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Abstract
A small perturbation analysis, in the long wavelength regime, 1s used to
obtain the downstream boundary condition for the pressure for the flow over a
flat plate. The methodology is extendable to other geometries. Numerical
results for high Reynolds number laminar flows show great improvement in

convergence rate to steady state as well as in the quality of the results.
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1. INTRODUCTION

Since the early 1970°s there has been growing attention paid to the
numerical solution of the full time-dependent, viscous, compressible Navier-
Stokes equations of fluid mechanics; see inter-aiia [1], [4]. A vexing and
still open issue is the formulation of "downstream" or "outflow" boundary
conditions. One common strategy for flows evolving to steady state has been
to assume that the particular geometry considered allows the imposition of the
infinity-downstream steady state conditions at the relevant boundary of the
computational domain. For example, for flow in a pipe, the downstream
condition might be taken from the fully-developed, steady-state parabolic
profile. For a semi-infinite flat plate at zero angle of attack, it is
usually assumed that "sufficiently far" downstream, the free stream conditions
predicted by boundary layer theory are sufficient for stating the
corresponding boundary conditions.

Numerical experiments (see e.g., [5-6]) with time-consistent codes have
shown that taking p = P, for the downstream boundary conditions leads to
very slow convergence to steady state. This phenomenon 1s aggravated with
increased Reynolds numbers, because the spatial resolution of the boundary
layer then leads, via the von Neumann stability analysis, to very small time
steps. It can be seen from the results of Rudy and Strikwerda [5] that the
retardation of the convergence to steady state is caused mainly by the slow
decay of relatively long wavelength disturbances. They tried to account for
this by proposing a boundary condition on the pressure of the form

op Ju

-a—t—pCﬁ+a(p—pm)=0 (1.1)



where p 1is the density, c = (Yp/p)l‘,2 is the speed of sound, and o is a
free parameter which is "tuned" so as to optimize the convergence rate to
steady state. Note, that in any case at steady state, the downstream boundary
pressure has the free-stream value. Their treatment greatly accelerated the
convergence rate; its derivation, however, is basically "hyperbolic."

In this paper we propose to derive downstream boundary conditions using a
different methodology. The basic idea 1is to perturb the Navier-Stokes
equations around some approximation (usually a fairly crude one) to the steady
state solution in the downstream region. The linearized partial differential
equations for the perturbed quantities are then attacked using a modal form
for their solution. The resulting ordinary differential equations present an
eigenvalue problem which is solved assuming very long wavelengths. This
eigenvalue problem yields the decay rate for long waves and their phase
velocity. With these two quantities, as functions of the Mach number and the
Reynolds number, one can use the modal form of the perturbed solution to
obtain the desired boundary condition.

In section 2 we give the derivation of the eigenvalue problem and the
boundary condition for the particular case of the flow past a two-dimensional
flat plate.

Numerical results are presented in section 3 for the case of subsonic
Mach number, M_ = 0.4, The corresponding Reynolds numbers per foot
is 3 x 10°. The numerical experiments are carried out for semi-infinite
plates with the outflow boundary taken at various locations downstream of the

leading edge.



2. THEORETICAL DEVELOPMENT

The geometry under consideration is shown in the sketch below.
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The two-dimensional compressible Navier—Stokes equations governing the flow

may be written in conservation form as

aU , 9F , 3G
—_— Gt —_—= .
at dx 9y 0 (2.1
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and
du du v
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The various parameters and dependent variables p, u, v, ¥, A, E, k, T, and
p are, respectively, the density, the x and vy components of velocity, the
shear and second coefficients of viscosity, the total energy per unit volune,
the coefficient of heat conduction, the temperature, and pressure, An
equation of state p = p(e,p) relates the pressure to the density and the
specific internal energy e,

2

e = (E/p) - %-(u + v2y. (2.3)

For example, for ideal gases the equation of state is
1,2 2
p = (y-1)p[e + E-(u + v7)] (2.4)

where Yy is the ratio of specific heats at constant pressure and volume,
respectively.

