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FORCE AND MOMENT ROTORDYNAMIC COEFFICIENTS FOR
PUMP-IMPELLER SHROUD SURFACES

Dara W. Childs
Texas A&M University
College Station, Texas 77843

Governing equationa of motion are derived for a bulk-flow model of
the leakage path between an impeller shroud and a pump housing. The
governing equations consist of a path-momentum, a circumferential -
momentum, and a continuity equation. The fluid annulus between the
impeller shroud and pump housing is assumed to be circumferentially
symmetric when the impeller is centered; i.e., the clearance can vary
along the pump axis but does not vary in the circumferential direction.

A perturbation expansion of the governing equations in the
eccentricity ratio yields a set of zeroth and first-order governing
equations, The zeroth-order equations define the leakage rate and the
circumferential and path velocity distributions and pressure

| distributions for a centered impeller position. The first-order
| equations define the perturbations in the velocity and pressure
‘ distributions due to either a radial-displacement perturbation or a
tilt perturbation of the impeller. Integration of the perturbed
pressure and shear-stress distribution acting on the rotor yields the
reaction forces and moments acting on the impeller face.

Introduction

Figure 1 illustrates an impeller stage of a multi-stage
: centrifugal pump. Leakage along the front side of the impeller, from
impeller discharge to inlet, i=s restricted by a wear-ring =eal, while
leakage along the back side is restricted by either an interstage seal
or a balance-discharge seal. Lomakin [1] originally recognized the
| major influence that seals have on the rotordynamic response of
| centrifugal pumps. Recent analysis and test results are provided by
references [2-4].

More recently, various investigators have considered the forces
developed by flow through the impeller and its interaction with either
a volute or a vaned diffuser. Cal Tech researchers [5] have presented
measured force coefficients for an impeller precessing in a volute.
Ohashi and Shoji [6] also provide measured force coefficients for an
impeller whirling in vaneless and vaned diffusers. More recently,
Bolleter et al. [7] from Sulzer Brothers, Ltd. have also presented test
results for an impeller in a vaned diffuser. The Cal Tech and Sulzer
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test programs use conventional impellers in their test programs, but
use a radial face seal to minimize or eliminate the forces which would
normally be developed by the wear-ring seals. The face seals employed
by these investigators sharply reduce the leakage flow down the front
face of the impeller. The impeller tested by Ohashi et al. has flat,
parallel, front and back shrouds. Teat results from all these
investigators suggest that impellers create relatively benign forces
from a rotordynamic viewpoint. Ohashi concludes that impeller forces
would damp forward whirling motion in most operating conditions. The
Cal Tech and Sulzer researchers conclude that impellers would provide
positive damping unless a rotor's running speed exceeded its critical
speed by an approximate factor of 2.5. Hence impellers are predicted
to yield smaller destabilizing forces than bearings or long seals which
are predicted to yleld destabilizing forces when the running speed
exceeds twice the critical speed.

There is some contrary evidence from operating pump experience
with respect to impeller forces. Specifically, Massey [8] cites
experience with an 11-stage pump which was unstable and whirled at 80¢%
of running speed; i.e., the pump was unstable when 1its running speed
was only 1.25 times the critical speed. The HPOTP (High Pressure
Oxygen Turbopump) of the SSME also whirled at 80% of running speed [9].
This evidence suggests that some unaccounted-for destabilizing force is
present in pumps. The present analysis is aimed at investigating the
forces and moments developed by impeller-shroud forces.

A bulk-flow analysis is employed similar to that of Childs and Kim
[3]. However the analysis 1s extended to account for the changing
geometry of 1impeller surface. In addition, the shear stress
contribution to the reaction forces is accounted for, and the reaction-
moment coefficients are calculated using the approach of reference
[10]. Specifically, the following general model is used to define the
reaction forces and moments which arise for small motion of a pump
impeller about its centered position.
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where (Fx, Fy), (X, Y) define the components of the impeller reaction
forces and relative displacements, and (My, My), (ay, ay) define the
components of the reaction moments and rotation (small-angles) vectors.

Geometry and Kinematics

Figure 1 illustrates the annular leakage paths along the front and
back sides of a typical shrouded impeller of a multistage centrifugal
pump. The present discussion concentrates on the flow and pressure
fields within the forward annulus; however, the analysis also applies
to the rear annulus. As i{llustrated in figure 2, the outer surface of
the impeller i{s a surface of revolution formed by rotating the curve
R = R(Z) about the Z axis. A point on the surface may be located by
the coordinates Z, R(Z), 6. The length along the curve R(Z) from the
initial point Ry, Zj to an arbitrary point R, Z is denoted by S and
defined by

A R
S=/J Y1+ dR Tdu= /S 1+ dz 7 du (2)
zy @ Ry dR

In the equations which follow, the path coordinate S and angular
coordinate 6 are used as independent spatial variables. The co-
ordinates Z,R defining the impeller surface are be expressed as
parametric functions of S, i.e., Z(S), R(S).

