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I. Introduction and Summary 

A. Discrepancies Between Experimental Results 

This report summarizes the results of an investigation of rela- 

tivistic effects which have an influence on the determination of 

GME (ME is the mass of the Earth, G is the Newtonian gravita- 
tional constant.) The stimulus for this study has been an apparent 

discrepancy between values of GM reported by researchers who use E 
different techniques and different data sets in the determination of 
this physical quantity. 

B. Determinations of GM 1983-85 

Investigators who use Lunar Laser Ranging (LLR), together with 
E’ 

relativistic dynamical models of the solar system including gravita- 

tional interactions between the sun, planets and other solar system 

bodies to determine GME in 1983 reported the value’: 
0 

( G M ~ ) ~ ~ ~  = 398400.444 f 0.008 km3/sec2 . ( 1 )  

From the point of view emphasized in this report, the distinguishing 

feature of this determination of GME is the use of a solar system 
barycentric system of coordinates and a time scale based on Bary- 
centric Dynamical time (TDB). 

On the other hand, GME can be determined by accurate ranging 
to LAGEOS (the - Laser - Geodynamics Satellite), a procedure which to a 

large extent is independent of other solar system bodies (except for 
tidal perturbations) and whose distinguishing feature is its use of a 

coordinate reference frame which is nearly locally inertial and a 

time scale based on the the SI second. The value of GME report- 

ed in 1985 by the Goddard/EG&G/RMS group of investigators2 was: 

= 398400.434 f 0.002 km3/sec2 
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A t  t h e  same t i m e ,  t h e  U n i v e r s i t y  of T e x a s  g r o u p  r e p o r t e d  a v a l u e 3  of  

398400.440 k m 3 / s e c 2  ( 3 )  

A s  e a r l y  a s  1982, M i s n e r 4  had c o n s i d e r e d  t h e  q u e s t i o n  of  d i f f e r -  

e n c e s  i n  u n i t s  of  l e n g t h  a n d  mass b e t w e e n  c a l c u l a t i o n s  w i t h  S I  u n i t s  

i n  t h e  n e a r l y  l o c a l l y  i n e r t i a l  f r a m e ,  a n d  c a l c u l a t i o n s  d o n e  w i t h  t h e  

b a r y c e n t r i c  s y s t e m  o f  c o o r d i n a t e s  a n d  t i m e  s c a l e .  H e  d i d  n o t  s p e c i f -  

i c a l l y  c o n s i d e r  G M E ,  b u t  h e  c o n c l u d e d  t h a t  f o r  t h e  s u n ' s  mass 

s h o u l d  b e  g i v e n  by:  

t h e  v a l u e  d e t e r m i n e d  in t h e  b a r y c e n t r i c  s y s t e m ,  ( G M ~ ) ~ D ~ *  

w h e r e  

L = 1.55047 x lo- ' ,  ( 5 )  

I n  Eq.  (4), ( G M s ) s r  i s  t h e  v a l u e  of  t h e  s u n ' s  mass i n  S I  

u n i t s .  

If a s i m i l a r  c o r r e c t i o n  had  b e e n  a p p l i e d  t o  t h e  LLR v a l u e  o f  

g i v e n  in Eq.  ( l ) ,  i t  would h a v e  g i v e n  a n  a p p a r e n t  ( GME T D B  9 

S I  v a l u - e  o f  398400.450 k m 3 / s e c 2 .  The  f r a c t i o n a l  d i f f e r e n c e  b e t w e e n  

t h i s  v a l u e  a n d  t h e  v a l u e  g i v e n  by Eq.  ( 2 )  w o u l d  t h e n  h a v e  b e e n  

4 x 1 0 - * ,  w h i c h  seemed  s u r p r i s i n g l y  l a r g e .  S i n c e  o t h e r  r e l a t i v i s t i c  

e f f e c t s  p o s s i b l y  c o u l d  b e  i n v o l v e d ,  a d e t a i l e d  e x a m i n a t i o n  of  r e l a -  

t i v i s t i c  e f f e c t s  w h i c h  m i g h t  c l a r i f y  t h e  r e l a t i o n s h i p  b e t w e e n  t h e  

d i f f e r e n t  d e t e r m i n a t i o n s  of  GME w a s  u n d e r t a k e n .  

C .  D e t e r m i n a t i o n  of  GM * t h e  c u r r e n t  s i t u a t i o n ,  1987 

S i n c e  t h e  a b o v e  d e t e r m i n a t i o n s  of GME were r e p o r t e d ,  t h e  
E' 

" b e s t "  v a l u e s  of GME o b t a i k e d  by t h e  two m e t h o d s  h a v e  c h a n g e d .  

W e  s h a l l  s u m m a r i z e  t h e  c u r r e n t  s i t u a t i o n  by r e p o r t i n g  h e r e  t h e  c u r -  

rently a c c e p t e d  v a l u e s .  

1. The  v a l u e  of  GM o b t a i n e d  f r o m  L u n a r  L a s e r  R a n g i n g  E 
c h a n g e d  s i g n i f i c a n t l y  when t h e  p o s i t i o n  of  t h e  e q u i n o x  w a s  r e g a r d e d  

a s  a q u a n t i t y  t o  be  d e t e r m i n e d  a n d  w a s  s o l v e d  f o r ,  r a t h e r  t h a n  k e p t  

f i x e d  i n  t h e  s k y .  The  c u r r e n t  b e s t  v a l u e  i s 5  
a 
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( G M ~ ) ~ ~ ~  = 398400 .437  fi .006 k m 3 / s e c 2  . ( 6 )  

2 .  The m o s t  r e c e n t  LAGEOS s o l u t i o n s 6  c a r r i e d  o u t  a t  Goddard  a n d  

a t  t h e  U n i v e r s i t y  o f  T e x a s  g i v e  v a l u e s  i n  t h e  r a n g e  398400 .440  t o  

3 9 8 4 0 0 . 4 4 1  k m 3 / s e c 2 .  I t  is d i f f i c u l t  t o  a s ses s  w h e t h e r  m o d e l i n g  o r  

s y s t e m a t i c  e f f e c t s  m i g h t  s t i l l  i n f l u e n c e  t h e  r e s u l t s  a p p r e c i a b l y ,  b u t  

a n  u n c e r t a i n t y  l a r g e r  t h a n  ,002 o r  .003 k m 3 / s e c 2  is r e g a r d e d  as  

u n l i k e l y .  T h u s ,  t h e  p r e s e n t  s i t u a t i o n  is t h a t  t h e  e x p e r i m e n t a l  

r e s u l t s  f r o m  LAGEOS a n d  LLR d a t a  a g r e e  w e l l ,  i f  t h e  c o r r e c t i o n  

s u g g e s t e d  by M i s n e r  is u s e d .  A l s o ,  H e l l i n g s '  h a s  r e c e n t l y  p u b l i s h e d  

t h e o r e t i c a l  r e s u l t s  w h i c h  a g r e e  w i t h  t h e  c o r r e c t i o n  s u g g e s t e d  by 

M i s n e r .  Our more  d e t a i l e d  s t u d y  a g r e e s  w i t h  t h e  r e s u l t s  o b t a i n e d  by 

M i s n e r  a n d  H e l l i n g s ,  a n d  is d e s c r i b e d  i n  t h e  r e m a i n d e r  of  t h i s  

r e p o r t .  

