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ANALYSIS OF THE TRANSIENT

BEHAVIOR OF RUBBING COMPONENTS

ABSTRACT

Finite element equations are developed for studying

deformations and temperatures resulting from frictional

heating in slid'ing system. The formulation is done for

l inear s teady s ta te motion in two d imens ions . The

equat ions include the e f f e c t of the ve loc i ty on the

moving components. This gives spurious oscillations in

their solutions by Galerkin finite element methods. A

method called "streamline upwind scheme" is used to try

to dea l with this d e f i c i e n c y . The f in i t e element

program is then used to invest igate the f r i c t i o n of

heating in gas path seal.



LIST OF SYMBOLS

C Specific heat at constant pressure

E Young's modulus

F Body force

H Hilbert spaces

k Thermal conductivity
A

k Artificial conductivity

N Shape function

q Heat flux

T Absolute temperature

U Displacement

V Velocity

W Weighting function

a Thermal expansion coefficient

X Lame's constant

jj Shear modulus

p Density

£,r) Natural coordinates

v Poisson's ratio

a) Angular velocity

ii



Chapter 1

INTRODUCTION

The first law of thermodynamics expresses the energy balance

during mechanical and thermal process. In the analysis of rubbing

problem, the loss of mechanical energy (frictional energy) is

transformed in its largest percentage to thermal energy. During

high speed sliding, contact patches are formed. An analytical

treatment of stresses (or displacement) and temperature distribution

near the contact patches is necessary. A transient finite element

heat conduction analysis has shown (ref. 14) that within a very short

time after establishment of the contact zone the temperature

distribution approached a steady state relative to a stationary

observer. The length of time required to reach this quasi-steady

state is so short that it may be concluded that within the contact

patches a steady state temperature distribution occurs. Therefore

it is not necessary to do a transient temperature analysis. A finite

element formulation will be done for linear steady state. The

formulation will be given in a form that could be expanded to

inelastic, non-linear problems.

The advantage of the Finite Element Method is that it is

possible to model finite geometry of complex shapes or different

material properties. Both temperature and stress analysis could be

done by similar modeling. Indeed, a thermomechanical analysis could



be carried out using one element grid and two linked finite element

programs. The major difficulty in applying a Finite Element Method

is that the convection operators are nonsymmetric. For instance the

Galerkin Finite Element Method is successful when applied to linear

symmetric operators, but these methods usually give spurious

oscillations in their solutions when applied to convection dominated

problems. A "streamline upwind scheme" (ref. 10) is used to deal

with this problem by adding an artificial conductivity in a manner

which stabilize the solution without destroying the physics of the

problem.

In this work, a review of literature about the principal

subjects is given, followed by a formulation of the weak form for the

heat transfer equation and the thermoelasticity equation. Then a

finite element formulation is developped for both thermal and

thermoelastic equation for a two dimension solid. The resulting

finite element program, which gives the displacement and the

temperature distribution, is first compared to an analytical solution

such as a semi-infinite plane under a heat flux (ref. 1). The

program is then used to a problem of rubbing contact at high

velocities in a gas path seal.



Chapter 2

LITERATURE REVIEW

The heat transfer theory started with Fourier's law of heat

conduction:

i A dTq = -k A -j—^ dx

When the body is moving with a given velocity, a convection

term is added to the equation (ref. 13 & 17). The use of Galerkin

Finite Element Method to solve the heat problems for a moving body

give rise to spurious oscillations. These oscillations can be

removed in this case by severe mesh refinement which undermines the

practical utility of the methods (ref. 8, 9 and 10).

New schemes were developped trying to deal with this deficiency.

The first scheme appeared by Roache in ref.6 as a classical upwind

difference scheme. It has been noted that the Galerkin Finite

Element Method produces central difference type approximations to the

advection (conduction) term. In finite difference theory, the

adverse behavior of central differences in these circumstances has

long been noted. But this method was considered as inaccurate.

Heinrich proposed a new scheme (ref. 8). The Finite Element

Method is applied using weighted residual formulation with

bilinear quadrilateral element shape functions, and non-symmetric

weighting functions which are different from the shape

functions, and depend on parameters which allow the amount of



"upwinding" to be controlled. An increase in accuracy could be

obtained by varying these parameters from element to element. This

method is now known as Petro-Galerkin method. But the two

dimensionnal quadrilaterals proposed by ref. 8 distord the diffusion

(conduction) term when upwinding is applied. It seems very difficult

to find an upwinding function that does not disturb the diffusion

(conduction) operator, yet upwinds the advection (convection) term.

Hansen and Von Flotow (ref. 16) noted that it might be better to

apply upwind weighting to the advection (conduction) term only and

central to the remainder of the equation.

Another simpler technique proposed by Hushes (ref. 9) called

quadrature upwinding was based on moving the integration points in

the Galerkin Finite Element Method. But he came later with Brook

(ref. 10) to propose a new multi-dimensionnal upwind scheme. The

method was applied successfully to one dimension, and then

generalized for two dimensions. This method, called "streamline

upwind scheme", is applied to the advection-diffusion equation, and

then to Navier-Stokes equations.

The thermoelasticity equation is derived from the principles of

thermodynamics. A simple formulation of the equation is presented

in ref. 2 & 3 as:

uUitjj + (X+y) Ujfji - (3U2u) aTfi + Fi = 0

Together with the heat transfer equation, the thermoelasticity

equation (two equations in dimension two) leads to the determination

of the displacement and temperature fields in a thermomechanical



problem such as the problem of rubbing contact at high sliding

velocities.

