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ABSTRACT 

Th1s paper 1nvest1gates a des1gn method of 
an act1ve control bear1ng system w1th only veloc-
1ty feedback. The study prov1des a new quas1-
modal control method for a control system des1gn 
of an act1ve control bear1ng system 1n wh1ch 
feedback coeff1c1ents are determ1ned on the bas1s 
of a modal analys1s. Although the number of sen­
sors and actuators 1s small, th1s quas1-modal 
control method produces a control effect close to 
an 1deal modal control. 

1. INTRODUCTION 

There are two approaches to reduce the v1bra­
t10n of rotat1ng shafts. One 1s the approach 
us1ng pass1ve elements and the other 1s the case 
us1ng act1ve elements. I -13 The stud1es of the 
former based on damped flex1ble supports have 
been done by many authors. However, 1t 1s d1ff1-
cult to obta1n des1rable opt1mum tuned cond1t10ns 
1n actual rotat1ng mach1nery. Conversely, 1t 1s 
very easy for an act1ve v1brat10n control method 
to obta1n des1rable opt1mum values because the 
support cond1t10ns can be var1ed by only feedback 
coeff1c1ents. The f1rst author proposed an act1ve 
control bear1ng where1n the bear1ng hous1ngs are 
act1vely controlled by us1ng a state feedback 
control method. 12 ,13 The exper1ment for a two 
degree of freedom system proved that act1ve con­
trol bear1ngs are effect1ve for v1brat10n control 
of rotat1ng shafts. However, for a mult1degree 
of freedom system, 1t 1s necessary for a control 
system w1th state feedback to get complete state 
var1ables of d1splacements and veloc1t1es for a 
rotor system. A control system 1s thus compl1-
cated. Therefore, 1n the case of a mult1degree 
of freedom system such as a mult1-bear1ng and 
mult1-d1sk system, act1ve control bear1ngs w1th 
only veloc1ty feedback are to be des1red. Th1s 
paper 1nvest1gates a des1gn method of an act1ve 
control bear1ng system w1th only veloc1ty feed­
back. The study prov1des a new quas1-modal con­
trol method for a control system des1gn of an 
actlve control bear1ng system 1n wh1ch feedback 
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coeff1c1ents are determ1ned on the bas1s of a 
modal analys1s. The features of the new quas1-
modal control method proposed 1n thls paper d1f­
fer depend1ng on the number of measurements and 
the number of controlled modes. There are three 
cases. The f1rst case 1s when the number of 
measurements of v1brat10n veloc1ty 1s equ1valent 
to the number of controlled modes. The second 
case when the number of measurements 1s less than 
the number of controlled modes. The th1rd case 
1s when the number of measurements 1s more than 
the number of controlled modes. The method does 
not depend on the number of act1ve control 
bear1ngs. 

On the bas1s that 1t 1s suff1c1ent for 
act1ve control of a system to prov1de cr1t1cal 
damp1ng on each mode, the control system 1s 
assembled 1ndependently for each mode. Slmula­
t10ns of the act1ve control of a three bear1ng 
and three d1sk rotor system are carr1ed out to 
verlfy the efflc1ency of th1s method. Although 
the number of sensors and actuators 1s small, 
th1s quas1-modal control method produces a con­
trol effect close to an 1deal modal control or an 
opt1mal state feedback control. 

2. QUASI-MODAL VIBRATION CONTROL METHOD 

2.1 Ideal Modal Control System Des1gn Method 
Flrst, a control system des1gn method 1s 

descr1bed 1n general. The (0110w1ng equat10n 1s 
consldered. 

~nEn + £n!n + ~n!n = f(t) + Q(t) (1) 

where ~n' £n' and ~n are mass, damp1ng, and 
st1ffness matr1ces. !n 1s a general nodal d1s­
placement vector.- P(t) 1s a general nodal unbal­
ance force vector and U(t) 1s a general nodal 
control 1nput vector. Equat10n (1) 1s wr1tten w1th 
n degree of freedom system. For !n of Eq. (I), 
the follow1ng transformat10n 1s performed. 

