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A TAYLOR-GALERKIN FINITE ELEMENT ALGORITHM FOR TRANSIENT 

NONLINEAR THERMAL-STRUCTURAL ANALYSIS 

E a r l  A. Thornton* and Pramote Dechaumphai** 
O ld  Dominion U n i v e r s i t y  

Nor fo lk ,  V i r g i n i a  

A b s t r a c t  

A Tay lo r -Ga le rk in  f i n i t e  element method f o r  
s o l v i n g  large,  non l i nea r  t h e r m a l - s t r u c t u r a l  
problems i s  presented. The a l g o r i t h m  i s  
formulated f o r  coupled t r a n s i e n t  and uncoupled 
quasi  s t a t i c  thermal - s t r u c t u r a l  problems. 
V e c t o r i  z i n g  s t r a t e g i e s  ensure computat ional  
e f f i c i e n c y .  Two a p p l i c a t i o n s  demonstrate the 
v a l i d i t y  o f  the approach f o r  ana lyz ing  t r a n s i e n t  
and quasi  s t a t i c  thermal - s t r u c t u r a l  problems. 

Nomenclature 

propagat ion speed, eq. (16)  

e l  emen t area 

f i c t i t i o u s  damping constant ,  eq. 
(3a )  
e l a s t i c  constants  

s p e c i f i c  hea t  a t  cons tan t  volume 

d i f f u s i o n  c o e f f i c i e n t ,  eq, (16) 
body fo rces  per  u n i t  volume 

st resses o r  hea t  f l u x e s  

" load"  vector ,  eq. ( l a )  

thermal c o n d u c t i v i t i e s  

components o f  u n i t  normal su r face  
vec to r  

mass m a t r i x  

e l  emen t i n t e r p o l a t i o n  f u n c t i o n s  

i n t e r p o l a t i o n  f u n c t i o n s  on an 
element edge 

heat  f 1 ux components 

vo lumet r i c  hea t ing  r a t e  

l oad  vectors,  eq. (144 
t ime 

t ime s tep  

tempera t u r e  

re fe rence  temperature f o r  ze ro  
s t ress  
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Subsc r ip t s  

D 
S 
n 

S u p e r s c r i p t  

n 

d isp lacement  components 
v e l o c i t y  components 

t y p i c a l  unknown 

coord ina te  d i r e c t i o n s  

thermal -mecharti c a l  coup1 i n g -  
c o e f f i c i e n t s ,  eq. ( I C )  

d e n s i t y  

i n t e r p o l a t i o n  parameter 

s t r e s s  components 

cons tan t  element q u a n t i t y  

cons tan t  sur face q u a n t i t y  

t ime s tep  index 

t ime s t e p  index 

I n t r o d u c t i o n  

The de te rm ina t ion  of  the s t r u c t u r a l  
response induced by thermal e f f e c t s  i s  an 
impor tan t  f a c t o r  i n  many aerospace s t r u c t u r a l  
designs. Extreme aerodynamic hea t ing  on 
advanced aerospace v e h i c l e s  may produce severe 
thermal s t resses t h a t  cdn reduce opera t i ona l  
performance or even damage s t r u c t u r e s .  The 
performance o f  l a s e r  dev ices can be degraded by 
thermal d i s t o r t i o n s  o f  m i r r o r  sur faces.  The 
thermal environment i n  space may cause o r b i t i n g  
s t r u c t u r e s  to d i s t o r t  beyond opera t i ona l  
to lerances.  To p r e d i c t  the s t r u c t u r a l  response 
accu ra te l y ,  e f f e c t i v e  numeri ca 1 techniques 
capable o f  bo th  thermal and s t r u c t u r a l  analyses 
a re  requ i red .  The f i n i t e  element method hds 
been found t o  be p a r t i c u l a r l y  s u i t e d  f o r  such 
analyses due to i t s  c a p a b i l i t y  t o  model complex 
geometry and t o  per form b o t h  thermal and 
s t r u c t u r a l  ana l y s e s  . 

Algor i thms r e q u i r e d  f o r  ana lyz ing  
thermal ly - induced s t r u c t u r a l  behavior  depend on 
the r a t e  a t  which s t r u c t u r a l  temperatures vary 
w i t h  time. When temperatures change r a p i d l y  the 
analyses a r e  s t r o n g l y  coupled, and thermal-  
s t r u c t u r a l  i n t e r a c t i o n s  occur  t h a t  mandate 
s imul taneous s o l u t i o n  o f  the thermal - s t r u c t u r a l  
equat ions.  Temperature changes can occur 
r a p i d l y  due t o  propagat ion of t he rmoe las t i c  
waves, d u r i n g  v i b r a t i o n  induced by p e r i o d i c  
v a r i a t i o n s  o f  temperature f i e l d s .  due t o  thermal 
shocks and i n  s i m i l a r  c i rcumstances. These 
types o f  problems may i n v o l v e  r e s o l v i n g  wave- 
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l ike  de t a i l s  o f  the time dependent response for 
complex structures. Moreover, i f  the mechanical 
deformation terms i n  the heat transfer energy 
equation are retained, t h e  equations are 
inherently non-linear even i n  the material 's  
e l a s t i c  range. There i s  a need for effective 
f i n i t e  . element solution algorithms that can 
solve large nonlinear transient problems 
e f f i c i en t ly  u s i n g  new vector or parallel 
computing technology. 

In the most common approach to determining 
structural  responses induced by thermal e f fec ts ,  
the thermal-structural analyses are assumed 
uncoupled, and the structural analysis i s  
assumed quasistatic.  The uncoupled assumption 
means tha t  mechanical deformation terms in the 
heat transfer energy equation are neglected. 
The quasistatic assumption means t h a t  inertia 
terms i n  the structural equations of motion are 
neglected. The practical e f fec t  of these 
assumptions i s  tha t  the heat transfer analysis 
can be performed f i r s t ,  and the resulting 
temperatures can be used as input to a 
subsequent s t ress  analysis. This approach works 
well when temperatures change slowly as occurs, 
for example, i n  s tructures subjected t o  
aerodynamic heating. Under these circumstances. 
the uncoupled, quasistatic idealization provides 
an e f fec t ive  approach for f in i t e  element 
thermal -structural analysis. 

