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CONSERVATIVE BOUNDARY CONDITIONS FOR THREE-DIMENSIONAL 
GAS DYNAMIC PROBLEMS 

B. P. Gerasimov, A. B. Karagichev, S. A. Semushin 
Institute of Applied Mathematics 

imeni Keldysh, USSR Academy of Sciences 

1. Introduction 

At present in computational gas dynamics El] there are well- /3* - 
developed methods based on isolation of discontinuities, making 
use of calculation grids adapted to the boundary. Such approach 
[2-31 affords high accuracy, although the computerized construc- 
tion of a difference grid involves major software difficulties, 
especially in the case of a moving boundary and other nonsta- 
tionary processes. 

The tasks of contemporary engineering gas dynamics are dis- 
tinguished by great diversity of geometries and boundary condi- 
tions, and even an approximate solution often enables an assess- 
ment as to the prospects of a gas dynamics apparatus under 
development. There also exist a multiplicity of problems in 
which the gas flow itself plays a subordinate role in relation 
to the other dominant physical processes for which only extremely 
crude models are available (physical gas dynamics). In these 
applications, it seems advisable to expect the following demands 
of the computer algorithm: 

1, A unified approach to the solving of different types of 
prohlem, with easy enlargement of the physical content. 

* 
Numbers in the margin indicate pagination in the original text. 
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2. Easy operation of the program, not requiring a highly 
qualified computer mathematics user, 

3.  Satisfactory practical precision at relatively short 
computer run time. 

It is difficult to satisfy requirements 1-3 with traditional 
numerical methods. The methods best suited to this are a start-to- 
finish calculation [l], which has been a stimulus to the develop- 
ment of the latter. The use of boundary-nonadapted regular grids 
and explicit schemes enables a simplification of the algorithm, 
an automated running of the program, and consequently an appre- 
ciable enlargement of the range of users. 

Various authors have elaborated this method for the two- 
dimensional case 14-91. The chief shortcomings of the methods 
described in 14-61 are the nonconservativeness, the nonhomo- 
geneity and the cumbersome formulas in the boundary compartments 
of the grid, which do not allow a generalization of these methods 
to the case of an arbitrarily moving, curvilinear boundary in a 
complex three-dimensional configuration. 
rithmic procedure has another shortcoming--the boundary condi- 
tions are difficult to realize on nonuniform rectangular grids. 
The methods advocated in [5,61 are based on direct approximation 
of the derivatives at the node next to the boundary, which 
results in a large error at nodes with a heavily nonuniform 
pattern, complicates the software realization, and inadmissibly 
limits the time interval of explicit layouts. These shortcomings /A 
led the author [5] to the conclusion that nonadapted grids have 
few prospective applications. 

This complicated algo- 

However, the above does not apply to the scheme [7-91 derived 
on nonadapted grids by the integro-interpolation method (IIM) 
[lo]. Use of the IIM enabled simple difference formulas for the 
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two-dimensional case, assuring conservativeness of the start-to- 
finish calculation of the f l o w  parameters in the interior and 
boundary compartments even for moving boundaries of complicated 
shape. Joining small compartments to the neighboring ones pro- 
vides adequate stability of the difference scheme. 

The present work generalizes the approach developed in 
[7-91 to the case of three-dimensional solids of complicated 
shape. 

2. The Numerical Method 

Let us consider the equations describing multidimensional 
flow of a nonviscous gas in Eulerian variables: 

1 
or the equation for the total energy E can be replaced by the 
equation for the internal energy E :  

-+ 1 2 3  where W = (W ,W ,w ) is the velocity, P the pressure, p the 
density. System (1) is solved in the region G with boundary 
r = r" (Fig. l), where r L  can be of three kinds: 1) the entry 
boundary F a .  

set; 2 )  the exit boundary rbLlx, where we shall set the condition 

D I? 

where conditions of the first kind are usually 
L bx' 
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- /5 of  vanish ing  of t h e  normal d e r i v a t i v e s  of t h e  gas  dynamic quan- 

t i t ies;  3 )  t h e  solid w a l l  rT o r  planes of symmetry rc,  where we 
have t h e  cond i t ion  of no flow-through: 

i 

L a. 

(G. 5 )  = ( 2 )  

where i s  t h e  normal t o  t h e  w a l l .  

