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Summary

The Euler equations of gas dynamics have some very interesting properties in that the flux vector
is a homogeneous function of the unknowns and the equations can be cast in symmetric hyperbolic
form and satisfy the entropy conservation. Since the Euler equations are the moments of the Boltzmann
equation of the kinetic theory of gases when the velocity distribution function is a Maxwellian, it would be
interesting to look for the relation between the symmetrizability and the Maxwellian velocity distribution.
The present paper precisely shows this relationship. The functions that symmetrize the Euler equations
are density and mass flux, which are integrals of the Maxwellian distribution multiplied by unity and
molecular velocity, respectively. The field vector and the flux vector in the Euler equations are then the
gradients of these functions with respect to new transformed variables q. In terms of these transformed
variables, the Euler equations assume the symmetric hyperbolic form.

The entropy conservation is in terms of the H-function, which is a slight modification of the H-function
first introduced by Boltzmann in his famous H-theorem. The modified H-function is equal to the negative
of specific thermodynamic entropy of the gas. Further, it is an integral of the Legendre transform of the
Maxwellian distribution with respect to q, thus establishing its convexity. It is therefore possible to
design a numerical method using the convexity of H so that the total H in the computational domain
will monotonically decrease with time in conformity with the Boltzmann H-theorem. In view of the
H-theorem it is suggested that the development of total H-diminishing (THD) numerical methods may
be more profitable than the usual total variation diminishing (TVD) methods for obtaining “wiggle-free”
solutions.

Introduction

The Euler equations of gas dynamics can be obtained as the moments of the Boltzmann equation of
the kinetic theory of gases (ref. 1) provided the velocity distribution function, which is the basic unknown,
is a Maxwellian distribution. The collision term in the Boltzmann equation vanishes when the velocity
distribution function is a Maxwellian. The Euler equations therefore are the moments (the moment
functions being collisional invariants) of the collisionless Boltzmann equation that are linear hyperbolic
equations with a wave velocity independent of space and time. Because the wave velocity does not depend
on space and time, the collisionless Boltzmann equation can easily be cast in the strong conservation law
form. Taking the moments of this equation therefore yields the Euler equations in the strong conservation
law form. This fundamental connection between the linear hyperbolic Boltzmann equation and the Euler
equations has been used in reference 2 to construct a new class of upwind methods for the numerical
solution of the Euler equations. These methods, called “kinetic numerical methods,” are based on the
principle that moments of every upwind method for the Boltzmann equation yield an upwind method for
the Euler equations. Central to the moment-method strategy is the Maxwellian distribution.

The Euler equations can be cast in two forms: the strong conservation law form and the symmetric
hyperbolic form. The strong conservation law form, which is a consequence of the conservation of
mass, momentum, and energy, is the basis for constructing fully conservative methods. However, the
wave nature of the Euler equations is not apparent when the equations are cast in this form. The
symmetric hyperbolic form studied by Harten (ref. 3) makes the hyperbolicity of the Euler equations
very transparent. This effect is due to the symmetry of the Jacobian matrices occurring in the symmetric
hyperbolic form. The symmetrizability is a very important property of the Euler equations. The excellent
report by Harten (ref. 3) shows the connection between the symmetrizability, entropy function, and Roe
linearization. According to the Godunov theorem (ref. 3), symmetrizability implies the existence of the
entropy function which, in turn, according to the Harten-Lax theorem (ref. 3), implies that the equations
admit Roe linearization. Hence, the symmetrizability of the Euler equations allows the equations to
be locally linearized so as to preserve hyperbolicity and conservation. Symmetrizability is thus a very
important property of the Euler equations both from theoretical as well as numerical points of view. In
fact, Abarbanel and Gottlieb (ref. 4) have used the symmetrizability property to analyze rigorously the
splitting algorithms for the Navier-Stokes equations. Further, it is possible to construct upwind methods



(ref. 5) based on Roe linearization, for example, that lead to the improved structure of iteration matrices,
i.e., diagonal dominance.

With the symmetrizability and the entropy condition being very important properties of the Euler
equations, it would be very interesting to seek their basis in the fact that the Euler equations are
the moments of the Boltzmann equation. The motivation of the present paper lies precisely in this
observation. The present paper shows that the Maxwellian distribution plays a very important role in
the theory of the Euler equations. The integrals of the products of the Maxwellian distribution and first
two collisional invariants (corresponding to mass and momentum conservation) are the functions that
accomplish symmetrization. The entropy condition is related to the Boltzmann H-theorem. This relation
is to be expected especially when it is noted that according to the analysis of the kinetic numerical method
of reference 2, the collision phase decreases H, but the convection phase conserves H.

It is believed that the results of the present paper will be valuable in constructing a new class of upwind
methods using the moment-method strategy for obtaining “wiggle-free” solutions. For the Euler equations
the moment-method strategy is based on the Maxwellian distribution and the Boltzmann equation.

Symbols

A Jacobian matrix of lux g with respect to w

Aij element ¢, 7 of matrix A

B symmetric matrix in equation (12)

C1,Co constants dependent on ~

e specific total internal energy per unit mass

F Maxwellian distribution

F contracted Maxwellian distribution defined by
equation (24)

f arbitrary distribution

g flux vector in Euler equations

g; 1th element of vector g

gz, 8y, 82 vector components of g along z-, y-, and 2-directions,
respectively

gt flux vector with v-integration over positive half-
interval (0, 00)

g- flux vector with v-integration over negative half-
interval (—o0,0)

H Boltzmann H-function

H, flux of H in one-dimensional case

Hy, flux of H in direction of v;

Hyz, Hyy, Hy, flux of H along z-, y-, and z-directions, respectively

I internal energy variable due to nontranslational
degrees of freedom

I, equilibrium internal energy due to nontranslational

degrees of freedom




M,

My My
M,

My, My, M,
M,

dM,, dM;
dM,, dM,

wy, Wy

=
w

T3 I 2w 8

integral of F with respect to molecular velocity
and 7

integrals of F' with respect to I and v, the limits for
v being half-intervals (0, o0) and (—o0,0)

any one of My, M, and M,

integrals of v1 F', 1o F, and v3F, respectively, with
respect to vy, ve, v3, and [

integral of vF with respect to v and I
differentials of M, and M, respectively
differentials of M, and My, respectively

matrix appearing in symmetric hyperbolic form
pressure

quadratic form

transformed variables in symmetric hyperbolic form
element of q

value of q at time level n

values of q at neighboring points

gas constant per unit mass

thermodynamic entropy per unit volume
temperature

time

fluid velocity

molecular velocity

molecular velocity in ¢-direction

field vector in Euler equations

elements 7 and j of field vector w

field vectors with v-integration over half-intervals
(0,00) and (—o0,0)

differentials in equations (53)
coordinates

square of thermal speed 1/(2RT)
ratio of specific heats

general vector

transpose of vector g

coefficient between 0 and 1

mass density



L' collisional invariant vector
v, 1th component of vector ¥
Abbreviations:

