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ABSTRACT | e

The.anaTys1s in this paper is conéerhed with the biezbviscous—fﬁgﬁd

regime of lubrication for the genéréiféaﬁé 6f'e111pt1ta]‘contacts. In this
reg1me several formulas of fhe 1ubr1c5nf film thickness have been proposed by
Hamrock and Dowson, by Dowson'et a];, and more recently by Hdbpert. However,
é1ther they do not include the load parameter W, which has a strong effect on
film thickness, or they ovefestimate.the f11m thickness by ds1ng the Barus
formula for pressure-viscosity characterist1ts.b In the current study the
Roelands formula has been used for the pressure-viscosity relationship. The
effects of thé dimensionless 1oad,.§peed, and mater1a1s-paraheters,,the radius
ratio, and the lubricant entrainment direct1on have been investigated. The
dimensionless load parameter was varied over a range of one order of magh1tude.
The dimensionless speed parameter was var1éd by 5.6 times the lowest value.
Conditions corresponding to the use of solid materials of steel, bronze, and
stlicon nitride and lubricants of paraffinic and ﬁaphthén1c mineral o1l were
considered in obtaining the éxp&nent in the dimensionless materials parameter.
The radius ratio was varied from 0.2 to 64 (a‘éénf1gﬁrat1on aﬁproééhing a line
contact). Forty-one cases were used in obtaining the m1n1muﬁ f1lm thickness
formula: ‘ | |

0.386,,1.266, -0.880

- 1786 u'- 266y, (1 - ¢70:0387a

H » )
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Contour plots indicate in detailithe pressure deye]oped'between the contacting

solids.
NOMENCLATURE
D difference, [(ﬁ -:H )7H ]X]OO, béffenf
E modu]us of elasticity, N/m2 2
£ | effective elastic modulus 2/[(1 - vA)/E + (1 - uB)/E 1, N/m
G “dimensionless materials parameter E' /p1v as
H ‘d1mens1on1ess f4Im thickness, h/R '
Hm1n dimension]ess m1n1mum f1lm th1ckness hmm/Rx
HO- dimensionless central film thickness hO/R |
ﬁo ca]cu]ated d1mensionless centra] f11m thickness from 1east squares
analysis |
- h | f{fm thickness, m
hmin minimum film thickness, m :
ho ' central fj]mrthickness (m1n1mum film thickness as we]]_in
"p1ezoyiscous—rig1d Tubrication regime), m
P | dimensionless pressure, p)E'
p pressure, Pa
piv,as asymptotic {soviscous pressure, N/m2
R effective radius, m
r radius‘rqtio' L R
s,t constants defihing f]uiq;fused”{n.ﬁq. (8)
U dimension]g;évspegd parameter, nou/g'_Rx
u ‘ | ui +.u§, m/s | .
u, surface velocity in x direction, m/s
uy 'éurface.ve1dc1ty in y direction, m/s
W dimensioniess load parameter, w/E'Ri



W ' normal applied load, N

X,Y ~ dimensionless coordinates, X/R¥;.y/Rxb

X coordinate in rolling direction, m

y‘ _ coordinate in transvérse d1rect1on, m

z v;' | vfécos1ty pressure index, a d1hens1on1e§s constant
a radius ratio, Ry/Rx | |

n ~ lubricant viscosity, (N s)/méu

n - d1mens1op1e;§}1ubr1caht viséquty,‘n/no

g | 1ubr1canti§1scos1ty at afmoépher1c pressdre, (N s)/m2

o angie~between ]Ubricant entra1nment vector and roT]1ng direction, deg
v Poisson's ratio . |

p lubricant density, kg/m3

5 ‘dimensionless density, o/p

Py 1ﬁbr1cant déns1ty at atmosbheric bresgufe, kg/m3

o PH3/2 ' ' o

Subscripté )
a solid a

b soiid b

x,y- coordinates 4n p1ahe of ]ubr1cat1hg f11m

INTRODUCTIGN

The deve]opméht of‘f1u1d‘f11m 1Qbf1caf16h, implying complete separation
of the sukfacgs and no'aspérity cbnfact,'is influenced by two major physica]
effects: the elastic deformation of the sol1d under an applied Toad, and the
var1at1§n of f1u1a viscosity with pfeﬁsure. Therefore 1t s possible to have
~ four main regimes of fluid film lubrication (Hamrock énd Dowson, 1981)
depend1ng dn the magnifudevof these éffects and on their 1mportance.'vThe
.reg1mes_can'be descr1bed_és (1):156v1scoﬁs—r1gﬁd, (2)‘p1ezqviscous—r1g1d,

(3) 1sov15coﬁs—efast1c, and (4) piézovi;ééus-e]aétic;
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The’hydrodynam1c lubrication (1sov1scous—r1gid) fheory was first applied
to nonconformal contacts by Martin (1916) to explain the mechanism of gear
lubrication. His solution of the Reynolds equat1on for the 1ubr1cat10n between
two rigid circular cy]1nders by means of an 1soviscous, 1ncompress1b1e fluid |
presented a useful beg1nn1ng to theoret1ca1 stud1es Neverthe]ess Martin's

theoretical work discouraged the view that spur gears could be lubricated by
hydrodynamic action since his results indicated that the film‘th1ckueSS.of
spur gear lubrication was quite small comuared wfth fhe surface roughness. A
remarkable extension of the c1ass1ca1 anaiyf1ca} solution for e1i1pt1ca1
contacts 1ubr1cated by either en,1sov1scous or piezoviscous fluid was obtained
by Kapitza (1955). However, applying the hé]f—Sommerfeid boundary cond1t1on
used in Kapitza's analysis violated flow cont1hu1ty af the'e§91tat1on boundary.