Trigonometric functions of the angle Y, illustrated in figure 3,
are defined as follows

dR
tanY = - —
dz
(3)
dz dR
cosY = — , 8inY = -~ —
ds ds

The clearance between the impeller and the housing is denoted as
H(S,8,t), with the time dependency introduced by impeller motion. 1In
the centered position, the clearance function depends only on S and is
denoted by Hy(S). Displacement of the impeller in the X and Y
directions obviously causes a change in the clearance function. The
clearance function {s also changed by pitching or yawing of the
impeller as defined by rotations ay, ay about the X and Y axes,
respectively. For small displacements and rotations of the impeller
the clearance function can be stated

H(S,8,t) = Ho(S) - [(X + ayZ) cosY - ayRsinY] cose
(4)
- [(Y - ayxZ) cosY + ayRsinY] sins

Observe 1in this equation that Hy» R, Z, cosY and sinY are solely
functions of S, while X, Y, ay, ay are functions only of t.

505



Governing Equations

Returning to figure 2, the path coordinate S and circumferential
coordinate RO are used to locate a fluid differential element of
thickness H(S,6,t) illustrated 1in figure U. From the geometry of
figure 4, the continuity equation can be stated

oH 9 123 H @R
— + — (UgH) + - — (UgH) + (=) — Ug = 0
ot oS R 96 R @S

where Ug and Ug are the path and circumferential bulk-velocity
components, respectively.

Figure &5 1illustrates the pressure and shear-stress components
acting on the differential fluid element. The first subscripts (s,8)
in the shear-stress definitions (145, tsr), (1ga, Tgr) denote path and
6 directions, respectively; the second subscripts (s, r) denote stator
and rotor surfaces, respectively. The path momentum equation can be
stated

3P Ug2 dR
“H = = - pH = — + 195 * Tgr
asS R dS

+ pH (——— + —_— o —

ot 36 R 3S

Us )

The circumferential-momentum equation can be stated

H 9P olg alg Ug aUg UgUs dR
- - — = 1ga * Tgpr * pH (——— + ——— + — Us +
R 96 ot 9% R aS R 3s

Following Hirs' approach [11], the wall shear-stress definitions in
these equations can be stated

ns ms+1
Tss = < 0 Ug2 RS [1 + (Ugrug)2] 72 (5)
nr mr+1
ns ms+1
Tgs = — p Ug Ug Ra®S [1 + (ug/ug)2] 72
2
nr mr+1

tor = — o Us (Ug = Rw) R™ {1 + [(Ug-Rw)/Ugl2} 72

\V]
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where
Ra = 2H Ug /v (6)

The empirical coefficients (ns, ms), (nr, mr) account for different
surface roughnesses on the stator and rotor, respectively.

Impeller-Annulus Geometry

For this analysis, the assumption 1is made that the impeller is
nominally centered in its housing. Hence, 1in the centered position,
the clearance function Hy(s) is only a function of the path coordinate
S and does not depend on the azimuthal coordinate R6., The inlet-
clearance function Ho(0), the inlet path velocity Ug(0), and the inlet
radius R(0) are denoted, respectively, by Cy, Vi, and Ry. In terms of
these variables, leakage volumetric flowrate is defined by

Q - 2mR4{CiVy (7)

The length of the leakage path along the impeller face is defined by

Zi+L
Lg = [ V1+ dR Z 4z (8)
Zy dz

Nondimensionalization and Perturbation Analysis

The governing equations define the bulk-flow velocity components
(Ug, Upg) and the pressure P as a function of the coordinates (R6, S)
and time, t. They are conveniently nondimensionalized by introduc ing
the following variables

ug = Us/Vy, ug = Ug/Rju, p = P/pVy?
h = H/Cj, s = S/Lg, I = R/Rj (9)
T=wt, b= Vi{/Rj w, T = Lg/Vj
The objective of the present analysis is to examine the changes in (ug,
Ug, p) due to changes in the clearance function h(8, s, t) caused by

small motion of the impeller within its housing. To this end, the
governing equations are expanded in the perturbation variables