The purpose of this paper is  t o  present a 
Taylor-Galerkin f i n i t e  element method for 
solving large, nonlinear transient thermal- 
structural  problems. The  method i s  an 
application of a Taylor-Galerkin algorithm 
recently developed to solve the conservation 
equations of inviscid. compressible flow1-'. I n  
the flow problem. the algorithm i s  used to solve 
the highly nonlinear Euler equations t h a t  
includes capturing shock discontinuities in the 
flow f i e ld .  Finite element models of flow 
problems usually are q u i t e  large with the number 
of equations typically in the range from 3.000 
to 100,000 or more. Thus, the algorithm appears 
to have desirable a t t r ibu tes  t h a t  w i l l  make i t  
effective for large nonlinear, transient 
thermal -structural  problems. 

The formulation of nonlinear thermal- 
structural  problems w i l l  be presented f i r s t ,  
then the Taylor-Galerkin algorithm will be 
described. Next, expl ic i t  evaluation of the 
f i n i t e  element integrals i s  described. Then the 
programming strategy for  a vector computer 
implementation of the algorithm i s  described. 
Finally, resu l t s  from two thermal-structural 
applications are presented. 

Therma 1 -Structural Formulations 

Coupled Thermal-Structural Analyses 

The nonlinear coupled thermal-structural 
equations for a two-dimensional continuum3 can 
be written i n  the form 

- + - + - =  a w l  a t E l  a{Fl 
a t  ax ay ( l a )  

where lUl i s  the vector of unknowns, { E l  a n d  
( F }  a re  vectors of  s t resses  and heat fluxes. and 
{ H I  i s  a "load" vector. For coupled thermal- 
structural  analyses a classical  form of coupling 
is  assumed in the equation for i l l u s t r a t ive  
purposes, a1 t h o u g h  more general thermal- 
structural coupl ing i s  permitted. 

( H I  = 

. 

U 

V 

PfX 

pfY 

(IC) 

where u qnd v p re  the displacements, p i s  the 
density. u and v are  the velocit ies,  cy i s  the 
specific heat a n d  T i s  the temperature; 

the s t r e s s  components; 
qx ,  qy arEy the heat fluxes; f x ,  f are body 
force components per unit  volume; p l l ,  p,,, 
are coefficients t h a t  depend on the coefficients 
of thermal expansion, and Q i s  the internal heat 
generation rate per unit volume. The f i r s t  two 
equations in eq. (1) define the velocity 
components, the third and fourth equations are 
the equations of inotion, a n d  the f i f t h  equation 
represents conservation of energy. The term 
with the square brackets in the l a s t  l ine of 
{ H I  represents the classical  nonlinear form o f  
thermal - s  tructural coupl ing3.  

The structural and  thermal equations are 
written in the form of eq. (1)  t o  resemble the 
conservation equations of fluid flow. I n  the 
fluid context, the components of { U )  are called 
the conservation variables, and  the components 
of {E} and IF} are fluxes of  mass, momentum and 
energy across the faces of a control volume. I n  
the thermal-structural context, the components 
of U may also be regarded as conservation 
variables. The s t ress  components of { E l  a n d  
tF }  now represent tractions on surfaces of the 
control volume; however, q x  and qy s t i l l  
represent heat fluxes across surfaces of the 
control vol ume. 

In formulating the consti tutive equations. 
highly nonlinear relations be tween stresses,  

"x* "Y' are 
Y 
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s t r a i n s  and temperatures a re  p e r m i t t e d  as w e l l  
as n o n l i n e a r  r e l a t i o n s  between hea t  f l uxes ,  
tempera t u r e s  and temperature g rad ien ts .  
A n i s o t r o p i c  m a t e r i a l s  can be accommodated as 
w e l l .  For  s i m p l i c i t y ,  s imple c o n s t i t u t i v e  
r e l a t i o n s  f o r  l i n e a r ,  e l a s t i c  o r t h o t r o p i c  
m a t e r i a l s  w i l l  be i l l u s t r a t e d .  The s t ress -  
s t r a i n  r e l a t i o n s  f o r  an o r t h o t  
expressed as 

+ (T-To) 

12 

5 2  

0 

P l l  

$22 1 $12 

p i c  m a t e r i a l  

au 
ax 
- 

r e  

(2a)  

where Cij a r e  e l a s t i c  constants,  and To i s  the 
re fe rence  temperature f o r  zero s t ress .  The hea t  
f l u x e s  a r e  expressed by F o u r i e r ' s  law. 

8T 
k Y  5 = -  

qY 

where k,, and ky a r e  the thermal c o n d u c t i v i t i e s .  

Quasi s t a  t i c  Thermal -S t r u c t u r a l  Analys is  

When temperatures change s lowly ,  the 
i n e r t i a  terms i n  the s t r u c t u r a l  equat ions of 
mot ion can be neglected.  T h i s  means t h a t  the 
f i r s t  two equat ions i n  Eq. (1) a r e  n o t  
requ i red .  However, even f o r  the q u a s i s t a t i c  
case, the equat ions w i l l  be so lved us ing  a t ime- 
marching scheme. To r e t a i n  the thermal-  
s t r u c t u r a l  equat ions i n  a form s u i t a b l e  f o r  
time-marching, the components o f  eq. ( l a )  a re  
w r i t t e n  as 

cu  

tu1 = cv 1 PC v1 

where c i s  a f i c t i t i o u s  damping cons tan t  t h a t  i s  
used t o  f a c i l i t a t e  t ime marching t o  a steady- 
s t a t e  q u a s i s t a t i c  s o l u t i o n .  The new load  v e c t o r  
i s  

The s t r e s s  and hea t  f l u x  components have been 
d e f i n e d  i n  eq. ( 2 ) .  

