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SUMMARY 

A new inve r se  boundary l a y e r  method is  developed and appl ied  t o  incompressible 
f lows wi th  laminar s epa ra t ion  and reattachment.  Tes t  cases  f o r  two-dimensional 
flows a r e  computed and t h e  r e s u l t s  a r e  compared wi th  those of o t h e r  i nve r se  
methods. One advantage of the  present  method is  t h a t  the  c a l c u l a t i o n  of the  
i n v i s c i d  v e l o c i t i e s  may be determined a t  each marching s t e p  without having t o  
i t e r a t e .  

The inve r se  method was incorporated wi th  the  d i r e c t  method t o  c a l c u l a t e  t h e  
incompressible ,  con ica l  flow over a s l ende r  d e l t a  wing a t  incidence. The l o c a t i o n  
of t he  secondary sepa ra t ion  l i n e  on t h e  leeward su r f ace  of t he  wing is  determined 
and compared wi th  experiment f o r  a u n i t  aspec t  r a t i o  wing a t  20.5 deg incidence. 
The viscous flow i n  the  separa ted  region was ca l cu la t ed  us ing  prescr ibed  
s k i n - f r i c t i o n  c o e f f i c i e n t s .  

INTRODUCTION 

The flow f i e l d  over s lender ,  h ighly  swept d e l t a  wings at moderate incidence is  
dominated by the  presence of l a r g e  counter - ro ta t ing ,  leading-edge v o r t i c e s  a s  shown 
i n  f i g .  1. A s  the  flow moves spanwise towards the  leading  edge, t he  adverse 
pressure  g rad ien t  caused by the leading-edge v o r t i c e s  causes t he  boundary l a y e r  t o  
s e p a r a t e  along a secondary separa t ion  l i n e ,  i nd ica t ed  i n  f i g .  2. 

A d i r e c t  boundary l a y e r  method (one i n  which the  e x t e r n a l  p re s su re  i s  pre- 
s c r ibed  from an i n v i s c i d  c a l c u l a t i o n  o r  experiment) may be used t o  determine t h e  
l o c a t i o n  of the  secondary separa t ion  l i n e  ( r e f .  1).  However, i n  order  t o  cont inue 
t h e  s o l u t i o n  from t h e  secondary sepa ra t ion  l i n e  t o  the  leading-edge us ing  boundary 
l a y e r  theory,  an inve r se  method (one i n  which the  wa l l  shear  o r  displacement thick-  
nes s  is s p e c i f i e d )  must be employed. 

Inve r se  methods have been used by numerous au thors  s i n c e  the  e a r l y  work of 
C a t h e r a l l  and Mangler ( r e f .  2). C a t h e r a l l  and Mangler used a p re sc r ibed  displace-  
ment th ickness  d i s t r i b u t i o n  t o  d r ive  a boundary l a y e r  method i n  which the  e x t e r n a l  
p re s su re  was determined a s  pa r t  of t h e  so lu t ion .  I n  t h i s  manner, they were a b l e  t o  
ob ta in  a r egu la r  s o l u t i o n  a t  separa t ion ,  However, t h e i r  numerical scheme 
developed i n s t a b i l i t i e s  i n  the  reversed flow region and the  i n t e g r a t i o n  was con- 
t inued  only by reducing the  convergence c r i t e r i a  a t  each marching s t ep ,  This 
problem of reversed-flow v e l o c i t y  p r o f i l e s  l e d  d i r e c t l y  t o  the FLARE approximation 
of Reyhner and Plugge-Lotz ( r e f ,  3 ) ,  I n  the  F L m  approximation t h e  streamwise 

by NASA Langley Cooperative agreement NCCI-22. 

https://ntrs.nasa.gov/search.jsp?R=19860017723 2020-03-20T14:26:35+00:00Z
brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by NASA Technical Reports Server

https://core.ac.uk/display/42840832?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


f s set equal t o  zero in the reversed flow region and the 
calculations proceed with the usual forward marching procedure, 