Brewe et al. (1979)Iobta1ned'a film thickness euuetion for the ]ubr1cat1oh
of fully flooded, rigid, 1sdv1scous po1ntFCOntacts fhrough a numer1cul;analys1s
that useu a more realistic Reynolds boundary condition for the f11m rupture 1n:
the exit region. He found that the minimum film thickness had the same.speed,
v1scos1fy,.and load dependence as in Kapitza's classica]lsolut10n. However,
the incorporation of the Reynoids buundary condition resulted in an add1t1ona1'
geometry effect. | | | |

In the p1ezov1scous rigid regime of 1ubr1cat10n the pressure w1th1n the
contact 1s suff1c1ent1y h1gh to 1ncrease the f1u1d viscosity s1gn1f1cant1y
within the contact while the deformat1on of the surfaces remains an
insignificant part of the f1u1d film th1ckness; fhis form of 1ubr1cafﬁon is
encountered on roiler end-guide flanues, 1nbéonteEts in moderafe]y loaded
cy]indr1ca1 tapered ro]]ers, and between some p1ston r1ngs end cyTinder 11ners.

In the piezov1scous r1g1d regime of lubrication Marko ‘and C]egg (1979)
proposed a formula obtained by means of curve f1tt1ng Dowson and Nhitaker s
(1965) results for line contacts. For poﬁnt contacts Hamrock and Dowson
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- (1978) pfoposed as an 1ntér1m measure that»Blok's (1952) solution. for line
contacts be adjusted by applying the same "side-leakage factor" as that’
derived for the piezoviscous-elastic condition. Dowson et al. (1983) obtained
the numerical solution for a compressible Newtonian lubricant exhibiting
pressure-viscosity characteristics and subject to the Reynolds cavitation
boundary cond1t1on.. The formulas from the last two papers describe the
"Timiting" film thickness generating infinite pressures, as discussed by Blok
(1952). Howevef, they do not include the load parametef W, which has a
strong effect on film th1ckness when p1ezov1scods effects are considered.
Houpert (1984) developed a sophisticated.genéral formula by curve fitting
Dalmaz's (1979) results.” A shortcoming of Daimaz's (1979) work is that»he
used the Barus exponential formula fdr préssure—vistosity characteristics.

That formula tends to give higher values of viscosity than the results

i

obtained from Roe]ands formula (Jones et al., 1975). Furthermore Dalmaz's
(1979) results for the 1sov1§cous case produced a lower exponent on W/U than
did Brewe et al. (1979). This appears to be due to starvation effects entering
~the fully flooded results frbm thé designation of the inlet boundary cond{t1on.
Figure 1, obtained from ﬁeu]éman et al. (1985), shows the d1fference; |
between the Barus formula, fhe Roelands formula, and the exper1mentél data of
Hirst and Moore (1979). .It is apparent that the Roelands formula represents
the experimental result for the pressure-viscosity relationship more accurately
than the Barus formula at high pfessures. Therefofe the Roelands formula is
used in this study. The researchers in the past used the'Barus formula and
neglected the lubricant compressibility to obtain straightforward numerical
analysis of the resulting linear partia] differential equation. The numerical
analysis employed in this study i1s more complicated because the resulting

. partial differential equation is now hon]1near.



In the current stUdy'the’numer1cal so1utton'tor;tne'p1eiovtscous rigid
“Tubrication regtme 1s presented for the full spectrum of cond1t10ns The
influence of lubricant entrainment dtrect1on has also been studied. The
condition that the 1ubr1cant entraining vector 1s not paralle]'to the minor
axis of the contact m1ght artse, for examp]e in helical, sp1ra1 bevel, and
hypoid gears. The rad1us ratio was varted from 0.2 to 64 to cover any contact
ranging from someth1ng stm11ar to a d1sk rolling on a plate (a < 1) to a
contact approaching a nom1na1 line contact (a » 70) ‘such as a barrel-shaped
roller against a plate  The effects of the d1mens1on1ess speed 1oad and
materials parameters on minimum f11m thickness were also investigated. The '
dimensionless load parameter was varied over a range of an order of magnitude
The dimensionless speed parameter was varied over a range 5.6 times the lowest
speed value. Cond1t1ons corresponding to the use of solid materia]s of steel,
bronze, and silicon n1tr1de and lubricants of paraffinic and naphthenic mineral
oils were considered in obtaining the exponent in the dimensionless mater1a1s
parameter. Forty-one cases were used to obtain a simple empirical minimum
ftlm‘thtckness formula. Contour plots are snown:tnat indicate in detail the
pressure oeveloped between the solids.

