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1. introduction

Many social surveys have as their main purpose, the analysis of
relationships between variables. In particular, studies of public reactions
to aircraft noise generally have as a principal goal, the estimation of
regression parameters for a model predicting annoyance as a function of
various measures of noise exposure. For example, in studying the trade-off
between noise levels and numbers of events, the following two-variable
regression model is commonly employed: -

(1.1) yi=Bo* BiXyj* BoXgj * €

where, y; is a measure of annoyance associated with the ith individual in the
population, x,; and xp; are measures of the noise level and number of events,
respectively, to which the ith individual is exposed, and the e; are
independent random disturbance terms. :

For simple random sample designs, the model given in (1.1) is quite
adequate. Discussion of design and analysis issues for such models appears
in many standard texts on multiple regression. See for example, Draper and
Smith (1981) or Neter, Wasserman and Kutner (1985). '

More commonly, samples for social surveys are drawn using complex
sampling schemes, usually stratified, multi-stage cluster sampie designs.
For example, studies of residents’ responses to noise most often consist of
interviews with samples of individuals drawn from a number of different
compact study areas, usually neighborhoods. In order to design such studies,
it is necessary to determine the numbers of individuals and numbers of
study areas to include in order to achieve specified research objectives.

The statistical techniques developed in this report provide a basis for these
sample design decisions.

Optimal design and estimation for means and totals using these
designs is well understood. (Cochran, 1963) On the other hand, no such
consensus exists for design and estimation for regression parameters using
such samples. One approach to this problem is described by Kalton (1983) in
an earlier NASA Contractor Report. His methodology is briefly described in
Section 2, below. Kalton employed regression models which incorporate
nested random intercepts associated with various stages of a multi-stage
cluster sample design. For cases where there is little or no variability in
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predictor variables within clusters, thié approach provides useful results.
However, when such variability does exist, it can lead to results which
seem counter-intuitive.

In Section 3, we build on the models proposed by Kalton. Three
regression models are presented for which the regression parameters
themselves are considered random, with components of variability
corresponding to the stages of a multi-stage cluster sample design. These
models differ in the assumptions regarding variability of model parameters.
For each, sampling variances and covariances are derived for estimates of
linear regression parameters and ratios of parameters. Optimal allocation
of sample resources across the stages of the design is derived for each
situation. These allocations depend, in part, on estimates of variability at
the various levels of the sample designs. Variance component estimates for
this purpose are derived. These estimates could be obtained from existing
data, contributing to the efficient design of future surveys. In Section 4,
we apply some of these techniques in a simple example. Finally, the results
of this research are summarized in Section 5.

2. Models with Fixed Regression Slopes.

The task of designing complex sample surveys for estimating
regression parameters has been addressed elsewhere. Specifically, Kalton
(1983) considered essentially the same problem in an earlier NASA
Contractor Report. The simplest sampling situation considered by Kaiton is
that of a two-stage design. In the first stage, primary sampling units
(PSU's) are selected. In the second, individuals are sampled within the
selected PSU's. For example, for a survey around a single airport, PSU's
might correspond to Census Tracts, and individuals within these PSU's might
correspond to households within Census Tracts. The first multiple
regression model for such a design considered by Kalton is a classical
nested random effects model:

(2.1) Yij = Boi * lelij * BZXZij 8

where, Bg; and e;; are random effects corresponding to PSU's and individuals
within PSU's, repectively. (See equation (11) in Kalton.)

Note that the slope parameters in equation (2.1), By and B, , are
constant. They do not vary from cluster to cluster. While this assumption
is standard for such random effects analysis of covariance models, the
design implications are somewhat counter-intuitive. As was noted by
Kalton, assuming a standard cost model, if the within-cluster variability of
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the x-variables is the same as that of the associated population variability,
a sample of a single cluster can be the implied optimal design for
estimating slope parameters or functions of slope parameters. This seems
counter-intuitive because one suspects that the structure of the
relationship (the slope parameters) is probably not constant across
clusters. Under such circumstances, drawing a sample of a single cluster
would not be considered a safe alternative. In the following sections, we
consider models which incorporate this structural variability.

3. Random Coefficients Regression Models.

The principal difference between the models considered in this
section and those employed by Kalton is that here, the slopes are allowed to
vary from cluster to cluster. They are assumed to be random, with
components of variability associated with the various stages in a multi-
stage cluster sample design. Below, three model-design combinations are
presented. In the first two of these, estimates of regression slopes and of
variance components are functions of individual siope estimates associated
with observations belonging to the same penultimate stage sampling units.

