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The Binary  Weight D i s t r i b u t i o n  of 
t h e  Extended (2m, 2m-4) Code o f  Reed-Solomon Code over  GF(2m) 

w i t h  Generator Polynomial (x-a) (x-a2) (x-03)* 

Tadao Kasami 
Osaka Unive r s i ty  

Shu t i n  
Texas A&M U n i v e r s i t y  

ABSTRACT: C o n s i d e r  a n  (n ,k )  l i n e a r  c o d e  w i t h  s y m b o l s  from 
GF(2m). If  e a c h  c o d e  symbol  is r e p r e s e n t e d  by a b i n a r y  m- 
t u p l e  u s i n g  a c e r t a i n  basis f o r  GF(2m), we o b t a i n  a b i n a r y  
(nm,km) l i n e a r  code, c a l l e d  a b i n a r y  image of  t h e  o r i g i n a l  
code. I n  t h i s  paper,  we p resen t  a lower bound on the minimum 
w e i g h t  o f  a b i n a r y  image o f  a c y c l i c  code o v e r  GF(2m) and  
t h e  w e i g h t  e n u m e r a t o r  f o r  a b i n a r y  image  of t h e  e x t e n d e d  
(2m,2m-4)  c o d e  of  Reed-Solomon code o v e r  GF(2m) w i t h  . . 

g e n e r a t o r  p o l y n o m i a l  ( x - a ) ( x - a 2 ) ( x - a 3 )  and  i ts  d u a l  code, 
where a is a p r i m i t i v e  e lement  i n  GF(2m). 

1. I n t r o d u c t i o n  

Let { S i ,  62, * * * ,  6,) b e  a b a s i s  o f  t h e  G a l o i s  f i e l d  GF(2m). Then 
e a c h  e l e m e n t  z i n  GF(2m) c a n  b e  e x p r e s s e d  as  a l i n e a r  sum o f  B,, .ii, e - . ,  

6, as fo l lows :  - - 

where c icGF(2)  f o r  1 S i 5 m. Thus z c a n  be  r e p r e s e n t e d  by t h e  m - t u p l e  

( c , ,  c2,  e-., c,) o v e r  GF(2). Let C be a n  ( n , k )  l i n e a r  b l o c k  code w i t h  

s y m b o l s  from t h e  Galois f i e l d  GF(2m). If e a c h  code  s y m b o l  of C is 
r e p r e s e n t e d  by t h e  cor responding  m-tuple ove r  t h e  b ina ry  f i e l d  GF(2) u s i n g  
t h e  b a s i s  { 6 1 9  62, * * *  , 6,) f o r  GF(2m) ,  we o b t a i n  a b i n a r y  (mn, mk) 

l i n e a r  block code, called a binary image o f  C. The weight enumera tor  o f  a 
b i n a r y  image o f  C is called a b inary  weight enumerator o f  C. I n  g e n e r a l ,  a 

b ina ry  weight  enumerator depends on t h e  choice o f  basis. A bas is  { 6 1 ,  62, 
..*, B m )  is c a l l e d  a p o l y n o m i a l  b a s i s ,  if t h e r e  is a n  e l e m e n t  8 c GF(2m) 



-- I 
s u c h  t h a t  6 - 6 j - l  for 1 S 3 S m. A p o l y n o m i a l  b a s i s  w i l l  be s a id  t o  be 

p r i m i t i v e ,  i f  6 is pr imi t ive .  
Let a be  a p r i m i t i v e  e l e m e n t  of CF(2m), and  l e t  n - 2m-1. For 1 S k < 

n, l e t  RSk deno te  t h e  (n, k)  Reed-Solomon code o v e r  GF(2m) wi th  g e n e r a t o r  

p o l y n o m i a l  (x -o ) (x -a2>***(x -an -k )  [ l ] ,  l e t  RSk,e d e n o t e  t h e  (n,  k )  Reed- 
Solomon code o v e r  GF(2m) w i t h  g e n e r a t o r  p o l y n o m i a l  ( x - l ) ( x - a ) ( x - a 2 ) * * *  
( x - = ~ - ~ - ' ) ,  a n d  l e t  ERSk be  the  ex tended  ( n + l ,  k )  code Of RSk. The d u a l  

3 

- 

code Of RSk is RSn,k,e, and t h e  dual code O f  ERSk is ERSn+l,k. 