METHOD OF CALCULATION |
Reynolds Equation
For the coordinate systems x,y the general Reynolds equatton for point

contact can be expressed as

(e ), 2 (et ) L2 [Pt 00N Py P Y]
ax\12n 3Ix ay\12n ay ax 2 ' -y 2

where

uax surface velocity of solid a in x direction

u surface velocity of solid b in x direction

. bx



uay surface velocity of solid a in y direction

u,, . surface velocity of solid b in y direction
If the surface velocities are assumed to be constant, the Reynolds equation

can be expressed as

3 3
g_<eh_ga Lo (e’ o)., a(em) , , 2 (eh) @)
ax\12n ax ay \12n 9y X X y oy
where
Uy = (Uay * Ypy)72
uy = (uay + uby)/z

By introducing U and o, where u = ui + us and 6 = {an'] (ux/uy)

kq. 2 becomes -

3 _ 3 o
3_(eh ée) 3 (eh” gg) B _ 3(ph) - 3(ph)
ax( n ax + ay( n ay) " 12ujcos © ax * sin o ay (3)
By letting
X Y - _ e - _n h p_
x = _" o= Ty p = N n = N H = ’ P = 1
Ry f Ry Po Mo Ry E
Eq. (3) can be described in the dimensionless form as
3 3 ‘ s '
d_[pH~ aP pH” aP (e ) (e ) .
ax( ax) ' aY(- aY) = 12“[C°S ® +sine (4)
n n
where
u = nou/E'Rx

Equation (4) 1s the Reynolds equation for which the dimensionless pressure P
will be determined. However, before proceeding, the d1mensionless density
Y the dimensionless v1scos1ty no,,and the dimensionless f1Im thickness

H will have to be expressed
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Pressure-Viscosity Formula _

It is genera]]y known that the v1scos1ty of a 1ubr1cant is a function of
temperature and pressure. A general]y accepted re]ationship that describes
the pressure-viscosity dependency is the Barus equation

= nOSGD B

‘where
n viscosity at gauge pressure
g viscosity at atmospheric pressure~
« pressure v1scos1ty coeff1c1ent of lubricant o
vUnfortunate]y pressure viscos1ty data seldom fo]]ow this - simple re]at1onsh1p,:
and it 1s va11d as a reasonable approximation only in a moderate- pressure |
range. { | .

Roelands (1966) tn'a more extensive experimental study of the effect of -

pressure on the viscosity of lubricants has developed an empirical formula

written as
A e _ C g
Tog n + 1.200 = (log ng * 1.200) (1 + 5%55> |
where a “ | .
p gauge pressure, kgf/cm2

Z viscosity index, a d1mension1ess_eonstant

Rearranging‘terms g1ve§_

(1+p/2000) o1-20(1+p/2000) -1] S M

The te;perature ettett 1s'norna11y'accounted for tn' "0;
Pressure-Density Formula .

The variation of dens1ty with pressure is roughly linear at low pressures,
. but the rate pf increase falls away at high pressures. From Dowson and

Higginson (1966) the dimensionless density for mineral oil can be written as



&_=1+._SL (8)

p =
0 1+ tp

where s and 't are constants that depénd on the fluid.
Film Thickness | | | |

The separation of two rigjd solids a and b having radii of curvaturé'
r in the v1c1h1fy of the‘po1nt of closest approach can be

r and r

ax?ray : bx’ by

considered as a geometrically equivalent solid of principal radii. Rx'Ry

adjacent to a plane, as shown in F1g. 2. The effective radius of curvature can

be expressed as
i _1,
R r_.
X

2
ax bx -
o 9 (9)
Ry Tay Ty
It is assumed that cdnvex_surfaces exhibit positive curvature; and concave
surfaces negative curvature.. Therefore, if the center of.curVature lies Q1th1h
the solid, the radihs of curvature fis pos1t1ve; if tﬁe center of Curvature-11es
outside the soT1d, the radius is negative.
The film thickness between two rigid bod1es in point contact can bé'
written as ‘1 _ :
. h = h0 + S(x,y) | o - (10)
.The separation'of two rigid so]ﬁds (F1§. 2(a)) in which the principal axés of

inertia of‘the two bodies are parallel can be written as

S =St Syt Say * Sby



where

S =T r2 x2
' ax - - ax ax
' : 2 2
Sbx = Tbx = ¥'bx = X
' (11)

S..=r1 rz' 2
Cay " Tay " ¥Vlay 7Y

S, = re g2
by = "oy ~ ¥Tby -V

The separafion in terms of the coordinates and the effective rad1us'of

~ curvature (Fig. 2(b)) is

N 7 2 772
S(x,¥) = R - VRX St awy - ‘/Ry _y (12)

Substituting £q. (12) into Eqﬂ (11) while at the same time making this

equation dimensionless gives

H = H0‘+"1._ 1ix% a[l.. 1.;<£>2]< S (13)
where o =-R§7RX' _ | o -
Boundary Conditions

There are th bouﬁdary cond1€16ns:

(1) The Reynolds boundary condition 1s applied in the d1vergent'f1im.-
Namely, P = dP/dX = dP/dY = 0 at the cavitation Boundary.