THD total H-diminishing

TVD total variation diminishing

Homogeneity and the Maxwellian Distribution

The one-dimensional unsteady Euler equations of gas dynamics can be written in the vector conser-
vation law form

ow 0g
4+ 2=0 1
ot orx (1)
where
p pu e
w = | pu g=| p+pu = p+pu (2)
pe (pe + p)u rpu+ gpu’

Here, p, u, and p are, respectively, the mass density, fluid velocity, and pressure, and e is the specific total
internal energy given by

p 1 2
e = ——— + — 3
p 1 pu ()

Equations (1) can be obtained from the Boltzmann equation of the kinetic theory of gases (refs. 1 and 2)

and can be written as
oF oF
U, —— +v=— )= 4

< T ot +v8:1;> 0 )

where W denotes the moment functions 1, v, and I + (v?/2) corresponding to the collisional invariants,
and F is the Maxwellian velocity distribution

PeLyflew[-p0-w?- 1] (5)

_7(;71' I_O

Here, § = 1/(2RT), R is the gas constant per unit mass, I, = (3 — ~)/[4(y — 1)8] that denotes the
internal energy due to the nontranslational degrees of freedom, v is the molecular velocity, I is the
molecular internal energy variable, and the inner product is given as

(WJU:/j;wAmdMWF) (©)

The formula for the Maxwellian distribution (eq. (5)) contains two independent variables, the molecular
velocity v and the internal energy variable I. The latter variable is required to ensure the existence of
additional degrees of freedom that are necessary to satisfy the constraint

2
v p 1 2
I+ Fy=_P°% | °
< 5 > 2v—1)3 2™

The parameter ~ is assumed to be a constant for the analysis in the present paper. Notice that I, which is
the average energy in nontranslational degrees of freedom, will be positive if 1 <~ < 3. For a monatomic
or polyatomic perfect gas, 1 <~ < 5/3 and, hence, I, will always be positive for such gases.
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The unknown field vector w and the flux vector g are related to F' by the equations

1
w=<\1:,F>=/ v | Fdvdr (7)
2
I+
1
gz(v\Il,F)zfv v | Pdvdl (8)
I+y
2

where only one sign of integration is displayed for brevity. The homogeneity property of the flux vector is
Aw=¢g (9)

where A = dg/0w. In terms of F' we have

g, or
(AW)z = ;Aijwj = . awljwj = /U\I’i (; ’w]a—wj) dvdl

J

Hence, the homogeneity property (eq. (9)) follows if we can show that
oF
Y wj—=F (10)
. Ow;
J
By using the chain rule of partial differentiation, we get
oF OF dp oF du oF ap
= L haball el — N 11
Zj:wf dw; _ Op (Z K awj) T (wa awj) MY (Z i awj> (1)

Using

2
w9 1 w3 wa
= -2 C=oy-N|{=-=2
p=w ol I ) (wl 2w%)
gives
9 9 _y Op
dw; dwg dws
Ou _ _u Ou _1 Ou _
dwy  p dwy p owz
ﬂ_ﬁ_( _1)ﬂ2u2 08  28%(y—1u a8 :_252(’7—1)
dw, _p V) Owy P dws p

From these equations it follows that
ap Ju 0s
wi—— =p wim— =10 wj— =0

and, hence, equation (11) yields the desired equation



It is interesting to note that the homogeneity property (eq. (9)) depends on the defining relations (eqgs. (7)
and (8)) and on equation (10). Hence, the velocity distribution need not be a Maxwellian for the validity
of equation (9); it is enough if equation (10) is true.

Symmetrization
The equations
8w ow
A___ —
ox
are said to admit a symmetric hyperbolic form if they can be transformed to
dqa L 9q
P—+B— 1
ot B =0 (12)

where P and B are symmetric matrices and P is positive definite. We will accomplish the symmetrization
of the Euler equations by obtaining the scalar functions M, and M such that

Mo OMy M, (13)
17 Bq; 27 g 7 "ag3
oM, oM, oM,

_ oM = 2" 271 14

n=Z- 92 = 5 9= 5 (14)

where g1, g2, and g3 are yet to be determined functions of p, u, and 3. Assuming that M, and My have
been obtained, the time derivatives of w and the space derivatives of g are given by

dw; _ 9 OM, _ZaMo dg;

ot ot aqz 0q; 8q; Ot
dg; _ 0 OM, _ %M, 3(I]
9z Ox dq; aqz 0q; Oz

Hence, the Euler equations (eq. (1)) transform to

Z 8 ]\/[o 8(1] z a Ml BQJ

=0 15
dq; 0q; Ot dg; 0q; Oz (1)
and the required matrices P and B are then given by
M, 82 My
= B=|: 16
[3% 3(13] [aQi dyq; (16)

We will now prove that the desired scalar functions M, and M) accomplishing symmetrization are,
respectively,

oo o o]
MO:/ dU/ dI (F) =/dedl (17)
—00 0
o0 o0
M, =/ dv/ dI (vF) = /devdI (18)
—00 0
The differentials dM, and dM; are then given by
dM, 1
= dl 19
lane] =[] o @




Using

oF _F
o p
oF
i 28(v —uw)F
== (-2 Yy
35 55 v — u) 37 F
we obtain
I3 p+2/3’(v u)du + 25 —(v—u) - 3 I} dg
d -
2 2Budu—u2d + ﬁdﬁ + (2Bvdu + 2vudB) — [4(37_ 71)1 + v2J dg
Using total differentials we obtain
dF 2 ~
- = d(lnp+ In8 - Bu ) +vd(20u) + (I+ 22—) d(-28) + wldﬂ

where the identity

-1 _, 25-3)
3—7 3—7

has been made use of. Substituting for dF in equation (19) gives

5]/ o - ) v

(1+ )d( 28) + w—:ﬂldﬂ]dedI

(20)