The thermal analysis of bodies in sliding contact has attracted

the interest of many investigators because of its importance in many

situations in which friction occurs: bearing, seals, brakes,

clutches,... Various methods have been proposed, but none has proven

universally acceptable. Many surface temperature analyses have been

based on heat source methods (ref. 1), in which the solution for

temperature distribution due to a point source on a surface is used

to develop the solution for a distributed heat flux within a contact

patch on the surface of an infinite half space. The difficulties

involved with application of heat source techniques to bodies of

finite dimensions led to the development of integral transform

technique presented by Ling (ref. A). Although this method have

been successfully applied to a number of problems with different

geometries, its limitations to simple shapes and its mathematical

sophistication have kept this from being widely used by engineers.

Kennedy tried to solve the problem of rubbing contact at high

sliding velocities by using the Finite Element Method. He applied

the problem to two examples: aircraft disk brakes and gas path seals

in turbine engine (ref. 11). The first examples was presented

before in the study of transient temperature in disk brakes in

ref. 5, considered as one of the first documention that use Finite

Element Method in such problems. He retreated the second example

experimentally and analytically in ref. 1A & 15. In ref. 11,



Kennedy used one element grid and two linked finite element programs

to make a thermomechanical analysis of the contact.



Chapter 3

FORMULATION OF THE PARTIAL

DIFFERENTIAL EQUATION

3-1. Heat transfer:

Let k. . , the thermal conductivity, be constant, let p, the

density, and C , the specific heat be constant. Let q be the heat

flux. In a steady state, the heat transfer partial differential

equation for a moving body with a constant velocity V. is:

k.. T . . - p C V. T . + q = 0
ij ,ij P i ti s

The first term represents the conduction heat transfer. The

second term represents the convection heat transfer. The problem

defined in the equation above could be given after applying

Galerkin's method, as:

Find T GH2 for all W G H° scuh that:

[ W kij T,ij - * P Cp V. Tf . + W q ] df> = 0

Where T is assumed to satisfy the essential boundary

conditions. An integration by parts allows us to rewrite the problem

as:

Find T e H1 for all W G H1 such that:

f [ W k. ..T . + W P C V. T . •] oft = [ Wq
J0 'J *J •! P i ,1 J Jo
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Here homogenous natural boundary conditions have been assumed

in those sections of the boundary where T is not specified.

3-2. Thermoelasticity:

The constants X and y are respectively Lame's constant and shear

modulus. They are related to Young's modulus E and Poisson's ratio

v by:

v E E
X = ; y =

(1 + v) (1 - 2 v) 2 (1 + v)

The Navier's equation, with temperature changes, in terms of

displacement U is given by:

y lh .. + (X + y) U. ... - (3X + 2 y) a T);. + F4 = 0

Where a is the coeficient of the thermal expansion and F. is the body

force.

Applying the Galerkin method to the equation above within an

element results in the following formulation:

Find U e H2, T 6 H1 for all W G H° such that:

f [ W y IL .. + W (X + y) U. .± - W (3X + 2y ) a T ±

+ W Fi ] d°. = 0

After an integration by parts, we write the formulation as:

Find U G H1, T € H1 for all W e H such that:

f [ W . P U. . + W . (X + y) U. . + W (3X + 2y ) a T,i ]
Jo »3 1»3 »x J»J

= I W F.
Jo i

'R
do.



This equation, called the weak form, could be obtained if the

law of conservation of energy is used.



Chapter 4

FINITE ELEMENT FORMULATION

4-1. Heat transfer:

4-1-1. Streamline upwind scheme:

The heat transfer equation has a convection operator which has

been shown to carry spurious oscillations in finite element solution

(ref. 10). The conventional approach to mitigate these oscillations

is to introduce an artificial diffusion (conduction) term in the

heat transfer equation. This method is called "streamline upwind

scheme".

The weak form becomes:

f [ W (k + k ) T + W p C V T ] dfi = f W q dQ
JQ »x J-J -"-J »J P i ti Jjj

A

If the artificial conductivity k. . is correctly chosen, no

oscillation will occur in the Galerkin Finite Element formulation.

In ref. 10, the following technique is presented:

A A A A

Assume k. . = k u. u .

A ^where u. = = with M u l l 2 = u. u. and u. = D C V.
i ,,..,, l l ~ l l 1 1 i ^ p i

u.
i

u
A

k is a scalar artificial conductivity.

Assume that the coordinates are chosen such that locally xl-

direction is aligned with streamlines and the x2-direction is

perpendicular. Then the artificial conductivity matrix in this

10
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coordinate system is:

k = k

In case of bilinear quadrilateral, in two dimension, k is chosen

as:

f. A

endr|define the location of the quadratic point and are given by

= coth a --

* 1n = coth a --

where J
(2k)

are the element length (Fig. 1)

Figure 1. Typical four-node quadrilateral finite ele-
ment geometry.
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u and k are evaluated at the origin of the element in£-n

coordinates, a- could be expressed by:

PC V. h.
p a 1

2 k

4-1-2. Heat transfer finite element formulation:

The weak form is know given by:

[ w§i (k. . + k. .) T> . + w p cp v. Tfl idn

If the body is divided into a number of finite elements, the

weighting function W and the temperature distribution T within a

discrete element may be approximated by:

W » W N

Where N-, is the shape (interpolation) function of the element.

W, and T~ are constant at the nodes. The majuscule subscripts I

indicate the node number.

Substituting these approximations into the weak form we get:

L [ wi »i.i (ku + v TJ NJJ + wi NI ( P C
P v

 TJ NJ.I ' dn
it

= [ Wj Nj q dfi
Jfi

which may be simplified as follows:

f [NI§1 (k
;n

=f N T
Jo -1

q
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In the matrix notation, these equations has the following form:

[ K ] [ T ] = [ Q ]

dflwhere [ K ] = [ NT (k + k ) N. -f N. < P C V ) N. ]
J -1*1 aJ *J J»J -1 P * J»J

is the stiffeness matrix.