The s u r f a c e  of t h e  s o l i d  is given by t h e  func t ion  F: 

F ( x , y , z )  > 0 ,  p o i n t  (x ,y , z )  l i e s  o u t s i d e  t h e  s o l i d  

F ( x , y , z )  < 0 ,  p o i n t  ( x , y , z )  l i es  i n s i d e  t h e  s o l i d .  
F ( x , y , z )  = 0,  p o i n t  (x ,y , z )  i s  on t h e  s o l i d  ( 3 )  

a. and I" a r e  s i t u a t e d  i n  t h e  coordi-  L 
rb&x C 

The boundaries  rbx, 
n a t e  p lanes .  W e  s h a l l  complement t h e  reg ion  G t o  produce a 
coord ina te  r e c t a n g l e  by in t roducing  t h e  reg ion  G 

t o  t h e  solid. 
r e c t a n g u l a r  g r i d ,  producing t h r e e  types  of compartment: 

corresponding T' 
W e  cover t h e  r ec t ang le  G + GT wi th  a nonuniform 

a )  a f u l l  Compartment, e n t i r e l y  s i t u a t e d  i n  t h e  g a s  ( i n s i d e  
r eg ion  G )  

b) a p a r t i a l  compartment, i n t e r s e c t e d  by t h e  boundary of  

t h e  s o l i d  ( i n  t h e  c a l c u l a t i o n s  of  t h e  f i e l d  of flow on ly  t h a t  
p o r t i o n  occupied by gas i s  involved)  

c )  an empty compartment, e n t i r e l y  s i t u a t e d  i n  t h e  s o l i d  
( i n s i d e  r eg ion  G - h e r e a f t e r  omi t ted  from t h e  c a l c u l a t i o n s ,  and 

such compartments are t o t a l l y  a b s e n t  from t h e  s p e c i a l l y  organized  
computer memory f i l e s .  

T 

Furthermore,  w e  in t roduce  a l a y e r  of imaginary compartments 
e e 

G a long  rbbrx, rc. A f t e r  t h i s ,  t h e  g r i d  i s  complemented t o  a 
$ 
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r e c t a n g l e  by t h e  region G A O n ,  t h e  compartments of which are 
equ iva len t  t o  empty ones,  The c e n t e r  of  each compartment corre- 
sponds t o  t h e  index i = (il,i2,i3). 
from t h e  v a r i a b l e s  t h e  indexes of  d i r e c t i o n s  on which no d i f f e r -  

ence o p e r a t i o n s  are performed. 

(Fig.  21 ,  w e  i n t roduce  t h e  fol lowing geometr ica l  parameters:  

s, m -  - Slm+% - s u r f a c e s  of t h e  side f a c e s  of  t h e  compartment i 
open t o  passage of g a s  i n  t h e  d i r e c t i o n  i = 1,2 ,3 ;  Vi - t h e  

volume of t h e  compartment occupied by gas.  The proposed tech- 
nique can be developed on t h e  b a s i s  of  any given e x p l i c i t  d ive r -  
g e n t  ( f low) method of s t a r t - t o - f i n i s h  c a l c u l a t i o n .  The r e s u l t s  
of t h e  two-dimensional c a l c u l a t i o n s  [7-91 r evea led  t h a t  t h e  FLIC 

method [ l l ]  i s  a convenient  re ference  p o i n t ,  i n  which t h e  v a l u e s  

of  a l l  t h e  gas  dynamic v a r i a b l e s  9 = [ p  ,pG,pE] are a d j u s t e d  t o  
t h e  c e n t e r s  of  t h e  compartments. 

Hereafter, we  s h a l l  o m i t  

F o r  t h e  compartment of type a , b  

m 
/6 

This  method i s  based on consecut ive c a l c u l a t i o n  of  t h e  
p h y s i c a l  p rocesses  - t r a n s i t i o n  from t h e  n-th t o  t h e  ( n + l ) - t h  

t i m e  l a y e r  is  done i n  a two-stage ( i n  t h e  case of  moving bound- 
ar ies ,  th ree - s t age )  scheme with a summary approximation [ l o ] .  

