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Nat ional  Aeronautics and Space Admin is t ra t ion  

Lewis Research Center 
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SUMMARY 

The design o f  power t ransmiss ion s h a f t i n g  f o r  
r e l i a b i l i t y  has n o t  h i s t o r i c a l l y  received a  great  
deal o f  a t t e n t i o n .  However weight s e n s i t i v e  aero- 
space and v e h i c l e  app l i ca t ions  and those where 
t h e  pena l t i es  o f  s h a f t  f a i l u r e  are great, r e q u i r e  
greater  confidence i n  s h a f t  design than e a r l i e r  
methods provided. Th is  r e p o r t  summarizes a  
f a t i g u e  strength-based, design method f o r  s i z i n g  
sha f t s  under v a r i a b l e  ampli tude load ing  h i s t o r i e s  
f o r  l i m i t e d  o r  non l im i ted  se rv i ce  l i f e .  Moreover, 
app l i ca t ions  f a c t o r s  such as p r e s s - f i t t e d  c o l l a r s ,  
shaf t  size, res idua ls  stresses from shot  peeninq 
o r  p l a t i n g ,  co r ros ive  environments can be r e a d i l y  
accommodated i n t o  the  framework o f  t h e  analys is .  
Example are given which i l l u s t r a t e  the use o f  the  
method, p o i n t i n g  ou t  t h e  la rge  l i f e  pena l t i es  due 
t o  occasional c y c l i c  overloads. 

INTRODUCTION 

The r e l i a b l e  design of power t r a n s m i t t i n g  
sha f t s  i s  predicated on several major elements. 
F i r s t ,  t h e  f a t i g u e  ( s t r e s s - l i f e )  c h a r a c t e r i s t i c s  
o f  the  q iven s h a f t  i n  i t s  expected se rv i ce  
environment must be establ ished. Th is  can be 
accomplished from f u l l - s c a l e  component f a t i q u e  
t e s t  data o r  approximated us ing t e s t  specimen 
data. Some o f  the  i n f l u e n c i n g  f a c t o r s  t o  be 
considered are the  surface cond i t i on  o f  the  
sha f t ,  t h e  presence o f  r e s i d u a l  s t r e s s  o r  p o i n t s  
o f  s t ress  concentrat ion and c e r t a i n  environmental 
factors  such as temperature o r  a  co r ros ive  atmos- 
phere. Secondly, the  expected load-time h i s t o r y  
o f  the  s h a f t  must be obta ined o r  assumed from 
f i e l d  se rv i ce  data and then ~ r o p e r l y  simulated 
a n a l y t i c a l l y .  The e f f e c t s  o f  v a r i a b l e  ampli tude 
loading, mean s t ress  and load sequence are poten- 
t i a l  impor tant  f a c t o r s  t o  i nc lude  i n  a  descr ip-  
t i o n  o f  the  loading h i s t o r y .  F i n a l l y ,  a  r e l i a b l e  
mathematical model i s  needed which r a t i o n a l l y  
considers both the  f a t i g u e  c h a r a c t e r i s t i c s  o f  
t h e  sha f t  and i t s  loading h i s t o r y  t o  a r r i v e  a t  
t h e  proper s h a f t  diameter f o r  the  requ i red  ser- 
v i c e  l i f e  and r e l i a b i l i t y .  One l a s t  s tep i s  t o  
check s h a f t  r i g i d i t y  and c r i t i c a l  speed requ i re -  
ments, s ince  these and o the r  nonstrenqth f a c t o r s  
can occas iona l l y  d i c t a t e  an increase i n  s h a f t  
diameter. Th is  i s  o f t e n  t h e  case f o r  l i g h t -  
weight, h iqh  speed machinery. 

While t h e  above considerat ions have o f t e n  
been addressed i n  f a t i q u e  analys is  o f  s t r u c t u r a l  
members ( r e f s .  1 t o  4 ) ,  t h e i r  a p p l i c a t i o n  t o  the  
design o f  powers t ransmiss ion s h a f t i n g  has o n l y  
been p a r t i a l 1  y accomplished. T r a d i t i o n a l  s h a f t  
desiqn methods ( r e f s .  5 and 6 )  do consider the  
e f f e c t s  o f  combined s t ress  loading, u s u a l l y  
throuqh t h e  d i s t o r t i o n  energy theory  o f  f a i l u r e ,  
b u t  r a r e l y  take  i n t o  account the  e f f e c t s  o f  
v a r i a b l e  ampli tude loading, mean st resses o r  
l i m i t e d  l i f e  design. More recen t  approaches 
( r e f s .  7 and 8)  adapt t r a d i t i o n a l  methods t o  
computer-aided design procedures b u t  s t i l l  
neglect  some o f  these o the r  impor tant  fac to rs .  

"Mater ia l  s i m i l a r  t o  t h a t  presented a t  the  
ASME 4 t h  I n t e r n a t i o n a l  Power Transmission and 
Gearing Conference, Cambridge, Massachusetts, 
October 8-12, 1984 (NASA TM-83608). 

E a r l i e r  work by  the  author ( r e f .  9) estab- 
l i s h e d  t h e  connection between combined bending 
and t o r s i o n a l  s t resses and s h a f t  diameter f o r  
non l im i ted  l i f e  design. Th is  work, i n  pa r t ,  
con t r ibu ted  t o  t h e  bas is  o f  the  newly re leased 
na t iona l  s h a f t  design standard ( r e f .  l o ) ,  which 
views f a t i g u e  as t h e  p r i n c i p a l  s h a f t  f a i l u r e  
mode. I n  reference 11, a  more complete s h a f t  
design model was establ ished,  which considers 
n o t  o n l y  the  complex s t ress  s t a t e  and s h a f t  ser- 
v i c e  and processing f a c t o r s  b u t  a l so  embodies a  
way o f  accounting f o r  t h e  e f f e c t s  o f  mean st res-  
ses and v a r i a b l e  ampli tude loading h i s t o r i e s  on 
s h a f t  diameter and l i f e .  The purpose o f  t h i s  
i n v e s t i g a t i o n  i s  t o  review the  method o f  r e f e r -  
ence 11 and t o  i l l u s t r a t e ,  by  way o f  example, 
t h e  e f f e c t s  o f  some o f  these f a c t o r s  on s h a f t  
design . 

NOMENCLATURE 

B hollowness r a t i o ,  d i l d o  

b  slope o f  t h e  S-N curve on log- log coor- 
d inates o r  f a t i g u e  s t reng th  exponent 
( taken as p o s i t i v e  va lue)  

d  s h a f t  diameter m ( in . )  

d~  r e l a t i v e  diameter, def ined i n  equat ion 
(23) 

FS f a c t o r  o f  sa fe ty  

K t  t h e o r e t i c a l  s t ress  concentrat ion f a c t o r  

k - fac to r  product o f  f a t i g u e  l i f e  modi fy ing fac- 
to rs ,  de f ined  i n  equation ( 7 )  

ka sur face f a c t o r  

kb s i z e  f a c t o r  

kc r e l i a b i l i t y  f a c t o r  

k d  temperature f a c t o r  

fa t i gue  s t ress  concentrat ion f a c t o r  

p r e s s - f i t t e d  c o l l a r  f a c t o r  

r e s i d u a l  s t ress  f a c t o r  

co r ros ion  f a c t o r  

miscel laneous e f f e c t s  f a c t o r  

r e l a t i v e  l i f e ,  def ined i n  equation (12) 

bending moment, N-M ( in . - lb)  

t o t a l  s h a f t  l i f e  i n  cyc les 

number o f  cyc les t o  f a i l u r e  a t  C I ~  

number o f  cyc les t o  f a i l u r e  under load i 

sha f t  speed, rpm 

n i  number o f  loading cyc les under load i 

q notch s e n s i t i v i t y  



T torque, N-m (in.-lb) 

o bending stress, Nlm2 (lblin2) 

