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" Preface

This report is a part of the research and development project on
aircraft de-icing by the electromagnetic impulse method. This project
has been sponsored by the Lewis Research Center of the Natiorial Aero-
nautics and Space Administration underAgrant number NAG-3-284. The
grant administrator was Mr. John J. Reinmann. For the previous four
years, many tests had been run in the NASA Icing Research Tunnel and
three sets of flight tests were performed. These, plus various lab-
oratory tests, have résu]ted in a semi-empirfca] technology for
designing an electro-impulse de-icing (EIDI) system. |

However, the empirical method is inadequate when a very different
geometry, material or size is encountered. A computative so]utidnbfs
needed which permits predictién of the de-icing effect for a given
configuration and electrical circuitry. This report, which is princi-
pally the Ph.D. dissertation of Robert A. Henderson under the direction
of Prof. Robert L. Schrag, attempts to do the first part of a full
computer simulation of EIDI. The pressure/time produced by the method
in this report would be necessary input for a computer code giving
the structural dynamic response of a given configuration. The con-
figurations in mind are leading edge portions of aircraft wings, engine
nacelle inlets and rotor blades. Applications, howéver, are not
limited to these applications.

. The author acknowledges the assfstance of NASA-Lewis Research
Center, both for the support of the whole EIDI project at Wichita State
University and for the opportunity to work at NASA-Lewis during the
summer of 1985, The assistance of Drs. R. Joseph Shaw, Bill Ford and

Avram Sidi during that time is gratefully expressed.
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CHAPTER ONE

INTRODUCTION

1.1 ELECTRO-IMPULSE PHENGMENGON AND DE-ICING

In a paper presented January 8, 1986, at the 24§h AIAA Aerospace
Sciences Meeting in Reno, Nevada, [1] author R. D. Rudich cited air-
craft icing as the direct cause of four of the thirty tvo veather
related fatal accidents reported in the paper. VWhile this may not
seem like a significant number, the loss of human lives in these four
accidents could have been prevented if the aircraft involved had been
able to cope successfully with the icing conditions they encountered.

The purpose of this dissertation is to présent methods of analy-
zing the electromagnetic aspects of a nev method of de-icing both
private and commercial aircraft. This newv de-icing method, referred
to as Eléctro Impulse De-Icing (abbreviated EIDI), holds the promise
of being superior to the present sircraft de-icing methods in terms of
the energy expended in removing accreted ice [42].

The EIDI concept is not nev. In May 1939, Great Britain issued a
patent to Mr. Rudolf Goldschmidt covering the basic EIDI mechanism
{2]. Hovever, no commercial development of an EIDI system in the free
vorld proceeded from this patent. It has only been vithin the last 5
years that the unavailability of bleed air from the newv high bypass
ratio engines used on the next generation commercial aircraft has

caugsed attention to again be directed to the commercial use of an EIDI



system for removing ice from aircraft.

The simplest practical EIDI system consists of a spirally wound
coil of rectangular cross section conductor mounted with its axis of
symmetry perpendicular to the metal surface to be de-iced. An ini-
tially charged capacitor is discharged through this coil, and the
resulting magnetic field from the coil’s current causes eddy currents
in the metal. The force exerted on these eddy currents by the caoil’s
magnetic field is initially in such a direction as to cause the coil
and the metal surface to separate. It is this force that causes ice
on the metal surface to crack, and subseqﬁently to be removed from the
surface.

A considerable body of literature concerned vith the electromag-
netic aspects of a coil placed'ne¥t to a conducting surféce has accu-
mulated. Levy (8] and Grover (9] present methods of calculating
terminal impedances. Dodd and Deeds [(10) discuss both impedance
calculations and eddy current distributions. Onoce (11] is apparently"
the first researcher to apply a Hankel tfansformation in the calcula-
tion of impedances. Onoe’s method is further developed and extended
by El-Markabi and Freeman [4] to include calculation of the force
between the coil and conductor vhen the coil current is a sinhsoid.
Bowley et. al. [43] discuss the use of the magnetic vector potential
in calculating the impulse delivered to the conductor by a transient
current in the coil. Levis [(44] summarizes the use of the Bowvley et.
al. method for designing a coil to deliver a specific impulse in an

electro-impulse de-icing installation.



1.2 SCOPE OF DISSERTATION

An experimental set-up of a prototype EIDI system was assembled
at The Wichita State University by Dr. Robert Schrag. An e*perimental
study of the electro-impulse phenomenon in this system was made by Dr.
Schrag utilizing field diagnostics metheds {3]. Axial and radial
components of the magnetic field were measured on both sides of the
rigidly held aluminum "target" plate. The data vere then used to
deduce the total mechanical force versus time, and the mechanical
impulse strength. Impulse strengfh vas also measured directly wvith a
ballistic pendulum. This experimental study provided results wvhich
vill be used to verify theoretical predictions from the mathematical
model used in this dissertation.

In this dissertation, the physical phenomena involved in the
prototype EIDI system of Dr. Schrag’s experiment vill be invegtigated
analytically and numerically. Specifically, the followving tasks will
be undertaken.

1. A mathematical model for the-totél electrical problem will be
deviged. It will employ a transmission line analogy to handle the
electromagnetic field portion of the system, and a frequency domain
model for the circuit portion.

2. The math model will be solved by computer for the specific

'set of conditions that existed in Dr. Schrag’s diagnostics experiment,

and the calculated and experimental results will be compared.

1.3 ORGANIZATION OF DISSERTATION

Figure 1 summarizes the analysis structure developed in this
dissertation to predict the behavior of the prototype EIDI system

briefly described in Section 1.1. Each of the blocks in this figure
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fepresents a stage in the procedure for determining the force-time
profile on a rigid coil placed next to a fixed conducting plane when a
capacitor is discharged through the coil.

In Block 1 of Figure 1, Maxwvell’s equations are written for the
coil and metal target of the physical system. A simple model of the
coil is propoéed that stregses the geometrical symmetry of the systen,
eliminating several terms from the Maxvell equations. Chapter 3 dis-
cusées this modeling of the coil and metal target, and showse that
applicétion of a.Hankel transform io the model equations results in a
conceptual replacement of the field problem with an infinite set of
transmission line problemg (Block 2).

‘In Block 3 of Figure 1, the analysis of the transmission line
model is performed. The methods of this analysis, for steady state
sinusoidal conditions, may be found in Chapter 4. Chapters 3 and 4
ﬁrovide the basic theoretical developménts, vith the results of the
analyses in Chapter 4 applied in Chapter 6 to Dr. Schrag’s prototype
experimental EIDI system, described in Chapter S. Modeling of the
circuit used to provide energy to the céil is discussed in Chapter 2
for the specific experimental system of Chapter S.

Once the trangmission line modél éf the coil and target has been
established in Block 3, Figure 1 shows tvo possible next steps in the
analysis. One of these next steps, éalculation of the true field
values (Block 7), requires a knovledge of the coil current. Accord-
ingly, one proceeds from the transmission line analysis in Block 3 to
the Block 4 calculation of the coil impedance, required for calcula-
ting the coil current. Use of the transmission line model for calcu-

lating the part of the impedance of the coil that is due to the



interactién betveen the coil and target is developed theoretically in
Section 4.2 of Chapter 4, and applied to the impedance calculation of
the coil in the prototype EIDI system in Section 6.2 of Chapter 6.

Coil impedance obtained in Block 4 is added to the calculated
skin effeét loss resistance in the coil, and with this total coil
impedance the problem of calculating coil current, using the circuit
models presented iﬁ bhapter»Z, is addressed. This is Block 5, discus-
sed in Section 6.3 of Chapter 6 for the protot}pe EIDI system de-
scribed in Chapter 3.

Knovledge of the frequency spectrum of the coil current allows
the calculation of the true field.values in Hankel-Fourier space,
shown in Block 7 and developed theoretically in Section 4.3 of Chapter
4, Performing an.inverse Hankel transformation on these fields
results in Fourier space (frequency domain) fields. An inverse dis-

crete Fourier transform applied to the Fourier space fieldé_providea

the time domain behavior of the electric and magnetic fields, shown in

Block 8. This procedure is discussed in Section 6.4 of Chaptef 6 for
the prototype EIDI sysfem.

Finally, the real space axial and radial magnetic induction
fields on the coil gide face of the_metal plate provide the necessary
information for calculating the total force on the target as a func-
tion of time, as shown in Block 9. Theoretical development of the
force equation is in Section 4.5 of Chapter 4, wvith Section 6.5 of
Chapter 6 describing the numerical iﬁplémentation of this force calcu-
lation for the prototype EIDI system. Calculation of the impulse
delivered to the target is discussed theoretically in Section 4.6 of

Chapter 4, and its application to the prototype EIDI system is de-



scribed in Sectipn 6.6 of Chapter 6.

Chapter 7 contains a summary of the results obtained, a descrip-'
tion of the original contributions made by the author, and some sug-
gestions for improving the procedures described in this dissertation

for modeling the electrical aspects of an EIDI aystem;



'CHAPTER TWO

THE ELECTRIC CIRCUIT MODEL

Modeling of the-electronﬁcs providing powver to the de-icing coil
in an EIDI system is performed vith the desired output from the model
in mind. Since it is the coil current in conjunction with the
physical cohfigdration of the.coil and ;;ng skin that determines the
magnetic fields responsible for the forces on the skin, the current ih
the circuit was chosen as the primary variable. |

Testing of a prototypé EIDI system began a£ The Wichita State
Univérsity in 1982. ‘The part of this system that provides power to
the coil is showvn in Figﬁre SA (page 35). This system was chosen as
the basic physical configuration for vhich a circuit model would be
derived. This circuit model is then analyzed to determine the shape -
-of the coil current. A simple circuit model that is suggested by thel
physical system in Figure S5A is shown in Figure 6E (pége 47). This is
the basic circuit_model, valid vhen the clamp diode across the capaci-
tor is not conducting. |

Justification for modelidg the EIDI syatém as a lumped parameter
circuit vas provided by the experimental verification of the gbsence
in the signals present of any significant frequency components having
vavelengths comparable to the physical dimensions of the system. Be-
cause of the complex electromagnetic interaction betwveen the coil and

the skin next to it, it was felt that time domain modeling of the

8



coil’s terminal v-i characteristics would be too complex to be of much
use. Consequently, a frequency domain approach vas chosen for
analyzing the circuit, making the model of the coil a linear frequency
deﬁendent impedance.

The presence of the SCR and the clamp diode across the capacitor
makes thé circuit model nonlinear, so that straightforvard Fourier
(frequency domain) techniques are not applicable. This difficulty is
circumvented by performing a plecevise linear analysis of the circuit.
In this anélysis, the physical circuit is modeled by one of two
pbssible circuits, depending on the state of the clamp diode.
Initially, vhen tﬁe SCR hag just been triggered, the diode is assumed
off (an open circuit) and the model of Figure 6E (page 47) is used for
analysigs. In addition to calculating the current in this circuit, the
capacitor voltage is also calculated. When this voltage first becomes
negative, the clamp diode is modeled as coming into immediate forvard
conduction: This diode then acts as a short circuit, resulting in the
circuit model shown in Figure 6F (page 51). All subsequent (in time)
circuit calculations are then performed with this model.

Theoretical justification for modeling both the SCR and the clamp
diode as simple on-off switches is now provided. Hovever, the
ultimate justification for such an outright dismissal of the effects
of both the SCR and the clamp diode in determining the current ane-

-form comes from observing hov closely the predicted current vaveform
(using the models that ignore the non-ideal nature of the SCR and
diode) agrees with the measured vaveform. This vill be shovn in
Chapter 6.

In a practical EIDI system, the voltage on the energy storage
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éapacitor prior to its dischérge is 1000 to 1500 volts. When the SCR
is triggered into conduction, its voltage drop is on the order of 1}
volt, wvhich is small compared to the capacitor voltage, and so may be
ignored in determining the circuit current. In addition to ignoring’
the voltage drop across the SCR, the dynamics of the SCR are also not
modeled. Such.dynamics are, in the EIDI circuit, primarily manifested
in the failure of‘the SCR to trigger into instantaneous full forvard
conduction upon initiation of a forvard gate current. Hovever, maodern
SCR desgign technidues (33, ts], {7]) have resulted in turn-on times
that are short compared to the time required for a éignificant change
in the coilvcurrent in the éxperimental EIDi prototype sfstem. Thé
SCR used in the prototype aystem had a di/dt rating of 800 amps/
microsecond, vhile the maximum observed ratebof change in the circuit
vas 15 amps/microsecond;

A similar consideration of the voltage levels in the circuit re-
sults in the conclusion that the apprbximately 1 voltvforvard drop
across the qlamp diode is not a primary factor in determining circuit
curreﬁf. ¥hen the diode is off, its transition capacitance is insig-.
nificant compared to the capacitancé of the energy storage capacitor.
Reverse leakage current in the diode is ignored due to the large
energy storage capacitor in parallel vith the diode and the relatively
small time in which the electrical events of interest take élace in
the circuit. Qith the diode in forvard'conduction,vthe sum of its
transition and diffusion capacitances are small enough that, to a
firset approximation, they may be ignored in the cirbuit model.

In constructing the EIDI prototype experimental configuration,

care was exercised to minimize parasitics in the circuit. Special lov
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inductance and resistance cable vas used to connect the energy storage
capacitor to the coil. Hovever, both of these cable parameters wvere
measured in the prototype system and are taken into account in the
circuit model. The energy storage capacitor, wvhich vas physically
sevgral,units in parallel, used copper strap for wiring connections to
minimize inductance and resistance parasitics. The ESR (éqnivalent
series fesistance) and ESL (equivalent serieg inductance) of the
capacitors wvere felt to be small, and are not modéled. If, in a
pafticular EIDI installation, these parasitics are not sﬁall, they can
be taken into accouhf by adding lumped elements in sefies vith the
energy storage.capacitqr in the circuit model.

Accurate frequency doﬁain modeling of the coil is the most diffi-
cult feat in coﬁstructing ghe circuit>modél, and is discussed in |

Chapter 4.



CHAPTER THREE

TRANSMISSION LINE MODEL OF THE FIELD PROBLEM

3.1 INTRODUCTION

The transmission line model of the coil and metal plate is the

| heart of the prototype EIDI system model. It is this model that is
expected to account for the complex electromagnetic interactions be-
twveen the coil and plate. These interactions help estéblish the
impedance presented at the coil terminals, and<so'are a factor in
determining the coil current. ‘This current is important in determin-

ing the force on the plate.

3.2 GEQMETRY OF A PROTOTYPE EIDI SYSTEM

Figure 3A showvs the profile of the physical coil-metal plate con-
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figuration we have chosen to model. The coil has the shape of a

short (h<<R,) thick walled (R,<<R;) hollov cylinder vith an inside

12
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radius R, and an outside radius R., wvhose axis is perpendicular to a
flat metal plate (henceforth called the "target") of thickness d
extending to infinity in all radial direciions. An air gap exists
betveen the coil and target,.both of vhich are assumed rigid and
stationary in space.

Most of the coils used in EIDI applications have been round, at
least prior to a possible bending of the coil to conform to the curved
lea#ing edge of a ving. The flat geometry of Figure 3A is a reason-
able model of such a coil, provided that the radius of curvature of
the coil, after being shéped to conform to the wing, is much greater
than the coil outer radius Re.

The assumption that the coil and target remain‘separated by a
fixed distance would be reésonable if the initial separation distance
vas much larger than the maximum change in separation distance ob-
tained when the capacitor is discharged fhrough the coil. Such an
inequality in separation distances may not hold in a practical EIDI
installation. Alternatively, the fixed separation distance assumption
vould be justified if the force "impulge" delivered to the plate by
the coil vas so short that the plate acquired only a small velocity,
vith negligible displacement, for the duration of the ®"impulse®. This
doeg not generally happen in a practical EIDI system. In fact, a vell
designed installation has thé target move from zero to maximum d;s-
placement within the duration of the "impulse®. With ice loading
present, hovever, the displacementAmay be small compared to the ini-

tial separation distance.
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3.3 THE FIELD EQUATIONS

The approach that appears to be the most fruitful for modeling
the coil and target in our prototype EIDI system is presented in a
paper by El-Markabi and Freeman [41. We nov describe their approach,
eﬁphasizing those aspects of the theory that are most appropriate to
the analysis of the model of the prototype system of Figure 3A. The
reader is reférred to El-Markabi and Freeman_f4] for the more general
theory.