Ug = ugo *+ €ugy, h = hg + ehy
Ug = Ugo + €Ug1, P = Po * EP (10)

were e=e/Cy is the eccentricity ratio. The following equations result:
Zeroth-Order Equations

(a) Path-Momentum Equation
(11a)

dp dug 1 dr 2 Os*or
— . Uso 2. - (=) (ugo’) + ( ) ugo? = 0
ds ds r ds
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(b) Circumferential-Momentum Equation

dugo ugo dr
+ 2 — — + [op(ugg =r) + dgugpl = O (11b)
ds r ds

2

(¢) Continuity Equation

r hy ugg = 1 (11e)
observe that the continuity equation follows directly from Eq. (7)
First-Order Equations

(a) Path-Momentum Equation

apq
= = hjA13 — ugy Apg — ug1 A3g (12a)
9s
dug1 Ugo dug1 dug1
- |wT + T — + Ugg
ot r 08 o8

(b) Circumferential-Momentum Equation

Lg 1 3pq
— - —— = hy A1g ~ ug1 Azg ~ uath3g (12p)
Ri r 26
dug1 Ugo 9ug1 dug1
- wT + wT - + uSo
ot r 00 as

(c) Continuity Equation

dug wT  dug 1 dr 1 dhg
+ - + ug [- — + — ——-) -
08 r 08 r ds hy ds
(12¢)
hiugo dhg 1 oh Ugo dhyq ahy
- c— = — (ugp ™ + WT — — + T —)
ho2 ds ho ds r 98 1

Most of the parameters of these equations are defined in Appendix A.
The quantities og and op are defined by

Os - (Ls/Ho) AS y Or = (LS/HO)A]" (13)

where Ag and )\, are dimensionless stator and rotor friction factors
defined by

ms+1
As = ns RgoM [1+ (Ugo/bugg)?]
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mr+1
Ap = nr Rao™ {1 + [(ugomr)/bugol?}™ 2

Zeroth-Order-Equation Solutions

The zeroth-order EQs. (11) define the preaasure and velocity
distributions for a centered impeller position. For a known volumetric
flowrate, the continuity equation completely defines uggs. The
continuity equations can be used to solve for ugg to obtain

substituting into Eq. (11a) ylelds

dpg 1 dr  ugo? (a,.ws ) 1 dhy 1dr
—— + em———— | = om— aseg W= - L
ds r ds b2 2 ho ds r ds
(14)
dugo  ugo dr
+ —— ¢ [cr(ueo_r) + osueo]/z -0
ds r ds

Those equations are coupled and nonlinear and must be solved
iteratively. The 1initial condition for ugo(0) 1is obtained from the
exit flow condition of the impeller. The inlet and discharge pressure
of the impeller are known and serve, respectively, as the exit (Pe) and
supply (Ps) pressures for the 1leakage flow along the impeller face.
The inlet conditions for py is obtained from the inlet relationship

Pg = Py (0, 8, t) = p (14E) Ugo2(0, 8, t)/2 (15)
From this relationship, the zeroth-order pressure relationship is
Po(0) = Pg/pVi2 = (1+£) uge2(0)/2 (16)

The impeller exit may also include a restriction yielding a
relationship of the form

p
P (Lg,8,t) - Pg = = Cye Ug? (Lg,0,t) a7
2

The solution to the zeroth-order Egs. (14) must be developed
iteratively since all of the coefficients depend on the local path
velocity Ugo. In this study, the equations are solved by the following
iterative steps:

(a) Guess or estimate Vi which then defines ugy(s).

(b) Calculate pg(0) from Eq. (16), and use a specified ugy(0)
as initial conditions to numerically integrate Eqs. (14) out
to s =1, i.e., the annulus exit.
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(c) Based on the difference between a calculated exit
pressure and the prescribed exit pressure, calculate a
revised Vy and repeat the cycle until convergence 1= achieved.

First-order Equations Solutions

The first-order Eqs. (12) define the first-order perturbations
ugy (s,6,1), ugy (s,6,1), and py (s,6,1) resulting from the perturbed
clearance function hy. From Eqs. (4) and (9), hy can be stated

L Ri
hy =4 —|x+ — ) z| cosY + — ) rsinY }t cosé
eny = {-fxray () ay (=) retov}

(18)

L Ri
+1-ly-ay {—) z| cosY - ay (=) rsinY } sine
| x(Ci) . x(Ci) )

= hye(s,1)cos6 + hyg (s,1) siné

The theta dependency of the dependent variables {s eliminated by
assuming the following, comparable solution format

Ug] = Ugie COSB + ugig 8ind
Ug1 = Ugie COSB + ugig sind
P1 = P1c cos8 + p1g siné

Substituting into Eqs. (12) and equating like coefficients of cos8 and
sin6é yields six equations in the independent variables s,t. By
introducing the complex variables

Ug1 = Ugie * J ugis » Ue1 = Ugic *t J Ugis
(19)
P1 = Plec *Jp1s  »  hy =hie*J g

these real equations are reduced to the following three complex
equations in s and T.