The numerical algorithm used in the next section is based on solving a
set of difference equations which approximate the full Navier—Stokes equations
(2.1) - (2.4). However, in considering the perturbation model we make several

rather crude simplifications.



We assume, first of all, that near the outflow boundary the steady state
is given by a constant pressure Pg, constant density Por @ vanishing

vertical velocity vg = 0, and that the velocity in the x-direction is given

by

U (8§ <y K »)
uy = (2.5)
ay (0 <y< $8)
where § is the nominal edge of the boundary layer and o = t/y 1is the
velocity gradient at the wall (y = 0). The shearing stress, 1, is, of course,
a function of x but will not be treated as such in the development.

A second simplification is to assume (for the mean steady flow) that the

total enthalpy, Hy, is constant, i.e.:

2 2
— — + —-(uo + vo) = HO = const., (2.6)
Equation (2.6) is equivalent to the assumption that we are perturbing around a
steady flow of Prandtl number unity.

The perturbed field quantities are defined as departures from the assumed
steady state described above:

u T u-u

0

p "P‘PO
(2.7)

P =P =Py

<
]
<



Thus, p” 1is the pressure perturbation, etc. Next, we linearize the Navier-
Stokes equations in the boundary layer region (0 < y < §) by substituting
(2.7) into (2.1) and retaining only first-order quantities in the primed

variables. The resulting set of equations may be written as follows:

ap’ apf au' avf _

s tay 3 —+ 00(52_ + 5;—) =0, (continuity) (2.8)

du” au” 1 BE' 32 u”

3;7-+ ay + av +-E—-ax =V, 5 , (x-momentum) (2.9)
0 dy

ov” av” 1 9p~ 82 v~

st oy o ¥ Es.ay = v, ayz , (y-momentum), (2.10)

and instead of the linearized energy equation we have the linearized constant

enthalpy relationship:

-1 P = .Y_l -— P - po uo u . (2.11)

In the above equation vO is the kinematic viscosity at steady stgte
conditions., We have also used the thin layer approximation in (2.9) and
(2.10). We emphasize again that the perturbation equations (2.8) - (2.11) are
valid only for 0 < y < 6. Outside this viscous region we shall derive
another set of equations which then will have to be matched to the above
equations, First, however, we set the modal analysis. Because (2.11)
provides an algebraic relationship between p~ and p° and u”, it is

necessary to consider only a three-vector, (p°, u”, v°) for which we set the

modal ansatz:



p” F (y)
wr |- e1CVEDR) £y | (2.12)
\4 F3(y)

Next, we normalize and nondimensionalize the various quantities as follows:

3
1l

ay/U,, 6 =F/ /o, G =F,/ U, G =F,/u,

2 2 «© 3 ©

v/a, B

€
]

2
U b/a, € owO/Uo° = I/RG’

where RG is the Reynolds number based on the boundary layer thickness.
In terms of the dimensionless variables and parameters, after

substituting (2.12), equations (2.8) - (2.10) become, for 0 < n < 1:

i(w + en)G1 + iecz + G3 =0 (2.13)
ilw + E-n)G + EE—-G + G, = eGY (2.14)
Y 2 2 71 3 2
M,
R SR ot SO SN ot TP
i(w + Bn)G3 + YMZ 6] nG3 G, = eGj. (2.15)

In equation (2.13) - (2.15) the primes designate differentiation with respect
to the coordinate n; e.g., Gg = dG3/dn, Gg = g2 G3/dn2.