(2) The pre§§ufe‘oh'th§'boundaffes'of’theAcomputat1on fegion is assumed
to be zero. The fu11y>f]ooded conjunct1oh is considered 1n,tﬁe presént study
(i.e., increasing the compUtat1on_fegion of the conjunction does not affect
the results). |
NUMERICAL ANALYSIS

Having'def1ned'the density; viscosity, and film thickness, we are in a
posit1pn to solve the Reyands equation subjectéd to the Reynoids cavitation
boundary condition. The dimensionless pressure P is notbr1ous for its steep
gradient, which is not welcoﬁe‘when performing numerical analysis via
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relaxation methods. To produce a more gentle curve, a parameter ¢ 15

introduced where

o= P2 (14

This substitution also has the advantage of eliminating all terms containing

derivatives of products of H and P or H and . Substituting Eq. (14)

e yl/2 a1y ;37212 [p3e\f 3 3 [p,1/2 3H
ﬁ'H ax| P WY ~aY)| T 2%y |- T

= 12|cos © g%ﬁﬂl +sin o6 Q%sﬂl] - (15)

into Eq. (4), we obtain

w722 (5 se)|
ax 5 aX

The method of frozen coefficients (sometimes also referred to as Kacanov's

method (Fucik ét al. (1975)) 1§ applied to solve this non]ﬁnear part1a1
3d1fféfent1a1vequat1on. Second-order- central finite d1fference approxi@at1ohs
to the modified form of the Reynolds equation are used, thus form1ng‘é set of
algebraic equatjons thaf are sb]ved by'the Gauss-Seidel 1terat1vevmethod with
overrelaxation. For opt1ma1 eff1c1ency a variable-mesh structurelis usédAfo
enhance the accuracy in the region bf high pressure'and large pressure
gradient.

The nofma]iapp11ed load can be evaluated by

L | y X )
m n ’ :

W =[ / p(x,y) dx dy . | - (18)

Yo %0 -

The double Simpson's integration technique 1s applied to the 1ntegrat1on.
RESULTS '
"Dimensionless Grouping

From the variables of the numerical analysis the following dimensionless
grqupihgs are wr1ften:

(1) Dimensionless film thickness

H = h/R | | (17)
M



(2) Dimensionless load parameter-
| W= wE'R? _ . ©(18)

(3) Dimensionless speed parameter-

o ._ \ - . . 4." .
‘ U= nou/E Rx | (19)
here u'= Yul iiul. ' .
where u = Yyu_ -uy. |
(4) Dimensionless materials parameter
6=t /p1v,aS’ A ' (29)

where p1v,as 1; the‘asjmptotic,1isov1sc005 pressure brad1ent obtained from
Rqelands (1966) 4

(5) Radius ratio |

| «sRAR. @)
(6)‘L6br1céntzeht;a1n{ng angle o '

S T e tan(u/u)  in degrees (22)
fﬁe'd1meh£16n1g§§ fiih thickness can thu§ be written és a fﬁﬁcf%oﬂ ofAthé

other f{Qe'bafameterﬁg | | | a o |

”

Hy = F(W,U,0,6,0) (3
The mostiﬂmbartahtupract1ca1 a§pects ofAﬁydrodynamié fubricat\on of
nonconformalzcontacts is the determination of the minimum film th1cknes§:
within the contact. Therefore in the fully flooded results to be bréseﬁted
the dimensionless parameters (W, U, o, G, and ‘e)‘w1]1'be varied, aﬁd the
effect on the minimum f1lm thfckness will be studied. Note that in ;qs. (17)
to (21), by changing the normal applied load w, the dimensionless load - W is
changed, but the other dimensionless parameters remain unthénged. Similar
'sfétements can be made about changing ux in the dimensionless speed U- and
Rx in- the radius ratio.

| Influence of Load _

The dimensionless parameters U, G, o, and 6 were kept constant while

varying the dimensionless minimum fiim thickness H0 to get the dimensionless
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load capacity W at each different H.. The values at which the remaining

0
parameters U, G, «, and © were held constant during the calculations

were U = 0.16833x10°'', 6 = 4522, o .= 16, and 6 = 0.

‘ Tab]e 1 shows the computed load capacities fof 10 values of m1n1mum.f1im
thickness. From these_]O pa1rs of“daté it 1s possible to determine a §odd‘

and the load

. empirical relationship between the minimum f1lm thickness H0
capacity W: | |
| CZA
Hy = C,W (24)
By app1y1ﬁg a'1eastfsqdare§ power fit to.the 10 pairs of data t(w1,
H0,1)' i=1,2,...,10], the'values of C] and C2 were foundbto be
C, = 2.60615x107 ' ~ 2.606x107'° and C, = -0.88019 ~ -0.880. From the value
of C2 and Eq. (24) the effect of load on minimum f1lm thickhess is wr1tteﬁ as
' ,goﬁa w-0.880 ' | : (25)

In Fig. 3 the variation of djmension]ess m1h1mum film thickness with

» d1mensiqn]e$s load 15 plotted for 10 data points. OnvaAlog-logvscale the plot
‘ﬂfﬁAlinear. The ﬁercentage d1fferenc; between the minimum fi11m thickness
‘obtained from ;omputat1ona1 resu]té”_H0 and the minimum fiIm thickness
obtained from the least-squares fit equation ﬁO is expfessed_as

D = [(Hy - Hy)/Hy1X100
Inf]uencg of Speed
If the sufface velocity u is chanéed, the dimensionless speed parameter
U 1is modified as sﬁown in Eq. (19), but the other dimensionless barameters
(HO, G, «, and o) remain constant. The values at which these dimensionless
parameters were held constant in the calculations performed to determine the
influence of speed oh film th1ckness afe

6

a =16, H, = 4.8x10"

0 , 6 = 4522, 6 =0 (27)
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Va]ues of fhe d1mensfon1es§ speed parameter .U= and'the corresponding
d1mens1on1ess load capac1t1es as. obta1ned from the numerica] computat1ons are
presented in Table 2. Since the relationship between the minimum film
th1cknes§ H0 and'fhe load capacity W Vhas_been obte1ned. the relationship
between the m1n1mum f4lm thickness and the speed parameter can be written in

the form

c
‘ -0.880 - 4
Ho /W = CU " (@

By applying a least-squares fit to the six pairs of data [Ui’ H0 1),

i= 1....,6], the values of C3 and C4 were found td}be

Cy = 1.4899x10713 = 1.49x107" and ¢, = 1.2655 = 1.266. From the
va]ue obtained for ¢, and Eq: (27) the effect of dimensionless speed on
d1mens1on1ess f11m thickness can be written an

Hy = g -266 | | (28)

o fhe data presented 1n.Tab1e_2 are plotted in Fig. 4. As was true for‘the
1oad—versus—f11m—th1ckness results, the‘speed—versus;film-thitkness results
are linear when p]otted;on a log-log scale.