[ T ] = Tt

[ Q ] =[ N, q dfi
Jo i

These equations are the finite element equations which will be

formed, assembled, and solved for the temperature distribution

through the body. Because of non-symmetry of the second term

in the stiffeness matrix [k], its presence require the use of

solution routines different from those used in most finite element

programs.

To compare the solution obtained with the solution without the
A

use of the upwind scheme, we can just set k. . = 0. The same finite

element equations can also be used for both stationary and moving

components of a sliding system by setting V = 0 for elements in the

stationary body.

4-2. Thermoelasticity:

The weak form of the thermoelasticity equation was found to be:



•t w T dn

The weighting function W, the displacement distribution U, and

the temperature distribution T, within a discrete element may be

approximated by:

W = W, N,

U

where the majuscule subscripts indicate the node number and N are

the shape function defining the type of element. For some elements,

the shape functions are given in the appendix. WT, UT and T, are

constants at the nodes.

After substituting these approximations into the weak form, we

get:

+ Wj Nj (3A+ 2V ) a Tj Nj ± ] dJi =J Wj Nj Fj

which may be simplified as follows:

f [ NT (3A+ 2U) a NT .] dfi )TT = f NT FTJ 1 J,i J J i i

These equations can be written in the matrix notation as:

[ KE ] [ U ] + [ K£T ) [ T ] = [ F ]
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where [ K^ ] = [ NT . V N . . + NT . ( * -I- V ) N . ] dft is the
^ '^ ^

elastic stiffeness matrix.

[ U ] = U

[ K™ ] = [ NT (3 A + 2U ) a jo . ] dfi is the coupled
J Q J. J »1

stiffeness matrix.

[ T ] = T

[ F ] = f N F dJ 1 -1 fl

Based on the equations above and the heat transfer finite

element equations, defined in the previous section, a finite element

program has been written. This program, which will be used in a

thermomechanical analysis, will give the displacement and the

temperature distribution through the body. It should be noted that

one element grid can be used. With this program simpler problems

could be treated. For example:

-Heat transfer without thermal stresses problem (an example of

this problem is given later): Set no forces and a = 0.

-Elasticity problem without temperature change: Set no flux.

Some basic routines and a typical input data are given in the

appendix.



Chapter 5

PROBLEMS AND SOLUTIONS

5-1. Semi-infinite solid under heat friction:

5-1-1. Description of the problem:

The semi-infinite source strip is defined by: xe[-b,b];

ye[0,°°]; in the plane z = 0. The heat is applied at the

rate Q per unit time per unit area over the strip. The

surrounding media moves across it with velocity V in the

direction of the x-axis. This problem was treated by

Carslaw and Jaeger (Ref. 1) using the heat source method.

K-2b

Fig.2-Seroi-infinite solid under friction.

16
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5-1-2. Finite element method:

The problem defined above is treated by the finite

element program. The elements used in the mesh are quadri-

lateral (linear or quadratic). The heat flux is applied

uniformly distributed on a width of 2b at the nodes. Four

meshes were used, which are:

- mesh 1: 200 elements, 231 nodes, four-node quadrilateral

element, with upwinding (Fig. 3).

- mesh 2: 200 elements, 231 nodes, four-node quadrilateral

element, without upwinding.

- mesh 3: 300 elements, 981 nodes, eight-node quadrilateral

element, with upwinding.

- mesh 4: 460 elements, 1493 nodes, eight-node quadrilateral

element, with upwinding.

5-1-3. Results:

Carslaw and Jaeger (Ref. 1) gave the temperature as the

following integral:

71 kV J x-B " "° ̂  T "• ' dU

where Ko(x) is the modified Bessel function of the second

kind of order zero and X, Z, B are dimensionless quantities

introduced as:

x.a.z.fe.B.a, with K . i-
£.1*. f̂t. ZK \J \J_

P

Some values of the surface temperature of the solid

are shown in Fig. 4 for B = 10. The curve represents
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heat friction".
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(7iTkV/2KQ) vs. (x/b) given by Ref. 1. The results by finite

element method, for each mesh, is plotted on the same

representation.

5-1-4. Discussion:

When the quadratic elements (8 nodes) are used the curve

(TI TkV/2KQ) vs. (x/b) approaches the one given by the heat

source method (Ref. 1). When a smaller number of linear

elements (A nodes) is used the curve is less accurate but

has the same pattern. The oscillations in the solution are

minimized when the upwinding is used. But it is still

necessary to make a mesh refinement in order to get accurate

results.

5-2. Gas path seals:

5-2-1. Description of the problem:

The gas path seals are used in the turbine engines of

modern aircraft to prevent the axial flow of working fluid

(air) around rotating engine components. Reduction of the

clearances between rotating and stationary component of these

seals can decrease the consumption of the specific fuel and

increase the effeciency of the engine. However, such

reduction in clearance may result in occasional rubbing

between the rotating and the stationary seal components as

engine deflection occurs. These rubs, which occurs at very

high sliding speeds, can cause high surface temperatures,

excessive wear of the seal components, and possible damage
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to the engine. The development of gas path seal designs

have been retarted by an incomplete understanding of the

temperatures, stresses, and deformations which occur during

high speed seal rubs (Ref. 11).

An attempt to get the temperature and deformation in this

sliding system is done using the finite element analysis.