Next, we consider the 1inviscid region, n > 1 where ug = U, and the
flow is described well by the Euler equations (e = 0). Repeating the above
procedure the acoustic perturbation equations corresponding to (2.13) - (2.15)

are derived:



i(w + B)Gl + iscz + G3 =0 (2.16)
1w +Se +1B_ ¢ =0 (2.17)
Y 2 2 71
Y™,
1 . y=1 .. _
i(w + B)G, + —— G7 - L—= G2 = 0. (2.18)
3 M 1 2

<]

The solvability conditions for the existence of solutions of the form e "

for the above homogeneous set of differential equations is found, after some
manipulation, to be

r? =g - s 5w+ o). (2.19)

The set of equations (2.13) - (2.15) constitutes a fifth-order system and
requires five boundary conditions. Two of them are supplied by the no-slip

condition at the plate:

1
o

G,(0) = (2.20)

Il
o
*

64(0) (2.21)

The other three are supplied by requiring the correct "impedance-matching" at

n = 1 between the system (2.13) - (2.15) and the set (2.16) - (2.18), namely:

Gi(l) = rGl(l) (2.22)

Gé(l) = rG2(1) (2.23)

Gg(l) = rG3(1), (2.24)



where r = r(M_; w,8) 1is given by (2.19).

The system (2.13) - (2.15) with the boundary conditions (2.20) - (2.24)
constitutes the eigenvalue problem from which, in principle, we could extract
the dispersion relation w = w(B) for given Mach and Reynolds numbers
(M, and e~1).

As mentioned in the introductory section, we are interested in very long

waves, i.e,, the small 8. We, therefore, propose expanding the eigenfunc-

tions G; (1 = 1,2,3) in the form

_ (0 (1) 2 (2) e =
Gi = Gi + BGi + B Gi + o (i 1,2,3) (2.25)
where
6! - 6, (n50,8,6)],_q- (2.26)

We also expand the dimensionless "frequency" w (which for small £ will

turn out to be the decay rate) in a similar manner:

w = mo + Bwl 4+ ese (2.27)

where

wg = [wlg_g- (2.28)

Using the expansions (2.25) and (2.27) in (2.13) - (2.15), we get the

following zeroth and first-order problems in B:



(0) (0). _
iwo G1 + G3 =0 (2.29)
(0) (0) _ _~(0)y _
iwo G2 + G3 er =0 (2.30)
. (0) 1 (0)1 Y_l (O) - (O)ll
iv, G + — G - — [nG - eG =0 (2.31)
0 3 YMi 1 ( 2 ) 3
and
o, c§1) + G§1)' = - du Gfo) - iGéO) - inGio) (2.32)
(1) (1) (1 _ _ n\.(0) _ 1 (0)
iwo G2 + G3 - er = i(m1 + ?)GZ ;;7_-G1 (2.33)
1o, Ggl) + y1~142 Gil) - YY;I (ncgl))' - ecgl)" = - i, + n)c3(0). (2.34)

Similar sets of equations can be derived for higher powers in B. They
all have the same left-hand side in the relevant variables, with right-hand
sides serving as source terms made up of all previous (presumably known)
approximations. It 1is seen that ChE the zeroth-order approximation to the
decay rate is determined from the "B = 0 problem," equations (2,29) - (2.31),
without reference to w, = (dm/dB)B=0, the phase velocity of the perturba-—
tions. We, therefore, first concentrate our attention on this '"B=0
problem." By some simple manipulations one can extract from the system (2.29)
= (2.31) a single fourth-order differential equation for Ggo). For the sake
of neater notation set Géj) = gj, (3 = 0,1,e00), With this change of

(0)
2

notation, the fourth-order differential equation for g = G is found to

be
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E Y 4 2) W 2y "o < sl - X WE)g =
G.m 7-1 o € )go + (1 + i 7=1 osmo)go ongy-o 1 v Wy 8o 0.

0
(2.35)
The boundary conditions for (2.35) are, to zeroth order in B8:
g8p(0) = g,(0) =0 (2.36)
ga(l) = 1-0'1/2 7%3- 1/zmo go(l) (2.37)
g5 "(1) = io o T l/zmo go(1)- (2.38)

In equations (2.35) - (2.38), o = (Y—l)Mi. For high Reynolds number flow,

say RG > 30, € is a small number, and we can ask ourselves how does the
eigenvalue Wy behave as a function of € as € diminishes and approaches
zero.

