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SUMMARY 

A parametric sensitivity s tudy was conducted t o  evaluate time flexibil i ty and 
fuel penalties associated w i t h  4D operations i n  the presence of mismodeled 
wind. The f ina l  cruise and descent segments of a f l i g h t  i n  an advanced time- 
metered a i r  t r a f f i c  control environment were considered. Optimal performance 
of a 8-737-100 airplane i n  known, constant winds was determined. Performance 
i n  mismodeled wind was obtained by tracking no-wind reference profiles i n  the 
presence of actual winds. The results of the analysis are presented i n  terms 
of loss of time f l e x i b i l i t y  and fuel penalties compared t o  the optimal 
performance i n model ed w i  nds . 
Mismodeled t a i l w i n d s  were found t o  penalize the airplane t o  a greater extent 
than  mismodeled headwinds. 
f 1 exi b i  1 i t y  and i ncreased fuel penal ties compared t o  1 ower crui se a1 ti  tudes. 

Higher cruise a1 t i  tudes further reduced time 

INTRODUCTION 

Current Air Traffic Control (ATC)  operations a t  several major Air Route 
Traffic Control Centers (ARTCC) incorporate a metering process t o  ass is t  i n  
the sequencing of ai  rcraf t  for  arri  Val i n t o  terminal areas. Estimated runway 
a r r iva l  times are calculated for aircraft while i n  cruise based on f i led 
f l i g h t  p l a n  information. Times are then calculated for crossing an enroute 
metering f i x ,  which  i s  typically located approximately 35 nautical miles from 
the airport a t  the transition between enroute and terminal control sectors. 
The metering f i x  times are then used by enroute controllers t o  ass is t  i n  
manual sequencing of approach aircraft for handoff t o  the terminal 
controllers. Certain approximations and procedures (such as the use of f l i g h t  
plan speeds and positions for aircraft)  l imit  the u t i l i t y  of the current 
metering process. 
which  should  provide more accurate time calculations through improved airplane 
performance modeling and the use of actual  tracked airplane position and 
speed. Aircraft capable of time-controlled (4D) f l i g h t  may well be required 
to  meet assigned crossing times a t  one or more metering fixes w i t h  a 
relatively h i g h  accuracy. The time accuracy needed, while s t i l l  very much an 
open research issue, is on the order of 30 seconds a t  an enroute metering f i x  
and 5 seconds a t  runway threshold. 

Advanced time-based metering systems are being developed 

Variations i n  wind  speed and direction have a primary effect on the f l i g h t  
time of an airplane over a given range. 
obstacle t o  successful and cost effective time-based management of a i r  
t raff ic .  Airplanes i n  the system must be able t o  consistently achieve 
accurate arri Val times a t  pre-defi ned metering points. Further, i n d i v i d u a l  
a i rcraf t  fuel penalties incurred while correcting for unknown winds  must be 
outweighed by the benefits of reduced delays provided by the time-based air  
t ra f f ic  control system. The time-flexibil i ty of a typical jet-transport 
a i  rcraft  and magnitude of fuel penal ties associated w i t h  increasing levels of 
wind error are the subjects of this report. 

Uncertainty i n  the w i n d  is  a primary 

T h i s  study was conducted t o  provide specific data  on single airplane time 
flexibil i ty and fuel penal t i es  associated w i t h  4D operations i n  the presence 
o f  m i  modeled wind.  An optimal vertical prof i 1 e generation a1 gori t h m ,  



representat ive o f  the next generati  on o f  onboard f l  i ght  management system 
capabi 1 i ty, was u t i 1  i zed t o  ca l  cu l  a te  reference v e r t i c a l  p r o f  i 1 es w i t h  va r i  ous 
l e v e l s  o f  constant wind. The p r o f i l e s  were then tracked both w i th  and w i thout  
accurately modeled wind us ing a simple po in t  mass a i  r p l  ane performance 
simulat ion.  Detai led a i rp lane performance models, inc lud ing  drag polar,  
engi ne and speedbrake f u n c t i  ons , were i ncorporated i n  the t rack ing  program i n  
order t o  determine the maximum c a p a b i l i t i e s  o f  the a i rp lane i n  the wind and 
a lso  t o  determine r e a l i s t i c  f ue l  usage. 

SCENARIO DESCRIPTION 

A 200 naut ica l  m i l e  f i n a l  c ru ise  and descent f l  i g h t  segment was used as the 
basic scenario f o r  t h i s  study. 
region o f  ac t i ve  a r r i v a l  t i m e  se lec t ion  i n  advanced time-based a i r  t r a f f i c  
con t ro l  system concepts being devel oped. I n i  ti a1 condi t ions were selected t o  
correspond t o  the reference p r o f i l e  c ru ise  a l t i t u d e  and airspeed based on 
modeled wind f o r  a given cost  o f  time and fue l .  
be 250 knots ca l ib ra ted  airspeed a t  10 000 f e e t  a l t i t u d e .  