9p1
a~ = hy Ajg — ugq Apg — Ugy Azg
8
(20a)
dug1 Ugo dug1
= |eT - J wlT = Usy * Uso
ot r os
b Lg
-3 - (=) p1 = b1 Ag - ugy App — us1 A3g
r Ri
(20b)
dug1 ugo dug1
- T = J wT —— ug1 * Ugg ——
ot r o8
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dug1 WT 1dr 1 dng

— -3 = gt *u; [(-—+——)-=
98 r rds hy ds
uso dho wT ueo uso 821 wT 821
h |-—m——+ry- -1 - (20¢)
ho2 ds hg r ho 8 hg a1

From Eqs. (3) and (17), hy can be stated

L dz
ey = -q (=) — -aGo (21)
Lg ds
where
L2 dz Rg2  dr
Go=(—)z— + (—)r— (22)

qQ=x+jy , o= ay - joyx

From Eq. (21), the following additional result is obtained

ohq L d2z
e—=-q(=)— -aF (23)
os Lg ds?
where
L2 dz 2 d2z Rj2 [ dr 2 d2r
Fi = (—) |(=) +z2— |+ (—) |(=) +r— (24)
CiLg | ds ds@ CiLg | ds ds2

The time dependency of Eqgs. (20) 1is eliminated by assuming
harmonic seal motion of the form

jf Jft Jft
q - qOe Q= aoe h‘] - h‘loe (25)

f = Q/w

where Q is the seal whirl frequency and qg and oo are real constants.
The associated harmonic solution can then be stated

Jft Jf1

Us1 = Ug1 € ugq1 = Ugte
(26)
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Substitution from Eqs. (25) and (26) into the governing complex partial
differential equations yields the following three complex ordinary
equations in =

d Us Ua1 Qo g1 o (8B4
- {291} + [AJ{Em} = (—) {82} + (=) {ss} (27)
ds P1 P1 € g3 € g6
where
(28)
(A= [1dr 1 dng wT
- — o —— ..J' — 0
r ds hgy ds r
b Lg
A3g/ugg (Aog *+ JTT)/uge ~J (—)
rugo Ry
1dr 1 dhg
A3s = Ugo (= — * — =] + JIT Apg + JuwTugg 0
| r ds hgy ds

I'T dz
Fo v+ j — —
g1 ho ds
L Ag dz
g2} = (—) - (—) — (29)
Lg Ugo ds
dz T dz
g3 - Ayg — — ugoF2 ~ Jusgo — —
ds hy ds
gl F3 + jGo I'T/hg
850 = {~R18G0/uso (30)
g6 ~GoA1s ~ Ugo F3 — JGouso I'T/ho
and
ugg d9z 1 dhg dz
Fpm = (= - = — =) (31)
ho ds? hy de  ds
Uq_o Go dho
F3 = — (F1 - —
ho hgy ds
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The following three boundary conditions are specified for the solution
of Eq. (27):

(a) The entrance-perturbation, circumferential velocity is zero,
i'eo'

ugy (0) = 0 (32.a)

(b) The entrance loss at the seal entrance is defined by Eq.
(15), and the corresponding perturbation-variable
relationship is

1 (0) = = (1 + E) ust (0) (32.b)

(c) The relationship at the exit is provided by Eq. (17) and
yields the following perturbation relationship

P1 (1) = Cge ugo (1) ugy (1) (32.c)

The value for Cyqe depends on the wear-ring seal geometry. Solution
of Eq. (27) for the boundary conditions of Eqs. (32) 1is relatively
straightforward, involving successive solutions for displacement and
rotation excitations. The complete solution is the sum of the
homogeneous solution (which depends on the unknown initial conditions
py (0), ugy (0)) and the particular solutions which are proportional to
either qo or ag. Complete solutions are developed separately for the
two vectors on the right-hand side of Eq. (27), which satisfy the
boundary conditions of Egs. (32). By virtue of the problem's
linearity, these two solutions may be added to obtain the complete
system solution or employed separately to calculate the rotordynamic
coefficients. The solution to Eq. (27), due to displacement
perturbation, is obtained by setting ag = 0, and may be stated

