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OPTIMIZATION PROCEDURE TO CONTROL THE COUPLING 
OF VIBRATION MODES IN FLEXIBLE SPACE STRUCTURES 

Joanne L.  Walsh 
NASA Langley Research Center 

Hampton, Vi rg in ia  

Abstract  

As s p a c e c r a f t  s t r u c t u r a l  concepts increase i n  
s i z e  and f l e x i b i l i t y ,  the v ibra t ion  frequencies 
become more closely-spaced. The i d e n t i f i c a t i o n  
and c o n t r o l  of such closely-spaced frequencies 
present a s i g n i f i c a n t  chal lenge.  
system i d e n t i f i c a t i o n  and cont ro l  methods pr ior  
t o  a c t u a l  f l i g h t ,  s impler  space s t r u c t u r e s  w i l l  
be flown. To chal lenge t h e  above technologies i t  
w i l l  be necessary t o  design these s t r u c t u r e s  with 
closely-spaced or  coupled v i b r a t i o n  modes. Thus 
t h e r e  exists a need t o  develop a systematic  
method to design a s t r u c t u r e  which has c losely-  
spaced v i b r a t i o n  frequencies .  This paper 
descr ibes  an opt imizat ion procedure which is used 
to design a l a rge  f l e x i b l e  s t r u c t u r e  t o  have 
closely-spaced v i b r a t i o n  f requencies ,  The 
procedure uses a general-purpose f ini te-element  
a n a l y s i s  program f o r  the  v i b r a t i o n  and 
s e n s i t i v i t y  ana lyses  and a general-purpose 
opt imizat ion program. Resul ts  a r e  presented from 
two s tudies .  
model of a l a r g e  f l e x i b l e  s t r u c t u r e  to design a 
s t r u c t u r e  wi th  one pair of closely-spaced 
frequencies .  The second s t u d y  uses a slmple 
equivalent  beam model of a l a rge  f l e x i b l e  
s t r u c t u r e  t o  obta in  a design with two pa i r s  of 
closely-spaced frequencies .  
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Introduct ion 

A s  spacecraf t  s t r u c t u r a l  concepts increase  In 
s i z e  and f l e x i b i l i t y ,  t h e  v ibra t ion  frequencies  
become more closely-spaced.  Since the  
i d e n t i f i c a t i o n  and c o n t r o l  of such closely-spaced 
frequencies  present  a s ign iPicant  chal lenge,  a 
need e x i s t s  t o  develop and v a l i d a t e  a n a l y t i c a l  
methods t o  design and a s s e s s  the  performance of 
such s t r u c t u r e s .  A NASA Langley research program 
is underway t o  i n v e s t i g a t e  the cont ro l  of l a rge  
f l e x i b l e  space s t r u c t u r e s .  This program denoted 
COFS (Control of F l e x i b l e  involves 
both ground and f l i g h t  t e s t s .  One aspect  of the 
COFS program is t o  determine the  dynamic 
c h a r a c t e r i s t i c s  and c o n t r o l  requirements of a 
candidate  s t r u c t u r e .  The s t r u c t u r e  1s t o  be 
designed t o  have closely-coupled v ibra t ion  modes. 
T h i s  is contrary t o  the  normal process i n  which 
the  designer  t r i e s  t o  cont ro l  r i g i d  body motions 
and avoid c o n t r o l l s t r u c t u r e s  i n t e r a c t i o n s .  
However, t h e  COFS program r e q u i r e s  a s t r u c t u r e  
which has  closely-spaced frequencies  i n  order t o  
chal lenge c o n t r o l  law and system i d e n t i f i c a t i o n  
methodology. The close-spacing of f requencies  
does not n e c e s s a r i l y  mean mode coupling, b u t  i t  
is f e l t  i f  t h e  f requencies  a r e  closely-spaced 
the re  is a b e t t e r  chance of mode coupling. This 
paper descr ibes  an opt imizat ion procedure t o  
sys temat ica l ly  design a l a r g e  f l e x i b l e  s t r u c t u r e  
t o  have closely-spaced v i b r a t i o n  frequencies .  
The procedure uses the general-purpose f i n i t e -  
element a n a l y s i s  program EAL (Engineering 
Analysis Language System)' and t h e  general-  
purpose opt imiza t ion  program CONHIN . 9 

Results w i l l  be presented f o r  t he  COFS-I 

configurat ion ' -5  and a candidate  COFS-I1 Aerospace Engineer , I n t e r d i s c i p l i n a r y  
Research Office,Hember A I A A ,  AHS 



6 configuration . The first study uses a detailed 
model of the COFS-I configuration to obtain a 
design which has one pair of closely-spaced 
frequencies. The second study uses a simple 
model of the COFS-I1 configuration to develop the 
methodology for systematically obtaining two 
pairs of closely-spaced frequencies. 

Optimization Procedure 

Formulation - General 
The use of formal mathematical programming to 

obtain an optimum design requires the 
specification of an objective function FCV) (the 
quantity to minimized), a set of inequality 
constraints g (requirements which must be 
satisfied), and a set of design variables V (the 
quantities which are changed to reach an optimum 
design). The optimization problem can be stated 
as follows: 

Find the set of variables V such that 

F(V) + Minimum 

subject to 

Specific forms of F, g, and V will be given in 
later sections of the paper. 