T h e  t h e o r e t i c a l  r e s u l t s  assume t h a t  a l l  r e l e v a n t  r e l a t i v i s t i c  

e f f e c t s  h a v e  b e e n  c o r r e c t l y  i n c o r p o r a t e d  i n t o  t h e  d y n a m i c a l  m o d e l s  o f  

s a t e l l i t e  a n d  p l a n e t a r y  m o t i o n  and i n t o  t i m e  s c a l e  c o m p a r i s o n s .  If 

t h i s  i s  n o t  s o ,  t h e n  t h e  r e s u l t s  c a n n o t  b e  g u a r a n t e e d .  F o r  e x a m p l e ,  

i t  is w e l l  known t h a t ,  d u e  t o  t h e  n o n l i n e a r  ( p o s t - N e w t o n i a n  

r e l a t i v i s t i c )  t e rms  i n  t h e  S c h w a r z s c h i l d  f i e l d  o f  t h e  E a r t h ,  t h e  

p e r i g e e  o f  a n  E a r t h  s a t e l l i t e  w i l l  p r e c e s s  by a n  a n g l e  of  

3 G M E / [ c 2 a (  1 -e2) ]  p e r  r e v o l u t l o n 8 ,  w h e r e  a is t h e  s e m i m a j o r  a x i s  

o f  t h e  s a t e l l i t e  o r b i t  a n d  e is i t s  e c c e n t r i c i t y .  For LAGEOS, a t  a 

s e m i m a j o r  a x i s  of a = 1 . 2 ~ 1 0 '  cm, t h i s  is e q u i v a l e n t  t o  a m o t i o n  o f  

t h e  p e r i g e e  of  1 . 3  c m  p e r  r e v o l u t i o n .  C u r r e n t l y  s u c h  e f f e c t s  a r e  

e x c l u d e d  f r o m  t h e  d y n a m i c a l  model  o f  LAGEOS's o r b i t a l  m o t i o n '  w h e r e a s  

t h e  d e r i v a t i o n  o f  t h e  c o r r e c t i o n  f a c t o r  ( 1  + L)  a s s u m e s  t h a t  t h e y  a r e  

a c c o u n t e d  f o r .  
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T h u s  w h i l e  in p r i n c i p l e  o n e  c a n  d e r i v e  t h e  r e l a t i v i s t i c  r e s u l t s  o n  

t h e  b a s i s  of  q u i t e  r i g o r o u s  a r g u m e n t s ,  i f  i n  t h e  a c t u a l  d a t a  a n a l y s i s  

p r o g r a m s  some r e l a t i v i s t i c  e f f e c t s  a r e  o m i t t e d ,  t h e  v a l i d i t y  of  t h e  

r e l a t i v i s t i c  c o r r e c t i o n  f a c t o r  ( 1  + L ) - - i n s o f a r  as  i t  a p p l i e s  t o  t h e  

c o m p a r i s o n  o f  t h e  e x p e r i m e n t a l  r e s u l t s - - i s  o b s c u r e d .  The  b e s t  r e m e d y  

f o r  t h i s  i s  t o  e n s u r e  t h a t  t h e  d y n a m i c a l  m o d e l s  u s e d  t o  f i t  t r a c k i n g  

d a t a  t r u l y  i n c o r p o r a t e  a l l  known i m p o r t a n t  r e l a t i v i s t i c  e f f e c t s .  

C .  O u t l i n e  of  R e p o r t  

We d e s c r i b e  i n  t h i s  s e c t i o n  t h e  c o n t e n t s  of  t h i s  r e p o r t .  S e c -  

t i o n s  I1 t h r o u g h  I V  c o n t a i n  t h e  d e t a i l e d  a r g u m e n t s  a n d  d e r i v a t i o n s  

l e a d i n g  t o  t h e  r e s u l t  s t a t e d  i n  Eq. ( 5 ) ,  a b o v e .  S i n c e  t h e s e  a r g u -  

m e n t s  a r e  l e n g t h y  a summary of  t h e  a r g u m e n t s  i s  g i v e n  i n  b r i e f e s t  

p o s s i b l e  f o r m  i n  S e c t .  V ;  t h e  r e a d e r  may t h u s  t u r n  t o  S e c t .  V f o r  a 

p a r a p h r a s e  of  t h e  a r g u m e n t .  S e c t i o n  V I  c o n t a i n s  some e s t i m a t e s  of 

t h e  c o n s e q u e n c e s  o f  n e g l e c t i n g  o r  o m i t t i n g  c e r t a i n  i m p o r t a n t  known 

r e l a t i v i s t i c  e f f e c t s .  

In g e n e r a l  r e l a t i v i t y  ( G R )  t h e  i n t e r p r e t a t i o n  of  t h e o r e t i c a l  

p r e d i c t i o n s  r e q u i r e s  g r e a t  c a re .  Many d i f f e r e n t  c o o r d i n a t e  s y s t e m s  

may b e  u s e d  t o  d e s c r i b e  p h y s i c a l  phenomena .  T h e s e  c o o r d i n a t e  s y s t e m s  

may d i f f e r  i n  t h e  c h o i c e s  of  l e n g t h  a n d / o r  t i m e  u n i t s ,  in t h e i r  be -  

h a v i o r  a t  l a r g e  d i s t a n c e s  f r o m  t h e  s u n ,  o r  i n  o t h e r  w a y s .  In t h i s  

r e p o r t  w e  s h a l l  d i s c u s s  P a r a m e t r i z e d  P o s t - N e w t o n i a n  (PPN) c o o r -  

d i n a t e s ;  E d d i n g t o n - C l a r k  ( E C )  c o o r d i n a t e s ;  a c o o r d i n a t e  s y s t e m  b a s e d  

o n  b a r y c e n t r i c  d y n a m i c a l  t i m e  (TDB c o o r d i n a t e s ) ;  a n d  L o c a l  I n e r t i a l  

C o o r d i n a t e s .  I n  s p i t e  of t h e  many p o s s i b i l i t i e s  f o r  c h o i c e  of  a c o -  

o r d i n a t e  r e f e r e n c e  f r a m e ,  o b s e r v a t i o n s  of  p h y s i c a l  q u a n t i t i e s  made 

u s i n g  d i f f e r e n t  c o o r d i n a t e  s y s t e m s  m u s t  a g r e e ,  when e x p r e s s e d  i n  

t e r m s  of a p p r o p r i a t e l y  d e f i n e d  and  a g r e e d - u p o n  i n v a r i a n t  q u a n t i t i e s  

o r  o b s e r v a b l e s  s u c h  a s  p r o p e r  l e n g t h s  o r  p r o p e r  t i m e s  m e a s u r e d  u s i n g  

s t a n d a r d  c l o c k s .  The  r e l a t i o n s h i p s  b e t w e e n  t h e s e  d i f f e r e n t  c o o r -  

d i n a t e  s y s t e m s  a r e  d i s c u s s e d  i n  S e c t .  111. 

0 

Knowledge  o f  c o o r d i n a t e  t r a n s f o r m a t i o n s  b e t w e e n  b a r y c e n t r i c  c o -  

o r d i n a t e s  a n d  l o c a l  i n e r t i a l  c o o r d i n a t e s  i s  e s s e n t i a l  in t h e  d e r i v a -  

t i o n  o f  Eq. (5)" .  The d e r i v a t i o n  o f  t h e s e  c o o r d i n a t e  t r a n s f o r m a -  

t i o n s  i s  c o n t a i n e d  i n  a p a p e r  e n t i t l e d  " R e l a t i v i s t i c  E f f e c t s  i n  L o c a l  

I n e r t i a l  F r a m e s , "  by N .  Ashby and B. B e r t o t t i ' l ,  w h i c h  w a s  p u b l i s h e d  

i n  P h y s .  Rev .  -9 D34 2246 ( 1 9 8 6 ) .  T h i s  p a p e r  is i n c o r p o r a t e d  a s  

e 
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A p p e n d i x  A of  t h e  p r e s e n t  r e p o r t .  We s h a l l  q u o t e  r e s u l t s  f r o m  t h i s  

p a p e r  as  t h e y  a r e  n e e d e d .  

N o t a t i o n .  We u s e  u p p e r  c a s e  l e t t e r s  s u c h  as  X u  t o  d e n o t e  

q u a n t i t i e s  m e a s u r e d  in PPN, E C ,  o r  T D B  c o o r d i n a t e s  as t h e s e  a r e  a l l  

s y s t e m s  w i t h  o r i g i n  a t  t h e  S o l a r  s y s t e m  b a r y c e n t e r .  S m a l l  l e t t e r s  

s u c h  a s  x P  d e n o t e  q u a n t i t i e s  m e a s u r e d  in l o c a l  i n e r t i a l  f rames .  