For  two-dimensional flows, Klineberg and Steger (ref, 4 1 ,  Carter (ref, 5) and 
Cebeci et ale ( ref ,  6 )  have developed globally iterative schemes for flows with 
separation and reattachment, In those methods either the wall shear or displace- 
ment thickness is specified and the pressure is obtained iteratively using succes- 
sive-under-relaxation schemes, Semi-inverse methods have been developed for inter- 
acting an inverse boundary layer method with an inviscid solution by Le Balleur 
(ref. 7), Carter (ref. 8), Kwon and Pletcher (ref. 9) and Veldman (ref. 10) among 
others. In these methods, the inviscid calculation proceeds in the direct manner 
with the viscous calculation performed in the inverse mode. Thus, an edge velocity 
is determined in both calculations which must be the same after convergence. 

In three-dimensional flow calculations, several possible combinations of the 
viscous parameters could be used to drive an inverse method (e.g., CFX, CFY or DTX, 
DTY). However, Edwards and Carter (ref. 11) have shown that specifying the three- 
dimensional displacement surface and the component of vorticity normal to the 
surface leads to an elliptic set of equations and departure solutions for forward 
marching schemes. 

In this paper, a new inverse boundary layer method is developed for separated 
flows. The method is non-iterative based on a predictor-corrector linearization 
of the discretized governing equations. For two-dimensional flows, the new method 
is used to compute the test case of Klineberg and Steger (ref. 4) for a specified 
wall shear and that of Carter (ref. 5) for the displacement thickness prescribed. 
The method is also applied to the incompressible, conical, laminar boundary layer 
flow on the leeward surface of a slender delta wing at incidence. The inviscid 
solution for the delta wing is determined using the Free Vortex Sheet (FVS) code 
which was orginally developed at Boeing (ref. 12) and significantly enhanced by 
Luckring and others (refs. 13, 14) at NASA Langley. The viscous solution for the 
delta wing is determined in the direct mode until the secondary separation line is 
encountered (CFY < 0), then the calculations are continued in the inverse mode to 
the leading edge by specifying the skin-friction coefficients to be constant and 
equal to their values at separation (CFX > 0, CFY < 0). The calculations are per- 
formed on a unit aspect ratio wing at 20.5 deg incidence which corresponds to the 
experiment of Hummel (ref. 15). 

ANALYSIS 

Governing Equations 

For steady, incompressible flows, the three-dimensional laminar boundary layer 
equations in non-dimensional Cartesian coordinates are: 



The v e l o c i t y  components u, v, and w are in the x, y, and z-directions, respec- 
tively, where. x is  i n  the streamwise direction, y is spanwise and 2; is mrmL to 
the x-y plane. The Reynolds number has been removed from eqs. (1)-(3) by defining 

- - - - - - 
x = x/c,  y = ;/E, z = ;/c, u = u/llo, v = v/Uo and w = & w/UO. The super- - - -  
script bars indicate dimensional quantities and Re = UoL/v. The complete derivation 
of eqs. (1)-(3) is provided in reference 16. The boundary conditions on eqs. 
(1)-(3) are: 

and as z + m :  u + u  e ' v +  v 
e 

Two-dimensional Flow 

For two-dimensional flow, v = 0 and eqs. (1) and (3) are transformed by 
defining , 

along with a stream function, $, where 

Define a parameter f, such that 

Using eqs. (5) and ( 7 )  in eq. (6) yields, 

with eqs, (5)-(81, eq, (2) may be written a92 



du 
X e 

where m.-=-------- 
u dX e 

The boundary condi t ions  f o r  eq. ( 9 )  a r e  

Conical Flow Over De l t a  Wings 

For the  d e l t a  wing a body-oriented coord ina te  system i s  defined through t h e  
t ransformat ion ,  

where A i s  the  sweep angle of t he  d e l t a  wing. Define transformed v e l o c i t y  com- 
ponents by, 

Using eqs. (12) and (13) i n  eq. (1)  i t  becomes, 

Next de f ine  two stream f u n c t i n s ,  and 4 a s  

and a boundary l a y e r  v a r i a b l e ,  n, by 

I n t r o d u c e  t w o  f u n c t i o n s  f ( X , Y , q )  and g ( X , Y , q )  w h e r e ,  