A flowchart of the optimization procedure is 
shown in figure 1. Each design cycle consists of 
eigenvalue analysis, sensitivity derivative 
calculation, and the optimization and the 
approximate analysis block. Each will be 
discussed briefly in the following sections. 

Analysis 

The matrix equation for a free vibration 
eigenvalue problem is 

( 1 )  
(cK]-wj[M])(e) 2 - 0 

j 

2 where (e) and w are the eigenvector and the 

eigenvalue of the jth mode, respectively, [K] is 
the stiffness matrix, and [I41 is the mass matrix. 
Normalizing the modes with respect to the mass 
matrix results in the following equation 

j 

(e)J[n~(e), - CII ( 2 )  

where [I] is the identity matrix. 

Differentiating equation 1 with respect to 
the kth design variable. Vk, results in the 
following equation 

(elj  
k 

( 3 )  

T 
j 

Premultiplylng equation 3 by (0) and using 
equations 1 and 2 gives the following expression 
for the derivative of the jth eigenvalue with 
respect to the kth design variable 

Eigenvalue and Sensitivity Analysis 
Implementation 

The eigenvalue analysis is performed using 
the Engineering Analysis Language (EAL) System 
which is a general purpose commercial finite- 
element analysis program. 
contains individual processors that camnunicate 
through a data base containing data sets. The 
data sets typically contain data describing the 
finite-element model of the structure (such as 
geometry) as well as response information that is 
accumulated during the execution of the 
processors. The processors can be executed in 
any appropriate sequence, and a sequence of 
processor executions is denoted as a wrunstreamw. 
The EAL system also uses a set of flexible 
FORTRAN-like statements called executive control 
system (ECS) commands. These commands allow 
branching, testing data, looping. and calling 
runstreams (similar to calling FORTRAN 
subroutines). The EAL processors, with the 
appropriate ECS commands organized as runstreams 
are used to calculate the eigenvalues and 
eigenvectors (eqns. 1 and 2 1 ,  and derivatives of 
eigenvalues (eqn. 4 ) .  

a 

The EAL system 

Optimization Algorithm 

The basic optimization algorithm to be used in 
this study is a cmbination of the general- 

piecewise linear approximate analyses for 
computing the objective function and constraints. 
Since the optimization process requires many 
evaluations of the objective function and 
constraints before an optimum design is obtained, 
the process can be very expensive if full 
analyses are made for each function evaluation. 
However, as Miura" points out, the optimization 
process primarily uses analysis results to move 
in the direction of the optimum design; 
therefore, a full analysis needs to be made only 
occasionally during the design process and always 
at the end to check the final design. Thus. 
various approximation techniques can be used 
during the optimization to reduce costs. In the 
present work. the objective function and 
constraints are approximated using a piecewise 
linear analysis that consists of linear Taylor 
series expansions for the objective function and 
the constraints based on the values for the 
design variables from CONMIN and the eigenvalues 
and sensitivity derivatives from EAL. Details of 
this algorithm are contained in reference 11. 

CQNHlw. - CONnIN is a general-purpose 
Optimization program that performs constfained 

purpose optimization program CONMIN 9 and 

* 
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minimization using a usable-feasible directions 
search algorithm. In the search for new design 
variable values, CONMIN requires derivatives of 
the Objective function and constraints. ?he user 
has the option of either letting CONMIN determine 
the derivative by finite differences Or supplying 
derivatives to CONMIN. The latter method will be 
used herein. 

Piecewise linear approximation. - In the 
approximate analysis method, previously 
calculated derivatives of the objective function 
and constraint functions with respect to the 
design variables are used for linear 
extrapolation of these functions. The assumption 
of linearity is valid over a suitably small 
change in the design variable values and will not 
introduce a large error into the analysis 
provided the changes are small. This approximate 
analysis will be referred to as a "piecewise 
linear approximation." 

Specifically, the objective function F, the 
constraints g, and their respective derivatives 
are calculated for the design variables V using a 
full analysis. 
approximations for the new objective function and 
the constraint values are as follows: 

The linear Taylor series 

NDV -1 

and 

NDV - 
g - go z (Vk - Vo,k) k-1 

where NDV is the number of design variables, F is 
the extrapolated value of the objective function, 
g is the extrapolated value of the constraint, 
and Vk is the design variable value obtained from 
CONMIN. The symbols Fo, go, and V are the 
values for the objective function, constraints, 
and design variables, respectively, from the full 
anal ys i s . 

0.k 

Errors which may be introduced by use of the 
piecewise linear approach are controlled by 
imposing "move limits" on each design variable 
during a design cycle. 
specified as a fractional change, 6, of each 
design variable value (for this work, 6-0.1) is 
imposed as an upper and lower design variable 
bound on each cycle. 
exceed the' absolute design variable values. 

A move limit which is 

These move limits must not 

The optimization procedure has been applied 
in two studies. 
dimensional vibration problew using a detailed 
model of the COFS-I design in which one pair of 
frequencies is to be closelymspaced. 
study is a more general three-dimensional 
vibration problem and uses an equivalent beam 
model of a COFS-I1 conceptual design in which two 
pairs of frequencies are to be closely-spaced. 