I n  t h e  f i r s t  stage, only t h e  a c t i o n  of p r e s s u r e  f o r c e s  

wi th  t r a n s p o r t  p rocesses  he ld  i n  abeyance i s  considered.  To 

smooth o u t  p u l s a t i o n s  behind the  shock wave f r o n t ,  it i s  p o s s i b l e  
t o  in t roduce  an a r t i f i c i a l  v i s c o s i t y .  W e  s h a l l  assume such 
v i s c o s i t y  by analogy wi th  t h e  second p h y s i c a l  [ v i s c o s i t y ? ]  191: 

i n  c o n t r a s t  wi th  [4,5,7,81 t h i s  i s  added t o  t h e  gas p r e s s u r e  [3] :  

P'= P + 9  

which s i m p l i f i e s  t h e  algori thm and improves t h e  e q u a l i z a t i o n  o f .  
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p u l s a t i o n s  i n  t h e  multidimensional case ( h e r e a f t e r  w e  s h a l l  

w r i t e  t h e  combined p r e s s u r e  without  t h e  pr ime) .  L e t  u s  apply  
t h e  procedure descr ibed  i n  [7] t o  a compartment or t es t  volume. 
W e  i n t e g r a t e  system (1) throughout t h e  volume of t h e  compart- 

ment i and r ep lace  t h e  t i m e  d e r i v a t i v e  wi th  i t s  d i f f e r e n c e  
ana log  : 

The index 0 r e f e r s  t o  t h e  value of t h e  v a r i a b l e s  i n  t h e  n-th 

l a y e r ,  1 a f t e r  t h e  f i r s t  s tage ,  2 a f t e r  t h e  second. Using t h e  

f a m i l i a r  formulas of vector a n a l y s i s ,  w e  change t h e  volume i n t e -  
g r a l s  i n  ( 4 )  i n t o  s u r f a c e  i n t e g r a l s :  

/7 On t h e  s i d e  f a c e s  of t h e  compartment open t o  t h e  passage of g a s  

a l l  t h e  q u a n t i t i e s  s h a l l  be approximated by t h e  half-sum of  t h e  
v a l u e s  i n  t h e  corresponding compartments. It  fo l lows  f r o m  ( 2 )  
t h a t  (W-dz) = 0 on the s o l i d  w a l l ;  therefore, t h e  wall i n  ( 5 )  

prov ides  a ze ro  c o n t r i b u t i o n  to t h e  energy i n t e g r a l .  Provided 
t h a t  t h e  spacing o f  t h e  g r i d  is much less than  t h e  r a d i u s  of 
c u r v a t u r e  of t h e  s o l i d ,  we have from ( 2 ) :  

-b 

which l e t s  us  regard  t h e  pressure  on t h e  w a l l  i n  (5 )  a s  e q u a l  t o  

t h e  p r e s s u r e  a t  t h e  c e n t e r  of  t h e  compartment. 
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A s  a r e s u l t ,  w e  o b t a i n  approximation formulas f o r  t h e  f i r s t  
s t a g e  : 

I 
I n  t h e  second s t a g e ,  convect ive t r a n s p o r t  i s  f a c t o r e d  i n .  The 

procedure of o b t a i n i n g  t h e  d i f f e r e n c e  formulas i s  s i m i l a r  t o  t h e  

f i r s t  s t a g e  procedure.  I n  t h i s  case w e  use a "scheme wi th  wind- 
ward d i f f e rences" .  

c h a r a c t e r i s t i c  p h y s i c a l  f e a t u r e s  of  t h e  flow, i .e.,  it posses ses  
t h e  a t t r i b u t e  of t r a n s p o r t i v e n e s s .  For t h e  second s t a g e ,  we  g e t  

t h e  fo l lowing  d i f f e r e n c e  formulas: 

This  scheme conveys r a t h e r  p r e c i s e l y  t h e  

where 

/8 For t h e  f i r s t - o r d e r  e x p l i c i t  method desc r ibed ,  t h e  Courant con- 
d i t i o n  i s  a c r i t e r i o n  of s t a b i l i t y  ( f o r  more d e t a i l s  c f .  [12]). 