Binary weight  enumerators for RSn,i w i t h  1 5 i 5 2, RSn,i,e w i t h  2 5 

i S 3 and  ERSnII w i t h  1 5 i 5 2 were p r e s e n t e d  i n  [21 ,  and those  for 
RS2,e, t h e  d u a l  code of RSn,2, and RS3, t h e  d u a l  code of RSn-3,e, were 
d e r i v e d  i n  [3,41. These b inary  weight enumera tors  are independent of t h e  

choice of basis. 

I n  s e c t i o n  2, t h e  b i n a r y  image of t h e  d u a l  code of a l i n e a r  code C 

over  GF(2m) by us ing  the  complementary basis of a basis { B i ,  82, 0.-  , 6,) 
is shown t o  be t h e  d u a l  code  o f  t h e  b i n a r y  image  OP C by u s i n g  b a s i s  (81 ,  

62, - * - ,  f i m ) .  I n  s e c t i o n  3, a lower  bound on  t h e  minimum we igh t  of a 
b i n a r y  image of a c y c l i c  code over GF(2m). I n  s e c t i o n  4, t h e  b ina ry  weight  

e n u m e r a t o r  of E R S 4 - i s  deri-ve-d for a crass  of bases i n c l u d i n g  t h e  

complementary bases of p r i m i t i v e  polynomial bases. By Theorem 1 t h e  b ina ry  

w e i g h t  e n u m e r a t o r  f o r  ERSn,3 is  o b t a i n e d .  T h i s - a p p r o a c h  c a n  b e  r e a d i l y  
ex tended  t o  d e r i v e  t h e  b inary .  we igh t  enumerator for ERS5. 

2. Binary Images of Linear Block Codes over  G R ( 2 m )  

Let C be a n  ( n , k )  l i n e a r  code w i t h  s y m b o l s  from GF(2m). Let C ( b )  

deno te  t h e  b i n a r y  (nm,km) l i n e a r  code ob ta ined  from C by r e p r e s e n t i n g  each 

code symbol by t h e  corresponding m-tuple over  GF(2) u s i n g  t h e  basis (81, 
... , 8,) for GF(2m). Let (6,, 6 2 ,  0 . .  , 6,) b e  t h e  c o m p l e m e n t a r y  (or 62 

d u a l )  b a s i s  of IB1,62,'=*,8,I, Le., 

= 0 , for i f j ,  

w h e r e  Tr(x) d e n o t e s  t h e  t r a c e  of t h e  f i e l d  e l e m e n t  x [5,p.1171. Let C D  b e  



t h e  d u a l  code  of C. Let C D(b) d e n o t e  t h e  b l n a r y  (nm,(n-k)m) l i n e a r  code 
ob ta ined  from CD by r e p r e s e n t i n g  each code symbol by a b ina ry  m-tuple over  

Bm]. Then we have 

Theorem 1: CD(b) IS t he  d u a l  code of C(b). 

Proof: 
and CD r e spec t ive ly .  Then 

GF(2) u s i n g  t h e  c o m p l e m e n t a r y  basis  i d l ,  62,  0 . 0 ,  a,) of { e l ,  62, 0 . 0  

Theorem 1. 
- 

Let ( a l ,  a2, * - * ,  an)  a n d  ( b l ,  b2, * e - ,  bn) be c o d e w o r d s  of C 

n 
1 aibl - 0 . 

1=1 

Let 
m 

ai = j:l a i J B j  ’ 
m 

bi = j:l b l j 6 j  

(2 )  

( 3 )  

It f o l l o w s  from ( 1 )  to  (3) t h a t  

- -  

Taking t h e  trace of both s ides  of (41, we have - 

n m m  

S i n c e  T r t B j b h 1  - 0 for j 4 h and  T r ( B j b j )  - 1 ,  i t  follows from ( 5 )  t h a t  

n m  
I: 1 a i jb l j  = 0 . 