Model | is for a two-stage design as described in Section 2 above. For
such designs, penultimate stage sampling units are PSU's. Model I1}
incorporates structural varibility at two levels for a three stage design.
Such a sampling scheme might be used for a national or regional survey with
cities or counties serving as PSU's, Census Tracts selected within PSU's as
secondary sampling units (SSU's), and finally households within SSU's.

For some samples, an estimation strategy based on regression
parameter estimates obtained within penultimate stage sampling units is
feasible, however for many others, it is not. For example, in order to obtain
slope estimates within a cluster, there must be variability in the predictor
variables in that cluster. In the present case, that means variability in the
noise exposure measurements within penultimate clusters. For many
available studies, there is little or no variability in these predictors at the
penultimate cluster level and the procedures described for Models | and ||
are not feasible.

Model 111 is also based on a three-stage design. It contains random
effects which incorporate variability in regression slope parameters only at
the first stage. Estimates depend on individual slope estimates associated
with data from PSU's. Such a procedure could be applied to data from most
available studies. It should be noted however that should substantial
variability in regression slopes exist at the SSU level, conclusions obtained
from analyses based on Mode! 11| should be limited to designs with similar
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final stage characteristics. That is, in designing future studies, only
designs which have P3SU's of size comparable to those associated with PSU's
in the studies used to obtain estimates of variance components should be
considered. Any variability in slope parameters associated with SSU's in
these studies will be included in the estimate of the variance component
associated with PSU's. However, the effect on the estimated component
will change depending on the number of SSU's per PSU.

3.1 Model I: Two-stage design, parameters random at the
first stage.

3.1.1 The model and the design.

First, we consider a two-stage sample design, together with a model
which incorporates variability in regression parameters at the first stage:

Design: Select n PSU's, and within the ith PSU, select n; individuals
for a total sample size of gni =N,

(3.1) Yij = Boi + ByiXqij + BoiXaij* €55, where
Bmi = Bm* @mi ; m=0,1,2, and where
E(ap;) =0 ; m=0,1,2
E(@midmi) = Oamm ; M,M'=0,1,2
E(eij) =0;j=1,2,..,n; ; i=1,2,.,n
E(ej2) =042, j=1,2,..,n; 1=1,2,..n
E(ejjey) = 0 ; i=i" or j=j'
E(ejjamj) = 0, m=0,1,2; j,j’=1,..,n; ; i=1,..,n

Here, for simplicity, the independent variables X,;; and xp;; are
corrected for within PSU means. That is,

(3.2) xmij = x.mij = lei' ,m=1,2; j=l,...,ni ;i=1,..,n
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where X'n,;; is the raw, uncorrected measurement, and where %'y =

2 X'mij/ M, 1S the mean of the uncorrected measurements for the ith PSU.

7

3.1.2 Estimating regression parameters, associated
sampling variances, and optimal design.

Let by, be the usual least squares estimate for By, m=0,1,2,
calculated within PSU's. That is,

(3.3) boi = % yij/ni = G ,

(§: X2ij2)(§: X1ij¥ij) - (g Xlijx2ij)(2j-q X2ijYij?
by = , and
(ZJ: Xlij2)(’z Xgijz) - (; X”J-XQU')2

@ Xlij2)(z’.: XaijYij) - (,Z anxzu)(,z X1ijYij)
bg; =

(; anz)(’z Xgijz) - (;: X]ijx2ij)2

Estimates of the B, , m=0,1,2 are obtained by averaging the PSU estimates,
ie.,

(34)  Bn=2by/n;m=0,12

Then, since the within PSU least squares estimates, the b, are unbiased

for the associated By,; , the overall estimates, Bm are unbiased for the
parameters B,,. That is,

(3.5) E(ﬁm) = E, [Ejh (? bm,/n)]
= Ei [; Bmi/n]

=;Bm/n=ﬂm-

Here, the notation, Ej; represents the conditional expectation taken over all
sampies of individuals (the j's) for a fixed set of PSU's (the i's).
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The sampling variances of these estimates are determined as follows,
(3.6) Var(fy) = ; [Var;; (Bo)] + Var, [E; (Bo)]

= Ei (092/ni) + Vari (; Boi/n)

= [0'32 [zi:(l/ni)] / n} + (T a00/N) .

