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TURBULENCE MODELING AND SURFACE HEAT TRANSFER I N  A STAGNATION FLOW REGION 

Chi R. Wang and F reder i ck  C. Yeh 
Na t iona l  Aeronaut ics and Space A d m i n i s t r a t i o n  

Lewis Research Center 
Cleveland, Ohio 44135 

ABSTRACT 

A n a l y s i s  f o r  t h e  t u r b u l e n t  f l o w  f i e l d  and t h e  
e f f e c t  o f  f rees t ream tu rbu lence  on t h e  su r face  heat  
t r a n s f e r  r a t e  o f  a s tagna t ion  f l o w  i s  presented. 
emphasis i s  on t h e  model ing o f  t u rbu lence  and i t s  aug- 
menta t ion  o f  su r face  heat  t r a n s f e r  r a t e .  The f l o w  
f i e l d  cons idered i s  t h e  r e g i o n  near  t h e  fo rward  stag- 
n a t i o n  p o i n t  o f  a c i r c u l a r  c y l i n d e r  i n  a un i fo rm 
t u r b u l e n t  mean f l ow .  
i n  onipressible w i t h  a Reynolds number o f  t h e  o rde r  o f  
10 and tu rbu lence  i n t e n s i t y  o f  t 5  percent.  The f low 
f i e l d  i s  d i v i d e d  i n t o  t h r e e  reg ions :  (1) a un i fo rm 
f rees t ream r e g i o n  where t h e  tu rbu lence  i s  homogeneous 
and i s o t r o p i c ;  ( 2 )  an e x t e r n a l  i n v i s c i d  f l o w  r e g i o n  
where t h e  tu rbu lence  i s  d i s t o r t e d  by  t h e  v a r i a t i o n  o f  
t h e  mean v e l o c i t y ;  and ( 3 )  an a n i s o t r o p i c  t u r b u l e n t  
boundary l a y e r  f l o w  reg ion .  The tu rbu lence  modeling 
techn iques  a r e  t h e  k--E two-equat ion model i n  t h e  
e x t e r n a l  f l o w  and t h e  time-averaged tu rbu lence  t rans-  
p o r t  equa t ion  i n  t h e  boundary l a y e r .  The tu rbu lence 
double c o r r e l a t i o n s ,  t h e  mean v e l o c i t y ,  and t h e  mean 
temperature w i t h i n  t h e  boundary l a y e r  a re  so lved 
n u m e r i c a l l y  f rom t h e  t r a n s p o r t  equat ions.  
heat  t r a n s f e r  r a t e  i s  c a l c u l a t e d  as f u n c t i o n s  of the  
f rees t ream tu rbu lence  l o n g i t u d i n a l  m ic ro leng th  scale, 
t u rbu lence  i n t e n s i t y ,  and Reynolds number. 

The 
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NOMENCLATURE 

A,i,%i c o e f f i c i e n t s  o f  Eqs. ( A l )  and (AZ), 

B c o e f f i c i e n t s  o f  Eq. (A5), i = 1 t o  4 

C i  e m p i r i c a l  constants,  i = 1 t o  5 

cu e m p i r i c a l  cons tan t  

0 c y l i n d e r  diameter 

E d imens ion less  tu rbu lence  d i s s i p a t i o n  r a t e  
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d imens ion less  mean f l o w  streamwise v e l o c i t y  

pa ramet r i ca l  f u n c t i o n s  o f  v0, i = 1 t o  3 

f l o w  v a r i a b l e  o f  Eqs. ( A l )  and ( A 2 )  