G r e e k  i n d i c e s  r u n  f r o m  0 t o  3 and l a t i n  i n d i c e s  r u n  f r o m  1 t o  3. T h e  

s i g n a t u r e  o f  t h e  m e t r i c  t e n s o r  i n  vacuum is c h o s e n  t o  be  ( - l , l , l , l ) ;  

o t h e r  n o t a t i o n  is as in t h e  book by Weber". 

11. C o n s t a n c y  of  The  S p e e d  o f  L i g h t  

We now s t a t e  a n  i m p o r t a n t  a s s u m p t i o n  u p o n  w h i c h  s u b s e q u e n t  d i s -  

c u s s i o n  is t o  be  b a s e d .  S i n c e  much of t h e  r e a s o n i n g  i n v o l v e s  t h e  

r e l a t i o n s h i p s  b e t w e e n  d i f f e r e n t  c h o i c e s  of  t i m e  u n i t ,  t h e  p u r p o s e  o f  

t h i s  a s s u m p t i o n  is t o  l i m i t  t h e  d i f f e r e n t  t y p e s  of c o o r d i n a t e  s y s t e m s  

w h i c h  may b e  c h o s e n ,  t h u s  s i m p l i f y i n g  t h e  d i s c u s s i o n .  

A s s u m p t i o n :  The  s p e e d  o f  l i g h t  is a d e f i n e d  q u a n t i t y :  

c = 299 7 9 2  458 m e t e r s / s e c o n d  . (7) 

T h i s  means  t h a t  w e  s h a l l  o n l y  c o n s i d e r  c o o r d i n a t e  s y s t e m s  in w h i c h  

t h e  u n i t s  o f  l e n g t h  a n d  o f  t i m e  a r e  r e l a t e d  in s u c h  a way t h a t  Eq.  

( 7 )  i s  s a t i s f i e d .  T h i s  d e f i n e s  t h e  u n i t  of l e n g t h  ( t h e  m e t e r )  i n  

terms of the c h o s e n  t i m e  u n i t  ( t h e  s e c o n d . )  The  c h o i c e  o f  u n i t  o f  

l e n g t h  is t h u s  n o t  i n d e p e n d e n t  o f  t h e  u n i t  of t i m e .  For e x a m p l e ,  o n e  

m i g h t  c o n s i d e r  a c o o r d i n a t e  s y s t e m  in w h i c h  a "new s e c o n d "  i s  t w i c e  

a s  l o n g  as t h e  S I  s e c o n d .  Then t h e  "new meter"  wou ld  h a v e  t o  b e ,  

c o r r e s p o n d i n g l y ,  t w i c e  a s  l o n g  a s  t h e  S I  me te r  in o r d e r  f o r  t h e  s p e e d  

o f  l i g h t  t o  h a v e  t h e  v a l u e  g i v e n  by Eq. ( 7 ) .  

Some r e s e a r c h e r s 1 3  h a v e  i n v e s t i g a t e d  u n i t  s y s t e m s  w h i c h  w o u l d  b e  

i n c o n s i s t e n t  w i t h  Eq. ( 7 )  a b o v e .  T h i s  seems l i k e l y  t o  i n t r o d u c e  

a d d i t i o n a l  c o n f u s i o n  i n t o  a n  a l r e a d y  c o m p l e x  s i t u a t i o n  a n d  w e  s h a l l  

n o t  c o n s i d e r  s u c h  p o s s i b i l i t i e s  h e r e .  

A c o n s e q u e n c e  o f  t h e  a b o v e  a s s u m p t i o n  is t h a t  t h e  u s u a l l y  q u o t e d  

0 m e a s u r e  of  mass ,  GM, ( t h e  g r a v i t a t i o n a l  c o n s t a n t  t i m e s  t h e  mass ) ,  i s  

n o t  i n d e p e n d e n t  o f  t h e  c h o i c e  o f  u n i t  o f  t i m e .  T h i s  c a n  b e  
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seen by noting that the Schwarzschild mass parameter GM/c2 corres- 

ponding to mass M, has units of length, while c has the same numeri- 
cal value in all unit systems considered here. 

0 

111. Coordinate Time Scales 
In this section we compare various coordinate systems which must 

be considered in arriving at Eq. (5). 
A .  The Metric Tensor 

The invariant interval ds between two events in space-time whose 

coordinates differ by dX' ( p  = 0,1,2,3) is given by 

where G is the metric tensor. It is appropriate at this point 
to present several examples of the metric tensor, expressed in 

different coordinate systems. 

lJv 

B. Eddington-Clark Metric 

Eddington and Clark14 derived an approximate solution of 

@ Einstein's field equations using the "slow-motion, weak-field" 
approximationlo-'' (see also Appendix A )  which is quite adequate for 

solar system dynamics. In this approximation scheme, a typical 
velocity of a solar system body is considered small compared to c, s o  

V/c is a small parameter. Also,. gravitational effects appear through 

a dimensionless measure of the gravitational potential, GM/c2R, and 

in most caees in the solar system the order of magnitude of GM/c2R is 
about the same as that of (V/C)~. Thus we write: 

O(GM/C~R) = o(v2/c2) . 
The self-consistent solution of the field equations developed by 

Eddington and Clark then requires that Goo be calculated to O(V4/c4), 
Goi to O(V3/c3), and G to O(V2/c2). The resulting metric 
is given below, although we shall not make very much use of  it in the 

discussion. 

1 3  
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G = 6ij ( 1  + 2u) . 
fj 

+ + -+ 
MA is the mass having position X velocity V A  and acceleration A at 

coordinate time Xo. U is the Newtonian gravitational potential 
A '  A 

The quantity 2 denotes the observation point. 
double summation means the term B = A is omitted in the sum. 

The prime in the 

The above metric is of importance because it is the basis of 

Moyer's work" and because the equations of motion of solar system 

bodies based on the Eddington Clark metric have been incorporated 
into computer codes f o r  computation of solar system ephemerides at 

the Jet Propulsion Laboratory. For reference we present here these 
equations of motion which include the leading relativistic 

(post-Newtonian) corrections to the Newtonian equations of motion. 
Using the abbreviations ?,, = %, - %A , REA = lgEA( , where the sub- 
script E represents the object of interest (particularly the earth), 
the equations of motion are: 
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GMB/c2 "; ( 1 - 4 u e  + - - 1' + [2VA 2 - 4$,.SA]/C2 A: I -1' 
A R i A  C 2  B R~~ 

w h e r e  U e  is t h e  n e g a t i v e  of t h e  g r a v i t a t i o n a l  p o t e n t i a l  d u e  t o  

e x t e r n a l  s o u r c e s ,  e v a l u a t e d  a t  t h e  p o s i t i o n  of ME ( s e e  A p p e n d i x  

A ,  E q -  ( A 3 ) * )  

C .  The  PPN Metr i c  

For c o m p a r i s o n  w i t h  t h e  EC me t r i c ,  w e  p r e s e n t  h e r e  t h e  PPN 
m e t r i c 1 6  i n c l u d i n g  t h e  p a r a m e t e r s  y a n d  B ,  w h i c h  is s u f f i c i e n t l y  

g e n e r a l  t o  p r o v i d e  t h e  c o m p a r i s o n s  w e  n e e d .  