To avoid  e x c e s s i v e l y  seve re  l i m i t a t i o n s  on t h e  t i m e  i n t e r v a l ,  
each s m a i i  p a r t i a l  compartment (wi th  volume less than 20-30% of 

a f u l l  compartment) i s  jo ined  t o  i t s  neighbor.  
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3 .  The Software Realization 

The program AEOL-3 is written in the language FORTRAN, 
making use of the conventions of the OLYMPUS system [13,14] and 
being an expanded version of the AEOL-2 application program 
package for the three-dimensional case. The structure of the 
program and the interplay between its modules conform to the 
general layout of the AEOL package. The programming does not 
employ any specific features of a particular FORTRAN version, 
and therefore can be used in virtually any computer of sufficient 
capacity. 
in the Yes-1045. The computer run time is relatively short: 
establishing a stationary flow past a complicated three-dimensional 
solid on a grid of 22,000 compartments (working storage around 
1 MGB) takes less than 3 hours of machine time of the Yes-1045. 
Only the construction of the modules CURVE and CUBE differ 
significantly from the two-dimensional version AEOL-2. These 
perform the computation of the geometrical parameters of the 
partial compartments. If the boundary is immobile, the sub- 
programs are called up only once at the start of the program. 
CURVE effects a scanning of the compartments of the grid, the 
geometrical situation in each partial compartment being solved 
independently, which also enables a uniformity of solving dif- 
ferent types of problem. The CURVE and CUBE modules employ a 
function for specification of the shape of the solid ( 3 ) ,  formu- 
lated as a subprogram - the function FCUR(x,y,z). The lengths 
of the edges of a partial compartment are determined by solving 
the equation FCUR(x,y,z) = 0 on the corresponding edge by the 
method of dividing the segment into halves. If the boundary of 
the solid passes exactly through one of the vertexes of the 
compartment, we shift the boundary a slight distance away from 
the vertex (usually less than 0.1%) for uniformity of the algo- 
rithm. 

The package was developed in the BESM-6, but is run 
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To s impl i fy  t h e  f i n d i n g  of t h e  area of a p a r t i c u l a r  s i d e  

f a c e  of a p a r t i a l  compartment, t h e  l i n e  of  i n t e r s e c t i o n  of t h e  

f a c e  wi th  t h e  boundary of t h e  s o l i d  i s  approximated by a s t r a i g h t  
l i n e  segment. 

of oppos i t e  edges of t h e  same face, it is  easy  t o  o b t a i n  a homo- 
geneous formula: 

I f  (q1,q2) and (bl,b2) are t h e  p a i r s  of l e n g t h s  

The subprogram CUBE c a l c u l a t e s  t h e  volume of t h e  p o r t i o n  of  /9 
a compartment wi th  a lesser  number of v e r t e x e s ,  which i s  sub- 
t r a c t e d  as  needed from t h e  volume of  t h e  corresponding f u l l  
compartment. Through geometr ica l  manipulat ions ( r o t a t i o n ,  
m i r r o r  and c e n t r a l  symmetry, p a r a l l e l  t r a n s l a t i o n ) ,  t h e  s p a t i a l  
c o n f i g u r a t i o n  i s  reduced t o  one of t h e  s t anda rds .  Depending on 

t h e  type  of  c o n f i g u r a t i o n ,  w e  c a l c u l a t e  t h e  volume by a p a r t i c u -  

l a r  approximation formula,  and i f  t h e  s i t u a t i o n  i s  nonstandard,  
t h e  program is  au tomat i ca l ly  h a l t e d  and an  error n o t i f i c a t i o n  
i s  s e n t .  (A  nonstandard s i t u a t i o n  i s  e a s i l y  c o r r e c t e d  by modi- 

f y i n g  t h e  g r i d ,  c f .  Fig. 3 f . )  The ve r s ion  being used a t  a g iven  
t i m e  p rovides  f i v e  s t anda rd  conf igu ra t ions  (Fig.  3a-e),  which 

enab le  a n a l y s i s  of p r a c t i c a l l y  a l l  conf igu ra t ions .  

The desc r ibed  s t a n d a r d i z a t i o n  of  cases of  i n t e r s e c t i o n  o f  

a three-dimensional  compartment by t h e  s o l i d  s u b s t a n t i a l l y  s i m -  
p l i f i e s  t h e  program l o g i c ,  reduces t h e  run t i m e ,  enab le s  a uni- 

f i c a t i o n  of t h e  program complex and f a c i l i t a t e s  i t s  mastery by 
t h e  u s e r  having no s p e c i a l  t r a i n i n g .  The u s e r  i s  only  expected 
t o  s p e c i f y  t h e  shape of t h e  s o l i d  i n  t h e  FCUR func t ion  program. 