This f l i g h t  phase i s  cons is tent  w i th  the 

End condi t ions were chosen t o  

TRAJECTORY GENERATION 

A v e r t i c a l  t ra jec to ry  computation a1 go r i  thm designed t o  minimize operat ing 
costs was u t i l i z e d  t o  generate the reference p r o f i l e s  f o r  the t e s t  scenario. 
This a lgor i thm generates a speed and a l t i t u d e  p r o f i l e  f o r  the a i r c r a f t  t o  
fo l l ow  as a funct ion o f  range i n  order t o  minimize overa l l  cos t  f o r  given time 
and fue l  costs. A descr ip t ion  o f  the formulat ion o f  the a lgor i thm may be 
found i n  Appendix A. References 1 through 3 provide add i t iona l  background 
in format ion on the opt imizat ion technique used i n  t h i s  algori thm. Included i n  
the a1 gor i  thm are detai  1 ed a i rp lane performance model s as we1 1 as atmospheric 
e f f e c t s  o f  wind and temperature on the equations o f  motion. Constraints 
imposed on the algori thm were f i x e d  a l t i t u d e  c ru ise  u n t i l  top o f  descent, 
fo l lowed by an i d l e  t h r u s t  descent a t  optimal airspeed. Experience has shown 
t h a t  the benef i t s  o f  cruise-cl imb and var iab le t h r u s t  descent are minimal, 
accounting f o r  l e s s  than one percent lower costs than the constrained p r o f i l e s  
( r e f .  4) .  

REFERENCE PROFILE TRACKING 

A v e r t i c a l  p r o f i l e  t rack ing  program was used t o  t rack the reference p r o f i l e  
and provide actual f ue l  and time requi red t o  f l y  the p r o f i l e  under both 
model ed and m i  m o d e l  ed w i  nd condi t ions . 
the same a i rp lane performance models and equations o f  motion as i n  the 
t r a j e c t o r y  generation program. 
order t o  l i m i t  airplane t rack ing  o f  mismodeled wind p r o f i l e s  t o  the actual  
c a p a b i l i t i e s  of the airplane. 
found i n  Appendix 6. 

I n c l  uded i n  the t r a c k i  ng program were 

I n  addi t ion,  speedbrake 1 i m i t s  were modeled i n  

A descr ip t ion  o f  the t rack ing  program may be 

The philosophy used i n  t rack ing  the reference p r o f i l e s  was t o  match 
groundspeed exactly i n  c ru ise  and attempt t o  f l y  both the groundspeed and 
i n e r t i a l  f l i g h t  path angle of the reference dur ing descent. 
exact ly,  the t racking program f lew the reference a t  the -same t r u e  airspeeds 

With wind modeled 
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and thrust settings and arrived a t  t h e  proper time while b u r n i n g  the same 
amount of fuel. For mismodeled w i n d ,  the tracking program adjusted true 
airspeed to match groundspeed of the reference. 
speedbrake would be used to main ta in  the reference inertial f l i g h t  path angle 
during descent. When airplane speed, thrust or speedbrake limits were 
encountered, the airplane would f l y  a t  the limit and accumulate time error. 
When time errors exceeded 2 seconds, groundspeed increments would be added t o  
the reference profile groundspeed t o  recapture the reference time. A maximum 
of 10 knots speed adjustment above or below the reference profile groundspeed 
was found to be adequate for the constant wind  error profiles i n  this study. 

T h r u s t  (above idle) or 

RESULTS AND DISCUSSION 

A parametric sensitivity ana lys i  s was conducted us ing  the trajectory 
generation and profile tracking computer programs to determine the time- 
flexibil i ty and fuel penal t ies  associated w i t h  mismodeled wind. First, 
optimal performance of the airplane was determined i n  the form of minimum fuel 
versus f l i g h t  time for a series of constant wind conditions. Next, fuel 
versus time performance for mismodeled w i n d  was calculated by tracking the no- 
wind reference profi 1 es under actual wind conditions. The foll  owing sections 
will discuss the optimal performance of the airplane i n  w i n d  followed by 
performance i n  mismodeled wind.  

O D t i m a l  Performance i n  Wind 

Time cost. - The optimal trajectory generation a1 gori t h m  described i n  Appendix 
A computes a 3D vertical trajectory which minimizes operating cost over a 
given range for specified time and fuel costs. For f ixed  fuel costs, a direct 
relationship exists between time cost and f l i g h t  time for any given f l i g h t  
segment. 
scenario for a series of constant w i n d  conditions. For a given wind, m i n i m u m  
f l i g h t  time corresponds to maximum time cost and maximum f l i g h t  time occurs a t  
the minimum time cost. A vertical profile which satisfies a specified f l i g h t  
time i s  determined by iterating on time cost u n t i l  f l i g h t  time converges on 
the desired value. Wind has the effect of s h i f t i n g  i n  time the curve of time 
cost versus f l i g h t  time, as shown i n  figure 1. 
therefore occur a t  a different time cost f o r  different wind  conditions. 

Figure 1 presents time cost versus f l i g h t  time of the baseline 

A fixed f l i g h t  time will 

Fuel use. - Reference 3 has shown t h a t  the vertical profile generated by 
optimizing operating costs results i n  a m i n i m u m  fuel profile for the resulting 
f l i g h t  time. Plotting the fuel required versus f l i g h t  time for a series of 
time costs w i t h  fixed fuel cost therefore provides an optimal fuel performance 
spectrum for a given scenario. Figure 2 presents the optimal fuel performance 
for the baseline scenario generated using the time cost values shown i n  
figure 1. 
versus time curve both i n  fuel used as well as  i n  time required. Reference 
lines of constant time cost have been drawn on the figure to i l lustrate  the 
difference i n  w i n d  effects between cost-optimal 3D and fuel-optimal 4D 
situations. For given time and fuel costs, optimal 3D performance will be a 
tradeoff between time and fuel which minimizes combined cost. Optimal 4D i s  
simply a s h i f t  i n  fuel required for a fixed f l i g h t  time. 