Current in th? coil of Figure 3A is assumed to be entirely phi
directed. A slight modeling error is introduced by this assumption,
since a radial coﬁponent of current actually exists in a practical
coil due té theiépiral vinding of the coil. By negiecting this small
radial cu;rent, a model héving azimuthal symmetry is obtained. Conse-
quently, the model shows no phi dependence in any of its field quanti- -
ties, the electric field contains only a phi ccmﬁonent, and the mag-
netic field contains only axial and radial components.

Because most of the”spectral energy of the current in a practical
EiDI coil is confined to felatively lov frequencies, a quasi-static
situation is assumed. The displacement current term in Ampere’s Law
is ignored.

With these assumptions, Maxvell's equations vritten for Figure 3A

become

OB, (z,,t) oM _(e,r,¥)

dz =M 2t
34

-r‘—_' ga'—-_[r‘ Eq,(%’f"t)] = -/4 ia-(t%' f'*—)

au +)
NEXS _ aHz(Elri‘) . o C (e r t)
3z ar ¢
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Partial differentiation with regpect to time can be eliminated from
these equations by taking the Fourier transform. Differentiation wvwith
respect to time is then replaced with multiplication by the éao opera-
tor. Performing this transformétion, ve obtain the following equa-
tions (note that we have not introduced nev symbols for the trans-
formed field quantities, bgt have instead simply replaced their time

variable argument t with the Fourier transform Qariable omega)

BE¢(%Ir,w)

= aw/_AHr(i)f"u.\B (l)

gz

'_a‘_[ & (zrw)] = —é‘wf\-\é(t)r)w) (2)

3\4,(%,",03\ _ BH%(%IPIOA)
Iz 3r ' =

a‘Eé(E,Fjw) (3)

Equation (1) contains only the phi component of E and the radial
component of H. By combining equations (2) and (3) in such a fashion
as to eliminate the axial component of H, ve would have another equa-

tion containing only the phi component of E and the radial component

of H. This elimination yields
3H. He | o L2212 (cg,)
33 C “'E4>+_—r = v 4>+ar- ‘o.\/.L r or %

M redp 23“’/‘ 2 [+ & (rey)) )

I

At this point, ve introduce a mathematical tool that is of con-
giderable use here. This tool is the Hankel transform of order n,

defined by (12] , |
qﬂ-{{:(r\} = j -ﬁ(r\r]’n()\r‘\ Ar = F()\\

vith the inverse transform

;t"{f:m} . jwt:(x\x:rnzxrux - £
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Although the introduction of an aaditional transform introduces
difficulties of its ovn, it provides an even greater amount of simpli-
fication, and makes possible the transmission line model of the coil-
target electromagnetic field problem.

If a Hankel transform of order 1 is applied with respect to the
variable r in equation (4), the following result is obtainéd {111,
(12] (note that ve have again not introduced nev symbols for the
transformed quantities, simply réplacing their gpatial variable argu-

ment r with the Hankel transform variable lambda)

- QHP.(z)xl“J)

3% = (T+6t)/‘)54>(%)>\)w) | (g)

The advantage of equation (3) over equation (4) is that equation (3)

containg partial derivatives with respect.to oniy the z-codrdinate, in
effect becoming an ordinary differential equation (if one allows "con-
gstants of integration? for such an equation to be arbitrary functions

of all-variablés except z). If the same Hankel transform is applied

to equation (1), we obtain

3&,3,(%,-)\,00) C, : .
a.%' :. 6&/4"\'_ (i,)\,w) ((o)

Equations (3) and (6) are two coupled ordinary differential equations
that are recognizable as the canonical transmission line equations.

The solutions of these equations are well known (131, (141, [151.

3.4 DEVELOPMENT OF THE TRANSMISSION LINE MODEL

Because equations (S) and (6) are identical in form to the equa-
tiong describing voltage and current on an ordinary transmission line,

ve nov introduce the symbols V and f‘(each of which is a function of
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position z along the coil axis, the Fourier variable omega,

and the

Hankel variable lambda) to represent the phi component of E and the

radial component of H respectively.
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Differentiating equation (7) with respect to z, vwe have

Similarly, ve
3*V
Ja*
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equation (8) into this last equation yields
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differentiate equation (8) to obtain
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equatidn (7) into this equation yields
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Then equations (S) and (6)

become
(7)

(=)

(a)

(IO)

Nov define the complex propagation constant gamma in Fourier-Hankel

space as

X = A N24-éayuc-

so that the general solutions to equations (9) and (10), assuming com-

plex sinusoidal time variation of ? and f} may be written as

=

5

A

_}Sa. A Xz

:L‘h* e + X e

[~

(1)



A~ ~ & ¥
V = V_ . e Vet (ra)

A - AL AL .
vhere Io., Io- and Vo., Vo. are complex phasor functions of the Hankel

variable lambda (we have suppressed the:complex sinusoidal time varia-
tion eéut in these solutions).

Note that we are conceptually dealing with én uncountably infi-
nite set of transmission lines. Each transmission line is associated
vith a different value of lambda, vhere lambda is nonfnegative.v The
ﬁhysical origin of thié infinite number 6f transmission lines lieé in
our"compressiﬁg' the infinite radial variation in the real space
" field quantities H, and E¢ at a given axial coordinate z into vari-
ableé Y and I localized to a single "point®" (the corresponding z
coordinate) on a Hankel space transmission line. It then takes an
infinite number of transmiséidn lines td éccount for the infinite
number of possible values of the radius in the real space problem.

To derive an expression for fhe characteristic impedance of oﬁe
of these Hankel space transmission linea,.cohéider the case of a line
having only a éingle frequency complex sinusoid traveling in the
-direction of increésing z. In agreement ;ith ordinary traﬁsmissiﬁn
line theory, the négative sign in the exponents in equations (11) and
(12) denotes propagation in the direction of increasipg z. Then

equations (11) and (12) become

A A ¥z
I = Totr & o (13)
N = Vo, (14)

Subgstitute the expressions for the current and voltage from equations

(13) and (14) into equation (7)
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From this equation, ve obtain the defining expression for the charac-

teristic impedance of a Hankel space transmission line as

a N |
zZ, = To+ ‘ - /(cr + .xl )
| A s

. TTex

o i
2o g

This result differs by a negative sign from-the expression given
in El-ﬂarkabi and Freeman [4].for the line’s characteristic impedance.
One could argue that the negative branch of the square root function
in the expression for the propagation coefficient gamma should be
chosen, vhich would eliminate the negative‘sign'in the characteristic
1mpedance; However, calculatione performed Qith a negative character-
istic impedance results in predictions that are eSsentiallf in agfee-
hent vith experimentai measurements, vhereaé the use of a positive
- characteristic impedance predicts results that are not in agreemeﬁt
vith experiment. Alternatively, one could propose that it is the
positive Bién that must be chosen for the exponents in equationé (11)
and (12) to correspond to.propagation in the direction of increasing
2. Such an assumption also results in predictions that are not in
agreement wvith experiment.

Transformation of real space current sources into Hankel space is
discussed in Elfﬂarkabi and Freeman [4). They shov that a disc of
azimuthally directed uniform surface current of phasor value 31 with
;n inner radius R; and an outef radiuas Ry, located on the z-axis,

becomes a sinusoidal current source vith phasor value
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3{ a
Ri-K, §2 TR

connected in parallel with the Hankel space transmission line. The z
coordinate of this current source ié the same as the z coordinate of
the real space surface current from vhich it arase.

We have choseﬁ three of these ideal azimuthally directed discs of
uniform surface current to model the current distribution in the coil.
The inne; (outer) radius of the disc is equal to.the inner (outer)
radius.of the coil. The middle disc is located at the axial center of
fhe coil, whilg the tvo outer discs are each spaced out a disténce of
one-third of the coil’s width from the center of the coil. See Figure
3B. Clearly, some error occurs here due'to'the localization of the

model’s current to these discs.

COlL. OUTLINE —
J e
r T 11 4
CURRENT ! > .
DlSCS-——<:#:F:j‘/— : A‘%Zl,
| VB
| 1
| i
: 1 {T\ > 2
\ [ pS } .~ FIGURE 3B
| 1 CURRENT DISC MODEL
t ! OF COIL
{ | METAL
) | | TARGET
Nﬁz_ o d o
el
' hlhi g
3|3 T
2 Z

Figure 3C shovs the Hankel space transmission line configuration

corresponding to the three current sheet model of the coil next to the



21

i
"target. All of our Hankel space calculations are based upon this

model. ' .

METAL
TRANSMISSION

L\NE—X

To ;cw - . EE‘ \qt-—91n o0
- NRRAANN
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22 2, Z, Z:0

AR TRANSMISSION LINE

FIGURE 3C
HANKEL SPACE TRANSMISSION LINE MODEL
OF COIL AND TARGET



CHAPTER FOUR

ANALYSIS STRUCTURE

4.1 INTRODUCTION

In this chapter, the transmission line model of the coil and
target developed in Chapter 3 and shown in Figﬁre,BCvis examined
mathematically Qsihg conventional transmission line théory to predict
the Fourier-Hankel space behavior of the model when it is in the
sinusoidal steady state condition. The analyses performed in this
chapter will assume each of the three current sources in Figure 3C has
unit phasor value. In view af the analoéy developed in Chapter 3, we
vill freely use the terms current and voltage in connection'v;th the
transmiséion line model to stand for the Fourier-Hankel transforms of
the radial magnetic induction B, (z,r,t) and the azimuthal electric
intensity E¢(z,r,t) respectively. Throughout this chapter, reference
should be made to Figure 3C for insight into the equations written and

for identification of the variables used.

4.2 .METHOD OF CALCULATING.COIL IMPEDANCE

Although‘the part of the coil impedance that is independent of
.the properties of the ribbon conductor used to wind the coil is caicu-
lated in Hankel space, as shown in this section, one must begin the
derivation of the expresion for the impedance in Fourier gpace. Only
in the frequency domain does the concept of impedance make sense. We

vill calculate the coil impedance at a frequency omega by exciting the

22
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coil vith a current source of phasor value 1, and finding the phasor
voltage response at the coil terminals. . The coil‘impedance is then
numerically equal to this voltage response.

Our real (Fourier) spacé model of the coil is three ideal‘discs
of azimuthally directed uniform surface current. We need to relate
the electric fields induced in the different parts of this model to
the singlé voltage that éxists betveen ﬁhe coil terminals. We approx-
imate the voltage appearing at the coil terminals by the average of
the voltages induced at the locations of the £hfee discs'of the model.

Symbolically, we have

Z = = :g— = :7 = '% (<7 + :7 + :7 )

o \ a4

H <

~~ ) .
vhere V. represents the voltage induced at the location of the disc
vith axial coordinate z..

. 1
Because of the symmetry of our model, the voltage induced on a

circular path (centered on the z axis) of radius r and axial coordi-

nate z. vill be given by
dar Ed;(zkjr’ UJ)

The average voltage induced on the infinite number of circular paths

betwveen r=R, and r=R. is

R2
j~ Q«r-EQ(ek)r uﬂ dr

?

Rl-K'
{
Multiplication of this expression by N, the number of turns in the

actual coil, yields
' 4

2
j» r E¢(ik, r‘) w) AP
R

[}

~s afrh]
V., =
k Ql - R\
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wvhich is the model-predicted voltage induced on an infinitesimally
thin N turn coil having an inner radius R, and an outer radius R.
located at z.. Averaging these induced voltages over the three discs

results in the phasor coil voltage

.’Z'NN Rz, 2 ’
3 i r E, Belzgy mw) de (+)

[

V - 2

Because this expression is numerically equal to the coil impedance, we
vill replace the symbol v'by Z in further appearances of this expres-
sion.

The E fields that appear in (1) are frequency domain (Fourier
space) E fields. 1In terms of the Fourier-Hanke; space E fields, wve

can vrite tﬁese Fourier space E fields as
Eép(zk)r’ w) z S E¢(zk.,>\,w>>\'3'l(>;r§ da (1)
. (=]

vhere we have again used the list of arguments to distinguish between
different functions. Specifically, E¢(z.,r,oo) is the Foufier trang-
form of the real space azimuthal elecﬁric intensity E¢(z.,r,t), and

E¢(z., X, @) is the Fourier-Hankel transform of the real space az§mu-

thal electric intensity E¢(z.,r,t). Substituting (2) into (1) yields

Z - i Q"“J S [ S E¢(E PN u)kjwlﬁak de

Interchanging the order of integration,

2 a—«S [75———\5 3(kr\ro\r i S8 (21,2 u)xa\x

< .,2«5 K()‘\ 2.- E'“P( ))\)w))\ A)\ (3)
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vhere ' : 2
N 2
K ()‘\ = 3(K1-Q‘> SZ 3“()\?) ~ o(r

is the Hankel transformed current corresponding to an infinitesimally
thin N turn coil of inner radius R, and outer radius R., carrying a
phasor currgnt of strength 1/3.

Expression (3) conpains thrge Fourier;Hankel space electric
fields (transmission line voltages) that cqnceptually arose from Four-
ier space phasor currents of value 1/3 on each of the three discs iﬁ

Figure 3B. The "sqaling factor" that relates Fourier-Hankel space
fieldé due to unity Fogrier space phasor caoil current to Fourier-
Hankel space voltagés and curfents due to unity phasor current in each
of the three currehﬁ sources in Figure 3C is K’CX). Then in terms of
the Fourier-Hankel space voltage E;(z.,k , @) due to unity phasor

current in each of the Figure 3C current sources, (3) becomes
xR 2 a , :
z = QT{S [K'(ﬂ] = E¢(z;)x,w\ N da (4)
L=O
° " .

Expression (4) is the result that we use to calculate the terminal

impedance of the coil.

4.3 RADIAL MAGNETIC INDUCTION AND AZIMUTHAL ELECTRIC INTENSITY

4.3.1 Target Surface Facing Coil

. We begin by calchating the characteristic impedance and the com-
plex propagation constant of the air transmission line and the mgtal
trangmission line, referred to hereafter as the air line and the metal

line respectively, using the results derived in Chapter 3. For the
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air line, the conductivity o is equal to zero, and so

I P T =R W
- -qu+dﬁfr- = A

For the metal line, no simplification is possible and we have

.

d
t, = KT jap

m

According to the analogy developed in Chapter 3, calculation of
the total current and voltage at z=0 in Figure 3C is equivalent to
calculation of the radial magﬁétic inductidn B, and the azimuthal
electric intengity E¢>on the coil siqe face of the target. We perform
this current and Qoltage calculation by replacing the transmission
line configuration for all z>0 wvith its equivaleﬁt impedance. Note
that bﬁth sides of the metal line are connected to infinite lengths of
aif transmission line with characteristic impedance Z.. The equiva-
lent impedance looking to.the right at z=0 in Figure 3C is

2, + Z, %anh (¥,d)
Z(o) = Z, Z, + 'Za,'t'auv\ﬁ'\ (¥,.4) | (=)

Using this equivalent impedance, the current reflection coef-

ficient at z=0 as seen from the air line is
2, - 2 (o)
P z, + 2(o)

and the total current at z=0 is then
AL A A A
I!otal = Iine + Iro!l.elod = (l"PH)IIlﬁG <®)
. N ‘ |
in terms of the incident current I,.,, vhich must be due solely to the

three current sources. Expression (6) may be simplified as follows.
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~ ?:Q-Z(O)) A i Q'&a {E ‘
I'-lv‘b‘ - (\ ¥ Z, +Z(o) e %a+ ,2_(05 inc (7

Substituting (35) into (7) yields

~ Za
*’o"!"a‘ = g.:r-:nc N E Za 4 ZM.WL(YMJs
T 2 2t (X J)

>

vhich, upon replacing Z. and Z. by their defining expressions gives

A : A
Iiotar = 2140

(¥)

‘ N YN wjur
+
.[)\z,,(jwfcr— A + ‘bqu(h’ A)

~ >6+(jw/m' "
Nov congider the current source in Figure 3C closest to the tar-

get. This source produces an incident current on the metal line at

2=0 given by

-\
A _ —'Y°3 e 2 _
I = e - 2

nco

N

vhere the factor 1/2 comes from the equal division of the unity phasor
amplitude current to both sides of the air line containing the current
source. Total current incident at z=0 is by superposition given by

~ - “Ng+h -
T, - Lelo, t SMgrha) L. g+ 2h/a)

wme

e <

AL . | "'>‘ - -
T. < e @<|+¢>‘L/3+ e 2>\lﬂ/3> (q)

Substituting (9) into (8) yields
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-\ _ h/a _axh
L e e T )
Ilntul-= T (IO)