For conical  i n v i s c i d  flow, f l u i d  properties do not vary along rays; therefore,  
for  any flow parameter, H, aH/aX = 0. Then aslng eqs. (121, (16) and (17) in eq* 
(15 ) ,  the fol lowing are obtained: 

Equation (18)  may be written as the vector equation, 

where h = [:] and (20)  

With eqs. (12)-(20) ,  eqs. ( 2 )  and (3 )  may be combined and written a s ,  

where a = 1.5f  + Bg (22) 

Bu(FG-1) 
and I " =  

(FG-1) + B, (G~-1  

The boundary conditions for eqs. ( 1 9 )  and (21)  are: 



Equations (19) and ( 2 1 )  may be solved i n  t he  d i r e c t  mode, us ing  prescr ibed  i n v i s c i d  
v e l o c i t i e s ,  t o  c a l c u l a t e  viscous p rope r t i e s  such a s  s k i n - f r i c t i o n  c o e f f i c i e n t s  and 
i n t e g r a l  thicknesses ,  However, In  t he  inverse  mode, t he  Inv i sc id  v e l o c i t i e s  are 
unknown funct ions  and must therefore  be ellolfnated from the  left-hand s i d e  of eq, 
( 2 1 ) .  This i s  accomplished through the a d d i t i o n a l  t ransformat ion ,  

Using eq. (25) i n  eq. (21) ,  t he  l a t t e r  becomes, 

1 
where now, BU = - - 1 dVe B v =  -- 

'e dy*' 'e dy* 

Numerical Procedure 

The governing equat ions  a r e  d i f fe renced  using t h e  ha l f - imp l i c i t  f i n i t e -  
d i f f e r e n c e  scheme of Matsuno ( r e f .  17). The scheme is  second-order accura te  and 
uncondi t iona l ly  s t a b l e ,  and was demonstrated by Woodson and DeJarne t te  ( r e f .  18) t o  
y i e l d  accu ra t e  numerical r e s u l t s  when compared t o  t h e  exact  s o l u t i o n  of the three-  
d imens ionalboundarylayer  equat ions f o r  parabol ic  flow over a  moving f l a t  p l a t e .  

For f u l l y  three-dimensional problems the  scheme has the  advantage t h a t  t he  
crossf low de r iva t ive  formulas a r e  formed independent of the  d i r e c t i o n  of the cross- 
flow. Fu r the r ,  the  scheme is  non- i te ra t ive  based on a  pred ic tor -cor rec tor  l i nea r -  
i z a t i o n ,  a convenient f e a t u r e  f o r  inverse  boundary l a y e r  methods. For any flow 
parameter,  H, the no ta t ion  Hj9k = H(Y:,~ ) is used where, 

J k  

Y* = Y! + AY* , j = 1,2,...,JMAX 
j + l  J 

n il 
k+l " k + Ail , k = 1,2,.0.,KMAX 

Cent ra l  d i f f e r ence  opera tors  a r e  def ined by: 



2 
dnHjpk = (Hj 9k+1 - 2Hjpk i nj ,k- l ) /An 2 

and a backward difference operator for the predictor stage by, 

With the operators defined above, eqs. ( 1 9 )  and (26)  become at the predictor stage, 
respectively, 

at the corrector stage they are, 

Equations (34)- (37)  may be written in the block tridiagonal matrix form, 

where ak and Bk are 2x2 coefficient matrices and Dk is a vector, Equations (38) 
are linear tridiagonal nzatrix equations and may be solved using a block form of the 
Davis modified tridlagonal alogriehm (ref, P9), 



Inverse  Method 

The term Dk i n  eq, (38b) conta ins  terms with both 8, and Bv as coefficients, 

However, i n  the  inverse  mode these  parameters a r e  unknowns which must be determined 
from the  so lu t ion ,  Taking advantage of the f a c t  t h a t  eq, (38) i s  l i n e a r ,  one may 
w r i t e ,  

where t h e  ~ ~ ~ k ~ ~ o w n s  Bu and Bv a r e  given by eq. (27).  The boundary condit ions 
a s s o c i a t e d  wi th  eq. (39) a r e :  

a t  s o ,  i = 0 9 1 9 2  

( 4 0 )  
(0 )  ( i )  and a t  = n e  : HKMAX = 1 , HKMAX = 0 , i = 1,2 

Carrying out  the opera t ions  of eqs. (29)-(33),  one may equate  l i k e  powers of Bu and 
B v  t o  o b t a i n  