As seen i n  the figure, w i n d  has the effect of s h i f t i n g  the fuel 
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Flight profile characteristics. - The f l i g h t  profiles created by the 
trajectory generati on a1 gori t h m  consist of a constant a1 t i  tude cruise segment 
followed by an idle thrust descent. The two parameters of primary interest t o  
this study are cruise speed and descent range. 
versus f l i g h t  time for the baseline scenario are presented in figure 3. Lines 
of constant time cost are shown i n  the figure t o  i l lustrate  the minimal effect  
of wind on cruise speed for optimum 3D operation. 
however, require a significant change i n  cruise Mach i n  order t o  achieve the 
same f l i g h t  time i n  different winds. S imi la r ly ,  descent range versus f l i g h t  
time is  presented i n  figure 4. 
greater extent than 3D operations, b u t  n o t  t o  the same degree as cruise Mach. 

Opt imum cruise Mach numbers 

Fixed time operations, 

Here, w i n d  also affects 4D operations t o  a 

Cruise altitude effects. - Choice of cruise altitude will affect the time and 
h e 1  performance of the airplane. 
included a fixed cruise altitude of 33 000 f t .  Optimal cruise altitude versus 
f l i g h t  time for  a 90 000 l b  8-737-100 airplane i s  shown i n  figure 5. As seen 
i n  the figure, optimal cruise altitude i s  relatively constant a t  approximately 
36 000 f t  for middle values of f l i g h t  time, d ropp ing  t o  lower altitudes a t  the 
extremes of f l i g h t  time. Wind has the effect of shifting the optimal altitude 
curve i n  time while maintaining the shape. Since a i r c r a f t  are currently 
restricted t o  f l y i n g  fixed cruise altitudes or f l i g h t  levels, i t  i s  useful t o  
explore optimal performance a t  these fixed altitudes. Figure 6 presents the 
optimal fuel versus time performance f o r  the 200 nautical mile scenario f o r  
optimal cruise altitude and four fixed f l i g h t  level cruise altitudes w i t h  no 
wind .  As would be expected, the m i n i m u m  fuel occurs a t  optimal altitude, w i t h  
fuel increasing a t  the lower cruise f l i g h t  levels. Figure 7 presents the same 
information for  the constant wind conditions included i n  this study. I t  
should be noted t h a t  the fuel d a t a  do not reflect climb fuel required t o  
achieve the various cruise altitudes and therefore do not  accurately present 
overall mission fuel required. Time capabilities, i n  terms of maximum, 
m i n i m u m ,  and resultant time windows, are summarized i n  Table I for the cruise 
altitude and w i n d  combinations considered i n  this study. The fuel and time 
data  are presented as a basis for o b t a i n i n g  penal t ies  under mismodeled w i n d  
condi t i  ons . 

The baseline scenario i n  this study 

Performance I n  Mismodeled Winds 

Tracking requirements. - Mismodeled winds force the airplane t o  f l y  non- 
optimal speeds and descent f l i g h t  p a t h  angles i n  order t o  match the reference 
profile time. Figure 8 i l lustrates the cruise Mach number required for 
mismodeled 50 k n o t  headwind and t a i l w i n d  compared t o  the optimal Mach under 
modeled wind conditions. For a given fl ight time, there i s  a significant 
s h i f t  i n  cruise Mach required t o  track the 4D reference profile due t o  
mismodeled wind.  
i n  optimal Mach when winds are accurately modeled. The time difference i n  
cruise between modeled w i n d  and mismodeled wind profiles i s  compensated i n  
descent such t h a t  arr ival  times are the same. Under modeled conditions, the 
descent range increases i n  a t a i l w i n d  and decreases i n  a headwind (as  seen in 
figure 41, w h i l e  the airplane maintains an idle thrust setting. The 
mismodeled case forces the airplane t o  f l y  the same inertial f l i g h t  p a t h  
angle, regard1 ess of w i n d ,  requiring thrott le or  speedbrake compensation. 

T h i s  shif t  i n  cruise Mach i s  approximately twice the change 



T i  me f l  ex i  b i  1 i ty . - Tracki ng the reference prof i 1 es generated under m i  smodel ed 
wind condi t ions r e s u l t s  i n  a loss o f  time f l e x i b i l i t y  compared t o  optimal 
performance i n  modeled winds. Two factors con t r i bu te  t o  t h i s  loss i n  t i m e  
f l e x i b i l i t y .  F i r s t ,  the reference p r o f i l e  t i m e  window (minimum t o  maximum 
f l i g h t  t imes) does not  consider the s h i f t  i n  avai lab le f l i g h t  times as seen i n  
f i g u r e  1. Therefore, the longer f l i g h t  times i n  a headwind and shorter f l i g h t  
times i n  a t a i l w i n d  are not  considered. Second, the a i rp lane w i l l  be unable 
t o  achieve f l i g h t  times associated w i t h  reference p r o f i l e s  t h a t  command speeds 
and/or descent f l  i ght path angl es beyond the capabi 1 i t i e s  o f  the airplane. 
Figure 8 i l l u s t r a t e s  the second s i t ua t i on  f o r  a 50 knot mismodeled wind. 
Required c ru i se  Mach numbers f o r  the mismodeled winds are c l e a r l y  seen t o  
exceed the maximum o r  minimum speed c a p a b i l i t i e s  o f  the a i rp lane f o r  a 
s i g n i f i c a n t  range o f  desired f l i g h t  times. 
the basel ine scenario i s  presented i n  f i gu re  9 i n  terms o f  t i m e  e r r o r  versus 
desired f l i g h t  t ime .  