The conditional variance notation, Vary; is defined in a manner analogous to
that of the conditional expectation described above for equation (3.5). If

there is a constant PSU size, n; = ; n;/n = 1., then (3.6) simplifies as
follows,

(3.7)  Var(By) = (042/nR.) + (0 400/N)
= (dg2/n.) *+ (T u00/N),
where, n. = g n; is the total sample size.
For [31, the sampling variance is developed as follows,
(3.8)  var(@,) = E [Vary (] + Var; [E; (3]

= E; [(082/n2) ; UiQQ/Di(U“ 10422 ~ 0”22)] + Var‘;(; B”/n)

= [(042/n2) .?.' Aj2/N; 1+ Tgyy/n, Where

Aigp = Uigp/(Ti11Ujp2 = 04422 , and where

011 = variance of xy;; within the ith PSU,
Ujp2 = variance of Xp;; within the ith PSU, and

012 = covariance of xy;; and x;; within the ith PSU.

Again, if n; = fi. , this simplifies to
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(3.9) Var(f,) = 0,2 Bpn/n, + a;,,/n , Where
Dgg = % Aiga/N .
Similarly, for 5,
(3.10)  var(B,) = {(7,2/n2) Z Ajn1/m) + G0/N , Where
ity = Oin /(O Giz2 - Oj2?) , and if ny= .,
Var(By) = 0,2 BAy4/n. + 0o9/N, Where

Ay =2 an/n.

Under the simple cost model assumed by Kalton, C = Cy + nCy* n.Cy ,
where Cgp is the fixed cost of the survey, C, is the average cost of including
a cluster in the sample, and C, is the average cost of including an individual
in the sample, the optimum cluster size for estimating B, is given by,

(3.11)  A.opt) = (0,2 Bop/T 4y )12 (C,/Cy)} 172

3.1.3 Estimating ratios of regression parameters,
associated sampling variances and optimal design.

Finally, for designing a sample to estimate ratios of regression
coefficients, one requires the sampling covariances of the estimates, By and

B2,
(3.12)  Cov(@y,B2) = [(-042/n2) T Ajyp/0i] + 0a12/n , Where
Biy2= 012/ (0 Oj2 ~ 0j322) , and 1T m; = 1.,
Cov(B;,By) = 0,2 K (,/n. + 041p/N , Where
B2 = 5 djp/n.

For estimating the ratio of the two regression coefficients, R =
(B,/B,), we propose to use R = (§,/8,). Then, we can use the Taylor



8

expansion method to obtain an approximation of the variance of this ratio
estimate,

(3.13)  Var(R) =~ p,~2 [Var(B,) + R2 Var(B,) - 2R Cov(B,8)].
Again, if there is a constant cluster size of n; = f. , this simplifies to
(3.14)  Var(R) = 8,2 [(042 Ay4/N. + Ugp/N)
+ R2 (0,2 Dgo/N + Ug14/N)
= 2R (=042 Ayo/N. + T g10/N)]
=B, 2{[0,2(Ay,+R2Ap+2RA¢p) / N.]

+[(0g02 *R20,11 - 2R d,0) /D1

Under the cost model described above, the optimum PSU size for estimating
the ratio is given by,

(3.15) f.(opt) = [U'e? (Z“ +R2 ZQQ + 2R Z,Q)

[ (Tgpn * R2ad,4y - 2R Oa12 N2 [C,/Cb]'/Q .
3.1.4 Estimating variance components.

Thus, in order to determine the optimum P3U size for estimating
regression coefficients and ratios of regression coefficients, one requires
the following information, the average cost parameters, C, and C,, the

design characteristics, the variance and covariance components of the
random parameters, and an approximation for the true ratio R. The design
characteristics describe the within PSU distribution of the x variables in

terms of Ayy, Ay, and Ay, . These in turn depend on g;yq, ipp, and Typ
calculated within clusters. The variance components of the random
parameters, G411, 0422, 0412, aNd 04,2 Can be estimated from previous surveys

using the methods described below.

The residual variance, g,2, is estimated in the usual manner as,



(3.16) ij (Yij - Gij)2 ;? (y;j - Uu
.2 .

2 (n;-3) n. - 3n

The remaining components are estimated as follows:
(317)  Oayy = 2 (by; - B)2/(n-1) - 0,2 (2 Ai22/ni )/n
or for constant cluster size, n; = f. ,

Oa11 = Z (g - B4)2/(N-1) - 8,2 B/ .