!n = ~ or 
-1 

i! =! !n (2) 

where T ls a modal matr1x assumed to be normal­
lzed. W1th Eq. (2), Eq. (1) 1s transformed as 
follows: 
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where TTMnT 1s a un1t matr1x. !T~n! 1s a 
d1agonal frequency matr1x. and 

Cll C12 
C21 C22 

!T£n! = 

Cnl Cn2 

If constant damp1ng coeff1c1ents (proport10nal 
damp1ng) are assumed. 

Cll 

= .£ 
o 

Therefore Eq. (3) 1s reduced to the follow1ng 
equat10n. 

•• • 2 T T 
~ + ~ + g ~ = ! f(t) + ! g(t) 

(4) 

( 5) 

( 6) 

where Q2 symbo11zes a frequency matr1x. and c 
1s a prlnc1pal damp1ng matr1x. Thus Eq. (1) 1s 
reduced to Eq. (6) separated on each mode and 
uncoupled. It 1s very easy to determ1ne the 
opt1mal control 1nputs to each mode 1n the above 
expressed modal doma1n. The 1nput TT U(t) 1s 
taken to be a port10n of cr1t1cal damp1ng t1mes 
the modal veloc1ty ~. That 1s. 

o 
.E 

o 

and '1. '2 ••..• 'n are modal damp1ng rat10s. 
or percentage of cr1t1cal damp1ng. and ~l. ~2' 
...• ~n are undamped cr1t1cal speeds. 

(7) 

(8) 

If modal damp1ng rat10s 1nherent 1n the sys­
~tem (obta1ned by measurement) are very small. 
1 et '1 = 0.7 (1 = 1. 2. .•.• n) 1 n Eq. (8). If 
the system damp1ng 1s not neg11g1ble. then the 
values of '1 1n Eq. (8) should be taken as 0.7 
m1nus the measured value. The control 1nput. 
from Eq. (7). 1s then 

(9) 

or. us1ng the def1n1t10n of ~ (Eq. 2). 

u = GXn (10) 

2 

where 

(11 ) 

In n degree of freedom system. 1f the number of 
control 1nputs or number of veloc1ty measurements 
1s less than n. th1s control system 1s not a 
true modal control system. Th1s paper names such 
a control system a quas1-modal control system. 
For example. for two control force 1nputs and 
three v1brat10n measurements. the quas1-modal 
control system 1s expressed as follows: 

g = §'!n (12) 

[~:] [911 
g21 

g12 9'3] 

g22 g23 [::] 
( 13) 

where G' 1s a mod1f1ed feedback coeff1c1ent 
matr1x.- Oeterm1n1ng G' 1s the subject of the 
next sect10n. -

2.2 Mod1f1cat10n of Feedback Coeff1c1ent for 
Quas1 Modal Control 

Equat10n (11) prov1des feedback coeff1c1ents 
for the case when v1brat10n veloc1t1es are meas­
ured at every stat10n. If th1s 1s not the case. 
sat1sfactory control 1s un11kely us1ng Eq. (11). 
Therefore for a quas1-modal control system. 1t 1s 
necessary to mod1fy the value of G depend1ng on 
the number of measurements and poslt1ons of meas­
urements (probe 10cat10ns) 1n order to produce 
the max1mum of control eff1c1ency. The assump­
t10ns are as follows; (1) the number of act1ve 
control bear1ngs and the1r pos1t10ns are g1ven. 
(2) the v1brat1on from the f1rst mode to the s th 
mode (s < n) 1s to be controlled. and (3) the 
pos1t10ns of measurements (probe 10cat10ns) are 
unconstra1ned. The mod1f1cat10n of G d1ffers 
depend1ng on the number of measurements and the 
number of controlled modes. They are d1v1ded 
1nto three cases depend1ng on the relat10nsh1p of 
the number of measurements (k) to the number of 
controlled modes(s): (1) k = s. (2) k < s. and 
(3) k > s. 

