, ( 3) 

In these equations the matrix B transforms incremental nodal 
displacements to incremental strains according to the relationship 

~f - B ~u. ( 5) 

The stress increment for the unified viscoplastic constitutive formu
lation is a function of the strain increment, and is therefore a 
function of the nodal displacement increments via equation (5). Equ
ation (3) provides the correction to the kth iteration for the dis
placement increment. 

In order to implement the Newton-Raphson iterative method for 
solving the finite element equilibrium equations, it is necessary 
to provide the Jacobian matrix J in equation (3). This matrix is 
determined from the relationship 

( 6) 

Since the differential form of the unified viscoplastic formulation 
results in a mathematically stiff system of differential equations, 
the stress increment resulting from a given strain increment must be 
determi ned by a sub increment method. The simp I est method, and the 
one used in the PI esent work, is to split the fi"nite element incre
ment tnto a number of equally sized subincrements and to integrate 
the viscoplastic equations over each subincrement with an Euler for
ware difference method. This can result in an unstable integration 
operator if the subincrement size is too large. In the FORTRAN sub
routine the inelastic strain rate is determined by the forward dif
ference representation of equation {1} of Appendix 3. If the magni-
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tude of the argument of the exponential factor in equation (1) exce
eds the value of thirty (30) in any subincrement, the integration 
procedure is stopped. The number of subincrements is then tripled 
and the subi ncrement i ntegrati on procedure is restarted from the 
beginning. This procedure is repeated until no subincrement produces 
an exponential argument greater in magnitude than thirty. 

Since the Jacobian matrix J cannot be obtained in algebraic 
form when a subincremental procedure is used, it is necessary to 
obtain this matrix numerically. A numerical Jacobian matrix is 
computed in the following manner. First the viscoplastic constitu
tive subroutine is entered to determine the stress increments 6crxx' 

6cryy ' 6 crxy correspondi ng to the stra i n i ncrements ~ £ xx' D. f,yy' 