(3.18) 8522 = g: (by; - §2)2/(n-1) = 892 (; Aj1/m;)/n

or for constant cluster size, n; = . ,
022 = Z (b - B2)2/(n-1) - 0,2 By /..

(3.19)  Fp12= 2 (by; - B )by - Bo)/(n-1) + G2 (T Ajy2/n; )/n
or for constant cluster size, n; = f. ,

8512 = ; (b“ - Bi)(bﬁ - BQ)/(H“” - 6'92 Z‘Q/ﬁ. .

3.2 Model II: Three-Stage Design, Parameters Random at
the First Two Stages.

3.2.1 The model and the design.

Now, we consider a three-stage sample design, together with a model
which incorporates variability in regression parameters at the first two
stages:

Design: Select n PSU's, within the ith PSU, select n; SSU's and
within the ijth 55U, select n;; individuals.
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(3.20) Vi = Boij * BrijXnijk * BaijXaijk * €ix . Where
Bmij = Bm +* 3mi t Cmij ; m=0,1,2; J=],...,niﬂ; i=1,..,n.

E(eijk) = E(am;) = E(Cmij) =0;m=0,1,2;
k=1,...n55 J=1,...0 5 1=1,..n.

E(3ri3mi) = O amm > M,M'=0,1,2; i=1,.;.,n.
E(CrmiiCmij) = Oemm > M,M=0,1,2; j=1,..,n; ; i=1,..,n,
E(amiamy ) = 0; m,m'=0,1,2 ; i=i'.

E(CrmijCrmij ) = 05 m,m'=0,1,2 ; i=i or j=j".
E(@miCmyj) = 0; mm'=0,1,2 ;

E(amieyjk) = E(Cmijeyjx ) = 0, m=0,1,2.

The last four lines of (3.20) imply that the e;j , @i , and Cyy; terms are
independent of each other.

3.2.2 Estimation, sampling variances, and optimal design.

Here again, regressions are carried out within the penultimate stage
sampling units, that is within SSU's. Let by,;; be the usual, within SSU least

squares estimate of Bpy;, and let

(3.21) Bmi- = ; bmij/nij ,

By = = Bpy./n , and finally

R=pB/By.

Using an argument analagous to that used in section 3.1, it is easy to
see that the regression parameter estimates, fi, , are unbiased for the
parameters B, . Sampling variances and covariances are also derived in a
similar manner,
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(3.22)  Var(by;) = Vary; Eg; (Oy;p) + Eij Vang; (yig)
= Varnjj(@y* Cyij) + Ejj (042 Tija2 7 Mijl0i511 0522 ~ G122
= Uay1 + ey *+ 02 Ajjpp / yy. Further,
(3.23)  Cov(byj,byij) = Covijij Expigij (DrigsDyijr)
+ Bijij CoViijij (Dyijubyij)
= Covjjij (@yi * Cyij, @4i * Cyij) * 0 = Oqqy . Therefore,

(3.24)  Var(@,) = n2 X2 § (Tayy * Teqy * Te2 Ajjpz / Typ)
+n2 ? N2 ZiZit Ty -
= (G011 *+ Tepy) 72 (2071 + (02/n2) [2 ni2 (§I Aij22/Mij)]
* Oy 122 (= 1)/

= 011/ + (01 /n2) 7 + (0,2/02) [X 072 (2 Ayjo/mi)].

In equations (3.22-24), 0jmm and Ajjmy are defined to be the variances,
covariances and functions of these, for predictor variables Xy;; and Xy;j,

calculated within the ijth 33U, analogous to the definitions of 0y, and
Aimm 9iven in equation (3.8).

Now, if we have a constant PSU and 55U size, nj=h. and n;;=n;.=f.. , and

if the design characteristics Ajjpp are constant over 33U's at Doy , then we
have,

(3.24)  Var(B,) = (g,1,/n) + (0y1/0R.) + (0 2B 95/ DA,

= (Ua”/n) + (Uc“/n.) + (Uezzzz/n..) .

Under similar assumptions, the Var(ﬁg) and Cov(ﬁ,,ﬁg) are seen to be,
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(3.25) Var(ﬁg) = (0822/n) + (Uczé/n.) + (08231 ,/n..) , and

(326)  Cov(fy,Bp) = (0412/n) + (Ocqp/N.) - (0,28 5/N..) .