2.2.1 Case when the number of measurements 
of v1brat10n veloc1ty 1s egu1valent to the number 
of controlled modes. (k = s). As the f1rst step. 
wr1te the G matr1x w1th zero rows where there 
are no act1ve control bear1ngs. 

10cat1ons of measurements -------
'" '" '" 0 0 0 

9al 9a2 gan .. 
= H-' FT-' gbl gb2 9bn .. locat1ons 

§l of act1ve 
control 
bear1ngs 

gel ge2 gen .. 
0 0 0 

(14) 



From Eq. (14). the locations of active control 
bearings are positions in which row vectors in 
the matrix G are not zero. 

For the-first mode. the control force 
coefficients supplied to each active control 
bearing may be computed by using G from 
Eq. (14). -

0 0 0 t" o 
gal ga2 gan t21 

gb1 gb2 gbn 
V1 ; 21T1 

tn1 
gel ge2 gen 

0 0 0 

(15) 
T where [t". t21 •...• tn11 is the eigen vec-

tor for the first mode in the modal matrix T. 
Namely. this vector multiplied by an angular 
velocity wand modal amplitude is the first 
modal component of the vibration velocity vec­
tor. On the right side of tq. (15). val. vb1 • 
...• vel are the control force coefficients sup­
pl1ed to posHions a. b •...• and e to 
actively control the first mode vibration. In 
the same manner for the other modes. the follow­
ing relations are obtained. 

0 

va2 

vb2 
V2 ; 21 T2 . .. 

ve2 

0 

Comblning these relations. 

0 0 0 t" 
gal ga2 gan t21 

gb1 gb2 gbn 

tn1 

gel ge2 gen 

0 0 0 

0 

val 

vb1 

vel 

0 

Vs ; 21 Ts 

t12 

t22 

tn2 

0 

va2 
vb2 

ve2 

0 

0 

t ns 

vas 

vbs 

ves 

0 

0 

vas 

vbs 
(16) 

ves 

0 

(17) 
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The right side of Eq. (17) shows the control force 
coefficients supplied on each mode to each posi­
tion of active control bearings. The control 
forces applied to anyone bear1ng are 1ndependent 
of the forces applied to the other bearings. With 
respect to the act1ve control bear1ng at pos1t10n 
a. 1t 1s the most des1rab1e to supply control 
forces of val for the f1rst mode. va2 for the 
second mode •...• and vas for the s th mode. 
Therefore. even if the number of vibrat10n ve10c­
it1es measured are less than n. we only have to 
mod1fy the elements 1n the matr1x G to sat1sfy 
the r1ght side of Eq. (17). -

As the number of measurements (k) equals the 
number of controlled modes (s) from assumpt10n. 
replacing n with s and writing Eq. (17) aga1n 
after omitt1ng zero elements. we obta1n the fol-
10w1ng express10n. 

g~l g~2 g~s t" t12 t 1s 

gb1 gb2 gbs t21 t22 t 2s 

g~l g~2 g~s ts1 t· 
s2 tss 

r x s s x s 

val v
a2 

v as 

vb1 vb2 vbs 

( 18) 

r x s 

or 

G'T ; V (1 g) 

where the dimensions of the matrices G' and V 
are r x s and the matr1x T has the d1mens10n 
s x s. From Eq. (19). we have 

or 

G' ; VT-1 (20) 

The matrix G' 1s the mod1f1ed feedback coeff1 
cient matr1x to be used 1nstead of the matrix 
§. In Eq. (11) G' is the one and only solution. 

The number of active control bear1ngs 1s 
equivalent to the number of row vectors of the 
matrix G' in Eqs. (20) and (21). namely r. 
Whether r > s or r < s. the matr1x G' 1s cer­
tainly determ1ned. However. the e1gen value 
assignments and the unbalance responses actually 
depend on the number of act1ve control bearings 
as shown later. In th1s section. an opt1m1zat10n 
of control inputs 1s carr1ed out concern1ng how 
to supply the control forces to act1ve control 
bearings assigned. Even if the number of measure­
ments of vibration velocities is at most equ1va­
lent to the number of controlled modes. 1t is 
possible to ach1eve the control effect simllar to 
the case when the number of measurements 1s n. 
It is 1mportant to note that th1s control effect 
does not depend on the 10cat10n of measurements. 