~xy. Let ~a~~, 6~~' 6a~~ be the stress increments corresponding 

to the perturbed strain increments 6Exx+O.01~Exx' fl£yy' ~Exy; let 
~~~, fla~~, fla~~ correspond to the perturbed strain increments ~€xx' 

~Eyy+O.01~eyy' !)l-xy; and let haa~;, ~~~, 6~~ correspond to the per

turbed strain increments ~£xx' ll£yy' ~£xy+O.Olll£xy. The numerical 

plane stress Jacobian is then determined from the matrix relation: 

~CT: - ~aD ~~ - ~au ~CT: - ~CTD 
O.OI£tu O.OI~t)'). 2(0.01~tlY) 

J ~~ - ACT" ACTZ"! - ~CTyy - '1'1 (7) 0.01 ~t" 2(0.01~flY) 

ACTIY - ~CT1Y Symmetric . IY 

2(0.0IAtlY) 

Thus, the plane stress Jacobian matrix requires four calls to the 
viscoplastic constitutive subroutine at each Gaussian integration 
point in the structural model. On~ call is required to obtain the 
unperturbed stress increment, ~'/hilst three additional calls are 
required for each perturbed strain increment. 

It is necessary to use the same number of subi ncrements- in each 
of the four calls to the viscoplastic constitutive subroutine. 
Otherwise, the Jacobian matrix '·,ill contain comporlents of "noise" 
resulti ng from the operati on' aCT / a (change in number of subi ncre
ments). For th'is reason it was not considered worthwhile to change 
the size of the subincrements by means of some self-adaptive error 
detecting method during the finite element integration step, since 
the size of each subincrement would have to be stored in order to use 
the same subincrement breakup in each of the perturbed strain incre
ment calls to the constitutive subroutine. The simple procedure of 
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using enough subincrements to prevent the magnitude of the expon
ential argument from exceeding the value of thi rty was therefore 
adopted. 

In order to determine the number of subincrements to be used 
in the finite· element integration step, the following empirical 
procedure was adopted. Let e denote the largest absolute value of 
ei ther the xx. yy or xy components of the fi ni te element strain 
increment for the case of plane stress. Numerical studies have 
shown that the forward difference integration procedure is generally 
stable provided the strain increment does not exceed the value of 
10-4. The number of subincrements for a given Gaussian integration 
pOint in some finite element in the structure is then determined as 
e/10-4• In crack. propagation experi~ents in a superalloy compact 
type specimen. the stress and strain increments are large only in 
the immediate vicinity of the crack tip. All other elements away 
from the crack tip vicinity generally experience small strain incre
ments. Thus, in the element ahead of the crack tip, the Gaussian 
integration pOints may require 50 subincrements, while those elements 
further from the crack tip generally require only 2 or 3 subincre
ments. 

If the finite element load increment is large, then all of the 
finite elements will require a large number of subincrements to 
integrate the constitutive relations. This will be the case for 
structures which are free of large stress or strain gradients. How
ever, for cracked structures, the large stress and strain gradients 
in the vicinity of the cracks and stress risers prevent large finite 
element load increments from being taken. This arises from the fact 
that the 1 arge stress or stra i n gradi ents gi ve a very sma 11 radi us 
of convergence to the Newton-Raphson i terati on method for sol vi ng 
the finite element equilibrium equations. This small radius of con
vergence of the iteration method for cracked structures is not pecu
liar to the Newton-Raphson method. During the present work a Picard, 
or success i ve substi tuti on method (as used in the MARC program), 
was also used to solve the finite element equilibrium equations. For 
cracked structures the radius of convergence of this iteration method 
was a I so found to be very sma 11. In addi ti on, the rate of conver
gence for small increments with the Picard method is linear, whereas 
the rate of convergence of the Newton-Raphson method is quadrati c. 
For this reason the Newton-Raphson iteration method for solving the 
fini te element equi I ibri um equation~ for cracked structures appears 
preferable to the Picard successive substitution procedure. 

The fact that small finite element increments must be used to 
solve the equilibrium equations for cracked structures implies that 
most of the structure is subjected to very small finite element 
strai n increments. One or two subi ncrements are then requi red for 
most of the Gaussian points in the structure, and it is doubtful if 
more refined integration methods (implicit) are required for these 
structures. 
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CREEP CRACK GROWTH MODELING 

Experimental creep crack growth data have been generated by 
loading compact type specimens of INCO 718 with applied load levels 
of 4000 lb~ and 4725 lb. at 12000 r (6"49°C). It is difficult to 
measure crack length as a functior. of time on the surface of the 
compact type specimen with any accuracy due to the fact that the 
amount of crack growth is usually very small, and the crack may grow 
internally in the specimen without associated surface crack growth. 
Instead of measuring creep crack growth directly,· displacements 
across the crack were measured as a function of time at the two 
pOints shown "in Figure 3 by means of speckle interferometry. Finite 
element calculations were then used to determine the theoretical 
creep crack growth rate with computed displacements at the ~wo 
speckle interferometry points which agree with the experimental 
measurements. Crack growth versus time is then obtained indirectly 
from the analytical results in the rr.anner employed by Hinnerichs 
et al [4]. 
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Figure 3. - Location of Two Points on Either Side 
of the Crack Where Displacement is Measured by 