Influence of Radius Ratio ‘

To study the effect of geometry on minimum film thickness, the
d1mens{on1ess parametere for minimum f11m thickness HO,'speed U, mater1a1s o
G, and lubricant entra1nment_d1reet10n 6 were held constant at the
following values: |

11

Hy = 4.8x107°, U = 0.1683x107' ', 6 = 4522, 6 = 0

0 _
Tab}er3 shows the computed values of dimensioniess load capacity for 22

values of radius.ratio. It is possible to determine a good empirical

re]ationsh1p between H, and o« for the condition considered in the

-0
computation. The form of relationship chosen after investigating a number of
different expressions can be written as -

14



(-1 I

V- (Hy/Hg ) = Re” | (29)

where H0 is- chosen to be the film thfékhess at recténgu]ar contact.

A least-squares exponeht1a1 curve was fitted to the 22 pairs of data
points to obtain values for A and B in Eq; (29): A =0.989 =~ 1.00 - and
B - 0.03866 ~ 0.0387. Substituting these values into Eq. (29) resulted in

the following relationship between the radius ratio and minimum f41m thicknes&:‘

HO « (1 - e—0.0387a) - . S (30)

The effécf of radius ratio on film thickness for the 22 datavpofnts 1s-shown_1n_
Fig. 5. ‘It 1s most significant that the cdmputed value of A is apprpi1mate]y
unity since this ensures that the minimum film thickness approaches zero'as
the fad1us'ratﬁo goes to zero. Contour plots for three radius ratios (i.e., a.-
of 16, 8, and 4) are shown in Fig. 6 to qemonstrate the 1nf1uehce of géometry.
S1npe‘the isobars in each case are evenly spaced, the pressure gradients can
be easily depicted. As the radius ratio 1ﬁcreases; the steeper press@re
gradients are predominantly along the Eo111ng direction. This implies that
the amount of-s1de leakage decreases as radius ratio increases. 'FigUre 7‘show§
that the géometry effects in four regimes of lubrication (1.e.,:hard‘EHL =
(Hamrpck and Dowson, 1977), soft EHL (Hamrock and Dowson, 1978),
p1ezov1scbu$-r1g1d, and isoviscous-rigid (Brewe et al., 1979)), where Hm1n,f
is the minimum film thickness for rectangular cohtacté. VIt is assumed that‘
whén a = 150, the rectangular contact limit is reaiized. The ratio
Hmin/Hm1n,r approaches the 1im1t1ng value very quickly in hard EHL, and
mbst slowly in the isoviscous-rigid case.
Inf1uen§e of Material Properties

A study of the influence of the dimensionless materials parameter G on .

minimum fi1m thickness has to be approached with caution since in practite it

is not possible to'change the physical properties of the materials, and hence
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the value of G, without influencing thg other dimensionless parameters
considered earlier. Equations (18) to (20) show that when either the materials
" of the solids (as expreséed in E') or the other lubricants (as expressed in

"y and p1v as) are varied, not only does G change, but so do the

dimensionless speed U and load W parameters. Only the radius ratid,
minimum f11m thickness, and Tubricant entrainment direction can be held fixed;
and for q]] results présented in Table 4, Ho =,4.8x10'6 or'1.4x10’6; a = 16,
gnd 6 -0 are adopted. | '

The results obtained from calculat1ons'performed for §1x va]qes of the
d1mens1on1¢ss materja]s parameter are summarized in Table 4. The general form
of these results, showing how the minimum film fhickness is a function of the

dimensionless materials parameter, is

e -
€ =60 | (31)
where

-0.0387a 1.266N-0.880

¢ - Ho/[(1 - e ) U )

By applying a least-squares power fit to the six pairs of data, the values of

'C7 and C8 were found to be C7 = 175.04 and C8 = 0.386096 ~ 0.386.

The effect of the dimensionless materials parameter on the minimum film,
thickness is approximated with adequate accuracy as

0.386

H, « G . (32)

0
" The variation of dimensionless materials parameter G with dimensionless film
thickness Ho 1s shown in Fig. 8. The six data»points given 1ﬁ Table 4 are
shown in this figure. Again, on the log-log scale the representation of the
materials parameter versus film thickness is linear.
Influence of Lubricant Entrainment Direction