d imens ion less  mean temperature 

d imens ion less  tu rbu lence  k i n e t i c  energy 

tu rbu lence  k i n e t i c  energy 

s p a t i a l  d i s tance  

Nusse l t  number 

P r a n d t l  number, 0.7 

sum o f  dimensionless Reynolds normal 
s t resses ,  R x  + Ry + R, 

Reynolds number 

d imens ion less  Reynolds normal s t r e s s  a long 
x - d i r e c t i o n  

dimensionless Reynolds normal s t r e s s  a long 
y -d i  r e c t  i o n  

dimensionless Reynolds normal s t r e s s  a long 
z-di  r e c t i o n  

d imens ion less  Reynolds shear s t r e s s  

mean temperature 

f rees t ream tu rbu lence  i n t e n s i t y  

temperature f l u c t u a t i o n  

mean f l o w  v e l o c i t y  components 

t rans formed v e l o c i t y  o f  V, Eq. (11) 

v e l o c i t y  f l u c t u a t i o n s  



p h y s i c a l  coord ina te  system 

s tagna t ion  p o i n t  laminar boundary l a y e r  
th i ckness  

tu rbu lence  d i s s i p a t i o n  r a t e  

t rans formed coordinate along y - d i r e c t i o n  

dimensionless tu rbu lence c o r r e l a t i o n ,  

t u rbu lence  modeling l e n g t h  sca le  

tu rbu lence  l o n g i t u d i n a l  m ic ro leng th  s c a l e  

k inemat i c  v i s c o s i t y  

t rans formed coordinate along x - d i r e c t i o n  

d e n s i t y  

azimuth ang le  

time-averaged quan t i t y  

Subscr ip ts :  

0 c o n d i t i o n  near s tagnat ion  p o i n t  ( Q  = 0.04') 

1 c o n d i t i o n  a t  l oca t i on  1 

2 c o n d i t i o n  a t  l oca t i on  2 o f  boundary l a y e r  

3 

edge 

c o n d i t i o n  a t  l oca t i on  3 o f  boundary l a y e r  
edge 

e x t e r n a l  o r  boundary l a y e r  edge c o n d i t i o n  

boundary l a y e r  edge c o n d i t i o n  a t  i n i t i a l  
s t a t i o n  

e 

0, e 

F f rees t ream c o n d i t i o n  

m g r i d  p o i n t  a long F o r  II d i r e c t i o n  

W su r face  c o n d i t i o n  

INTRODUCTION 

The momentum and thermal f l o w  f i e l d s  near t h e  
fo rward  s tagna t ion  p o i n t  o f  a c i r c u l a r  c y l i n d e r  i n  t u r -  
b u l e n t  f l o w  have been t h e  focus o f  cons ide rab le  study. 
When t h e  tu rbu lence  i n t e n s i t y  was 3 t o  5 percent ,  
e x i s t i n g  exper iments have shown t h a t  t h e  l o c a l  Nusse l t  
number can inc rease by about 75 pe rcen t  as compared 
w i t h  laminar  f l o w  cond i t ions .  W i th  t h e  c u r r e n t  empha- 
s i s  on h i g h  t u r b i n e  i n l e t  temperature, i t  has become 
even more impor tan t  t o  understand t h e  e f f e c t  of tu rbu-  
lence on t h e  sur face  heat  t rans fe r ,  p a r t i c u l a r l y  i n  
t h e  l ead ing  edge s tagnat ion  reg ion .  To es t ima te  t h i s  
su r face  heat  t r a n s f e r  r a t e ,  c o r r e l a t i o n s  de r i ved  f rom 
exper imenta l  d a t a  may be used. D e t a i l e d  exper imenta l  
d a t a  can be found i n  t h e  paper by Lowery and Vachon 
(L) .  
t o  p r e d i c t  t h e  sur face  heat t r a n s f e r  r a t e .  
t i v e  o f  t h e  present  s tudy  i s  t o  develope an a n a l y s i s  
which p r e d i c t s  t h e  e f f e c t  of t u rbu lence  on su r face  
heat  t r a n s f e r  r a t e .  