The r e s u l t i n g  time c a p a b i l i t y  f o r  

Given a maximum acceptable time error,  the l oss  i n  time f l e x i b i l i t y  can be 
computed. For example, the t i m e  window f o r  a modeled 50 knot headwind (from 
Table I )  i s  13.62 minutes. 
headwind e r r o r  increases the minimum f l i g h t  t i m e  t o  31.2 minutes wh i l e  
decreasing the maximum f l i g h t  time t o  37.5 minutes r e s u l t i n g  i n  a time window 
o f  6.3 minutes. 
54 percent. 
f l e x i b i l i t y  t o  43 percent (a 7.8 minute t i m e  window from f i g u r e  9) .  

It can be seen from f i g u r e  9 t h a t  a 50 knot 

This represents a loss i n  t ime f l e x i b i l i t y  o f  7.32 minutes o r  
An al lowable 30 second time e r r o r  reduces t h i s  loss i n  t ime 

The e f f e c t  o f  wind e r ro rs  a t  d i f f e r e n t  reference c ru i se  a l t i t u d e s  on t i m e  
f l e x i b i l i t y  i s  presented i n  f igure 10. As seen i n  the f igure,  t i m e  e r r o r s  
occur sooner a t  higher cru ise a l t i t udes  f o r  a given wind e r r o r  condi t ion,  
r e s u l t i n g  i n  smaller t ime windows a t  the higher a l t i t udes .  The modeled wind 
t i m e  windows a lso decrease a t  h igher a l t i t udes  as seen i n  Table I. 
i n  t i m e  windows f o r  modeled and mismodeled winds as a funct ion o f  c ru i se  
a l t i t u d e s  i s  i l l u s t r a t e d  i n  f i g u r e  11 for the 50 knot headwind condi t ion.  
change i n  t i m e  window i s  seen t o  be a l i n e a r  decrease w i t h  increasing c r u i s e  
a l t i t u d e  f o r  both the modeled and mismodeled winds. The r e s u l t  i s  an 
i ncreasi ng percentage o f  1 o s t  t i m e  f l e x i  b i  l'i ty w i  t h  increasing c ru i se  
a1 ti tude. S i m i  1 a r  r e s u l t s  are observed f o r  the other wind e r r o r  condit ions. 
A summary p l o t  o f  l o s t  t ime f l e x i b i l i t y  versus wind e r r o r  i s  presented i n  
f i g u r e  12. 

The change 

The 

Fuel penal t ies.  - I n  add i t i on  t o  los ing t ime f l e x i b i l i t y ,  mismodeled wind 
r e s u l t s  i n  fue l  penal t ies t o  the airplane. 
from the improper descent range being computed, therefore requ i r i ng  t h r o t t l e  
o r  speedbrake compensation t o  maintain reference f l i g h t  path. I n  a mismodeled 
headwind, the descent range i s  longer than optimal, r e q u i r i n g  addi t ional  
t h r o t t l e  dur ing descent. I n  addi t ion,  the required c ru i se  Mach i s  higher than 
optimal c ru i se  Mach i n  order t o  achieve the same t i m e  w i t h  a longer descent. 
I n  a mismodeled ta i lw ind,  the descent range i s  shorter than optimal, r e q u i r i n g  
speedbrake compensation t o  maintain the same i n e r t i a l  f l i g h t  path. 
resu l t ,  a s i g n i f i c a n t  addi t ional  time i s  spent a t  c ru i se  t h r o t t l e  ra the r  than 
i d l e  t h r o t t l e  r e s u l t i n g  i n  addi t ional  fue l  usage. The fue l  versus time 
performance spectrum f o r  the base1 i ne scenario under m i  modeled wind 
condi t ions i s  presented i n  f i g u r e  13. Fuel penal t ies were obtained by 
subtract ing the fuel required f o r  a given f l i g h t  t ime and wind cond i t i on  i n  
f i gu re  1 (optimal performance) from the fue l  required f o r  the same time and 

These penal t ies a r i se  p r i n c i p a l l y  

As a 



wind condition i n  figure 13 ( m i  modeled performance 1. 
penalties are presented i n  figure 14. 
altitudes are given i n  figure 15. A summary p l o t  of average fuel penalties 
versus wind error is  presented i n  figure 16. 