1-1 j = l  (6) 

Equat ion (6) i m p l i e s  that  C D(b) 1s the  dua l  code of C(b). AA 

- For a basis  {61, 82, 0 . .  , 6,) for GF(Zm) and an n- tuple  v - ( v l ,  
v2,  * * - J  v n )  o v e r  GF(2m),  l e t  v j  be d e f i n e d  as 



* e * ,  #,,,I, t hen  7 is r ep resen ted  as fs the  complementary b a s i s  of (61,  62, J 

- v.l - (Tr(6jvl), Tr ta jv2 ) ,  * e - ,  Tr(a jvn ) )  , (8) 

and v' 
denoted 1712, is given by 

is ca l led  t h e  6 j  component  v e c t o r  of v'. The b i n a r y  w e i g h t  of v,  
j 

m 
1712 - & F j l 2  (9) 

3. Binary Images of Cyc l i c  Codes over GF(2m) 
Let n be a p o s i t i v e  i n t e g e r  which d iv ides  2m-1. I f  s is the smallest 

number i n  a c y c l o t o m i c  c o s e t  mod n o v e r  GF(2m), a is ca l led  t h e  

r e p r e s e n t a t i v e  of the coset and t h e  c o s e t  is d e n o t e d  by Cy(s) .  Let m ( s )  
d e n o t e  the number of i n t e g e r s  i n  Cy(s).  For  a s u b s e t  I of {0 ,1 ,2 ,  e * *  ,n- 
l ) ,  I d e n o t e s  t h e  s e t  u n i o n  of t h o s e  cose ts  wh ich  have  a nonempty 

i n t e r s e c t i o n  w i t h  I, and Rc(1) denotes the se t  of the r e p r e s e n t a t i v e s  of  
cyc lo tomic  cosets in T. 

L e t  Y be a n  e l e m e n t  of  order n i n  GF(2m). For a s u b s e t  I o f  {0,1,2,  

- 0 : -  ,n- l} ,  l e t  C ( 1 )  b e  the c y c l i c  code o f  l e n g t h  n o v e r  GF(2m)  w i t h  check  
polynomial 

- 

n ( x ' -  Yi 1. 
i E I  

and l e t  Cb(1) be the b ina ry  c y c l i c  code of l e n g t h  n w i t h  check polynomial . 

I I , ( x - Y  i 1. 
i c I  

n-1 
i = o  For a polynomial f ( X )  - Z aiXi w i t h  a i  E GF(2m), l e t  v[f(X)] and 

ev[f(X)]  be def ined  by 

It f o l l o w s  from ( 8 )  and (9) that  

-4- 



For a subse t  I of {0 ,1 ,2 ,  - - -  ,n-l},  l e t  P ( 1 )  be de f ined  by 

P ( 1 )  - { 1 aiXi I aicGF(2m) for 1 ~ 1 )  
i c I  

As is well-known[ 5 1, 

I t  f O l l O W 3  from (8 ) , (10)  and t h e  d e f i n i t i o n - s  o f  C ( I )  a n d  c b ( I )  t h a t  f o r  v' 
= v[f(x)] E C ( I ) ,  t he  6 component vector  of v, denoted is given  by J jn  

and . -  
- - -  

I 
(15) - 

v j  E: C b ( I )  . 

As is also known [ 5 1, 

where 

Polynomial f ( X )  E P ( 1 )  can be expressed as 

z a xi29 f (X)  = z 
icRc( I )  qE:Q( i ,  I) i 29  

where 129 is taken modulo n and 

4 

-5- 



It  fol lows from (17) that  for  1 S j s 

c 

(18) 

where 

where for a divisor h of m 

Note that 

I t  fol lows Prom ( 1 4 )  and (18) that  f o r  1 S j 5 m 

For i E Rc(I), l e t  ci be defined by 

(23) 1 5 j S m, a; E GF(2m) 1 . 

Note that the fol lowing matrix D over GF(2m) is invertible [5,p.117] : 

L J 

-6- 



- 
Hence Ci is a l i n e a r  ( m, #Q( i , I )m/m( i )  ) code  over  GF(2m(i)), where  #M 
denotes the  number of elements in set M. 