E x i s t i n g  boundary l aye r  f l o w  analyses (2 ,3 )  i n d i -  
ca ted  a l a r g e  e f f e c t  o f  turbulence on t h e  sTaBgnation 
p o i n t  heat  t r a n s f e r  r a t e .  Other s t u d i e s  (4 t o  8) 

An a l t e r n a t i v e  i s  t o  re ly  on t h e o r e t i c a l  ana lys i s  
The objec- 

showed t h a t  t u rbu lence  a m p l i f i c a t i o n  because o f  vo r tex  
s t r e t c h i n g  can a l s o  i n f l u e n c e  t h e  t h i n  boundary l aye r ,  
and t h e r e f o r e  t h e  su r face  heat  t r a n s f e r  r a t e .  
e t  a l .  ( 9 )  performed a t h e o r e t i c a l  and exper imenta l  
s tudy  of-the s tagna t ion  p o i n t  a n i s o t r o p i c  tu rbu lence.  
Th is  a n a l y s i s  showed t h a t  t h e  tu rbu lence  l e n g t h  s c a l e  
a l s o  a f fec ts  t h e  su r face  heat  t r a n s f e r  r a t e .  T r a c i  
and Wi lcox  (10) a n a l y t i c a l l y  s t u d i e d  t h e  tu rbu lence  
e f f e c t  on t h e  s tagna t ion  p o i n t  f l o w  f i e l d .  
v e l o c i t y  g rad ien ts  w i t h i n  t h e  i n v i s c i d  f l o w  were found 
t o  be impor tan t  i n  ana lyz ing  t h e  s tagna t ion  p o i n t  heat  
t r a n s f e r .  A d i f f i c u l t y  i n  t h i s  t y p e  o f  ana lys i s  i s  
o b t a i n i n g  a p roper  match o f  t h e  boundary c o n d i t i o n s  
between t h e  d i f f e r e n t  f l o w  reg ions .  
t r i e d  t o  r e s o l v e  t h e  tu rbu lence  matching cond i t i ons .  
A n a l y t i c a l  r e l a t i o n s  between t h e  tu rbu lence  p r o p e r t i e s  
a t  t h e  s tagna t ion  p o i n t  and i n  t h e  f rees t ream were 
found. I n  a p rev ious  s tudy  (E) Wang proposed a theo-  
r e t i c a l  boundary l a y e r  f l o w  a n a l y s i s  and numerical  
computa t iona l  procedure t o  i n v e s t i g a t e  t h e  tu rbu lence,  
momentum, and thermal  f i e l d s  w i t h i n  t h e  s tagna t ion  f l o w  
reg ion .  The numer ica l  c a l c u l a t i o n  showed t h a t  r a p i d  
a m p l i f i c a t i o n  o f  t h e  Reynolds normal s t r e s s  along t h e  
boundary l a y e r  edge was r e q u i r e d  t o  p r e d i c t  approxi-  
ma te l y  t h e  su r face  heat  t r a n s f e r  r a t e  as repo r ted  i n  
e x i s t i n g  exper iments.  

Based on t h e  exper imenta l  r e s u l t s  and a n a l y t i c a l  
methods of t h e  e x i s t i n g  s tud ies  (i, g t o  E), i t  i s  
p o s s i b l e  t o  pursue a d e t a i l e d  t h e o r e t i c a l  and numeri- 
c a l  a n a l y s i s  o f  t h e  fo rward  s tagna t ion  f l o w  f i e l d  o f  
a c i r c u l a r  c y l i n d e r  i n  a t u r b u l e n t  f reestream. 
Reported h e r e i n  i s  such an a n a l y s i s  which p r e d i c t s  
t h e  su r face  heat  t r a n s f e r  r a t e  as f u n c t i o n s  o f  t h e  
f rees t ream tu rbu lence  l o n g i t u d i n a l  m ic ro leng th  sca le ,  
t u rbu lence  i n t e n s i t y ,  and Reynolds number. The empha- 
s i s  i s  on t h e  model ing o f  t u rbu lence  and i t s  augmen- 
t a t i o n  o f  t h e  su r face  heat  t r a n s f e r  r a t e .  