A
| +W‘Tﬁbm}(\‘rﬂJ)

A
RN
WVidejope T
| g ™ tand (4,d)

fdr the total.steady state current ?;,... at z=0 due to unit strength
cémplex sinusoidal excitation in each of thé three current sources.
Hu;tiplying (10) by K'() )I(éJ), vhere I(«w) is the Fourier transform
éf the current in fhe coil (and multiplication by K’CN) transforms a
unity Fourier space current intc the corresponding Fourier-Hankel

space current), yields the desired result

_ _ | ISVYRE
T} KN Mty (+ e M/ NP }
DN '
L e e ()
e |
& >‘_ + fanh (¥,d)
’4}\14.3“)/“]'

for the Fourier-Hankel transform of the radial magnetic induction B.

i(%‘;O\ =

(n)

on the coil side face of_fhe metal target when the coil current
spectrum is I(co);

Calculation of the voltage is almost identical to the calculation
of the current performed aone. The voltage reflection coefficient
-is the negative of the current reflection coefficient,

2(0) - 2,
Ce * 20V + 2,

Total voltage at z=0 is
A A A A
Viotar = Vine * Viotrectes = (1’ee)vtna

AL
in terms of the incident voltage V,... Expression (12) may be simpli-

fied as .
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~ 20} -2, \~ az(e) «~
v = | 4 —— . = —— V. (2
2(0) + 2, e Z,+ 2 (o) Tirc

S

Substituting {3) into (13),
2+ 2, tamdn (¥, d)
N o Fm Ft 2otk (X, 4)
V+o\u\ = Ve . 2+ ZMM"( Xma\\
z,+ 2, -
2yt Zdtmﬂ_ (YMA)

a

vhich, upon replacing Z, and Z. by their defining expressions, gives

J i  RVine

tohal N (14)

TR g B
N ST

b
| + i}NQL (¥ J)
R, ¢ wi
' Total incident voltage V... at z=0 is given by

. fop )\ Sz —ah/a)
vln»c = an\lne = . ;, .a‘— 3(|+ e' )3+ e' 2 /3>

using (9) for I,... Substituting this expression for V... into (14)

_— 28 (1 + BRSNS
+otal X ' +M(YM4)

" -{i‘“—é“"j‘r -J?ijtu-

yields

(5)

for the total voltage at z=0 due to unit strength complex sinusoidal
excitation in each of the three current sources. Multiplying (15) by

KCZN)I(a) yields the desired result
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L A Yh _
~ T KO X = 3(‘4—3)‘/3 ‘1’\»‘/3> _
V(e = 03 = (lcp)

2 b o d)

ﬂfXTfﬂuvAF' '{xﬂtxulac‘

> HWWM Ny

V4

for the Fourier-Hankel transform of the azimuthal electric intensity E¢
on the coil side face of the target vhen the coil current spectrum is

I(w).

4.3.2 Target Surface Opposite Coil

Knoving the total voltage and current at z=0 (derived in Section
4.3.1 and given by (16) and (11) respectively) allows a simple trans-_
mission line inverse chain matrix calculation of ﬁhe total Qoltage and
current at z=d, which are the Fourier-Hankel transforms of the azimu-
thal electric intensity E¢ and the radial magnetic induction B, on
the surface of the metal target oppositg the coil. Denoting these
transforms of the fields on the coil side face of the target by G;

~ .
(given by (16) above) and I, (given by (11) above), we have

U+ U adiog) -2, 5, ad 0 d) )

~ 8 amh(¥. N |
A L Inmﬂal(\fmol) | (%)

w

A

vhere V., and ?: denote total voltage (electric intensity) and current

{magnetic induction) on the surface of the target opposite the coil.
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4.4 CALCULATION OF THE AXTAL MAGNETIC FIELD USING THE
TRANSMISSION LINE MODEL

’

The procedure that we use for calculating the force on the target
is described in the next section, and requires both the radial and the
axial components of the magnetic induction on the target surface next
to the coil. The radial component of the magnetic intensityliS'avail-
able from the transmission line model by.performing inverse Hankel and
Fourier transformations on the calculated transmission line current at
z=0, as discussed in Section 433.1. By using equation (2) in Chapter
-3, it is also possible to calculate the axial component of the magnet-
ic iﬁtensity (vhich does not have a transmission line analoé) from the
transmission line voltage, as shown below.

The azimuthal electric field is given in Fourier space by
)
-1
Eé(*)r/“’) - %.L {V(E;)‘/“A} z SV(E;)‘/“’\ le()r\ dx (\q\
. o

Substituting (19) into equation (2) from Chapter 3, we have

o= 2 ro':/ Y XN T, (Ar A)‘} 20
"\i(z‘l';“’\ = S..)jlr ar‘{ So (EIX/ ) l( \ ( >

Interchanging the order of partial differentiation and integration in

(20),

-\ coa
Ht(z’p‘w) - 5“)}”_ Sog; {)\r :.Tl()\r\} V(E)X)w) dx (.:213

Using the identity

£ {xT el = <0

(21) becomes
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M, (2 cw) = = j Vizn @) X T (ae) da (22)

=P o

Equation (22) states that the axial component of the magnetic intensi-
ty H, in Fourier space is given by the zero order inverse Hankel
tr#nsform of the transmission line voltage ét the corresponding 2
coordinate multiplied by lambda, with the result diQided by 5abu .
Inverse Fourier transformation of the right hand side of (22) yields

the desired time domain axial magnetic intensity.

4.5 FEORCE BETWEEN TARGET AND COIL

Our procedure for calculating the total force between the target
and the coil utilizes the Maxwvell stress tensor, and is pérformed in
real space. (using the time domain fields). Stratton (41] shows that
the total force F transmitted by a time varying electromagnetic field
across a closed surface S is given by _

F = [a(E,'n\E_+/T(Es-n)\3-2<aE: ""'}T N | a

S , -
vhere 7 is a unit vector normal to the surface. We take as our closed
surface the plane z=0 (the coil side face of the target, *closed” at

infinity). Since ﬁ=2} this integral reduces to_

o0 2w 02 2 ’
= =3 37*(8%$+Br?§-5}(a£:+?%&>€]w\4> de
o =0 ’

The total force tending to geparate coil and target is just the z

component of this force,
o0

) B eE; R
«Fi-&WrQO(Q/‘: - Qq’,_ -—Q/“>Y‘Ar
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o0 . ) o0
F,o= %50(6:—‘3:%4" - maSOE;P dr (a3)
Our calcﬁlations of the fields Eq,, 8., énd B, in the prototype‘

experimental EIDI configuration described in Chapter 3 shoved that the
second integral in (23) is totally insignificant cqmpared to the first

integral. Some feeling for vwhy this is true can be obtained by com-

paring the constants that multiply each of the integrals in (23).

v at - G
7 = 41)“0__’ 2.5 X 1O

. A~ -
we =m0 Z Q.8x\0

6

Accordingly, we approximate (23) by
) oo
“r = 2
Fo (&) = 3 S L824 - 64*\] dr (2_4)
. [e]

Equation (24) is the result that we use to calculate force versus

time.

4.6 IMPULSE DELIVERED TO TARGET
The impulse delivered to the stationary target is by definition

given by the integral
0
m o= S F ) dt

[~

(as)

vhere F,(t) is calculated using (24).



CHAPTER FIVE

A SPECIFIC SYSTEM EXAMPLE, INCLUDING EXPERIMENTAL RESULTS

5.1 DEFINITION OF THE SYSTEM

The prototype EIDI system constructed at The Wichita State Uni-
versity, and the.results of the tests made on thaf system, have been
described in.detail by Dr. Robert Schrag {3]. MNost of the material in
this Chapter has been excerpted from Dr. Schrag’s paper.

Figure 3A shovs the prototyﬁe EIDI energy discharge system,vomit-
ting fhe capacitor chafging circuit and the thyristor firing'circuit.
Two identical.pulsing co;ls vere operated in series, because that vés
the arrangement used in ﬁost of the de-icing tests. However, only one
of the tvo éoilé vas utilized in the coil-target‘assembly,'vhich is
detailed in Figure SB.

The efféctive gap betveen the coil (copper) surface and the near
surface of the target vas .078 inch. A .032" thick 2024 T3 Aluminum
disc vas used as the target. Diameter of this disc was 5 inches. Two
- .05" thick phenclic spacer plates.vere used, one to maintain a fixed
distance between the coil and the target, and the other to maintain
the distance between the target and the rigid voodén support that
prevented motion of the target. These plates could be remo?ed, and a
special magnetic field measuring plate (described in Section 5. 4)
inserted in their place in order to make measurements of the magnetic

induction close to the surface of the target. Each coil consisted of

34
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30 turns of .024" X .188" rectangular copper vire sgpirally wvound in a
single layer from an inner radius of .125" to an outer radius of 1".
The initial capacitor.voltage utilized for the experimental study wvas

400 volts.

5.2 COIL IMPEDANCE MEASURENENTS

Impedance measurements on the coil next to the target were made
using an impedance bridge. The inductance determined by these mea-
surements, for‘several frequencies, appears in the table below. Impe-
dance measurements wvere also made on the.coil vhen the metal target
vas removed. The real part of the impedanée measured on the coil
vithout the target in place vas subtracted from the real part of the
impedance measured on the coil with the target in place. This in-

crease in resistance due to the target is given in the table below.

RESISTANCE INCREASE AND INDUCTANCE - COIL AND METAL TARGET

Frequency - Inductance Resistance
(Hertz) (Microhenries) Increase (Milliohms)
S00 ‘ 15.6_ S 8.2
1000 _ 17.0 . 23.0
2000 14.6 48.0
4000 12,6 77.0

S.3 CURRENT WAVEFORM

Initially, current in the coil vas measured in&irectly by measur-
ing the voltage across the .001 ohm non-inductive resistor in Figure
SA. .Difficulties vith this approach prompted the purchase of a cur-
rent transformer from Pearson Electronics, Inc. Using this transfor-

mer and a storage oscilloscope, wve observed the current shown in
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Figure SC.
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COIL CURRENT

5.4 MAGNETIC FIELD MEASUREMENTS
A magnetic field measuring plate wvas constructed in the manner
illustrated in Figure SD. ‘Shallow concentric grooves vere cut into

both sides of a .05 inch phenolic disc, with radius increments of .2';

TYPICAL GROOVES 7° DIAMETER
WITH SINGLE /_PHE',NOLIC DIsC,
TURN WIRE 057 THICK

LOOPS

CHANNELS WITH
TWISTED LEADS

FIGURE 5D
PARTIAL ILLUSTRATION
FIELD MEASURING PLATE
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starting at r=.2" and ending at r=2.0". Single turn loops of .006"
diameter wire were then cemented into these grooves, and their twisted
leads brought out to solder tabs through radial channels.

For measuring the fields on eithér side of the target, the mea-
suring plate simply substituted for the corresponding phenolic spacer
plate in-Figure S5B. _A measurement of the axial flux density wvas
derived from the induced voltage in any two neighboring loops connec-
ted in series oppositibn. For the tvo loops illustrated in Figure 5D, -

for example,

rt
o

at (e} - )

v () d=

5}(4{-\, = 1950

vhere B, is in teslas, r is in inches, and V is in volts. Thig value
is the average axial flux density over.tﬁe area betveen the two induc-
tion loops. In the further use of this result, ve will assume the
flux density to apply at a radius midvay'betveen the tvo loops.

To meaéﬁre the radial component of flux density at any radius,
the front and back loops at that radius are connected in series 6ppo-

sition, and calculationsg are méde from

,S-EU’('ZL\ d=z
B _(4) = 1550 2

QWPk

vhere r is the radius of the tvb induction loops and h is their
separation, both in inches.

Plots of the magnetic induction fields obtained from these tests
vith the target in place are shovn at selected radii in Figures 3E,
SF, 56, and 5H. All B, data shoved an anomolous behavior (irregu-

larities) at r=.4" relative to r=.6". A separate check vas made, in
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vhich the plate was reversed (interchanging the tvo sides). This
produced a reversal of the irregularities, so the effect was probably

due to an inaccuracy in the construction of the plate.

5.5 MEASUREMENT OF IMPULSE TO TARGET

The final step in the experiment was the measurement of the
impulse delivered to the target vhen the capacitor vas discharged
through the coil. This wvas done indirectly, using a ballistic pendu-

lum. The impulse so measured was approximately .012 lb-sec.



CHAPTER SIX

COMPUTER ANALYSIS ON THE SYSTEM EXAMPLE

6.1 INTRODUCTION

Theoreticél background for the numerical computations described

in this chapter were developed in Chapters 3 and 4. This cﬁapter will
i

concentrate on a description of the numerical methods used to imple-
ment the theoretical dévelopment contained in these earlier chapters
to predict the performance of the prototype EIDI system described in
Chapter 5. The sections that follov are arranged in the order of the
Fiéure 1 Analysis Flov Diagram, beginning with Block 4 of that dia-
gram. This is the order in vhich the computations were actually
accomplished.

All computations vere performed in FORTRAN IV on an IBNM 370.

Source code vas compiled vith the Isn furnished G level compiler,

6.2 COIL IMPEDANCE

Equation (4) of Chapter 4, repeated as equation (1) below, is the
coil impédance predicted by the transmission line model. Numerical
evaluation of the integral in (1) ie discussed in this section.

TonE & EL(s; ) d
= = 2, e A (1
Z@) = an ) [KON]T & Byl )
o

Two common methods are in use to allov quadrature of an improper

1ntegral‘such ag the integral above (21}, 1In the first method, a

transformation of variables is performed prior to construction of an

L2
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algorithm for estimating the value of the integral. Thie transforma-
tion is chosen in such a manner that the newv integral has finite
limits. The second method simply replaces the infinite upper lgmit
vith a finité upper limit, selected such that the part of the integral
thus ignored contributes little to the true value of the integral.
Such a method can be employed only if the integrand decays sufficient-
ly rapidly as the variable of integration increases. Since the con-
trolling factor in the leading behavior of the asymptotic expansion,
as lambda tends to infinity, of the integrand in (1) ié-efxﬁ , with g
a constant, the second method vas chosen for use in the numerica;
evalﬁation of (1). |

A large amount of high quality mathematical softvare is available
today (221, ([231. ‘Because of the complexity and cost of writing
quality mathematical algorithms, most numerical analysts suggest that
coﬁplex scienfific calculations be performed using algorithms written
by experts (241, (25]. An 8 panel adaptive Nevwton-Cotes algorithm
entitled QUAN&B, described in {25]), vas chosen to perform the quadra-
ture in (1). A user of QUANCB may select the relative and absolute
error performances desired, and the program then attempts to estimate
the value of the integral vithih the selected error criteria. One of
the parameters in the subroutine QUANC8 is an ocutput variable that
containg an estimated error bound on the returned value. .

Direct computer evaluation 6f (1) consumes a large amount of CPU
tihe, and is consequently expensive. This is due mostly to the ap-
pearance of the factor [K'(X))? in the integrand. (Note that K‘(X\)
is defined by an integral containing a Bessel function. This makes K’

oscillatory, shown in Figure 6A.) It vas possible to decrease this



44

cost considerably by calculating K’( X ) using QUANC8 and fitting a
cubic spline function to the calculated K“( A\ ) for use in evaluating

(1). The algorithms used for generating the spline function coeffic-

.oaA\
.06
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ients and for.evaluating the spline fqnction at a given argument are
entitled SPLINE and SEVAL,‘respectiyely,’and are described in [25].

Once .a spline functionvapproxim.ation for K°(X) was available, -
QUANC8 vas used to individuaslly estimate the real part (the coil
resistance increase due to the metal target) and the ihaginary part
(the coil reactance) of (1) at selected frequencies. Appendix A
contains a listing of the complete program, vith the subroutines
referred to, for evaluating the real part of (1). A simple modifica-
tion of this program allows the imaginary part of the impedance to be
evaiuated.

Initial estimates of the real and imaginary pafts of the integral
in (1) vere obtained using an upper limit of 680. Folloving this, the
programs vere run again with an upper limit of 240. Little difference
vas seen in the results of the tvo calculations, leading to the con-

clusion that the coil resistance and inductance estimates wvere good.
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Figure 6B shows the effects of the upper limit of integration in

evaluating the imaginary part of the integral in (1) for three differ-

ent frequencies.
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Figurés 6C and 6D on the following page shov the resistance in-
crease and inductance calculated as described above. Measured values

of these parameters are also shown for comparison.