- 

For a code C,  l e t  m w [ C ]  deno te  t h e  min imum we igh t  of  C. 

fo l lowing  theorem holds. 
Then t h e  

Theorem 2 : For 1 E I, 

Proof:  

o n l y  if ah = 0 f o r  h E I A { l } .  

If f o l l o w s  from (19) and (25)  t h a t  b J i  - 0 f o r  1 S j S m i f  and  

Suppose t h a t  t h e r e  is an i n t e g e r  h E 
- 

I n { i >  s u c h  t h a t  ah 4 0. Then t h e  we igh t  o f  (b l i , b2 i ,  . * e  , b m i )  is a t  - 
least  m w ~ ~ ~ ] .  

i n  {cl  ,v2, e * * -  ,vm} where  v’ 
from (12). - A A  

Hence t h e r e  qre a t  least r n w [ E i ~  nonzero codewords of  cb ( I )  

is g iven  by’(22). Then t h i s  t heo rem f o l l o w s  J - 

The fol lowing lemma holds  for ci. 
Lemma 1: Suppose t h a t  m ( i )  = m and the re  are in t ege r s  h and s such t h a t  0 

5 h < m, 0 < 8 S m and 

- 
Then Ci  is a maximum d i s t ance  separable  (m,s) code- over GF(2m). 

Proof: Consider a polynomial F(X) over GF(2m) of  t h e  fo l lowing  form: 
2m-q 

cqx F(X) = I: 
q E Q ( i , I >  

Then, 



2m-h 
where t h e  s u f f i x  of  a c o e f f i c i e n t  is t a k e n  modulo  m. S i n c e  F(X) is a 
l i n e a r i z e d  p o l y n o m i a l  of  d e 8 r e e  23'1 or less t 5 1, t h e  z e r o s  of F(x) i n  
GR(2m)  form a subspace  Of GF(2m) whose dimension is a t  most 3-1. Hence a t  
most s-1 e l e m e n t s  O f  461,62, - * *  , d m 1  c a n  b e  roo t s  of F(X). It f o l l o w s  

from t h e  d e f i n i t i o n  of cJ t h a t  mv[ii] = m-s+l. 
- 

- 
Since  #Q(i,I) - 3, C i  is a maximum d i s t a n c e  s e p a r a b l e  (m,s) code. 

AA 
Example 1: For a n  i n t e g e r  m g r e a t e r  t h a n  2, l e t  n - 2m - 1 ,  and  l e t  I = 

{1,2,3,4). Then C ( I )  is RS4,=, Q ( 3 , I )  = I O ) ,  a n d  Q(1 , I f )  = {0,1,21 where 
If - I - 1 3 ) .  It  is known C6,71 t h a t  

- 
m[cb(I')] zm" , for odd m, 

, for even m such t h a t  m/2 is even,  

lor even such that  m/2 is odd, 

2m-1 ,2m/2-1 
2m-1,2m/2 , 

and 
m[cb(I>]  = 2m-1-2(m-1)/2, for Odd m, 

I 2m-1,2m/2 for even m. 

Since  mwCE,] - m-2 and'mw[C31 - m by Lemma 1, it follows from Theorem 2 
t h a t  

m w [ C ( I ) ( b ) ]  - ~ w [ C ( I ~ ) ( ~ ) ]  L (m-2)2m-1, for odd a, 
L (m-2 ( zm-l -2m/2-1 , 

L (m-2 I ( zm-l -PI2 1, 
f o r  even m such  tha t  mi2 is even, 

for even m such  t h a t  m/2 is odd. 

. 

AA 

4. Binary Weight h u m e r a t o r  l o r  ERSh 
Hereafter w e  assume that 

For 0 5 i < j < n ,  l e t  - 1 i,i-l,***,j}. Ii ,j 
Then i t  is known [5] t h a t  

-0- 



For 0 S h < n-1, v[f(ahX)]  is t h e  v e c t o r  o b t a i n e d  f rom v[f(X)]  by t h e  h 

s y m b o l  c y c l i c  s h i f t ,  ev[ f (ahX>]  is t h e  v e c t o r  o b t a i n e d  from e v [ f ( X ) ]  by 
the h symbol c y c l i c  s h i f t  among t h e  second t o  the last  symbols,  and 