The f l o w  f i e l d  i s  d i v i d e d  i n t o  t h r e e  reg ions :  
(1) a r e g i o n  away f rom t h e  c y l i n d e r  where t h e  mean 
v e l o c i t y  i s  u n i f o r m  and t h e  tu rbu lence  i s  assumed t o  
be homogeneous and i s o t r o p i c ,  ( 2 )  an e x t e r n a l  i n v i s c i d  
f l o w  r e g i o n  which has a cons tan t  r a t e  o f  mean v e l o c i t y  
v a r i a t i o n  and t h e  mean v e l o c i t y  d i s t o r t s  t h e  tu rbu-  
lence, and ( 3 )  a boundary l a y e r  r e g i o n  over  t h e  c y l i n -  
de r  sur face .  Fo r  tu rbu lence  modeling, t h e  k-E 
two-equat ion model ing and t h e  time-averaged tu rbu lence  
t r a n s p o r t  equa t ion  a re  used r e s p e c t i v e l y  i n  Flow 
Regions 2 and 3. 
and t h e  mean f l o w  conserva t i on  equat ions  a re  used t o  
fo rmu la te  t h e  t h e o r e t i c a l  ana lys i s .  The tu rbu lence  
double c o r r e l a t i o n s ,  t h e  mean v e l o c i t y ,  and t h e  mean 
temperature w i t h i n  t h e  boundary l a y e r  r e g i o n  a re  
so lved n u m e r i c a l l y  f rom t h e  tu rbu lence  t r a n s p o r t  equa- 
t i o n s  and mean f l o w  conserva t i on  equat ions.  The so lu -  
t i o n  i s  ob ta ined  by  matching t h e  tu rbu lence  k i n e t i c  
energy a long t h e  boundary between t h e  f l o w  reg ions .  
These a n a l y t i c a l  r e s u l t s  a re  compared w i t h  t h e  mea- 
surements f rom t h e  e x i s t i n g  exper iments.  

ANALYTICAL FORMULATION OF FLOW REGIONS 

H i j i k a t a  

The mean 

S t r a h l e  (11) 

These tu rbu lence  model ing equat ions  

The f l o w  r e g i o n  o f  i n t e r e s t  i s  around t h e  fo rward  
s t a g n a t i o n  p o i n t  o f  a c i r c u l a r  c y l i n d e r  i n  a t u r b u l e n t  
f reestream. 
f i e l d .  The d iameter  o f  t h e  c y l i n d e r  i s  D and i t s  a x i s  
i s  pe rpend icu la r  t o  t h e  f rees t ream mean v e l o c i t y  VF. 
The f rees t ream Reynolds number i s  d e f i n e d  as 
Re = VFD/V,  where u i s  t h e  k inemat i c  v i s c o s i t y .  The 
v e l o c i t y  f l u c t u a t i o n  i n  t h e  f rees t ream i s  VF and 

? = f B V ~ .  The f rees t ream tu rbu lence  l o n g i t u d i n a l  
m i c r o l e n g t h  s c a l e  i s  denoted by AF. The c y l i n d e r  

F i g u r e  1 schemat i ca l l y  rep resen ts  t h e  f l o w  

t ream tu rbu lence  i n t e n s i t y  i s  de f i ned  as 

2 



i s  assumed t o  have a cons tan t  su r face  tempera ture  
Tw. The f rees t ream has a mean temperature TF. 

The s t a g n a t i o n  p o i n t  i s  t aken  as t h e  coord ina te-  
system o r i g i n  w i t h  x and y coo rd ina tes  p a r a l l e l  t o  and 
normal t o  t h e  c y l i n d e r  surface and z-coordinate par-  
a l l e l  t o  t h e  c y l i n d e r  ax is .  
assumed steady, incompressible,  and two-dimensional. 
The mean v e l o c i t y  components a re  U and V a long the 
x- and y coord ina tes .  
d imensional .  The v e l o c i t y  f l u c t u a t i o n s  a re  denoted by 
u, v, and w a long t h e  x-, y-, and z -d i rec t ions .  The 
governing equat ions  o f  t h e  mean f l o w  and tu rbu lence  
a r e  de r i ved  f o r  each f l o w  reg ion .  
laminar  f l o w  ana lys is ,  t h e  r e l a t i o n s  

The mean f l o w  f i e l d  i s  

The tu rbu lence  i s  t h ree -  

Fo l l ow ing  t h e  

P u 

a re  used f o r  coo rd ina te  t rans format ion .  
f o rmu la t i on ,  t oge the r  w i t h  t h e  assumptions and t h e  
boundary cond i t i ons ,  i s  descr ibed here. 