Several interesting trends are evident i n  the fuel penalty results. Tailwind 
errors are seen t o  produce essentially 1 inear fuel penal t i es  w i t h  increasing 
wind errors for  a given f l i g h t  time. In a d d i t i o n ,  higher cruise altitudes 
result i n  f a i r l y  consistent increases i n  fuel penalties for both 25 and 50 
k n o t  t a i  lwi nds. Headwind errors, however, exhibit non-1 i near fuel penal t i es  
w i t h  both increasing wind errors and increasing cruise altitude. The basic 
factor responsible for the non-linear behavior of fuel penal t i es  in headwinds 
i s  the drag characteristic of the airplane. 
increasing Mach (compressibility drag) demands considerable thrust 
requirements i n  mismodeled headwinds. This i n  turn results i n  higher fuel 
penalties a t  high Mach and h i g h  altitude conditions. 
more or less pronounced depending on the Mach drag rise characteristics of 
d i  f ferent ai rpl ane types. 

The resulting fuel 
Fuel penalties for different cruise 

The drag increase associated w i t h  

T h i s  situation would be 

CONCLUDING REMARKS 

This report has presented specific time flexibil i ty and fuel penalty data  for 
the B-737-100 j e t  transport airplane f l y i n g  4D fl ight trajectories i n  the 
presence of constant wind errors. The 200 nautical  mi  1 e crui se/descent 
scenario evaluated i s  a typ ica l  example of the 4D situation likely t o  be 
encountered by an a i rp lane  i n  an advanced time-metered a i r  t r a f f i c  control 
system. While the numerical results are specific t o  the 8-737-100 airplane, 
some general comnents and conclusions are deemed appropriate. 

Variations i n  w i n d  shif t  the optimal fuel versus time performance spectrum of 
an airplane both i n  time and fuel. Cruise speed and descent range required t o  
achieve a specific f l i g h t  time are similarly shifted due t o  wind. Mismodeled 
wind neglects these shifts i n  time, speed and descent range, forcing the 
airplane t o  f l y  off-optimal f l i g h t  trajectories. The resulting loss i n  time 
flexibil i ty affects the a b i l i t y  of the airplane t o  achieve a desired arrival 
time. The fuel penalties incurred while correcting for wind  errors affect the 
economy of time-based a i r  t raff ic  control operations. 

Mismodeled tai lwinds affect the airplane differently t h a n  mismodeled 
headwinds. In general, a mismodeled t a i lw ind  will  penalize the airplane t o  a 
greater extent t h a n  a headwind. The reference descent range i n  a mismodeled 
tailwind i s  less t h a n  optimal, resulting i n  more time spent a t  cruise 
altitude. 
capability of the airplane thus reducing the time flexibil i ty.  The airplane 
must also maintain higher average thrott le settings resulting i n  substantial 
fuel penal t ies .  I n  mi smodel ed headwi nds , however, the ai rpl ane w i  1 1 descend 
early and fuel penal t ies  will be small u n t i l  the airplane approaches maximum 
speed and encounters h i g h  levels of drag. 
costly as tailwinds i s  dependent on the airplane drag characteristics. 

Cruise altitude also affects bo th  time flexibil i ty and fuel penalties in 
m i  smodel ed w i  nds. Hi gher crui se a1 ti tudes resul t i n  reduced time f 1 exi bi 1 i ty  
and increased fuel penalty. Optimal cruise altitudes are found t o  produce the 

The higher true airspeeds during cruise l imit  the slow speed 

The p o i n t  where headwinds become as  
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greatest penal ties.  The tradeof f between efficiency gai ned a t  higher crui se 
a1 t i  tudes versus penal ties due to mismodeled wind should be assessed for 
individual airplane types. I t  may prove advantageous t o  f ly  lower cruise 
a1 t i  tudes when operating under time-based air traffic control situations. 
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APPENDIX A - TRAJECTORY GENERATION ALGORITHM DESCRIPTION 

The algor i thm u t i l i z e d  t o  generate reference t r a j e c t o r i e s  f o r  t h i s  study was 
adapted from the computer program described i n  reference 5. 
developed by Boeing Commercial Airplane Company, u t i l i z e d  s ingu la r  
per turbat ion theory i n  con j u n c t i o n  w i t h  the energy-state approximation t o  the 
v e r t i c a l  equations o f  motion t o  compute near-optimum v e r t i c a l  f l i g h t  
t r a j e c t o r i e s .  The formulat ion o f  the algorithm, as adapted from reference 1, 
i s  presented i n  t h i s  appendix. 
modi f icat ions made t o  the a lgor i thm f o r  t h i s  study. 

This program, 

Included are descr ipt ions o f  s p e c i f i c  

Equations o f  Motion 

The energy-state approximation o f  the 1 ongi t u d i  nal model o f  the a i rp lane was 
taken i n  reference 1 t o  be as follows: 

where x was the range, V the airspeed, Vw the w,ndspeed, m the mass, f the 
fue l  f l ow  rate,  E the energy height, T the thrust ,  D the drag, y the f l i g h t  
path angle, and h the a l t i t u d e .  E i s  a small "s ingular  per turbat ion"  
parameter t h a t  arises as a consequence o f  the p a r t i c u l a r  a i rp lane dynamics and 
an appropriate choice o f  sca l i ng  the equations o f  motion. 

The computer implementation o f  the algor i thm ( r e f  5 )  d i d  no t  include the 
second term on the r i g h t  hand s ize o f  equation A.3, assuming i t  t o  be 
neg l i g ib le .  Since energy change and energy r a t e  were u t i l i z e d  i n  the program 
t o  ca l cu la te  time and distance dur ing cl imb and descent, s i g n i f i c a n t  e r ro rs  i n  
the reference t ra jec to ry  were computed i n  the presence o f  wind. To a l l e v i a t e  
the problem, equations A.3 and A.4 were reformulated t o  represent airmass- 
based energy and energy r a t e  as fol lows: 

E = h + V2/2g 
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This re formulat ion was found t o  be preferable t o  i nc lud ing  the wind terms i n  
equation A . 3  since f l i g h t  path angle, y , could no t  be e x p l i c i t l y  known when 
dE/dt was computed. Equations A . l  and A . 2  remained unchanged. 