A model has been developed to simulate the rubbing contact

which occurs in gas path seals between the rotating knife

edge and a stationary seal segment. The outer gas path seal,

assumed to have a circular section with 5 layers (Fig. 5 & 6),

is rotating at 20,000 r.p.m.. The friction force is taken as

100 lb.. The material properties are given in Table 1. On

the external surface the temperature is taken to be 70°F and

the displacement is zero. On the internal surface the flux,

considered concentrated at the lower point is taken to be:

q = N P V = 100 x (0.3) x (20,000 x 27tx A.85)

= 1.8284 x 107 BTU/min in2

where u is the friction coefficient.

5-2-2. Finite element method:

The thermomechanical program developed before is used

to the rubbing contract problem. A finite element mesh

based on quadratic quadrilateral (8 nodes) elements, shown in

Fig. 7, is used in the development of the model.

5-2-3. Results:

3-1. Temperature:
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. Siaior

Fiq.5_Hiqh pressure lurbine ouler qas path sea!.

i

Fig.6-Cross section of outer gas path seal (units mm)



Table 1

Material properties

Layer

Int. radius (in.)

Ext. radius (in.)

Material 100 YSZ 85% YSZ 70% YSZ 40% YSZ MAR-M-
15% CoCr 30% CoCr 60% CoCr 50g
Al Y Al Y Al Y

Young's modulus 2.00 2.00 8.00 17.75 15.60
(Ib/in2)xl06

1

A. 85

A. 91

2

A. 91

A.9A

3

A.9A

A. 97

A

A. 97

5.00

5

5.00

5.11

Poisson's ratio

Coef. of expansion
(in/in°F)x!0~6

Thermal cond. .
(BTU/min in°F)x!0

Density
(lb/in3)

Specific heat-

0.25 .

A. 83

8.11

0.155

0.161

0.26

7.70

16.30

0.180

0.161

0.27

8.38

20.95

0.205

0.161

0.28

9.52

25.52

0.25A

0.158

0.30

12.20

A22.98

0.320

0.155o(BTU/lb"F)xlO

23



T=70°F, U=0.

u=20,000 rpm.

Fig.?- Finite element mesh for gas path seal friction problem.
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The finite element results give the temperature at any

node. A plot of the temperature on the internal surface vs.

the angle near the contact is given in Fig. 8. A peak of

temperature occurs at the location of the friction contact.

3-2. Deformation:

The finite element results give the displacement in

x-direction and in y-direction of any node. The curve of the

deformation in x-direction vs. the angle for the interior

surface is given in Fig. 9. The displacement is positive for

the nodes at the right of the friction contact and negative

for the nodes at its left. The curve of the deformation in

y-direction vs. the angle is given in Fig. 10. This curve

presents a peak at the friction contact.

5-2-4. Discussion:

At the location of the friction contact, the temperature

and the deformation are increased rapidly. The temperature

might reach the melting point of the material. The

temperature peak was predicted by Harsher (Ref. 12) and

confirmed by Kennedy (Ref. 11). The latter conformed also

that the maximum amount of deformation occurs on the contact

surface, with magnitudes decreasing very rapidly in a

direction normal to the surface.

The oscillations that appear clearly in the x-direction

displacement (midside node) are due to the presence of the

oscillations in the temperature distribution. When the
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scale

270

Fig.B-Internal temperature distribution under friction near
contact.



27

£!')

Fig.9-Displa(.ement in x-direction near contact.
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scalp;

250 270 290
Fig.lO-Displacement in y-direction near contact.



upwjnding term is increased, the magnitude of temperature

and displacement decrease but the oscillations don't vanish.



Chapter 6

CONCLUSIONS

A finite element program has been developed which can

efficiently and accurately predict temperature and deformation

distribution in a thermomechanical problem such as sliding systems.

The method includes velocity effects with the use of the streamline

upwind scheme which eliminates spurious oscillations and is therefore

very useful in cases involving high speed sliding. The comparison

with some results that used heat source method shows the accuracy

of the method. A special application to gas path seal problem shows

the existence of a peak in the temperature and deformation near the

contact, indicating a possibility of melting and excessive wear

which might provoke an early thermomechanical failure. Further

studies could investigate the importance of thermal conductivity of

the moving and stationary component on decreasing surface

temperature and deformation.

30
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Appendix I

SHAPE FUNCTIONS NI

1-Linear quadrilateral element:

N = id -€) (i -n)
(-1,1)

N2 = i (i (i -n)

N3 = i (i +€) (1 + n)

-

3(1,1)

2-Quadratic quadrilateral element:

d+C)(i-n

N7 = i d-6
2 )d+n )

N8 = i d-n
2 )(!-€)

(-1,1)

5

-f3(l,l)

33
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Appendix II

STIFFENESS MATRIX ROUTINE

0001
COO.'
COC-3
occ<
ooos
CCOt
O O C 7
ooc-t
COOS'
00 JOco:i
?*!?
(•'.•K
C-t'li
O O i i
C'017
O C J £
001P

OOl'O
0021
002:-
P022?E*e
t".C*
002?

'«Co5'l
0030
0031
oo?r
00?3
C034
C03S

S03<C37
002t
OC7-V
0040
OC<1
0042
0043sm
0044
0047w»
0050
I»OM

S°oll
0054
005tm*
«0||

oo«:
00<3
00t4
OOti
0061
0067
0066
6069
0070

J ME CfT I f c y
k E A L « E < A -

l t U X t N & r t r . l Y M

t»»M
Ca»»»
C»» t»
C»»f t
C t a a a
Cat at
C»»»»
C a a a a
r»>»»
C0«1
c»«»»
C»»*»
C a i ^ a
Ctaaa
Cai t t
C a t a a
f t t»a
C a a a a
L»aia
C»»»»
taaa i
C a a a a
titii
ca***
c a a a i
fa iaa
Cl»ai
Caaaa
C » a a a
c»a»»
c a a a a

T H 7 E E'JJ-ROtn J W i

t fc

C A L C U L A T E S

T 1 F

TUF. V A L U F U F I H f E T l f f K C t l r . A I F . J X
' ' '

»<f AUIP
i. * £

NAKF.