Region 1 

T h i s  f l o w  r e g i o n  i s  f a r  away f rom t h e  c y l i n d e r .  
The f l o w  i s  t u r b u l e n t  and i t s  mean v e l o c i t y  i s  un i -  
form. 
lence a re  n o t  i n f l uenced  by  t h e  ex i s tence  o f  t h e  
c y l i n d e r .  Approp r ia te  c o n d i t i o n s  o f  t h e  tu rbu lence  
k i n e t i c  energy 
r a t e  E, a r e  r e q u i r e d  t o  c h a r a c t e r i z e  t h e  tu rbu lence.  
The t u r b u l e n c e  i s  assumed t o  be homogeneous and i so -  
t r o p i c .  The f rees t ream tu rbu lence  k i n e t i c  energy and 
t h e  tu rbu lence  d i s s i p a t i o n  r a t e  a r e  g i v e n  i n  Ref. 1 3  
as 

The a n a l y t i c a l  

The p r o p e r t i e s  o f  t h e  mean f l o w  and i t s  turbu- 

k, and t h e  tu rbu lence  d i s s i p a t i o n  

"F 

The t u r b u l e n c e  l o n g i t u d i n a l  m ic ro leng th  sca le  i s  
determined f r o m  t h e  two p o i n t  t u rbu lence  c o r r e l a t i o n s  
(13) .  The l o n g i t u d i n a l  two p o i n t  t u rbu lence  co r re la -  
t x n  g, t h e  s p a c i a l  d i s tance  II, and t h e  tu rbu lence 
l o n g i t u d i n a l  m ic ro leng th  sca le  a r e  r e l a t e d  by  t h e  f o b  
low ing  r e l a t i o n s  f o r  smal l  Q. 

2 
- 2  
9. g(e)  = 1 - - 
"F 

( 3 )  

Region 2 

I n  t h i s  reg ion ,  t h e  mean v e l o c i t y  i s  d i s tu rbed  by 
t h e  c y l i n d e r .  
t h e  tu rbu lence.  It i s  assumed t h a t  t h e  tu rbu lence  
does n o t  i n f l u e n c e  t h e  mean v e l o c i t y .  Thus, t h e  mean 
v e l o c i t y  i s  represented  w i t h  t h e  two-dimensional 
i n v i s c i d  f l o w  s o l u t i o n  near t h e  s tagna t ion  p o i n t .  
mean v e l o c i t y  components a re  

The mean v e l o c i t y  v a r i a t i o n  d i s t o r t s  

The 

U = ax and V = -ay (4  1 

w i t h  a = ~ V F / D .  The tu rbu lence  k i n e t i c  energy 
v a r i a t i o n  a long  t h e  s tagna t ion  p o i n t  s t reaml ine  i s  of 
i n t e r e s t  i n  t h i s  study. 
w i t h  t h e  k--E two-equation tu rbu lence  model ing (2). 

The tu rbu lence  i s  modeled 

3 

I n t r o d u c i n g  Eqs. (1) and (4 )  i n t o  t h e  s tandard  
k and E equat ions,  n e g l e c t i n g  t h e  d i f f u s i o n  terms 
i n  t h e  x - d i r e c t i o n  and seek ing  t h e  f o l l o w i n g  forms o f  
so lu t i ons :  

k = vaK(n) and E = va2E(v) ( 5 )  

t h e  k and E equat ions  become 

a long t h e  s tagna t ion  p o i n t  s t reaml ine .  
cons tan ts  a re  c l  = 1.44, c2 = 1.92 c3  = 1.00, 
c4  = 1.30, and c = 0.09. 

p r o p e r t i e s  K and E i n  t h e  i n t e r v a l  nl > n 2 n2, 
where '11 i s  t h e  boundary between Flow Regions 1 
and 2, and 712 i s  t h e  boundary between Flow 
Regions 2 and 3. 