This system of equat ions may be solved t o  obta in  h i i )  and H P )  f o r  i = 0,1,2. The 
parameters Ue and Ve a r e  then determined from e i t h e r  t he  s p e c i f i e d  wal l  shear  
s t r e s s e s  o r  i n t e g r a l  th icknesses .  A streamwise i n t e g r a l  th ickness  is  defined by, 

Using eqs. (16 )  and (18a) i n  eq, ( 4 2 )  and i n t e g r a t i n g  g ives ,  



BTX = - - x " ne  f(ne) 
X 

I n  a s i m i l a r  mnner ,  

" * 
DTY = - - x = ne - g(ne)  

X 

wi th  eq. (39c) ,  eq. (43)  may be w r i t t e n  a s ,  

Equations (44a) and (44b) a r e  solved t o  ob ta in  Bu and B ~ .  NOW, r e tu rn ing  t o  
eq. (27) and tak ing  second-order d i f f e r ences  about t h e  po in t  j+1/2, 

Then i t  fol lows t h a t  

Next, consider  i f  t he  wal l  shear  were perscr ibed.  The su r f ace  s k i n - f r i c t i o n  
c o e f f i c i e n t s  a r e  def ined by 

Using eq. (5)  i n  eq. (46)  one ob ta ins ,  

CPX = 



Using second-order accurate difference expressions for the derivatives in eq, (47) 
yields, 

18F2 - 9F3 + 2F4 
CFX = 

3An 
(48a) 

18G2 - 9G3 + 2G4 
CFY = 

3An 
(48b) 

Substituting eq. (39b) into eq. (48) gives two equations for the two unknowns, BU 
and B v .  An advantage of the present method over some earlier methods (refs. 4-6) 
is that the solution for BU and Bv is obtained without column iteration, as opposed 
to using an under-relaxation scheme. For regions of reversed flow the FLARE 
approximation is made at the predictor stage, 

while at the corrector stage, 

Equation (49) insures diagonal dominance of the Davis modified algorithm in the 
reversed flow region, Note that eq. (49) reduces the accuracy of the finite- 
difference method to first order. Carter (ref. 5) added an artificial "time-like" 
term to the Bk term in eq. (38b) to ensure unconditional diagonal dominance in his 
solution algorithm. For the cases computed thus far, no instabilities were 
encountered in the reversed flow region when evaluating the convective derivatives 
according to eq. (49). 

RESULTS AND DISCUSSION 

Two-dimensional Flow 

Calculations using the inverse boundary layer method are first discussed for 
flow over a circular cylinder, The inviscid solution for flow over a circular 
c y l i n d e r  is given  from potential theory by, 



where 8 is the angle measured with respect to the x axis which defines the cylinder 
( 0  b 6 < n ) ,  The boundary layer was computed in the direct mode until separation 
was encountered at B = 104,5 deg and then the calculations were continued in the 
inverse mode by specifying the skin-friction coefficient to be constant and equal 
to its value one marching step beyond separation (CFX = 0 or slightly negative), 
Let C in eq, ( 8 )  and P in eq, (9 )  he written as, 

with corresponding boundary conditions, 

(0) (1) and at = qe : FKMAX = 1 FKMAX = O 

After substituting eq. (51) into eq. (9), two separate equations result; one for 
the variables with superscript (0) and another for superscript (1). After solving 
these two equations, the valueof m can be calculated by substituting eq. (51) into 
eq. (48a). The values of m can then be used to numerically calculate ue at each 
marching station. The resulting edge velocity is shown in fig. 3. The edge 
velocity from the inverse calculation departs tangentially from the potential flow 
curve at the separation point and 8 = IT is no longer a stagnation point. The 
inverse method could be used to calculate the edge velocity over the entire 
cylinder provided the wall shear or displacement thickness distribution is known. 