= -1 + 2u - 2 B U  G o  0 
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N o t e  t h a t  t h i s  m e t r i c  d o e s  n o t  c o n t a i n  t h e  a c c e l e r a t i o n  t e rm 

w h i c h  i s  p r e s e n t  i n  t h e  E C  met r ic .  T h i s  d i f f e r e n a e  b e t w e e n  t h e  f o r m s  

o f  t h e  E C  a n d  t h e  PPN s o l u t i o n s  can  be  r e s o l v e d  by means of a g a u g e  

t r a n s f o r m a t i o n  w h i c h  t r a n s f o r m s  t h e  PPN m e t r i c  i n t o  a m e t r i c  w h i c h  

c o n t a i n s  t h e  a c c e l e r a t i o n  term and w h i c h  h a s  t h e  same f o r m  as  t h e  

m e t r i a  o f  E C .  The  two m e t r i c s  a r e  p h y s i c a l l y  e q u i v a l e n t  i n  t h a t  t h e y  

d e s c r i b e  t h e  same d i s t r i b u t i o n  of  masses. However  t h e y  a p p e a r  

d i f f e r e n t  b e c a u s e  t h e y  i n v o l v e  d i f f e r e n t  s e t s  of  c l o c k s .  I n  

p a r t i c u l a r ,  t h e  E C  m e t r i c  c a n  be d e r i v e d  f r o m  t h e  PPN m e t r i c  by a 

c o o r d i n a t e  t r a n s f o r m a t i o n :  

w i t h  n o  c h a n g e  i n  s p a t i a l  c o o r d i n a t e s .  T h i s  r e s e t t i n g  o f  t h e  c l o c k s  

0 t r a n s f o r m s  t h e  PPN me t r i c  i n t o :  

w i t h  RO c h a n g e  i n  G . A s  c a n  r e a d i l y  be  s e e n ,  t h i s  m e t r i c  

r e d u c e s  t o  t h e  EC m e t r i c  e x a c t l y  when y = = 1 ,  and  i n  g e n e r a l  h a s  

t h e  same a n a l y t i c a l  f o r m  as  t h a t  o f  E C  i n c l u d i n g  t h e  a c c e l e r a t i o n  

term. 

i j  

T h e  E C  m e t r i c  i s  a s o l u t i o n  t o  E i n s t e i n ' s  f i e l d  e q u a t i o n s  w h i c h  

s a t i s f i e s  c a u s a l  b o u n d a r y  c o n d i t i o n s  c o r r e s p o n d i n g  t o  r e t a r d e d  

p o t e n t i a l s  s u c h  as  t h e  we l l -known L i e n a r d - W i e c h e r t  p o t e n t i a l s  o f  

e l e c t r o m a g n e t i c  t h e o r y .  R e s e t t i n g  t h e  c l o c k s  by means of  t h e  g a u g e  



-10- 

t r a n s f o r m a t i o n ,  Eq.  (131, p r o d u c e s  a n  a c c e l e r a t i o n  term i n  t h e  P P N  

m e t r i c ,  as  c a n  be  v e r i f i e d  by s t r a i g h t f o r w a r d  a p p l i c a t i o n  of t h e  

u s u a l  t e n s o r  t r a n s f o r m a t i o n  l a w s .  S i n c e  g e n e r a l  r e l a t i v i t y  is 

g e n e r a l l y  c o v a r i a n t  w i t h  r e s p e c t  t o  a r b i t r a r y  t e n s o r  t r a n s f o r m a t i o n  

l a w s ,  t h e  P P N  m e t r i c  is a s o l u t i o n  t o  t h e  f i e l d  e q u a t i o n s  

c o r r e s p o n d i n g  t o  t h e  same d i s t r i b u t i o n  o f  s o u r c e  masses w h i c h ,  

h o w e v e r ,  a r i s e s  f r o m  b o u n d a r y  c o n d i t i o n s  c o r r e s p o n d i n g  t o  h a l f  

r e t a r d e d ,  h a l f - a d v a n c e d  p o t e n t i a l s .  

S i n c e  t h e  P P N  a n d  EC m e t r i c s  a r e  p h y s i c a l l y  e q u i v a l e n t ,  w e  s h a l l  

b a s e  o u r  s u b s e q u e n t  d i s c u s s i o n  on t h e  E C  m e t r i c  b e c a u s e  M o y e r ’ s  

d e v e l o p m e n t  o f  t h e  e q u a t i o n s  o f  m o t i o n ,  a n d  t h e  i m p l e m e n t a t i o n  o f  

t h e s e  e q u a t i o n s  of m o t i o n  i n  c o m p u t e r  c o d e ,  is b a s e d  on t h e  EC 

m e t r i c .  I t  is i m p o r t a n t  t o  p o i n t  o u t  h o w e v e r ,  t h a t  t h e  P P N  m e t r i c ,  

a l t h o u g h  i t  a p p e a r s  d i f f e r e n t  f rom t h e  EC m e t r i c ,  g i v e s  r i s e  t o  e q u a -  

t i o n s  o f  m o t i o n  w h i c h  a r e  o f  p r e c i s e l y  t h e  same f o r m  as  E q s .  ( 1 1 ) .  

D .  T D B  C o o r d i n a t e s  

W e  s h a l l  now d i s c u s s  t h e  i n t r o d u c t i o n  o f  T D B  c o o r d i n a t e s ,  w h i c h  

d i f f e r  by a s c a l e  f a c t o r  f r o m  t h e  EC c o o r d i n a t e s - - o r  b a r y c e n t r i c  

c o o r d i n a t e s - - g i v e n  i n  E q s .  ( 9 ) .  The  a r g u m e n t  p r e s e n t e d  b e l o w  is 

s i m i l a r  t o  t h a t  p r e s e n t e d  by H e l l i n g s 7 ,  who u s e s  P P N  c o o r d i n a t e s  

r a t h e r  t h a n  EC c o o r d i n a t e s .  To  O ( V 2 / c 2 )  t h e  two m e t r i c s  a r e  

i d e n t i c a l ,  h o w e v e r ,  so  t h e  a r g u m e n t s  a r e  a l m o s t  e q u i v a l e n t .  

We b e g i n  w i t h  t h e  E d d i n g t o n - C l a r k  m e t r i c  k e e p i n g  o n l y  t e r m s - o f  

O ( V 2 / c 2 ) ;  t o  this o r d e r  t h e  EC metr ic  is: 

T h e n  t h e  i n v a r i a n t  i n t e r v a l ,  Eq.  ( 8 ) ,  is t o  t h i s  o r d e r  

- d s 2  = - ( 1  - 2 l ~ ) ( d x O ) ~  + ( 1  + 2 U ) ( d X 2  + dY2 + dZ2  ( 1 6 )  

a n d  U is g i v e n  by Eq. ( 1 0 ) .  

Now s t a n d a r d  c l o c k s  a t  r e s t  o n  t h e  s u r f a c e  of  t h e  E a r t h ,  w h i c h  

d e f i n e  t h e  S I  s e c o n d ,  b e a t  more  s l o w l y  t h a n  t h e  c o o r d i n a t e  c l o c k s  

r e p r e s e n t e d  by t h e  v a r i a b l e  X o  i n  t h e  a b o v e  e q u a t i o n ,  d u e  t o  

@ r e l a t i v i s t i c  e f f e c t s .  T h e s e  a r e  p r i n c i p a l l y  g r a v i t a t i o n a l  r e d s h i f t s  
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d u e  t o  g r a v i t a t i o n a l  p o t e n t i a l s  of t h e  s u n  a n d  t h e  E a r t h ,  a n d  t i m e  

d i l a t i o n  ( s e c o n d - o r d e r  D o p p l e r  s h i f t s )  o f  E a r t h - B o r n e  c l o c k s  d u e  t o  

t h e  E a r t h ' s  o r b i t a l  m o t i o n .  I f  we c o m p u t e  t h e  l o n g - t e r m  t i m e  a v e r a g e  

o f  d s / d X o  f o r  s u c h  a n  E a r t h - b o r n e  c l o c k ,  t h e n  t o  O ( V 2 / c 2 )  w e  h a v e :  

0 

d s  
dX 

< -o> = <1 - u - V2/2C2> E 1 - L , 

w h e r e  V i s  t h e  b a r y c e n t r i c  c o o r d i n a t e  v e l o c i t y  of t h e  E a r t h - b o r n e  

c l o c k .  