6.3 CURRENT WAVEFORM

6.3.1 Introduction

As discussed in Chapter'2, three factors preclude a simple calcu-
lation of the coil current in the EIDI prototype system. These three
factors are the nonlinear diode and SCR, and the presence of the metal
target next to the coil.

The effects of the target on the coil vere taken into account by
calculating the coil resistance increase and inductance at several
frequencies, as described in the previous section. These tvo frequen-
cy dependent parameters wvere then approximated with cubic spline

functions, again using the subroutine SPLINE. This provided the
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ability to calculate computationally inexpensive yet sufficiently
accurate coil impedances for use in frequency domain circuit calcula-

tions.

6.3.2 Current Before Clamp Diode Conduction

Although the circuit is nonlinear due to the diode and SCR, it is
amenable to treatment in a piegevise linear fashion. The frequency
domain model of the circuit, valid between the time the SCR is iﬁit-
ially.triggered and the time tﬁe capacitor voltage becomes zero, is
shovn in Figure 6E. In this Figure, the EIDI sysiem capacitor is

modeled as an ideal discharged.capacitor in series with a voltage

II&u\'

FIGURE 6E
FREQUENCY DOMAIN
CIRCUIT MODEL
CLAMP DIQDE OFF

source. This voltage source has a value of.zero volts for all time
prior to t=0. At t=0, it instantly rises to the amplitude and polar-
ity Vo of the initial voltage on the actual cagacitor, modeling the

" triggering of the éCR into instantaneous full forvard conduction.
Voltages and currents calculated from this model are good approxima-
tions to their corresponding quantities in the physical EIDI prototype
circuit as long as the diode in parallel wvith the capacitor is not

conducting.
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.The frequency dependent resistor appearing in Figure 6E is a com-
pdsite lumped model of several loss mechanisms in the physical cir-
cuit. It includes the loss in the coil due to the presence of the
metal target next to the coil (calculated as described in the previous
section), resistance of the ribbon conductor used to vind.the coil
(corrected for skin effect), énd the resistance of the cable used to
connect the coil and capacitor. Resistance in the cable was modeled

as freduency independent, with a measured D.C. value of .034 ohms.

.Coil winding resistance wvas calculated from

e - k.. Red{} 3 (1 54))

0C
vhere
Roc = D.C. coil resistance = .0235 ohms
h = coil thickness = ,00477 meters ’
S = copper skin depth = ‘/‘\/qf:c/_‘q—
f = frequency in Hertz
E = copper permeability = 477 X 10°7 henries/meter
o = copper conductivity = 3.48 X 107 mhos/meter

Resisﬁance Rac applies to both the coil next to the target and the

idler coil (see Figure 5A).

Similarly, the frequenéy dependent inductance L in Figure 6E
ariées from more than one source. First, there is the inductance of
the coil next to the target (calculated in the section above). Sec-
ond, the idler coil and cable connecting the capacitor to the coil had
a combined measured inductance of 23 microhenries, which was assumed
to be independent of frequency. As these two inductances are in
series in the circuit, they are added togéther to obtain a value for
L.

The leakage reactance and measuring circuit impedance reflected
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into the actual circuit by the current transformer used to measure the
current vere felt to be too small to be significant, and vere.not
included in the Figure 6E model.

By inspection, the Fourier iransform of the current in Figure 6E

is given by
V[ S + 55 ]
Ted s |
a:-:)—c‘ + R(ed) + 3wL(w‘)
el pSe) s ]
) \ .,,.*AMCQ(-:.:\ BRI AN
cV, |
Tw) = T %ciw) - jeo C R (w) (2)

Note that the delta distribution multiplies its owvn argument, and
cthéquently contributes nothing to the time domain current i(f).
Equatiﬁn (2) is the basis for the current calculation, ;;lid until the
capacitor voltage becomes zero and the clamp diode in parallel vith
the capaciior beginé conducting. For simplicity and cost considera-
tions, an inverse discrete Fourier transform (IDFT) (361 wvas chosen
to approximately invert I(w)., To sufficiently minimize the effects
of the IDFT approximétion to the continuous inverse Fourier transform,
a 1024 point transform vith.a gsample time of 5 microseconds was cho-
sen. This makes the folding frequency 1Q0kHz, vhich is considerably
above any significant frequencies measured in the spectrum of the
current in the prototype EIDI system. The 200kHz frequency windowv of
the IDFT is sufficiently large that "windoving"” effect errors in the
time domain response are not toco great. (These errors are primarily
manifested as Gibbs’ ripples on the intitial current calculated in

Section 6.3.3, described in Section 6.3.4 and shovn in Figure 6G.)
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Appendix B contains 5 listing of the program used to calculate
the coil current in the manner described above.

In order to determine hov long a time this calculated current
approximates the actual circuit current, a second calculation wvas per-
‘formed using the circuit model in Figure 6E. The model predicts a
frequency domain voltage co;responding to the physical EIDI capacitor
voltage of |

v, [¢r86w3*+ 3&}] 5:%2:

+- Q(u) + auL(u)

\/,_(u\ = VoY.’K S(w\+ 3—;.\_—] =
. . ' 2:;5

V() = CV ol )+ Re)

) (3)
"da [AY 'wczw
v(éxcuha (w) + |

The term involving fhe delta distribution again contributes nothing to
the inverse Fourier integral yielding the time domain voltage, and is
dropped from consideration to yield (3). A 1024 point SImicrosecond
aémple time IDFT was used to approximately calculate the inverse
Fourier transform of (3). Output froﬁ this program shoved that the
capacitof voltage would slew negatively through zero volts at t=279
microseconds. This is the time at wvhich the diode acroses the capaci-
tor is modeled as coming into conduction and acting as a short cir-
cuit. Beyond this time the model of Figure 6E is no longer valid, and

consequently the current predicted by the model is no longer correct.

6.3.3 Current After Clamp Diode Conduction
Once the diode comes into conduction, the model of the EIDI

circuit for all future time is as shown in Figure 6F. The inductance
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‘and resistance in this circuit have the same physical significance
that they had in Figure 6E, and their values are calculated for any
desired frequency using the same algorithms. For computational con-
veniehce,'time is "reset® to 2ero in this circuit, even though the
circuit does not come into existance until t=279 microseconds in the
Figure 6E circuit. Since‘the current in the coil is not initiaily
zero, the circuit's magnetic énergy storagé is modeled by including a
DC current source in parailel iifh a.frequency dependent inductance.
This current source ig zero for all time prior to t=0, and for all
future time has a D.C. value i. équal to the value of the current in
the Figure 6E circuit at the time the capacitor voltage became zero.

Current in the Figure 6F circuit is given in the frequency domain

by 1 L (w)
| o=
T = T [w8e)r 25] STV Re)
| < L ()
T ° el r R@) «

Note that the term containing the delta distribution once again con-
tributes nothing to the inverse Fourier transform of I{w), and is

dropped in (4). An IDFT wvas used to calculate the approximate inverse
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Fourier transform of I(«) given in (4), in exactly the game manner
that the expression for I(w) in (3) was inverted. The program is
very similar to the one used in the'Section 6.3.2 current calculation,

contained in Appendix B.

6.3.4 Combining Pre- and Post Clamp Diode Conduction Current

| .Because of the presencevof the current source in parallel vith‘
the inductor in Figure 6F, the current in.this circuit model ig dig-
continuous at t=0.- Consequently, the current cannot be bandlimited.
An inherent assumption in the use of the IDFT to approximately calcu-
late a confinuous iﬁverée Fourier transform is that the signal is
bandlimited. The time domain current calculated by the IDFT showed a
small amountbof ripple during the first 100 microseconds due to the
current specfrum nof being bandlimited. Prior to 'jdining' in time
the current predicted by the Figure>68 model with the current predict-
ed by the Figure 6F model, this ripple was eliminated by graphicall’
choosing current values l}ing close io the IDFT predicted values that.
joined smoothly ;ith the current from the Figure 6E model. Figure 6G
illustrates this procedure. Current ripple amplitude vés 54 amps peak
to peak at t=10 microseconds, decaying to 1 amp peak to peak ét t=75
microseconds, with time measured in the Figure 6F model. Figure 6&H
shows how good the ag;eementvis between this piecevise linear madel
predicted current and the current measured in the prototype EIDI
circuit.

With the model predicted current nov available at 5 microsecond

intervals from t=0 to t=5.12 millisecondsé a 1024 point S micrasecond

sample time DFT was performed on the current samples to estimate the
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Fourier tranaform I (w) of the model current. This transform is

needed for use in calculating the magnetic induction fields from the

Hankel space transmission line coil-target model, as discussed in the

‘next section.
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6.4 MAGNETIC INDUCTION

6.4.1 Introduction

'

Knovledge of the radial and axial magnetic induction on the coil

gide face of the target is required for calculation of the total force
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on the target. Although conceptually simple, the numerical calcula-
tion of these two fields presented more computational difficulties
than wvere encountered in the combined £0t31 of all other calculations
performed. Initial attempts at calculating the magnetic induction,
perfdrmed using single precision arithmetic and uéing professionaliy
vritten quadrature routines, produced results that were incorrect by

orders of magnitude.

6.4.2 Radial Magnetic Induction on the Coil Side Face of the Target
Expréssion {5) shows the iterated improper integral that is to be

evaluated numerically to calculate the time domain radial magnetid

induction B.(0,r,t). This integral is the inverse Fourier-Hankel

transform of the total current af z=0 given by (11) of Chapter 4.

[~ =]

B'_(o)r)'k\ z /uS Céwi’ I(w\ X . (=)
o0 v
o - 3 - \‘1/ .
T4\ e.-)\a L\ + thi +e I’z 3"(&"\ N da ]
: "
A b (v
L wgE e
s jope N y
J=r — & tandh (¥ d)
o \1)\ 4—(1(.:/1

Quadrature of iterated integrals is almost alvays difficult [21];
One of the most common methods of evaluating such integrals, the Monte
Carlo method, could not even be considered for use in (5) due to the
enormity of the very expensive and random complex function evaluations

required by such an approach. Furthermore, the integrand in (5) is
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extremely oscillatory, having both positive and negative complex val-
ues, due to the Bessel function in thé inverse Hankel transform, the
function K'(X\), and the complex exponential in the inverse Fourier
transform. Quadrature of such integraﬁds is all but impossible using
Monte Carlo methods due to extreme smearing (251, (26]. It is the
oécillatory nature of the integrand'inA(S) that makes its evaluation.
difficult.

After much trial and error, a varkable approach to quadrature of
the infegral in (1) was obtained, and is descr}bed in this section;

No claim is made for optimality or near optimality in this approach.
After many computations of the magnetic_induction'had been performed
using this procedure, it became apparent tha@ simp;ifications could be
made, wvhile still obtaining sufficient accuracy. However, these simp-
lifications have not been tested, and the original approach to quadra-
ture of the integral in (5) will be described.

Measurements of the radial magnetic induction near the coil side
face of the target in the EIDI prototype system provide soﬁe ingight
into a suitable numérical procedure for evaluating Fhe.intégral in
(1). The Fourier transforms of these observed fields are smooth
(higher order derivatives vith respect to frequency aré small) with
most of the energy confined to relatively lov frequencies. This
suggested the use of an IDFT to numerically perforé the inverse Four-
ier transformation in (1). Further impetus for use of the IDFT is
given by noting that the DFT procedure for calculating the Fourier
transform I(«w) of the current, described in the preceding section,
yielded transform values at equally spaced frequencies. These are the

appropriate frequencies for calculating a 1024 point IDFT, with a 5
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microsecond sample time, of the Fourier space radial magnetic indqc-
tion. Howvever, numerical evaluation of the inverse Hankel transform
in (5) at the 513 frequencies needed for calculating a 1024 point IDFT
yielding a real sequence ié prohibitively expensive. This expense vas
avoided by using the previously noted fact that the expected Fourier
‘transform of the magnetic induction is smooth, with most of the energy
confined to low freqdencies. Accordingly, the inverse Hankel trans-
form in (S) wvas evaluated at only 77 frequencies, chosen to proQide a
reasonable rep:esentation of the behavior of the Fourier transform of
the known radial maghetic induction. Spline function approximations
vere thén fitted to the‘realvand imaginary parts of the calculated
inverse Hankel transforms. The IDFT routine to'balculéte the desired
time domain magnetic induction uses thesé spline functioné to form

-B. (0, r,w) at the 1024 frequencies needed.

With a procedufe for evaluating the inverse Fourier idtegral 1n'
(1) available,'a gsearch for a suitablé method for quadrature of the
inverse Hankel integral vas‘initiated.. The infinite upper limit of
this integral was simply replaced with a suitably large finite upper
limit, dué to the controlling factor in the leading behavior of the
asymﬁtotic expansion of the integrand being éfxa. With the problem
of the infinite upper limit gone, the remaining difficulties may be
divided into twvo somevhat overlapping classes.

Selection of a suitable algorithm for performing the quadrature
is essential if accurate results are to be obtained. Most of the
common quadrature algorithms are incapabie of dealing vith oscillatory
integrals wvithout some help. Even vwith the best of help, examples of

problems vhere these algorithms completely fail abound. This has
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given rise to highly specialized techniques for éuadrature involving
Qscillatory integrands [27], (281, [29], [30]. The use of one of
these specialized algorithms vas avoided by writing a double precis-
“ion Géussian quadrature routine (211, (31). This routine vas then
used to perform fhe inverse Hankel integration in (3) err the range
0 <A< 10, then over the range 10 <'X-< 20, etc., stopping vhen fhe
desired upper limit of intégration had been reached. The results of
these integrations, vhich can be interpreted as terms in a sequence
that are to be summed, wvere then added_together first using straight-
forvard addition, and then using the Euler series summation con;erg-
.ence acceleration algorithm DTEUL from the NASA Levis Researﬁh Analy-
8is Center Softwvare Library (34]1. For each radius gt vhich the radial
magnetic induction vas evaluated, and for each of the 77 Fourier
frequencies, good agreement Qas achieved between the results of thege
twvo summation methods.

Several different finite upper limits were gsed to take the place
of the infinite upper limit in the inverse ﬁahkel quadrature. It vas
experimentally determined that upper limits greater than 1000 resulted
‘in very little change in the caiculated induction fields.

The second problem area concerned the precision of the FORTRAN
implemented on the 370. Single precision floating point vord length
on the IBM 370 is approximately 7 decimal digits (24 bit mantissa}
(25). This is insufficient for nearly all complex scientific calcula-
tions (321, (331. Doublé precision floating point wvord length on the
370 is approximately 1S5S decimal digits (56 bit mantissa) (251, and vas
used for all computations involving the inverse Hankel integral.

Without the use of double precision arithmetic, inverse Hankel quadra-
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ture wvas impossible due to smearing.

Although the use of double precision greatly reduced the effects
of smearing, it created problems of its own. A double precision
Bessel function, and a double precision algorithm for K’C\) become
necessary to evaluate (5). Simply converting a single precision
algprithm for K’(X) to doublevprecision does not yield sufficient
accuracy to obtain good results. Double precision Bessel function
algorithme vere unavailable at The Wichita State University. Double
precision algorithms vere vritten for J;(x) and J.(k)."The double
pfecision élgorithm that vas vriften for K( X)) is aescribéd in Appen-
dix C. Finally, the complete program for calculating the time domain
radial magnetic induction, given by (S), may be found in Appendix D.
Figure 6I provides a comparison betveen the measured radial magnetic
induction close to the coil side face of the target, and the predicted
radial magnetic induction on the coil side face of the target (output

from the program in Appendix D).

6.4.3 Axial Magnetic Induction on the Coil Side Face of the Target
The magnetic induction B, on the target next to the coil is
ncalculated by performing an inverse Fourier transform on (22) in

Section 4.4 of Chapter 4. Then

B, (o, ., %) /‘ﬁ-'{”z e, e, H}

’ rﬁ-\{_a—j\_ Sai/(a,)\)w))\é:fo(n\ o\x}

o

vhere V(o, A,w ) ig given by (16) in Section 4.3.1 of Chapter 4. Sub-

stituting (16) from Chapter 4 into the above,
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The similarity between (35) and (B6) is eviaent, even though the order
of the inverse Hankel transforms is different. Beﬁause of this simi-
larity, the algorithms developed to,perform~the quadrature in (S5) wvere
used, vith only evident minor changes necessary,.to perform the quad-
rature in (6). A comparison at several different radii between the
measured axial magnetic induction close to the coil side face of the
target and the calculate§ axial magnetic induction on'the gurface of

the target closest to the coil is shown in Figure 6J.