(21)

(22)

For molecules with additional degrees of freedom, i.e., ¥ # 5/3, more manipulation is required to absorb
the I d@ term with other terms of equation (22) in order to express the integrands as sums of products of
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collisional invariants and perfect differentials. This manipulation is accomplished by using the following
equalities:

2(5 — 37) _2(5-39) ~
/—3—_7—(IdB)dedI = —T—/IO(FdB) dv

(5—37) ~
375 )ﬂ(Fdﬂ)dv

-5 =0%
/2‘?7 cl ( )d dI (23)

where F is the contracted Maxwellian given by

= /Ooo Fdl = p\/gexp [—ﬁ(v - u)2] (24)

By following a similar procedure we can easily prove

/ ———2(; — 37) [vIdB (F)] dvdl = 25( 37) % FdvdI (25)

Using equations (23) and (25), equation (22) reduces to

[E%ﬂ :/ m [d (lnp+ glnﬂ —~ ﬂu2> + v d(26u)

2
+(I+%—> d(~28) + —S(T?id(lnﬂ) Fdvdl

1)

-/ [j}] [d (1np+ ;1“_—51 . ﬁuz) + vd(20u)

2
+ (1 + %) d(—2ﬂ)} Fdvdl (26)
The transformed variables g1, g2, and g3 can therefore be defined as
In
a=lnpr -l =2 =20 (27)

Equation (26) then assumes the simple form

[Z%ﬂ = / [:}} dqy +vdgs + (I+ 2) dq3] Fdvdl (28)

Equation (28) then implies
w; = aql / U;Fdvdl (29)
g = ‘93111 = / v, F dvdl (30)

Equation (28) is clearly the crucial relation in accomplishing symmetrization for it reveals that the
gradients of scalar functions M, and M, are, respectively, equal to w and g. It is therefore worthwhile to
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see more transparently the connection between equation (28) and the Maxwellian distribution. In terms
of q1, g2, and g3 defined by equation (27), the expression for dF reduces to

dF v? 2(5 — 37) 5—3y dB
— =dg +vdg + [ [+ = | dg + =V 13— -
7 = datvde ( 7 | dBt =3 B =1 B
2
v 5— 3y 5— 3
=d d T+ |dp+—""T gg.— 214
q1+v qQ+( + 3 Q3+4(7—1)ﬁdq3 3_71 q3
2
; v 5-3
=dq1+vdq2+(1+—2 dgs + 3_77(10—1)@3 (31)

The validity of equation (28) is obvious when examining equation (31). Thus,
o0
/ (I~ )FdI =0 (32)
0

The above analysis makes use of the Maxwellian distribution to establish the validity of equations (29)
and (30). Once g1, g2, and g3 are defined by equation (27), the validity of equations (29) and (30) can be
directly verified from the definitions of M, and M. Equations (17) and (18) give, respectively,

M,=p M = pu

From equation (27) we obtain the total differentials

dp s 2
dgy = — + ———— —u“df — 28udu
p (y-1B
dgo = 2udB + 28 du (33)
dgs = —-2dg
The expressions for dgs and dg3 yield
dgs + udqs
— de 719 4
du % (34)
Substitution of du and d@ into the expression for dg; gives
dp 1 ( dq:s) 2(dQ3)
dgp=—+————-——)+u"{ — ) —u(dga +ud
dp u? 1
= — 4+ ———| dg3 — ud
p 2 2y~ I)ﬁ] % o
Hence,
dM, = dp = pdqy + pud +p—u—2+——p—d (35)
o =dp=pda+pudp+| =+ 5o vp| das
which implies that w; = dM,/dq;. Similarly, for dM; we get
/ dga + udgs p pu?
dM; = pdu+udp=p 23 +u{pdq1+pu g2 + 2(7—1)B+ 5 qg}
‘ 3 36)
p 2 You pu } (
dM, = — d ———+ 1 d
1 pudq1+<2ﬁ+PU) a2+ 2 -Dp T 2 |9
dM; = g1 dq; + g2dg2 + g3 dg3




Thus far we have shown that the derivatives of the scalar functions M, and M; with respect to g; are,
respectively, equal to w; and g;. Performing differentiation once again yields the elements of the matrices
P and B. The symmetric hyperbolic form for the Euler equations can then be written in the expanded
form:

2
p pu ;lj—f+%‘- lnp+,lyi__%—ﬁu2
pu p+pu2 gpu+ﬂ15_3_ —B_Z 28u
;%-f—ﬂg—z apu+ﬂg—i U2p’;+opu2+%: —24
3
o b opu+ 2 o+ 8 _ g2
2
+ | p+pu? 3pu + pud g%—+(0+%)pu2+%f1 585 206u =0 (37)
.
apu+%‘i %Lz-t—(a%-%)pu?-k%i (02+0)1%+(U+1)pu3+%3 -28

where ¢ = ~v/(y — 1). It is interesting to note that the scalar functions M, and M; symmetrizing the
Euler equations are, respectively, mass density p and mass flux pu. The Euler equations (eq. (1)) are in
conservation form (w-representation) and transform to symmetric hyperbolic form (g-representation) in
terms of new variables q. The w-q transformation is given by

w=Mo _0p M _ 9,
“9q 0q %" aq o9q”

The w-representation reflects the physical principle of conservation, whereas the q-representation clearly
reflects the hyperbolicity. The mass density and the mass flux are at the root of the above transformation.
This preferential role played by the mass density and mass flux is physically due to the fact that mass is
the carrier of the momentum and energy.