Boundary and I n i t i a l  Cond i t i ons  

Equat ions (1) and (3) a r e  so lved s u b j e c t  t o  
a p p r o p r i a t e  i n i t i a l  and boundary cond i t i ons .  
The i n i t i a l  c o n d i t i o n s  c o n s i s t  o f  s p e c i f y i n g  the 
d i s t r i b u t i o n s  o f  the conserva t i on  v a r i a b l e s  
{ U }  a t  t ime zero. The s t r u c t u r a l  boundary 
c o n d i t i o n s  c o n s i s t  o f  s p e c i f y i n g  the 
displacements o r  sur face t r a c t i o n s  a t  a l l  p o i n t s  
on the boundary. The thermal boundary 
c o n d i t i o n s  c o n s i s t  o f  s p e c i f y i n g  temperatures o r  
hea t  f l uxes  a t  a l l  p o i n t s  on the boutldary. 
Convect ive and r a d i a t i o n  boundary c o n d i t i o n s  a r e  
i nco rpo ra ted  through hea t  f l uxes .  

TAYLOR-GALERKIN ALGORITHM 

The s o l u t i o n  domain D i s  d i v i d e d  i n t o  an 
a r b i t r a r y  number o f  elements o f  r nodes each. 
F i g u r e  1 shows the thermal and s t r u c t u r a l  
models. The same f i n i t e  e lement  model i s  used 
f o r  the thermal and s t r u c t u r a l  analyses. The 
f i g u r e  shows t y p i c a l  q u a d r i l a t e r a l  e lements 
( r=4 )  used i n  t h i s  paper. For  s i m p l i c i t y ,  the 
f i n i t e  element f o r m u l a t i o n  w i l l  be g i ven  f o r  a 
s i n g l e  s c a l a r  equat ion.  

( 4 )  

where the v a r i a b l e s  u. E, F and H are  analogous 
t o  the corresponding vec to r  q u a n t i t i e s  i n  eq. 
(1 ) .  L e t  {u In  denote the element nodal va lues 
of the v a r i a b l e  u(x.y. t )  a t  t ime t,. The t ime 
step A t  spans two t y p i c a l  t imes tn and i n  
the t r a n s i e n t  response. The computat ion 
proceeds through two t i m e  l e v e l s ,  tn+1/2 and 
t,+l. A t  t ime l e v e l  tn+1/2, values f o r  u t h a t  
a re  cons tan t  w i t h i n  each e lement  a r e  computed 
e x p l i c i t l y .  A t  t ime l e v e l  tn+l, the cons tan t  
element values computed a t  the f i r s t  t ime l e v e l  
a re  used t o  compute nodal va lues f o r  u. I n  the 
t i m e  l e v e l  t,,+l computations, e lement  c o n t r i b u -  
t i o n s  are assembled t o  y i e l d  the  g loba l  
equat ions f o r  nodal unknowns. The r e s u l t i n g  
equat ions a r e  approx imate ly  d i a g o n a l i z e d  t o  
y i e l d  an e x p l i c i t  a lgo r i t hm.  

Time Level  tn+112 

To advance the s o l u t i o n  t o  t ime l e v e l  
tn+112, a t runca ted  Tay lo r  s e r i e s  y i e l d s  

3 



Then eq. ( 4 )  i s  i n t roduced  on the r i g h t  hand 
s i d e  o f  eq. (5) so t h a t  

u (  X S Y D  tn+1/2 = '( S Y .  tn) 

A t  t ime l e v e l  tn+1/2. the dependent v a r i a b l e  

u(x.y,tn+l/2) i s  assumed t o  have a cons tan t  

v a l u e  uD n+1/2 w i t h i n  an element. 

A t  t ime l e v e l  t,, i n  the response u. E, F 
and H vary w i th in  an e lement  and a r e  
i n t e r p o l a t e d  f rom noda l '  values. Thus, the 
f o l l o w i n g  s p a t i a l  approx imat ions a re  used w i t h i n  
an element. 

(7a )  

where CN(x,y)l denotes element i n t e r p o l a t i o n  
func t i ons  and { u I n  i s  a vec to r  o f  the element 
nodal  q u a n t i t i e s .  The equat ions f o r  uD 
f o r  each element a r e  d e r i v e d  by the method o f  
weighted res idua ls4 .  The s p a t i a l  'approximat ions 
g i ven  i n  eq. ( 7 )  a r e  i n t roduced  i n t o  eq. ( 6 )  t o  
g i v e  a r e s i d u a l ;  the r e s u l t  i s  m u l t i p l i e d  by a 
w e i g h t i n g  f u n c t i o n  which i n  t h i s  case i s  
u n i t y .  F i n a l l y ,  the weighted r e s i d u a l  i s  
i n t e g r a t e d  over the area A o f  the element. The 
r e s u l t  i s ,  

n+1/2 

n+1/2 for With eq ( 8 ) .  the dependent v a r i a b l e  u,, 
each element can be computed e x p l i c i t l y  us ing  
nodal  values f o r  u. E, F and H from the p rev ious  
t ime tn. A l a t e r  s e c t i o n  w i l l  d i scuss  the 
e v a l u a t i o n  ,of  the th ree  i n t e g r a l s  t h a t  appear on 
the r i g h t  hand s ide  o f  eq. (8 ) .  

I n  advancing the  s o l u t i o n  t o  the n e x t  t ime 
l e v e l ,  thr! values o f  the dependent v a r i a b l e s  on 
su r faces  w i th  s p e c i f i e d  f l u x  boundar c o n d i t i o n s  
may be r e q u i r e d  a l so .  L e t  us n+l/' denote the 
sur face va lue on a t y p i c a l  e lement edge IJ on 
the surface, Fig.  1. F o l l o w i n g  the approach 

.used p rev ious l y ,  u s  n+1/2 i s  assumed cons tan t  on 
edge I J  a t  t ime tn+1/2 , b u t  a t  t ime t,. u, E.  F 
and H vary a long the edge. Thus the f o l l o w i n g  
approx imat ions a re  used on an element edge 

where [ N ( s ) ]  denotes the  i n t e r p o l a t i o n  
func t i ons .  Using the meth d o f  weighted 
r e s i d u a l s ,  the va lues f o r  us n+1P2 a r e  de r i ved  by 
i n t e g r a t i n g  a long  the l e n g t h  L o f  an e lement  
edge. Hence 

Thus, eqs. ( 8 )  and (10)  can be used t o  advance 
e x p l i c i t l y  the element and sur face va lues o f  the 
dependent v a r i a b l e s  t o  tn+1/2. Beginning w i t h  

nodal values o f  { u }  , { E l " ,  (Fin and ( H I n  , eq. 
( 8 )  i s  used t o  compute cons tan t  va lues 

uDn+'/' f o r  each element. I n  a s i m i l a r  way, eq. 