For f ( X )  - a. + alX + a2x2 + a3x3 E: 4-E  s3 i f  

and  o n l y  i f  a3 0. The c y c l i c  p e r m u t a t i o n s  on t h e  s e c o n d  t o  t h e  l a s t  
symbols induce a permuta t ion  group on t h e  codewords of ERS4, which d i v i d e s  

ERS4-ERS3 i n t o  d i s j o i n t  set of t r a n s i t i v i t y .  Each set c o n s i s t s  o f  (2m-l ) /v  
codewords, w!iere 

- -  

v = (2% 3) t 

where (a,b) denotes  the greatest common d i v i s o r  of i n t e g e r s  a and b. If m 

is odd, t hen  

v = l ,  
and otherwise, 

v = 3 .  

(32) 

(33) 

Let evCao+alX+a2X2+ahX3] f o r  0 I h < v  r e p r e s e n t  each s e t  o f  ( 2 m - l ) / ~  

codewords of ERS4-ERS3. Note t h a t  

T r  (bja0+bjal X+6ja2X2+6jahX3) 

2m-l 
= Tr(6jao+[6jal+(6ja2) ]X+bjahX3) . (34 )  

-9- 



On t h e  w e i g h t  of  ev[Tr(bo+b,X+b3X3)] where bo, b l  and  b3 a re  i n  G F ( 2 m ) ,  

the f o l l o w i n g  theorem holds  16.71. 

Theorem 3: 
(1)  For odd a n d  0 5 i < n, 

I ev  [ T r  ( bo+ai bl X+a3 iX3 1 3 I 

= 2m'1 f 2(m-1)/2 , if T r ( b l  = 1 . 

(2) For even m and 0 5 i < n ,  

Iev[Tr(bo+aiblX+o 31 X 3 )]I, 

- 2m'1 f 2m/2 , If T r ( 2 ) ( b , )  = 0 , 

p-1 , if T r ( 2 ) ( b l )  * 0 , 
- -  

( 3 )  For even tu, 0 5 i < n and 1 5 h 5 2 , 

I e ~ [ T r ( b ~ + b ~ X + a ~ ~ * ~ X ~ ) ]  l 2  

( 4 )  I f  T r ( b o )  T r ( b b ) ,  then 

I ev[Tr ( bo+bl X+b3X3) 1 l 2  + I ev[Tr( bi)+bl X+b3X3) 3 I 

(35) 

(36) 

(37) 

(38)  

(40) = 2m . 
A A  

For 0 5 i 5 l e t  N i k )  deno te  the number of  codewords  of w e i g h t  i i n  

ERSk. For d e r i v i n g  t h e  we igh t  e n u m e r a t o r  for ERS4-ERS3, t h e r e  a r e  t w o  

cases to  be considered.  

-10- 



4.1 Case I: m Is odd. 

Suppose  t h a t  m is odd. Then, v = 1. For 1 d j d m, l e t  dJ be 

r e p r e s e n t e d  as 

6j = aUJ . 
S i n c e  2m-1 and 3 are r e l a t i v e l y  prime, there is a n  i n t e g e r  v such that 1 d 

v < 2m-1 and - 
3u z 1 mod ( Z m - l )  . 

Then 
3 w  j 

dj - a . (43)  

L e t  ev[ao+alX+a2X2+X3], denoted v ,  be  a - r e p r e s e n t a t i v e  codeword  i n  
ERSi-ERS3. Then the v j  component vec to r  of V,? is def ined  by 

j '  

- vJ = ev[Tr(6jao+djalX+6ja2X2+6jX3)] for 1 S j 5 m . 
BY ( 3 4 )  a n d  (431, we h a v e  t h a t  

2 m - l  
S i n c e  T r ( X 2 )  - T r ( X  
Theorem 3 and (44) that if Tr(a 

) = T r ( X )  for X E GF(2m) , it f o l l o w s  from (1 )  o f  
2 W j  a l )  - Tr(aUUJa2) , then  

and otherwise, 
2rn-l + - 2(m-l )/2 

1 V j  12 (46)  

Let S+(?) and S,(v) be def ined  a s  

a 

-11- 



Then it f o l l o w s  from (45) and (46) that 

Then we have that 

Suppose  t h a t  { 6 r ,  62, * * * ,  6:I is l i n e a r l y  i n d e p e n d e n t .  I t  f o l l o w s  

Prom (42) t h a t  l~ is r e l a t i v e l y  pr ime t o  2m-1.  If { 6 1 s 6 2 s ~ * - , 6 m }  is a 

polynomial  basis, then  {6~,6$,***,6~} is l i n e a r l y  independent.  S ince  6,  = 

f o r  1 5 i S 3. T h e r e f o r e ,  we have  tha t  

- the  set of a l l  b inary  m-tuples. 