"e f effective nominal stress, N/m2 (lb~in.~) 

" f corrected bending fatigue limit of 
shaft, ~ / m ~  (lblin.2) 

0 f bending or tensile fatigue limit of 
polished, unnotched test specimen 
without mean stress, N/m2 (lblin.2) 

"f*m bending or tensile fatigue limit of 
polished, unnotched test specimen with 
mean stress, N/m2 (lblin.2) 

"f true cyclic fracture strength or fatigue 
strength coefficient, N/m2 (lb/in.2) 

"u ultimate tensile strength, N/m2 (lb~in.~) 

OY yield strength, N/m2 (lb~in.~) 

T shear stress, ~ l m ~  (lb~in.~) 

TU ultimate shear strength, N/m2 (lblin.2) 

TY yield shear strength, N/m2 (lblin.2) 

Subscripts 

i inside 

o outside 

FATIGUE FAILURE 

Ductile machine elements subjected to 
repeated fluctuating stresses above their endur- 
ance strength but below their yield strength 
will eventually fail from fatigue. Failure from 
fatigue is statistical in nature inasmuch as the 
fatigue life of a particular specimen cannot be 
precisely predicted but rather the likelihood of 
failure based on a large population of specimens. 
For a group of specimens or parts made to the 
same specification the key fatigue variables 
would be the effective operatinq stress, the 
number of stress cycles and volume of material 
under stress. Since the effective stresses are 
usually the highest at points along the surface 
where discontinuities occur, such as keyways, 
splines, and fillets, these are the points from 
which fatigue cracks are most likely to emanate. 
However, each volume of material under stress 
carries with it a finite orobability of failure. 
The product of these elemental probabilities 
(the "weakest 1 ink" criterion) yields the 1 ikeli- 
hood of failure for the entire part for a given 
number of loading cycles. 

FATIGUE UNDER COMBINED STRESSES 

For applications where a simple fluctuating 
stress of the same kind is acting (e.g., an 
alternating bending stress superimposed on a 
steady bending stress), the traditional Goodman 
failure line method, e.g. reference 5, orovides 
an acceptable design. However, most power- 
transmitting shafts are subjected to a combina- 
tion of reversed bending stress (a rotatinq 
shaft with constant moment loading) and steady 
or nearly steady torsional stress. Although a 
large body of test data has been generated for 
the simple stress condition, such as pure ten- 
sile, flexural, or torsional stress, little 
information has been published for the combined 
bendinq and torsional stress condition. However, 
some cyclic bending and steady torsional fatigue 

test data (ref. 9) for alloy steel show a reduc- 
tion in reversed bending fatigue strength with 
mean torsion stress according to the elliptical 
relation 

Reversed Bending with Steady Torsion 

From the failure relation give in equation 
(11, the following formula can be used to size 
solid or hollow shafts under reversed bending 
Mr and steady torsional Tm loading with 
negligible axial loading: 

Equation (2) is the basic shaft design equation 
for "unlimited" life appearing in the ASME 
Standard B106.1M, Design of Transmissiofl Shaftinq 
(ref. 10). It can also be derived theoretically 
from the distortion-energy failure theory as 
applied to fatigue loading. 

Fluctuating Bending Combined with 
Fluctuating Torsion 

In the general case when both the bending 
and torsional moments acting on the shaft are 
fluctuating, the safe shaft diameter, according 
to the distortion-energy theory can be found from 

FATIGUE LIFE MODIFYING FACTORS 

It should be stressed that the fatique limit 
of value to be used in equations (2) and (3) 
is that for the shaft to be aesigned and not 
that of the test-imen material. The fatique 
of the shaft is almost always less than the 
fatigue limit of the highly polished, notch-free 
fatigue test specimen, listed in material orop- 
erty tables such as in table I. A number of 
service factors that are known to affect fatigue 
strength have been identified. These factors 
can be used to modify the uncorrected fatigue 
limit of the test specimen, "3, as follows: 

where 

of corrected bending fatique limit of shaft 

uf,t corrected bending fatigue limit of shaft 
consider (ke) rather than (ke) 

t b 

o$ bending or tensile fatigue limit of polished, 
unnotched test specimen without mean stress 



k a  surface factor 

kb s i z e f a c t o r  

kc r e l i a b i l i t y  factor 

kd temperature factor 

k, fat iaue s t r e s s  concentration factor 

kf  press-fitted col lar  factor 

k g  residual s t ress  factor 

kh corrosion factor 

ki miscellaneous effects factor 

Design data for  factors ka through k e  
are re la t ive ly  available in the open l i t e r a tu re  
( refs .  1 ,  2 and 5 )  and thus they will be only 
briefly discussed here. However, factors k f  
through k i ,  although lesser known and docu- 
mented, are often quite important t o  shafting 
fatigue and therefore will receive greater atten 
t ion .  A more thorough examination of a l l  these 
factors can be found in ( refs .  12 and 13). 

Surface factor,  ka .  - Since the surface 
of the shaft  i s  the most l ike ly  place for fatique 
cracks t o  s t a r t ,  i t s  surface f in ish  and any irre- 
gular i t ies  such as oxide and scale defects or 
surface decarburizations can have a major impact 
on fatigue l i f e  as shown in figure 1. This 
f igure i s  based on a compilation of t e s t  data 
from several investigations for  a variety of 
ferrous metals and alloys ( ref .  2 ) .  The figure 
shows tha t  the endurance characterist ics of the 
higher tens i le  strength s tee ls  are more adversely 
affected by poorer surface conditions. Further- 
moie i t  shows tha t  surface decarburization, which 
often accompanies forging, can severaly reduce 
fatigue strength. Most, i f  not a l l ,  of the 
strength reduction due t o  surface condition can 
be recovered by cold ro l l ing ,  shot peening, and 
other means of inducinq residual compressive 
s t ress  in to  the surface, as discussed l a t e r .  

Typical values of k a  range from about 
0.9 for  turned, ground and polished shafts of 
low tens i le  strength (400 MPa) t o  as low as 0.1 
for  high strength, forged shafts with significant 
surface defects ( refs .  2 and 10).  

Size factor,  k b .  - Large shafts tend t o  
have Tower fat-ue strenqth then small shafts.  
This i s  due to-the great volume of 
material under s t r e s s  and the attendant greater 
likelyhood of encountering a potential fat ique 
in i t i a t i ng  defect in the material 's  microstruc- 
ture.  Also the metallurgical structure of large 
parts tends t o  be coarser and less  uniform than 
small parts.  Since the diameter of fatigue 
specimens tend to  be small, typically 8 mm in 
diameter, a strength reduction factor should be 
applied fo r  larger shafts.  Values of k b  
typical range from about 0.9 fo r  50 mm diameter 
shafts to  approximately 0.65 for  shafts 250 mm 
in diameter ( refs .  13 and 14) .  

Rel iabi l i ty  factor,  k c .  - As previously 
discussed, published fatigue l imit  data usually 
represent an average value of the endurance 
strength of the sample of t e s t  specimens. In 
the absence of specific t e s t  data, the f a i l u re  
distr ibution of s tee l  specimens i s  often assumed 
t o  follow a Normal or Gaussian distribution with 
a standard deviation of about 8 percent of the  
mean. Thus for a 90 percent nominal r e l i ab i l i t y ,  
k c  . i s  approximately 0.9 and fo r  a 99 percent 
r e l i a b i l i t y  k c  i s  approximately 0.8 ( ref .  13).  

Temperature factor,  kd. - The fatigue 
l imit  of carbon and alroy s tee l  i s  re la t ive ly  
unaffected by operating temperatures between 
approximately -70 t o  300 'c. A t  lower tempera- 
tures the bending fatigue strength of s tee l  
increases while a t  temperatures above about 
400 'c, alloy s t ee l s  begin t o  loose strength 
( refs .  1 and 10).  