On t h e  foundat ion o f  a u n i f i e d  geometr ica l  d a t a  base,  two 
subsystems have been created i n  t h e  AEOL-3 program complex: 
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a )  c a l c u l a t i o n  of t h e  hydrodynamics, b) v i s u a l i z a t i o n  

on d i s p l a y  screen  of t h e  shape of an i n t r i c a t e  object by l i g h t i n g  

up t h e  l i n e s  of i n t e r s e c t i o n  of t h e  s u r f a c e  descr ibed  by t h e  

func t ion  FCUR(x,y,z) wi th  t h e  p l anes  of t h e  g r i d .  This  program 

apprec iab ly  s i m p l i f i e s  t h e  shape adjustment  process .  

4. T e s t  Commtations 

To test  t h e  proposed procedure of s t a r t - t o - f i n i s h  c a l c u l a -  
t i o n ,  w e  s h a l l  so lve  t h e  problem of a supersonic  g a s  flow p a s t  
a p a r t i c u l a r  s t anda rd  s o l i d  on v a r i o u s  g r i d s  and s h a l l  compare 

t h e  r e s u l t s  wi th  s t anda rd  t a b l e s .  A sphere  on a uniform C a r -  

t e s i a n  r e c t a n g u l a r  g r i d  i s  a s o l i d  of p r a c t i c a l l y  a r b i t r a r y  
shape (Fig.  39) .  Therefore ,  w e  examine t h e  s t reaming of a g a s  

sphere  on g r i d s  2 1  x 24  x 32 and 18 x 18 x 24 wi th  c o n s t a n t  
s p a t i a l  i n t e r v a l s  h 

flow wi th  parameters  M, = 2,  y = 1 . 4 ,  P, - - p, = 1 around a u n i t  

= h 
X Y 

= 0.103 and 0.164, hZ = 0.0594 and 

0 .095 ,  r e s p e c t i v e l y .  On t h e  f i rs t  g r i d ,  i n  t h e  e n t i r e  f i e l d  of  /s 
flow o u t s i d e  t h e  zone of d i s c o n t i n u i t y  t h e  d i f f e r e n c e s  of t h e  

p r e s s u r e  and d e n s i t y  from t h e  t a b u l a t e d  d a t a  [ IS]  d i d  n o t  exceed 
3% and 6 % ,  while  t h e  d rag  w a s  i n  agreement w i t h i n  1.5%. 

F igure  4 shows graphs o f  t h e  p r e s s u r e  d i s t r i b u t i o n  a long  
r ad i i  making a n g l e s  w = O o ,  60°, 90° wi th  t h e  d i r e c t i o n  of t h e  
flow; Fig.  5 shows t h e  pressure  d i s t r i b u t i o n  a long  t h e  s o l i d .  

The curves  obta ined  from a c a l c u l a t i o n  on a d e t a i l e d  g r i d  are 
i n d i c a t e d  by 1, those  from a more coa r se  g r i d  by 2. F igu re  6 

and 7 show t h e  corresponding d e n s i t y  p r o f i l e s .  It  i s  e v i d e n t  

from t h e  graphs t h a t  t h e  agreement of t h e  p r e s s u r e  and d e n s i t y  
f i e l d s  on both g r i d s  i s  p e r f e c t l y  s a t i s f a c t o r y .  Comparison of 

t h e  c a l c u l a t i o n  r e s u l t s  on the  t w o  g r i d s  demonstrates  t h e  con- 
vergence of t h e  method as  t h e  g r i d  becomes m o r e  f i n e .  I t  should 

be po in ted  o u t  t h a t  an accuracy better than  1% should n o t  be 
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expected f o r  r e a l i s t i c  g r i d s  i n  our  method, s i n c e  t h e  parameters  
w i t h i n  t h e  g r i d  compartment are assumed t o  be cons t an t .  I n  o r d e r  
t o  c l a r i f y  t h e  role o f  t h e  mutual arrangement of t h e  s o l i d  and 
t h e  g r i d ,  t h e  sphere f low problem w a s  aga in  so lved  on a g r i d  of 
24 x 24 x 32, b u t  w i th  t h e  center of  t h e  sphere s h i f t e d  0.5*hZ 
a long  t h e  flow. As compared to  t h e  former case, t h e  d i f f e r e n c e  

i n  p r e s s u r e  f i e l d  was less than 1%, b u t  t h e  d i f f e r e n c e  i n  t h e  
d rag  force remained w i t h i n  1.5%. This  r e s u l t  i s  a dramatic  i l l u -  
s t r a t i o n  of t h e  r e a l i t y  of the  above-mentioned accuracy l i m i t  
l e v e l  of 1%. 