Klineberg and Steger (ref. 4) constructed a test case for a flow with separa- 
tion and reattachment by prescribing the skin-friction distribution as, 

,664 CFX = - (X-2)(X-6) = 
12 T l  X < 2 ,  X > 6  

(53) 

where is a given parameter. The resulting pressure gradient parameter, m, for 

& = 0.225 was calculated and is compared to that which was determined by Klineberg 
and Steger in fig, 4, Klineberg and Steger required between 400 to 800 iterations 
using a point successive-under-relaxation scheme for the cabcubation of m while the 
present results were obtained with one downstream pass, The eorresponding displace- 
ment thickness and edge velocity for this case are given in fig, 5, and velocity 
profiles at three marching stations are shown in fig, 6, It was found that for 



attached flow t h e  profile for FLI) was primarily positive, while for separated flow 

the majority of the Fh" profiles were negative. 

A second test case is that of Carter (ref, 5) in which the displacement thick- 
ness is perscribed according to the relation, 

where X0 = 1.065, X1 = 1.35, X2 = 1.884 and the values of the a's are determined 
such that at X = Xo the value and slope of the displacement thickness match the 
Blasius flat plate distribution, and at X = Xi, DTX reaches a maximum value. The 
case identified by Carter as Case B has a maximum displacement thickness of 8.6 and 
its distribution is presented in fig. 7a along with the resulting skin-friction 
distribution in fig. 7b. The calculated value of m for this case is compared with 
Carter's results in fig. 8a. Carter also developed an "approximate forward march- 
ing" technique in addition to his globally iterative method, which employs the 
FLARE approximaton. Both of his methods, however, used an under-relaxation scheme 
for the calculation of m. For the grid indicated in fig. 8, Carter's globally 
iterative scheme converged in 130 iterations and his forward marching procedure 
required an average of 41 column iterations at each marching step, The present 
method required only one downstream pass, The edge velocity is presented in fig. 
8b. 

This test case has a more extensive separated flow region than the Klineberg 
and Steger case with the approach to separation and reattachment much steeper. 
Note that m reaches a relative minimum just prior to separation and reattachment 
which satisfies Meksyn's criterion (ref. 20) for a regular solution. Velocity 
profiles at two x-locations are given in fig, 9. At the point X = 1,393, nearly 
half of the profile is in the reversed flow region, however, the magnitude of the 
reversed flow velocity is small compared to the edge value. For this test case, 
the maximum negative value of u is about one-tenth of ue. 

Conical Flow Over Delta Wings 

The inviscid solution for the Hummel delta wing at 20.5 deg incidence was 
determined using the Free Vortex Sheet (FVS) theory (refs. 12-14), The FVS code 
solves the linearized Prandtl-Glauret equation for potential flow. It represents 
the wing, wake, and rolled-up vortex sheets by continuous quadratic doublet sheet 
distributions and the vortex core by a line distribution of vortices, Detailed 
pressure distributions as well as overall forces and moments are predictd by the 
FVS code; however, no effort is made to model the secondary vortices in she 
inviscid calculation, 

The viscous ca lcu la t ions  were begun i n  the d i rec t  mode beginning at the 
reattachment line (which was found to be located along t h e  wing centerline for this 
case) and marched spanwise until the secondary separation line was encountered, 