Finally, we show that equations (13) and (14) are valid even when the integration with respect to v in
equations (17) and (18) is over either of the two half-intervals (0, 00) and (—00,0). The integrations over
half-intervals are required when the Maxwellian distribution is split into two truncated Maxwellians—one
corresponding to particles with positive v and the other corresponding to negative v. Such a splitting
gives rise to splitting of the flux vector g into gt and g~. The split Euler equations (corresponding to
the splitting of g) can also be cast in the symmetric hyperbolic form using the integrals of the truncated
Maxwellian. To demonstrate this property, we offer the following definitions:

+
Wy 00 00 1
wl | = / dv / dI v, | F (38)
0 0 v
wg. I+ a5
_+_
9 s foo 1
gy =/ dv/ dlv v F (39)
+ 0 0 I+ 9
g3 2

MF /00 00 1
= d I F 40
le } 0 v/o 4 [v] 40)
Proceeding as before we obtain
e | =y o )
= d dI F
[dM;f] /0 “Jo o

5— 3
3—7

2
dgqy + vdge + (I + %) dqs

+

(Io~T) dqg]
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In view of equation (32), the above equation simplifies to

nd—)i— /oo /oo [1} V2
= d dl F I+ — 41
LiMf} A v A . dgy +vdga + | I + 5 dqs (41)
Equation (41) then immediately implies that
oM} oM
_~+_ = Q + = 1
YT oy %7 o, (42)

Thus, when v-integration is over the half-interval, the transformed variables ¢q1, g2, and ¢3 are the same
as before but the scalar functions are M + and M | instead of M, and Mj.
By proceeding on similar lines we can establish the following results. Let

1

S w[ df[:

:‘/_Ooodv/ooodlv[l_gjﬂ}F (44)
2
= [l (5)

The integration with respect to v in equations (43), (44), and (45) is over the half-interval (—00,0). Then,
the following relations hold:

F (43)

oMy _ oMy .
1 aqu g‘l aql (1’ = ) ( 6)

Here g1, g2, and g3 are the same as before and are defined by equation (27).
To summarize, the important result of this section is that

dF  F v?
- = V= ¥ =1 i
<\1:, = +vaz> 0 o I+

can be cast in the symmetric hyperbolic form (eq. (15)) irrespective of whether the integration in the
inner product with respect to v is over the doubly infinite interval (—oo0, 00) or the half-intervals (0, co)
and (—00,0). The transformed variables appearing in the symmetric hyperbolic form are q1, g, and g3
defined by equation (27), and the scalar functions accomplishing the symmetrization are mass and mass

flux.

Positive Definiteness of P

The scalar function M, is a convex function of g1, g2, and g3 if the matrix

| 9*M,
| 9q;0g;

11



is positive definite. The positivity property of P can be easily proved when the integration with respect
to v is over the full space (—o0,00). We first obtain expressions for 82M,/dq; 8q; and then determine
whether the determinants corresponding to the leading minors are positive. For this purpose we have

oM,
d< O) =dp = pdq) + pudgs +

2

pu p

ez o F 14
o+ }q::,

47
541 20 - 18 #7)
oM,
d =d =dM
( aq2 > (pu) 1
3
P 2 TpU pU
= pud +<——+u)d+—-——+——d 48
pudq+{ 55 +p a2 [2(7_1)ﬂ 2] a3 (48)
M, pu? p
() o[+
943 2 2(y-1)8
2
U 1 p
==+ d —[————]dﬂ+ wdu
2 2(7—1)/3] ’T 2 - 1p? g
2 2
u 1 pu p
= |5+ 53| {pda +pudgr + | —— + ————| d
s R R e P,
+ p dgs pudq2+udq3
2(y-1)8% 2 23
where use has been made of equations (33) to (36). Rearrangement of terms gives
d(——aMO>— L N P (B IO B
93 ) | 2 20| T \y-1287 2 ) P
2 4
Yy P Y pu | pu
SRS S AT S A 2 W 49
[(7—1)2%2 y—128 4| 49)
The second derivatives of M, are then given by
’M, _ M,  I°M, _
dq? 0q10q2  0q20qy
PMy _ My _pu?  p
0q10q3 9¢30q1 2 2(y-1)B
?M, p 9 %M, M, v pu  pud
= — U = = —_ _
dgt 28 0q29q3 0q3dqa ~-128 2
FMy_ v p v o et
8g8  (v—1)2482 4-123 4

The determinants corresponding to the leading minors are given by

12




%M, 9M, 23 28
Jq2 9q1 395
2
g U
P pu 3-1)p T 5
3
— 2 U {7
det P = pu i%-f—pu 7—2—1%4-9-2—

[

4

u? p 7 pu u3 u U
ET+2(~1—1)5 i+ o (_7_11_?) Z§7+1—1 25+

A sequence of elementary transformations gives

e U
p pu 3-8 T
detP=| 0 £ g

p 3 pu Yy 27—1 pu?
2(y-1)8 7—15? (v=-1) Zgﬂf+ ~—1 4

2
Pt t T
NI
2
0 55 %+4(7—1)5?
_, p2u2 N P2 ol
432  8(y-1)8% 642
3
= >0 >1
8- )53 (r>1)

Hence, all the leading minors of P have positive determinants and P is therefore a positive matrix implying
the convexity of M,. It is interesting to note that the only restriction on v in the above analysis is that
> 1.

The proof of positivity of P for the cases when the integration is over half-negative and half-positive
intervals can be constructed on the above guidelines. The algebra becomes very involved and the main
thrust of the present paper, that many results become transparent in view of the Maxwellian distribution,
is then defeated. We will now demonstrate the positivity of P in all the cases using the fact that M, is
an integral of the Maxwellian. To this end, we first write M, as

. b 00
M0=/ dv/ dI F (50)
a 0

where the limit (a,b) could be any one of the intervals (—o0, 00), (0, 00}, or (—00,0). Using equation (31)
gives

B b oo
M, = / dv / dI (dF)
a 0

b o0
:/dv/ dI F
a 0

In view of equation (32), the expression for dM, becomes

- b 00
dMoz/ dv/ dI F
a 0

2 33—

2
5—-3
dq; +vdge + (1+ U—) dg3 + (1, - 1) d%}

2

dqy +vdgs + (I + %—) dqgjl
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Taking the differential once more yields

- b 00
d*M, = / dv / dI (dF)
Ja JO

2
dg; + vdgy + (I + %) dQ3] (51)

Substitution of dF from equation (31) into equation (51) further gives

- b 00
d®M, :/ dv/ dI
a 0

2
5-3
+ (I+ ”—) dgs + =—=1(I, — I} dgs

v

2
dqy +vdge + (I+ 2) dqg] dq, + vdgs

F 52
5 3 (52)

Let

2
dX =dq +vdgy + (I + %) dqs (53a)

das (53b)