There are three possibilities:

0
1im$—= w® .
€+0 0 constant

Another way to pose this is to say that Wy ~ € as € » 0 and we ask whether
a 1s smaller, greater than, or equal to zero. If a < O, then we have in
(2.35) a singular perturbation problem and one can show that, considering the

boundary conditions (2.36) - (2.38), the only way to match the inner and outer

expansions is to have the trivial solution. If a > 0, we have a regular
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perturbation problem, and again the only possible solution is the trivial one
of go(n) + 0 as € » 0. We thus remain with the third possibility of

wg~ € for small . Let this proportionality constant be e/wo = AO.
Then (2.35) is rewritten as:

Yo 2\ IV 2y 52 Y €2
- —— 1 LL . - _ - =
(i)‘o y-1°¢ )go + (1 Tiigo —Ao)go ong, o(l =T —)‘z)go 0. (2.39)
0

It is assumed, and will be verified, that for reasonable Mach numbers, say
below hypersonic speeds, AO = 0(1).

We can now state the "B = 0 problem" more concisely: given o, £, and
Y (i.e., the Mach number, Reynolds number, and the gas constant) solve the
differential equation (2.39), subject to boundary conditions (2.36) - (2.38),

(0)
9 e This

for the eigenvalues AO and the eigenfunction go(n) =G
eigenvalue problem was solved numerically for a range of values 0 < ¢ < .05,
0<o < 20 (for laminar flow this corresponds roughly to Reynolds
number, 50 < R < < and Mach number, O < M <7 for Y = l.4). For this
range of the parameters it is found that Ao is purely imaginary negative-—-
this means that W is purely imaginary positive. Thus, Wy represents the
decay rate of very long waves—-to be corrected for finite but long waves by
the term Bw;. Figure 1 shows a plot of II/AOI versus o; for

0 <e < .0053 (103 <R <), AO is completely insensitive to changes in the
Reynolds number and indeed may be taken to depend on the Mach number only.

As o >0, |[1/a takes on the value n2/4 which can be derived

ol
analytically.

It 1is seen from Figure 1 that, for this range of parameters, |A is

ol
indeed of order unity, .4 < |A0| < s, For R as low as 40 (not shown on
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the graph) the [1/k0| curve deviates from the omne shown by less than 57%.
Thus, we conclude that for moderate and high Reynolds numbers the very long
wave (B ® 0) decay rate is basically a universal function of o = (Y-I)Mg.
The correction, Bwl, to the decay is found by considering the first-order
problem, (2.32) - (2.34), with its attendant boundary conditions. Again, one
can extract from this system a single fourth-order differential equation for

= oD
= G,

81 . After some manipulations the g -problem may be stated as follows:

Y 2\ IV 2y el N

- — —— — "o . o - =

(%AO Y-1 ge )gl + (1 + 1 ) o N )g1 ongj o(l =1 ;§>gl R (2.40)
0

where

= (0, R+ R), (2.41)
R, = —if - 2deg" - 2w (2.42)
17 2.2 go &0 0 8o .
YM, wg
(y+1)
_ _ie coye _AG#D) 21 . Y0
Ry = ——5 7 (ngg Ty gy T 8p T ——— gy (2.43)
M wg

The boundary conditions, to first—order in 8, are found to be
g,(0) = g}(0) = 0 (2.44)
1 1 +
g;(1) - 10 72 (o 20, g,(1) = 1(1%) 72 (4 L BN (2489

1 1
gi,,(l) - ig /2 (_Y_I__l_) / U) gll(l) - l( ) /2 (ml + Y+1) "(1) (2.46)

v-1 2y
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where in (2.40) - (2.46) for given o and € we already know, albeit
numerically, g; and woe In deriving the boundary conditions (2.45), (2.46)
one has to expand the expression (2.19) for r in powers of B. One then
finds that the expansion is valid only for B/w0 small compared to unity.
(Exactly how small cannot be answered at this point without finding the radius
of convergence for our expansion.) In physical terms, for laminar flow where
§ ~ /;, this constraint means that our analysis is restricted to modes whose
wavelength is longer than the computational domain on the plate.