Speckle Interferometry 

The computations were made uSIng plane stress assumptions. 
Plane stress calculations were chosen based on the analysis reported 
by Atluri and Nakagaki [10] where theoretical plane stress J-inte
gral values gave the best agreement with 1.0 inch thick compact type 
specimen test data. The thickness of the compact type specimens 
used in the present work is 0.5 inches. Plane stress computations 
were also chosen by Hinnerichs et al [4] to analyze creep crack 
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growth in a centre-cracked plate which had a thickness of 0.3 inches 
with crack lengths as small as 0.12 inches. 

Figure 4 shows the finite element mesh used to analyze one half 
of the compact type specimen. The mesh for the creep crack growth 
computations consists of 115 isoparametric 8 noded quadrilateral 
elements with 420 node pOints. Reduced integration was employed 
in the analysis so that the surface integrations over each element. 
required in the formulation of the matrices in equation (3). employed 
only four Gaussian integration pOints per element. Thirty six square 
elements. each of dimension 0.01 inches by 0.01 inches, are located 
in the area irrrnediately surrounding the crack tip. Details of the 
crack tip mesh are displayed in Figure 5. 

The adequacy of the mesh was checked by computing the elastic 
stress intensity factor generated by the finite element model under 
plane strain conditions. Agreement with the handbook formula [11J 
for the elastic stress intenSity factor 'was achieved to within 3% 
accuracy. 

Initially, the continuum damage model was incorporated into the 
• unified viscoplastic constitutive formulation. and the complete 

consti tuti vel conti nuum damage Ir.Jdel was coded into a FORTRAN sub
routine of the ABAQUS finite element program. When the compact type 
specimen is initially loaded to 4000 lbs •• a rapid stress redistri
bution occurs at the Gaussian integration points closest to the crack 
tip. The stress at the point closest to the crack tip relaxes (de
creases) while the stresses at the pOints further removed from the 
crack tip increase slightly to preserve global equilibrium. After 
about 10 seconds the stress redistribution stabilizes and no further 
change in the state of the compdct type specimen occurs until about 
94 minutes have elapsed. The equivalent Von Mises stress at the 
Gaussian integration point closest to the crack tip, viz., point 2 
in element number 83 of Figure 6, has a value of 139200 Ib/in2• The 
equivalent stress at integration point 1 of element 83 which is 
further removed from the crack tip has a much lower value of 100600 
Ib/in2• After 94 minutes at the constant stabilized stress value 
of 139200 Ib/in2, integration point 2 in element 83 begins to rapidly 
accumulate creep damage and failure (creep rupture) occurs after 94.2 
minutes. At this point the incegration procedure becomes unstable 
as the damage parameter approaches values close to unity. 

The constitutive equations, when written in differential form, 
will always tend to exhibit ~nstable behaviour whether or not 
explicit forward difference or implicit backward difference methods 
are used in the integration procedure. The tendency to unstable 
behaviour in the differential equations arises from the fact that the 
right hand sides of the differential equations become very large as 
the damage parameter approaches unity. An integral formulation of 
the viscoplastic model is given in Appendix 1. where it may be seen 
that the factor (1-0) appears on the right hand side of the equation 
for the stress. As 0 approaches uni ty the stress decreases to zero 
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and no instabi Ii ty should be encountered if an integral recursion 
procedure is used to step from the beginning to the end of the incre
ment. This procedure. was not u:ed in the present calculations 
because a suitable algebraiC Jacobian matrix was only developed after 
the present calculations were completed. Recent applications of the 
numerical procedure using the integral recursion relations have 
proved successful, and this method ought to be pursued further in 
an attempt to obtain a stable integration method for the coupled 
viscoplastic/damage equations. 

Since the equivalent stress at the integration point closest 
to the crack tip remains constant for 94 minutes after the initial 
10 to 15 second transient, and failure occurs at 94.2 minutes, it 
was decided to remove the damage computation from the vi scapI asti c 
FORTRAN subroutine to avoid the instaoi'lity due to creep continuum 
damage accumulation. 

The computations for creep crack growth now proceed as follows. 
Fi rst, the compact type specimen is loaded to either 4000 lbs. or 
to 4725 lbs. After a brief transient stress redistribution in the 
vicinity of the crack tip, the eQ'Jiv3lent stress remains constant 
at the Gaussian integration point clGsest to the crack tip, viz. 
integration point 2 in element 83 of Figure 6. The time to failure 
for this integration point can then be determined from equation (2). 
From equation (5) of Appendix 3, the last two terms are responsible 
for decreasing' the stress at the material point due to the growth 
of the creep damage parameter D. That is to. say, as the point fails 
and its load carrying capacity diminishes with increasing damage, 
the stress at that point decreases and the load which it carries is 
shed onto other surrounding material points in the structure. To 
simulate this decrease in the load carrying capacity of the Gaussian 
integration point. four load increments are carried out in which the 
stress components are reduced by one ha 1 f of thei r va 1 ue at the 
beginning of each increment. Each increment lasts for 0.25 seconds, 
so that once failure is deemed to have occurred, the stress is 
reduced to about 6~ of its initial stabilized value at the integra