Fatigue s t r e s s  concentration factor,  k . 
- Ex~erience has shown that  shafts almost a?wavs 
f a i l  a t  a notch, hole, keyway, shoulder or other 
discontinuity where the effective s t resses  have 
been amplified. Fatigue data indicate tha t  low 
strength s t ee l s ,  due to  t he i r  duct i l i ty ,  are f a r  
less  sensit ive t o  the effects of a s t r e s s  ra iser  
than high strenqth steels.  This i s  reflected by 
the notch sens i t iv i ty  parameter q which i s  
used t o  modify the theoretical ( s t a t i c )  s t ress  
concentration factor K t  as follows: 

Reference 14 i s  an excellent source of 
design values for  both K t  and q. 

Press-fitted collar factor,  k f .  - A common 
method of attaching gears, bearings,  couplings, 
pulleys, and wheels to  shafts and axles i s  
through the use of an interference f i t .  The 
change in section creates a point of s t r e s s  con- 
centration a t  the  face of the col lar .  This 
s t r e s s  concentration coupled with the f r e t t i ng  
action of the col lar  as the shaft  f lexes i s  
responsible for  many shaft fa i lures  in service. 
A limited amount of fatigue t e s t  data have been 
generated for  s tee l  shafts having press-fitted, 
plain (without grooves or tapers) col lars  in 
pure bendinq. Based on t h i s  data from several 
sources, typical fatigue l i f e  reductions range 
from about 50 t o  70 percent ( r e f s .  14 and 15). 
Therefore, approximate range of press-fitted 
col lar  factors:  

Larger shaf ts  having diameters greater than 
about 75 mm (3  in . )  tend t o  have k f  values 
less  than 0.4 when the collars are loaded. 
Smaller shafts with unloaded collars tend to  
have k f  values greater than 0.4. The ef fec t  
of interference Dressure over a wide ranqe 
between col lar  and shaft has been found to  be 
small, except fo r  very l ight f i t s  ( l e s s  than 
about 28 MPa or 4 000 ps i )  which reduces the 
penalty t o  fatigue strength ( r e f .  14) .  Surface 
treatments producing favorable compressive res i -  
dual stresses and hardening processes such as 
cold ro l l ing ,  peening, induction or flame hard- 
ening can often fu l ly  restore fatigue strength 
( k f  = 1 )  ( ref .  1 ) .  Stepping the shaft  seat  
with a generous shoulder f i l l e t  radius or pro- 
viding s t ress  relieving grooves on the bore of 
the col lar  can also provide substantial strength 
improvements. 

Residual s t r e s s  factor,  k g .  - The intro- 
duction of residual s ~ t h r o u g h  various 
mechanical or thermal processes can have signifi-  
cant harmful or beneficial e f fec ts  on fatique 
strength. Residual stresses have the same effect  
on fatigue strength as mean stresses of the same 
kind and magnitude. Thus residual t ens i l e  
stresses behav.e as s t a t i c  tens i le  loads tha t  
reduce strength while residual compressive 
stresses behave as s t a t i c  compressive s t resses  
which are beneficial to  fatigue strength. 
Table I1 l i s t s  many of the most common manufac- 
turing processes and the type of residual s t ress  
they are l ikely t o  produce. The extent tha t  the  



residual tensile stresses from these processes 
reduce or benefit fatigue strength is dependent 
on several factors including the severity of the 
loading cycle and the yield strength of the 
material in question. Since the maximum resi- 
dual stress (either compressive or tensile) that 
can be produced in a part can be no greater than 
the yield strength of the material minus the 
applied stress, harder, higher strength materials 
can benefit more or be harmed more by residual 
stresses (refs. 3 and 16). This coupled with an 
increase in notch sensitivity makes it important 
to stress relieve welded parts made from stronger 
steels and increases the need to cold work crit- 
ical areas. For low cycle fatigue applications 
it usually does not pay to shot peen or cold 
roll mild steel parts with relatively low yield 
strengths since much of the beneficial residual 
compressive stress can be "washed-out" with the 
first applications of a large stress. 

Cold working of parts or the other means 
listed in table I1 to instill residual compres- 
sive stress is most often applied to minimize or 
eliminate the damaging effect of a notch, fillet, 
or other defect producing high stress concentra- 
tion or residual tensile stresses. Peening is 
also useful in minimizing the adverse effects of 
corrosion fatigue and fretting. 

Surface rolling can be even more effective 
than shot peening, since it can produce a higher 
level and deeper layer of compressive stress and 
also achieve a higher degree of work hardening. 
Furthermore the surface finish remains undimpled. 
With heavy cold rolling the fatigue strength of 
even an unnotched shaft can be improved up to 
80 percent according to test data appearing in 
reference 1. 

Hardening processes such as flame and induc- 
tion hardening a7 well as case carburizing and 
nitriding can considerably strengthen both un- 
notched and notched parts. This arises from the 
generation of large residual compressive stresses 
in combination with an intrinsically stronqer, 
hardened surface layer. Rapid quenching tends 
to increase both of these strengthening effects. 
A helpful rule to remember is that the first 
layer of material to cool is in compression while 
the last to cool is in tension. These hardening 
techniques are particularly effective in combat- 
ing corrosion fatigue and fretting fatigue. 
Typical design information and data on the 
effects of cold working, hardening and many of 
the other residual stress factors can be found 
in (refs. 1, 3, 13 and 16). 

Corrosion fatigue factor, kh. The forma- 
tion oftT and crevices-Cn-the surface of 
shafts due to corrosion, particularly under 
stress, can cause a major loss in fatigue 
strength. Exposed shafts on outdoor and marine 
equipment as well as those in contact with cor- 
rosive chemicals are particularly vulnerable. 
Corrosion fatigue cracks can even be generated 
in stainless steel parts where there may be no 
'visible signs of rusting (ref. 1). Furthermore, 
designs strictly based on the fatigue limit may 
be inadequate for lives much beyond 106 or 
lo7 cycles in a corrosive environment. Metals 
fatigue tested even in a miloly corrosive liquid 
like fresh water rarely show a distinct fatigue 
limit (ref. 1). For example, the S-N curve for 
mild carbon steel tested in a salt water spray 
shows a very steep downward slope, even beyond 
108 cycles. Corrosion fatigue strength has 
also been found to decrease with an increase in 
the rate of cycling so both the cycling rate and 
number of stress cycles should be specified when 
quoting fatigue strengths of metals in a corro- 

sive environment. Reference 1 contains a wealth 
of information on the corrosive fatigue strength 
of metals. Typically, the bendin fatigue 9 strength of chromium steels at 10 cycles range 
from about 60 to 80 percent of the air tested 
fatigue limit when tested in a salt water spray 
(ref. 1). Surface treatments such a galvanizing, 
sherardizing, zinc or cadmium plating, surface 
rolling or nitriding can normally restore the 
fatigue strength of carbon steels tested in 
fresh water or salt spray to approximately 60 to 
90 percent of the normal fatigue limit in air 
{ref. 1). 

Miscellaneous effects factor, ki. - Since 
fatigue failures nearly always occur at or near 
the surface of the shaft, where the stresses are 
the greatest, surface condition strongly influ- 
ences fatigue life. A number of factors that 
are often overlooked but are known to affect the 
fatigue strength of a part are listed below: 

(1) fretting corrosion 
(2) thermal cycle fatigue 
(3) electro-chemical environment 
(4) radiation 
(5) shock or vibration loading 
(6) ultra-high speed cycling 
(7) welding 
(8) surface decarburization 

Although only limited quantitative data has 
been published for these factors (refs. 1 and 
2), they should, nonetheless, be considered and 
accounted for if applicable. 