Us1 o, (f1c *J f1s Q0 4
Ug1 '(—) foc * J f2s '(*) f2 (33)
P1 € f3ec + J f3s € f3
The soluton due to angular perturbations is obtained by setting q5 = 0
and may be stated

§51 ao, (fuc * J fuys G0 £y
Y1 -(—-) f5o * J fss -(——) £5 (34)
P1 € fge * J f6s € fg

Reaction Forces and Moments

From figure 5, the differential force components acting on a
differential-impeller surface area can be stated

dFy = - (Pco’Y - 1pg sinY) R d6dS cosé + t1pg sind R déds
dFy = - (PcosY - tpg 8inY) R déds sin® - 1,9 cosé R déds (35)
dFz = - (PsinY + t1nq cosY) R déds
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The shear-streass contribution to these differential-force components
has been neglected in prior analysis of seals. The X and Y components
are used to define rotordynamic coefficients; the Z component
defines the axial thrust. Taking moments of the differential force
vector about the origin of the X, Y, Z system yields the following
differential moment components.

aMy ={-[P(RsinY-ZcosY) *+ tps (RecosY + ZsinY)] sing + Z tpgcose |

R doeds
dMy = {—[P(RsinY—ZcosY) + 1pg (RcosY + ZsinY)] cose + Z TpeSine}
R deds (36)

dM; = -1pg R2 deds

The X and Y components yield rotordynamic coefficients; the Z component
defines the drag torque.

From Eqs. - (35) and (36), the force and moment perturbations are
stated

Lg 27
Fyy = —ef [ (PqcosY - 1pgt 8inY) cosé R de6ds
o o
(37a)
Lg 27
+ef [ 1pg1 siné R dBdS
o o
Lg 2m
Fyi = —ef [ (PycosY = 1pgy 8inY) sin® R dedS
o o
(37D)
Lg 27
-e/ [ 1pg1 cos8 R deds
o o
Lg 27
Myy = —ef S [P1(RsinY - Z2cosY) + 1pgq (RcosY+Z sinY)] R sin6 deds
o o
(37¢)
Lg 27
+ef |  1tppy ZR cos6 dedS
o o
Lg 27
My; = ef [ [Py(RsinY - Z cosY)+ 1pgq (RcosY+Z sinY)]cose R deds
o o
(37d)
Lq 27
+e/ | 1pg1 ZR siné deds
o o
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From Eq. (5), the perturbation shear stresses can be stated

Tsr1 = pV32 (Bs1 ugy * Bs2 ugy + Bg3 hy)

(38)

ter1 = pVi2 (Bg1 us1 + B2 ugy + Bg3 hy)

The coefficientas of these

equations

are defined in the appendix.

Successive substitutions from (a) Eqs. (9) and (18), (b) Eqs. (19), and
(¢) Eqs. (21), (24), and (26) into Egs. (37) yields

=-jf1
Fp+jFg  (Fx1+jFyq)e (390)
= a
Fo Fo
enlg 1 L dz _ R dr
= - S 471 (=) — + ugy |(—) — Bgy + J Bgy
Cgl  o© Lg ds Lg ds
- R dr _ R dr
+ugy |(=) — Bgz *+ J Bgp| + 1y |(—) — Bg3 + J Bg3| g ras
Lg ds Lg d=
-jf1
Mg~JMr  (Myq1-jMyq)e (3909
= b
Fol. Fol
enlg 1 Riz dr L dz
VAR & ' [ S G R
Cq o LLg ds Lg ds
I & dr dz ]
+ugt | (=) (2 — -r =) Bay +J By
Lg ds ds
- -
_ Ry dr dz i
+ugy { (=) (z—-r —) Bgp + J Bgo
| Ls ds ds J
_ Ry dr dz
+ (=) (z—=-r—) Bg3 + J Bg3 rds
Lg dsa ds
where
Fo = 2RjLAP (40)
Note that
pV;2
AP = Pg - Pg = Cq — (41)
2



is the total pressure drop along the leakage path from impeller
discharge to inlet.