tion point in 1 second. In each succeeding increment the stress is 
further reduced by one ha 1 f of its va 1 ue as the ana 1 ys is proceeds. 
Integration point 2 of element 83 in Figure 6 has now fai led. The 
displacement boundary conditions at crack tip node C in Figure 6 
are replaced by force boundary condit10ns. The reaction force re
Quired to hold the crack tlP node C' in its current location is then 
reI eased in four (4) increments over a peri ad of 1 second and the 
crack advances to the adj acent node B hal fway through the i sopara
metric element. 

A brief transient stress redistribution lasting for about 15 
seconds again occurs. followed by a stabilized condition. The equiv
alent stress after stabi I ization is then computed at integration 
point 1 of element 83, and the time to rupture determined once again 
from equation (2). Once failure has occurred the stress is shed 
from integration point 1 to abou: 6~ of its initial value in t sec
ond. ·and the crack tip node B is released in four increments over a 
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1 second period and the crack advances completely through the i so
parametri c el ement to the adj acent node A. Thi s procedure is re
peated for all nodes lying in the crack plane ahead of the advancing 

. crack. 

The justification for the decoupling of· the viscoplastic and 
continuum damage constitutive models is based on the following obser
vations: 

(1). The stress falls off very rapidly in the crack plane of a 
compact type specimen. Consequently the stress at the integration 
point closest to the craCK tip is large and the rupture or failure 
time is fairly small. The second integration point in the crack tip 
element and the integration points further away are subjected to such 
small stresses that the amount of creep damage accumulated by these 
pOints, at the time the integration point closest to ~he crack tip 
fai 1 s, is practically zero. The creep rupture time in equation (2) 
can then be used for each integration point in turn. Even if the 
damage accrued by each point is not small. the rupture time can still 
be determined from equatiun (1) by integration. 

(2). The transient stress distribution aftEr initial load up or after 
a node release. redistributes in a time which is much smaller than 
the time required to fail or rupture the integration points closest 
to the craCK tip. Each integration point i~ therefore subjected to a 
constant stabilized stres~ for. most of its life. 

These observations are pertinent to high strength superalloy 
materials and are not expected to hold true for ductile materials 
of lower strength. 

EXPERIMENTAL MEASUREMENTS 

The standard compact type specimen shown in Figure 7 was used 
to obtain the creep Grack growth rate data. Testing was conducted 
on a hydraulic constant load test frame. All precracking and testing· 
was performed in accordance wi th the procedures outl i ned in ASTM 
647-83. Specimen heating was provided by resistance. clamshell 
furnaces having windows to allow observation of the crack growth at 
test temperatures. The crack extens i on under creep I oadi ng con
ditions was determined by a laser heterodyne optical strain measur
ment system using speckle interfero~.ietry. 

The concept of the heterodyne ~ptical strain measurement system 
is illustrated in Figure 8. A laser beam is split into two parallel 
beams illuminating two closely spaced point~ on the object. The com
paratively rough surface of the object scat:ers the laser light in.a 
random manner resulting in two speckle fields reflect~d from the sur
face of the object. These two speckle fields are imaged by a lens 
system onto the (ilm plane. If a photographic plate is placed at the 
film plane. a photographic recording of the resulting speckle inter
ference pattern is made. 
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The recording of the speckle interference pattern is then relo
cated in the same position it occupied during exposure. When the 
object is loaded in the X direction (Figure 8) causing points A and 
B on the object to separate in-plane, the spatial frequency of the 
fine interference fringes will change relative to the pattern previ
ously recorded on the photographic plate with no load on the object. 
The effect of thi s change infrequency is to generate a change of 
phase angle between the interference pattern reflected from the 
object and the one recorded on the plate. The result to the observer 
will be the creation of a Moir' fringe pattern, each fringe of which 
represents a 180 degree shift in phase. The spatial frequency of 
these Moire fringes is proportional to the strain on the object 
between pOints A and B. 

In previous methods, the Moire fringes were simply counted and 
the number of fringes directly related to strain. However, these 
methods have significant limitations in accurately measuring strain. 
For example, strain values corresponding to less than one fringe 
across the field of view cannot be measured; location of the fringe 
centres is not accurate; and no distinction is made between positive 
and negative strain. All of these undesirable limitations can be 
eliminated by the incorporation of heterodyned interferometry. 

To implement heterodyned interferometry into the system shown 
in Figure 8, a device for constantly changing the phase of the laser 
beam pri or to the beam sp 1 i tter is added. Th is causes ~he Mo i re 
fringes observed on the film plame to scan across the field of view 
in a constant direction. If the observer is replaced by a photo
diode, the output of which is supplied to a phase meter, small 
changes in phase can easily be measured. Phase meters can accurately 
measure phase changes to within 0.5 degree, which Is e~uivalent to 
dividing each Moire fringe into 1000 parts. Therefore, heterodyned 
readout of the Moire fringe pattern greatly increases the resolution 