A solvability condition for the g)-problem is found by multiplying (2.40)
by the 1left null vector of the left-hand side operator of (2.40).

Symbolically, we may write

<E,R,>
m =

17 T EED (2.47)

where f is the left null vector to the system, including the boundary
conditions. Numerical evaluation of (2.47), for the same range of the

Reynolds and Mach numbers mentioned before, leads to the result that Wy is

almost a universal constant in the present problem, namely

Now that we have the decay rate w and the phase velocity w for long

0 1

waves, we can derive outflow boundary conditions,

Consider, e.g., the pressure perturbation:
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f o QtVE FBRY oy (2.49)

where G 1s a linear combination of Gy and Gge Since the numerical
solution of the finite difference approximation to the Navier-Stokes equations
is often donme in terms of dimensionless temporal and spatial variables, we

define dimensionless time and x coordinates by

(2.50)

@
i
o
]
[l

where the reference length L 1is the distance from the leading edge to the
outflow. Using ¢ = aw, b = aB/U_, and (2.50), we can cast (2.49) in the form

R C

1 ”2 £ (0o + 8E)
p” ~ e G(n) (2.51)

where Cg 1is the skin-friction coefficient,

1 =
'2-' C - . (2.52)
Using the long-wave dispersion relation
w=w, + Bw

and p” =p - p_, we find that
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2
C. R
op _ _ f = _ ap
RS WSS PR (2.53)

The quantity |1/A0| is, of course, given to us by Figure 1. The skin
friction coefficient <could in principle be obtained from the actual
computation at any time level. However, within our approximation one may give
an estimate for Cg taken, for example, from boundary layer theory. Thus,
for laminar flow and subsonic Mach numbers we may use the Blasius value of

Cf = 2/3/?{: . More on this in the section describing the numerical work
which tested the efficacy of the boundary condition (2.53).

We close this section by noting that the same methodology used here to
derive outflow boundary conditions for the flat-plate problem can be used to
extract boundary condition on the downstream side of other configurations such
as the conditions in the wake of an airfoil, flow in a pipe, and so on. Also,
other quantities have perturbations which satisfy (2.53), and one might try to
apply the outflow condition to them as well., Another potential application is
for unsteady flows where the dispersion relation for (2.13) - (2.15) would be

carried out around some central wavenumber Bc rather than around B8 = 0.

3. NUMERICAL RESULTS

In this section we present some numerical results for the boundary
condition described above. These results are preliminary; more complete
results will be presented elsewhere, Using the non-dimensionalization
described above and the Blasius expression for C¢, the boundary condition

(2.53) can be written as
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p - 3p
5 A(p pw) + B 5 (3.1)

where

We implemented (3.1) in a Navier-Stokes program using a version of the
MacCormack scheme that is second-order accurate in time and fourth-order
accurate in space [7]. The numerical scheme was time consistent and did not
use any acceleration technique such as a local time step.

For our numerical experiment we used an M = 0.4 boundary layer. The
unit Reynolds number (per foot) was 3.0 x 10°. The inflow was taken at 1.0
feet from the leading edge. We performed calculations using two different
locations of the outflow boundary; x = 2.067 feet and 3.0 feet from the
leading edge respectively. 1In both cases we ﬁsed a grid of 31 points in the y
direction (exponentially stretched). In the x direction we used 17 and 31
grid points respectively for a mesh size of .067 feet. The inflow and initial
data were obtained from a computer program which solved the boundary layer
equations. Convergence to steady state was assumed when the maximum over the
grid of |%§1 was less than 1070,

The boundary condition (3.1) was compared with the condition (l.1).
Equation (3.1) has the property that the steady state pressure 1s not forced
to be equal to p. Thus, there may be some discrepancies in the steady state
solution., The numerical experiments were designed to assess the behavior of

(3.1) with regards to:
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a) Convergence rate
b) Robustness with respect to changes in the coefficients

c) Quality of the steady state.