DESIGN FOR LIFE EXPECTANCY 

Traditional shaft analysis generally con- 
siders that the nominal loads acting on the shaft 
are essentially of constant am litude and that % the shaft life is to exceed 10 or lo7 cycles, 
i.e, nonlimited life (ref. 10). Sometimes shock 
or overload factors are applied. However, most 
shafts in service are generally exposed to a 
spectrum of service loads. Occasionally, sh fts 
are designed for lives that are less than 10 8 
cycles for purposes of economy. Both of these 
requirements complicate the method of analysis 
and increase the uncertainty of the prediction. 
Under these conditions, prototype component 
fatigue testing under simulated loading becomes 
even more important. 

Short life design. - Local yielding of 
notches, fillets, and other points of stress 
concentration are to be expected for shafts 
designed for short service lives, less than about 
1000 cycles. Since fatigue cracks inevitably 
originate at these discontinuities, the plastic 
fatigue behavior of the material dictates its 
service life. Most materials have been observed 
to either cyclicly harden or soften, depending 
upon its initial state, when subjected to cyclic 
plastic strain. Therefore, the cyclic fatigue 
properties of the material, which can be sig- 
nificantly different than its static or mono- 
tonic strength properties, need to be considered 
in the analysis. For short, low cycle life 
designs, the plastic notch strain analysis, dis- 
cussed in detail in (refs. 3 and 17) is con- 
sidered to be the most accurate design approach. 
This method, used widely in the automotive 
industry, predicts the time to crack formation 
based on an experimentally determined relation- 
ship between local plastic and elastic strain 
and the number of reversals to failure. 

Intermediate and long life desi ns 
intermediate and l o n g T e % s ~ % t ~ t ~ ~ ~  



s t ra in -1  i f e  and nominal s t r e s s - l i f e  (S-N curve) w i t h  hardnesses less  than approximately 500 9HN, 
methods have been success fu l l y  app l ied  ( r e f s .  3  reference 20 recommends the f o l l o w i n g  rough 
and 17) .  Although both methods prov ide reason- approximation: 
ab le f a t i g u e  l i f e  p red ic t i ons ,  o n l y  the  nominal 
s t r e s s - l i f e  method w i l l  be o u t l i n e d  here. - + 345 MPa ( 6 )  

o r  
Obviously, the  key t o  accurate f a t i g u e  l i f e  

p r e d i c t i o n  i s  ob ta in ing  a  good d e f i n i t i o n  o f  
s t r e s s - l i f e ,  S-N, c h a r a c t e r i s t i c s  o f  the  s h a f t  
m a t e r i a l .  Mean bending and/or t o r s i o n a l  s t ress  
e f f e c t s  should be taken i n t o  account i f  present. 
Furthermore, a  good d e f i n i t i o n  o f  the  load ing  
h i s t o r y  i s  a l so  requi red.  Even when these 
requirements are met, t h e  accuracy o f  the  pre- 
d i c t i o n  i s  approximate w i t h  today 's  state-of- 
knowledge. As an example, an extensive cumula- 
t i v e  f a t i g u e  damage t e s t  program was conducted 
by  the  SAE t o  assess the  v a l i d i t y  o f  var ious 
f a t i g u e  l i f e  p r e d i c t i o n  methods ( r e f .  17) .  
Numerous s imple geometry, notched s t e e l  p l a t e  
specimens were f a t i g u e  tes ted  i n  unax ia l  tens ion.  
Tests were conducted under constant ampli tude 
loading and a lso  under a  v a r i a b l e  ampli tude 
load ing  t h a t  c l o s e l y  simulated the  se rv i ce  
loading h i s t o r y .  The t e s t  specimens' m a t e r i a l  
f a t i g u e  p roper t i es  and the  ac tua l  force-t ime 
h i s t o r y  were ve ry  w e l l  def ined. Under these 
w e l l  c o n t r o l l e d  condi t ions,  p red ic ted  mean l i f e  
from the  bes t  ava i lab le  method was w i t h i n  a  fac-  
t o r  o f  3  (113 t o  3  t imes)  o f  the  t r u e  experimen- 
t a l  va lue f o r  about 80 percent o f  the  t e s t  
specimens w h i l e  some o f  the  o the r  methods were 
considerably  l ess  accurate ( r e f .  17) .  Under 
l ess  i d e a l  condi t ions,  such as when the load ing  
h i s t o r y  and mate r ia l  p roper t i es  are n o t  as w e l l  
known o r  when a  m u l t i a x i a l  s t ress  s t a t e  i s  
imposed, a  p r e d i c t i v e  accuracy w i t h i n  a  f a c t o r  
o f  10 o f  t h e  t r u e  f a t i g u e  l i f e  would n o t  be 
unacceptable w i t h  today's state-of-knowledqe. 

S-N CURVE 

I n  o rder  t o  determine t h e  proper s h a f t  s i z e  
f o r  a  g iven number o f  s t ress  cyc les  under a  
v a r i a b l e  ampli tude load ing  s i t u a t i o n  i t  i s  nece- 
ssary t o  cons t ruc t  an S-N curve f o r  the  sha f t  
under the  proper mean loading cond i t i on .  I f  an 
exper imen ta l l y  determined S-N curve f o r  the  s h a f t  
i s  a v a i l a b l e  then, o f  course, i t  i s  t o  be used. 
However, i f  ac tua l  t e s t  data i s  n o t  ava i lab le ,  
i t  i s  s t i l l  poss ib le  t o  generate a  reasonable 
est imate o f  the  S-N c h a r a c t e r i s t i c s  o f  the  s h a f t  
as shown i n  f i g u r e  2. I n  f i g u r e  2, a  s t r a i g h t  
l l n e  connects the  f a t i g u e  s t reng th  c o e f f i c i e n t  
of a t  1 c y c l e  w i t h  t h e  s h a f t ' s  corrected f a t i q u e  
l i m i t  of a t  106 s t ress  cyc les ( o r  l o 7  cyc les  i f  
app l i cab le )  on log- log coord inates ( r e f .  3 ) .  The 
c o e f f i c i e n t  o i  i s  the  t r u e  s t ress  (consider inq 
necking) requ i red  t o  cause f r a c t u r e  on the  f i r s t  
appl ied bending s t ress  reversa l .  I t  i s  normal ly  
g rea te r  than the  nominal t e n s i l e  s t reng th  of the  
mate r ia l  a,. 

T h i s  method assumes t h a t  t h e  f rac tu re  
s t reng th  o f  t h e  s h a f t  i s  no t  apprec iably  
a f f e c t e d  by the  presence o f  any mean bending o r  
t o r s i o n a l  s t resses o r  t h e  presence o f  a  notch. 
The reason f o r  t h i s  i s  t h a t  i n  a  bending o r  t o r -  
s iona l  s t reng th  t e s t ,  t h e  ou te r  f i b e r s  f r a c t u r e  
f i r s t .  Any i n i t i a l  mean o r  r e s i d u a l  s t ress  o r  
notch e f f e c t  w i l l  be l o s t  t o  l o c a l  y i e l d i n g  as 
t h e  load i s  appl ied.  Th is  i s  n o t  the  case f o r  
an a x i a l  s t reng th  t e s t ,  s ince the  whole cross 
sec t ion  o f  t h e  specimen r a t h e r  than the ou te r  
f i b e r s  must c a r r y  t h e  mean load ( r e f .  3) .  

where ou = u l t i m a t e  t e n s i l e  s t rength.  

The parameter b  appearing i n  t a b l e  I i s  
commonly r e f e r r e d  t o  as t h e  f a t i g u e  s t reng th  
exponent ( r e f .  18). I t  i s  the  s lope of the  S-N 
l i n e  on log- log coordinates, taken as a  p o s i t i v e  
va lue here, where b  = l o g  (o;/of)/6 f o r  a  f a t i y e  
l i m i t  based on Nf = 106 cyc les o r  

b  = l o g  ( o ' / o  ) / 7  f o r  N~ = 10' cyc les ( 7 )  f f  

Thus, i f  o; and of are known o r  
approximated, s lope b  can be found and an S-N 
curve can be constructed from the  r e l a t i o n :  

a l t e r n a t i n g  f a i l u r e  s t ress  corresponding t o  Ni  
cyc les t o  f a i l u r e  and of i s  t h e  fa t i gue  l i m l t  
s t reng th  corresponding t o  Nf cyc les  t o  f a i l u r e .  