and accuracy over typical optical techniques. 

The heterodyne optical strain measurement system developed in 
the Materials Engineering and Technology Laboratory of Pratt & 
Whitney Aircraft is shown in Figure 9. A 2 watt arg:n ion laser 
is used and the heterodyne Signal is provided by a ~/2 rEtarder plate 
mounted in the hollow shaft of an electric motor and by a stationary 
~/4 r:-etarder. The laser beam is split by a calcite bE:m displacer 
into two parallel beams 0.1 inches apart, which are then directed by 
mirrors to the specimen. Light scattered from the specimen is 
gathered by the strain sensor head and focused onte the photo
graphic plate located in the plate holder. Two phc:odiodes are 
placed directly behind the plate. 

The signals from the ptiotodiodes, after being a~;lified and 
fi 1 tered, are fed into a counter that measures the pase of the 
signal from one of the diodes relative to the other. To conduct 
elevated temperature tests, an enclosure to stagnate the air between 
the specimen and the photodiodes is required as shown in Figure 9. 
An access port in the side of the furnace allows the Ii;1t to reach 
the specimen and reflect back to the sensor head throu;p, a tunnel. 
The box around the sensor head hel ps stagnate the a: r and a I so 
shields the photodiodes from room lights. 
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F1gure 9. - Opt1cal Stra1n System W1th Furnace, 
Tunnel, and Enclosure In-Place 
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RESULTS 

The di spl acement of two poi nts, located on ei ther side of the 
crack tip, as shown in Figure 3, was measured as a function of time 
by the speckle interferometry technique described in the preceding 
secti on. Fi gures 10 and 11 show the . experi menta I di sp 1 acement of 
one of the pOints in the y direction (see Figure 3) as a function 
of time elapsed after application of load to the compact type speci
men. The displacement is measured with respect to the centreline 
of the specimen and represents an average value for the two loca
tions. 

Theoretical and experimental results corresponding to the init
ial portions of these curves are displayed in Figures 12 and 13. 
The portions of the curves labelled A,B,C,D,E in these figures cor
respond to the stabilized behaviour of the compact type specimen 
after the 15 second transient and prior to the release of the 1st, 
2nd, 3rd, 4th and 5th nodes ahead of the crack ti p. The materi a 1 
constants A and r in the creep rupture equation. (2) are chosen 
to give a least square fit to the uniaxial creep rupture data gener
ated in the present work, as opposed to the val ues quoted in F i g
ure 2, which correspond to a least square fit to three sets of inde
pendent data. 

It is clear from Figures 12 and 13 that the computed displace
ment, and hence the computed initial creep crack growth rate, is too 
small by about a factor of two at the 4000 lb. loading level, and 
too large by a factor of two at the 4725 lb. loading level. Hence, 
the materi al constants generated from the uni axi al creep rupture 
data also give an approximate least square fit to the creep crack 
growth data. 

Agreement between the predicted and experimental creep crack 
growth rates can easi ly be aChieved simply by doubl ing and halving 
the computed creep rupture times (required to fail the Gauss pOints 
ahead of the crack tip) for the 4725 lb. and 4000 lb. load cases. 
A logarithmic plot of equivalent Von Mises stress at the Gauss pOints 
versus rupture time, which gives agreement between the experimental 
and finite element displacements at the speckl~ interferometry 
pOints, is given in Figure 2. As expected, the points lie on either 
side of the least square dat: line obtained from the three sets of 
uniaxial creep rupture data. 

CONCLUDING REMARKS 

Creep crack growth has been measured in compact type specimens 
of INCa 718 at 12aOoF (649°C). Theoretical predictions of crack 
growth were made by employing the ABAQUS nonlinear general purpose 
finite element program in conjunction with a unified viscoplastic 
constitutive model and a continuum damage failure criterion. 

The results of the current work inay be summarized as follows: 

(1). Initial creep crack growth rates at 120aoF (649°C) in the INCa 
718 compact type specimens can be predicted by the theoretical model. 
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Crack growth is assumed to take pI ace due to creep rupture of the 
material in the immediate vicinity of the crack tip and material 
constants for the continuum damage creep fai I ure model were deter
mined from creep rupture tests on uniaxial bar. speCimens of INCO 718 
at 1200°F (649°C). Calculations were performed under plane stress 
conditions. 

(2). The differential form of the unified viscoplastic constitutive 
model becomes very unstable when continuum damage is included in the 
formulation. It appears that the integral formulation of the uni
fied viscoplastic model given in Ap~endix 1 should be used to obtain 
a stable integration algorithm. 

(3). Speckle interferometry appears we.1l suited for high tempera
ture creep crack growth measurement. 
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Appendix 1 

COUPLED CONTINUUM DAMAGElINTEGRAL VISCOPLASTIC FORMULATION 
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Appendix 2 

CKABOCHE'S CREEP DAMAGE MODEL 

(1 - D ),-11, 

The constants are chosen to have the values: 

A - 2.394 X 10-43, r - 7.22. 

Appendix 3 
UNIFIED VISCOPLASnc EXPONENnAL LAW FOR UNIFIED FORMULATION 

( 
y2/3(~2 - 0.~(3e;,12 - 0..) ) _ 1 
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~ - --------------~d------------
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The constants are chosen to have the values: 

" - 1.51; Ei, I' - 1.012 E7, Kl = 4219, ~,. -1438, fJ ,.. 6.203 E9, n2 = 22.4 E6, 
n3 = 269.6, n, - O. ns - 0, n7 - 14. ~ 
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