2.2.2 Case when the number of measurements 
of vlbratlon veloclty ls less than the number of 
controlled modes. (k < s). In th1s case, Eq. (18) 
appears as 

g~l g~2 g~K tll 

gbl gb2 gbk t21 

g~l g~2 g~k tkl 

r x k 

val 

vbl 

or 

G'T : V 

t12 

t22 

tk2 

k x s 

va2 
vb2 

r x s 

tl s 

t 2s 

t ks 

V as 

(21 ) 

(22) 

where the matrlx G' has the dlmenslon r x k 
(k < s), the matrlx T has k x s and the matrlx 
U has r x s. Thus T becomes a rectangular 
matrlx and cannot be lnverted. Therefore, the 
number of controlled modes 1s reduced to k to 
be able to get the lnverslon of the matr1x. 
After th1s reductlon, matrlces T and Gil are 
obtalned as follows: 

gil 
al 

gil 
a2 

gil 
ak tll t12 

gil 
bl 

gil 
b2 gbk t21 t22 

gil 
el 

gil 
e2 

gil 
ek tkl tk2 

r x k k x k 

Val va2 
vbl vb2 

(23) 

or 

G"T' V (24) 

Accordlngly, 

Gil = V(T,)-l (25) 

Then, lt requlres the followlng conslderatlon 
for the modes ellmlnated from a control object. 
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Assumlng that the modes ellmlnated are 1 th and 
j th, we est1mate errors as regards the 1 th and 
the j th modes between the control force deter­
mlned by Eq. (25) and the optlmal control force 
ln sectlon 2.2'.1 uslng the matr1x G' (Eq. (18» 

gil 
a1 

gil 
a2 

gil 
ak tl1 t lj Val vaj 

gil 
bl 

gil 
b2 gbk t21 t 2j vb1 vbj 

gil 
el 

gil 
e2 

gil 
ek tkl t kj Vel vej 

(26) 

where Val, vbl, Vel and Vaj, Vbj' 
Vej of the rlght slde are control forces supplled 
for the 1 th and the j th modes ellmlnated. 
Accordlngly, k posltlons of measurements have to 
be optlmlzed so as to satlsfy the followlng per­
formance lndex. 

J ~ • 2 : mln (Val - Val) + (V b1 -
• 2 
vb1 ) + • 

+ (vel 
• 2 

- Vel) + 
• 2 

(vaj - vaj ) 

+ (vbj 
• 2 

• + (v ej - • 2J (27) - vbj ) + • vej ) 

The dynamlc characterlstlcs sensltlvlty depends 
on k posltlons of measurements ln thls case. 
In general, lt ls lmposslble to reallze J = 0; 
however lt ls posslble to make J small. It Is 
very lmportant to flnd out the optlmal posltlons 
of measurements. Moreover, lt has to be also 
evaluated whlch mode can mlnlmlze the performance 
lndex J. 

2.2.3 Case when the number of measurements 
of vlbratlon veloclty ls more than the number of 
controlled modes. (k > s). Thls case ls k > S 
ln contrast to sectlon 2.2.2. We only have to 
determlne the feedback coefflclents by Increasing 
controlled modes as to k = s. 

The three cases above mentloned are summa­
rlzed as follows: (1) ln the flrst case of 
k = s, unlque feedback coefflclents are deter­
mlned 1ndependent of measurlng posltlons and the 
number of actlve control bearlngs, (2) ln the 
second case of k < s, the feedback coefflclents 
are not determlned such as the flrst case. 
Accordlngly, the number of controlled modes must 
be decreased so the number of controlled modes 
agrees wlth the number of measurements. Then the 
feedback coefficients can be determined. After 
thls, on the basls of a performance lndex for 
uncontrolled modes, the posltlons of measurements 
must be selected so as to minimize the perform­
ance 1ndex. These posltlons of measurements are 
the best posltlons to measure and the feedback 
coefflclents ln thls case are best for vlbratlon 
control. (3) In the thlrd case of k > s, as ln 
the second case, feedback coeff1clents are not 
determlned. In thls case, contrary to the second 
case, the number of controlled modes must be 
lncreased. 