101't

l 'YI-»
t
F A l
II
II-
lS

Ux
JACOt
h^>C
K'oX
tsTrf-E
K T Y f E
t

£Ul f :ULMlNLS

»t

I-

(X) / I in »/r
l". : .'}•

(llj

tl £1

A X l i . v i n M f . l t

an*
•«»«
f»»»
»»•»
aa t k
» y » »
»» » •
• < » »
• » » «
»»»ii
«»»»

.

5W H C I F
K l t f - l *
M t b L K

I'D
TO
I'D

I 00!
IDC'F

Jf:M
JNM x
1 N I £ X
E l t r l M

OF
It 'COKt S

* Ki 'KVEl -

1YM
l 11»F

t »»»
!»»«
»»«»

» » « >
! ««»

I f JUC-CR

LftAI
CfHf'I
GHFf,!'

C «A1Jf

« TURKS THf. C
I N I T I A L I Z E THE frMAF T
K A U J J i M U L T I f l K A T I t l K

H U l T ) »

!»»»
»»»*

»»>»
t*«*
»»»»

f Jf.lN, jut*

CMl'Tt ) tf

COHM'N /UTLl

fttt*
JMIN«V.V9l t+20
JHAX--JH1K
FET OF ELEMEMT

f>jh l» . ' .»>j rA>. . |
! E i N t i f t E ! 6 , ? > . P i J i F < E t 9 > » r £ l l T » * > • ( V)

1

£***»
C

}F(!t .NE. JES
fHi^'NIilNH
PC 1 11'liNli?

m»»*

.»<£. NCX) CALL C6MFI < JEKtWGXJ

ZEf>0 OUT POI'T FORCE VECTOR »a»»

10 22
I2* l«NnQKTF

CALL CMAT(t)TYPE.).
DO 10
R«0.0
bXl>F-
PXHE
tm<f

.
11-lrNb

0.0

lv«i

0073
0074
0073

5

4
D r E E < j . i 2 » * p
PF |E<2f I2 )» | iXpF» t 'S I«E( I2» I I ) - I ) J ( l>E»rSI ' f
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C-C76
OC-7V
oorcooriOOE?
OOP2

181*
OOf*
0067
OC'SB
OOF9
OPSO
00 VI
oo?:1
C-07?
OOV4
oo?r-

8811
009*
0100

0103
01 C<
01 Ci
OlC-t
0:0?
OlOfc
0109
011C
0111l\\'i
0114

0116
0117
one
011V
0120
012101 ::•

If l.'.M.l't< .11. jniK; J«lKi.jAtfi»'
IF <J*.CCI' ,CT. Jhf.X) JHtyr i^tOI
If tJACdh ,LE. 0.0 SlOf 4

• *MK]». •>»»•t»»»t C*LCULftU THE
C

•WAJK11

Si!*
012E

0131
0132

S133
134

0135
0136
0137
0136
0139
5140

0147

0151
01

0155

0157

Sii!
01(0
0161
0162

WU-V

S O /
(11
<? t )3 ) ' 0 .0

t <i t ::• •

r<4,13).iTtl '2.
|«&il3i'0.0
V ( 6 > l S > ^ 0 . 0
F<1 t |3 ) *O.C

UtSJJJ-*-*
tl (1*I?)>0,0
tT<r» !3 ) *0 .0
P T ( 3 r I ? ) r C . P
1-1 < 4 r J 3 ; « Q . O

Kit I3)«C'^6
|(2,}3>«HfE
t>(3t I3> '0.0
K4rI3)«Df'E
|(5»I3)«0.0
K*.13)«0.0
F<1.13)^0.0

rc3.12>«=0.0
F(4>13)*0.0
f < 5 1 1 3 > « l» . 0

)«F

Kl»I3)«0.0
»<2>I3>*0.0

ELII?tn
EE(12.11

;<2tj3)«o.i
F(3>I3)cO.O
F(4>13)*0.0

tiif NUE

,,„„
C»*»t SET UP THE CONPUC1 ION-STATIC ELASTICITY TERM. «JTH *>*!

C.»M

8
10

CALL

feV'l

MPRp(fvt| t»T,«f6tNIO
:T55t<ibfeKK?'* |̂illV»"H THE 1HEKKAL ITMIN «»•

CALL C«FRr(RCrv»P»KV»6f*tNlO
CALL OTFRt«FrRVr8KT2.*.KDtND)
?.">•! • 0

e i?BirNi>2
CONTINUE
IF (JE.NE.O) RETURN
JE»1
CONTINUE
gETUMI
CMP
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OOCloo&r0002

004
<'007
ocot
C-0'.'*
0010

001!
001 fc
CO)"*
CC-lt

core-

IBOCJ4
002S
C'Oi'f
002?
00 3 P
oo:*
0030
0031
01-3?
003?
003U
COZ'J
OOJi
C02 /orJt
CC3*
OOAO
0041
0042
0043
C(>4*
004S
0046
00*7
-04C

04V
OiC

0051
t0^2
0052oor-4
0055

8016
W2ooi.9

tos?
iotc
OC-*10042
;
063
064
0«5

*r*L9e
t t>nnttf!