(10) i s  used t o  compute cons tan t  sur face va lues 

n+1/2 f o r  e lement boundary edges t h a t  r e q u i r e  

these va lues a t  tn+1/2. These va lues a r e  

computed e x p l i c i t l y  by l oop ing  through a l l  
e lements and a p p r o p r i a t e  element edges. 

n 

Time Level  tn+l 

To advance the s o l u t i o n  t o  tn+l, forward 
and backward t runca ted  Tay lo r  s e r i e s  expansions 
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a t  tn+1/2 a r e  used to w r i t e  the approx imat ion 

Then, f o l l o w i n g  ,Lhe approach used p rev ious l y ,  
eq. ( 4 )  i s  i n t roduced  on the r i g h t  s ide  to y i e l d  

u(x.Y.tn+l) = u(x,y.tn) (12)  

The equa t ion  fo r  the nodal  values o f  {UI"' can 
n e x t  be d e r i v e d  by the method o f  weighted 
r e s i d u a l s  us ing  the i n t e r p o l a t i o n  f u n c t i o n s  Ni 
as  w e i g h t i n g  funct ions.  These terms c o n t a i n i n g  
the  d e r i v a t i v e s  a re  i n t e g r a t e d  by pa r t s .  The 
r e s u l t i n g  equat ion con ta ins  values o f  the f l u x e s  
E and F evaluated a t  tn+l/2. The f l u x e s  a t  the 
mid-step a r e  l i n e a r l y  i n t e r p o l a t e d  from t h e i r  
va lues a t  t,, and t,,+l. Thus 

where the i n t e r p o l a t i o n  parameter 0 v a r i e s  f rom 
ze ro  t o  one. These opera t i ons  y i e l d  the 
equa t ions  f o r  the nodal values o f  a s i n g l e  
e 1 emen t , 

(15b) 

{R j l n+ l  = A t  (A [ N ]  dA {E}"' 

i . 

I n  eqs. (1%) and (15e) the c o e f f i c i e n t s  II and m 
a r e  the components o f  a u n i t  vec to r  normal t o  
the boundary, see F ig .  1. F o l l o w i n g  usual  
f i n i t e  element procedures, the element m a t r i c e s  
g i ven  i n  eq. (15)  are assembled t o  form system 
equat ions.  

The m a t r i x  [ M I  d e f i n e d  by eq. (15a) i s  the 
element c o n s i s t e n t  mass ma t r i x .  The ternis 
IRi I ,  i = 1.2 ,... 5 , d e f i n e d  by eqs. (15b - 1 5 f )  
rep resen t  " load"  vectors .  The l o a d  vec to rs  

n+ 1 )Yo:: {RIIn and {R21n a r e  computed from value 
a t  t ime s tep  t,,; the l o a d  vec to r  {R5} 
computed from values computed a t  t ime s tep  
tn+1/2 . The l o a d  vec to rs  I R 3 I n + '  and 

{R41n+l depend on va lues y e t  t o  be determined 
a t  tn+l. The c o n s i s t e n t  mass m a t r i x  and the 
l a t t e r  G o  load  vec to rs  mean t h a t  the a l g o r i t h m  
i n  the general  for in o f  eq. (14) w i t h  
a r b i t r a r y  8 i s  an i m p l i c i t  scheme. For the 
computat ions presented i n  t h i s  paper, the 
a l g o r i t h m  was c a s t  i n t o  an e x p l i c i t  form by 
u s i n g  a lumped mss m a t r i x  and s e l e c t i n g  
e = 0 t o  e l i m i n a t e  {R3}n+1 and {R4kn+' . 

The e x p l i c i t  two t ime- leve l  Tay lo r -Ga le rk in  
a l g o r i t h m  i s  c o n d i t i o n a l l y  s tab le .  Gu ide l i nes  
f o r  d e t m n i n i n g  a l l owab le  t ime steps have been 
e s t a b l i s h e d  by study ing l i n e a r  one-dimensional 
model equat ions se lected t o  r e p r e s e n t  the 
mathematical  cha rac te r  o f  the p h y s i c a l  
problems. An a n a l y s i s  of the coupled thermo- 
e l a s t i c i t y  problem shows t h a t  the p a r t i a l  
d i f f e r e n t i a l  equat ions a re  hyperbo l i c .  The 
s t a b i l i t y  of the a l g o r i t h m  was s t u d i e d  by 
cons ide r ing  the 1 inear  equat ion.  

where a i s  a p ropaga t ion  
speed, and D i s  a d i f f u s i o n  c o e f f i c i e n t .  A 
s t a b i l i t y  a n a l y s i s  o f  the a l g o r i t h m  a p p l i e d  t o  
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t h i s  equat ion  shows t h a t  the  t ime s tep  should 
sa t i  s f y  

Ax 
a 
- 

A t  C 
1 + 2 / e  

(17)  

where Ax i s  the mesh spacing. An a n a l y s i s  o f  
the  quasi  s ta ti c therma 1 - s t r u c  tu ra  1 p rob l  em shows 
t h a t  the p a r t i a l  d i f f e r e n t i a l  equat ions  a r e  
p a r a b o l i c .  The s t a b i l i t y  of the a l g o r i t h m  was 
s t u d i e d  by c o n s i d e r i n g  the l i n e a r  p a r a b o l i c  
equat ion.  