It f o l l o w s  Prom (40) and (45) t o  (48) t h a t  Por g iven  nonnegat ive i n t e g e r s  

s+ and  s, w i t h  0 S s, + s, 5 m , t h e  number of choices of  (aos  a l S  a,) o f  
v’ s u c h  t h a t  S,(?) - s, and S,(v)  - s- is g i v e n  by 

m-s,  s++s m-s+-s, 
(: 12 -4 

+ 3- 

Since  there are 2m-1 choices  of nonzero a3, it  follows from (47) and (48) 

t h a t  for 0 S j 5 m , 

a 

-12- 



where s i g n  f is t o  be taken i n  the same order .  

4.2 Case 11: m is even.  
- Suppose  t h a t  m I s  even. Then, m 2 4 and  v = 3. For 1 5 j 4 m, l e t  6 j  

be r ep resen ted  as 

3uj+wj 
6 j  = a , 

where 0 4 u j  < (2m-1>/3 and 0 S wj 5 2. For f ( x )  E P(10,3) - P ( 1 0 , 2 ) ,  l e t  
t h e  c o e f f i c i e n t  of X 3 be represented  as  ae, and l e t  

e E h, mod 3, 0 4 h 4 2. (52) 

L e t  ev[aO + alX + aiX2 +.ahX3], d e n o t e d  7, be a r e p r e s e n t a t i v e  
- 

cod-eword. Then t h e  6 component-vector of v, v j ,  i s - d e f i n e d  by j 

- 
v = ev[Tr(s jao + djalX + 6ja2X2 + 6jahX3)],  f o r  1 4 j 5 m. j 

BY ( 3 4 1 ,  we h a v e  t h a t  

2m- 1 3 U j  + W j  +h 
3 u ~ + w ~ a o  + c03uj+wjal + ( 2 U j + w j a 2 )  IX + a X3) 3. 

- 
V j  = ev[Tr(a 

(53) 
For 0 5 h 4 2, l e t  

I t  follows f rom (3)  of  Theorem 3 and ( 5 3 )  t h a t  f o r  0 4 h 4 2 and  j E CJh, 

(54) I 2m-l + 2m/2-1 I-;j 12 - 

-13- 



For 0 S h S 2 and 3 c Jh, it fol low3 from ( 5 3 )  t h a t  

for h = 1 , (56) 

3(uj+1)  
~ 3 1 1  I 

3Uj+l U j + 1  2uj 2uj-2 2 2m-23X + a 
a0  + a Ca al  + ( a  a21 = evCTr(a 

for h - 2 . (57)  

Since Tr (2)(X2m-2) = Tr(2)(X) for even m and X i n  CF(2m), it fo l lows  from 

(2) o f  Theorem 3 and (55 )  t o  (57)  t h a t  i f  e i t h e r  j E Jo and  Tr (2 ) (a2Uja , )  
2 U j + l  

= T r ( 2 ) ( a 2 U J a z ) ,  or j c J2 1 = Tr(2 ) (a2Uja$) ,  or j E J1 and Tr(2) (a  

and o the rwise ,  

1qjI2 = 2m-1. (59)  

Suppose  t h a t  for 0 5 h 2,  I 02’J I j c J h )  is l i n e a r l y  independen t  

over  GF(22). T h i s  condi t ion holds for a p r i m i t i v e  polynomial basis.  

For 0 5 h 5 2 ,  l e t  { U j  I j C.Jh} b e  r e p r e s e n t e d  by { u h l ,  Uh2, 
. e .  