I1f the velocity of the entrainment lubricant is kept constant but the.
-component velocity in the x direction ux and the component velocity in the
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y direction uy ~are-changed, the lubricant entraining angle is modi f {ed a;
shqwn in Eq. (22) while the other dimens{on1e§s parameterS»(Ho,‘G, and «)
remain constant. The values at which these dimensionless parameters are held
constant in the ca1cu1af1ons performed to determine the effect of lubricant

entrainment direction are

N

6 G- 4522, U = 0.75749x10

=20, Hy = 5.6x10°

0
The results obtained from calculations pefformed for 10 values of the

1ubr1cat16n'entra1nment direction are summarized in Table 5. A cosine function

was chosen for curve fitting, namely

T = cge , | (33)

w—0.880

1(w-0.889/ 0 ) and NO denotes the load capacity at

where T = cos”
© = 0. By applying a least-squares fit to the 10 bairs of data, the value
of Cg was found to pe -C9 ,
of the lubricant entrainment direction on the minimum fiIm thickness can be

= 0.0200027 ~ 0.0200. Therefore the effect

written és
| Hy = cos (1.146e) (34)

This s shown in Fig. 9. It is significant that whén the entraining ang]é is
zero, the cosine function turns -out to be 1. In other words;‘there is no :
effect of. lubricant ent}aTnment direction on minimum f11m'th1ckness;_:A1though
the influence of lubricant entrainment direction was investigated for 6 = 20°
only, it can be appiied to the cases from 6 = 16° to e = 30°.
Minimum Film Th1ckness Formu1a_ |

The proportionality Eqgs. (25), (28), (30), and (34) have established how
the minimum fiim thickness varied with the d1mens1oniess load, speed, and
materials paraméters and radius ratto, respect1ve1y;. This enables a composite
dimensionless minimum film thickness_formula for a fully flooded, rigid,
e]1ipt1c-cpntact solid lubricated by a piezoviscous fluid td be modeled by
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0.386 1.266w70.880(] e—0.0387a)

H0 = 178G u

(35)

with 85.6 percent confidence (except for the small value of a) *8.92 percent
of the value from the numerical analysis. Equation (35) can be written in

dimensional form as

.0.386

h0 - ]78(1/p1v,as) 1 -e

-0.0387R /R \
X (36)

(Un0)1.266“-0.880R1.494(

Note that the effective elastic modulus E' does not apbear in this equation.
Cases 1 to 41 in Table 6 were used in obtaining Eq. (35). To gain more
confidence 1n‘the application of this empirical equation, some other values of
dimensionless speed U and minimum f11m thickness Ho not 1q the range‘for
curve fitting were checked. The results are shown in casés 52 and 53 of Taﬁ]e
6. The good agreement between the prediction from_the minimum film thickness
formula and computed results is encouraging.

DISCUSSIbN

A numerical solution for the piezoviscous effecf in nonconformal rigid
contacts lubricated hydrodynamically has been developed. The following remarks
~can be made:

(1)»The,effect1ve elastic modulhs €' does not appear in the dimensional
film thicknegs equation. This corresponds'to a rigid contact; there is no
effect of elastic properties.

(2) In all cases, if the maximum dimensionless viscosity was less than 3,
the load capacﬁty was no more than 12 percent larger than the load capacity
without the piezoviscous effgct. This indicates a very small piezoviscous
effect. All the data sets used to generate Eq. (35) had maximum dimensionless

viscosity larger than 3.
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(3) The~exponéﬁts of dimensionless load and dimensionless speed in the
minimum f1Im thickness equation for tﬁe piezoviscous-rigid regime were between .
those_for the ptezoviscous-elastic regime and the isoviscous-rigid regime.

(4) The f11m thickness formulaaaccord1ng to the side-leakage factor:

proposed by Hamrock and Dowson (1978) 1s
0.66

Hy = 1.66(60)%3(1 - exp(-0.68(1.03%"%% 1y ()
The more recent formula from the numer1ca1 solution by bowson et al. (1983) is.
0.6 S T
2/3 @ :
H0 = 1.66(GU) (1 " a>. N (38)

Figure 10 compares thé minimum fiIm thickness as obta1ned from Eqs. k37) and
(38) with the present result for N = 0.6x10_7 or Q.9x10_7land a =8 or 16.
The dev1at1ons are large for small values of GU. The dev1at1oﬁ§ resu]ted
because the‘1oad parameter W was not 1nc1uded in Eqs. (28) and (29), giving
erroneous results when the pjezoviscous effects are small (1.e., GU. is sma]]),'
and becéuse the Barus formula was ﬁéed for. the pressure-viscosity correlation |
.1n Egs. (37) and (38) and caused an overestimate of the minimum £1im thicknéss.
(5) The film thickness formula proppsed by Houpert (1984) by means- of

curve fitting the numérica] solution of Dalmaz is

Hpvr = CHyur
C = exp (0.265A)
2 \W -2 -
(1 3a )u |
_ + 2. 65]1 (39)

He =
1"’4 | [0.131 tan” g) . 1. 683]\/1280;

0.177a H—].S»
a + 0.778 ivr

A = 126U
Twenty of the 41 cases used to get the present formula (Eq. (35)) were compared
with the formula proposed by Houpert. Table 7 shows the ratio of H0

(Eq. (39)) to HO (Eq. (35)). The deviation is between 28 and 54 percent. .
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A possible cause of this difference may be that Houpert's (1984) results imply
an 1ﬁcompressib1e f1u1d and the Barus.pressure-v1scos1ty formula.
SUMMARY OF RESULTS