Therefore, for the estimate of the ratio between the two
coefficients, R = Bo/By,

(327)  Var(R) = ;-2 [Var(B,) + R2 Var(,) -2R Cov(,B))
= By72 {[(Tgg0/N) + (O go/N.) + 02841/0.)]
+ R2[(g,14/n) + (@ q1/0.) + (042899/N..)]
- 2R (@ 12/N) + (O q2/N.) = (0 2845/N.)])
= B4 2 (0400 * R2 041y — 2R 0g42)/N
+ (O + R20,q1 - 2R 0 y0)/N.

+ 042 (Z”*‘ R2 ZQQ + 2R Zu)/ﬂ.. ).

Using these results, combined with a simple cost model for three-
stage cluster sampling we can arrive at optimum sampling unit sizes in a
~ manner similar to that used for Model I. Let,

(3.28) C=Cy+Cyn+Con. +C3n.,

where, C, is the constant overhead cost of the survey, C, is the average cost
of including a PSU in the sample, C, is the average cost of including an SSU
in the sample, and C3 is the average cost of including an individual in the

sample. Then, using the Cauchy-Schwartz inequality, we have the following
condition for optimum allocation for estimating the ratio R:

(329) (0522 + R2 Ua” - 2R U512)1/2 / (n C,l/?)
= (02 * R20¢qy — 2R 0422 7 (0. Cp12)
= UQ(Z” + R2 ZQQ + 2R 312)”2 / (n.. C51/2)

This relation transiates into the following optimum sampling unit sizes:



(3.30)

(3.31)

113
A.opt) = [(0pp + R2 0,4, - 2R 0¢12)Cy
/ (Oag0 * R20411 = 2R 0,2)C5)1/2
f..(opt) =a, ((Ay; + R2 Bpn + 2R 845)Cy

/ (Uc22 + R2 Oc11 ™ 2R Uc12)C3]1/2 .

3.2.3 Estimating variance components.

In order to determine necessary sample sizes and optimum ailocation,
one needs some idea of cost parameters, design characteristics summarized

by Ayy, Ay, and Ay, , an approximation of the ratio R and its denominator
B4, and the variance components 0,11, 0422, 0a12, T, Teo, Ocy2, aNd 02,
These may be obtained from previous survey data using the following

estimates:

(3.32)

(3.33)

(3.34)

(3.35)

0g2 = ;;(yﬁk-gijkﬂ/(n..ﬁn.)
Ocyy = (Z2(byij=by;)2 - 02 Z(n=1)/n}] 2 Ajjpa/nigl/(n.=n),
which if n;=n. and nij=r‘1.. , further simplifies to,
.§:>i2(b,ij—6,i.)2/(n.-n) - @42 Apy/h..
Uep = {‘Zg(bgij—ﬁﬁ.)? - 042 Zl(n-1)/n)] ; Ajj/nij)/(n.-n),
which if n;=n. and n;=n.. , further simplifies to,
'Z,Z(bzu-ﬁzi.)ff/(n.—n) -T2 Ay y/h..
Oc12 = (22(by;jD i )bzijb3i.)

+ 0,2 Zltni=1)/n] ; Aiji2/ Mg/ (n.-n),
which if m=n. and n;;=h.. , further simplifies to,

zi:‘zi-_‘(b”j—ﬁ”.)(bzirﬁzi.)/(n.‘n) + 892 Zu/ﬁ..
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0\

(3.36) G4y = [Z(b,, By)2 - crc”[(n 1/nlZn;!
'892[(1'\"' )/ﬂ];? A;jgz/ni.n;j} / (n-1 ),
which if m;=n. and n;;=n.. , further simplifies to,

zi:(ﬁn‘é|)2/(n-l) - a‘c”/ﬁ. - 882 Zzz/ﬁ.. B

A

(3.37) Opo2 = [;(Bgi'ﬁg)z - acgg[(n‘])/n];ni"I

- gg2l(n-1 )/n]§§ Aijri/ning) 7 (n=1),
which if n;=h. and n;;=h.. , further simplifies to,
3 (B-B2)2/(n-1) - Geqp/h. - 2 Byy/fur , and finally,
(3.38)  Tgy2 = [Z(n,, By )(Bgi-Bo) - T yol(n- I)/n]Zn -1
+ 6,2[(n-1)/n].§§ Aiji2/ninyjd 7 (n=1),
which if n;=n. and nij=r‘1.. , further simplifies to,
Z(Byi-B BBl (n=1) = Geya/f. + 352 By /i

3.3 Model fll: Three-stage design, slope parameters random
at the first two stages, error terms nested, individuals within
SSU’s within PSU's.