As shown i n  f i g u r e  3, equation , (8 )  together  
w i t h  the  simple approximation f o r  o f  given i n  
equation ( 6 )  prov ides a  reasonably good co r re la -  
t i o n  w i t h  reversed bending f a t i g u e  data o f  d i f -  
f e r e n t  s t reng th  s t e e l s  appearing i n  ( r e f .  21). 
The w e l l  known approximation t h a t  the  f a t i g u e  
l i m i t  i s  about h a l f  o f  the  t e n s i l e  
s t reng th  ou seems t o  ho ld  reasonably w e l l  
f o r  a l l  t he  s t e e l  t e s t  data appearing i n  f i g u r e  
3, except f o r  t h a t  i n  the  0  t o  483 MPa t e n s i l e  
s t reng th  range. The reason f o r  t h i s  descrepancy 
i s  n o t  c lea r .  I t does, however i l l u s t r a t e  t h e  
importance o f  ob ta in ing  ac tua l  f a t i g u e  l i f e  prop- 
e r t i e s  r a t h e r  than r e l y i n g  on simple approxima- 
t i o n s .  Furthermore the  h igh  degree o f  s c a t t e r  
o f  t h e  t e s t  data i n  f i g u r e  3  i s  n o t  uncommon i n  
f a t i g u e  t e s t i n g .  The S-N curve represents the  
mean o r  average s t reng th  c h a r a c t e r i s t i c s  of a  
popu la t ion  o f  components. Working s t ress  l e v e l s  
must be reduced t o  assure h igher  r e l i a b i l i t i e s  
than t h i s  50 percent  s u r v i v a l  r a t e  (see r e a l i -  
a b i l i t y  f a c t o r  kc) .  

S-N p red ic t i on .  - Figure 4  i l l u s t r a t e s  the  
e f f e c t s t a t  t h e  above f a t i g u e  l i f e  modi fy inq 
fac to rs  ( k - fac to r )  have on the  s t r e s s - l i f e  r e l a -  
t i o n  o f  equat ion ( 8 ) .  A  comparison was made 
w i t h  r o t a t i n g  beam f a t i g u e  data generated i n  
( r e f .  22) f o r  smooth, notched, and notched, shot-  
peened s t e e l  specimens having a  t e n s i l e  s t rength 
ou o f  897 MPa. 

From the  approximation given i n  equation (6) ,  
o; a t  1 cyc le  (o f f - sca le  i n  f i g .  4 )  was e s t i -  
mated t o  be $241 MPa. The f a t i g u e  l i m i t  o f  t h e  t e s t  
specimens of a t  106 cyc les was est imated t o  
be 0.5 ou o r  449 MPa. I n  the  case o f  t h e  smooth, 
po l i shed  t e s t  specimen a l l  o f  the  k - fac to r  = 1, 
so t h e  upper l i n e  appearing i n  f i g u r e  4  can be 
drawn. 

Values f o r  o; are n o t  comonly a v a i l a b l e  i n  I n  the case o f  the  notched specimen having 
t h e  open l i t e r a t u r e .  Table I ( re fs .  18 and 191 t h e  geometry shown i n  f i g u r e  4, 1.76 and q  
l i s t s  rep resen ta t i ve  values o f  o f  and of a lonq = 0.79 accord ing t o  ( r e f .  14). K?ram equatlon ( 5 ) ,  
w i t h  o the r  s t reng th  p roper t i es  f o r  severa l  s t e e l  t h e  f a t i g u e  s t ress  concentrat ion f a c t o r ,  ke = 0.63 
composit ions. For s t e e l s  n o t  l i s t e d  i n  t a b l e  I 



and the fatigue limit of the notched specimen = 0.6 
(449) or 283 MPa as shown in figure 4. 

It is instructive to note from figure 4, 
that the compressive residual stress and work 
hardening provided by shot peening virtually 
eliminated the detrimental notch effect almost 
entirely (see diamond shape symbols). Secondly, 
the slope of the S-N curve is steeper, that is 
b is larger, for the notched shaft. Since shaft 
life is inversely proportional to stress raised 
to the lib power, where lib - 13.6 for the smooth 
shaft versus l/b = 9.3 for the notch shaft, the 
notched shaft's life, although lower, is less 
sensitive to stress amplitude changes than that 
of the smooth shaft. In fact, slope b increa- 
ses with a decrease in k-factor or a decrease 
in tensile strength. This is shown in figure 5 
where b is plotted from the following approxi- 
mation derived from equations (6) to (8): 

0 + 345 
for ou in MPa (9) 

where 

k-factor = kakbkckdkekfkgkhki (10) 

It should be pointed out that the presence 
of a mean stress, either applied or residual, 
will cause a change in endurmce strength and 
therefore affect slope b. Mean torsional, bend- 
ing or tensile stresses will decrease of and 
thus increase b while compressive stresses 
will have the opposite effect. The effect of 
mean stresses will be discussed later. 

VARIABLE-AMPLITUDE LOADING 

The analysis presented thus far assumes, 
for simplicity, that the nominal loads acting on 
the shaft are essentially of constant amplitude. 
However, most shafts in service are generally 
exposed to a spectrum of loading. As reference 
11 points out, shaft fatigue life can deviate 
substantially from the constant load estimate, 
particularly in the presence of occasional 
overloads. 

The method developed in reference 11 assumes 
that the loading history can be broken into 
blocks of constant amplitude loading and that 
the sum of the resulting fatigue damage at each 
block loading equals one at the time of failure 
in accordance with Palmgren-Miner linear damage 
rule. Great care must be exercised in reducing 
a complex, irregular loadinq history into a 
series of constant amplitude events in order to 
preserve the fidelity of the prediction, Refer- 
ence 3 discusses the merits of several cycle 
counting schemes that are commonly used in prac- 
tice for prediction purposes. 

A shortcoming of Miner's rule is that it 
assumes that damage occurs at a linear rate with- 
out regard to the sequence of loading. There is 
ample experimental evidence that a virgin mate- 
rial will have shorter fatigue life, that is 
Miner's sums less than one, when first exposed 
to high cyclic stress before low cyclic stress 
(refs. 1 and 4). This "overstressing" is 
thought to create submicroscopic cracks in the 
material structure that can accelerate the damage 
rate. This is clearly illustrated in figure 6, 
which shows the effects of overstress on the 
fatigue tests of Kommers (ref. 22). Kommers 
performed a two-step load test on mild steel 
specimens in which a *36 000 psi overstress was 
applied first for a given percentage of the 
total cycles (cycle ratio). It is clear from 

3 these results that the initial stressing has 
reduced both the fatigue limit and the remaining 
fatigue life at stresses above the fatigue limit. 
The extent of this reduction is directly related 
to the magnitude of the overstress and its dura- 
tion. For example, applying the overstress for 
40 percent of the total cycles reduced the orig- 
inal fatigue limit from 28 000 psi down to 26 
000 psi. At 28 000 psi this *'predamaged" speci- 
men will now fail at 320 000 cycles compared to 
the nonlimited life of the virgin sample. 