The secondary sepa ra t ion  l i n e  i s  assuned t o  be the Line along which GFY f i r s t  goes 
through zero, The s o l u t i o n  was then continued i n  t h e  inve r se  mode by spec i fy ing  
t h e  s k i n - f r i c t i o n  c o e f f i c i e n t s  t o  be cons tan t  and equal  t o  t h e i r  values at segara- 
t i o n  (CFY G 0 but  CFX > O ) ,  The spanwise d i s t r i b u t i o n  of t he  sk in - f r i c t i on  coe f f i -  
c i e n t s  is  presented i n  f i g .  10a with corresponding i n t e g r a l  th icknesses  i n  lob,  The 
secondary sepa ra t ion  l i n e  was ca l cu la t ed  t o  be along Y = 0,78, Humel ( r e f ,  15) 
observed from o i l  flow s t u d i e s  a  secondary sepa ra t ion  l i n e  along Y = 0.67. A 
discrepancy between the  ca l cu la t ed  and observed secondary sepa ra t ion  l i n e  was 
expected,  s i n c e  the  i n v i s c i d  s o l u t i o n  ignores  completely t h e  in f luence  of the  
secondary v o r t i c e s ,  Reference 1 showed t h a t  t h e  secondary sepa ra t ion  l i n e  could be 
c a l c u l a t e d  a c c u r a t e l y  with the d i r e c t  boundary l a y e r  method when experimental 
p re s su re  d a t a  were used, The momentum i n t e g r a l  th icknesses  and shape f a c t o r s  a r e  
shown i n  f i g .  11, Both shape f a c t o r s  i nc rease  sharp ly  i n  t h e  v i c i n i t y  of the  
secondary sepa ra t ion  l i n e  with the  spanwise shape f a c t o r  remaining nea r ly  cons tan t  
a f te rwards  while  t he  streamwise shape f a c t o r  decreases  con t inua l ly  toward the  
l ead ing  edge. Veloc i ty  p r o f i l e s  at t h r e e  spanwise s t a t i o n s  a r e  presented i n  f i g .  
12. Both p r o f i l e s  i n d i c a t e  t he  spanwise thickening of t he  boundary l a y e r  and the  G 
p r o f i l e s  beyond the  secondary sepa ra t ion  l i n e  show a small  reg ion  of reversed flow 
nea r  t he  sur face .  The i n v i s c i d  v e l o c i t i e s  determined from t h e  FVS code and those  
c a l c u l a t e d  wi th  the  inve r se  method a r e  presented i n  f i g .  13. A s  expected, t he  
g r a d i e n t s  i n  t he  i n v i s c i d  v e l o c i t i e s  ca l cu la t ed  from the  inve r se  boundary l a y e r  
method a r e  much l e s s  s t e e p  than those of the  i n v i s c i d  s o l u t i o n  ca l cu la t ed  neglect-  
i n g  the  boundary layer .  

Research is i n  progress  t o  i n t e r a c t  t h e  boundary l a y e r  s o l u t i o n  wi th  the 
i n v i s c i d  so lu t ion .  Reference 21 used a  three-dimensional i n t e g r a l  t u rbu len t  
boundary l a y e r  method t o  so lve  t h e  flow f i e l d  over a  d e l t a  wing a t  incidence. The 
v iscous  and i n v i s c i d  so lu t ions  were coupled and t h e  r e s u l t i n g  pressure  d i s t r i b u t i o n  
showed some improvement over t h e  i n v i s c i d  r e s u l t s  near  secondary separa t ion .  

CONCLUDING REMARKS 

A three-dimensional,  d i r e c t  boundary l a y e r  method was extended t o  t he  inve r se  
mode f o r  separa ted  flows. It is a predic tor -cor rec tor  f i n i t e - d i f f e r e n c e  method i n  
which the  FLARE: approximation i s  made t o  t he  streamwise momentum term i n  the  
p r e d i t o r  s t a g e  but a  f i n i t e - d i f f e r e n c e  quo t i en t  i s  used f o r  t h e  c o r r e c t o r  s tage.  
This  method al lows the  i n v i s c i d  v e l o c i t y  t o  be ca l cu la t ed  without  i t e r a t i o n s  by 
marching i n t o  the  separa ted  flow region us ing  prescr ibed  s k i n - f r i c t i o n  c o e f f i c i e n t s  
o r  i n t e g r a l  thicknesses .  

Two-dimensional t e s t  cases f o r  laminar s epa ra t ion  wi th  prescr ibed  s k i n  f r i c t i o n  
o r  displacement th ickness  were found t o  compare we l l  wi th  o the r  methods, Solu t ions  
were a l s o  obtained using the  d i r e c t  and inve r se  modes f o r  con ica l  i n v i s c i d  flow over 
a  d e l t a  wing a t  incidence. The d i r e c t  mode was used t o  t he  secondary sepa ra t ion  
l i n e  and then the  inve r se  mode continued the  s o l u t i o n  i n t o  t h e  separa ted  flow region 
wi th  both s k i n - f r i c t i o n  c o e f f i c i e n t s  maintained a t  t h e i r  va lues  a t  secondary 
sepa ra t ion ,  Fur ther  s tud ie s  a r e  needed f o r  the  inve r se  mode i n  f u l l y  three-  
dimensional flows and i n t e r a c t i n g  the  boundary l a y e r  s o l u t i o n  wi th  the  i n v i s c i d  
s o l u t i o n ,  