6.4.4 Magnetic Induction on the Opposite Face of the Target

Although it was not needed in the calculation of the force be-
tveen‘the coil and target, the mégnetic induction on the side of the
target avay from the coil was calculated for comparison with the
measured indﬁctioq close to the same target surface. Section 4.3 in
Chapter 4 derived expressions for the total voltage V, and total
current I, at the junction between the metal line and air line oppo-
site the current sources. These quantities correspond respectively to
the azimuthal electric intensity and the radial magnetic induction on

the surface of the target opposite the coil.
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Inverse Fourier-Hankel transformation similar to that in (S), but
with the integrand corresponding to the current I, given in Section
4.3, yields the radial magnetic induction. Only minor changes are
necessary in the program whose listing appears in Appendix D to calcu-
late the induction. Figure 6K provides a comparison betwveen the
méasured and calculated radial magnetic induction close to andvoh the
target surface avay from the coil. |

Inverge Fourier-Hankel transformation similar to that in (6); but
vith the integrand corresponding to the voltage Q. gi?en in Section
4.3, yields the axial magnetic induction. Figurg 6L shows the compar-
ison betwveen the measured and calculated axial induction close to and

on the target surface avay from the coil.

. 6.5 FORCE VERSUS TIME

It vas shown in Section 4.5 of Chapter 4 that the total force

between the coil and farget is given approximately by
- .
: 2, : 2 ' -
Fo (k) £ I 3 LE?__ (o,r, 1) - B (e,r, -1»\] - de (7)
o A

For use in this integral, radial magnetic iqduction wvas calculated at
5 microsecond intervals at radii .0l inch, .2 inch, and in .2 inch.
increments up to a maximum of 2.0 inch, on the surface of the target
closest to the coil using the aigorithms described in Section 6.4.2.
Axial magnetic induction was also calculated at 5 wicrosecond intér-
vals at radii .01 inch, .1 inch, and in .2 inch increments up to 1.9
inch, on the same target surface using the algorithms described in
Section 6.4.3. Cubic splihe functions vere then fitted to the squares

of the radial variation of these two magnetic fields at times 0, 350,
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{OQ, 150, ..., 900, and 1125, 1400, and 2000 microseconds for use in
performing the quadrature indicated in (7), using an upper l;mit of
1.9 inches. The quadrafure vag done exactly (to the limit of the
machine arithmetic) on the spline function approximations to the
squared fields by integrating the cubic polynomiél form of the spline
function between knots, and using the spline function coefficients in
the result. Appendix E contains a listing of the FORTRAN program for
performing this fofce calculation at t=50 microseconds.

Figure 6M shows the force Qeraus time calculated using this

procedure.

" 6.6 IMPULSE
Equation (23) in Chapter 4, repeated belovw, vas used to calculate
O
o= S Fa @) Ax
o

tﬁe impulse delivered to the target by the coil. A spline function
vas fittéd, vith time as the variable, to thé force calcuiated in
Section 6.5 above. An exact integration was performed on the cubic
polynomials of the spline function betvéen knéts, with fhe result that
the impulse calculated vas .008 lb-sec. This is lover than the .012
lb-sec impulse measured using a ballistic pendulum. It should be
noted that the quadrature of the force integral in (7) above usged an
upper limit of r=1.9 inches instead of infinity. Althouéh the induc-
tion decays as the radius tends to infinity, an unknpvn part of the
force has been ignored by not taking the induction fields at radii

greater than 1.9 inches into account.
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CHAPTER SEVEN

CONCLUSION AND RECOMMENDATIONS FOR FURTHER WORK

7.1 CONCLUSION
7.1.1 Summary

A methodwof modeling the electrical system aspects of a coil and
metal target configuration resembling a practical Electro-Impulse D;-
Icing installation, and a simple circuit for providing energy to the
coil, vas presented. The model was developed in sufficient theoreti-
cal detail to éllov the generation of computer algorithms for the
current in the coil, the magnetic induction on both surfaces of the
. target, the force betveen the coil and tafget, and the-impulse deliv-
Vered to the target. These algorithms vere applied to a specific
prototype EIDI test system for vhich the currenf, magnetic fields near
the target surfaces, and impulse had previously been meésured.

Coil impedance was the first quantity calculated using the algo-
rithmg. Agreement betveen the impedance calculated and the impedance
measured vas seen to be very good for the resistive part, and reason-
able for the reactive part. Despite the simple model used for the
circﬁit providing energy té tﬁe coil, excellent agreement was obtained
betveen the pfedicted aqd measured coil current.

Measured and predicted magnetic induction fields were not di-
rectly compared, due to the fields having been measured close to, but

not on, the target surfaces using spatial averaging methods. The only
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fields calculated vere on the target surfaces, for use in calculation
of the force between the coil and target. Nevertheless, there was
seen to be very reasonable agreement between measured and calculated
magneti; fields. The character of the time variation of these fields
changed considerably with radial distance from the axis, and the
algorithms correctiy predicted these changes{

Calculation of the impulse easily provided the greatest disagree-
ment betyeen a predicted and measured quantity, vith a -33% error in
the calculated impulse. Impulse vas measured using a ballisﬁic.pendu-
lum containing.the metal target, so, for this méasuremgnt, the metal
target.vés novlonger’held rigid vhen the capacitor was discharged -
through the coil. This does not satisfy the model assumption of a
stationary system.. ‘Hovever, the period of the pendulum vas suffic-
iently long that, during the time interval vhen most of the force vas
developed on tﬁe target, negligible motion of the pendulum should
theoreticall} héve occured. ﬁot;on of the farget during the meagure-
ment of the impulée is not felt to be a satisfactory explanation for
the discrepancy betwveen the measured and calculated impulse. It vas
mentioned in Sgctidn 6.6, where the calculation of the impulse vas
described, that the infinite upper limit in the integral yielding the
.theoretical impulse had been replaced vith a finite upper limit for
the purpose of quadrature, thus incurring an unknown error. Our
procedure for quadrature of the impulse integral is felt to be the

most likely source of error in the calculated impulse.

7.1.2 Contributions by the Author
Reference [4] provided most of the basic methods used in this

digsertation in modeling the interaction between the coil and target.
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It vas shown that an error had occured in the Aefinition given in (41
of the characteristic impedance of a Hankel space transmission line,
and the corrected definition vas used in the theoretical development
of the model. For many transmission line calculations, this‘error
does not become evident because impedances occur in ratios (é.g.,'the
voltage and current reflection coefficient calculations in Section
4.3.1).

Reference [4] provided.no method of calculating the axial magnet-
ic induction B,(z,r,t) from the transmission line model. An integralv
solution‘fof this field, in‘terms of the transmission line voltage,
vas derived in Section 4.4. This solution allqved the use of nearly
all of the algorithms developed for the calculation of the radial
magnetic induction B,(z,r,t) in calculating the axial magnetic induc-
tion B, (z,r,t).

The most significant contribution of this vork was the develop-
ment of FORTRAN algorithms for performing the inverse Fourier-Hankel
transformations yielding the induction fields, described in Section
6.4. While the author made no theoretical contributions in developing
thegse algorithms, severél diverse results from the fields of_numerical
analysis and approximation theory had to be applied in concert to
create a vorking algorithm. During this development, an algorithm for
the generation of Struve functions of the first énd second orders vas
developed that, according to a computer search of the literature, is

the most accurate reported.

7.2 RECOMMENDATIONS FOR FUTURE WORK

If the methods developed in this dissertation are to be applic-
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able as design tools for EIDI systems, the algorithms for the calcula-
tion of the magnetic induction fiélds should be made more efficient.
These algorithms, lis@ed in Appendix D, take nearly half an hour of
CPU time on the IBM 370 to calculate either the axial or the radial
magnetic induction versus time at one specific radius. Both the
‘radial and axial components are required, each at eleven different
radii, for the force calculation described in Section 6.5. A minimum
of eleven hours of CfU time is too great for the evaluation of the
force-time.profile of a proposed EIDI configuration. The least desir-
able featgre of the methods presented in this dissertation is the
. inordinate CPU time required for the calculation of thé induction
fields. A sophisticated convérgende acceleration routine could per-
haps be devised specifically for more economic calculatiﬁn of the
induction fields. |

Huﬁah intervention is required to proceed along the Analysis Flow
Diagram of Figﬁre 1 (page 4) invevaluating a specific EIDI system.
Thie is because the outputs from the various programs, rehresented by
such Figﬁre 1 quantities as the coil impedance Z(«w ), the current i(t)
and I(w), are not in the form required as the inputs for the program -
at the next block in Figure 1. A significant amount of design automa?
tion could be accomplished by writing one lﬁng program, using as a
skeleton the programs developed for this dissertation, that vill take
as input the geometry of the coil-target configuration and the circuit
ugsed to provide energy to the coil, and provide as output a fofce-time
profile and the total impulse delivered to the target;

Not all possibilities have been exhausted in the search for an

analytical (or semianalytical) solution to the EIDI design problem.
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Pefturbation techniques have been suggested as a.possible method for
analytical Hankel inversion in the calculation of the magnetic induc-
tion, and should be investigated, as this is the area suffering the
greatest computational expense. Furthermﬁre, analytical solutions (if
gsufficiently simple) are often cépable of providing insight into a

problem not provided by numerical solutions.
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FPPELDIN OF POOR GUALITY

J VAN AN

CURCE CCDE FCi CALCULATILIG
TARCE Il\‘REr\m: DUE TO TAREGET

[7e )]

FILE: FEB21R FORTRAN . :
PROGRAM TC ESTIMATE RCOIL, USING VALUES OF LAMBDA FRCM 0 TO 680.

VALUES OF THE E-FIELD ARE GENERATED DIRECTLY USING THE CODE

FROM THE FILE FEB2 FORTRAN. VALUES OF KPRIME ARE OBTAINED FROM A
SPLINE FUNCTION APPROXIMATION. VALUES OF RCOIL CALCULATED WILL BE
USED IN A NUMERICAL INVERSE FOURIER TRANSFORM TO CALCULATE CIRCUIT
QUANTITIES.

[aNeXziaNsEuRaNaEalala)

INITIALIZE
CCMMCN W
DATA P1/3.14159265/
TWCP[=2. 9P

MAIN PRCGRAM USING QUANCS

[aNa¥a)

A=0.01

U=680.
C PRINT QUTPUT HEADXNGS

WRITE(6,50) A,U )

50 FORMAT(' RESULTS OF NUMERICAL INTEGRATION FROM LAMBDA =*,F4.1,' TO

1',F6.1/)
C GENFRATE FREQUENCIES IN HERT2

NG 10 I=1,4

DC 10 J=1,4
C GENERATE FREQUENCIES IN ALl -2 -4 ~ 7 SEQUENCE

F=10.2%1{

IF(J.EQ.2) F=2,.3F

IF(J.EC.3) F=4.*F

IF{(J.EQ.4) F=T.*F

WaTaCFI*F

FFLERR=].£-8

ABSERR=0,

CALL CUANCB(A,UoABSERR,RELERRRESULT,ERREST, NOFUN FLAG)
C INTEGRATION DONE - OUTYPUT CCIL RESISTANCE CALCULATED

RCOIL=TWOPI®RESULT*1000, )

10 WRITE(641010) F4RCOIL,,ERREST
101C FORMAT{* FREQUENCY= *,F6.045X,*RCOIL= *3FT7.3, " MILLIOHMS!,5X,

LYEPREST= 1,E12.5)

sTCP

END
C
C COPIED SULBRCUTINE QUANCS FOLLOWS

SYBRCUTINE QUANCSB(A,B¢ABSERR,RELERR,RESULT,ERREST NOFUN, FLAG)

REAL FUN, A, B, ABSERR, RELERR, RESULT, ERREST, FLAG

INTEGEFR NGFUN '

REAL WOyinl W2 W3 4ynesAPFAXO,FO,STONE,STEP COR11,TEMP

RFAL CPREV,QNOW,QDIFF,QLEFT,ESTERR,TOLERR

PEAL CRIGHTI{31),F(16),X116),FSAVE(B,30),XSAVELB,30)

INTEGFR LEVMIN,LEVMAX LEVOUT ¢ NCMAXy NUFINSLEV I NIM, T,

LEVVIA 1

LEVMAX 30

LEVCUT 6

NC¥AX = 5060

Wowon

72
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’ ORIGINAL PAGE IS

OF POOR QUALITY

25

30

15

50

52

55

60

NOF TN = NCMAX ~ B¢ [LEVMAX-LEVOUT+2%s(LEVOUT+1))
W3 = 3956.0/14175.0

Wl = 23552.0/14175.0

w2 = =3712.0/14175,0

W2 41984.0/141175.0
W ~18160.0/14175.0
FLAG = 0.0

CESULT = 0,0

crcell = 0.0

ERPESY = 0.0

AREA = 0.0

NCFUN = 0

1F{A.EC.B) RETURN
LFV = 0 °

NIM =)

X0 = A

X{i16) = 8

QPREV = 0.0

FO = FUNIXO0)

STONE = (B-A)/16.0

x(a) (X0 + X(161)/72.0
X{4) (X0 + X(8))/72.0
X{12) = (X{8) + X{16))/2.0
X(2) = (X0 #X{64})/2.0

X{e) = (x{a) ¢ X(8))/2.0
X{10) = (X(8) + X{12))/2.0
X{la) = (X112) + X{1&6))/72.0

(]

DC 25 J = 241642
FL{J) = FUNIX(J))
CTMTINUE
NOFUN = QG
X{1) = (X0 ¢ X{2)}72.0
FO1) = FUN(X(1))
CO 35 4 = 3,15,2
X{J} = (X(J-1] + X(J¢1))72.0
FLJ) = FUNIX(J))
CONTINUE
NOFUN = NQFUN + 8
STEP = (X(l6) = XC)/16.0

QUEFT = (WO®{FO + F(B1) + WL=2(F(1) ¢F(T)) ¢ W2e(F(2) +F(6))
1 +wW3%(F(3) + FI(5)) + WesF{4))eSTEP
QRIGHTILEVH1)=(WOr(F(B)+F(16))ewlslF(9)+F(15))}+w2*(F(10)¢F(1l4))
1 +W3s(FULL)*F(13))enosr(12))¢STEP

CMOw = CLEFT ¢ ORIGHT(LEV+]1)

CDIFF = QNOw - QPREV

AR=A = AKEA + QDIFF

ESTERR = ABS(QCIFf)/1023.0

TCLERR = AMAXI{ASSFRR,RELERR*ABS(AREA}IS(STFP/STONF)
IF(LEVL.LT JLEVMIN) GO T0 S0

IF(LEV.GELLEVMAXT GO T 62

TFINOFUNLGT .NOF IN) GC TC 60

TIFITSTERKLFLTOLERR) GO TO 70

NIv = 23N[M

LFV = LFV +]

13 %21 = 1, R

FSAVE(I.LEV)
XSAVE(I.LEV)
CCNT INJE
QPREV = QLEFT
00 55 [ = 1,
3= -1
Fl2sJ+18)
X(2+J+18)
CONT INVE
Gn TG 30
NOFIN = 2*NOFIN
LEVMAX=LEVOUT
FLAG=FLAG+(B-X01/(8-4)
G TC 70

F(l+8)
X{([+81)

[+

Fli+9)
X{J49)

[T ]
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70

T2

15

78

80

10

.20

32

74

ORIGINAL PAG

: E Is
=FLAG+]. OF Poo

;lE.QLGJL’T:::ESLlJL?K)NOH R QUALITY

ERREST=ERREST+ESTERK
CCR11=COR11+QDIFF/1023.0
IFINIVM.EQ.2*(NIM/2)) GD TO 75
NIM= NIM/2 .