The airspeed V and t h r u s t  T were the contro l  variables, varying w i t h i n  the 
1 i m i  t s :  

Vmin < V < Vmax - -  

Both Vmin and Vmax were funct ions o f  a l t i t u d e  and represented the 
cont ro l  1 a b i l  i ty, s t ruc tu ra l ,  and performance 1 im i ta t i ons  on the airplane. The 
a i rp lane model also included fuel f low r a t e  f(h,M,T), the  drag po la r  CD(CL,M), 

and m i  n i  mum and maxi mum thrus ts  Tmi n (M, h 1, Tmax (M, h 1. 
C,, the  drag coe f f i c i en t ,  and CL the  l i f t  coe f f i c i en t .  

It should be noted t h a t  the l i m i t s  on t h r u s t  and airspeed were not  included i n  
the fo l l ow ing  formulat ion o f  the opt imizat ion equations. 
t r a j e c t o r i e s  which encounter sol  u t i  ons a t  these 1 i m i  t s  must be consi dered sub- 
optimal. 

M denotes Mach number, 

Climb o r  descent 

Performance Index 

The op t im iza t ion  problem was t o  steer the system, equations A . l ,  A .2 ,  and A . 5  
from an i n i t i a l  s ta te  (xl,ml,E1) a t  tl t o  a f i n a l  s ta te  ( x  ,m ,Ef) a t  f i x e d  

expression 
f i n a l  t ime tf SO t h a t  the fue l  spent i s  minimized. Equiva Q I  en ly,  the 

tf 
J = Cfdt  

t 1 

was minimized where Cf  was the cos t  of f ue l .  

Pontryagin's Minimum P r i n c i p l e  

The Hamiltonian f o r  equations A . l ,  A.2, A . 5 ,  and A . 9  was 

H1 

where A,, Am, 

respect ive ly .  

V (T - D) 
+ 'E mg 

( A . 9 )  

( A . 1 0 )  

and hE were the range, mass, and energy a d j o i n t  var iables 

Pontryagi ns I s m i  nimum p r i  n c i  p l  e s ta tes t h a t  the Hami 1 t o n i  an i s  
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minimum along an optimal t ra jec to ry .  Furthermore, since the f i n a l  t i m e  i s  
f ixed, and H1 i s  not an e x p l i c i t  funct ion of time, H1 i s  constant along the  
optimal t ra jec to ry  and given by 

min {H1}= K 
T,V 

( A . 1 1 )  

K has the u n i t s  o f  cos t  per u n i t  time, and if Ct = -K i s  selected, equation 
A . l l  may be rewr i t ten  

along the optimal t ra jec to ry .  
cos t  (DOC) opt imizat ion w i th  f ree  terminal  time and cost  parameters Cf  and 
Ct. The 4D opt imizat ion problem was solved by i t e r a t i n g  on Ct w i t h  f i x e d  Cf 
u n t i l  desired f l i g h t  time was computed. 

It, therefore, reduces t o  a d i r e c t  operat ing 

Cruise Cost Function 

A s  E -* 0 ,  the outer so lu t ion  (according t o  s ingu la r  per turbat ion theory) was 
reduced t o  

Using Pontryagin's minimum p r inc ip le ,  we fu r ther  get 

( A .  14) 

The r a t i o  t o  be minimized i n  A . 1 4  i s  re fe r red  t o  as the c ru ise  cos t  funct ion.  

C1 imb/Descent Cost Funct ion 

During climb/descent, the independent var iab le was redef ined as y = t / E  fo r  
cl imb and u = ( t  - t ) / e  for  descent such t h a t  E -+ 0, y ,  and u were f i n i t e  
over c l imb and descenf, respect ively.  
i n t o  

Equation A. 12 was therefore transformed 
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where A, and Ax, correspond t o  the values dur ing cru ise.  To minimize 
equation A. 15, the energy a d j o i n t  

(A .  15) 

m i  n 
V,D<T<Tmax Ct + (Cf - Am)f + hXc(V + Vw) 

'E ( A . 1 6 )  v m4 - c - - he - - 
I M X  

V, Tmi n <T<D -- 
The minimizat ion was done t o  get the climb so lut ion,  and the maximization t o  
get  the descent so lut ion.  The r a t i o  i n  equation A . 1 6  t o  be optimized a t  
cur ren t  energy E, was c a l l e d  the climb/descent cost  funct ion.  

The computer implementation of the algor i thm ( re f .  5) was found t o  a c t u a l l y  
perform t h i s  climb/descent opt imizat ion a t  f i x e d  a l t i t u d e  ra ther  than f i x e d  
energy condi t ions.  
computation speed by e l im ina t ing  atmospheric subroutine c a l l s  dur ing the 
Fibonacci search f o r  optimum speed a t  each c l  imb/descent step. The r e s u l t i n g  
c l  imb/descent t r a j e c t o r i e s  were found t o  be sub-optimal compared t o  us ing 
f i x e d  energy steps. 
f i x e d  energy techniques f o r  the cruise/descent segments used i n  t h i s  study was 
q u i t e  small, and i t  was deemed unnecessary t o  modify the Boeing program f o r  
t h i s  appl icat ion.  