Equation (52) then reduces to

- b fos)
d’M, = / dv / dIdXdY F (54)
a 0
Noting that

dy = dx + 237
3—1

dX =gy - 2=
3—7

(1o - I) dqs

(Io — I)dgs3
equation (54) yields

d*M, —/bdv/oodl(dX)2F+/bdv/oodI [5_37(1 ~I)d dX] F
o= 3_ o q3
a 0 a 0 ~

and, alternatively,

d2M, = bd ® AT (dY)? F bd Car |23 1 1 vdgaay ] F
o= v 0 ( ) - v 0 3_,7( 0) q3
a a

Substituting for dX and dY from equations (53a) and (53b), respectively, in the second term of the above
formulas for d?M, and using the easily provable relations gives

00 oo - (e o]
/ (I-I,)Fdl =0 / I(I - I,)FdI = 1§F=/ I2FdI
0 0 0

The two equations for d2M, then simplify to

N b 00 b 00 -
51, = "o [~ ar (@x2 - [ [Ca [ﬂzg (dqg)Q}F (55)
a 0 a 0 33—~
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&?M, = /a ’ dv /O * dr (dY)? F + /a ' dv /0 *dl [2(7 z;z(i); 3) 12 (dq3)2] F (55b)

The quadratic form @ corresponding to the matrix P where

M,
Q=n' 2
a(h' GQj 1

can be obtained from equations (55) by replacing dg; by n;. We then obtain
b o0 02 2
Q:/ dv/ dl \mi+vpe+|I+—|n3| F
a 0 2
(10773)2] F

b [e9)

—/dv/ dl[

a 0

2
b [ 2(y—1 2 5-3

:/ dv/ dr dny 4oy + | 20= D v 323 U
a 0 3—n 2 3—19

Lo ]

It is obvious that @ > 0 as long as 1 < v < 3. Hence, P is a positive matrix. Two expressions for ¢} were
derived to show that irrespective of whether v > 5/3 or v < 5/3, we obtain a positive expression for Q.
If 5 — 3~ < 0, the positivity of P follows from the first of the above two formulas for @, and if 5 —3v > 0,
then the positivity of P follows from the second formula.

The above proof regarding the convexity of M, (or equivalently positive definiteness of P) rests upon
the equation dF = F dY, which in turn is a consequence of the Maxwellian distribution. Once again the
connection between the convexity of the function symmetrizing the Euler equations and the Maxwellian
distribution is obvious.

5—3v
3-7

Entropy Function and the H-Theorem

The Boltzmann H-theorem has been described in the kinetic theory of gases as the bridge connecting
the thermodynamics and the statistical mechanics of particles. Briefly stated, the theorem says that the
H-function (ref. 1) defined by

H = /(f In f) dU1 dv2 dU3

monotonically decreases with time as a homogeneous gas in statistical nonequilibrium evolves to equilib-
rium. In case of spatial inhomogeneity, the theorem states that

oH OH,,
huinlel Y <
— +; 7. <0 (56)

where Hy; is the flux defined by
Hy,; = /vi(fln f)dvy dvg dus

It is therefore natural to define an entropy function for the Euler equations using the above definition of
H with the arbitrary distribution f replaced by the Maxwellian. We then obtain H by

H=H(F) = //(FlnF) dvdl (57a)

and H-flux by
H, = / / o(Fln F) dvdl (57b)
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. When F is a Maxwellian, In F' is given by

mF___lnp_(,.glnﬂ-{—ln[—%}%_%)—] _ﬂ(U—u)Q—Lgy__—leﬂI

which can be equivalently written as

InF — 2(2_3'%1 {1np+ 3+ [74_7%_—_%} -ﬂu2}

’U2
+ (28u)v + (—20) (1 + -2—) (58)

The right-hand side of equation (58) is a linear combination of collisional invariants and, hence,
substituting equation (4) into (58) gives

//{1 F—2(5 37)ﬁ1] (%{w%—i) dvdl =0 (59)

We will show that equation (59) is the basis of the entropy conservation. Considering first that v = 5/3,
equation (59) simplifies to
oF
ImF|—+v— ) dvdl =0 60
/ / n ( +v 3 ) v (60)
Hence, in view of equation (60),

[//(at+v——)(FlnF]dvdI //1+lnF (aF ZF> dvdl = 0

In terms of H and H,, the above equation becomes

OH 0H,
il = 1
TR 0 (61)

which is the entropy conservation for a smooth solution. When ~ # 5/3, the gas has additional degrees of
freedom apart from the translational ones. The In F appearing in the definition of H is then no longer a
linear combination of collisional invariants and, consequently, equation (60) will not be valid. Therefore,
a slight modification in the definitions of H and H, is required. To obtain these new expressions for H
and H, we can proceed in the following manner. Equation (59) can be written as

// [HlnF— 3%}%7—)61] @f +v%§) dvdl =0 (62)

Using d(FInF) = (1 +1In F) dF gives

//dvdl( +v—a——) (Fln F) 37)//;31( z) dvdl =0 (63)

The “trick” lies in transforming the second term in equation (63) as an integral of a perfect differential.
We note that

///31 <?£+U6F> dvdl = //[at ﬂIF)+v~—(ﬁIF)] dvdI
—//IF (E f) dvdl

3—~ (du 891> (~ o8 | . 35)
_ dwy 9P L 592 64
4(v—1) ( 5 * ox fo\ 1 ot T 915, (64)
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where w1 is equal to p, wf‘, or wy, and g is equal to g1, g1 , or g;, depending on the interval of v

integration. Further manipulation gives

NEL (95+v~—) dvdl

4(37—__’71—) {(1+1 8) (‘9w1 n %) - [%(@1 In 8) + %(él lnﬂ)]}

When the integration is over the full interval,

Jwy  Ogq _0p O _
5t T ox ~ a1 T e =0

When the integration is over the half-interval, split Euler equations

owt gt
—_— + _— =
ot Oz

will have to be imposed. Keeping this fact in mind, equation (65) gives

//5 (a—F-H)a—:) dvdI=—4(3’Y 7) [gt( 11nﬂ)+i(g11nﬂ)}

0 9
(a + U%) (FInB)dvdl

Combining equation (67) with equation (63) gives

o 8 5— 3y
//(E“%) [lnF+2(7_1)1n5JdedI—0

The H-function and H-flux can hence be defined, respectively, as

H= //dvdl [FlnF—l-( 37)F1nﬁ+ch]

Hvz//dvdlv[FlnF+ 5= 37 F1nﬂ+CQF]
2(y—-1)

(65)

(66)

(67)

(68)

(69)

(70)

where C; and C3 are constants independent of v, I, p, 3, and u. In view of the definitions given in

equations (69) and (70), equation (68) can be cast in the compressed form

OH | oH, _
ot or

which is the entropy conservation. The thermodynamic entropy per unit mass for a perfect gas is

S=-R (ln p+ —lﬂﬂl + Constant)
N —

The appearance of a constant in the above formula is due to the fact that the entropy is indeterminate
within a constant. The H-function defined by equation (69) after integration with respect to v and I

becomes

H=p{lnp+%+cl“g+ln[%%”
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which is therefore negative of thermodynamic entropy per unit volume. Since the H-function is a measure
of the information content of a distribution, it will be negative of entropy. The modified H-function is
thus a physically meaningful quantity.