T h e  f a c t o r  L h a s  b e e n  computed  i n  d e t a i l  by M i s n e r  a n d  by 

H e l l i n g s .  M i s n e r 4  h a s  s u m m a r i z e d  t h e  c o n t r i b u t i o n s  a n d  h i s  summary 

is r e p e a t e d  h e r e  f o r  c o n v e n i e n c e .  The  ma in  c o n t r i b u t i o n s  t o  L a r e  a s  

f o l l o w s :  f r o m  t h e  b a r y c e n t r i c  v e l o c i t y  a n d  s o l a r  p o t e n t i a l  a t  t h e  

Ea r th -Moon  b a r y c e n t e r ,  1 . 4 8 0 5 9 4 ~ 1 0 ' ~ ;  f r o m  t h e  E a r t h ' s  p o t e n t i a l  a t  
t h e  e q u a t o r ,  0 . 0 6 9 5 3 5 ~ 1 0 ' ~ ;  f r o m  t h e  t i m e - a v e r a g e d  p o t e n t i a l  d u e  t o  

J u p i t e r ,  0 . 0 0 0 1 8 1 ~ 1 0 - ~ ;  f r o m  t h e  E a r t h ' s  r o t a t i o n a l  v e l o c i t y  a t  t h e  

e q u a t o r ,  0 . 0 0 0 1 2 0 ~ 1 0 ' ~ ,  p l u s  s t i l l  s m a l l e r  e f f e c t s  d u e  t o  t h e  

p o t e n t i a l s  of  S a t u r n  a n d  t h e  moon. T h e  v a l u e  of  L i s  t h u s :  

L = 1 . 5 5 0 4 7  k lo - '  ( 1 8 )  

H e l l i n g s 7  g i v e s  a v a l u e  L = 1 . 5 5 0 5 2 ~ 1 0 ' ~  w h i c h  i s  s l i g h t l y  l a r g e r .  

T h i s  may p a r t l y  b e  d u e  t o  c h o i c e  of a d i f f e r e n t  a v e r a g i n g  i n t e r v a l  

b u t  a l s o  d u e  t o  H e l l i n g s '  i n c l u s i o n  of p o t e n t i a l s  f r o m  o t h e r  s o l a r  

s y s t e m  bodies s u c h  as t h e  m i n o r  p l a n e t s  a n d  a s t e r o i d s .  F o r  p u r p o s e s  

o f  t h i s  r e p o r t  t h e  d i f f e r e n c e  b e t w e e n  t h e s e  two v a l u e s  i s  

i n s i g n i f i c a n t .  

T h e  T D B  t i m e  c o o r d i n a t e  i s  i n t r o d u c e d  by means  of t h e  f o l l o w i n g  

s c a l e  t r a n s f o r m a t i o n  i n  t i m e :  

X$DB = ( 1  - L)XO 

T h u s  T D B  c l o c k s  b e a t  a t  t h e  same a v e r a g e  r a t e  a s  E a r t h - b o r n e  c l o c k s ,  

f r o m  t h e  p o i n t  o f  v i e w  of  a n  o b s e r v e r  i n  t h e  b a r y c e n t r i c  s y s t e m .  
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The new metric is therefore: 

- ds2 = - ( 1-2U)(dX$DB)2/( 1-L)2 + ( 1+2U)(dX2+dY2+dZ2) ( 2 0 )  

which can be rewritten: 

- (1-L)2ds2 = -(1-2U)(dXiDB)2 + (1+21J)[(l-L)2(dX2+dY2+dZ2)] (21) 

The left side can be interpreted as the invariant interval measured 

in TDB units. If we introduce 

= (1 - LIS , (22) TDB S 

then hhe metric becomes: 

)2 = -(1-2U)(dX!D,)2 + (1+2U)[(l-L)2(dX2+dY2+dZ2)I- (23) - ( d S ~ ~ ~  

I n  order for this invariant interval to be cast into the same form as 
0 the Fnterval i n  Eq. (16), we must do t w o  things: (a) we must 

introduce new scaled spatial Coordinates, 

(k = 1,2,3) (24) k = (1-L)X ; k 
'TDB 

and (b) we must ensure that the dimensionless quantity U retains its 
form and magnitude unchanged In TDB coordinates. Sinoe c does not 

change, this means that 

and s o  in TDB coordinates we must identify the mass parameter by: 

with all these changes, the theoretical description of the physics of 
planetary and satellite mot€on and of the motion of electromagnetic 

signals (photons) is of the same mathematical form in TDB 
0 
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c o o r d i n a t e s ,  t o  O ( V 2 / c 2 ) ,  a s  i t  is i n  E C  c o o r d i n a t e s :  

= u  
'TDB = c ;  TDB C 

A t  t h i s  p o i n t  i t  may b e  o b j e c t e d  t h a t  t h e  m e t r i c  i n  E q s .  ( 1 3 )  w a s  

w r i t t e n  o n l y  t o  l o w e s t  o r d e r  w h e r e a s  t h e  d i f f e r e n c e  b e t w e e n  U and  

i n  E q .  ( 2 7 )  i n v o l v e s  t e rms  of O ( V 4 / c 4 )  o n l y ,  t h e r e f o r e  t h e  

a r g u m e n t  l e a d i n g  t o  E q .  ( 2 6 )  c a n n o t  be  c o n s i d e r e d  as r i g o r o u s  b e c a u s e  

o f  t h e  p o s s i b i l i t y  t h a t  h i g h e r  o r d e r  terms m i g h t  m o d i f y  t h e  r e s u l t .  

We s h a l l  t h e r e f o r e  g i v e  two a d d i t i o n a l  a r g u m e n t s  s h o w i n g  t h e  

c o n c l u s i o n  ( 2 6 )  is v a l i d .  

'TDB 

First i f  w e  look a t  t h e  f u l l  m e t r i c  t e n s o r ,  E q .  ( 9 ) ,  i n c l u d i n g  

te rms  o f  O ( V 4 / c 4 ) ,  t h e n  i t  may b e  v e r i f i e d  by i n s p e c t i o n  t h a t  e a c h  

@ t e r m  i n  G O O  is u n c h a n g e d  i n  f o r m  by t h e  c o m b i n a t i o n  o f  

t r a n s f o r m a t i o n s  

C T D B =  ; X:DB = (1-L)X' ; ( G M ) T D B  = ( 1 - L ) G M  . 

T h e s e  i m p l y :  

k k 
= [ ( 1-L)GMA( l - L ) A A / (  1-L) 2 ]  = GMAAA . 

= G o o .  A s i m i l a r  a r g u m e n t  h o l d s  f o r  G . T h e r e f o r e  ( G o O I T D B  
For t h e  c o n t r i b u t i o n s  t o  t h e  me t r i c  a r i s i n g  f r o m  G o i ,  w e  h a v e :  

ij 
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= (1-L)2G,idXodX i . 

The  f a c t o r  ( 1 - L ) 2  i n  t h e  a b o v e  e x p r e s s i o n  i s  j u s t  t h e  f a c t o r  n e e d e d  

t o  make t h e  f o l l o w i n g  e q u a t i o n  v a l i d :  

A s e c o n d  a r g u m e n t  w h i c h  i s  more p o w e r f u l  a n d  c o n v i n c i n g  may b e  

o b t a i n e d  by e x a m i n i n g  t h e  e q u a t i o n s  of m o t i o n ,  E q s .  ( l l ) ,  t e r m  by 

t e r m .  U s i n g  t h e  s c a l e  c h a n g e s  o f  Eq. ( 2 8 ) ,  w e  i m a g i n e  m u l t i p l y i n g  

a n d  e v e r y  t e r m  i n  Eq.  (11 )  by ( l - L ) - ' .  T h e  l e f t  s i d e  becomes  ( A E ) T D B  

e a c h  t e r m  on t h e  r i g h t  i n c l u d i n g  a l l  p o s t - N e w t o n i a n  t e rms  t h e n  may b e  

t r a n s f o r m e d  i n t o  i t s  T D B  c o u n t e r p a r t .  

k 

T h e  v a l u e  o f  t h i s  a p p r o a c h  i s  t h a t  i t  may b e  s e e n  t h a t  t h e  

e q u a t i o n s  of  m o t i o n  t a k e  t h e  same m a t h e m a t i c a l  f o r m  i n  

E d d i n g t o n - C l a r k  c o o r d i n a t e s ,  a s  t h e y  t a k e  i n  T D B  c o o r d i n a t e s .  
0 

A s i m p l e  e x p l a n a t i o n  of t h e  r e s u l t  ( 2 6 )  i s  as f o l l o w s :  A TDB 

c l o c k  b e a t s  m o r e  s l o w l y ,  by t h e  f a c t o r  ( 1 - L ) ,  t h a n  a n  E C  c l o c k .  