17.VU ) i

«f-HtO-2l

i v < < > i r M t > ,
!«»•. t* :

to
5

40

I'd 1 Jr)l«
t'U J l«-l.t
t> < 1 » .1 > « C . C
uf w < i i j )-o.c

V ' )«O.C

. x» t i ) • ̂  »: ; « 6 : ; • «' < * )
fc.< i ifrL
it "! » e » 6 )

> t >• t < >

P < 1 t J) «• C-. C

M'«%M«t
N V « ( X l '

CD 10 It

i f ( x v i i
CD 10's

t '• * *:

CO 10 SC-^^•.5c•lt^•

If (
f TA'0.0
CO IP

(?. »XK (Ml

)-(J . /ALC1A)
r .HA^-<M/2 .>* ( t^SU^O(K^YFl )»Cf Jt

CALL guru-
CA'.L C1fRI<

20 eONUKUt

fLANE

Y " \ t W V

»»*»

200
MPITC«<200) AL
fORMAT<4X.'A'.»' i

.<'S.«FK («TYfE»



Appendix III

INPUT DATA FORMAT

Columns Format Descriptiontype v

\ 1-80 20A4 Title to be printed at beginning of
output.

2 1-5 15 (Number of elements in this problem.
5-10 15 Number of nodes in this problem.

3 1-10 G10.4 Young's modulus for material type 1.
11-20 G10.4 Yount's modulus for material type 2.

51-60 G10.4 Young's modulus for material type 6.

1-10 G10.4 Poisson's ratio for material type 1.
11-20 G10.4 Poisson's ratio for material type 2.

51-60 G10.4 Poisson's ratio for material type 6.

1-10 G10.4 Expansion coefficient for material
type 1.

11-20 G10.4 Expansion coefficient for material
type 2.

51-60 G10.4 Expansion coefficient for material
type 6.

1-10 G10.4 Conductivity in x-direction for
material type 1.

11-20 G10.4 Conductivity in x-direction for
material type 2.

51-60 G10.4 Conductivity in x-direction for

37
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material typo 6.

1-10 G10.4 Conductivity in y-direction for
material type 1.

11-20 G10.4 Conductivity in y-direction for
material type 2.

51-60 G10.A Conductivity in y-direction for
material type 6.

8 1-10 G10.4 Density for material type 1.
11-20 G10.4 Density for material type 2.

51-60 G10.4 Density for material type 2.

1-10 G10.A Specific heat for material type 1.
11-20 G10.4 Specific heat for material type 2.

51-60 G10.A Specific heat for material type 6.

10 1-10 G10.A Velocity in x-direction for material
type 1.

11-20 G10.4 Velocity in x-direction for material
type 2.

51-60 G10.4 Velocity in x-direction for material
type 6.

11 1-10 G10.4 Velocity in y-direction for material
type 1.

11-21 G10.4 Velocity in y-direction for material
type 2.

51-60 G10.4 Velocity in y-direction for material
type 6.

12 1-10 G10.4 Element height for material type 1.
11-21 G10.4 Element he ight for mater ial type 2.
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51-60 G10.4 Element heigh for material type 6.

13 1-5 15 Node number
9-9 II Displacement fixity in x-direction at

this node
= 0 applied traction
= 1 applied displacement

10-10 II Displacement fixity in y-direction at
this node.

11-11 II Temperature fixity at this node
= 0 given flux
=1 no temperature

12-21 G10.4 x coordinate of node.
22-31 G10.4 y coordinate of node
32-41 G10.4 Force at node in x-direction
42-51 G10.4 Force at node in y-direction
52-61 G10.4 Flux or temperature at node

14 1-5 15 Element number
6-10 15 Node number for first node on element
11-15 15 Node number for second node on element

41-50 15 Node number for eigth node on element
57-57 II Material type for element
64-64 II Element type

Data cards can be omitted for nodes equispaced between node N.

and N. as long as the data for nodes N. and N. are included.
J J
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Example of input data

TH SEAL
340 I

.20001*070.20001 +070. EOOOE407C . 177:£-fOBO.JifcOE4C-f O.OOOOE400

FAi.
100

.2SCO 0.2600 0.2700 O.i'800 0.300C O.OOOOt + OC

. n ji»i -

3 :
is
J «
1!
J _ e

IF
lc

20

33

31-
3ft

II
35
40
4;4;-

• •„ „" t :

i-

00'

CO
o?
OC-
C'
ob

"

: f: ot -
, o
. o'.ftor i

- . ' O . i i j O L - ^ r c

,.i- « . fT-o
i »i A C i* ^

* . 0 ft . 0

4.:

r«

?•» ^fK
66 :-.4:-v

or
oo
oc
oo
oo
oo

4.CC:

.
3.4T

-

.4*0
'683

l.»76

1.'046
1 .05V

O . O O O G E i C OC-.OCC-C-E + CC
0. OOOCE-i 00? . OOOCF400
O . O O O O E 4 0 0 0 . C O O O E - I O O
0 . OOOOt 40'.':•. OCOOE4CC
0. O O O O E 4 C - C •>. OOC'Jf + 00
0 • OCOOe 400'.' • O O O f E 4 OC1

r/. OOOOE-i OCC I i&0< 0£4 C 0
0 .0000£ < 000.000:-E4C-0

6.'ooc.oE.4ooo.'oooolto6
O.OOOCE4000.000CE+00
C.Of'OOE4000.00'JOE400
O.OOOOE4000.000CE40C'
O.OOOOL4000.0000E400
O.OOOOE4000.000CE400
0.OOOOE4000.COOOE400

).OOOOE400

00
C(
OOC' .OvOOt40C
OOC.OO<(-f 400 ^.
0 • 1.045
00 1.9C4-
00 ^.002
OC 2.612
OC 3.4E2
00 3.493
50 4.047

- 4.459
1.472
4.770
4.°?£

_____
C.COOOE4000.0000E+OOO.OOOOETOO
0.0090E+OCO. OOOOE4000.0000t+00
o . oooor

4.770
«,41.9
4.47?
4.047

0
00
00
CO
00

3.493
2.fl?
1.994
2.002

OOC'.OOOOE400oo i.or/
CO 2.008
00 2.OK
OC
00
00
OC
00
00 4.499
OC 4.799
0'.' 4.9M'
00 4.9"»C