LEV = LEV-1l

GO T1C 712

NIM = NIM + |

IF(LEV.LE.O} CO TO 80

CPREV = QRIGHTI(LEV)

X0 = X{1l¢)
FO = F(l6)
D0 7181 =1,y 8
F{2+1) = FSAVE(I,LEV)
X(2%1) = XSAVE{(L,LEV])
CCNT IKUE
G0 TC 30

RESULT = RESULT + COR11
JFIERREST.EQ.0.0) RETURN

TEMP = ABSIRESULT) ¢ ERREST
IFITEMP.NE.ABSI(FESULT)) RETURN
ERREST = 2,0%EPREST

GCL TC 82

END

C COPIFD SUBPROGRAM SEVAL FOLLOWS

REAL FUNCTION SEVALINsU+X,Y,8,C,D)
REAL Ly X(N),YIN),BIN),CIN),D(N)
DATA 1/1/

IF(T.CE.N) I=1

IFtULLT.X{I)} GOTG 10
IF(ULLELXTTI+1)) GOYCL 30

I=1

J=N+1

K=t1+J)/2

IFILULTXIK) ) J=K

T1FIULCELXI{K)) T=K

IF{J.CT.i+1) GCTD 20

nx=y=-x{1)

SEVAL=Y( ] )+DX2(B(1)+DXs(C(I)+NX2D(]}))

RETURN
END

C- SUBPROGRAM FUN(LAMB) TG EVALUATE THE INTEGRAND FOR QUANCS

FUNCTION FUNILAMB)
REAL LAMB,KPRI,MUC/12. 56637E =7/, LAHBDA(48).KPRIHE(%S)'B(Qﬂ) Clag),

10t48)

COMMCN W
COMPLEX CMPLX,CSQRT ,CEXP,ZPDZAyINy2ZXDZAyRHOTyHyE9T1yHR2,HRO4CCyCGy

18C+8GsAC)AGy ZAy ZASQ,E24ELsE3,H3,EPQ,HRL

DATA SIGMA/1.74E7/,HD37.00159/,G/.002787,00/. 0008128/.1FLAG/1/

‘C  REALD IN SPLINE INTERPOLATICN DATA FROM FILE KPSPL COEFF
C FIRST CHFCK TO SEE IF COEFFICIENTS ALREADY READ

1
1000

IFUIFLAG.NEL]1) GOTO 10

DO 1 I=1,48

REAC(2,10C0) LAMBDA(l).KPRIME(l).B(l)qC(X) o(n) *
FORMAT(F6.1l44(1X4EL5.61)

C FIPST, EVALUATE THE PEAL AND IMAGINARY PARTS OF THE E-FIELDS REQUIRFD
C FOR THE INTEGRATICN - USES CODE FROM FILE FEB2 FORTRAN
C FOLLOW STEPS QUTLINED IN "METHOD®

10

IF(LAYB.EQ.O.) LAMB=1.E-20
ZPDIA=(1¢90.)/CSQRT(CMPLX(L. yWeMUOSSIGMA/ (LAMB*LAMB) )
T=EXP{~-LAMB*HD3)

INSCMPLXUIT*T+T+1)*EXP(-LAMB*G),0.)
RHOT=((1.+0.)-2PDZA)/(11.,0.)42PDZA)
T1=RHCT*LEXPICMPLX(~2.%LAMB%DD,0.)/ZPDZA)
IXCZA=({1.+0.)+T1)%2PDZA/((1.,0.)-T1)
HA3=IN/{({1l.40.)42X02A)

ZA=CMOLX{ Q. WesMUO/LAMB)

E3=H3*2xXDZA*ZA



EVALUATE KPRI USING THE S°LlNE

75

CALCULATE EP2

T=EXP(LAMB®G)
AG=CMPLX((T+1./T)/2.,0.)
BG=CMPLX({T=1e/T)/2.,0.)5%2A
1ASQ=24a%74A

CG=8G/2ASGC

E2=AG*E 3+BG*h3
HR2=(CCsE3+AGH3
EP2R=REAL(E2)
EP21=8IMAG(E2)}

CALCULATE EPL

T=EXP{LAMB=HD3)
AC=CPPLX{(T+1a/T)/24,40.)
BC=CMPLX((T-1./T)/2.90.)22A
CC=8C/745C
El1=sAC2E2+BC*(HR2-114+0,1)
HK1=COCPE2+AC? (HR2-(1 440, ))
EP1R=REALIEL)
EPLI=ALIMAG(EL)

CALCULATE EPO

EPO=ACSE] +BC3(HP1-{1.40.))

EP2R=FEAL(EPO}

EPQOI=AIMAGI(EPQ)

INTERPOLATION
KPRI=SEVAL{48,LAMEL,,LAMBOA+KPRIME ,B,(,0)

NOW EVALUATE THE INTEGRAND AND RETURN

FUNSLAMB=KPRI*KPRI®{EP2R+EPLR+EPOR)
I€LAG=2

RETURN
END

RESULTS OF NUMERICAL INTEGRATION FROM LAMBDA =
FREQUENCY= 10. RCOIL=  0.004 MILLIOHMS
FREQUENCY= 20, RCOTL=  0.017 MILLIOHYS
FREQUENCY= 40, RCOIL=  0.068 MILLIOHMS
FREQUENCY= 70. RCOIL=  0.207 MILLIOHMS
FREQUENCY=  100.. RCOIL=  0.418 MILLIOHMS
FREQUENCY=  200. RCOIL= - 1.589 MILLIOHMS
FREQUENCY=  400. RCOIL=  5.592 MILLIOHYS
FREQUENCY= 700, RCOIL= 13,841 MILLIOHMS
FREQUENCY= 1000, RCOIL= 22.783 MILLIOHMS
FREQUENCY= 2000, RCOIL= 47,373 MILLIOHMS
FREQUENCY= 4000, RCOIL=  70.588 MILLIOHYS
FREQUENCY=  7000. RCOIL= 81.442 MILLIOHMS
FREQUENCY= 10000. RCOIL=  85.525 MILLIOHMS
FREQUENCY= 20000. RCOIL= 92.622 MILLIOHMS
FREQUENCY= 40000. RCOIL= 109.270 MILLIOHMS
FPEQUENCY= 70000. RCOIL= 142.962 MILLIOHMS

0.0

TO 680.0

ERREST=
ERREST=
ERREST=
ERREST=
ERREST=
ERREST=
ERREST=
ERREST=
ERREST=
ERREST=
ERREST=
ERREST=
ERREST=
ERREST=
ERREST=
ERPREST=

0.96085F-13
0.11895€-11
0.14812F-11
0.16755€-10
0.23993€-10

.0.30565E-09

0.38682E-09
0.34003€-09
0.33792E-09
0.52783F-08
0.41543E-C8
0.58640E-08
0.64146E-08
0.39609€-08
0.49584E-08

"0.66945€-08
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APPENDIX C

CALCULATION OF K‘( )

The function ve have called K’CX\) arises frdm the transformation

of real space current discs into Hankel space. By definition,

30

R
\('()\ = 3(Q 3 S % T,(Xx\ Ax | ' ‘ ‘(l)

Straightforvard quadrature of (1) using the Newvton-Cotes algorithm
QUANC8 was initially performed for generating values of K°CA) for use
in approximating K°CX) with a cubic spline function, Thig provided
sufficient éccuracy for use in numerical calculation of coil imped-
ance, as described in Section 6.2. Attempts at calculating the radial
mégnetic ipduction usfﬁg thise spliné function approximétion for K'(\)
vere a tbtal failure. This appendix describes a pfocedure for calcu-
lating the function K'(>\5 that is accurate to 14 digits wvhen imple-
mented in double precision FORTRAN on an IBM 370.
The integral in (1) can be evaluated in‘closed form in terms of

named special functions. Change variables,

Ax = 4> dx = AS/A

x =R D 94 =

X = ‘24 = 3 = X 2

so that (1) becomes

2 4
OV = o E + T 5E

79
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A2,
KA = 'ra‘-a —;Ti j %jl(é) A‘d ()

2 v 2R

From reference [18],
jjn‘é\%da = TR (T Ry - ATy )

vhere Ho (x) and H, (x) are Struve functions of orders O and 1 respec-
tively (181, (191, and J,(x) and J, (x) are Bessel functions of the
first kind of orders Q and 1 respectively. Using this result in (2)

yields
e,

(2)

S | '
KO = F(—R_%:—TE:Y [3'.(3\90(3\ - l—\,lg\:rola)] 3=>~K

t
In order to use this result, double precision algorithms for generat?
ing the Bessel and Struve functions must be available. Double preci-
sion Bessei functions are readily availabLe, but Struve functions are
not. A computer search of the literature resulted in a reference to’a
Naval Research Laboratory report that contained FORTRAN source code
fof generating integer ordef Struve functions vith positive arquments
[36). We vere unable to make use of this code because it used subrou-
tines to which we did not ﬁave access.

For several years, méthematicians have been avare of the desira-
bility of using truncated Jacobi series of Chebyshev polynbmials for
numerical approximation of various special functions [37], [38]. Luke

{371 provides coefficients b, and c, for ChebysheQ series expansions

x & .

M) = 5 = b T (%), il s
o0

Hed - BT (3) , ixies
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vhere T..(x) is a Chebyshev  polynomial of the first kind of order 2n.
All coefficients having magnitudes greater than 10-%° are given,
alloving generation of Ho (x) and H; (x) with 20 decimal digit accuracy
for arguments whose magnitude is-less than 8 (391. Using'ihe identity

Taal(x) = T, (2x%-1)

and retaining.suffidient terms for 15 digit accuracy, these series

expansions become

14

o) _ 58_.“% b T, {a(%)l_ !] ’ Ix! £ % (4)
. ‘4 .. ‘ .
H, (x) & :{.O T, [a (%)1- l] o, ixl £ € o (s)

Then for arguments A such that AR, < 8, the expression on the right

hand side of (3) is evaluated using (4) and (S). Chebyshev polyno-
mials are evaluated in double precision arifhmetic using the subrou-
tine DCNPS from the NASA Levis Research Analysis Cenfer Softvare
Library [40]f

Luke also lists coéfficients dsa and e. for the series

' a '
l—lo(x\ - Yo(%\ = o‘,;%( Z An_r;ln (’?Z) \ X

n=0 z g
. 2 £ ¥
H6) - Y & & 'E'o e, Ta, (;) , *xz8

for 15 digit accuracy. The functions Y, (x) and Y, (x) are Bessel func-
tions of the second kind of orders O and 1 respectively. Rather than
ugse these series directly to evaluate H, (x) and H: (x) for arguments

greater than 8, some simplification is possible. Writing
\

:
M) 2 20 = AT, (£)+06) 2 A6+ Y0
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G 2 2 e T [E) 4 Yi6) 2 A6+ Y )

and substituting these expressions for Ho (x) and H, (x) into the ex-
pression J, (x)Ho (x)-H, (x)Jo (X) appearing in (3), and suppressing the
argument X, ve have

JlHo - H;Jo = Jg (Ao+Yo ) - [A\ ’Y| ]Jo

JiAo = AyJo + JiYe - Y. J0

JiAo - At Jo +

K

using a vell known property of the Wronskian of Bessel functions of
the first and second kinds (18]. Thus, the expression on the right

hand side of (3) can be written as

S . a
——3— [ 71 (4) - A ——-:)
)\z(mz _re') { ! 3\ Aa 5\ 1(2\ J_o(a\ 4+ m_,a
vhen it is to be evaluated at én argument y = AR. > 8.
’Using these results, K’(X\) can be evaluated from (3) for non-

negative values of the argument to at least 14 digit acéuracy.
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ORIGINAL PAGE ‘1S
O POOR QUALITY HPPEHDIX ©

FORTRAH SOURCE CODE FCR Ch CULATZEG
RADIAL TIME DCHALN FAGHETIC IHDUCTION
Gii Thz COIL SIDE SURFACE OF THE TARCET

FILE: WaYR2 FOATRAN Vie3

PIRIAM TU CALCULATF THe 24Dral CNOMPANENT OF THE MAGNETIC INDUCTION
AT fHE COLL SIDE FACE gF THE S5KINy AT A RANIAL DISTANCE RINCH
FIOM THr CUIL AXISe ANAPTED FA(IM SIOURCE.AUB2 V1ed BROUGHT TO wWSU
FANY NASS LEwWlS AUGUST 35,

B ] CAUTION B3 44
DARNRAY SHOULD HAVE CIYENSION NARRAY, AND DHINTL S5HOULD HAVE
DIMENSION NINTL. I[N THE FUNCTIONS DFCT(I) AND DFUN(DX), DARRAY
SHUULD MAVE DJDIMINSIUON NAIRAYe NARIAYS1I=NINTL
[N SDDITIONy THE ARRAY [ERFLG SHOULD BE OIMCNSIAONED AS
IERFLH( 24,77 NARRAY) .
T CAUTION SurS:
Viel =~ ADDED THE AJMILITY TO STORE AND PRINT THE FLAGS ASSOCIATED
WITH EACH INDIVIDUAL GAUSSIAN QUADRATURE.
V1e2 ~ CHANSED ABSOLUTE AND RELATIVE ERROR REQUESTS TO leD-12 IN
INVELASE HANXKEL TRANSFORM QUADRATURE.
CHANSED PRINTY FOAMAYTS TO ALLOW SPOOLING QUTPUT TO MY READER.
Vie3 <~ ANDDED QUTER LOOPING A3TLITY TO CALCULATE MAGNETIC INTENSITY
AT SEVERAL RADITI.
[P ICIT REALES (D)
COMPLEX CURR(TT)yCUANTZCFHR{1024),CMUD/(125663TE=-T,0.)/
REALST3 DARAAY(100) o DHINTL(LOL) yDHRAQ(TTIHyOHIRO(TT)
REALTG DELTA :
QEAL MONTH/*JAN */4,DAY/Y 14 */4yVERS/'V1e30/
ACBL WMEGA(TT)yHRAOCTT)gHIRO(TT) gHRSB(TT) o HRSC(TT),
EHASD(TT) yHISBUTT)gHISC(TT) dHISD(TT) yRINCH/21/
INTEGFR TFRERAFLG(2977,100)
DATA NAPRAV/I0G/4NINTL/101/
EXTELNAL DFYN,DFCT
CCOMMIN DA2AAY S CURNT s [TFUN,R » TWOPILF
MLICK 1 - RYAD CUIL CURRENT SPECTRUM (STEP T) (POSITIVE FREQUENCIES
ONLY) FROM FILE CU auspec DATA (LOGICAL DEVICE S)e.
FASQUENCIES ARE STORED IN OMEGA(I) WITH THE CORRESPONDING
CURARENT SPECTIAL VALUE IN CURR(I).
ACAD CUPIENT SPECTRUM (HEADINGS HMAVE BEEN REMOVED FROM THE FILE
CURISPEC NDarva) . i
N) 19 [=1,77
10 READ (5,1000) OMEGA(I),CURR(T)
1000 FOMMAT(T19,F12e59T369F13e59T519€E1365)
QUTER L1OP 10 CONTROL RADIUS AT WHICH MAGNETIC INDUCTION IS
caLcuLaren

NJ 39 T93DU5=16H42042

AINCH=FLOAT(I~ADUS) /1D
£XPAESS R IN 4=reas
EPEEE

2

ek -  CBLCULATE [%NVT2SE MHANKEL TRANSFN2Y OF THE MAGNETIC
INTENSITY. THIS I3 DNNE AT EACH OF THF DIFFERENT
FREQUENCIZS OMEGA(TI)y I=19290eeg?Te THE FREQUENCY
NMEGA [S PASSED Ti) THF SUKRPROGRAM FUN THRU THE COMMON
VAITARLE TWJOPIFe THE COMPLEX VALUE OF THE CURRENT
S CTRUM AT THIS FREJUENCY IS PASSEN TN FUN THRU THE
CNMMON VA2 TAALE CURNT.
CALCULATE THE EALTA AIRAY (JF UPPFI AND LOWFR INTERRATION LIMITS
USED IN FURMING THE SEQUINCE (OF MAGNFTIC INTENSIT(ES
DSTEP=1DD0
DD 1 1=1,NINTL
1 OHINTL(I)=DFLOAT(LI-1)=DSTEP

83
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B4

PAINT wMAIADINGS

WAITi{hy30)N) VEAIS,MONTH, DAY, DHINTL(NINTL)

9007 FJIMAT(Y LIUTPUT Fatlm unuG: FORTAAN *4AbLe10X,0ke84y/s? UPPER [NVE
238 MANKEL TRANSFQO2ZM INTEGIATION LIMIT = *4,D13.3//)
WRITL(6Hy001) PINCH.’[VCH

9011 FOIMAT (' FREQUENCY RAL PART (OF MAGNETIC INYEVSITV°'T57z'IHAG Pa
=AY NF MAGNETIC INTENSITYS,/,° (HERTI)*T20,*H(R=*,F3.1,%,F)*,T 138
TgOIER NYsThlg OH{R=?yFlely*yF)?,T31,IFR N°)

HESINNING OF “aIN LOQP rn CALCULATE INVERSE HANKEL TRANSFQORM avT 77

DIFFERENT FREQUENCIES
DO 900 IMAIN=1,77
TW3PIF=QMESA(IMAIN)
CURNT=CUAR(IMAIN)
CALEgLATF HEAL PART (OF HRA(R,TWOPLF)
UN=1

FO1™M THE STQUENCE OF PARTIAL [NVEARSE HANKEL TRANSFORMS BY INTEGRATING
RETWEEN LAMABA SU3(I) AND LAMADA SUB(Iel), FOR [=1 TO NARRAY (THESE
LIMITS aR: IN YHE anray DHINTL).