A procedure'for the numerical solution of the complete piezoviscous-rigid

‘regime of lubrication for nonconformal contacts has been demonstrated. In the

numerical analysis of -the Reynolds equation, the parameter ¢ = PH3/2 was

introduced to help the relaxation process. A variable-mesh nodal structure
Qas used fo provide closelspac1ng in and around the pressure peak.» A more
realistic forhulé is usédAfor the pressure-viscosity re]étionship.. Lubr1cént
compressibility was also considered. |

By using the procedures outlined in the analysis, the effects of the
dimensionless load W, speed U, and materials G parameters, radius ratio
a, and lubricant entraining direction ©  on minimum film thickness were
1nvestigated;' Forty-one cases-weré used to generate the minimum film thickness

re]afionsh1p

0.386U1.26§w-0.880 e—0.0387a

“o - 1786 (1 - )

The-most doﬁinant exponent occurs in éssociation with the speed
parameter;»the exponent on the load parameter -0.880 is between -2 for the
isoviscous-rigid regime and -0.073 for the p1ezov1scous-eldst1c reg1me. The
materials parameter also carries a significant exponent, a]though_the range of
the paréméterAjn engjneéring is 1imited. The geometry effect shows the same
curve as in elastohydrodynamic Tubr1cét1on but approaches the‘11m1t1ng value
much more slowly. The effect of the d1rgct1on of lubricant entrainment 1s a
cosine function for fhe geometries studied. The dimensionless load pafameter
values used in obtaining the preceding equation Qere varied over a range of
one order of magnitude. The dimensionless speed values were varied by 5.6

times the lowest value. Conditions correkponding to the use of solid
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materials of steel, bronze, and silicon nitride and 1ubr1cénts of paraffinic
and naphthen1c.m1nera1 olls are cons1defed in obtaining thg expdnent,1n,the'
.dimensionless materials parameter. the radius ratio was varied from 0.2 to 64
(a configuration approacﬂ1ng a 1ine contact). Contour plots are shown that
indicate in detail the pressure developed between the solids.
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TABLE 1 - EFFECT OF DIMENSIONLESS LOAD PARAMETER ON
MINIMUM FILM THICKNESS

Dimensionless Minimum film thickness Difference,
load parameter, - — D, '
W Obtained from| Obtained from percent
computational | least-squares
result, fit, -
Ho 0 ,
0.90971x10~ 4.1x107° 4.13x10°% 0.77 .
.89091 . 4.2 - 4.21 .20 -
.85159 ‘ 4.4 4.38 -.48
.80860 4.6 4,78 -.37
.77376 4.8 4.76 -.75 .
74467 5.0 4.93 -1.45
.68766 5.2 5.29 1.64
.65859 5.5 5.49 -.18
.64956 5.6 5.56 -.77
.63293 5.8 5.69 -1.98 .

TABLE 2 — EFFECT OF DIMENSIONLESS SPEED PARAMETER ON MINIMUM FILM THICKNESS

Dimensionless Dimensioniess Minimum film thickness Difference,
speed parameter, | load parameter, D,.
U W Obtained from | Obtained from percent
computational | least-squares
result, fit,
H0 H0
0.21883x10-11 1.17506x107 4.8 4,68 -2.56
.20120 1.10085 -4.83 -2
.18516. .88950 4.84 -.76
.16833 17377 4.85 .96
.15150 .67629 4.77 -.53
.13466 .58454 4,68 -2.58




TABLE 3 - EFFECT OF ELLIPTICITY PARAMETER ON MINIMUM FILM

THICKNESS

Radius | Dimensionless Minimum film thickness Difference,
ratio, | load parameter, D,

a W Obtained from | Obtained from percent

computational | least-squares
result, fit,
Ho "o

64 1.61064x10~7 4.8x1070 4.805x1075 0.10
61 1.59341 4.804 .09
59 1.56632 4,828 . .58
58 1.55278 - 4,842 - .89
54 1.49756 4.900 2.09
49 1.42381 4.969 ©3.52
42 1.13262 5.044 5.09
34 1.17520 5.065 5.52
30 1.09985 5.039 4.99
27 1.04072 4,994 4.04
20 .88157 4.669 -2.83
18 .83509 4.691 -2.27
16 77377 4.616 ~-3.84
12 .60153" 4.636 ~-3.42
10 .53541 4.764 -7.57

8 .45598 4,236 -11.66

4 .28576 \J 3.445 -28.22

1 .12031 3.0 1.953 -34.91

.8 .09028 3.0 2.019 -32.70

.6 .09548 2.0 1.447 ~-27.65

.4 .05424 2.0 1.593 -20.36

.2 .02073 1.5 1.874 24.23

TABLE 4 - EFFECT OF DIMENSIONLESS MATERIALS PARAMETER ON MINIMUM FILM THICKNESS

Solid Lubricant Dimensionless parameter Minimum film thickness Difference,
material D,
Materials, Speed, Load, Obtained from | Obtained from percent
G u W computational | Teast-squares
result, fit,
Ho Ho
Steel Paraffinic 4522 |0.16832x1011 | 0.77376x10-7 | 4.8x10°6 4.68x1070 -2.48
Bronze Paraffinic 2 310 .32957 1.51499 4.8 4.682 -2.45
Silicon | Paraffinic 6 785 .11218 .51571 4.8 4,682 -2.45
nitride .
Steel Naphthenic 7 031 .48123 1.18602 1.4x10-° 1.441 2.92
Bronze Naphthenic 3 591 .94227 2.32216 1.4 . 1.441 2.92
Silicon | Naphthenic 10 549 .32073 .79047 1.4 1.441 2.92
nitride