3.3.1 The model and the design.

As stated earlier, it is not always possible to estimate regression
parameters at the SSU level as required with Model Il. For this reason, we
introduce a model-design combination based on the same sampling scheme
as that for Model 11, but with a model which allows for variability of slope
parameters among first stage units only.

Design: Select n PSU's, within the ith PSU, select n; 3SU's and
within the ijth SSU, select ny; individuals.



15
(339) yijk = BOij + B"x“jk + BQiX?ijk + eijk s where
Boij = Bo * 3oi * Coij s J=1,..n;, 1=1,..,n.
Bmi = Bm * 3mi; M=1,2;i=1,..n

E(eijk) = E(ami) = E(Cmij) =0,;m=0,1,2;
k=1,...,nij , j=],...,ni s i=l,...,n .

Ecoij?) = 0o ,

E(3midmi) = O gmm > M,M'=0,1,2 ; i=1,...,n.
E(amidmi ) = 0; m,m’'=0,1,2 ; i=i".
E(CoijCorj ) = 0 ;=i or j=j'

E(amiCoij) = 0, m=0,1,2;

E(ami€yj ) = E(Cyijeyx ) = 0, m=0,1,2.

3.3.2 The estimates, associated sampling variances, and
optimal design.

Consider the following estimates for the slope parameter By;
associated with the ith PSU:

(3.40) (22X P2 X ijkYigk) ~ (22X jXijN 22 Xaiije)
by; =

(?%x“jﬁ)(ﬁj:gxgijk?) - (z,.:gx1|'jl<><2ijl<)2

(,Z%:X?ijkz)(,zgxiijk)’ijk) - (g%ﬁijkxzijk)(ézgxzijk)’ijk)

g;
where, d; = (?%ank?)(?%xzijk?) - (,ngﬁjk"i‘ijk)2

= N 20511 0422-04122) .



16

Here, the Xk are mean corrected within PSU's as for Model I. Then for the
‘estimate of the overall mean slope, By, consider

(3.41) By =Zby/n .

It can be shown, using the following logic, that ['5,, as defined in
equations (3.40) and (3.41) above, is unbiased for the mean slope B . First,
notice that the observations y;; can be expressed as follows:

(3.42) i = Bo*aoi*Coij * (Br*ardXiij * (B2*azi)Xaijk * Gijk -

Now, the conditional expectation of b,; given that the ith PSU is in the
sample is given by,

(3.43)  Ejgbyy) = Ejyj; 057! ?% ((,Z%ijk”xnjk - (‘?%XliijQijk)XQijk]Yijk
= a7 B ((22x0132) [2.2.%35Coij + (22:X1i 2B +ayy)
+ (’sz:xlijkx2ijk)(52+a2i)]
- (X Xigkaig Ol 22 XaikCoij * 22 X1ijXzijk(Br+ar)
* 2.2 %i2(B2rag)])
= a7 Ejyg [Zi:@ (22 X2 Xrijk = @%kaxzijk)xzijk]con
+ [(§§X1ijk2)(§:§xzijk2) - ;zk:xlijk)(?ijkp] (byj+ay;)

=B+ ay.

Thus, E(E,) = E; Ejkii (fi,) =B¢. That is, [31 is unbiased for By . Similarly, it
can be shown that, @2 , defined in an analogous fashion is unbiased for B, .

Using a similar treatment, sampling variances and covariances can be
derived for these estimates. For B; we have,

(3.44) Var(éﬂ = Ei Varjkh‘ (ﬁ1) + Var; Ejkli (G1) . Now,



(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)
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Var; Ey; (B4) = Vari['%."a,;/n] = 0ay¢/n , and
Varyg (1) = 3 Varyg (by) / n2 . Now,
Varj; (by) = 6,72 Vary él}'.:. AyijcYij » where
Aijk = (,Z%XZijkz)xﬁjk - (§:§X1ijkx2ijk)xzijk

= Ni.0i22%1ijk ~ Mi-Ti12X%aijk - SO,
Varj (by;) = 62 @% A2 062 + Ei:(.gA”jk)i’ 0 cg0). Now,
;% An® = M2 [0422 ;%Xﬁjﬁ * 0412 ?%Xm‘kz

- 20220412 ,nglijkxmjk ]

= M3 (Gi090511 + 044220522 = 204220122)