} = GF(2 ) for an in teger  1, we have t h a t  

I ,  where  j h  = #Jh. S i n c e  { a2 I a e GF(2m>l = { a ia  I a E GF(2m) uhja 

* 
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(61 1 = t h e  se t  of a l l  j l - t u p l e s  over  GF(2 2 1, 

. { ( T r ( 2 ) ( z u 2 1 a l ) ,  Tr(2)(a 2u22 a l l ,  0.0 ,  Tr(2) (a  2u2 j 2 a l ) )  I al E CF(2m)) 

= {  ( Tr(2) (:u21-2a$) ,Tr(2) ( a  2u22-2a$), , T r ( 2 )  ( a  2u2j 2-2 a$))  I a 2 ~ G F ( 2 m ) )  

(62) = t h e  s e t  of a l l  j 2 - t u p l e s  over  GF(2 2 1. 

For any g iven  j o - t u p l e  (b l , b2 , -* - ,b j  ) over  GF(22), t he  number of al  

. For  
0 m - a o  

in GF(2m) s u c h  t h a t  Tr(2)(a 2 u o J a l )  = b j  for 1 5 j 5 j o  is 2 

other sets i n  (60) t o  (621, similar r e s u l t s  hold. S ince  {61,62,--*,6i1 is _ -  - 

i i n e a r l y  independent,  we have t h a t  

{Tr(bla0) ,  Tr(d2a0), - - e ,  Tr(6,a0) I a. E GF(2”)) 

= t h e  se t  of a l l  b ina ry  m-tuples. (63) 

Let S + ( v ) ,  S,(v)  a n d  T+(v) be d e f i n e d  a3 

Then it follows from (54) and (59) t h a t  
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I t  f O l l O W 3  from ( 4 )  of Theorem 3 and  (54 )  t o  ( 6 3 )  t h a t  f o r  g i v e n  

n o n n e g a t i v e  i n t e g e r s  a+, 3, a n d  t+  w i t h  0 5 3, + a, 5 j h  and  0 5 t+  5 m - 
j h ,  t h e  number of choices of ( a o , a l , a 2 )  of  ? s u c h  t h a t  a+  = S+(?), a, - S, 
(?)  a n d  t+  - T+(?) is g i v e n  by 

For 0 5 h S 2 and  i n t e g e r  j w i t h  -2m 5 j 5 2m, l e t  D h t j  be d e f i n e d  by  

S i n c e  there  a re  (2m-1) /3  c h o i c e s  o f  n o n z e r o  ae s a t i s f y i n g  (521, i t  

f o l l o w s  from (69), (70)  and ( 7 1 )  t h a t  for -251 5 j 5 2m, 

4.3 Binary Weight Enumerator f o r  ERS3 

Let ? - ev[ao+alX+a2XL],  and CJ - ev[d jaO + d j a , X  + 6ja2X2]. If a l  = 

a2  = 0,  t h e n  

-16- 



where lao12 d e n o t q s  t h e  w e i g h t  of t h e  b i n a r y  r e p r e s e n t a t 1 o . n  of a. i n  
CF(2m). For  0 d j d m, 

N i l )  = 0 , for other i . 

Suppose t h a t  e i ther  al o or a2 8 0. mere are 2m(22m-1) 
combinations of such (ao, a l ,  a,). Note t h a t  

T r  ( 6 ao+6 jal X+ 6 a2X2 

2m-l 
= Tr(6 jao  + ra jal  + (aja2) 1x1 . ('16) 

m-1 For each j w i t h  l*+S j 5 m, 6 a + ( a  a l 2  = 0 i f  and  o n l y  i f  a2 = afaj ' .  j 1  J 2  
There are m2m'1(2m-l) combinat ions o f  (ao, a l ,  a2) such that  a2 = a 2 6 and 

1 3  
2 m - l  Tr(ajao)  = 0 (or  1) .  

t hen  

If djal + (aja2) = 0 and  T r ( d j a o )  = 0 (or 11,  

N ( 3 )  m2m-l - N ( l )  m2m-l = 2"(2"-1)(2"+l-m) , (80) 

Note t h a t  t h e  b i n a r y  w e i g h t  e n u m e r a t o r  f o r  ERS3 is i n d e p e n d e n t  o f  t h e  
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choice of basis. 
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