The first study addresses a two- 

The socond 

COFS-I MODEL 

The COFS-I flight mast shown fully deployed 
from the Space Shuttle in figure 2 is 
approximately 60 meters long and consists of 54 
bays of single-laced latticed beams with unequal 
area longerons (two "weak" longerons and one 
"strong" longeron). The "strong" longeron is 
located on the centerline of the Shuttle. The 
longerons have different cross-sectional areas to 
promote the coupling between modes. Further 
details of the COFS-I flight mast can be f.ound in 
references 4, 5, and 12. 

The mast was originally designed using 
parametric studies to have one pair of closely- 
spaced frequencies (the first torsion and the 
second bending frequencies). It was subsequently 
determined that there were same deficiencies with 
the original design. In particular, the diagonal 
members of the original COFS-I design might 
buckle during deployment. There was also a 
concern that individual member frequencies might 
interact with global frequencies of the mast. An 
in-house redesign team was formed to address 
these concerns. As part of this effort, an 
optimization procedure based on the previous 
section was formulated and applied using a 
detailed model of the original COFS-I 
configuration to determine if it was possible to 
meet additional requirements and maintain the 
close-spacing of the frequencies. This study 
will not address the buckling problem per se but 
will consider the individual member frequency 
concern. However, it is felt that addressing the 
individual member frequencies will also help the 
buckling concern. 

A finite-element model of the entire COFS-I 
mast and Shuttle consisting of 360 joints is used 
in this study. The Shuttle is modeled as a stick 
model with very stiff beam elements. The 
battens, longerons, and diagonals of the mast are 
modeled by tubes which have bending, torsional, 
and axial stiffnesses. The model includes lumped 
masses to represent hinges, deployer retractor 
assembly, sensor and actuator platforms, etc. 
Further details of the finite-element model can 
be found in reference 12. A typical two-bay 
segment of the mast is shown in figure 3. 

COFS-I Design Variables 

In order to have minimal impact on the 
original design, a limited number of quantities 
are allowed to vary. The number of bays, all 
lengths of individual members (battens. 
longerons, and diagonals), and all physical 
properties of the battens are held constant. The 
outer radii of the longerons are also held 
constant to permit the mast to fold into a 
canister in the Shuttle without redesigning the 
hinges. 
longerons and the inner and outer radii of the 
diagonals (RI and Ro, respectively) are allowed 
to vary in order to meet the design requirements 
discussed above. The four design variables are 
shown in figure 3. The upper and lower design 
variable values are given in table 1 and are 
based on manufacturing limitations. 

The inner radii (RS and Flu) of the 
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COFS-I O p t  lmlzat  ion Formulation 

The COFS-I opt imizat ion formulation can be 
s t a t e d  a s  fol lows:  minimize the  t o t a l  mass w h i l e  
meeting the  following design requirements. The 
f irst requirement is that  t h e  f irst n a t u r a l  
frequency ( f l )  of the  mast be  g r e a t e r  than 0.18 

Hz. This  requirement assures  t h a t  the  
f requencies  of t h e  m a s t  do not couple w i t h  those 
of the  S h u t t l e  control  system. The second 
requirement is t o  preserve t h e  close-spacing of 
t h e  f i r s t  t o r s i o n  and second bending frequencies  
denoted by f T  and f B ,  respec t ive ly .  
requirement is t h a t  t h e  f i r s t  n a t u r a l  frequency 
( f D )  of the  diagonal be  g r e a t e r  than 15 Hz. The 

diagonal  frequency is ca lcu la ted  from a simple 
formula based on assumptions of simply-supported 
ends w i t h  t h e  mass of the hinge concentrated a t  
t he  c e n t e r  of the d i a g ~ n a l ! ~  T h i s  requirement is 
a s t i f f n e s s  cons t ra in t  t o  ensure t h a t  individual  
member f requencies  of the  diagonals  a r e  o u t s i d e  
the mast frequency range i n  which frequencies  a r e  
t o  be closely-spaced ( t o  preclude i n t e r a c t i o n  of 
member frequency upon t h e  global  frequency). 
Although indiv idua l  member frequencies  of the 
longerons and ba t tens  are a l s o  of concern, i t  is 
f e l t  t h a t  t h e  diagonals because of their  length 
and their  l a r g e  hinge masses a r e  more l i k e l y  t o  
have ind iv idua l  member frequencies  i n s i d e  t h e  
mast frequency range. The f o u r t h  requirement is 
t h a t  the inner  rad ius  4 of t h e  weak longeron be 

S 
a t  l e a s t  0.254 mm la rger  than t h e  inner  rad ius  R 
of the s t rong  longeron. The f i f t h  requirement is 
a m i n i m u m  gage requirement on the  wall thickness  
( R o - R I )  of t h e  diagonal members ( t h e  minimum wall 
th ickness  m u s t  be  grea te r  than 0.56 m m ) .  For 
convenience, t h e  c o n s t r a i n t s  involving 
f requencies  a r e  represented i n  terms of 
e igenvalues  wi, where f o r  example W, - 2 n f l ,  e t c .  
Thus t h e  COFS-I opt imizat ion formulat ion can be  
stated as fol lows:  

The t h i r d  

2 

Find t h e  values  for  RW, RS, Ro, and R I  such t h a t  

F - t o t a l  mass * minimum 

whi l e  meeting the following c o n s t r a i n t s  

2 

5 0  
w1 

g1 - 1  - 
[2n(0.l8)l2 

( 7 )  

g4 - 0.000254 - (Ri, - R S )  5 0 

g5 - 0.00056 - ( R o  - RI) 5 0 

where E-0.01 and the  radi i  a r e  i n  meters. 