We summarize our results below.

Convergence to steady state was significantly accelerated by the use of
(3.1). The boundary condition (1.1) requires specification of a parameter a.
The convergence rate is sensitive to the choice of o«. 1In [5] an optimal «
for a class of problems is presented. Because of the length of the computer
runs, we were unable to determine the optimal a for the present problen.
For the case of the outflow boundary at x = 3.0 feet from the leading edge a
steady state was obtained using (3.1) in 30880 time steps. Using (l.1) and
a = 1.45 the steady state required 97020 time steps. Using o = .6 which
would be obtained from the formula in [6] based only on the free stream
velocities and sound speed significantly degraded the convergence rate. For
the case of the boundary at x = 2.067 feet from the leading edge, the use of
(3.1) required 20960 time steps for convergence., The same run with o = 2.71
required 52080 time steps.

Robustness of the boundary condition (3.1) was tested by modifying the
coefficient A in (3.1). A complete study has not yet been made, but
decreasing A by a factor of 2 (outflow boundary at 2.067 feet) increased the
number of time steps required for convergence by 560 and made only small
changes in the final steady state.

The quality of the steady state was assessed both by comparing solutions
generated by the two boundary conditions and by comparing the solutions

generated by the two positions of the outflow boundary. We first consider the
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case of the outflow boundary at 3.0 feet. In this case the outflow pressure
obtained from using (3.2) differed from p_ by less than .04%. 1In Table I we
indicate the value of U and V (horizontal and vertical velocities non-
dimensionalized by U_) for the steady states obtained from (3.1) and (1.l).
The data are presented at different x locations indexed by the grid point.
(The outflow was at grid point 31.) In all cases the velocities are shown for
the first grid point away from the wall as this was where the maximum relative
difference occurred. The relative differences decreased significantly for
grid points away from the wall where the velocities increased in magnitude.

Using (l.1), we observed a slight oscillation in V near the outflow.
This may be due to the fact that the outflow pressure is fixed at the free
stream pressure while the flow appears to undergo a very small acceleration.
For the boundary condition (3.1), V decreases rapidly close to the outflow.
Thus, V near the outflow appears to be incorrect with both boundary
conditions. Away from the outflow it is clear that V is the quantity that
is most sensitive to the boundary condition although the differences are small
and may also be affected by truncation error. The horizontal velocities are
very close. At grid point 27 the two values of U differ by about 1.7%.

In Table II we list the values of U obtained from using (l.1) and (3.1)
with the outflow boundary at 2.067 feet from the leading edge (grid point
17). These are compared with the values obtained when the outflow boundary
was at 3.0 feet from the leading edge. We assume these values are accurate
for the problem of the plate extending to infinity. Ideally, one would want
the solution to be independent of the position of the outflow boundary. The
values 1in these tables are the first grid point away from the wall where the

relative differences are greatest,
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It is apparent from Table II that the values for U are very insensitive
to the position of the outflow boundary.and to the choice of (1.1) or (3.1).
The values obtained from (3.1) are slightly less accurate, but the differences
are very small., At grid point 15 the relative error is only about 1.5%,
These errors decrease for grid points away from the wall.

The results in Table III show that there are significant boundary errors
in V for both boundary conditions; however, these values are very small
compared to the free stream values. At grid point 13 the relative error in V
is about 8.5%7 for (3.1) and about 10.9% for (l.1). It would require a more
complicated problem to assess the meaning of these differences.