TABLE 5 - EFFECT OF LUBRICANT ENTRAINMENT DIRECTION ON MINIMUM FILM

THICKNESS
Lubricant Dimensioniess Minimum film thickness Difference,
entrainment | load parameter, - s
direction, W Obtained from | Obtained from percent
8, computational | least-squares
deg result, fit,
H0 H0
0 0.14965x1076 5.6x1076 5.60x10~0 0
5 .14841 5.56 -.69
10 .14532 5.54 -1.03
15 .14043 5.52 -1.49
20 .13427 5.50 -1.80
25 .12708 5.50 -1.80
30 .11941 5.54 -1.14
35 .11902 5.60 0
40 . 10200 5.49 -1.94
45 .09278 J 5.33 -4.88




TABLE 6 - DATA SHOWING EFFECT OF LOAD, SPEED, RADIUS RATIO, MATERIALS PARAMETER, AND LUBRICANT ENTRAINMENT DIRECTION ON
MINIMUM FILM THICKNESS

Case | Dimensionless | Dimensionless | Radius | Dimensionless | Lubricant Minimum film thickness Difference, Results
load speed ratio, materials entrainment - D,
parameter, parameter, a parameter, direction, | Obtained from | Obtained from percent
W U G 8, computational | least-squares
deg results, fit,
Ho Ho

1 | 0.90971x10°7 | 0.16833x10-11| 16 4 522 0 4.1x10°0 4.13x10°6 0.73 Load

2 .89091 4.2 4.21 .24

3 .85159 4.4 4.38 -.47

4 .80860 4.6 4.58 -.36

5 .77376 4.8 4.76 -.74

6 .74467 5.0 4.93 -1.44

7 .68766 5.2 5.11 -1.65

8 .65859 5.5 5.49 -.17

9 .64956 5.6 5.56 -.76

10 .63293 5.8 5.69 1.97 |

11 11.17505 .21883 4.8 4.60 -4.,20 Speed plus
12 |1.00851 .20120 4.75 -.97 case 5
13 .88950 .18516 4.35 -.94

14 .67629 .15150 4.69 -2.20

15 .58454 .13466 y 4.60 ~-4.22 4

16 11.51499 .32957 , 2310 4.64 -3.33 Materials
17 .51571 .11218 6 785 4.64 -3.33 plus case 5
18 (1.18602 .48123 7 031 14x10-5 1.38x10°° -2.14

19 | 2.32216 .94227 3 591 14 1.38 -2.14 :

20 .79047 .32073 10 549 14 1.38 -2.14 '

21 [1.61064 .16833 64 4 522 4.8x10-° 4.96x10-6 3.32 f Radius ratio
22 |1.59341 61 : 4.95 3.13 plus case 5
23 11.56632 59 4.98 3.82

24 11.55278 58 4.99 4.14

25 11.49756 54 5.06 5.37

26 11.42381 49 5.13 6.85

27 }11.,13262 42 5.21 8.47

28 |1.17520 34 5.22 8.92

29 11.09985 30 5.20 8.37 ~

30 )1.04072 27 5.15 7.39

31 .88157 20 4.94 2.92

32 .83509 28 4.84 .88

33 .60153 12 4,77 -.72

34 .53541 10 4.44 -7.64

35 .45598 8 4.38 -8.82

30 .28576 ’ 4 y 3.56 -25.91

37 .12031 1 3.0 2.02 -32.82

38 .09028 .8 3.0 2.08 - -30.03

39 .09548 .6 2.0 1.50 -25.23

40 .05424 .4 2.0 1.606 -17.20

41 .02073 .2 1.5 1.94 29.65 Y

42 {1.49645 .75749 20 0 5.6 5.51 1.60 Lubricant
43 | 1.48407 5 5.55 .89 entrainment
44 | 1.45318 10 5.53 1.25 direction
45 | 1.40431 15 5.50 1.79

46 | 1.34265 20 5.49 1.96

47 11.27083 25 5.48 2.14

48 | 1.19408 30 5.52 1.42

49 [1.10916 35 5.58 .30

50 | 1.02002 40 5.51 -1.65

51 .92775 y 45 \ 5.34 -4.64

52 .10874 .25249 16 0 5.8 5.89 1.55

53 .14001 .53866 20 \ 0 15.5 14.5 -6.45




TABLE 7 - COMPARISON BETWEEN
PRESENT RESULT AND
EQUATION PROPOSED

BY HOUPERT
Case HO(Eq. (39))
Ho(Eq. (35))
1 1.52
2 1.50
3 1.42
4 1.38
10 1.20
11 1.54
12 1.46
13 1.40
16 1.34
17 1.34
18 1.28
19 1.28
20 1.28
21 1.37:
24 1.36
30 1.35
34 1.36
37 .969
38 .968
39 .927




LUBRICANT VISCOSITY, N, (N s)/m2

PRESSURE-VISCOSITY
FORMULA

—-—  BARUS
— —— ROELANDS (Z = 0.55)
———— ROELANDS (Z = 0.54) .
—— EXPERIMENTAL DATA
(HIRST AND MOORE, 1978)

-
(=]
w

[
o
N

—
[om)
—

—
(]
o

1071

-2 I | | | | |
0 2 4 6 8 10 108
PRESSURE, P, N/m2

Fig. 1 Lubricant viscosity as a function of
pressure. Lubricant, sebacate; temper-
ature, 25 °C.
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