On the other hand, test specimens exposed 
first to stresses just below the fatigue limit 
are often stronger in fatigue than when new. 
This "coaxing" or "understraining" effect which 
can produce Miner's sums much larger than one is 
believed due to a beneficial strain aging pheno- 
mena. While Miner's sums at the time failure 
can range from 0.25 to 4 depending on loading 
sequence and magnitude, the experimental range 
shrinks to approximately 0.6 to 1.6 when the 
loading is in a more random manner (ref. 23). 
This is often acceptable for failure estimates. 
More complicated cumulative damage theories have 
been devised to account for "sequencing" effects. 
In fact reference 23 discusses seven different 
ones, but none of them have been shown to be 
completely reliable for all practical shaft 
loading histories. In most cases, Miner's rule 
serves almost as well and because of its sim- 
plicity it is still preferred by many. 

Assuming that the shaft is exposed to a 
series of 3, in this case, alternating bending 
moments of constant amplitude M acting for nl, 

al 
loading cycles, M for n2 cycles, and M for 

9 a3 
r q  cycles, then according to Miner's rule: 

where N1 is the number of cycles to failure at 

bending moment Mal, N2 is the cycles to failure 

at M , etc. 
a2 

From the straight line on the log-log S-N 
plot of figure 2, it is clear that 

where o is the alternating bending stress at 
ai 

bending moment Mai, Nf is the number of stress 

cycles corresponding to the fatigue limit of 
of the shaft (usually 106+107 cycles) and 
b is the sTope of the S-N curve taken as a 
positive quantity. 

Substituting equation (12) back into equa- 

tion (ll), noting o = 32 Ma./"d3 (solid circular 
ai 1 

shaft) and simplifying, yields the following 
expression for calculating shaft diameter, d: 
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where the factor of safety term (FS) has been 
introduced. 

Equation (13) can also be rearranged to find 
the life NL of a shaft of given diameter for a 
prescribed operating duty cycle. Multiplying 
both sides of equation (13) by (l/nLlb where 
NL = total shaft life in cycles = nl + n2 
+ "3, etc. and solving for NL gives: 

where the terms nllN~, n2/N , and n3/N~ are 
the fraction of time spent ak each bend~ng load 
M , M , and M , respectively. 
al a2 a3 

Effect of duty cycle. - Equation (11) can be 
used to illustrate the large detrimental effects 
that high loads have on shaft life. Consider the 
case where a shaft is exposed to two blocks of 
alternating bending moments, where a bending 
moment of amplitude M acts for nl/NL fraction 

al 
of the time and M acts for the remainder 

according to the schematic appearing in figure 7. 
Defining relative life LR, to be shaft life when 

M it M divided by shaft life when Ma? = Ma,, 
a, a, 

L L L 1 

then from equation (14) LR is found to be: 

Plotting equation (15) in figure 7 it is clear 
that even a 20 percent overload M / M  = 1.2 

a? al 
acting only 20 percent of the time 7n /NL = 0.8) 
will cause 30 percent life reduction +or b = 0.16 
or a 64 percent life reduction for b = 0.08 rela- 
tive to a shaft with only constant amplitude 
loading. In practice, the life reduction would 
be closer to 30 rather than 64 percent since a 
b-value of 0.16 is more representative of a 
machined, mild steel shaft with stress concen- 
tration while b = 0.08 would be representative 
of a smooth, notch free (k-factor -I), high 
strength shaft. (See fig. 5). However, ii any 
case, this example points out that the high fluc- 
tuating loads acting on a structural element, 
such as a shaft, tend to dictate its service 
life. 

EFFECT OF MEAN STRESSES 

The analysis presented is predicated on 
the knowledge of the S-N characteristics of the 
shaft under the anticipated laading conditions. 
Modifying factors have been identified in 

equation (4) to correct specimen fatigue data 
for certain geometric and environmental factors 
that can affect fatigue strength. The effects 
of mean stresses will be addressed next. 

Since most shafts transmit power and rotate 
with gear, sprocket or pulley loads, mean tor- 
sional stresses are invariably present. Also 
mean bending stresses can be developed such as 
those due to rotating unbalance forces. These 
mean stresses cause a reduction in fatigue 
strength. Residual stresses, induced deliber- 
ately or unattentionally (see table 11) behave 
like mean stresses and can either benefit or 
reduce strength depending on whether they are 
compressive or tensile (refs. 3 and 16). 

The effects of mean stresses on long term 
fatigue strength are sometimes available in the 
form of experimentally determined constant life 
diagrams (ref. 24). In these diagrams the ampli- 
tude of the fluctuating stress is plotted versus 
the magnitude of the mean stress at lo4, lo5, etc. 
cycles to failure. Some-times notched specimen 
data is included. When specific data is unavail- 
able, mean stress effects are often approximated 
by certain mathematical failure relations, such 
as Soderberg, Gerber and Modified Goodman failure 
lines (refs. 2, 3, and 5). However, these rela- 
tionships are only useful when the loading con- 
sidered to be "simple" that is when only one 
kind of fluctuating stress is acting on t F  
m t  . 

Combined Mean Stress 

For shafting applications, the combination 
of bending and torsional mean loads requires a 
more advanced treatment. Unfortunately, rela- 
tively little combined bending and torsional 
fatigue data appear in the open literature. 
However, combined stress data analyzed in refer- 
ence 9 suggests an elliptically shaped reduction 
in bending fatigue limit with mean torsional 
stress, which is the basis of equation (2), the 
working equation in the new shafting standard 
(ref. 10). 

A correction for the fatigue limit of a 
specimen of under the presence of either 
or both a mean bonding moment M, or a mean 
torsional load, Tm was found in reference 11. 
This was derived utilizing the aforementioned 
elliptical reduction in fatigue strength with 
T and a linear (Goodman failure line) reduc 
tyon with M,. Therefore, if a mean bending 
moment M, or mean torsional load Tq fs 
present, the specimen fatigue life of 1s 
approximately altered according to reference 11 
as follows: 

where o? is the test specimen fatique 
limit with Mm #.O or Tm +. 0 and can be 
substituted for or in equation (4) to 
find the fatigue limit of the shaft of. 

Because the shafts diameter d appears in 
equation (16), it will be necessary to make an 
initial estimate for d to find o*f and thus 

Then initial of, can be used with equations 
TZj, (3) and (13) to find a new d. This process 
can be repeated until convergence is obtained on d. 



Figure 9 illustrates the effects of a mean tor- 
sional load Tm on shaft diameter using equation 
(16) as substituted back into equation (15) under 
a single cyclic bending moment load of amplitude 
Ma. For purposes of illustration, a representative 
case was selected where ou = 690 MPa (100 000 psi), 
k-factor = 0.5, b z 0.13, !f* KZ 0:5 (aU) and 
o KZ 0.85 (au). To normalize this data, relative 
siaft diameter has been arbitrarily set equal to 
1.0 at 106 cycles to failure and Tm = 0. 

Several general observation can be made 
about the trends appearing in figure 9. First, 
the savings in shaft diameter for a limited life 
design at lo3 cycles to failure versus that 
for an unlimited life (fatigue limit) design at 
106 cycles becomes smaller as the transmitted 
or mean torque is increased. For example, a 26 
percent smaller shaft can be used at Tm = 0 
while a diameter reduction of just 12 percent is 
possible at Tm = 3 Ma. Secondly, the 
required increase in shaft diameter to accommo- 
date an increase in transmitted torque at con- 
stant shaft life is relatively modest for high 
cycle fatigue life designs. For example, an 
increase shaft diameter of only 8 percent is 
needed to accommodate a transmitted torque that 
is three times the bending moment amplitude (Tm 
= 3 Ma) at 106 cycles. However, at lower 
cycles to failure, this increase in diameter 
with transmitted torque becomes greater, being 
about 28 percent at 103 cycles for Tm = 3 Ma. 