Rotordynamic Coefficients for Displacement Perturbations

Egs. (39) apply for simultaneous  displacement and slope
perturbations and are solved alternately for displacement and slope
perturbations. For the displacement solution, a, is set equal to zero,
and Eqs. (21) and (33) yleld

Fp(f) T Lg 1 L  dz Ry dr
frq = --— (=) [%30 (—) — + £f10 (=) — Bg1 -f15 Bey
QoFo Cq L 0 Lg ds Lg ds
Ry dr LRy dz dr
+ fp0 (—) — Bs2 = f2s Be2 = () — '-'533] rds
Lg ds L2q ds ds
Fa(f) m La 1 L dz Ry dr
feq- - - — (——) S f3s ("“) — + f1g [—) — Bg1 +f1¢ Ben
Ry dr L dz
+ f2q (=) — B2 + f2c Bez ~ (—) — 56%] rds
Lg ds Lg ds
(42)
Mg (f) T Ls 1
mgq = = — (=) |f3s Eq + f1¢ Ep By = f15 By + f2s E2 Bs2
L dz
- f2s Bgz ~ (—) E2 “‘Bs%] ras
Lg ds
Mp(£) m Ls 1
Mpq = = — (=) J |f3c E1 * f15 E2 Bgy * f1c By * f2c E2 Bs2
L dz
+ f20 Bo2 = (=) — B63:| rds
Lg ds
where
R;2 dr L2 dz
B = (—)r—+ (=) z—
LLg ds Lg ds
(43)
Ry dr dz
Eg= (=) (z—-r—)
La ds ds
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The right-hand side of Eqs. (42) is only a function of the
frequency-ratio, f, and can be evaluated for selected values of this
parameter.

The comparable results from Eq. (1) are

frq(f) = - - (XK + fc - £2M)
QoFo
Fg(f) - -
foq(f) = -  k-fC
F .
Qoto (44
Mg(f) - - .
mgq(f) = - - (K _+fe - f‘2Ma€)
QoFol
Mp(£) - - 2
quoL ae [0 3 4 ac
Where the nondimensional coefficients are defined by
K = KCi/Fy, k = kCi/Fg, M = MC; w2/F,
C = CCyw/Fy, C = cC;w/F
i o i o) (45)

=

= c = M = 2
e = K, Ci/LFo, C = C _ CowlFo, M_ =M C w?/LF,

v = K, C1/LFo, o = c Cow/lFg , qaeciwz/LFo
The dynamic coefficients are obtained by equating the right-hand sides
of Eqs. (42) and (44) and by carrying out a least-square curve fit on
) the results from Eq. (42).

x

t Rotordynamic Coefficients for Slope Perturbations
| Applying the procedure of the preceding section to Eqs. (42) with

Qo = 0 ylelds
Fpr(f) m L 1 L dz Ri dr
fr (f) = --— (=) [f6c (=) —+ ty4e (=) — Bg1 - fys Bes
aofo Cq Ls o Ls ds Ls ds
Ri dr Ri dr
+ f5¢ (—) — Bg2 -~ f55 Bz = Go (—) — B33] rds
Ls ds Ls ds
Fg(f) m L 1 L dz Ri dr
fg () = - (=) s [fes (—) — + fug (—) — Bg1 *+ fyc By
agFg Cqg Ls o Ls ds Ls ds
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Ri
+ fgq (—) Bg2 * f5¢ Bg2 = Go 863] rds

Ls
(46)
Mg(f) b1 L 1
mga(f) = --— (=) [f6c Eq + fyc E2 Bg1 — fys Bgy
+ f5c Ep Bgp - fSC Bgo - Ggo Ep B83] rds
Mp(f) T L 1
mpo (£) = === (=) [f6s Eq + fys E2 Bgy * fuc Bet
+ fgg Ep Bgp + f5¢ Be2 ~ Go 893] rds
Eq. (1) yields the corresponding solution format
Fr(f) . . .
fra(f) = = - (Kea + f cea - f£2Ma)
asF
oe (47)
Fg(f) . - .
foa(f) = =(k - fC - fen )
aoFo €Q €0, €a
Mg(f) .
mge (£) = = (k + fc_ - feM)
aoF ol a a a
“Mpg (£) = - = k, - fC - fm
agFoL
where
K = K o= M e 2
€0, Kea/Fo’ kea kea/Fo’ Mea Meaw /ﬁf
C =C_w/Fy, c = o= F
~EO~ €aw o: cea Ceaw/Fo s mea mea(.l) / o (48)

- - K Moo= M W2
K = K /Fol, k= k /FolL, M =M uw® /Fol

- - 2
C = - =
. Caw/FOL, c, caw/FoL5 m, = mw /FOL

The rotordynamic coefficients are obtained by equating the right-hand
side of Eqs. (46) and (47).