3.504
3.514
4.071
4.461

.OOOOf 4 000.OCOOE4 00
•:•. C900E 4 C'OO. OOOOE4 00
O.OOOOE+OOO.OOOOE400
C.OOOOE4000.0000E4CO
O.OCOOE4000.0000E4-OC
O.OOOOETOOO.OOOOE400
O.OOOOE+000.OOOOt+00
O.OOOOE4000.0000E400
O.OOOOE+OOO.OCOOE40C
O.OOOOE4000.0000E4-00
O.OOOOE4000.0000E400
O.OOOOE4000.0000E400
O.OOOOE4000.0000E+00

O.COOOE40pO.OOOOE4000.gOOOE400

400
6. 6<>66E466f>. 6000E400
O.OOOOE4000.0000E400
O.OCOOE4000.0000E400
O.OOOOE4000.0000E40C
O.OOOOE4000.0000E40C
O.OOOOE4000.0000E40C
O.OOOOE400C.OOOOE400
C.OOOC'E4000.0000E400
O.OOOOE4000.0000E400
O.OOOOE40CO.OOOOE4UC

OC 4.9*0 O.OOOOE+OOO.OOOCE4000.0000
OOO.OCOOE400 4.9̂ 5 0.OCOOE4000.0000

4.970
4.799

4 . 4 V V
4.07]
3.504
3.514

*'.'o6e
2.014
J .OC'OOE400C..OOOOE4C.Cf

O.OOOO

OOO.OO.H'£40C'
00 J. ' . - 'E

2.021
2-01-7

0.00 JOE4000.OOOOE4000.OOOOt400
O.OOOOE4000.000CT400

00
CO
00
OC 3.12
00 3.534

5.00C
4.B2B

4'.527
4.096

3.'53?

. .

S .OOOOE-tOOO.OOOOt+OO
.OOOOE + C-OO. OOOOE 400

O.OOOC't 4000.POOOE+00
0. OOOOE 4000. OOOOE 400
0. OOOOt •* 000. COOOE 400
.

O.OOOOE400C.OOO{-£-'00



eO 00 '.0*< 2.E<« O.C-POOf + OCO.OOC.OE + OC
t: 00 4.M2 2.021 O.OOOOE.+ OOC..OOOOE400
6:' 00 4.5?y' 2.02"7 C.OOOCE+OOO.OOOOE+00
«3 00 4.826 1.076 0. OOCOE^f 000. OOCOE400
f4 00 4.985 C.OOOOE4000.0000E+OOO.OOCOE400
65 00 5.000 O.OOCOE4000.0000E+OOO.OOOOE400
66 OOO.POOOE400 5.055 0.OOOOE+000.OOOOE400
67 1120.0000E400 5.110 -0.OOOOE+000.OOOOE40070.0
66 112 1.102 4.934 -0.OOOOE+000.0000140070.0
69 00 2.049 4.576 O.OOOOE4000.0000E+00
70 112 2.071 4.626 O.OOOOE+000.COOOE40070.0
71 112 2.906 4.166 O.OOOOE4000.0000E40070.0
72 00 3.574 2.574 O.OOOOE+000.OOOOE+00
77. 112 3.613 7.613 O.OOOOE4000.0000E + 0070.0
74 112 4.1*6 2.90P O.OOOOE4000.0000E+0070.0
7L 00 4.£?« 2.04? O.OOOOE400C.OOOOL400
7« 112 4.€?.t 2.071 O.OOOOE4000.000CE*p07C.O
7> 11" 4.934 J.102 O.OOPCE4000.0000E4007C.0
7B OC 5.055 O.OOOOL4000.0000E40CO.00001400
79 112 '. lit' 0.00''OE-K'00.00';Ot4000.0000£-tOC-?O.C'
60 00-i.OOO O.OOOOt400C.OOOOF.4000.0000E400
PI 00-S.035 O.OOOOr4000.0000E400C.OOOOHOO