T h e r e f o r e  t o  m a i n t a i n  a u n i v e r s a l l y  d e f i n e d  n u m e r i c a l  v a l u e  f o r  t h e  

s p e e d  o f  l i g h t  c ,  t h e  u n i t  o f  l e n g t h  i n  TDB c o o r d i n a t e s  m u s t  b e  

p h y s i c a l l y  l o n g e r  t h a n  t h e  l e n g t h  u n i t  i n  E C  c o o r d i n a t e s .  T h u s  s i n c e  

( G M / c p  ) T ~ ~  r e p r e s e n t s  a p h y s i c a l  l e n g t h  as  m e a s u r e d  u s i n g  a TDB 

w i l l  be  l e s s  t h a n  meter s t i c k ,  t h e  n u m e r i c a l  v a l u e  of ( G M / c  2 I T D B  

i t  i s  i n  EC c o o r d i n a t e s .  The  s p e e d  of  l i g h t  c i s  t h e  same i n  t h e  t w o  

u n i t  s y s t e m s ,  h o w e v e r ,  h e n c e :  

( G M ) ~ ~ ~  ( ~ - L ) G M  

E .  The  S I  S e c o n d ;  S t a n d a r d  C l o c k s  

T h e  r e l a t i o n  b e t w e e n  T D B  c o o r d i n a t e s  a n d  E C  c o o r d i n a t e s  may b e  

f u r t h e r  c l a r i f i e d  by c o n s i d e r i n g  t h e  r e s p e c t i v e  u n i t s  of  t i m e  i n  

t e r m s  o f  a t o m i c  c l o c k s  b a s e d  on Ces ium.  

A " S t a n d a r d  C l o c k "  i s  a n  a t o m i c  c l o c k  u s i n g  t r a n s i t i o n s  b e t w e e n  

c e r t a i n  l e v e l s  o f  C e s i u m .  S p e c i f i c a l l y ,  t h e  l e n g t h  of  t h e  S I  s e c o n d  

0 
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is defined as: 

1 SI second 5 9 192 631 770 cycles of Cesium. (33) 

A standard SI second may be realized by any observer who is at rest 
with respect to such a clock and near it, by measuring the above 
number of cycles of Cesium in any one of a number of identically 
constructed Cesium clocks. 

F. Standard Clocks in TDB Coordinates 

Choice of the number of cycles defining the time unit as in 

Sect. E. above is a matter of convention. For purposes of later 
discussion we shall define a different standard clock in which the 

time unit is slightly longer. We shall refer to these clocks as "TDB 

standard clocks" because the time unit will agree with the unit of 

TDB time. This alternate system of standard clocks is defined by 

requiring the length of the TDB second to be: 

1 TDB second E (1+L)x(9 192 631 770) cycles of Cesium. (34) 
0 

where L is given by Eq. (5). The reason for this choice of L has 

been discussed previously. Thus the TDB second is: 

1 TDB second E 9 192 631 912.5 cycles of Cesium. (35) 

The standard TDB c l o c k  thus beats more slowly than the standard SI 
clock discussed in Sect. E., above. 

G. Reinterpretation of EC Metric In Terms of TDB Coordinates 

It was seen in Sect. 1II.D. above, that the metric tensor and 

equations of motion, expressed in TDB coordinates, have the same form 

as the metric tensor and equations of motion, respectively, in EC 

coordinates. The lunar laser ranging data analysis and solar system 

ephemerides work at JPL in fact uses the interpretation of Moyer's 

equations of motion in terms of TDB coordinates . 7 

If we adopt this interpretation, we can obtain a very compelling 
derivation of Eq. (5). Let us suppose that in the equations of 

motion, Eqs. (ll), all quantities are to be considered as expressed 

in TDB coordinates, with the standard TDB clocks beating at the rate 
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g i v e n  by E q s .  ( 3 4 )  a n d  (35). Then w e  may a l s o  r e i n t e r p r e t  t h e  

c o o r d i n a t e  t r a n s f o r m a t i o n s  d e r i v e d  i n  A p p e n d i x  A as p r o v i d i n g  t h e  

m e t r i c  i n  l o c a l  i n e r t i a l  c o o r d i n a t e s  i n  t e rms  of  T D B  u n i t s .  Under  

t h i s  c o o r d i n a t e  t r a n s f o r m a t i o n  t o  l o c a l  i n e r t i a l  c o o r d i n a t e s  t h e  mass 

p a r a m e t e r  ( G M E I T D B  d o e s  n o t  c h a n g e .  

A p p e n d i x  A.  

f i t t i n g  t h e  LAGEOS r a n g i n g  e x p e r i m e n t s ,  i f  T D B  s t a n d a r d  c l o c k s  were 

u s e d  on E a r t h .  B u t  s u c h  c l o c k s  a r e  n o t  u s e d ,  c l o c k s  b a s e d  on t h e  S I  

s e c o n d  a r e  u s e d .  T h e s e  c l o c k s  r u n  more r a p i d l y  t h a n  do t h e  TDB 

c l o c k s ,  , by  t h e  f a c t o r  ( l + L ) .  T h e r e f o r e  

The p r o o f  is g i v e n  in 

T h i s  v a l u e  ( G M E ) T D B  w o u l d  t h e n  be  o b t a i n e d  by 

( G M ~ ) ~ ~  

w h i c h  a g a i n  y i e l d s  Eq.  ( 2 6 )  s i n c e  L << 1.  

I t  s h o u l d  be  s t r e s s e d  a g a i n  t h a t  t h e  r e s u l t s  p r o v e d  i n  A p p e n d i x  

A p r o v i d e  a c r u c i a l  l i n k  i n  t h i s  a r g u m e n t ,  n a m e l y  t h a t  i f  i n  t h e  

b a r y c e n t r i c  EC m e t r i c ,  Eq. (9), t h e  E a r t h  h a s  mass p a r a m e t e r  

G M E / c 2 ,  t h e n  a f t e r  t r a n s f o r m i n g  t o  L o c a l  I n e r t i a l  C o o r d i n a t e s  t h e  

mass p a r a m e t e r  is n u m e r i c a l l y  u n c h a n g e d .  I n  b o t h  c o o r d i n a t e  s y s t e m s  

t h e  same s t a n d a r d  c l o c k s  a r e  u s e d .  T h i s  w i l l  b e  d i s c u s s e d  i n  more  

d e t a i l  i n  t h e  n e x t  s e c t i o n .  

IV. L o c a l  I n e r t i a l  C o o r d i n a t e s ;  C o o r d i n a t e  T r a n s f o r m a t i o n s  

T h e  p u r p o s e  of  t h i s  s e c t i o n  is t o  s u m m a r i z e  t h e  m a i n  r e s u l t s  

o b t a i n e d  in A p p e n d i x  A f o r  p u r p o s e s  of  t h i s  r e p o r t .  I n  A p p e n d i x  A ,  

o n e  b e g i n s  w i t h  t h e  E C  m e t r i c  in b a r y c e n t r i c  c o o r d i n a t e s ,  i n  w h i c h  

t h e  mass p a r a m e t e r  of  t h e  E a r t h  is r e p r e s e n t e d  by GM m e a s u r e d  

u s i n g  c o n v e n t i o n a l l y  s e l e c t e d  s t a n d a r d  r o d s  a n d  s t a n d a r d  c l o c k s .  The  