A s t a b i l i t y  a n a l y s i s  o f  the a l g o r i t h m  a p p l i e d  t o  
t h i s  e q u a t i o n  shows t h a t  the t i m e  s tep  should 
sa ti s f y  

2 Ax A t <  (191 

For p r a c t i c a l  computations, eqs. (17)  and (19)  
have been used as a guide to e s t i m a t e  the t ime 
step, b u t  i n s i g h t  i n t o  the p h y s i c a l  problem and 
some t r i a l  and e r r o r  have been needed t o  per form 
the computat ions success fu l l y .  

E x p l i c i t  Eva lua t ion  o f  Element I n t e g r a l s  

E l  emen t i n t e g r a l  s f o r  the Tay l  o r -Ga lerk in  
a l g o r i t h m  shown i n  eqs. 8. 10, and 15 were 
eva lua ted  i n  c losed form' to a v o i d  numerical  
i n t e g r a t i o n s  t h a t  a re  customary f o r  
q u a d r i l a t e r i a l  elements. The approach was a l s o  
used f o r  the c losed form e v a l u a t i o n  o f  th ree  
d imensional  hexahedral element i n t e g r a l  s2. The 
CPU t ime used by the c losed form e v a l u a t i o n  o f  
the e lement  i n t e g r a l s  has been i n v e s t i g a t e d  and 
compared w i t h  CPU t imes r e q u i r e d  f o r  d i f f e r e n t  
o r d e r s  o f  Gauss numerical  i n t e g r a t i o n  f o r  
q u a d r i l a t e r a l  and hexahedral elements. For the 
q u a d r i l a t e r a l  elements, the CPU t i m e  r e q u i r e d  t o  
e v a l u a t e  a l l  element i n t e g r a l s  i s  reduced by a 
f a c t o r  o f  about  50. For hexahedral elements, 
the t ime savings a r e  even more s i g n i f i c a n t .  
A 1  though these t i m e  savings are  b e n e f i c i a l .  the 
CPU t ime r e q u i r e d  f o r  element i n t e g r a l  
e v a l u a t i o n  normal ly  represents  l e s s  than about  
10% o f  the  total CPU t i m e  r e q u i r e d  f o r  the 
so l  u t i  on. 

Vector Programming S t r a t e g i e s  

The Tay lo r -Ga lerk in  a l g o r i  thm was 
implemented w i t h  v e c t o r i z a t i o n  s t r a t e g i e s  
s p e c i f i c a l l y  f o r  the Langley VPS 32 (a Cyber 205 
w i t h  32 m i l l i o n  words o f  c e n t r a l  memory). This 
computer achieves h i g h  computat ional  speed when 
per forming opera t ions  on long vectors.  Vector 
l e n g t h s  o f  a t  l e a s t  60 a r e  r e q u i r e d  t o  j u s t i f y  
v e c t o r i z a t i o n  e f f o r t s  w i t h  maximum p a y o f f  
achieved f o r  v e c t o r  l e n g t h s  o f  1000 o r  more. 
The predominant v e c t o r  l e n g t h s  i n  the 
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v e c t o r i z a t i o n  scheme a r e  the  number o f  elements 
i n  the  f i n i t e  e lement  model w i t h  occas iona l  
o p e r a t i o n s  u s i n g  v e c t o r  l e n g t h s  equal t o  the 
number o f  nodes. 

The c r i t i c a l  v e c t o r i z a t i o n  t a s k s  a r e  f o r  
opera t ions  t h a t  a r e  r e p e t i t i v e  and performed a t  
every t ime step. For f i n i t e  e lement  a l g o r i t h m s ,  
these o p e r a t i o n s  are:  (1 )  assembly o f  e lement  
c o n t r i b u t i o n s  i n t o  the  g l o b a l  system o f  
equations, (2 )  s o l u t i o n  o f  the g l o b a l  system o f  
equat ions.  and ( 3 )  a p p l i c a t i o n  o f  boundary 
condi  t ions .  

The assembly o f  e lement  c o n t r i b u t i o n s  i n t o  
the g loba l  system o f  equat ions  r e q u i r e s  s p e c i a l  
r o u t i n e s  f o r  v e c t o r i z a t i o n .  Nodal unknowns are  
s to red  i n  one dimensional  a r r a y s  f rom-1-  t o  the 
number o f  nodes i n  the model, and i n  genera l ,  
node numbering may be a r b i t r a r y  throughout  the 
mesh. Assembly o f  e lement  c o n t r i b u t i o n s  i s  
performed u s i n g  the VPS 32 FORTRAN-supplied 
s c a t t e r  r o u t i n e  which p laces  an e lement  
c o n t r i b u t i o n  i n t o  the proper  l o c a t i o n  i n  the 
system o f  equat ions  based on the e lement  
c o n n e c t i v i t y .  Every e lement  t h a t  c o n t a i n s  a 
p a r t i c u l a r  node i n  i t s  c o n n e c t i v i t y  p r o v i d e s  i t s  
own c o n t r i b u t i o n  t o  the system equat ions,  
t h e r e f o r e ,  the  assembly i s  an a d d i t i v e  
opera t ion .  " S c a t t e r i n g "  a lone would mere ly  
o v e r w r i t e  a p r e v i o u s  e lement  c o n t r i b u t i o n .  The 
spec ia l  v e c t o r  r o u t i n e ,  then does an " a d d i t i v e  
sca t t e r  . '@ 

For  an e x p l i c i t  scheme, s o l u t i o n s  a r e  
ob ta ined d i r e c t l y ,  so t h a t  o p e r a t i o n  ( 2 )  
v e c t o r i z e s  n a t u r a l l y .  Opera t ion  (3 ) .  the 
a p p l i c a t i o n  o f  boundary c o n d i t i o n s ,  i s  an 
i n t r i n s i c a l l y  s c a l a r  o p e r a t i o n  and d i f f i c u l t  t o  
v e c t o r i z e .  However, use o f  b i t  v e c t o r s  t o  f l a g  
boundary nodes and use o f  VPS 32 FORTRAN 
supp l ied  r o u n t i n e s  enables f u l l  v e c t o r i z a t i o n  o f  
t h i s  opera t ion .  