COFS-I Optimizat ion Results 

The i n i t i a l  and f i n a l  values  f o r  the design 
v a r i a b l e s  and o b j e c t i v e  func t ion  ( includes mass 
of the S h u t t l e )  a r e  given in t a b l e  2. The 
i n i t i a l  values  a r e  t h e  nominal COFS-I design 
values. P l o t s  showing convergence of t h e  COFS-I 
design a s  a func t ion  of design cyc le  a r e  shown i n  
f i g u r e  4. The opt imizat ion procedure begins w i t h  
four s a t i s f i e d  design requirements (two of which 
a r e  a c t i v e ) .  As shown i n  f i g u r e  4a, i n i t i a l l y  
the  f requencies  f B  and f a r e  closely-spaced and T 
t h e  S h u t t l e  requirement on the f i r s t  n a t u r a l  
frequency f l  of t h e  mast is a c t i v e  (f1=0.188 Hz). 
I t  can be seen from f i g u r e  4b t h a t  t h e  
requirement on t h e  weak and s t rong  longerons (RW- 
R S )  and t h e  diagonal  wall thickness  ( R o - R I )  a r e  
s a t i s f i e d  w i t h  t h e  l a t t e r  requirement being 
ac t ive .  However, from f i g u r e  4c. i t  is seen  t h a t  
i n i t i a l l y  t h e  diagonal  frequency (fD-11.5 Hz) 1s 
lower than t h e  requi red  value of 15 Hz. A s  
s t a t e d  e a r l i e r ,  t h e  diagonal  frequency 
requirement was not considered in t h e  o r i g i n a l  
design. As t h e  opt imiza t ion  process proceeds, 
t h e  values of the  design var iab les  a r e  changed 
sys temat ica l ly  u n t i l  t h e  diagonal frequency 
requirement i s  s a t i s f i e d  ( f i g .  4 c ) .  The two 
frequencies  ( f B  and f T ,  f i g .  4a) a r e  not as c l o s e  
a s  they were i n i t i a l l y  s i n c e  t h e  diagonal 
frequency works a g a i n s t  t h i s  requirement. 
S p e c i f i c a l l y ,  when t h e  diagonal frequency f D  is 
increased by  an increase  i n  s t i f f n e s s ,  t h e  f i rs t  
tors ion  frequency f T  is a l s o  increased.  

The " d i p s "  i n  the  diagonal  frequency and t h e  
frequency p a i r s  a t  c y c l e s  9 ,  1 3 ,  and 20 a r e  
p a r t l y  due t o  t h e  opt imizer  which a t tempts  t o  
s a t i s f y  a l l  c o n s t r a i n t s  even a t  the expense of 
increasing t h e  o b j e c t i v e  func t ion  and p a r t l y  due 
t o  t h e  l i n e a r i z a t i o n  of t h e  problem. The 
optimizer concentrates  on s a t i s f y i n g  the  diagonal  
frequency c o n s t r a i n t  u n t i l  c y c l e  8. Then t h e  
optimizer tries t o  s a t i s f y  t h e  frequency spacing 
requirement. 
the  four  r a d i i  which closely-space t h e  
frequencies  (see cyc le  9 ,  f i g .  4a),  b u t  those 
choices  lower t h e  diagonal frequency ( s e e  c y c l e  
9 ,  f i g .  4c). Now t h e  opt imizer  tr ies t o  s a t i s f y  
t h i s  diagonal frequency c o n s t r a i n t  which a s  
mentioned previously Works a g a i n s t  t h e  frequency 
spacing requirement (see f i g .  4 ,  cycles 10-12). 
T h i s  same process  occurs  again a t  cyc les  13 and 
20. The spacing of the two frequencies  ( f g  and 

f ) cannot be made c l o s e r  than 0.18 Hz ( f i g .  ha). T 
The t tdipst t  are a l s o  due t o  t h e  l i n e a r i z a t i o n  of 
t h e  problem. During t h e  opt imiza t ion  process ,  
mode switching occurs  a t  cyc les  9, 13, and 20. 
A s  t h e  opt imizer  chooses va lues  f o r  t h e  r a d i i  t o  
s a t i s f y  t h e  c o n s t r a i n t s ,  these values  can cause 
t h e  modes t o  switch. For example, i f  a t  t h e  
beginning of t h e  cyc le ,  t h e  second bending mode 
is assoc ia ted  w i t h  f l 0  and the f i r s t  t o r s i o n  mode 
is assoc ia ted  w i t h  f l 1 .  changes in t he  r ad i i  can 
cause t h e  second bending mode t o  be a s s o c i a t e d  

The opt imizer  chooses va lues  f o r  

f 
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with f and t h e  t o r s i o n  mode wi th  i l l .  However, 
t h e  opt imizer  is choosing values f o r  the design 
var iab les  based on baaed on d e r i v a t i v e  
information a t  t h e  s t a r t  of t h e  cyc le  (1.e. which 
mode is t o r s i o n  and which mode is  second 
bending). T h i s  is r e c t i f i e d  when a f u l l  analysis  
is performed. 
l i m i t e d  by t h e  minimum gage requirements - 
namely, RI and F$ are a t  their  u p p e r  and lower 

bounds ( f i g .  5), respec t ive ly .  The inner  radius ,  
RW, is within 0 .25  mm of minimum gage ( l imi ted  by 

the  f o u r t h  design requirement f i g .  4 b ) .  