Becanse of the appearance of an additional term involving FIn § in equation (69), the convexity of H

is not obvious. We will now show that H is a convex function of ¢1, g2, and ¢g3. The proof rests upon
showing that H is the Legendre transform of M,; that is,

oM,

oM, oM,
H = + + - M, 71
NG, TR, t B o (71)

The function H will then be convex if M, is convex. Since M, has been shown to be convex, it is enough
if H defined by equation (69) satisfies equation (71). For this purpose we observe that

8F___F B_F:vF oF

20vy—1), ©v*  5-3y
dq1 a2 Er

T ”?*“_4(7_1)5}1’ (72)

These equations directly follow from equation (31). Further, equation (71) can be written in the form
oF oF oF
H= //(q +g— 4+ ————F) dvdl 73
901 T 20t o (73)

which says that the integrand of H defined by equation (73) is also a Legendre transform of F. Using
equation (72) gives

oF oF oF Ing 9 9 4(y—-1) 35— 3y
— 4+ q@p—+ —:F[ln + —— = fu” + 20w - v - —B — —— 74
o0 T 255 T Bag Pt fuv — 375 3= 1) (74)

Equation (58) for In F' can be slightly rewritten as

nFay 03 npy BB A -1 ] _u2_4(7—1)
1F+2(7 )lﬁ 1p+7 i [\/77(3—’7)] flo—u) 3—7 Bl

Equation (74) then simplifies to

oF oF 8F [ 5-3 } { [ 4(y - 1) } 5 — 3~ }
+q + InF+ —->1n +
Tog " P0g, " P g~ G- VA=) 2= 1)
Hence, the Legendre transform of F' is given by
oF ( 5— 3y { [4(7—1)] 3—~ })
— —F=F{InF + InB8—{In + 75
2t dg; 2(v-1) Vr@B-=71  2(v-1) (7)

Equation (75) is purely a consequence of the Maxwellian distribution and the definitions of ¢, ¢2, and g¢3.

A comparison of equations (69) and (70) with equation (75) shows that the H-function and H-flux defined
by equations (69) and (70), respectively, can be equivalently written as

H://dvdl (Z%Z_Z —F) (76)
Hv://dUdIU<Zqig—qP; —F) (77)

(A=Y 3-9
“1= 1[\/77(3—7)] 2(v-1)

if we choose
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The above analysis reveals a very interesting property of the H-function. First, the H-function is based
on the Boltzmann H-function and is negative of the density of thermodynamic entropy. Second, because
of the appearance of In F' in its integrand, the H-function is a Legendre transform of another convex
function. The convexity of H is a consequence of this fact. Further, because of the presence of the
FlIn F term in the H-function, the H-function satisfies the entropy conservation. Thus, the Maxwellian
distribution is at the root of the convexity of H and the satisfaction of the entropy conservation.
Finally, we return to the important point mentioned at the beginning of this section, namely, the
connection between the H-theorem and the entropy condition (eq. (56)). The convexity of the H-function

implies that
H (qn-H) <H (qn)
if the numerical solution ¢! at the n + 1 time level is given by

¢ =(1-6)d)" +6(¢")" (78)

Here ¢’ and ¢” could be the values of q at neighboring grid points. Thus, if a numerical method for the
solution of the Euler equations is of the type used in equation (78), then the H-function will decrease

with increasing n for that method.

Extension to Multidimensional Case

The extension of the results given in the previous section to the multidimensional case is fairly
straightforward. We will now briefly outline various significant steps involved in extending the above

analysis to two-dimensional Euler equations:

ow 0g; 0Jgy
habAdl =4 _ 79
ot T oz T By (79)
where
p pu1 pu
2
puy p -+ pu puiu2
w = gr = ! y = 2 (80)
pu2 puIU2 P+ pus
pe (pe + p)ui (pe + p)ug

As before, equation (79) can be written in the moment form

F F
(9.5 +u% +ug )=0 (81)

ot ox

where the moment function ¥ is equal to 1, vy, vg, and I + [(v% + v%) /2], and F is the Maxwellian.
Thus,

I
F=t8 exp [—ﬁ(m —up)? - Bvg — up)? - —} (82)

o™ I,

2—~
I,= ——— 83
°T2(v-1)8 (83)
where I, is positive for 1 < ~v < 2. Notice that

w=(% F) g=(u¥F) gy=(wn¥F) (84)

Equation (84) states that the unknown vector w and the flux vectors g; and gy in equation (79) are the
moments of the Maxwellian F. We will now show that

o = Mo ( )l_aMz ( )__aMy
©T g 92)i = g, W= "5

(i=1,2,3,4) (85)
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where

|
gi=Inp+ g - Bu?
~v—1
q2 = 2u1 8 (u2 = u% + u%) (86)
93 = 2uf
g4 = —20
and
[e 0] O [ o]
Mo-—-/ dvl/ d1)2/ dlI F
—oo —00 0
(e ¢] [o @] oo
Mz :/ dvl/ dvg/ dl (’1)1F) (87)
—o0 —00 0
oo oo o
My :/ dvl/ dvg/ dl (UQF)
—00 —00 0
The differentials are given by
dM, 1
dM, | = /dv1 dvy dI [vl} dF (88)
aM, v2

where, for the sake of notational brevity, only one integration symbol is shown and the limits are also not
explicitly displayed. Using

oF oF oF oF
F =
d dp aldul—{—a du2+8ﬂdﬁ
oF

Erd
F oF oF

8_p = '—0- au =20(v; —u)F Eu—g = 2B(vy — ug)F

oF _2_

g

]