The boundary condition (3.1) has also been used to compute the steady
flow fleld over a curved surface. A particular example i1s the flow over a
curved hump with the curvature chosen so as to accelerate the flow from
M =.7 to M = 0.76. The height of the hump was .04 feet and the
curvature extended over a range of 1.2 ft. The surface then became flat and
the computational domain extended a further 1.2 ft downstream. The unit
Reynolds number was 3.0 x 105 while the boundary layer thickness at inflow was
.0095 ft. The Reynolds number based on the boundary layer height at inflow
was 896.00. Using (1.1), and several different values of a, convergence to
the tolerance described above could not be obtained. Using (3.1) convergence
in 52,760 iterations was obtained.

Finally, we point out that the methodology described above can be applied
to schemes that are inconsistent in time. As one example, we can consider

systems of the form
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where the flux functions F and G are the same as in (2.1) and E(U) is a
preconditioning matrix (see [9] for appropriate examples). The matrix E(U)
can be included in the linearization with only slight changes in the algebra.
U N

(Note that 3T is zero so that the only modification is that T is
replaced by E(UO) %%:0.

A simpler example is the use of a uniform grid in the viscous region and
a different (larger) uniform grid in the inviscid region with the local time
step appropriate for stability used in each region. It is easy to see that on
the differential equation level this can be modelled by a matrix E which is
I 1in the viscous region and of the form %—I where B 1is some large number
depending on boundary layer thickness. This only affects the inviscid
matching conditions ((2.22) - (2.24)). We have found that the parameters XO
and’ w, are insensitive to B, if B = 0(8-1).

4. CONCLUSION

We have introduced a methodology which enables us to derive an outflow
boundary condition for a range of steady flows. Preliminary results indicate
that the resulting boundary condition may be effective in accelerating the
computation of steady subsonic flows with little loss of accuracy and no free
parameters to be determined. The method is also applicable to incompressible

and supersonic flows. Extensions to unsteady flows are also possible.
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Table I. Non—dimensionalized U and V obtained from (l.1) and (3.1)

(y = .00088 ft.)

x U/u, (1.1) U/u_ (3.1) V/V_ (1.1) (V/u)_ (3.1)
grid point
11 1234 1234 .331 x 1074 .331 x 1074
15 1144 1144 .263 x 1074 .261 x 1074
19 .1071 .1072 .218 x 1074 213 x 1074
23 .1009 .1014 194 x 1074 174 x 1074
27 .09526 .09680 .201 x 1074 131 x 1074
31 .08978 .09429 .231 x 1074 .0821 x 104

Table II. Non—-dimensionalized U obtained from (1.1) and (3.1) with
outflow boundary at x = 2.07 ft. compared with values obtained
with outflow boundary 3 ft. from leading edge (y = .00088 ft).

X u/u_ (1.1) u/u_ (3.1) U/U outflow at 3 ft.
grid point from leading edge
5 .1420 1421 1421
7 .1348 .1350 .1349
9 .1286 : .1289 .1287
11 .1232 .1238 L1234
13 .1184 .1195 .1186
15 .1139 .1161 1144

17 .1106 1143 .1106




-25-

Table III. Non—dimensionalized V obtained from (1.1) and (3.1) with
outflow boundary at x = 2.07 ft. compared with values obtained
with outflow boundary 3 ft. from leading edge (y = .00088 ft).

X v/v, (L.1) v/v (3.1) V/V_ outflow at 3 ft.
grid point from leading edge

5 542 x 107% .538 x 107 .538 x 107%

7 448 x 1077 441 x 107 443 x 1074

9 .388 x 107% .374 x 107% .380 x 104

1 .347 x 107 .320 x 1074 .331 x 1074

13 .325 x 107 .268 x 1077 .293 x 10~

15 2312 x 10°% .202 x 107 .263 x 10°°

17 .302 x 1074 .165 x 10°% .238 x 104
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