9 

The design process  i s  also being 

A p l o t  of t h e  mass ( o b j e c t i v e  func t ion  which 
includes mass of the  S h u t t l e )  as a func t ion  of 
design c y c l e  i s  shown i n  f i g u r e  6. 
op t imiza t ion  procedure obta ins  a design f o r  t h e  
mast which better s a t i s f i e s  the design 
requirements a t  the  expense of a n  a d d i t i o n a l  40 
kg of mass. T h i s  increase  i n  mass from the 
o r i g i n a l  design i s  mainly due  t o  t h e  diagonal 
frequency requirement. 

The 

From the s t u d y ,  i t  is concluded t h a t  no 
f e a s i b l e  design exists which can be  obtained by 
simply varying longeron r a d i i  and diagonal t u b e  
th ickness  within t h e  prescr ibed limits. 
Therefore ,  there is a need f o r  more design 
freedom i n  t h e  opt imizat ion procedure i n  order t o  
achieve a f u l l y  s a t i s f a c t o r y  design. 

COFS-I1 Model 

While the f i r s t  s tudy is b a s i c a l l y  a two- 
dimensional v i b r a t i o n  problem and used a de ta i led  
model, t h e  second s t u d y  is aimed a t  a three- 
dimenslonal v i b r a t i o n  problem and involves  
prel iminary concepts. A conceptual design of a 
candidate  COFS-XI conf igura t ion  such as t h e  one 
shown i n  f i g u r e  7 is used .  The configurat ion 
c o n s i s t s  of a mast, a born, and a s t r u c t u r e  
a t t a c h e d  t o  t h e  t i p  (such a s  an antenna) .  The 
p r o p e r t i e s  of t h e  mast a r e  f i x e d  except f o r  t h e  
l e n g t h  L 1 .  In t h e  beam segment from the  top of 
t h e  mast t o  t h e  t i p  of the born, none of the  
p r o p e r t i e s  a r e  f ixed.  A t  t h i s  s t a g e  a de ta i led  
model is not j u s t i f i e d ,  so t h e  s i m p l e  model shown 
i n  f i g u r e  8 is used i n  t h i s  study. The  model 
which is based on t h e  geometry der ived f r m  
reference  1 4  is modeled a s  an equiva len t  beam 
w i t h  17 j o i n t s .  Table 3 conta ins  the  proper t ies  
of the COFS-I1 model. E a r l i e r  parametric s tud ies  
using t h i s  model i n d i c a t e  t h e  most s u i t a b l e  
frequency p a i r s  f o r  close-spacing are: t h e  t h i r d  
frequency f 3  with t h e  f o u r t h  frequency f 4  and t h e  

f i f t h  frequency f5 with the s i x t h  frequency f 6 .  

The t h i r d  mode 1s characterized by bending and 
t w i s t i n g  of t h e  m a s t  and r i g i d  body movement Of 
the boom. The fQUrth mode is charac te r ized  by 
f i r s t  in-plane bending of the  m a t  and f i r s t  in- 
plane bending of t h e  boom. The f i f t h  mode 1s 
Character ized as second in-plane bending of the 
m a s t  and second in-plane bending of the boom. 
The s i x t h  mode is charac te r ized  by second out-Of- 
plane  bending coupled with t o r s i o n  of the east 
and f i r s t  out-of-plane bending of t h e  b o a .  

c2inJrkA&u'7L7 L .. , J  
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COFS-XI Design Variables  

The s i x  design var iab les  a r e  shown i n  f l g u r e  
8: t h e  mast length (L, ) ,  t h e  born length (L?), 
the  boom cross-sec t iona l  area ( A ) ,  t h e  two boom 
area  momenta of i n e r t i a  (1 

the attachment a t  t h e  t i p  of t h e  beam has not yet  
been def ined,  i t  i s  modeled a s  a concent ra te  mass 
( m ) .  The upper and lower design variable values 
a r e  given i n  t a b l e  4. Since the mast i s  t o  be 
deplayable t o  an e s s e n t i a l l y  a r b i t r a r y  lengt?  i n  
increments of two-bay lengths  and m u s t  f o l d  
i n s i d e  a c a n i s t e r  on t h e  S h u t t l e ,  t h e  mast length 
L, is allowed t o  vary between 40 and 60 meters 
and t h e  born length  L 2  between 1 and 25 meters. 
The t i p  mass r e p r e s e n t a t i v e  Of an attachment such 
as an antenna is allowed t o  va ry  between 10 and 
30 kg. The range of values f o r  A ,  Iyy, and Izz 
a r e  chosen t o  prevent  mode Switching (1.e. want 
t o  ensure f is pa i red  w i t h  f 4  and f 5  is paired 

wi th  f 6 ) .  

and I z z ) ,  and s i n c e  Y Y  

3 

COFS-XI Optimization Formulation 

The o b j e c t i v e  func t ion  1s t h e  t o t a l  mass of 
t h e  s t r u c t u r e .  The design requirements a r e  t h a t  
two p a i r s  of ad jacent  f requencies  are c lose ly-  
spaced - 1.e.. f 
a r b i t r a r i l y  small E, w h i l e  f 
s p e c i f i e d  a r b i t r a r i l y  small  c2.  