E a r t h  i s  i n  f r e e  f a l l  a l o n g  a g e o d e s i c  i n  s p a c e - t i m e .  The  p o s i t i o n  

o f  t h e  E a r t h  becomes  t h e  o r i g i n  of  a f r e e l y  f a l l i n g ,  l o c a l  i n e r t i a l  

f r a m e  i n  w h i c h  t h e  t i m e  c o o r d i n a t e  c a n  b e  d i r e c t l y  r e l a t e d  t o  t i m e  

e l a p s e d  on a f r e e l y  f a l l i n g  s t a n d a r d  c l o c k  a n d  t h e  s p a c e  c o o r d i n a t e s  

a r e  p r o p e r  d i s t a n c e s ,  m e a s u r e d  using s t a n d a r d  r o d s .  C o o r d i n a t e  

t r a n s f o r m a t i o n s  a r e  c o n s t r u c t e d  b e t w e e n  b a r y c e n t r i c  c o o r d i n a t e s  a n d  

l o c a l  i n e r t i a l  c o o r d i n a t e s ,  a n d  a p p l i e d  t o  t h e  E C  m e t r i c .  I t  is 

f o u n d  t h a t  t h e  term i n  t h e  m e t r i c  t e n s o r ,  i n  t h e  l o c a l  i n e r t i a l  

E’ 

0 
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f r a m e  a r i s i n g  f r o m  t h e  E a r t h ‘ s  p o t e n t i a l  i s  d e s c r i b e d  by t h e  same 

mass p a r a m e t e r .  T h e r e  is - no m a s s  pa rame te r  c h a n g e  upon  t r a n s f o r m i n g  

f r o m  b a r y c e n t r i c  c o o r d i n a t e s  t o  l o c a l  i n e r t i a l  c o o r d i n a t e s .  

T h i s  is b e c a u s e  t h e  same t y p e  of  s t a n d a r d  c l o c k s  a r e  u s e d  t o  

m e a s u r e  t i m e  b o t h  in b a r y c e n t r i c  c o o r d i n a t e s  a n d  in l o c a l  i n e r t i a l  

c o o r d i n a t e s .  In t h e  case  of b a r y c e n t r i c  E C  c o o r d i n a t e s ,  a s t a n d a r d  

c l o c k  a t  r e s t  a t  i n f i n i t y  ( w h e r e  G o o  = -1) w i l l  d e t e r m i n e  t h e  r a t e  o f  

a d v a n c e  of  c o o r d i n a t e  t i m e .  In l o c a l  i n e r t i a l  c o o r d i n a t e s ,  a n  

i d e n t i c a l l y  c o n s t r u c t e d  c l o c k  a t  r e s t  on t h e  s u r f a c e  o f  E a r t h  

d e t e r m i n e s  t h e  r a t e  of  a d v a n c e  of  c o o r d i n a t e  t i m e .  S i n c e  i d e n t i c a l  

c l o c k s  a r e  u s e d ,  t h e  mass p a r a m e t e r  GM of  t h e  E a r t h  h a s  t h e  same 

n u m e r i c a l  v a l u e  in t h e  two c o o r d i n a t e  s y s t e m s .  
E 

T h i s  r e s u l t - - p r o v e d  i n  d e t a i l  in A p p e n d i x  A--shows t h a t  i f  t h e  

same u n i t  o f  t i m e  (in terms of c y c l e s  of C e s i u m )  is u s e d  in b a r y -  

c e n t r i c  a n d  l o c a l  i n e r t i a l  c o o r d i n a t e s ,  t h e n  t h e  mass pa rame te r s  o f  

t h e  E a r t h  in t h e  two c o o r d i n a t e  s y s t e m s  m u s t  a g r e e .  

The  r e s u l t ,  Eq. ( 5 ) ,  may t h e n  seem p a r a d o x i c a l  s i n c e  i n  1 9 7 6  t h e  

IAU p a s s e d  a r e s o l u t i o n ”  r e q u i r i n g  t h a t ,  on t h e  a v e r a g e ,  t h e  T D B  

0 s e c o n d  h a s  t o  b e  t h e  same l e n g t h  a s  t h e  SI s e c o n d .  However  as shown  

in S e c t i o n s  111. E .  a n d  111. F . ,  s t a n d a r d  T D B  c l o c k s  a n d  s t a n d a r d  SI 

c i o c k s  when c o m p a r e d  s i d e  by s i d e ,  w n i ~ l d  b e a t  a t  d i f f e r e n t  r a t e s .  

T h i s  e x p l a i n s  Eq. ( 5 ) .  

V. Summary 

L u n a r  L a s e r  R a n g i n g  d a t a  a n a l y s i s  a t  JPL  u t i l i z e s  a s y s t e m  o f  

u n i t s  b a s e d  on t h e  T D B  s e c o n d ,  and s o l a r  s y s t e m  d y n a m i c s  is d e s c r i b e d  

in a b a r y c e n t r i c  s y s t e m  o f  c o o r d i n a t e s .  LAGEOS r a n g i n g  d a t a  a n a l y s i s  

u t i l i z e s  a s y s t e m  o f  u n i t s  b a s e d  on t h e  SI s e c o n d ,  a n d  a l o c a l l y  

i n e r t i a l  s y s t e m  c f  C o o r d i n a t e s .  From t h e  p o i n t  of  v i e w  of  a n  ob-  

s e r v e r  a t  r e s t  in t h e  b a r y c e n t r i c  s y s t e m ,  t h e  T D B  s e c o n d  is on t h e  

a v e r a g e  t h e  same l e n g t h  as  t h e  S I  s e c o n d ,  b u t  d u e  t o  r e l a t i v i s t i c  e f -  

f e c t s  t h e s e  SI c l o c k s  b e a t  more  s l o w l y  t h a n  s t a n d a r d  S I  c l o c k s  w o u l d  

b e a t  i f  t h e y  were a t  r e s t  i n  2 h e  b a r y c e n t r i c  s y s t e m ,  The  SI u n i t  o f  

t i m e  is t h e r e f o r e  s h o r t e r  t h a n  t h e  T D B  u n i t  of t i m e .  T h e  SI u n i t  o f  

l e n g t h  is a l s o  s h o r t e r  t h a n  t h e  T D B  u n i t  o f  l e n g t h ,  in o r d e r  t o  m a i n -  

T h u s  a mass p a r a m e t e r  G M / c 2  h a v -  @ t a i n  t h e  same n u m e r i c a l  v a l u e  of c.  

i n g  d i m e n s i o n s  o f  l e n g t h ,  w i l l  h a v e  a l a r g e r  n u m e r i c a l  v a l u e  in SI 

u n i t s  t h a n  in T D B  u n i t s .  Hence  G M T D B  = ( l -L)GMST, 
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V I .  I m p l i c a t i o n s  o f  N e g l e c t i n g  R e l a t i v i s t i c  E f f e c t s  

A.  The  N o n l i n e a r  S c h w a r z s c h i l d  F i e l d  of  t h e  E a r t h  

L e t  u s  a s s u m e  t h a t  i n  r a n g i n g  t o  a n  e a r t h  s a t e l l i t e  s u c h  a s  

LAGEOS, t h e  m a s s  of t h e  E a r t h  is d e t e r m i n e d  f r o m  o b s e r v a t i o n s  of  two 

q u a n t i t i e s :  t h e  p e r i o d  o f  r e v o l u t i o n  of  t h e  s a t e l l i t e  a r o u n d  t h e  

E a r t h ,  a n d  t h e  s e m i m a j o r  a x i s  of  t h e  s a t e l l i t e ' s  o r b i t .  F o r  

s i m p l i c i t y  w e  s h a l l  a s s u m e  t h e  o r b i t  is c i r c u l a r ,  a n d  a s s u m  t h a t  

r a n g i n g  m e a s u r e m e n t s  g i v e  d i r e c t l y  t h e  r a d i u s  of  t h e  o r b i t .  Eq. ( 7 7 )  

i n  A p p e n d i x  A is K e p l e r ' s  t h i r d  l a w  a n d  i n c l u d e s  r e l a t i v i s t i c  

c o r r e c t i o n  te rms .  I f  t h e  h i g h e r  o r d e r  r e l a t i v i s t i c  c o r r e c t i o n s  a r e  

r e t a i n e d ,  w h i c h  a r i s e  f r o m  t h e  n o n l i n e a r  c o n t r i b u t i o n s  d u e  t o  t h e  

g r a v i t a t i o n a l  f i e l d  o f  t h e  E a r t h  i t s e l f ,  t h e n :  

GME = 4 r 2 ~ 3 / T 2 ( 1  + 3GME/c2R) ( 3 6 )  

S i n c e  f o r  LAGEOS' o r b i t  3GME/c2R = l . l ~ l O - ~ ,  t h e  r e l a t i v i s t i c  

c o r r e c t i o n  in p a r e n t h e s e s  i n  Eq. ( 3 6 )  is v e r y  s m a l l .  C u r r e n t l y  t h i s  

c o r r e c t i o n  is n e g l e c t e d ' .  I f  i n c l u d e d  i t  c o u l d  a f f e c t  t h e  d e t e r m i n a -  

0 tion of  t h e  E a r t h ' s  mass by a b o u t  0 . 0 0 0 4  k m 3 / s e c 2 .  T h i s  w o u l d  be a 

s y s t e m a t i c  e f f e c t  o f  m a g n i t u d e  a b o u t  20X of  t h e  e r r o r  q u o t e d  in Eq.  