= N3 O (043410i22704122) = M. T2 G, and
§(§A1ijk)2 = n;.2 ?% Tig2X1ijk ~ Ti12%2ijk)?
* 032 2052 (012228152 + 012%R 5.2

= 20220128 1ij:R2ie) -

Now, if we have a constant SSU size, nj;=h;.=n;./n; , this simplifies to,

(3.52)

N2 A (T Qiyg Tigy *+ 0122 Qige Tizz = 2 Ti22 Oy Q412),

where, for example,

(3.53)

Oil 1= (;nij?(“j.?)/(zj:%xijk?)

is the proportion of within PSU variance "explained” by SSU's. Now if
Om=0i22=0”2=0i , this further simplifies to,
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(3.54) ?(% A“jk)2 = N2 . Q; Oig2 (T4200411-0i122)
= (ni./n.) Qi Tinn 4 .

So, assuming that the SSU's are of constant size within the ith PSU, i.e. that
n;;=Ni.=n;./n; , and that the proportions of within ith PSU variances and

covariance of the two predictor variables explained by S3U's are all equal to
(Q; , we have,

(3.55) Varjkﬁ byi = d72{N.0j200;042 * 010 0i0 200}
= [ni.0i92(0e2 + Qj000/M)}/d; .
Now, if we further assume constant number of individuals per PSU, and a
constant number of SSU's per PSU, as well as constant within PSU design

characteristics,

(3.56) n.= gni./n =n./n = fi. ,

n = F?Ini/n =n./n=f., and
Q;=Qandd;=d, we have,

(3.57) Var (Q]) =n-2 ;[ni. Oio2 (082 + QUcoo/ni) / d,] O |/n

=n-2 ; [n../n] lop (02+Qa gon/n.) 7 d] + 0y ,I/n

= (Apo/N.) (02 + Q0 oo/f) + Tayy/N

=(0,411/N) * Ay [(QTgo/N.) *+ 02/N..].
Similarly for B, and the covariance, we have

(358)  Var (By) = (000/N) + Agy [(Q0 g0/N.) + T,2/n..] , and

(3.59) Cov (ﬁj,ﬁg) = (Ua]gfn) - Ay [(Qﬂcoo/n.) + Ue2/n..] .
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Thus, if we estimate the ratio of the expected values of the two slope
parameters by the ratio of the individual parameter estimates, R = B,/8;,
we have,

(3.60)  Var(R) = B2 {(0,50/n) + Ayy (00 0p/N.) + 042/N..]

+ R2((Ua| ,/n) + Ao [(Odcoo/n.‘) + 082/0..]}
- 2R((Ua|2/n) - Ayp [(OUCoo/n.) + 0'92/n..]]}
= 812 { (0,92*R2011-2R0 32/

+ (A11*R2A2+2RA 1) (Q0 gp/N. + 0'82/n..)} .
Using the cost model described in Section 3.2.2, equation (3.28), for
Model I, the Cauchy-Schwartz inequality yields the following optimum unit
sizes for estimating R:

(3.61)  A.(opt) = {(Aa}1*R2495+2RA 12)Q0 oC
/ (0322"‘R2Ua“"2RUa12)C2}|/2 , and
(3.62)  fi..(opt) = (0,2/0 ,00Q)1/2 (Co/C3)1/2 .

3.3.3 Estimating variance components.

Again, estimates of variances and covariances of the random
parameters are required for determing sample allocations. These can be
obtained as follows:

(3.63) Ei:%%(wjk'gijk)z
52= ,
LIS |
(3.64) L2(Gi-Gi2 052
ac00= " ’
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(3.65) ’Zi."(b“-ﬁ,)i’ QA220 00
Oapy = " AU,
n-1 n
(366) zi:(bzi'éz)z OAI lacoo
aa22 f—_— Ailae2 T — and
n-1 f.
(367) ;(b,i-f},)(bgi-f}g) OA;Qacoo
E\7512 = * A'Qa°2 '
n-1 f.

4. An Example.

Fields and Walker (1982) describe a study of the effects of railway
noise on residents based on a social survey of 1453 respondents in 7S areas
in Great Britain. Among other things, estimates of 24 hour L, dB(A) and the
difference between daytime 135 hour Lsq and nightime Loq were obtained for

each individual surveyed using physical noise measurements. Several
measurements of annoyance were obtained using an interviewer
administered questionnaire. Here, we make use of the four category verbal
scale of annoyance obtained from Question 17 of that study: "Does the noise
of the trains bother or annoy you?" Possible responses ranged from (1) "Not
at all,” to (4) "Very much.”