condi t ions  a r e  modeled a s  c o n s t r a i n t s  i n  t h e  
opt imizat ion.  
f o r  f i n  the c o n s t r a i n t s ) .  Thus  the COFS-XI 

opt imizat ion problem is  formulated a s  fol lows:  

and f 4  are within a s p e c i f i e d  3 
and f 6  a r e  within a 

These l a t t e r  
5 

(Again, f o r  convenience wi is used 

i 

F i n d  the values f o r  L , ,  L 2 ,  A ,  Iyy ,  Izz ,  and m 
such t h a t  

F - t o t a l  mass + minimum 

while s a t i s f y i n g  t h e  fol lowing requirements 

and 

1' 
where E,-E -0.01 and wl-2nf 

COFS-I1 Optimization Results 

2 

The i n i t i a l  and f i n a l  values  f o r  t h e  design 
variables and the o b j e c t i v e  func t ion  (mass) are 
given i n  t a b l e  5. P l o t s  of v i b r a t i o n  frequency 
as a func t ion  of design cycle are shown i n  f i g u r e  
9. The f i rs t  p a i r  of f requencies  (f  and f4) are 

3 

5 



closely-spaced a f t e r  5 design cyc les .  After 
about 16 design cyc les ,  both p a i r s  of f requencies  
a r e  closely-spaced. The reason t h e  opt imizat ion 
procedure is a b l e  t o  closely-space the  f i rs t  F a i r  
of f requencies  ( f  

requi res  11 more cycles  t o  c losely-space t h e  
second pair of f requencies  ( f 5  and F 6 )  can be  

determined from examining s e n s i t i v i t y  d e r i v a t i v e  
( g r a d i e n t )  information. Table 6 conta ins  the  
values  f o r  the  der iva t ives  of t h e  mass ( o b j e c t i v e  
f u n c t i o n ) ,  t h e  cons t ra in t  on ( f  -f frequency 
spacing,  and t h e  cons t ra in t  on t h e  ( f  -f ) 

frequency spacing vi t h  respec t  t o  each design 
var iab le  V k  (denoted by 3F/aVk, agl/aVk, and 

ag2/aVk, r e s p e c t i v e l y )  f o r  design cyc les  0 ,  6 ,  7 ,  

16, and 18. The magnitude and s ign  of the 
d e r i v a t i v e  a r e  important. A negat ive value means 
tha t  an increase  i n  the design var iab le  v a l u e  
u i l l  cause a decrease i n  the  objec t ive  func t ion  
( o r  c o n s t r a i n t ) .  A pos i t ive  value means t h a t  an 
increase  i n  t h e  design v a r i a b l e  v a l u e  u i l l  cause 
an i n c r e a s e  In  t h e  objec t ive  func t ion  (or 
c o n s t r a i n t ) .  The magnitude of the d e r i v a t i v e  
a l s o  i n d i c a t e s  t o  the  opt imizer  which design 
variable i t  i s  more e f f e c t i v e  t o  change. For 
example, i n  table 6 (design cyc le  0) the  
derivatives of t h e  objec t ive  func t ion  and 
c o n s t r a i n t s  can be in te rpre ted  a s  follows. A 
decrease i n  mast length L will cause a decrease 

i n  t h e  mass, a decrease i n  the  ( f  -f frequency 
spacing,  and a s l i g h t  increase  i n  the ( f  -f ) 5 6  
frequency spacing. S imi la r ly ,  an increase  i n  t h e  
boom length L 2  will cause an increase  i n  t h e  

mass, a decrease in the ( f  -f 1 frequency 
spacing,  and a s l i g h t  increase  i n  the ( f  -f 1 5 6  
frequency spacing. From t h e  magnitude of the  
d e r i v a t i v e s  of the  ( f  -f frequency spacing 
compared t o  t h e  magnitude of the d e r i v a t i v e s  of 
the  ( f  -f frequency spacing,  t h e  opt imizer  u i l l  
choose design var iab le  values which c losely-space 
t h e  f and f 4  frequencies  and only s l i g h t l y  
a f f e c t  t h e  ( f  -f ) frequency spacing (as shown i n  
f i g .  9 ) .  After 5 cycles t h e  f i r s t  p a i r  of 
f requencies  ( f  and f 4 )  a r e  closely-spaced. The 

design v a r i a b l e  values a t  t h e  end of c y c l e  5 a r e  
given i n  t a b l e  5. The opt imizer  decreases  the 
mast length L1 t o  I t a  lower bound (L1-40 m ) ,  
increases  t h e  boom length L2 t o  approximately 22 

meters, increases  the area, decreases  I and 
Izz,  and only s l i g h t l y  changes the t i p  mass m. 