A program f l o w  c h a r t  f o r  the  T a y l o r -  
G a l e r k i n  a l g o r i t h m  i s  shown i n  Fig.  2.  Note 
t h a t  the e lement  i n t e g r a l s  a re  computed once and 
s to red  f o r  l a t e r  use i n  the t r a n s i e n t  loop. The 
Lapidus smoo t h i  ng1-2 r e p r e  sen t s  a r  ti f i c i a 1  
damping used to reduce spur ious  o s c i l l a t i o n s .  
The smoothing i s  t y p i c a l l y  used o n l y  i n  the 
v i c i n i t y  o f  d i s c o n t i n u i t i e s .  e.g. shock f r o n t s ,  
i n  the s o l u t i o n .  

Appl i c a  t i on 

Two a p p l i c a t i o n s  a r e  presented to v a l i d a t e  
and i l l u s t r a t e  the b a s i c  c a p a b i l i t i e s  o f  the 
approach. The f i r s t  a p p l i c a t i o n  i s  a one- 
d imensional ,  t r a n s i e n t ,  l i n e a r  thermal -s t ress  
problem f o r  which an e x a c t  s o l u t i o n  i s  
a v a i l a b l e .  The second a p p l i c a t i o n  i s  a 
quasi  sta ti c, nonl  i near, two-dimensional thermal - 
s t r e s s  problem o f  a c y l i n d e r  s u b j e c t  t o  
aerodynamic h e a t i n g  . 



Thermal Stresses i n  an E l a s t i c  Half-space 

The problem (see F igu re  3 )  c o n s i s t s  o f  an 
e l a s t i c  hal f -space x>O w i t h  the  p lane x=O f r e e  
o f  s t ress,  and the medium cons t ra ined  so t h a t  
t he  o n l y  displacements occur  i n  the x 
d i r e c t i o n .  The plane x=O i s  suddenly a t  t ime 
equal  zero exposed t o  Convect ive hea t ing  through 
a convect ion c o e f f i c i e n t  h. The thermal-  
mechanical coup l i ng  term i n  eq. ( I C )  i s  
neg lec ted  t o  f a c i l i t a t e  o b t a i n i n g  an e x a c t  
s o l  u t i  on. 

The problem was solved us ing  the two-step 
Tay lo r -Ga le rk in  a l g o r i t h m  w i th  two meshes (F ig .  
3 )  o f  q u a d r i l a t e r a l  elements. Q u a d r i l a t e r a l  
e lements a r e  n o t  r e q u i r e d  s ince the problem i s  
one-dimensional , b u t  t h i s  a p p l i c a t i o n  served t o  
v a l i d a t e  the q u a d r i l a t e r a l  elements and the 
v e c t o r  code used f o r  t he  second a p p l i c a t i o n .  
The temperature and s t r e s s  d i s t r i b u t i o n s  
computed f o r  100 and 500 elements a r e  compared 
w i t h  the e x a c t  s o l u t i o n  i n  F igs.  4 and 5. 
r e s p e c t i v e l y .  

The computed temperature co inc ides  w i t h  the 
e x a c t  s o l u t i o n  f o r  bo th  meshes. The r e f i n e d  
mesh was needed t o  reso lve  the sharp peak i n  the 
p ropaga t ing  s t r e s s  shown i n  Fig.  5. The coarse 
mesh p r e d i c t s  a smooth s t r e s s  d i s t r i b u t i o n  b u t  
rounds the sharp peak s i g n i f i c a n t l y  
underes t ima t ing  the peak values. The r e f i n e d  
mesh s o l u t i o n  shows t h a t  the s o l u t i o n  i s  
converg ing accu ra te l y  to the exac t  s o l u t i o n  as 
the mesh i s  r e f i n e d .  

The problem i l l u s t r a t e s  the b a s i c  
c a p a b i l i t y  o f  the a l g o r i t h m  f o r  a c c u r a t e l y  
s o l v i n g  t r a n s i e n t  thermal-s t ress problems w i t h  
p ropaga t ing  disturbances. Computational t imes 
f o r  t h i s  r e l a t i v e l y  smal l  problem a r e  modest 
compared to CFD problems. 

C y l i n d e r  Sub jec t  t o  Aerodynamics H e a t i n g  

The problem (Fig.  6) concerns the thermal-  
s t r u c t u r a l  response o f  a s t a i n l e s s  s t e e l  
c y l i n d e r  s u b j e c t  t o  h i g h l y - l o c a l i z e d  aerodynamic 
h e a t i n g  due to supersonic f low.  The problem 
s imu la tes  the type o f  aerodynamic hea t ing  t h a t  
may occur  on l ead ing  edges o f  engine s t r u c t u r e s  
i n  hypersonic  f l i g h t  vehic les.  The hea t ing  i s  
t ime-dependent and r e s u l t s  from the i n t e r a c t i o n  
o f  two shocks i n  the f l o w - f i e l d .  For O < t < l  s , 
the  c y l i n d e r  i s  heated symmetr ica l ly  by a 
supersonic  f l o w  t h a t  causes a symmetric bow 
shock to form i n  f r o n t  o f  the c y l i n d e r  l e a d i n g  
edge. For  l < t < 2  s , an o b l i q u e  shock i s  
i n t roduced  i n t o  the f l o w  by r o t a t i n g  the wedge 
shown i n  Fig.  6. The wedge-induced shock and 
the bow shock then i n t e r s e c t  forming a l o c a l i z e d  
r e g i o n  o f  hea t ing  a t  about  10' below the 
cy1 i n d e r  h o r i z o n t a l  center1 i ne .  Wind tunnel  
exper iments suggest t h a t  the r e s u l t i n g  hea t ing  
can be q u i t e  severe. The hea t ing  may be 
represented approx imate ly  us ing  the convec t i ve  
C o e f f i c i e n t s  shown i n  F ig .  7. The hea t ing  
d i s t r i b u t i o n  i s  modeled us ing  two superimposed 
Cosine d i s t r i b u t i o n s .  The maximum l o c a l i z e d  
hea t ing  f o r  1c t<2  s i s  about  an o rde r  of 
magnitude g rea te r  than the hea t ing  f o r  O < t < l  s. 