The boundary c o n d i t i o n s  a r e  de f i ned  i n  t h e  
f o l l o w i n g  : 

The e m p i r i c a l  

Equat ions  (67 and ( 7 )  a r e  so lved f o r  t h e  tu rbu lence  

1. A t  n = n1, 

where kF and EF a re  p r e v i o u s l y  determined by  
Eq. (2 ) .  

2. Neg lec t i ng  t h e  d i f f u s i o n  te rm i n  Eq. ( 7 )  a t  
01, t h i s  equa t ion  g i v e s  t h e  f o l l o w i n g  a d d i t i o n a l  
boundary c o n d i t i o n  a t  n = n j .  

3. I t  i s  a l s o  assumed (a) t h a t  

The f i n i t e  d i f f e r e n c e  method i s  used t o  s o l v e  t h e  
above boundary va lue  problem. 
p u t a t i o n a l  procedure i i v e n  i n  Appendix A. The 
r e l a t i o n  n1 = Vfl(av)'-' i s  found f r o m  Eqs. ( 1 )  and 
( 4 ) ,  and IQ i s  reso lved  i n  t h e  process o f  t h e  
numer ica l  c a l c u l a t i o n .  The computa t iona l  r e s u l t s  o f  
t h e  tu rbu lence  p r o p e r t i e s  K and E a t  n = n z  a r e  
used t o  analyze t h e  boundary l a y e r  f l o w  reg ion .  

Region 3 

t u r b u l e n t  boundary l a y e r  i s  assumed i n  t h e  boundary 
l a y e r  reg ion .  The mean f l o w  p r o p e r t i e s  a re  descr ibed 
by  t h e  boundary l a y e r  c o n t i n u i t y ,  momentum, and 
en tha lpy  equat ions.  
- t i o n s  c o n t a i n  tu rbu lence  double c o r r e l a t i o n s ,  UV and 
v t .  A method t o  model t h e  tu rbu lence  double c o r r e l a -  
t - ions w i t h i n  a t u r b u l e n t  f l o w  was developed by  
Donaldson e t  a l .  (15  and 16).  T h i s  method i s  used t o  
fo rmu la te  a t h e o r e F c a 1  a n a l y s i s  o f  t h e  tu rbu lence  i n  
t h i s  f l o w  reg ion .  
p o r t  equat ions  a re  d e r i v e d  f o l l o w i n g  t h e  t h e o r y  i n  

A summary o f  t h e  com- 

A steady, two-dimensional, and incompress ib le  

The momentum and en tha lpy  equa- 

The time-averaged tu rbu lence  t rans -  



Ref. 15. Assumptions a re  made f o r  t h e  tu rbu lence  
c l o s u r e  r e l a t i o n s  and a modeling l e n g t h  sca le  A .  
D e t a i l s  o f  t h e  t h e o r e t i c a l  f o rmu la t i on  and assumptions 
can be found i n  Refs. 15 t o  17. 

t h e  boundary l a y e r  edge between reg ions  2 and 3. 
mean f l o w  p r o p e r t i e s  and tu rbu lence double c o r r e l a -  
t i o n s  are  a l s o  nondimensionalized as 

The mean f l o w  v e l o c i t y  Ue = ax i s  assumed a long 
The 

U T F = -  

I n t r o d u c i n g  t h e  above dimensionless v a r i a b l e s  and 
Eq. (1) i n t o  t h e  mean f l o w  and tu rbu lence  t r a n s p o r t  
equat ions  r e s u l t s  i n  t h e  f o l l o w i n g  forms o f  t h e  f l o w  
f i e l d  govern ing  equat ions:  