With the first pair of f requencies  ( f  and 
f 4 )  closely-spaced (cyc le  5, f i g .  9 ) ,  t h e  

s e n s i t i v i t y  derivatives have changed t o  t h e  
values  shown i n  tab les  6b-e. 
of the  derivative of the ( f5-f6)  frequency 
spacing u i t h  respec t  t o  Izz ( indica ted  by 

ag2/aI 
t h e  d e r i v a t i v e  of the ( f 3 - f 4 )  frequency spacing 

and f q )  so quickly but 3 

3 4  
5 6  

1 

3 4  

3 4  

3 4  

5 6  

3 
5 6  

3 

YY 

3 

Nou t h e  magnitude 

is l a r g e r  compared t o  t h e  magnitude of 
Z Z  

( i n d i c a t e d  by 3 g , / a I z z i .  
chooses values  f o r  the  design var iab les  which 
w i l l  c losely-space t h e  second pair of f requencies  
!f and f , )  u h i l e  a t  t h e  same t i n e  preserving tne 
close-spacing of the  f i r s t  Pair  of f requencies  
( f  and f q ) .  After  16 c y c l e s  both p a i r s  of 

f requencies  a r e  closely-spaced. The f i n a l  values 
f o r  t h e  design v a r i a b l e s  are given i n  t a b l e  5. 
The opt imizer  increases  the boom length  La t o  i ts  

upper bound, increases  both the  c ross -sec t iona l  
a r e a  A and I of t h e  boom. The design var iab le  
903t e f f e c t i v e  i n  c losely-spacing t h e  second 
frequency p a i r  ( f 5  and f 6 )  is  Izz.  The t i p  mass 
decreases  s l i g h t l y .  The results are c o n s i s t e n t  
u i t h  parametric s t u d i e s  of the  design v a r i a b l e s  
done a t  the  i n i t i a l  and cyc le  5 design values. 

Thus the opt imlzer  

5 

3 

YY 

A p l o t  of t h e  mass a s  a func t ion  of design 
c y c l e  is shoun i n  f i g u r e  10. The opt imiza t ion  
procedure o b t a i n s  a design f o r  a conceptual COFS- 
I conf igura t ion  uhich closely-spaces  tuo  p a i r s  of 
adjacent  f requencies  and provides some reduct ion  
i n  t o t a l  mass (approximately 1 1  kg). 

Concluding Remarks 

Optimization procedures have been developed 
t o  sys temat ica l ly  provide closely-spaced 
v ibra t ion  f requencies  f o r  l a r g e  f l e x i b l e  
spacecraf t .  The  opt imizat ion procedures combine 
a general-purpose f i n i  te-element program For 
eigenvalue and s e n s i t i v i t y  analyses  u i t h  formal 
mathematical programming techniques.  The formal 
mathematical programming technique combines a 
general-purpose opt imiza t ion  program and 
approximate analyses .  Analy t ica l  d e r i v a t i v e s  of 
the  eigenvalues  a r e  used. The procedure i s  
formulated w i t h  minimum mass a s  t h e  o b j e c t i v e  
func t ion  and t h e  frequency spacing a s  
c o n s t r a i n t s .  Results a r e  presented f o r  two 
s t u d i e s .  The f i r s t  s t u d y  uses a d e t a i l e d  model 
of a l a r g e  f l e x i b l e  spacecraf t .  The s t r u c t u r e  i s  
t o  be designed so  t h a t  i t  w i l l  have one pair  of 
closely-spaced f requencies  u h i l e  s a t i s f y i n g  
a d d i t i o n a l  requirements on l o c a l  member 
frequencies  and manufacturing to le rances .  No 
f e a s i b l e  design s o l u t i o n  existed uhich s a t i s f i e s  
a l l  the  design requirements  f o r  the  choices  of 
design var iab les  and t h e  upper and lower design 
var iab le  values  used. Therefore ,  there is a need 
f o r  more design freedom i n  t h e  op t imiza t ion  
procedure i n  order  t o  achieve a f u l l  s a t i s f a c t o r y  
design. The second s tudy uses a simple model of 
a l a r g e  f l e x i b l e  s t r u c t u r e  t o  o b t a i n  a design 
w i t h  more than one pair of closely-spaced 
frequencies .  Applicat ion of t h e  procedure 
produced a design which had two pairs of c lose ly-  
spaced frequencies .  
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CONUIN - A FORTRAN 

Dynamic Response of a F l e x i b l e  Beam- 

Table 1 - Upper  and lower design var iab le  values  
f o r  COFS-I f l i g h t  mast 

L'pper ( m m j  Lower ;am) 
9.4 3.175 

RS 
9.4 3.175 R" 

RO 

9.4 3.175 

11.0 3.175 

Table 2 - I n i t i a l  and f i n a l  design values  f o r  
COFS-I f l i g h t  mast 

I n i t i a l  Final  
RS (mm) 5.20 3.176 
R,, (mm) 7.35 3.433 
R I  (mm) 8.95 9.399 
Ro (mm) 9.55 10.320 
Mass (kg)  93726 93765 

Table 3 - COFS-I1 p r o p e r t i e s  

Mast Boom 

E ( G N / m 2 )  137.9 72. I 4  

A ( m 2 )  1 .305E-3 D.V.  

1.385E-5 1.25E-6 J (m ) 

G ( G N / m 2 )  68.94 36.2 
2758.7 2760 3 p (kg/m ) 

1 .552E-4 D.V. Iyy ( m  1 

i 

4 

4 

1 .821 E-4 D.V.  

D.V. denotes a design variable varied t o  
o b t a i n  optimum design. 