Thi s technique simp1 i f i ed the program and improved 

The di f ference i n  fuel between the f i x e d  a l t i t u d e  and 
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APPENDIX B - TRAJECTORY TRACKING PROGRAM DESCRIPTION 

A t rack ing  program was developed t o  provide fuel and time requi red t o  f l y  
reference ve r t i ca l  p r o f i l e s  under a r b i t r a r y  atmospheric condit ions. The 
program u t i l i z e d  equations based on a point-mass energy s ta te  approximation t o  
v e r t i c a l  motion, w i th  prov is ions fo r  both non-standard atmospheric temperature 
and wind e f fec ts .  F u l l  a i rp lane performance modeling was provided, i nc lud ing  
f u e l  flow, drag, and appropriate cons t ra in ts  on th rus t ,  speed, and speedbrake 
c a p a b i l i t i e s .  This appendix describes the equations and methodology u t i l i z e d  
i n  t h i s  t rack ing  program. 

Equations o f  Motion 

The energy s ta te  approxi mati on t o  the 1 ongi t u d i  nal po i  nt-mass equations o f  
motion was used t o  determine time and fuel used between waypoints on a 
reference v e r t i c a l  t ra jec to ry .  The fundamental equations are: 

E = h + V2/2g 

E = V (T - D)/mg 

x = v + v w  

m = -f 

where E i s  spec i f i c  t o t a l  energy r e l a t i v e  t o  the airmass, x i s  range, m i s  
a i rp lane mass, h i s  t rue  geopotential a l t i t u d e ,  V i s  airspeed, Vw i s  
windspeed, T i s  thrust ,  D i s  drag, and f i s  fue l  f low rate. The a i rp lane 
performance model provides t h r u s t  T(hp,M), f ue l  f low r a t e  f(T,hp,M,Tk), l i f t  

coe f f i c i en t  CL(m,M,h ,6 

l i m i t s  on airspeed, thrust ,  and speedbrake 6 . M denotes Mach number, h i s  

Energy change between two po in ts  on the t r a j e c t o r y  was determined by: 

1, drag c o e f f i c i e n t  CD(CL,M,6,b), and appropriate 

P 
P sb 

pressure a1 ti tude, and Tk i s  atmospheric tem&ature. 

( B . 5 )  2 AE = Ah + A(V /2g). 

T ime between waypoints, from 8.2 and B.5 was: 

Distance and fuel between waypoi n t s  then become: 



AF = -Am = f / A t  (8 .8)  

where F i s  the fue l  used. 

Non-standard atmosphere. - The t r u e  geopotenti a1 a1 ti tude h , i n  equation B .  1 , 
s the same as pressure a l t i t u d e  h , used i n  the a i rp lane performance if unc t i  ons, only under standard atmgspheri c condi t ions . A1 t ime te r  s e t t i  ngs f o r  

a i rp lanes f l y i n g  above 18 000 f e e t  are requi red t o  be pressure a l t i t u d e .  For 
non-standard temperature condi t ions,  correct ions must be appl ied t o  the 
ind ica ted  pressure a l t i t u d e  i n  order t o  obta in  t rue  a l t i t u d e  f o r  the equations 
o f  motion. 
waypoints i n  equation B.6, i t  i s  only necessary t o  ca lcu la te  the change i n  
t r u e  a l t i t u d e  Ah, and not  absolute t rue a l t i t u d e  h. From reference 6, t h i s  
cor rec t ion  i s :  

Since t rue  a l t i t u d e  i s  only used t o  determine t ime between 

where Tk,s i s  the average standard day temperature a t  the given pressure 
a l t i t u d e .  
condi ti ons then becomes: 

The equation f o r  t i m e  between waypoints f o r  non-standard day 

n 

( B .  10) 

Tracking Methodol ogy 

Cruise. - Fuel requi red f o r  a f i x e d  time, f i x e d  range c ru ise  segment was 
determined by ca l cu la t i ng  the  required average airspeed over the segment. 
the airspeed was w i t h i n  the capab i l i t i es  o f  the airplane, f ue l  used was 
ca lcu la ted  using the average fue l  flow a t  the midpoint o f  the segment f o r  
t h r u s t  equal t o  drag. Required airspeeds beyond the c a p a b i l i t i e s  o f  the 
a i rp lane were l i m i t e d  t o  the maximum o r  minimum speeds. Time was recalcu lated 
a t  the  r e s t r i c t e d  speed and fue l  then determined a t  the rev ised condi t ions.  
A t  the conclusion o f  a l l  c ru ise  segments, a t i m e  e r r o r  was computed as the 
actual  t i m e  minus the desired time. This time e r r o r  was passed t o  the 
subsequent descent segment. 