I n  problems of experimental  des ign  t h e  foremost considera-  
t i o n  i s  t h e  d i s t r i b u t i o n  of p re s su re  a long  an object and t h e  

aerodynamic c o e f f i c i e n t s ,  a s  w e l l  as t h e  n a t u r e  of t h e i r  change 

a s  t h e  shape of t h e  object i s  v a r i e d .  

c a l c u l a t i o n s  r e v e a l s  t h a t  t h e  developed technique ,  r e a l i z e d  i n  
t h e  AEOL-3 program complex, i s  able t o  solve such problems on 
extremely coarse g r i d s  wi th  t o l e r a b l e  p r e c i s i o n .  

Analys is  of t h e  t e s t  

5. C a l c u l a t i o n  of t h e  Flow Around a Three-Dimensional Object  
of I n t r i c a t e  Shape 

L e t  us  cons ide r  t h e  problem of a g a s  f low wi th  parameters  

M, = 3 . 5 ,  p, = p, = 1, y = 1 . 4  around an ob tuse  o b j e c t .  
g e n e r a l  appearance of t h e  o b j e c t  i n  Fig.  8a i s  shown by t h e  
l i n e s  of i n t e r s e c t i o n  of t he  o b j e c t ' s  s u r f a c e  wi th  t h e  coord i -  
nate  planes. Figure 8b and 8c shcv thc field of pressure ir; 
t h e  p l ane  of symmetry and i n  the  h o r i z o n t a l  mer id iona l  s e c t i o n .  
About t h e  per iphery  of t h e  graph are a l so  shown t h e  g r i d  p l ane  
markings,  i l l u s t r a t i n g  t h e  d i s t r i b u t i o n  of t h e  i n t e r v a l s .  I t  

shoiild be noted that, d e s p i t e  t h e  siiiaii dimensions of t h e  recess 

i n  t h e  meridional  p lane  as  compared t o  t h e  g r i d  i n t e r v a l  (F ig .  8 c ) ,  
t h e  method provides  an e x c e l l e n t  r e s o l u t i o n  of t h e  secondary 

shock. The l ift force a t  such object i s  n e g a t i v e ,  which w a s  

The 
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found i n  t h e  c a l c u l a t i o n s  and is e n t i r e l y  explained by t h e  

presence of t h e  secondary shock, which i n c r e a s e s  t h e  p r e s s u r e  

i n  t h e  upper h a l f ,  

The c a l c u l a t i o n s  w e r e  done on g r i d s  wi th  d i f f e r e n t  s p a t i a l  

i n t e r v a l s ,  t h e  d i f f e r e n c e  i n  the  ve r t i ca l  and h o r i z o n t a l  aero- 
dynamic c o e f f i c i e n t s  no t  exceeding 2%. 
done on a g r i d  of  15 x 35 x 34 (22,000 compartments) and took 

less than  3 hours  i n  t h e  Yes-1045. 

A s tandard  a n a l y s i s  w a s  

6 ,  Conclusion 

The paper d e s c r i b e s  a conserva t ive  method of u n i f i e d  c o m -  
p u t a t i o n  of three-dimensional f low i n  t h e  reg ion  of a complex 
shape. The accuracy s u i t a b l e  f o r  p r a c t i c a l  purposes,  t h e  rela- 
t i v e l y  modest computer run  t i m e ,  and t h e  simple s t r u c t u r e  of t h e  

program complex r ende r  it a use fu l  t o o l  i n  t h e  s tudy  of engineer-  

i n g  gas  dynamic problems. 

The a u t h o r s  e x p r e s s  deep g r a t i t u d e  t o  A. A. Samarskiy f o r  

unwavering a t t e n t i o n  t o  t h e  work, as w e l l  a s  A. 0. L a t s i s  f o r  
u s e f u l  d i s c u s s i o n s  of t h e  elements of t h e  program r e a l i z a t i o n  
of  t h e  method. 
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