Over the temperature range t h a t  occurs i n  
the c y l i n d e r ,  the thermal and s t r i i c t u r a l  
p r o p e r t i e s  o f  the s t a i n l e s s  s t e e l  cy1 i n d e r  vary 
s i g n i f i c b n t l y .  The s p e c i f i c  heat, thermal 
c o n d u c t i v i t y  and c o e f f i c i e n t  o f  thermal 
expansion increase l i n e a r l y  as sho*n i n  F ig .  
8. I n  a d d i t i o n .  the s t r e s s - s t r a i n  behavior  f o r  
the m a t e r i a l  a l t e r s  s i g n i f i c a n t l y  w i t h  
temperature as shown i n  F ig .  9 where i t  can be 
seen t h a t  the e l a s t i c  moaulus and y i e l d  s t r e n g t h  
decrease w i t h  i n c r e a s i n g  temperature.  

The f i n i t e  element model o f  the c y l i n d e r  
w i t h  the thermal and s t r u c t u r a l  boundary 
c o n d i t i o n s  i s  shown i n  Fig.  10. A graded mesh 
o f  1500 elements and 1596 nodes i s  used t o  model 
one-hal f  o f  the c y l i n d e r .  The model rep resen ts  
convec t i ve  hea t ing  on the l e a d i n g  edge, and 
assumes n e g l i g i b l e  hea t  l o s s  on the o t h e r  
c y l i n d e r  sur faces.  The c y l i n d e r  e x t e r n d l  
sur faces a r e  s t ress - f ree ,  b u t  the r i g i d  body 
mot ion o f  t he  c y l i n d e r  i s  p r o h i b i t e d  by the 
three s p e c i f i e d  zero displacements shown. Since 
the d u r a t i o n  o f  the hea t ing  i s  much l a r g e r  than 
the propagat ion t imes f o r  thermal - s t r e s s  waves, 
an e x c e l l e n t  approx imat ion i s  t o  n e g l e c t  
s t r u c t u r a l  i n e r t i a  e f f e c t s  and perform a 
q u a s i s t a t i c  ana lys i s .  Thus eqs. (3a)  are so lved 
by the Tay lo r -Ga le rk in  a lgo r i t hm.  The 
temperature response i s  computed i n  a time- 
accu ra te  manner, b u t  the corresponding s t r e s s  
problem i s  so lved independent ly  us ing  the 
f i c t i t i o u s  damping cons tan t  t o  march the 
s t r u c t u r a l  response t o  a s teady-state s o l u t i o n  
f o r  a temperature d i s t r i b u t i o n  computed a t  a 
g i ven  time. 

The t h e r m a l - s t r u c t u r a l  response o f  the 
c y l i n d e r  was computed f o r  two cases: (1) 
c o n s t a t  m a t e r i a l  p r o p e r t i e s ,  and ( 2 )  
temperature-dependent p r o p e r t i e s .  Comparative 
temperature d i s t r i b u t i o n s  f o r  t = l s  and t=Ls a re  
presented i n  F igs.  11-12. r e s p e c t i v e l y .  The 
corresponding s t r e s s  d i s t r i b u t i o n s  superimposed 
on g r e a t l y  exaggerated deformed s t r u c t u r e s  a r e  
shown i n  F igs.  13-14. 

The tempera t u r e s  a i s t r i b u t i o n  a t  
t = l  s (Fig.  11) i s  changed on ly  s l i g h t l y  b j  the 
temperature-dependent p roper t i es .  b u t  the 
temperature d i s t r i b u t i o n s  a t  t=2 s (F ig .  1 2 )  
d i f f e r  cons iderably .  For 1< t<2  s ,  the h i g h  
l o c a l  hea t ing  r a i s e s  the tempera tu res  near the 
sur face s i g n i f i c a n t l y .  The inc reas ing  
c o n d u c t i v i t y  and s p e c i f i c  heat  i n  the 
tempera ture-dependent p r o p e r t i e s  a n a l y s i s  
produce sma l le r  g r a d i e n t s  and a much lower  
sur face temperature. The s t r e s s - d i s t r i b u t i o n  
and deformat ions o f  F igs.  13 and 14 r e f l e c t  two 
temperature-dependent p r o p e r t y  e f f e c t s .  The 
f i r s t  e f f e c t  i s  due t o  the d i f f e r e n c e s  i n  the 
computed temperatures, and the second i s  due t o  
the d i f f e r e n c e  i n  the s t r e s s - s t r a i n  behavior  o f  
the ma te r ia l .  Fig.  14, i n  p a r t i c u l a r ,  shows 
these e f f e c t s  d ramat i ca l l y .  For the cons tan t  
p roper t y  case, F ig .  14a shows an excess i ve l y  
l a r g e  compressive s t ress  ( -325 k s i )  w e l l  above 
the m t e r i a l ' s  a l l owab le  s t ress .  F ig .  14b. 
shows more r e a l i s t i c  behavior  w i t h  sma l le r  
deformat ions and s t r e s s  l e v e l s  (-150 k s i )  s t i l l  
h igh  b u t  a t  acceptable l e v e l s .  These lower  
l e v e l s  r e f l e c t  the reduced tempera t u r e s  and the 
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i n e l a s t i c  deformat ions permi t t e d  by the 
non l i nea r  s t r e s s - s t r a i n  curves (Fig.  9) .  