SET P ANSHLUYTE AND RELATIVE JUANRATYRE ERROR 2EQUESTS

DAHS§.€=I.B-12 )
DAER=1eN=-12

INIVIRLIJE TH: VAR[ARLS USED FO ACCUMULATE THE RESULTS OF THE

NUMERTCAL INTEGRATIUN OVER EACH LAMAIDA SUB-RANGEe
DINT2=0.00
N0 2 [=1,NARRAY

FOI™M THE LOWE? AND UPPER INTEGARATION LIMITS
DA=DHINTL( 1) )
DB=DHINTL(Te1) ' .

INTEGRATE (THESE VALUES AZE PASSED YO THE FUNCTION DFCT THRU COMMON).
AESULT GF THE INTEGRATINN IS STOIFED IN DARRAY(I) FOR FUTURE USE IN
THE EULS? CONVERGENCE ACCELERATION ALGORITHM DTEUL.

CALL 35AUS5(DA DHeyDFUNIDRERyDARSERs DARRAY(L )y DERRYIER)
STAORE an?v ;LAG y=1ER .
[ERFLG(L,IMAIN,I)=

NOW UM THZ INTEGRALS #0R COMPARISION WITH THE ACCELERATED SUM TO
AS CALCHLATED [N SUIRODUTINE DTEUL.

2 DINTI=NINTAeDARAAY( L)

NilW USE THE fyYLER CONVAAGENCE ACCELFRATION ROUTINE TO BEST ESTIMATE
THE REAL PAAT (OF THE TAOTIL [NVIISE HAOANKESL TIANSFO2Y AT THE
FIEJUENCY TWNPIF,.

CALL OTEUL(OFCToNSUMR I NARTAYy Llebm1%g [FRTHNL)
DHARD( IMAIN) =DSUMR
HAAN(TMAIN) =SNGL(D5UM2)
CALCULATE T4A5INARY 83T OF HA(R,,TINPIFY
[FUNz2
QM THE SSQUSENCE OF PAXTIAL INVARSE HANKEL TRANSFURMS RY INTEGRATING
ASTWEEN LAMHOA SUS(L) ANDJ LAM3DA SUAR(I¢Ll)y FO? [=1 TO NARRAY (THESE
LIMITS &2c T4 THE AR2AY DHINTL) . :
[NTTIALITE THZ VARLARLE USED TT ACCUMULATE THE RESULTS OF THE
MUMERTCAL INTEGRATION QVER SaCH LAMBDA SUB-RANGES.- .
NINTIz0.00 :
DO 3 [=1l,Na’2av

FUAM THF LOWEY AND UPPER INTEZRATION LIMITS
DAa=DHINTL(L)

© DBzDMINTL([e}l)

INTEGRATE (THESE VALUES AXE PASSED TO THE FUNCTION DFCT THRU COMMIN).
AFSYLT OF THE INTEGRATION IS STO2ED IN DARRAY([) FOR FUTURE USE IN
THE EULZI CONVERGENCE ACCELEZATION ALGORITHM DFEUL.

CALL GAUSS(DA4DBeSUNDRER,DANSER,DARRAY(L)9DERRyIER)

SYIRE ERNRANT FLAG

) TERFLI(24IMAINyI)=ICR

NOW SUM THE INTEGRALS FOR COMPARISION WITH THE ACCFLERATED SUM TQ
g CALCULAYTED IN SURPDUTINE JOTEfUL. ’

3 DINVI=DINTI+DARRAY(I)

NOW USE THE FULFR CONVERGENCE ACCELERATION ROUTINE TO BEST ESTIvATE
THE REAL PASY OF THE TOTAL [NVEQISE HANKEL TRANSFORM AT THE
FAEQUANCY TWOPIF .

CALL OTEUL(GFCToCSUYI ¢NARIAY 3 1E-149IERIHYNT)
DRAIAC{IvATIN)=DSUMT

HIAN(IMAIN)=SNGL(TSUNMT)
F=nNMIGLA(IMAIN)/5«2A 3185

N0 WRITE(ny 3010) FyDOH20(IMALIY) 9 [FR? ¢yNR 4DHIPO(IMAIND y IERIZNI4yDINTR,

“DINTI
010 FORMATCTU g FTe0yTluel(N23elbe2X s lle2Xyl3912X)¢/eT10%5UM=*,D2341h,
TS5 340300 D231k e/)
CND OF LEVELNPMENT STAGE CODE
qLuUcK 3 - FNAM HR(R,NTDELTAW) NEEDED FOR IDFT. USE SPLINE FUNCTION
INTERPPNLATINN ON THE RESULTS OF BLOCK 2.
NSPL=T?

EUIM SPLINE CIUFRFF ICTENTS FOR THE Real PARY (OF HR(ARLQ)
CALL SPLINC(NSPLINMEGAHRRNGHA 5B ¢HASL ¢HRSD)
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88 OF pong | AGE s
OQUALITY
NOURL: PAFCISTINON FURCTION nkoaLK(SLHB.A)

SUAPRIIGIAY TN CVALUATE THE FUNCTINN «PRIME(LAMADA), THE ARGUMENT
DLMADA ST A+ AfaLa, USEG THI IESULT THAT THE ANTINERIVATIVE
ne Ji(x) = x 1S £JuaL Tn

Pl = X = (JL(X) & WO(X) - HL1(X) & JD(x)) /7 2
Fi) A2,yMe TS DLMUDAEAX oL Fe 4y THe DIFFEARENCE IS FVALUATED
DIRECTLY. FOR LLMIDATRX oGTe By SOME SIMPLIFICATION [S
UTTILIZEY (SEE THE PAMEZI DATEN JULY 23)e.
REF L HILHER fﬂAﬂSC’JOEVYAL FUNCTTIONS"™,y VOLS 29 Pe 39,
EQUATINN (3) WITH Nu=l
FEQUIRES FUNCTIUN SURPRAGRAMS NHOLK(DX)y OHILK(DX),DA0OSM(DX),
DAaLISM(DX)y AND THE REAL=A IMSL SUBRRQUTINE “MARSJUN.
MADIFIED SEPT 19 AS AT W3Y T FEPLACTE MMBSJUN WITH MY E.Pe FUNCTINNS
DJOLK &0 DJLILK.
TP ICYIT AaragsA (D) )
UEﬂ%ﬂi NPT/ 361159269393979/9DR1/e203175SD0/20R2/ 025600/ ,0J4U(2),
spJIL(l)
narta [(sLAG/=-1/
CHECK T ST F & QUTIHT HAS ASFEN CALLFD REFOAC
IF (I7LGG «NFe =1) 507N 10
Nl PREVIUS CagL - PF°FUJ“ INITIALIZATION
DCAONST=3.00=DPTI/(D22=-D41)
’LS?; ZLAC 30 INITVIALIZATINN WON'T BFE PERFORMED AGAILIN
LA ==-]
CALCULATE wpu IME(LAMADA)
10 OKPRLK=TD D)
CHECK T St [F n40uwsut =
IFCOLRANA oEQa «N2) RE YUJN

MEGIN DY FJ2MING JP°‘9 AMD LIJWER IMNTEGRATION LIMITS
DU=DA2=RLMIIDA
DL=DRPIEDLMANA

FOAM BESSFL FUNCTIOGNS OF THE FIAST KIND AT THE UPPER AND LGOWER

INTEGRATION LIMITS
DIV(L)=DJ40LK(DUY)
NAU(2) =1Lk (DU)
NJL(l)=0u0ux(DL)
DIL(2)=UI1Lx(oL) .

FNIM DIFFERENCE AT THE UPPER IMTELRA2ATION LIMIT

NECIUT WHICH TECHNIQUS T yYSE T svaruaTe JL{nu)=-a(DuY-H1(0uISID(DU)
IF (DU «GTa 8.00) 50T 20
nl;Fu:DJu(a):uHOLK(ﬂu)-nHLLK(wu),nJu(l)
5370 3G

2) DIFFU=DIUC2)ITNANSM(IUI=-NALSM(DY)I=DJIU(Ll) & 2.D2/(DPI=DU)

FOM DIFFS2EMNCE AT THE LOWEA INTEGRATIUN LIMIT
NECIDE WHICH fECHN[QUé_TO USE TO SVALUATE JL1(DLIZHI(DLI=-HLI(DL)IZ=UN(DL)
10 IF (DL «GTe B8.092) G0T0 60

2%;‘L§8JL(2)7FHOLK(0L) OHLLX (DL )ISDJL(L)
0T 5

Y DIFFL=0JL(?2)S0A0SM(NL)=~-DALSM(DL)ISDJIL(L) + 2.D0/(DPTSDL)
TVALUATE KPAIME

30 NKPRULK=DCINSTS(DR2=0IFEY=-DAL=DIFFL)/DLMBDA

RETUYLN
END .
FUNCTINN OHOLK(DX)

nNNYLE PRECISINN SURPRIOGRAM T S£VALUATE .THE STRUVE FUNCTIQN OF
NANER 2¢AQ FNI DQURALE PRECISINON ARGUMENTS DX oLE€e 8 USING A
SUMMAT {IN OF WEIGHTED CHSRBYSHEYV POLYNOMIALS.

REQUIRFES THSE SUBRQUTINE NDCNPS (NASA LEWIS COMPUTER LIARARY) TO
Fn2mM aND SuM THE POLYNQOMLIALS.
ACF S ®THE SPCcCIAlL FUNCTIONS AMND THEIR APPROXIMATINNS™,
VidLe 29 Pa 370, RBY YUDFLL LUKES.
IMPLICIT RfaLza (D)
2EAL=A AR{LHD)/1.002158636097129-153969292681309,1.502369396148293,
T=e724851153021218918953532737109314-030A7052022984,
233705351067 37S1940 ~59=26e9355016312020-5¢1leb53T746169261230-5,
2-TR24,660890825400-104302415931831530~-109-9.63266044950-10,
2425733370890 -10,-539%92539649D-15911.58332D-15/
CHECK FUR ARGUMENT OUT OF RANGE
[F(DARS(DX) eGTe 8.00) RETUPN
FQIM THE RAAGUMENT FOR THE CHERYSHEV POLVNOHIQLS
DXDB=DX/8e00
NARG=2.(1020XD8S0X08-1.00
SUY THE POLYNOUMIALS
CALL NCNPS(UHOLKsDAYG9Rye17439)
CAWPLETE Tue CVALUYATIONN AND RETURN
DHOLX =DHQLK:=0X DA
13 RETYRY

ORiausy
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SURINYTTHE DCNPS(Y Xy CoyNyp=)
DIVMOSE C(N
B TSIV IR "’LCISI']'J CoYeXoHOgHL gHDy ARG

DIMENSTON
«HTe LeD2)RETYRIL

A oy o
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X) ) .
URPRNGRAMN T EVALUATE THE STRUVE FUNCTION NF
BLE PRECISINN APGUMENTS DX «LEe 8 USING A
WEIGHTED CHEBYSHEV POLYNOMIALS.

THE SUBRDUTINE DgN:S (NASA LEWIS COMPUTER LIBRARV) 10
L
INS
Yyn

O CepBIIT WV

P4
2mno
Nz
e .
wnwe
UH:
e
UZF
o X
el
=

LCEeDTNWNUXIIIrO
c
n

—_-pLMZO-0N W 2

S Ml T
wo

P U—

N Su4 THE PNLYNOMI
THE SPECIAL FUNCTIC AND THEIR APPROXIMATIONS®,
Ll LUKE.

T
TLe 29 Po 37D, BRY

it <

&

"10'

CH=LN

A3 698,-16337

32 3993740~-5, .
96D0=S9=314209952936117D-5,
D~ 13314707050

S5 15/

BRI R R

n 0
LM le | o Lo
-y s U NN

2 I
A
X MXe mSwmi

X Q= NI PR
COWITMErONrT
NZNeCHDNNDEO=U
AOD I Bl Ll NN

QOXXOM LENRONwD
Terad 20 MOODENT

DR =2 I Owde @

NXDELC LT O LrN~
o

37 RETURN
END
FUNCTIONM DJOS“(DX)
UOURLE PRFCISION SURPRIGRAM T FVALUATE THE SUMMATION ASSOCIATED

WITH THE STAayYveE FUNCTION OF DRDER ZERQ FOR DOUBLE PRECISIGN ARGU-
MENTS DX «GEFs A USING A SUMMATION OF WEIGHYED CHEBYSHEY POLYNOMIALS.

AEQUIARES THF SURRNUTINE OCNPS (NASA LEWIS COMPUTER LIBRARY) 7O
FORM AND SUM THE POLYNOMIALS.
RIF S UTHF SPECIAL FUNCTINONS AND THEIR APPROXIMATIONS®™,

VOLe. 2y Pe 3171, RY YUDRELL LUKE.

IMPLICTIT REALETA (D)

REALSY D(20)/e9923372757642399-696+8912311386250-5,
T13.20510373703710-5,-1063258252844160-5998319.32942865250-10,
2122367605644 3TTND=10418%7.640833118D-10y-34¢43583225604D-10,
27,1119°1517110-10,-1.6232T6%137D0-10y.40656807280~-10,

By 1318067940 -109 312060524 30=159-9420207D=-1592984479347D~15
2380726160159 33e337120-159-12.07980-15¢44e438210-159-167859D-15/
REALE] DPIN2/1eST73790324T969/
CHCK FOR ARGUMENT QuUT OF RaNsF
IF(DAAS(DX) «LTe ANC) ACTyPM
ENIM THE LAGUMENT FOR THE CHi-dYSHEY POLYNOMIALS
D80X=3.00/02X
. DARG=2.NONDADIXDADX~1600
SUM THE POLYNDMIALS
caLL nCN?S(DAOS* UDBI590420999)
COMPLETS: THE ;VALUAYIWN AND ETURM
NAQOSM=DAQSM/(DPID250X)
99 RETURN
END

9581252009,
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BYSHEV POLYNOMIALS.

ORIGINAL PAGE s
OF POOR QUALITY

(ONFE FOR? DOYALE PRECISION ARGU-

90
(NASAa LEWIS CO“PUYTER LIBRARY)
TYHE SPECTAL FUNCTIANS AND THEIR APPROXIMATIONS®,

v DER
UMeAT TN UF WEIGHTED CH

OF
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RY vyuDSLL LUKE.

POLYNOMIALS.