Predictions and Comparison to Experimental Results

Figures 6(a) and 6(b) illustrate, respectively, a nominal pump-
impeller geometry with a conventional wear-ring seal and a modified
pump impeller with a face seal. Bolleter et al. tested the face-seal
impeller to eliminate the forces which would normally be generated by
the wear-ring seal. Their tests were at best efficiency point (BEP)
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with the pump running at 2000 rpm, while developing 68m of head and 130
l/sec of flow rate. The impeller has seven blades and an impeller exit
angle of 22.5°, The test fluid is water at 80CF.

The present analysis requires an estimate of the AP across the
impeller versus the total head rise of the stage. At U. Bolleter's
suggestion, the impeller AP was estimated to be 70% of the total AP of
the pump. An estimate of the inlet tangential velocity is also
required. Fortunately, pitot-tube measurements are avallable,
indicating that the inlet tangential velocity is approximately 50% of
the exit impeller surface velocity; 1i.e., ugp(o) = 0.5. This is in
contrast to a theoretically-predicted tangential velocity of 0.72 Rjw
based on the blade-exit angle. Adkins' measurements at Cal Tech [12]
also show substantially lower exit tangential velocities than predicted
from exit blade angles.

Both walls of the impeller were assumed to be smooth and
represented by Yamada's [13] test data; mr = ms = -0.25, nr = ns =
0.079. The inlet loss for the impeller, §, was assumed to be 0.1. The
discharge coefficient for the seal was calculated iteratively as
follows. With an assumed Cqe, Egs. (14), (15), and (17) were used to
calculate the leakage through the impeller annulus and the pressure and
tangential-velocity wupstream of the seal. The seal is then analyzed
(with the same equations) using the calculated seal inlet
pressure and tangential velocity to determine leakage and Cqe. The
iteration continues until the leakage predictions for the exit seal and
the impeller annulus agree.

Figures 7(a) and (b) illustrate the predicted radial and
tangential force coefficients frq and fgq versus the whirl frequency
ratio f = Q/w for the face-seal, impeller. Results are presented for
ugo(0) = 0.5, 0.6, and 0.7. The uge(0) = 0.5 data of these figures is
generally consistent with expectations based on experience with seals
except for a slight "dip" in frq and "bump" in feq. However, the peaks
exhibited at higher value for ug, are quite unexpected. They arise
primarily due to the centrifugal acceleration term in the path-momentum
equation. If the term

2uggy dr
— b2,

R ds
is dropped from the Apg definition of Appendix A, the "peaks" are
substantially eliminated from the force predictions.

Figure 8(a) and (b) provide predictions for f,, and fgq for the
conventional wear-ring-seal impeller of figure 6(a). The predicitons
are only for the impeller and do not include the exit wear-ring seal.
The feq results for the two impellers are quite similar; however, the
frq values are generally larger for the face-seal impeller.

Table 1 below provides zeroth-order-solution results for the
conventional-seal impeller of figure 6(b).
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Observe that the leakage is reduced by increasing ugy(0). Also observe
the relatively high seal-inlet-tangential velocity prediction for the
exit seals, which will predictably lead to increased cross-coupled
stiffness coefficients and decreased rotor stability. The Reynolds
number values suggest that care should be taken in extrapolating
impeller force data from one operating condition to another.
Specifically, changes in temperature or operating media would be
expected to yield significant changes in force data.

The fregency-dependency of frq and fgq exhibited in figures 7 and
8 for wuge(0) = 0.6, 0.7 can not be modeled by the rotordynamic-
coefficient model on Eq. (1). Stated differently, The quadratic
dependency of fpq and fgq on f, which 1is specified 1in Eq. (44), is
simply not ‘true. A significantly more complicated dependency is
clearly 1in order. While these results of figures 7 and 8 are
surprising, recent data from the Cal Tech program by Franz and Arndt
[14] are qualitatively similar.

The uge(0) = 0.5 results of figure 7 are reasonably modeled by a

quadratic dependency of f and can be modeled by rotordynamic
coefficients. A comparison of predicted and measured coefficients is
provided in Table 2.
Keeping in mind that the present theory does not account for the
momentum flux exiting from the impeller or the pressure forces
on the impeller exit, the comparison between theory and experiment of
Table 1 is encouraging. The prediction of ¢ and M are good. The
results for k are consistent with Adkins [12] statement that the
impeller annulus accounts for approximately one half of the measured
stiffness values in Cal Tech test results. The results for K and ¢ are
obviously dissappointing; perhaps these coefficients depend more
heavily on the impeller-diffuser interaction forces.