C o n t i n u i t y  equat ion :  

25 + K +  a V t  F = 0 

Momentum equat ion :  

Entha lpy  equat ion :  

(13  

Turbulence equat ions :  

+ 25- 
" e  

and 

where 

of t h e  above tu rbu lence equat ions.  
d i s t r i b u t i o n  w i t h i n  the  boundary l a y e r  i s  a l s o  assumed 
s i m i l a r  t o  t h e  m ix ing  l e n g t h  p r o f i l e  o f  a f l a t  p l a t e  
t u r b u l e n t  boundary layer .  W i t h i n  a smal l  d i s tance  f r o m  
t h e  sur face ,  t h e  l eng th  sca le  i s  assumed t o  va ry  l i n -  
e a r l y  as f u n c t i o n  o f  t h e  normal d i s tance  f rom t h e  sur -  
face. Away f rom t h e  surface, t h e  l e n g t h  s c a l e  remains 
cons tan t .  T h i s  l e n g t h  sca le  d i s t r i b u t i o n  i s  shown i n  
F i g .  2. The p i v o t  po in t ,  yp, i s  equal  t o  10 percent  
o f  t h e  t h e o r e t i c a l  laminar  s tagna t ion  p o i n t  boundary 
l a y e r  t h i c k n e s s  6. A t  t h e  boundary l a y e r  edge, t h e  
l e n g t h  s c a l e  A, i s  r e l a t e d  t o  t h e  f rees t ream 
t u r b u l e p c e  i n t e n s i t y  by 

mean f l o w  and tu rbu lence p r o p e r t i e s ,  t h e  i n i t i a l  and 
boundary c o n d i t i o n s  are de r i ved  a n a l y t i c a l l y  as 
f 01 lows : 

R = R x  + Ry + R,. 
The l e n g t h  s c a l e  A i s  r e q u i r e d  i n  t h e  f o r m u l a t i o n  

T h i s  l e n g t h  sca le  

A e  = (0.25 - 3Tu)6. 
To s o l v e  t h e  above govern ing  equat ions  f o r  t h e  

I n i t i a l  cond i t i ons .  The i n i t i a l  p r o f i l e s  o f  t h e  
mean f l o w  and t h e  tu rbu lence  c o r r e l a t i o n s  w i t h i n  t h e  
boundary l a y e r  a t  v = vo a r e  determined f r o m  
Eqs. (11) t o  (18). The f o l l o w i n g  assumptions a r e  
made: 

1. A t  n2, 

a S  a a  - an = 0, and - a n  = 0. 
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I n  add i t i on ,  t h e  c o n d i t i o n s  o f  

F = 1, H = 1, S = c (R R ) O S 5 ,  and e = 0 
5 X Y  

a re  a l s o  imposed a t  n2. An e m p i r i c a l  cons tan t ,  
c5  = 0.001 i s  used i n  t h i s  s tudy .  

- 2. The Reynolds normal s t r e s s  components u2  and 
v2 a r e  assumed t o  be independent o f  'p i n  t h e  v i c i n -  
i t y  o f  t h e  s tagna t ion  p o i n t .  Therefore,  a t  vo, 

- 

and 

S i m i l a r l y ,  

a R X  

ag = R X  (2) 

as= S f  (9 ) a c  2 o 

and 

a re  a l s o  assumed a t  vo. 

3. The mean f l o w  i s  symmetric about ~p = 0 plane. 
In o r d e r  t o  f a c i l i t a t e  t h e  ana lys i s ,  these mean f l o w  
c o n d i t i o n s  a r e  a l s o  assumed t o  be t r u e  a t  v e r y  smal l  
d i s tances  away f rom t h e  s tagna t ion  p o i n t .  Therefore, 
aF/ac = 0 and a H / a g  = 0 a re  imposed along t h e  n 
d i r e c t i o n  a t  'pQ , l o c a t i o n .  