( 2 )  and is p r o b a b l y  s u f f i c i e n t l y  l a r g e  t h a t  i t  s h o u l d  b e  a c c o u n t e d  

f o r .  T h e  c o r r e c t i o n  is in s u c h  a d i r e c t i o n  t h a t  t h e  a g r e e m e n t  

b e t w e e n  t h e  two s i d e s  o f  Eq. ( 5 )  w o u l d  b e  i m p r o v e d .  

B. P r e c e s s i o n  o f  P e r i g e e  of LAGEOS 

AS m e n t i o n e d  in t h e  i n t r o d u c t i o n ,  t h e  r a t e  of p r e c e s s i o n  of 
p e r i g e e  of  LAGEOS d u e  t o  t h e  n o n l i n e a r  S c h w a r z s c h i l d  f i e l d  of t h e  

E a r t h  is 3 G M E / c 2 a ( 1 - e 2 )  p e r  r e v o l u t i o n .  The  p e r i o d  o f  r e v o l u t i o n  

is 2 n J [ a 3 / G M E ] ,  so t h e  r a t e  of p e r i g e e  p r e c e s s i o n  p e r  s e c o n d  d u e  

t o  r e l a t i v i t y  is: 

7 w h e r e  w e  h a v e  u s e d  a = 1.2 x 10  m e t e r s ,  e =  0. 

On t h e  o t h e r  h a n d  t h e r e  is a much l a r g e r  c o n t r i b u t i o n  t o  t h e  

0 p e r i g e e  p r e c e s s i o n  r a t e  d u e  t o  t h e  E a r t h ' s  o b l a t e n e s s .  C o n s i d e r i n g  

o n l y  t h e  q u a d r u p o l e  moment c o e f f i c i e n t  J 2  = - J5xC2,  o f  t h e  E a r t h 1 * ,  
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t h e  s e c u l a r  p a r t  o f  t h e  p r e c e s s i o n  r a t e ”  i s :  

w h e r e  R e  = 6 . 3 8 ~ 1 0 ~  m e t e r s  i s  t h e  e q u a t o r i a l  r a d i u s  of  t h e  E a r t h ,  

a n d  C2,, = - 4 8 4 . 1 6 4 9 9 ~ 1 0 - ~  ( s e e  r e f e r e n c e  1 8 ) .  

W e  o b s e r v e  f r o m  t h e s e  r e s u l t s  t h a t  t h e  r e l a t i v i s t i c  p e r i g e e  p r e -  

c e s s i o n  e f f e c t  i s  o n l y  3 . 9 ~ 1 0 - ~  o f  t h a t  d u e  t o  t h e  E a r t h ’ s  q u a d r u p o l e  

moment .  

S i n c e  r e l a t i v i s t i c  e f f e c t s  a r e  n o t  c u r r e n t l y  a c c o u n t e d  f o r ,  t h e  e x -  

p e c t e d  r e l a t i v i s t i c  p r e c e s s i o n  c o u l d  c o n t r i b u t e  t o  a s y s t e m a t i c  e r r o r  

i n  t h e  r a t e  o f  p e r i g e e  p r e c e s s i o n  w h i c h  i s  a b o u t  60% of  t h a t  w h i c h  

c o u l d  a r i s e  f r o m  a n  e r r o r  i n  J, e q u a l  t o  t h e  q u o t e d  u n c e r t a i n t y .  In 

t h i s  case  t h e  n e g l e c t  of  r e l a t i v i s t i c  e f f e c t s  h a s  d i r e c t  i m p l i c a t i o n s  

f o r  t h e  d e t e r m i n a t i o n  of  J2  ( o r  C 2 0 )  r a t h e r  t h a n  G M E e  

However  t h e  u n c e r t a i n t y  i n  J 2  i s  0 .6  p a r t s  p e r  m i l l i o n ” .  

C .  P r e c e s s i o n  o f  t h e  Noda l  L i n e ;  G e o d e t i c  P r e c e s s i o n  

T h e  phenomenon o f  g e o d e t i c  p r e c e s s i o n  l 1  i m p l i e s  t h a t  t h e  o r b i t a l  

p l a n e  o f  LAGEOS w i l l  p r e c e s s  by a n  a m o u n t :  

3nGMsUN/c2R = 9 . 2 ~ 1 0 - ~  r a d / s e c  = 1 9  m a r c s e c / y r  , ( 3 8 )  

w h e r e  R i s  t h e  r a d i u s  o f  t h e  E a r t h ’ s  o r b i t  a b o u t  t h e  s u n  a n d  

G M S U N / c 2  = 1 . 4 6 ~ 1 0 ~  meters  i s  t h e  S u n ’ s  S c h w a r z s c h i l d  r a d i u s .  

T h i s  p r e c e s s i o n  w o u l d  give r i s e  t o  a m o t i o n  of t h e  n o d a l  l i n e  by 

a b o u t  9 .2  c m  p e r  m o n t h  a t  a d i s t a n c e  a = 1 . 2 ~ 1 0 ~  me te r s  f r o m  E a r t h .  

The  q u a d r u p o l e  moment of t h e  E a r t h  a l s o  c a u s e s  s e c u l a r  p r e c e s s i o n  

o f  t h e  n o d a l  l i n e ,  w h i c h ”  t o  l o w e s t  o r d e r  i n  e c c e n t r i c i t y  e i s :  

3 J 2 R 2  
e c o s  I d [ G M E / a 3 ]  = 7 . 2 ~ 1 0 - ~  r a d / s e c  = 4 . 7 x 1 0 8 m a r c s e c / y r  ( 3 9 )  

2 a 2  

w h e r e  w e  h a v e  u s e d  I = 1 0 9 ”  f o r  t h e  o r b i t a l  i n c l i n a t i o n  of  LAGEOS. 

T h e  f r a c t i o n a l  u n c e r t a i n t y  i n  J2 o f  0 . 6  p a r t s  p e r  m i l l i o n  w o u l d  t h u s  

c o r r e s p o n d  t o  a n o d a l  p r e c e s s i o n  r a t e  of  a b o u t  280 m i l l i a r c s e c o n d s  

p e r  y e a r ,  w h i c h  i s  s i g n i f i c a n t l y  l a r g e r  t h a n  t h e  g e o d e t i c  p r e c e s s i o n  

r a t e .  T h i s  r e l a t i v i s t i c  e f f e c t  i s  t h e r e f o r e  s o  s m a l l  t h a t  i t  
a 
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probably does not need to be'considered yet in the modelling of 
LAGEOS observations, becau'se of the large uncertainty in J, .  (* ' 

V I I .  Conclusions 

In sum, the principal implications of relativity for the deter- 
mination of GME stem from the different choices of units of time, 

as expressed through Eqs. (4), (S), and (26). Additional relativis- 

tic effects arise from the nonlinear Schwarzschild field of the Earth 

could contribute systematically t o  the determination of the Earth's 

mass, and quadrupole moment, by amounts which vary from 20% to 60% of 

the currently quoted errors in these quantities, respectively, and 

should be taken into account in the orbit modelling. 
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