I f  

Descent. - The descent t rack ing  assumed the reference p r o f i l e  was computed a t  
i d l e  th rus t .  For each consecutive waypoint, the program would f i r s t  determine 
the airspeed requi red t o  match the groundspeed o f  the reference p r o f i l e .  The 
speed was adjusted t o  reduce an ex i s t i ng  time e r r o r  by adding o r  subt ract ing a 
speed increment of 2 f t / sec  f o r  each second o f  t i m e  e r ro r  up t o  a maximum o f  
adjustment of 10 ft /sec. As i n  cruise, the airspeed was l i m i t e d  t o  the 
c a p a b i l i t i e s  of the airplane. 
ca lcu la ted  using equations B.10 and 8.7. 
than desired distance, add i t iona l  th rus t  o r  speedbrake was used t o  achieve the  
desired distance. 
capabi 1 i t i e s  , d i  stance er ro rs  woul d cont i  nue t o  accumul ate. 

Time and distance between waypoints was then 
I f  actual  distance was more o r  l ess  

I f  requi red th rus t  o r  drag exceeded the a i rp lane 
The f i  nal 
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conditions would always match the reference p r o f i l e  a1 t i tude;  however, time, 
groundspeed, and range could vary depending on the leve l  o f  mismodeling i n  the 
reference prof i 1 e and the capabi 14 t i e s  o f  the a i  r p l  ane. 
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TABLE I - TIME CAPABILITIES FOR REFERENCE SCENARIOS 

Cruise 
A1 ti  tude 

( f t )  

29 000 
II 

I I  

II 

I I  

31 000 
It 

II 

I I  

II 

33 000 
I1 

I I  

II 

I1 

35 000 
I 1  

II 

I1 

I1 

Optimal 
I1 

I1 

II 

I1 

Wind 

50 k n o t  t a i lw ind  
25 k n o t  t a i lw ind  
no wind 
25 k n o t  headwind 
50 k n o t  headwind 

50 k n o t  t a i lw ind  
25 k n o t  t a i lw ind  
no wind 
25 k n o t  headwind 
50 k n o t  headwind 

50 k n o t  t a i lw ind  
25 k n o t  t a i lw ind  
no wind 
25 k n o t  headwind 
50 k n o t  headwind 

50 k n o t  t a i lw ind  
25 k n o t  t a i lw ind  
no wind 
25 k n o t  headwind 
50 knot headwind 

50 k n o t  t a i lw ind  
25 k n o t  t a i lw ind  
no wind 
25 k n o t  headwind 
50 k n o t  headwind 

M i n i m u m  
T i  me 

24.05 
24.25 
26.56 
28.02 
29.66 

24.21 
25.43 
26.77 
28.28 
29.92 

24.40 
25.65 
27.00 
28.54 
30.23 

24.61 
25.88 
27.26 
28.85 
30.62 

24.21 
25.39 
26.69 
28.14 
29.72 

Maxi mum 
T i  me 

33.86 
36.29 
39.10 
42.38 
46.26 

33.30 
35.62 
38.28 
41.37 
45.01 

32.79 
35.00 
37.53 
40.44 
43.85 

32.33 
34.44 
36.84 
39.59 
42.79 

33.91 
36.40 
39.28 
42.67 
46.71 

T i  me 
Window 

9.81 
12.04 
12.54 
14.36 
16.66 

9.09 
10.19 
11.51 
13.09 
15.09 

8.39 
9.35 
10.53 
11.90 
13.62 

7.72 
8.56 
9.58 
10.74 
12.17 

9.70 
11.01 
12.59 
14.53 
16.99 

NOTE: Times are fo r  90 000 l b  8-737-100, 200 nautical mile 
c ru i se /descen t  w i t h  winds accu ra t e ly  modeled. 
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Figure 1 . -  Time cost versus flight time for constant winds. 
go 000 1 b  8-737-100, 200 nautical mile cruise/descent. 
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Figure 2 . -  Optimal fuel versus time for constant winds. 
90 000 lb 8-737-100, 200 nautical mile cruise/descent. 17 



Flight t i n e .  minutes 

Figure  3.- Optimal cru ise  Mach f o r  constant winds. 
90 000 l b  B-737-100, 200 naut ica l  m i l e  cruise/descent. 



Figure 5.-  Optimal cruise altitude for constant wind. 
90 000 l b  8-737-100, 200 nautical mile cruise/descent. 

. 

Figure 6 . -  Optimal fuel versus f l ight  time for no wind. 
90 000 lb B-737-100, 200 nautical mile cruise/descent. 
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Figure 8.-  Cruise Mach in modeled and mismodeled 50 knot wind. 
90 000 lb 8-737-100, 200 nautical mile cruise/descent. 

Figure 9 . -  Time error versus f l ight  time for mismodeled wind. 
90 000 lb 8-737-100, 200 nautical mile cruise/descent. 
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Figure  11.- Cruise a l t i t u d e  e f f e c t  on ava i lab le  time window f o r  modeled and 
mismodeled 50 k t  headwind. 90 000 l b  B-737-100, 200 naut ica l  
m i  1 e cru i  se/descent . 
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Figure  12.- Loss i n  t ime f l e x i b i l i t y  versus wind er ror .  
90 000 l b  8-737-100, 200 naut ica l  mi le  cruise/descent. 
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Figure 13.- Fuel versus fl ight time for mismodeled winds. 
90 000 lb 8-737-100, 200 nautical mile cruise/descent. 

F I  i g i t  tine. rn imies 

Figure 14.- Fuel penalty versus time for mismodeled wind. 
90 000 lb B-737-100, 200 nautical mile cruise/descent. 
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