3 UsSING A
THE SUBROUTINE DCNPS
571,

AND SuUM THE
PC

ATAUVE FUNCTION
2y
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1

FUNCTION DALSM(DX)
HOyALE PRECISTAN Suyaeeanram T EVALUATE THE SyMvaTIaN ASSOCIATED
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SUM THE POLYNIMIALS FOR PL
CALL DCUPS(DPyDARLYyDP Ly
QW THE POLYNOMIALS €Nd Q1
CALL DCUPS5(03,40a35,001
DAz anx
NI THE ASYMETATIC EXPRFESS
DJILLK=(DCONSTS(DPENCOS(D
RETYRN
FND
NOUBL. PAECISIAON FUNCTIAON 0JOLK(DX
NOURLE PAFCISION SURPIYGRAM Ti EVALUA
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15)
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X
S
X
5
m
X

ez

3PID4)-DQTDSTIN(DX~-03PID4)))/DSQRT(DX)
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CALL DCNP
SUM THE POLYN
CALL NCNPS(
NQ=p=DaNX
NOW FORM OSYMP
pICLK=(DCNN
AETYAN
FND
JaudLs PRFC
FUNMCTION TO &V
FLELD INTENST
INVEASE HANKE
AND LAMADA Sy

C aePaQX

(x) .
NPLDCOS( DSINCOX=DPIDG))I)}/DSQRT(DX)

INOIVIyaL Te2Ms [N THE AIES OF MAGNETTC
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MRDA SUR(T)

MCTYIOM SFRCT(L)
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AEALT3 DAIHdA
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PATA D5W32/«TC1AK1ITI0GTOLND=29016274396¢73390570-1,
Te2%3256530920210-190 3027332913021 4D~190423353498022226T70~1,
“e3091305920237920-1 45658636 )936TA53550-149e55R2222277636180~-1,
ZeT2365T 101 YANGAIS -1, TALIIAISTRBTOTO3D-19e433119262269668D-1
2eBTANINT800446I330-1,4911788735957639D-14.7384439903080460-1
$.0351i720ﬁ7ﬁ27390—1,.anuﬂﬂ%ASIQIZYBD-L/

NATA IXGD/eIFIB2ITT0ITLINS39,.39072h238699457,
eIV IV IVIAIT T4 47T 1 63192137924.932812808273677,

L eMN2TIAATHINANT e e An59595D 82122609.820612230A331312,
#.17%{)Sh51u2nv1'.-7?7Slizi»IHc°27..5719q555961~l%o.
Teatr]1 235304900 T9AD) e G5w V6 TL2 NN 5129504330738)31636179,
Tell 3TTA2CE3T L0 )i e Ml 36D 1IN T5390268152135007254,
Zel132nITRA0TNL3T] 40l 1nI86)T)6T52%9%ee387T7261750605080-1/
MATA DGWHD/ eSS 21277032, 33190=-2,,170982A4531152480-1,
T alb6821778331YNTI0=19e22203530 017615700 =1492793707694002360-1,
T e36n0195242564T0 0143378215770 4T200-1,9¢4318709)813567330~-1,
TebBLMFANTHIN0T270~1 4053227 406n93393680-1,«574397590993916D-1,
Tanl1378262647292839N=1,9e54306 1365660100 -1,57912064581523390-1,
#.70&11&&11?1235%D-1,.72$A6w4)30560b10-l..7%72}16905196530-1.
2676113391300 2A2D=19e7TC3931R16L2480D-19eT7S50S946T9T8424AD-1/
EXTE~NAL DFUN
CALCULATYS THE 12 POINT AND 16 POINY INTEGRAL ESTIMATES
NINTL2=0GQUAD(DLNWER, nUPP‘=.ﬂfUN.6cDGx12.DGH12)
DlNTlS:GGJUAO(DLOHE«.DUP??!.DFUN 839y0GX16,D006K1A)
DQETERAMING WHETHER CONVERGENCE WAS OBTAINED
CALL CONVT(DINTL2¢DINTLADIFLERDABSERGDERRHICONY)
IFCICONV oNEte 1) GNOTO 10
CONVERGTHCE - SET UP VALUES,y AND AETURN

[FLAG=S]

DINT=0DINT1S

RETURN

N CONVEIGENCE - CALCULATE THE 24 POINT INTEGRAL ESTIMATE
10 DINT24=06GQUAD(DLOWFAyDUPPERyDFUNSL29DGX26¢0GW24)
DETFRMINE WHETHER2 CONVERGENCE WAS OBTAINED
CALL CONVT(DINTLI6,DINT26,NRELEMyDARSER,DER2yICANV) .
IF(ICONY «NEo 1) GNTO 20 ;
CONVERGENCE = SET UP VALUFS, aAND RETU3IN

IFLAG=2

NINT=0NINT24

RETUAN

NO CONVEDXGENCF - CALCULATE THFR 32 POINT INTEGRAL €STIMATE
20 DINT32=06GQUAD(DLOWEAyDUPPER,NFUNyLS9DGX3290GW32)
NDETEAMING WHETHER CNNVEAGENCS WAS OBTAINED

CALL CONVT(DINT26,DINT32y5FLET4DARSERyDERAHICONY)

TF(ICINY oMEe 1) HOTQ 30

CIONVERGUNCE = SET UP VALUES, AND RETUAN

1FLAG=3 .

DINT=DINT 3?2

RETUANY

NO CONVEIGENCE - CALCULATE THE 40 POINT INTEGRAL ESTIMATE
30 DINTW2=0GIUAD(DLOWE A g DUPPERZDFUN9 20y DGX40yIGWGLO)
HETERMINT WHETHED cnuv_?,FNCF un' OBTAINED

CALL CUONVY(DINT324NDINTGONIFLFI,DABSERyDFRAHICONY)

XF(IC()NV QHE- 1’ G")TO %0

CnNVERGrNCE - SET 9P VALUES, AND RETURN

LFLANG=

nxuv-n[urun 1

RETUYRY

M} CONVELGENCE
D [FLA --0

DINT=OINTLO

Qe ryay

END

SUHRDUTINF CONVT(NNUD g INFWR e NATLEI9NAISERZNERR, [CANV)

SUHRQUTINE TN TEST cquEQnCNcL FR THE SURROUTINE J35aUSS. oaLnd aNd
NNEW AAT THE PREVINOUS AND PASSENT ESTIMATES OF THS [NTEGRAL.

REE 2 MY PAPFR NATEDN AUG 22

[Pl ICIT PEAL=S (D) ’
TCONV=1 B
NDERR=DATS (NNEW-NDOLD)
[F THE POAFSENT INTEGRAL ESTIMATE IS £QUAL T ZER 0. PPOCEED TO THE
ARSOLUTE ERRNI TEST (AFTER MaAKING SURE THAT DARSE oNE 0)e.

[F{DNSW «F7QW NNN) HATA 10

FSTIMATE NOT CQUAL TY JERYD = CHECK THE RELATIVE ERINR CRITERINN
[F(DSNA/NARS(ONEW) oL Fe DIZLER) RAETURN

NOQ RELATIVF FARQUR CNONVERGENCFE - [F DABSER=0, THEN THERE [S NO

CONVERNGEMNCE W

10 [F(DAASER JEQe N403) GNTIQ 20

CHECK THFE ARSOLUTE ERRNIR CRITERTON.
[F(DLAR oL2s DABSER) RETUAN
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NP CONV L0, NCE
FOICANYED

AE YUY

END

DOURLE PR;C!SION FUNCTINN DGQUAD(DLOWER yOQUPPERyNFUNSNPTD2,4DGX,
= "W

FUNCTION SUBPRUGRAM T9) ESTIMATE THE [NVEGRAL FROM DLOWER TO DUPPER
(0F THE FUNCTION DFUN USTING GAUSSTIAN QUADRATURE WITH 2SNPTD2 POINTS.
423A4YS N4Gx AND DGW CONTAIN THE NOR®ALIZED AIGUMENTS ON THE INTEaval
(J91l) (WITH OGX{1) THE POINT CLOSEST TO 1) AND THE RESPECTIVE

D et

I

WEIGHT S .
AEF 3 NUMER[CAlL METHODSy RY HORMNBECKy SECTION 8.4 Pe 1S54.
MY PAPER DATED AUG22.

IMPLICIT REAL=8 (D)
REALZA UDOX(NPTD2)40G5WINPTD2)

CALCULATE THE CONSTANTS USED IN FORMING THE AAGUMENTS OF DFUN.
DCLl=(DUPPFR+DLOWER) /2400
NC2=DCL1~OLNWER

N4 PERFURM THE [INTFGRATION
0DGQUAN=0« NN
DO 10 I[=1,yNPT

10 DGQUAD=DGAUADCDGW(TIS(DFUN(DCL+DC2SDGX(T) )+ DFUN(DCL-DC23DGX(T)))
DGQUAN=PGIYAD=DC
RETURN
END
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FORTRAID SCURCE CGOZ FOR CALZULATING
FGRCE AT TIME T=50 I'ICROSECCIDS

[alalalnla i Yl

£YLE FORWY FORTRAN Viel .
PPOGil" TC ESTIMATE THE TOTAL FNECT WETW 78 THE COIL aND THE SKIN
£y CAL(ULAT!NG (10277)/6  TIMES THE CSTIMATE OF THE INTEGPAL IF
RAVBRAR = B2e3ren
BETH"N R=eGl AND R=1e7 INCHESe
AEE: MY PAPFR DATED JAN 17 'Ahe
REAL BRSON(11)/e01TC1bye 364459 e457502,0501336,40461798,4237143,
ﬁ.l?BQIY,.OQGI&O..?Z?IZ&..CIQQ7°v-0C
REAL RZSON(11)/e224b60Gge2134T7,.142327 ,.052715..033232.--~3132~'
BmelUT 556y =aG1T196y=e0C6U3L9=e (G219 =e271629
REAL “?56?5(11).CRSONS(II).BR?ONS(lX)deSONS(ll).C SONS(11),
¢0Z3CNS(11
agAaL Ragll)/onlpoZ'o‘"o6'-5'10'10?vl04'106v105'2 «/
REAL PR2(11)/«01pelgel oSzo','oc'lol'lo"10-0107'1 ]/
REAC MoNTH/® "Jake/0akE s 1Y e)
DATA CONST/2.5E6/ 9 TOMTRS/40254/4 TOLBS/ 2248/
N=11
4 Saugaslgug ED%EULATQD R FIELDS
=ly
BRASON(T)=PRSON(I)23PSON(I)
16 BZSSNCT)=BZSON(T)*BZSON(I) B -
C CHANGE THE RADII AT WHICH THE B FIELDS WS2F CALCULATED FRO™ TNCHES
c 1 nsrgas :
DO 15 I=lyll
Pﬂ(x;=aa:f)°ronrns
15 R2(I)=RZ(1)8TOMTRS

C FIT SPLINE FUNCTIONS TO BR$BR AND B22*32
CALL SPLINE2N.RR.BRSON'ER50NS'CRSONS'DJSONS‘

¢ Call SPUINECNyRZyRZEONJRZECNS 9CZSONS I 250NS

C PEPFOPM THE INTEGRATIONS

c
e - -

C LCOP TQO ACD THE CONTRIBUTIONS TO THE INTZGRAL BETWEEN KNOTS
?213?¢{=1'1°
PIN?EO:R%NT?O‘sPLINT(I.RR(IPI)'QR(Y),3%50N(I).BRSONS(I)pC“SONS(I).

*  JRSONS(I)
PN ZTUTS O =2 INTSO+SPLINT (T gRZ(IPLIGRZ(T I oA ZSON(T)9BZSANS(I) 9C7SAINS(T) g .

. ¢ DZSONS(I)) ‘

€ DONE EXCEPT FOR MULTIPLICATION BY CONSTANT
F?D“ET:CONSTO(RINTRO ZINTSO)

WA TTECE 1000) MANTH, DATE FSOMET FSOL BS
wal 691000) MONTH,DATE 3 _
1770 FORWAT (V1OUTPUT FROM FORWU FORTRAN V1.1',10Xya h;//' Igrat Foacs
cs$rPsousec IS "pF%elg? NEWTONS®y/yT25, *= ,F9-u. OUNDS*y //)
0
END
FUNCTION SPLINT(I,RUPSRLO4F P ¢CyD)

C FORTIAN SUBPIOQGRAM TO EVALUATE THE xzagcaakrgF F(R) s R

c OVES THE INTERVAL RLD oLEs R oLEe

C I = SPLINE FUNCTIONN INDEX CCRAESPONDING TO THIS INTERVAL

C PUP = UPPER INTEGRATION LIMIT (48 KNOT)

C RLD = LOWiR INTEGRATION LIMIT (A kNOT)

C F = F(2L0)

¢ R oz 2(1) TN THE SOLINT INMTEARPCLATIMG *~LYNOMIAL OF F()

. C = Ci!; IN THE SPLINE oee

¢ po= SUE) I THE SPLINE

¢ AS3UMTS A CUBIC SPLINE INTERPOLATING POLYNOMTAL AS CESCRIREN T4

c FCNMPUTER METHODS F0P MATHEAT[CAL COMPUTATIONS™, BY FORSYTHE ST,

C Al «

€ REFT MY PBPER DATEN JAN 1G4 8Ge

95
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APPENDIX F

NOTATION AND LIST OF SYMBOLS

Unless stated othefvise, the rationalized MKS system is used in
all equations and calculations. Equations are numbered consecutively,
beginning with (1) in each chapter. Only those equations that are
. referenced in the text are numbered. Figures are identified by two
alphanumeric characters. The first character is a number, in&icating
the number of the chapter in vhich the figure appears. The second
character is a letter, alphabetically identifying the order in wvhich
the figures appear. | '

A chapter by chapter summary of the symbols usgd in this disser-

tation, listed in the order of their appearance, follovs.

Chapter One

Z(w) Terminal coil impedance (page 7)

w Radian frequency (Fourier transform) variable (page 7)
i(t) Time domain coil current (page 7)
I(w) Fourier transform of i(t) (page 7)

EQ(z,r,t) Azimuthal real space component of the electric in-
tensity (page 7)

z Axial coordinate in cylindrical coordinate system
(page 7) .

r Radial coordinate in cylindrical coordinate gystem
(page 7)
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H.(z,r, t) Radial real space component of the magnetic intenaity

(page 7)

H. (2,1, t) Axial real space component of the magne(ic intensity
(page 7)

ft) Separation force magnitude between the coil and metal

target (page 7)

r Impulse delivered to metal target by the coil (page 7)

Chapter Three

R Inner coil radius (page 12)

Re OQuter cqil.radius (page 12)

h Coil axial width (page 12)

d Metal target thickness (page 12)

¢ Azimuthal coordinate in cylindrical coordinate system
(page 12)

P Permeability of free space (all materials considered in

this dissertation are non-magnetic) (page 14)
T Conductivity of metal target (page 14)
] Principal square root of -1 (page 15)

Ja (%) Bessel function of the first kind of order n (page 15)

A Hankel transform variable (page 15)

v Total Fourier-Hankel space transmission line voltage
(page 16)

T Total Fourier-Hankel space transmission line current
(page 16)

¥ Fourier-Hankel gpace transmission line complex propaga-
gation coefficient (page 17)

f}. Fourier-Hankel space transmission line phasor éurrent
corregponding to propagation in the direction of in-
creasing z (page 17)

f;- Fourier-Hankel space transmigsion line phasor current

corresponding to propagation in the direction of de-
creasing z (page 17)
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Chagter Four
v
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Fourier-Hankel space transmission line phasor voltage
corresponding to propagation in the direction of in-
creasing z (page 18)

Fourier-Hankel space transmission line phasor voltage
corresponding to propagation in the direction of de-
creasing z (page 18)

Fourier-Hankel space transmission line characteristic
impedance (page 19}

Fourier space phasor current (page 19)

Digstance between metal target and the current sheet
closest to target (page 20)

Axial coordinate of current sheet closest to target
(page 20) '

Axial coordinate of center current sheet (page 20)

Axial coordinate of current sheet furthest from -
target (page 20)

Fourier space phasor voltage (page 23)

Fourier-Hankel space air transmission line characteris-
tic impedance (page 26)

Fourier-Hankel gpace air transmission line complex propa-
gation coefficient (page 26)

Fourier-Hankel space metal transmission line character-
istic impedance (page 26)

Fourier-Hankel space metal transmission line complex

. propagation coefficient (page 26)

Z2(0)

Cu

fe

Fourier-Hankel space impedance seen looking into metal
transmission line at z=0 in Figure 3C (page 26)

Fourier-Hankel space current reflection coefficient
(page 26)

Fourier-Hankel space voltage reflection coefficient
(page 28)

Fourier-Hankel space total voltage at coil side face of
metal target (page 30)



Chapter Five

Ty

Ta

Chapter Six

R(ew)
L{w)

Y.

$ ()

Vel )

Rac

Read { }

I,

100
Fourier-Hankel space total voltage on face of target
opposite coil (page 30)

Fourier-Hankel space total current at coil side face of
metal target (page 30)

Fourier-Hankel space total current on face of target
opposite coil (page 30) -

Vector force on metal target (page 32)
Perﬁittivity of free space (all materials considered in

this dissertation have a relative permittivity of 1)
(page 32)

Radius of inner loop of wire in field measuring plate
(page 38)

Radius of outer loop of wire in field measuring plate
(page 38)

Distance betieen tvo loops of vire of the same radius on
front and back sides of field measuring plate (page 38)

Real part of the total coil impedance (paée 47)
Inductance of coil (page 47)

Initial voltage on energy storage capacitor prior to
discharge (page 47)

Dirac delta distribution (pagé 47)

Fourier transform of energy storage capacitor voltage
(page 47)

Capacitance of energy storage capacitor (page 48)
AC vinding resistance of the coil (page 48)
Symbol denoting "real part of { } " (page 48)

Instantaneous current in coil vhen clamp dicde across
energy storage capacitor begins conducting (page S1)
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Appendix C
H. (%) Struve function of order n (page 80}

Ta (x) Chebyshev polynomial of the first kind of order n

{page 80)
Y, (x) Begsel function of the second kind of order n (page 81)
A, (x) Partial sum amsociated with the Jacobi series expansion

of H.(x)-Y,(x) (page 81)
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