SUMMARY AN0 CONCLUSIONS 

A shaft design method is presented based on 
the analysis of reference 11 which can be used 
to estimate the diameter required to survive a 
specified number of stress cycles under a vari- 
able amplitude loading history. The analysis is 
based on a nominal stress-life method in which a 
straight line connects the true fracture strength 
at 1 cycle to the fatigue limit of the shaft at 
lo6 or lo7 cycles-to-failure on log-log coor- 
dinates. A number of fatigue life modifying 
factors have been identified to correct test 
specimen fatigue strength data for geometric and 
environmental conditions which the actual shaft 
will likely encounter in service. Among such 
factors are surface condition, size, reliability 
temperature, stress concentration, press-fitted 
collars, residual stress and corrosion fatigue. 
The effects of variable amplitude loading were 
incorporated into the analysis using a Palmgren- 
Miner linear damage approach. Mean bending 
stresses were accounted for using a Modified 
Goodman failure relationship. The influence of 
a steady transmitted torque was considered 
through a elliptical reduction in reversed 
bending fatigue strength with mean torsional 
stress exhibited by previously published fatigue 
test data. 

The method presented was used to determine 
the effects of certain key material and operating 
variables on shaft diameter and fatigue life. 
The following results were obtained: 

(1) The amplitude of the peak cyclic bending 
moment from a variable amplitude loading history, 
even briefly applied, has a large negative influ- 
ence on shaft diameter and/or fatigue life. 

(2) The sensitivity of shaft fatigue life 
to bending stress is primarily a function of 
tensile strength and the value of the fatique 
life modifying factor. For example, life typi- 
cally varies with stress to about the -14 power 
for small, smooth, high strength shafts and to 
the -5 power for large, rough, heavily notched, 
low strength shafts. 

(3) The sensitivity of shaft diameter to the 
presence of a mean or steady transmitted torque 
is relatively small for high cycle fatigue life 
designs but steadily increases as the desired 
cycle life is reduced. 

(4) The savings in shaft diameter from a 
reduction in the required number of cycles to 
failure is greater at lower transmitted torque 
levels. This savings becomes relatively small 
for shafts that carry a relatively high amount 
of torque. 

APPENDIX - APPLICATION EXAMPLE 

To illustrate application of the proposed 
method consider that a shaft is to be designed 
with safty factor of 2 from SAE 1045 steel, 
quenched and tempered Q T (225 BHN, ou = 724 
MPa and uy = 634 MPa from Table 1) for 100 000 
cycles under a steady torque of 3000 N-M and the 
following variable bending moment schedule: 

Percent Number of Fraction of 
i N-m time 1 cyc;;s, 1 N ~ ,  

ni/N f 

The fatigue limit of a smooth 1045 steel 
specimen without mean stress is listed 
as 323 MPa at Nf = 106 cycles in table I. 
(Note this is somewhat smaller than the 
approximation 0.5 ou or 362 MPa.) 

Start with an initial shaft diameter guess 
of d = 0.055 m (a good starting point is to 
calculate d from equation (13) assuming that 
no mean load is present). The effect of the 
mean torque of 3000 N-m on can be 
found from equation (16) as follows: 

Let's assume that in this example that the 
product of all the k-factors described by 
equation (4) is equal to 0.4, so the shaft's 
corrected bending fatigue limit 

For this material o; is given as 
1227x106 N/$, so the S-N curve slope is 

Finally, for a FS = 2.0, the required shaft 
diameter d can be found from equation (13) to 
be : 
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d = 0.056 m o r  2.2 i n .  

(Th is  diameter i s  s u f f i c i e n t l y  c lose  t o  the  
i n i t i a l  guess t h a t  a repeat  c a l c u l a t i o n  i s  n o t  
requi red.  ) 

I t  i s  i n s t r u c t i v e  t o  note t h a t  i f  t h e  
c a l c u l a t i o n  were repeated consider ing t h a t  o n l y  
t h e  maximum bending moment o f  2000 N-M acted 15 
percent o f  t h e  t ime  and t h a t  i f  t h e  s h a f t  r a n  
unloaded t h e  r e s t  o f  the  time, t h a t  i s  

then 

d = 0.054 m o r  2.1 i n .  

The i n s i g n i f i c a n t  reduc t ion  i n  s h a f t  diameter 
f rom i g n o r i n g  the  lower loads c l e a r l y  i l l u -  
s t r a t e s  t h e  dominant e f f e c t  t h a t  peak loads have 
on f a t i g u e  l i f e .  Th is  i s  a l so  apparent f rom 
equat ion ( 8 )  where l i f e  i s  i n v e r s e l y  p ropor t i ona l  
t o  t h e  l / b  power o f  s t ress  ampli tude. The expo- 
nent  l / b  t y p i c a l l y  ranges from about 5 f o r  heav- 
i l y  notched sha f t s  t o  about 14 f o r  some pol ished, 
unnotched s t e e l  t e s t  specimens w i thou t  mean 
st resses (see t a b l e  I ) .  Even a t  a modest l / b  
va lue o f  6, 64 t imes more f a t i g u e  damage i s  
caused by  doubl ing the  a l t e r n a t i n g  bending 
moment o r  bending s t ress  amplitude. This  
underscores t h e  necessi ty  o f  paying c lose 
a t t e n t i o n  t o  over load cond i t i ons  i n  both s h a f t  
and s t r u c t u r a l  element f a t i g u e  designs. 

REFERENCES 

1. Forrest ,  P.G., Fat igue o f  Metals, Pergamon 
Press, New York ,1962. 

2. J u v i n a l l ,  R.C., Engineering Considerat ions 
o f  St ress and S t ra in ,  and Strength,  
McGraw-~i 11, New York, 1967. 

3. Fuchs, H.O. and Stephens, R. I., 
Fat igue i n  Engineering, Wiley, New York, 
1980. 

5. Deutschman, A. D., Michels, W. J., and 
Wilson, C. E., Machine Design: Theory and 
Pract ice,  MacMif lan, Inc., New York, 1975. 
pp. 331-360. 

6. Borchardt, H.A., "Shortcuts f o r  Designing 
Shafts," Machine Desigz, Vol.  45, Feb. 8., 
1973, pp. 139-141. 

7. Bagci, C., "Computer-Aided Fat igue Desiqn o f  
Power Transmission Shaf ts  w i t h  Strength 
Cons t ra in ts  us ing a F i n i t e  L i n e  Element 
Technique and a Proposed Fat igue F a i l u r e  
C r i t e r i o n , "  ASME Paper 79-DET-103, 1979. 

8. Maschino, S. and Kaftanoglu, B., 
"Computer-Aided Design o f  Power Shafts," 
ASME Paper No. 83-DET-63, 1983. 

9. Loewenthal, S.H., "Proposed Design Procedure 
f o r  Transmission Sha f t i ng  Under Fat igue 
Loading," NASA TM-78927, 1978. 

10. American Nat ional  Standard, Design o f  
Transmissions Shaft ing, ANSI/ASME 
B106.1M-1986. 

11. Loewenthal, S.H., "Factors That A f f e c t  the  
Fat igue Strength o f  Power Transmission 
Sha f t i ng  and The i r  Impact on Desiqn," ASME 
Trans., J. Mechanisms, Transmission and 
Automation i n  Design, Vol.  108, No. 1, 
Mar. 1986, pp. 106-118. 

12. Loewenthal, S.H., and Orthwein, W.C., 
Shafts, Couplings, Keys, etc., Mechanical 
Design and Systems Handbook, H.A. Rothbardt, 
ed., 2nd e d i t i o n  McGraw-Hil l  Book Co., New 
York, 1984. 

13. Loewenthal, S.H., Design o f  Power 
T ransmi t t i ng  Shafts, NASA Reference 
m a t i o n  1123, J u l y  1984. 

14. Peterson, R.E., St ress Concentrat ion 
Factors, Wiley, New York, 1974. 

15. "Shafts w i t h  In te r fe rence-F i t  Co l la rs ,  Par t  
I V :  Fat igue Strength o f  P l a i n  Shafts," 
ESDU-68005-Pt. 4, Engineering Sciences Data 
Un i t ,  London, 1968. 