Table 4 - Upper and lower design variable values  
f o r  COFS-I1 model 

Upper Lower 
L1 (a)  60.0 40.0 

L2 ( m )  25.0 1 .o 

A ( m 2 )  2.OE-4 2.OE-6 
I ( m 4 )  5.OE-5 1 .OE-5 

( m 4 )  5.OE-5 1 .OE-5 
YY 

I Z Z  
m (kg)  30.0 10.0 

7 



Table 5 - I n i t i a l ,  in te rmedia te ,  and f i n a l  
design values f o r  COFS-I1 model 

I n i t i a l  ^,ycle 5 Fina: 
L l  ( m )  45.0 40.0 40.0 

L2 ( m )  18.0 21.9 25.0 

A ( m 2 )  9.426E-5 1.244E-4 1.8068-4 

(m') 3.71 3E-5 3.0781-5 3.673E-5 

Izz ( m  1 3.713E-5 3.314E-5 1.919E-5 
m (kg)  18.0 18.4 17.3 
Mass (kg) 184.7 170.5 173.7 

4 
I Y Y  

Table 6 - S e n s i t i v i t y  information f o r  COFS-I1 
model 

a )  Cycle 0 

aF  Design - 
av, Var i a b 1  e 
3.6 0.23 -0.006 L1 

L2 

122 0. -48.2 38.5 

0.26 -0.52 0.008 

A 4680. -98.8 -20.1 
I 0. 701 3. -2883. 

YY 

m 1 .  -0.16 .007 

b )  Cycle 6 

3F Design - 
Var i a b l  e av, 

R 

3.6 0.047 -0.003 
0.34 -0.72 0.002 

A 60872. -221.8 -137.4 
I 0. 18704. -21 72. 

0. -124.4 446.1 

1 .  -0.03 .005 

L1 

L2 

I22 

YY 

aF Design --- 
3% Var iab le  

--- 382 
a", n 

3.6 -0.057 -0.0006 

0.36 0.07 -0.003 

0. -20803. r2036. 

IZZ 0. 174.2 131 9.5 
m 1 .  0.03 .005 

L1 

L2 
A 6391 6. 284. II -385.5 
I Y Y  

Table 6 - concluded 

aF  Design - 
Var i ab1 e av, .. n 

3.6 0.049 0.062 L1 

L2 

I22  

0.55 -0.061 -0.099 
A 69000. -292.2 -2886. 
I 0. 16776. -2943. 

0 .  -540. 3331 5. 
m 1 .  -0.03 .001 

Y Y  

e )  Cycle 18 

aF  - agl - 3452 
av  1 avi ~ av  i 

- Design 
Var i ab1 e 

3.6 -0.048 0.063 
0.50 0.06 -0.101 

A 69000. 298. -331 1 .  
I 0. -17248. -2908. 

0. 591. 36702. 
m 1 .  0.03 .002 

L1 

L2 

I22 

Y Y  

W l  d)r IWt  Im 

Fig. 1 Optimization procedure flowchart .  
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Fig. 2 COFS-I f l l g h t  mast. 

0 fl = lowest freauency of mst 
fB = secona benalng freauency of most 

m f r  = flrst torsion freauency of mst 

0 5 10 15 20 25 

Design cycle 
4a) Firs t  natural, second bending, and r i r s t  

tors ion f requenc 1 es. 

'i 

0 10 15 m 
Dcslgn cycle 

bb) Diagonal wall thickness and 
["strong" - "weak99] longeron requirements. 

Fig. 3 Finlte-element model or typlcal 2-bay 
segment of COFS-I I l l g h t  mast. 

101 . ' . ' - ' - ' . ' 
0 5 10 15 20 25 

mm crcia 

4c) Diagonal frequency. 

Fig. 4 Convergence of  COFS-I f l i g h t  mast 
design a s  a function of design cyc le .  
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Fig. 5 

93770 

93760 

93750 
mass 
(Kp) 

937110 

93730 

93720 

Fig. 6 

Design variable history f o r  COFS-I 
f l i g h t  mast. 

ti 
L * l . l . l . ' . l  

0 5 10 15 20 25 

Oeslgn cycle 
Convergence of mass for  COFS-I f l i g h t  
mast (includes Shutt le  mass of 
92389 kg).  

Fig.7 COFS-I1 candidate configuration. 

10 

t 

-'L ~ I 

PAGE IS 
QUALITY 

Z 

T L1 

Mathematical model Of 
conf igurat ion. 

X 

COFS-I1 candidate 

} Flrst wIr 

0 5 10 IS 20 25 

DISlm cycle 

Flg.9 Convergence of frequency pairs f o r  COFS- 
I1 study. 

1601 - ' - ' a ' " *  ' 
0 5 10 15 20 25 

m i m  weir 

Fig.10 Mus as a function of design cycle for 
COFS-I1 study. 
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s t ructure  which has closely-spaced vibration frequencies. This paper describes 
an optimization procedure which i s  used t o  design a large f lexible  structure t o  
have closely-spaced vibration frequencies. The procedure uses a general -purpose 
f i n i t e  element analysis program for  the vibration and sens i t iv i ty  analyses and 
a general -purpose o p t i m i z a t i o n  program. Resul t s  a re  presented from two studies. 
The f i r s t  study uses a detailed model of a large f lex ib le  structure to  design a 
structure w i t h  one pair  of  closely-spaced frequencies. The second study uses a 
simple equivalent beam model of a large f lex ib le  structure to  obtain a design 
w i t h  two pairs of closely-spaced frequencies. 
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