= (v1 —U1)2—(U2~U2)2—MIJ F
2—~
yields
dF d 2
i + 2B8(v1 — u1) duy + 28(ve — ug) dug + [— — (v — u1)2
F P B
2(v-1) }
_ —uo)2
(v2 — u2) 2 I\ dp
2d
= (% —20uq duy — ul dp — 2Bug dus — u2 dg + —ﬁﬁ)
+ (28v1 duy + 2vyuy dB) + (2Bve dug + 2voug d)

2
_2([+P_) d5+MIdﬂ
2 2—~

=d(Inp+21In 8 - Bu?) + vy d(28uy) + vo d(26us)
2
2
+ (1 + 1’—) d(—20) + M 1d3
2 -5
Using the identity
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simplifies the above equation for dF to

dF v? 3—-2vd3 2(3-27)
— = d d I+— - -
7 dqy +v1dg2 + v2 q3+( + 2)dq4 15 + 2 Idg

2 —

2
v 2
= dq1 + vy dgo — vo dg3 + (I + —2-) dgs + J([o —I)dgy4 (89)

Substituting dF from equation (89) into equation (88) gives

dM, 1
dM, =/dv1 dvy dI l:vl}

v2 3— 2y
dqy +vidge +vodgz + [ I+ — | dgs + (Io—I)dgs| F (90)
dMy U2

2 2—~

Again, from observing that

/(10 ~D)FdI=0 (91)

equation (90) simplifies to

dMo 1
dM =/dv1 dvo dIl lim} 5

2
dqy + vy dgy + vadgz + (I + 1’_) d%] F (92)
M, v2 '

~

which implies the validity of equations (85). In terms of the functions M,, M., and My, the Euler
equations (eq. (79)) assume the symmetric hyperbolic form

2M, Oq; 2M, 9q;, 8?M, Oq;
Zz(a 0 20 9 2 Oy 945 (93)
i

8¢;0q; Ot ' 0q;0q; dr ' Bq;q; By

The proof about the positive definiteness of the matrix P where

8% M,
P= 94
[aqi 3%:] &4

proceeds along exactly the same lines as before. We first observe that

2
dqy + vy dgy +vodg3 + <1 + v—) dq4} dF (95)

d’M, = / dvy dvg dI 5

Substituting dF from equation (89) into equation (95) gives

2
d*M, =/dU1 dvo dl |dq; +vidgy + vadgs + (I + %) dfMJ dqy +v1dgo
v? 3 -2y
topdgz+ | I+ o | dea+ 2_,7(10_1)‘1‘14 F (96)
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Using [ dI (I, — I}F = 0, equation (96) reduces to two forms:

d2M0 = / dvy dvo dI

2 2
dq; +v1dgy + vadgs + (] + %) dq4] F

-2
+/d’l)1 d’Ung [32-’;7((1(]4)2 (110—12)] F

and

2

-1 2 3
dg1 +vidgy +vadgs + | L—T+ 2 + 2727 | dgy| F
2~ T2 T3,

3
+ / dvy dvy dI [2—_%(12 —11,) (dq4)2] F
With the use of the easily provable result

d*M, = / dvi dvy dI

/IQFdIdv - /21§Fd1dv

we obtain

d’M, = / dvy dvg dI

327

o2 2
dqy +vidgo + vodgs + <1+ ) d(I4} F

/ dvy dvo dI [Io(dq4) ] (97)

9 2
3-2
dqy 4+ v1dgo + vo dg3 + (——I + L + JIO> dq4} F

>M, =/dv1 dvy dI . >t
/dm d’l}2 dl [Io(dQ4) ]

327

+

(98)

If v > 1.5, then the positive definiteness of P follows from equation (97); and if 4 < 1.5, then the positive
property of P follows from equation (98).

We now come to the derivation of the H-function for the two-dimensional case. As before, the H-
function is defined as the Legendre transform

H(F)=H = / (Z qig—i — F) dvy dvg dI (99)

and the fluxes are defined by
F
= /vl (Z qig? - F) dvy dva dl
1
F
Hvy = /’U2 (Z qig__ - F) d’U] d’UQdI

From equation (89) it follows that

(100)
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e —

Hence,

In
Zqza p+ ,7—’6 - 6u + 208v1uy + 28voun

- 2
—w(—” Y SR 271)

2—x 2 2—-~

In 3 2 s A=l 3-2
npt Blur — u1)” = B(vz — u2) 5 2P~ ——

The Legendre transform of F is given by

v—1 2—~

1
Z(h_ -F=F [1 Jl_ﬁl = Bvr —uy)? = Blvg — up)? — 2—251 - ——J

1 I _2-
=F [lnp+7—n_—ﬂi = Bvr — u1)? ~ B(vz —uz)? - I, :TY]

In order to express the right-hand side of equation (101) in terms of In F', we make use of

I

] - B(on — u)? = (e~ wa)? -

2(y—1)

lanlnp+2lnﬂ+ln[
(2—)r

Combining equations (101) and (102) gives

=F[1nF+3—2'71n[3—c]
~y—1

where
2—7
C = +1ln
-1

2(y — 1)]
(2—-y)m

The definitions in equations (99) and (100) for H and H-fluxes, respectively, therefore reduce to

H 1
Hyx =/ v F<1nF+3 71 8- C)dvldvgdl
H,y, v2

Using equation (104) now shows that

OH  OHy:  O0Hy

- =0
ot oz Jy

For this purpose we observe that

OH | OHye | OHyy <8F oF GF)
— — — - dvi d
e + 5z + By /(1 C+InF) Y + v £ + v 3 vy dvg dl

+3_2’7/<2+1}1%+U2; ) (Flnﬂ)d’l)ld’UQdI

(101)

(102)

(103)

(104)

(105)

(106)
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Now,

aF
/ﬂ[( +vl(’9 +v23 >dv1dv2d1
P
—ﬂ[ (plo)+ (pu110)+ 0 (pUZIo)]
2

dp 0 2 pOB  pu 08 pux 9B
-0 [52 MEFG R MU i Ty o Fa_y]
2 — o o 1s)
:_é(’Y—jl)< lnﬂ-i-PUla lnﬁ+pu28—lnﬁ)

_ 2-17 9 o —(puo In
_m[ (pIn B) + (pulln,@)+ (p 21 6)]

-1 9 9 B,
2(y—1) / (at +v 18 +1)28 )(F n 3) dvy dvo dI (107)