The control effect ln the case where veloc­
ltles are measured at all posltlons can be real-
Ized by measurlng velocltles at only posltlons 



minimize the performance index. It is possible 
to control a vibration of rotating shaft from the 
first mode to the third mode as shown in Fig. 5 
(a) and (b). The first mode is evaluated for the 
performance index J in this example. 

4. CONCLUSION 

According to the results of the simulations, 
if the optimal feedback coefficients are chosen, 
the unbalance vibration up to the third mode can 
be sufficiently controlled by means of only two 
active control bearings and measurements of vibra­
tion velocities at only two locations. The unbal­
ance amplitude can be reduced to less than the 
center of gravity eccentricity. In this case, it 
is very important to choose the positions of meas­
urements to avoid instability. 

The quasi-modal control method for active 
control of rotor vibrations proposed in this paper 
results in near maximum control efficiency using 
the minimum number of active control bearings and 
the minimum measurements of vibration velocities. 
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in the first case and the third case. In all 
three cases, the greater the number of active 
control bearings, the better the response of 
vibration control will be. 

3. MODEL OF ROTOR-BEARING SYSTEM AND SIMULATION 

3.1 Rotor Model and Equation of Motion 
Simulatigns of a three bearing and three 

disk rotor system are carried out in this chap­
ter. The rotor model and its undamped natural 
modes are shown in Fig. 2. The equation of 
motion is derived by a finite element method. In 
this case, the equation of motion is a fourteenth­
order matrix differential equation because this 
rotor model is divided into six elements. Now, 
it is assumed that there are three active control 
bearings at positions 1, 3, and 6 and this 
system is uncoupled between x and y directions. 
The vibrations from the first mode to the third 
mode are to be controlled and it is possible to 
measure vibration velocities at any position. 
For simplicity, only measurements in the x direc­
tion are considered. 

3.2 Case When the Number of Measurements of 
Vibration Velocity is Equivalent to the 
Number of Controlled Modes 
This section describes the case where the 

number of measurements of vibration velocities is 
three. In order to investigate the stability of 
the rotor-bearing system, a complex eigenvalue 
analysis is carried out and the eigenvalues are 
shown on a complex plane as an eigenvalue assign­
ment. The unbalance responses in these cases are 
also shown. Figure 3 (a) and (b) shows the eigen­
value assignment and their unbalance responses. 
In the case of three inputs and three outputs 
like this one, it is observed that the unbalance 
responses are almost the same independent of the 
positions of measurements. The unbalance 
responses are similar to the case in which all 
velocities at all positions are measured. This 
section also shows the responses when the number 
of active control bearings is changed. These 
results prove the summary in chapter 2. 

3.3 Case When the Number of Measurements of 
Vibration Velocity is Less than the 
Number of Controlled Modes 
This section illustrates the case of three 

control inputs and two measurements as the second 
case in chapter 2. The control characteristics 
depend on the mode of the performance index. The 
positions where the performance index is minimum 
should be selected for measuring positions of 
vibration velocities. These are shown in Fig. 4 
(a) and (b) as typical example. These show the 
case in which the performance index J is based on 
the third mode. These figures indicate that 
measuring positions Xl and x2 are the best 
positions in this case. Since some cases become 
unstable in such a system with three inputs and 
two outputs, care is required in the selection of 
measuring pOSitions to avoid having unstable 
modes. 

Lastly, Fig. 5 shows the case of two control 
inputs and two measurements where both the number 
of measurements and the number of active control 
bearings are less than the number of controlled 
modes. Even if there are only two active control 
bearings, the maximum effect is afforded by 
selecting the positions of measurements so as to 
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Figure 1. - Modal control system with velocity feedback. 
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Figure 4. - Eigenvalue assignment and unbalance response in the 
case of three inputs and two outputs in which J is based on the 
third mode. 
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