16. Almen, J.O. and Black, P.H., Residual 
Stresses and Fat igue i n  Metals',-Hill , 
New York, 1963. 

17. Wetzel, R.M., ed., Fat igue Under Complex 
Loading: Analyses and Experiments, Vol. 6, 
Soc ie ty  o f  Automotive Engineers, Warrendale, 
Pa., 1977. 

18. "SAE In fo rmat ion  Report Technical Report on 
Fat igue Properties-SAEJ1099," SAE Handbook, 
Pt .  1, Society  o f  Automotive E w e r  
Warrendale, Pa., 1978, p. 444. 

19. "SAE In fo rmat ion  Report: Estimated 
Mechanical P roper t i es  and M a c h i n a b i l i t y  o f  
Hot  Ro l led  and Cold Drawn Carbon Steel  
Bars-SAE 5414," SAE Handbook, Pt. 1, Society  
o f  Automotive Engineers, Warrendale, Pa., 
p. 314. 

20. Graham, J.A. ed., Fat igue Design Handbook, 
SAE, New York, 1 9 6 r  

21. Heywood, R.B., Designing Against Fat igue o f  
Metals, Reinhold, New York, n 6 2 ,  p. 30. 

22. Kommers, J.B., E f f e c t  o f  Overstress on the  
Endurance L i f e  o f  Steel .  Proc. Amer. Soc. 
Test. Mat., v o l .  45, 1945, p. 532. 

23. Har r i s ,  W.J., M e t a l l i c  Fatigue, Pergamon 
Press, New York, 1961, p. 48. 

24. " M e t a l l i c  Ma te r ia l s  and Elements f o r  F l i g h t  
Vehic le  Structures," M i l  - Handbook 5, 
Department o f  Defense, Washington, D.C., 
1962. 



TABLE I. - REPRESENTATIVE STRENGTH AND FATIGUE PROPERTIES OF SELECTED STEELS BASED ON 

TEST SPECIMEN DATA WITHOUT MEAN STRESSES FROM REFERENCES 11 AN0 12 

Note: Values l i s t e d  a re  t y p i c a l .  S p e c i f i c  values should be obtained f rom t h e  s t e e l  producer. 
Symbols : 

C O  = c o l d  drawn 
HR = h o t  r o l l e d  

Q & T = quenched and tempered 

SAE spec 

1005-1009 
1005-1009 
1015 
1018 
1020 
1022 
1040 
1040 
1045 
1045 
1045 
1045 
1050 
1140 
1144 
1541 F 
41 30 
41 30 
41 40 
41 42 
41 42 
41 42 
4340 
4340 
4340 
51 60 

- 

Pre-s t ress ing o r  o v e r s t r a i n i n g  
Shot o r  hammer peening 
Sand o r  g r i t  b l a s t i n g  
Cold sur face r o l l i n g  
Coin ing 
Tumbling 
Burn ish ing 
Flame o r  i n d u c t i o n  hardening 
Carbu r i z ing  o r  n i t r i d i n g  

BHn 

125 
90 
80 

126 
108 
137 
170 
225 
225 
390 
500 
595 
197 
170 
305 
290 
258 
365 
310 
310 
380 
450 
243 
409 
350 
430 

TABLE 11. - MANUFACTURING PROCESSES THAT PRODUCE RESIDUAL STRESSES 

Cold s t r a i g h t e n i n g  
Gr ind ing  o r  machining 
Elect ro-d ischarge machining (EDM) 
Welding 
Flame c u t t i n g  
Chrome, n i c k e l ,  o r  z inc p l a t i n g  

B e n e f i c i a l  r e s i d u a l  
compressive s t ress  

Process 
d e s c r i p t i o n  

Cd Sheet 
HR Sheet 
Normalized 
CD Bar 
HR P l a t e  
C O  Bar 
CO Bar 
As Forged 
Q & T 
Q & T 
Q & T 
Q & T 
CO Bar 
CD Bar 
Drawn a t  Temp 
Q & T Forg ing 
Q & T 
Q & T 
Q & T Drawn a t  Temp 
Drawn a t  Temp 
Q & T 
Q & T and Deformed 
HR Annealed 
Q & T 
Q & T 
Q & T 

Harmful r e s i d u a l  
t e n s i l e  s t ress  

a 
U 

U l t  S t r ,  
k s i  (MPa) 

60 (414) 
50 (345) 
60 (414) 
64 (441) 
64 (441) 
69 (476) 
85 (586) 
90 (621) 

105 (724) 
195 (1344) 
265 (1827) 
325 (2241) 
100 (690) 

88 (607) 
150 (1034)  

138 (951) 
130 (896) 

207 (1427) 
156 (1076) 
154 (1062) 
205 (1413) 
280 (1931) 

120 (827) 
213 (1469) 
180 (1241) 
242 (1669) 

a 
Y 

Y i e l d  S t r ,  
k s i  (MPa) 

58 (400) 
38 (262) 
33 (228) 
54 (372) 
38 (262) 
58 (400) 
71 (490) 
50 (345) 
92 (634) 

185 (1276) 
245 (1689) 
270 (1862) 

84 (579) 
74 (510) 

148 (1020)  
129 (889) 
113 (779) 

197 (1358) 
140 (965) 

152 (1048) 
200 (1379) 
270 (1862) 

92 (634) 
199 (1372) 
170 (1172) 
222 (1531) 

* 
"f, 

Fat l i m i t  
106 cyc les,  

k s i  (MPa) 

35 (244) 
29 (202) 
27 (186) 

30 (208) 

33 (233) 
47 (323) 
79 (547) 

104 (715) 
122 (843) 

66 (454) 
63 (435) 
59 (404) 
77 (532) 
90 (619) 
53 (366) 
03 ($74) 
83 (572) 
49 (337) 
80 (550) 
82 (567) 

103 (709) 

I 

O f  

Fat  S t r  Cof. 
k s i  (MPa) 

78 (538) 
93 (641) 

120 (827) 

130 (896) 

223 (1538) 
178 (1227) 
230 (1586) 
330 (2275) 
395 (2723) 

230(1586)  
185 (1276) 
185 (1276) 
246 (1696) 
265 (1827) 
210 (1448) 
265 (1827) 
305 (2103) 
174 (1200) 
290 (1999) 
240 (1655) 
280 (1931) 

b 

Fat  S t r  
~ x p  

0.073 
0.109 
0.11 

0.12 

0.14 
0.095 
0.074 
0.08 
0.081 

0.09 
0.076 
0.083 
0.081 
0.08 
0.10 
0.08 
0.09 
0.095 
0.091 
0.076 
0.071 
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Figure 1. - Surface factor as a funct ion of surface condition and 
ult imate tensi le strength. (From ref. 2). 
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Figure 2. - Generalized S-N curve  constructed for  bf and ot. 
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Figure 3. - Predicted and measured effect of tens i le  s t rength on t h e  
stress-life character ist ics of steels in reversed bending (from ref. 21). 
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Figure 4. - Comparison of predicted and experimental stress- 
l i f e  character ist ics of smooth, notched and notchedlshot 
peened, steel rotat ing beam specimens (from ref. 19). 
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Figure 6. - The effect of overstress on  the  S-N curve  for 
rrlild steel for Komrners fatigue tests C221. 
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Figure 7. - Effect of duty  cycle on  shaft  fatigue l i fe  at some com- 
binat ion of bending moments Mal and Ma2. 
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-Figure 8. - Effect of duty cycle on shaft diameter at constant 
life (notched shaft having k-factor = 0.5, tensile strength = 

690 MPa, slope b = 0.13, FS = 1). 



SHAFT LIFE IN STRESS CYCLES 

Figure 9. - Effect of transmitted torque and l i fe on shaft 
diameter (notched shaft having k-fqctor = 0.5, tensile 
strength = 690 MPa, slope b = 0.13, FS = 1). 
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