For purposes of illustration, we regress this annoyance variable (yij)
on the two independent variables, 24 hour Lgq (xy;;) and the daytime-
nightime Loq difference (x5;). An ordinary least squares regression yields
the following parameter estimates:

(41) by =0.0327, se(by) =0.132
by = 0.0287, se(bl)=0.00229

b, =-0.00110, se(by) =0.00500
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G,=0911

The standard errors in (4.1) are those obtained from the least squares
analysis assuming simple random sampling, and are provided only as rough
indications of sampling variability.

We now analyse these data assuming Model | as described in equation
(3.1). In doing so, regression coefficients are estimated within PSU's, and
then averaged over PSU's. As stated in Section 3, this requires an
acceptable joint distribution of independent variables within PSU's. In
particular, there must be reasonable variation in both xy;; and x; and the

two independent variabies must not be too highly correlated within PSU's.

The acceptability of these within PSU design characteristics can be
determined by inspecting the design measures A;y{ and A;p; as described in
equation (3.8) above. After eliminating those PSU's with insufficient
variability in independent variables, we are left with 44 PSU's for Mode! |
analysis.

Least squares estimates of the regression slopes were calculated
within each of the 44 PSU's, and overall estimates of the two slopes were
obtained as the averages of these PSU estimates as described in equation
(3.4). By treating each PSU as an independent replicate, estimates of
standard errors of these estimates can be obtained based on the variability
of the individual PSU estimates. The results of this analysis are given
below:

(42) B, =00527 se(@,)=00169
B,=0689 se(f,) = 0.725

R=13.07 se(R)=1457

Variance components estimates are obtained by using equations
(3.16-19) as,

(43) 0,=0659
a1y = 0.00819
8322 = 4331

Ta1o = 0.0331
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Using these estimates In the formulas developed in Section 3 for
optimum sample design, equations (3.11) and (3.15) we get the following
estimated optimum cluster sizes for estimating the three parameters, p,,

B, andR
(4.4) fi.(opt) for estimating By = 4.82(C,/Cy)1/2
A.(opt) for estimating B, = 13.8(C,/Cy)"/2

A.(opt) for estimating R = 13.8(C,/Cy)1/2

For example, for estimating the ratio R, optimum cluster sizes for various
ratios of C,/C, are given below:

C,/Cy 5 10 25 50
fi.(opt) 31 a4 69 98

These calculations are only meant to be illustrative, and several
qualifications concerning these estimates should be made. First, it should
be noted that the estimate of 8, , and consequently that of the ratio R, is

not very precise. It follows that the corresponding variance components and
hence the optimum cluster sizes are not very precisely determined either.

In addition, the actual design used in the Fields and Walker study does not
correspond exactly to that described in Model I. A three-stage design rather
than a two-stage design was employed. As aresult, these calculations are
relevant only for designs with PSU sizes similar to those observed in the
study used here.

S. Summary and Conclusions

Interview studies of residents’ response to noise are often based on
two-stage sample designs. For these designs, samples of individuals are
drawn within samples of compact study areas. in a typical survey, such a
compact study area could consist of a neighborhood or a set of adjacent
households. If the variability of the noise exposure variables within these
compact study areas is not large, then the technigues described by Kalton
(1983) can be used to determine optimal cluster design. On the other hand,
if there is substantial within area variation in noise exposure, then the
possibility of variability in the structural relationships (the "true”
regression coefficients) over clusters should be considered. In such
situations, the methods described for Model | in Section 3 can be used to
assist in sample design.
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Other noise studies have been based on a more complex design, a
three-stage design. In such a design, samples of individuals are drawn from
samples of compact study areas, which in turn are drawn from a sample of
larger areas. For example, for a multi-airport study, these larger areas
might correspond to cities. if there is substantial variability in noise
exposure within compact study areas, the techniques based on Model 11|
described in Section 3 can be used to assist in sample design. On the other
hand, if there is substantial variability in noise exposure within compact
study areas, then the methods described for Model 11 should be employed.
These methods allow for the possibility of variability in the "true”
regression coefficients among compact areas.

The statistical techniques described in this report can be used to
provide assistance in designing noise surveys. It should also be noted that
these techniques are more generally useful in a broad range of sample
survey applications. Indeed, the conclusions regarding multi-stage sample
design are applicable for any two-variable linear regression model of the
form given in equation (1.1).
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