tl 11J-5.110 O.OOOOE400C.OOOOE4000.0000E40070.0
3 00-4.E26 1.076 O.OOOOE4000.OOOOE400

E4 112-4.934 1.102 O.OOOOE4000.OOOOE+OC70.0
85 00-4.527 2.C27 «.OOOOE4000.0000E400

f t, OO-4.576 2.04V C.OOOOC4000.0000E400
7 112-4.626 2.071 O.OOOOE4000.0000E40070.0 i

EP 00-4.09* 5.6*6 O.OOOOE4000.0000E400 1
BV U2-4.iei 3.9C6 O.OOOOE4000.00COE40070.C ,
90 00-3.536 3.536 0.OOOOE+OOO.OOOOF400 :
91 00-3.174 3.574 O.OOOOE4000.0000E400
I'.: 111-3.613 3,613 0.000014000. OOOOE + 0070.6
93 OC-2.84* 4.096 0.OOOOE4000.0000E400
94 112-2.^OB 4.166 O.OCOOE400C-.OOOOE40070.0
95 00-2.027 4.527 O.OOOOE4000.0000E*00
V6 00-2.OA9 4.576 O.OOOOE4000.OOOOE400 :
97 112-2.071 4.fc26 O.OOOOE+OCO.OOOOE40070.0 j
V6 00-1.076 4.626 O.OOOOE1OOO.OOOOE400 i
99 112-1.102 4.934 O.ODOOE4000.00CCE40070.0
100 00-4.970 O.OOOOE4000.<>OOOE40C-O.OOOOE400
101 OC-4.9E5 6.0000E4000.0000E4000.0000E400
102 00-4.79? 1.072 O.OCOOE4000.0000E400
103 00-4.499 2.014 O.OOOOE4000.0000E400
104 00-4.513 2,021 O.OOCOE1OOC.COCOE400
105 00-4,071 2.E29 O.OOOOE4000.00COE400
106 00-3.514 3.514 O.OOOOE + 000. OOOOE-t-00
107 00-3.525 3.525 O.OOOCE4000.0000E400
106 00-2.6?? 4.071 O.OOOOE4000.0000E400
10* -00-2.014 4.499 O.OOOOE+000.OOOOE400
110 00-2.021 4.513 O.OOOOE4000.0000E400
111 00-1.072 4.799 0-OOOOE4000.0000E400
112 00-4.940 O.OOOOE4000.0000E4000.0000E400
113 00-4.955 O.OOOOE4000.0000E4000.0000E400
114 00-4.770 1.065 O.OOOOE4000.0000E400
}}? 99-*'*2? 2'5°2 $<$§OSE4000.0000E400116 60-4.48? 5.OOP C.OOOOE4000.0000E400
117 00-4.047 2.312 XJ.OOOOE4000.OOOOE400
116 -00-3.493 3.493 O.OOOOE4000,OOOOE400
119 50-3.504 3.504 <.OOOOE4000.0000E400
120 .00-2.$1? 4.047 3.0000E4000.0000E400
121 00-2.002 4.472 O.OOOOE4000.0000E400
122 00-2.OOE 4.486 «.OOOOE4000,OOOOE400
123 00-1.065 4.770 O.OOOOE+000.OOOOE400
124 .00-4.910 C.COCO£*OOO.OOOOE4000,OOOOE400
125 00-4.925 'C.OOOOE4000.OOOOE+000.OOOCE+00
126 -00-4.741 t-05V O.OOOOE4000.0000E+00
127 00-4.445 1.990 O.OOOOE4000.OOOOE+00
126 00-4.459 1.V96 O.OOOOE4000.0000E400
129 00-4.022 2.795 O.OOOOE4000.0000E400
130 00-3.472 3.472 O.OOOOE4000.0000E400
131 00-3.463 3.483 . io.OOOOE4000.0000E400
132 00-2.795 4.022 O.OOOOE4000.0000E400
133 00-1.990 4.445 O.OOOOE4000.0000E400
134 00-1.996 4.459 O.OOOOE4000.0000E400
135 00-1.059 4.741 O.OOOOE4000.0000E400
136 00-4.650 O.OOOOE4000.0000E4000.0000E400
137 00-4.BEO -O.OOOOE4000.0000E4000.0000E400
138 00-4.663 1.046 O.OOOOE4000.0000E+00
139 00-4.391 J.?66 O.OOOOE+000.OOOOE+00
140 00-41416 . iJ/6 6.0000E + OOO.OOOOE + oS
141 00-3.973 2.760 O.OOOOE4000.0000E400
142 00-3.429 3.429 O.OOOOE+000.OOOOE400

-



;.<*

11V
ISO

li?i.r-4

"•*

5 tC
164
: *•>

17C
l'-'i
n v>

1V2

o>-;.:;

OP-J 1'
00 1 .<
0000.

. .3fl

00-. i
00-
00-1.192
00-3.200

• i.'fo'̂
'4.75?

.
00- 1 . 75?.
oc-?.2J:>oc- 2.?«too-r.rao

3
37B
r<?
Jt:>-
If 1
JE"
1E2

cc-:-.~r7
t•'.•-•«. lit
00-? .1??

6o-ilf'V'?
SO- 3 . S'.t0-;.?••••
00-3.t73

ob-V.il/-oo-4.ro?
00-4.42*

00-4.715

4.O ••
4 . 17

.
-3.3U-:••./<'

-1.53:.
-1 .5̂ 4
-.'9£4
-.eoe?

JfS

1VO
1V3

1V2

00-J.212
OC'-J .215

( 0-2'.267
QC-7.274
00-2.744
00-3.166
00-3.17i-

00-3'We
00-3.V20
00-4.234
00-4.491
00-4.509
00-4.744

-4.B32
-4.B4?
-4.1?)
-4.44E

..
-2.221
-1.I.4?

17/ V»'Vf'V'WV»fc.

i?e oo-.4310
199 OC-1.215
200 OO-l.i'23

?C2
203

206
?OV

M4

Jl*

OOO.OOOOE400-4.970
00-.4310 -*•'*£•
OC-1.215 -4.E42
00-l.i'?3 -4.87*
00-J.775 'I'̂ lt
00-2I2E7
00-2.7*£1
00-3.1Bt
00-3.19r,

SO-3.5S-?0-3.932
00-3.

c . or oc--:-* c oc . c COC-E t
0 . C-OOOt *000 . OOC VK +

221 00-2.3G1
222 OC-2.777
223 Cu-3.204

0 .OOOOC400C- .<VOOO£-»00
O.OOOOE4000
0 . OOOOL-* 000

.
O.OOOOi-tOOO
O.OOOOE-»OOO
O.OC-OOE + 000
O.OOOOf.+OOO
O.OOOOE40CO

-3.75*
-3.8.-C-7

:!:f&
-2.632

bb-4.l3^ -1*543
00-4.773 -.618-
ooo. oooor 400-4.9?.r-
OOJ.OOOOt400-5.OCv
00-.434P -4.9t'0
00-1.12i -4 "'

.0000E400

. OC-OOE4 00

.OOCC'f iCO

.OOCOt^OO
.OOOOE400
. 000014 CO
.OOOOE- tOC-
.OC-OOL + '.''.-
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