CFX , CFY 

Dk 

DTX , DTY 

f ,g 

F ,G 

H,h 

HX , HY 

JMAX 

KMAX 
- 
L 

m 

MTX , MTY 

Re 

Rex 

u,v,w 

S'lirnOLS 

coefficient matrices in eq, (38) 

skin-friction coefficients defined by eq. ( 4 6 )  

vector in eq. (38)  

functions defined by eq. (17) 

velocity ratios given by eq. (18) 

vectors defined by eq. (20) 

number of mesh points in spanwise direction 

number of mesh points across the boundary layer 

reference length, m 

parameter defined by eq. (10) 

momentum integral thicknesses 
--- 

frees tream Reynolds number, U,L/V 

local Reynolds number, (UeX)Re 

non-dimensional velocity components in x, y, and z directions, 
respectively 

transformed velocity components given by eq . ( 13) 
freestream velocity, m/s 

non-dimensional Cartesian coordinates streamwise, spanwise, and normal 
to the wing surface, respectively 

transformed coordinates given by eq. ( 12) 

transformed spanwise coordinate given by eq, (25) 



parameter i n  eq, ( 5 3 )  

r parameter def ined  by eq. (23) 

6 c e n t r a l  d i f f e r e n c e  opera tors  given by eqs. (31) ,  (32) 
- -* U - 

6~ 0 Jw (1 - r ) d ~  

u e 

A c e n t r a l  d i f f e r e n c e  opera tors  def ined  by eqs. (29) ,  (30) 

V backward d i f f e r e n c e  opera tor  def ined  by eq. (33) 

rl t ransformed normal coordinate  def ined by eqs. (51, (16)  

8 ang le  of r o t a t i o n  f o r  c i r c u l a r  cy l inde r  

A sweep angle  of the  d e l t a  wing 

- 
v kinematic  v i s c o s i t y  c o e f f i c i e n t  , m 2 / s  

0 parameter def ined  by eq. (22) 

'# 9 4  stream func t ions  given by eqs. (7), (15)  

Subsc r ip t s  

e edge va lue  

j ,k mesh poin t  l o c a t i o n s  given by eq. (28)  

v v iscous  c a l c u l a t i o n  

W wall 

Barred parameters a r e  dimensional q u a n t i t i e s .  
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Fig. I. Leading-edge vortex flow. 
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Fig, 2. Upper surface flow geometry, 
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Fig .  3 .  I n v i s c i d  v e l o c i t y  ove r  a  ( a>  (b ) 
c i r c u l a r  c y l i n d e r .  Fig.  4. S k i n - f r i c t i o n  c o e f f i c i e n t  and p r e s s u r e  

g r a d i e n t  parameter .  

F ig .  5. Displacement t h i c k n e s s  and edge Fig .  6. Ve loc i ty  p r o f i l e s  f o r  Rl ineberg  
v e l o c i t y .  and S t e g e r  test case .  

- Present method, ~ ~ = 0 . 0 2 6 ,  ~1y~0 .1 ,  11 =LS,O 
C! 

b Carter 

( a )  ( b )  ( a )  (b f 
Fig.  7. Displacement t h i ckness  and sk in -  Fig.  3. P re s su re  g r a d i e n t  parameter  and 

f r i c t i o n  c o e f f i c i e n t ,  edge v e l o c i t y  , 



(a> (b 1 
Fig. 9. Velocity profiles for Carter test 

case. 

Fig. 11. 14olonentum integral thicknesses 
and shape factors. 

Fig. 10. Skin-friction coefficients and 
integral thicknesses. 

Fig. 12. Velocity profiles for the delta 
wing. 

(a> (b 1 
Fig. 13. Inviscid velocity components. 