Conclusions and Extensions
An analysis has been developed for the forces on the shroud of an
impeller. The "bulk-flow" nature of the analysis restricts Iits

applicability to impellers having fairly small clearances between the
impeller shroud and casing.

The results of the analysis are unexpected in that resonances of
the fluid system are predicted at inlet tangential velocities which are
higher than approximately 0.5 Rijw. Conventional rotordynamic-
coefficient models are not an adequate representation of rotor forces
if the resonances are present. The resonance phenomenon predicted by
this analysis are in qualitative agreement with recent measurements
from Cal Tech [14].

Rotordynamic-coefficients predictions from this analysis are in
reasonable agreement with test results from Bolleter et al. [7], for

the direct damping and cross-coupled stiffness coefficients, C and k.

The analysis which was developed in this paper for impeller
shrouds can also be applied to seals and provides an expanded
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capability with respect to clearances as a function of axial or path
coordinate. Prior analyses have been developed for either constant~
clearance or convergent-tapered seals. The present analysis would
apply for any continuously varying clearance function. This option can
be directly used to account for elastic deformation of the seal bore
due to pressure or other 1loading. It also provides possibilities for
optimizing the clearance function to maximize stiffness, damping, etc.

The addition of shear-stress contributions in the present
analysis made very little difference in seal calculations. As yet, no
comparisons have been made on impeller force calculations with and
without the shear-stress contributions.

The importance of the moment coefficients, which are defined by
the represent analysis, are as yet undetermined. Current rotordynamic
codes are not yet up to accept these coefficients; however, a code is
under development at TAMU which will account for these coefficients and
can be used to determine their importance.

The significance of the "resonance" phenomenon, which is predicted
by the present analysis, on rotordynamics also remains unsettled. An
analysis of the phenomenon is planned which will include curvefitting
the frq(f) and feq(f) predictions and examining their influence on a
Jeffcott rotor model.

The present analysis can be readily extended to account for axial
force coefficients. An extension of this nature is projected for the
coming year.

APPENDIX A

Perturbation Coefficlients

Ajg = [og(1-ms) + op (1-mr)] uge?/2hg

2uggy dr
—/b2 + [op (mr+1) By + og (ms+1) By] Ugo/2
r ds

Aog = -

dugg

A3s = + [(2 + mr) op + (2 + m8) 0g) ugy/2

ds
-[(1+mr) op By (ugo-r) + (1+ms) og By ugol /2

UBO dr
uge [(1-mr) (ugo=r) op + (1-m2) ugy 0 + 2 — —J]/ho
r ds
Ugq dr
2A29 = Ugo (0r+03) + op (mr+1) (er'l") o + 2 — —
r ds

2A1g

+ 0g (ms+1) ugy B4
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2h39 = op (ugo-r) [mr - (1+mr) Bo (ugo~r)/use]

+ 0g ugo [ms - (1+ms) B1 uge/usol

Bo = (ugo—r)/blugy {1 + [(uge—r) /buggl?)

By = Ugo/b2ugy [1 + (ugo/bugg)?]

Tre Perturbation Coefficients

Bgy = Ap (1+mr)(ugo-r)[1-85(uge—r)/ugel/2b
Bgs = Ap [ugo* (1+4mr)(ugy-rlgol/2b
Bg3 = Ap mr (uggr)uge/2bhg

Tprq Perturbation Coefficients

Bs‘l - Ar[(z*mr) uso - (1+ml") BO (ugO —r)]/2
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Ugo(0)/Ri w 0.5 0.6 0.7

Ugo(1)/R(Nw 0.884 0.947 0.996
m(Kg/sec) 4.03 3.75 3.44
Rao = 2ViCi/v | 73,300 68,100 62,600

Table 1. Zeroth-order-solution results for the
conventional-wear-ring impeller.

Theory
Measured Face-Seal
Impeller
K(N/m) -.5x106 -.0l2x106
k(N/m) .6x106 .288x106
C(N sec/m) 2570% 2020
c(N sec/m) 7610 2290
M (kg) 29.6 8.96
m (kg) 10.8 -0.009

¥Combined viscous and hysteretic damping.

Table 2. Theory versus experiment for the face-seal impeller.
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Figure 7. Nondimensional force coefficients for the face-seal
impeller; A tangential-force coefficient,
B radial-force coefficient.
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.4 CONVENTIONAL IMPELLER
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Figure 8. Nondimensional force coefficients for the conventional
impeller; A tangential-force coefficient,
B radial-force coefficient.
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