In deriving equation (107) repeated use of the mass balance equation is made. Combining equations (106)
and (107) gives

8H 0H,, OHy,

oF oF oF
% " on *a_y‘/“"c“nm(at“la ”28 ) derdes i

oF
- 2_ /,3 < +’l)18 +U28 )dvldvgdl

:/ (1—C+lnF— 6~ 47ﬁ[> (ZI;+ oF +’U268F) dvy dva dI  (108)

Now, equation (102) gives

—4
1+MF—C—i 7

81

2(y—1) 6—4y
-[ 2-x 2—’7]/3]

=1-C+lnp+2IngG+1In [H] —ﬂ(vl—u1)2—ﬂ(v2—uz)2—2ﬂl
2

9 _
:{1+lnp+21nﬂ——z —Bu2} — 208viu; — 2Pugvg — 283 (1+ %)
N —

which is equal to the linear combination of collisional invariants 1, vy, v9, and I + (v2/2). Hence, the
right-hand side of equation (108) vanishes, thus proving the entropy conservation of equation (105). Once
again the validity of the entropy conservation has been shown to rest upon the appearance of In F' in
equation (104). The integrand of equation (104) can be expressed as a linear combination of 1, v1, va,
and I + (v2/2).

From the above analysis the results for the three-dimensional Euler equations
a__w dg:  Ogy , 08

8y = 109
8t+ax+8y+8z 0 (109)

24

i ——




where

P pu pu2
UL p+ pui puLu
_ | pu2 _ _ 2
W= pus Bz = puIu2 8y = | Ptpuy
pu4 puLug puug
pe (pe + p)ug (pe + p)uz
pu3
puu3 .
g, = puzug pe = P 1 + Epu2
p+ puj v
(pe + p)us

can be immediately written as

MI _ (%1
M, —/ vy F dvy dvo dvg dI (110)
M, 3
3/2
p (B o I
F=X1= — — N
I <7r> exp[ Blv —u) T (111)
59— 3y
[p= ——* 112
R CESV (12)
In
a=hpt T p=tup m=2ef  a=28 =28 (113
Then,
oM, oM, oMy oM, )
W, = - = s); = =2 i=1,2,...5 114
=G =t =Gt k=G0 ) ()
The H-function and H-fluxes are defined by
H 1
Hvl‘ / (4] BF
= — — F']| dvy dvo dugdi 115
H, . Zi:qz 9a, 1 dvg dug (115)
HUZ UB
and they satisfy the entropy conservation
H H,.

Bt dx dy 0z
The convexity of H is a consequence of equation (115) and the convexity of M,.

Review and Discussion

The Euler equations of gas dynamics are the moments of the Boltzmann equation when the distribution
function is a Maxwellian. Further, the collision term in the Boltzmann equation vanishes for the
Maxwellian distribution implying that the Euler equations are the moments of the collisionless Boltzmann
equation

oF oF oF oF

or or oar 97 _0
ot Ty T2, TG,
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This is a first-order hyperbolic partial differential equation and can be cast in the strong conservation law
form by simply taking vy, vo, and v3 inside the differentiation symbols. The entire information about the
Euler equations is compressed in the single equation for the scalar F. For example, any upwind method
for the collisionless Boltzmann equation hecomes an upwind method for the Euler equations by taking ¥
moments of the Boltzmann equation. This moment-method strategy has been fully used in reference 2 to
construct a new class of upwind methods to obtain the numerical solution of the Euler equations.

The present paper uses the above connection between the Euler and the Boltzmann equations even
more and shows that the homogeneity of the flux vector, symmetrizability, and the existence and
construction of the entropy function are all consequences of the Maxwellian distribution. It may be noted
that the Euler equations can be cast in two forms: the strong conservation law form and the symmetric
hyperbolic form. The strong conservation law form is obtained when ¥ moments of the collisionless
Boltzmann equation are taken, and it reflects the physical principle of conservation. The symmetric
hyperbolic form, which reflects the hyperbolic nature of the Euler equations, is obtained by transforming
the field vector w to the vector q. At the root of the w-q transformation is the equation

2

dF 7—5
— =dg; +vidga +vadgz +v3dgs + j dgs + 7(Io—f)d%
F 2 59— 3y

When v = 5/3, the gas has only translational degrees of freedom and then I and I, drop out in
equation (111) for the Maxwellian distribution F. In such a case the above equation assumes the simple
form

dF v2
& = dg1+v1dgz +vadgg +v3dgs + - dgs

The positive definiteness of matrix P (or, equivalently, the convexity of scalar function M,) can be
proved from the above equation. It is very interesting to observe that the same equation is used to
establish the convexity of the H-function. It is an interesting property of the Maxwellian distribution
that the integrand in the definition of the H-function containing In F' can be obtained as the Legendre
transform of F. One of the important results of the present paper is the demonstration of the convexity of
the H-function based on the Legendre transform and the positive definiteness of the matrix P. Therefore,
the Maxwellian distribution F' and the transformed variables ¢; play a fundamental role in the theory
of Euler equations. Just as the field vector w naturally arises when the Euler equations are cast in the

strong conservation law form, the variables q naturally arise when these equations are transformed to the
symmietric hyperbolic form.

The H-function, which is a slight modification of the Boltzmann H-function, is the negative of specific
entropy of thermodynamics. Because of the convexity of the H-function, it is possible to design a method
satisfying the entropy condition, that is, a method for which total H in the computational domain
decreases with time. A decrease in total H therefore corresponds to the existence of entropy-producing
mechanisms in the numerical method. It should therefore be possible to obtain nonoscillatory solutions
to the Euler equations by controlling the decrease in H. This fact, together with the observation that
a decrease in H is physically meaningful, in that it avoids expansion shocks and is easily extended to
multidimensional flows, gives credence to the view that it would be more profitable to construct total
H-diminishing (THD) methods instead of the well-known total variation diminishing (TVD) methods.

Finally, the ability of the moment-method strategy to tackle a system of equations by taking moments
of a single scalar equation can be used in various ways. First, for a system of conservation equations
it is enough to develop a TVD-Igke criterion for a single scalar equation having a physical meaningful
connection with that system. Second, in this framework upwind methods for the three-dimensional flows

can be constructed without the usual splitting of a three-dimensional problem into three one-dimensional
problems.

NASA Langley Research Center
Hampton. VA 23665-5225
April 29. 1986
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