T h i s  problem r e f l e c t s  some o f  the 
computat ional  advantages o f  the e x p l i c i t  Tay lo r -  
G a l e r k i n  a l g o r i t h m  f o r  r e a l i s t i c  thermal-  
s t r u c t u r a l  problems. The a l g o r i t h m  i s  h i g h l y  
v e c t o r i z a b l e  and very l a r g e  problems can be 
so lved on a supercomputer because g loba l  
s t i f f n e s s  ma t r i ces  a re  n o t  formpd. Non- l inear  
p r o p e r t y  behavior  i s  i nc luded  conven ien t l y  
through the vec to rs  { E l  and {F} independent o f  
e lement s t i f f n e s s  matr ices.  Element ma t r i ces  
a r e  computed from closed-form equat ions and can 
be computed o u t s i d e  o f  the t r a n s i e n t  loop and 
s to red  f o r  l a t e r  use. P r i n c i p a l  d isadvantages 
o f  the a l g o r i t h m  i n c l u d e  i t s  c o n d i t i o n a l  
s t a b i l i t y  and tendency to produce o s c i l l a t o r y  
s o l u t i o n s  i n  the presence o f  sharp s o l u t i o n  
d i s c o n t i n u i t i e s .  These disadvantages have been 
encountered i n  i n v i s c i d  f l o w  and 
n o n l i n e a r  the rma l -s t ruc tu ra l  a p p l i c a t i o n s  w i t h  
propagat ing shock waves may show s i m i l a r  
r e s u l t s .  Fu r the r  computat ions a r e  needed t o  
i n v e s t i g a t e  these p o s s i b i l i t i e s .  Another area 
wor thy o f  f u r t h e r  study i s  methods f o r  
a c c e l e r a t i n g  the convergence o f  the t ime- 
marching s o l u t i o n  to the s teady-state s t r u c t u r a l  
e q u i l i b r i u m  problem assoc ia ted  w i t h  q u a s i s t a t i c  
therma 1 - s t r u c t u r a l  ana 1 y s  i s. 

Concluding Remarks 

A Tay lo r -Ga le rk in  f i n i t e  element s o l u t i o n  
a l g o r i t h m  f o r  t r a n s i e n t  n o n l i n e a r  thermal-  
s t r u c t u r a l  a n a l y s i s  o f  large,  complex s t r u c t u r a l  
problems i s  descr ibed. The two-step ,Tay lo r -  
G a l e r k i n  a l g o r i t h m  i s  an a p p l i c a t i o n  o f  an 
a l g o r i t h m  r e c e n t l y  developed f o r  problems i n  
compress ib le  f l u i d  dynamics. Two thermal-  
s t r u c t u r a l  f o rmu la t i ons  a re  descr ibed. The 
f i r s t  f o r m u l a t i o n  i s  f o r  t h e r m a l - s t r u c t u r a l  
problems where a mechanical coup l i ng  term i s  
p resen t  i n  the heat  t r a n s f e r  energy equat ion and 
the i n e r t i a l  terms a re  r e t a i n e d  i n  the 
s t r u c t u r a l  equat ions o f  motion. The second 
fo rmu la t i on  i s  f o r  a q u a s i s t a t i c  problem where 
thermal-mechanical coup1 i n g  and s t r u c t u r a l  
i n e r t i a  terms a re  neglected. S o l u t i o n s  t o  
t r a n s i e n t  and e q u i l i b r i u m  problems a re  obta ined 
by time-marching. For d lumped mass approach, 
t he  a l g o r i t h m  i s  c o n d i t i o n a l l y .  s tab le.  The 
a l g o r i t h m  has been implemented on the VPS-32 
v e c t o r  computer w i t h  spec ia l  programming 
s t r a t e g i e s  t o  y i e l d  very h igh  computat ional  
speeds. 

Two a p p l i c a t i o n s  o f  the a l g o r i t h m  to  
t h e r m a l - s t r u c t u r a l  problems a r e  presented. The 
f i r s t  a p p l i c a t i o n  i s  a one-dimensional, 
t r a n s i e n t  1 i nea r  thermal-s t ress problem f o r  an 
e l a s t i c  half-space. Comparisons o f  f i n i t e  
e lement  p r e d i c t i o n s  w i t h  an e x a c t  s o l u t i o n  
V a l i d a t e  the approach and i l l u s t r a t e  the 
capabi  1 i ty to  capture propagat ing s t r e s s  waves 
accu ra te l y .  The second a p p l i c a t i o n  i s  a 
q u a s i s t a t i c ,  non l i nea r  two-dimensional thermal-  
S t ress  problem of a c y l i n d e r  s u b j e c t  t o  h igh 
l o c a l i z e d  aerodynamic heat ing.  Comparisons o f  
c o n s t a n t  m a t e r i a l  p roper t y  and v a r i a b l e  proper ty  

s o l u t i o n s  i l l u s t r a t e d  the importance o f  
non l i nea r  e f f e c t s  i n  r e a l  i s t i c  problems and the 
c a p a b i l i t y  o f  the a l g o r i t h m  t o  i n c o r p o r a t e  the 
nonl  i n e a r i  t i e s  e f f e c t i v e l y ,  

The a p p l i c a t i o n s  have v a l i d a t e d  the 
fundamental c a p a b i l i t i e s  o f  the a l g o r i t h m  f o r  
two b a s i c  thermal - s t r u c t u r a l  formul n t i  on s . 
Add i t i ona l  s tudy i s  needed f o r  more demanding 
t rans ien t .  n o n l i n e a r  the rn ia l - s t ress  problems. 
Fu r the r  exper ience i s  needed a l s o  f o r  
q u a s i s t a t i c  problems p a r t i c u l a r l y  w i t h  methods 
to acce le ra te  the convergence o f  the steady- 
s t a t e  s t r u c t u r a l  problem. Since the a l g o r i t h m  
can be a p p l i e d  t o  f l u i d ,  thermal and s t r u c t u r a l  
problems t h e r e  i s  p o t e n t i a l  f o r  developing, w i t h  
one methodology, the c a p a b i l i t y  f p r  i n t e g r a t i n g  
these analyses i n t o  a s i n g l e  program. Such an 
i n t e g r a t e d  methodology w i l l  p e r m i t  the f i r s t  
computat ional  s o l u t i o n  t o  problems vr i th  s t rong 
f l  u id- thermal  - s t r u c t u r a l  i n t e r a c t i o n s .  The 
development o f  an i n t e g r a t e d  f l u i d -  thermal-  
s t r u c t u r a l  a n a l y s i s  c a p a b i l i t y  i s  a c u r r e n t  
research goal. 
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