4. The c o n d i t i o n s  F = 0, H = Tw/Te, Rx I 0, 
Rr = 0, R T , =  0, S = 0, and e = 0 are  a l s o  imposed 
a t h e  c y  i n d e r  surface. 

t r a n s p o r t  equat ions,  t h e  f o l l o w i n g  r e l a t i o n s  are found 
a t  (v0,n2) l oca t i on .  

App ly ing  t h e  above assumptions t o  t h e  tu rbu lence 

(24) 
3Uo,eAe 

Rx,o,e 
- 

o,e e 

1.5 vR 

- 
2 2  

0.5 
-2  vRo e 

R 
YYoYe 

__z.+-_+L Revo 'o,eAe U o Y e A e  2 2  

1.5 vR 
~ o,e 
JU A o,e e 

0.5 
-2  vRo e 

- 
2 2  

R 
YYoYe 

__z.+-_+L Revo 'o,eAe U o Y e A e  2 2  

and 

2vaK2/Ug e. Since e = 0 i s  imposed 

T h i s  z e r o  g rad ien t  c o n d i t i o n  i s  a l s o  used f o r  t h e  
boundary l a y e r  c a l c u l a t i o n  a t  v0. It f o l l o w s  f rom 
t h e  assumption, Eq. ( 2 3 ) ,  t h a t  

%er:2,RaeP de = = 0 occu?s a t  t h e  boundary l a y e r  edge. 

f3('Po) = 0 ( 2 8 )  

Wi th  t h e  a i d  o f  f l ( v o ) ,  f ('po), and f 3 ( v  1, 
assumption 2 d e f i n e s  t h e  mean g low streamwise h r b u -  
l ence  g r a d i e n t  terms. S u b s t i t u t i n g  Eqs. (19)  t o  (23)  
i n t o  Eqs. (11) t o  (18) r e s u l t s  i n  a s e t  o f  o r d i n a r y  
d i f f e r e n t i a l  equat ions  w i t h  t h e  boundary c o n d i t i o n s  
s p e c i f i e d  a t  t h e  su r face  ( 0  = 0)  and a t  q2. These 
equat ions  are  so lved numer i ca l l y  f o r o t h e  boundary l a y e r  
f l o w  p r o p e r t y  p r o f i l e s  a t  'po = 0.04 i n  o r d e r  t o  
avo id  t h e  s i n g u l a r i t y  a t  t h e  s tagna t ion  p o i n t ,  cp = 0.0'. 
These p r o p e r t y  p r o f i l e s  a re  t h e  i n i t i a l  c o n d i t i o n s  f o r  
t h e  downstream boundary l a y e r  f l o w  f i e l d  ana lys is .  

Boundary cond i t i ons .  The tu rbu lence  doub le  c o r r e l -  
a t i o n s  a long t h e  boundary l a y e r  edge are  a l s o  r e q u i r e d  
t o  analyze t h e  f l o w  f i e l d .  
and d i s s i p a t i o n  r a t e  g rad ien ts  i n  t h e  normal d i r e c t i o n  
a r e  assumed t o  be zero  ( a k l a y  = 0, as lay  = 0)  a t  t h e  
boundary l a y e r  edge. 
a long t h e  streamwise d i r e c t i o n  i s  determined by  us ing  
t h e  k--E two-equat ion tu rbu lence  model ing.  The t u r -  
bu lence k i n e t i c  energy i s  t h c n  s u b s t i t u t e d  i n t o  t h e  
Reynolds s t r e s s  equat ions  t o  de termine t h e  tu rbu lence  
doub le  c o r r e l a t i o n s  a long t h e  boundary l a y e r  edge. 

I n t r o d u c i n g  Eqs. (1) and ( 4 )  i n t o  t h e  k--E equa- 
t i o n s  and seeking t h e  f o l l o w i n g  forms o f  s o l u t i o n s :  

Turbulence k i n e t i c  energy 

The tu rbu lence  k i n e t i c  energy 

k = vaK(c) and E = va2E(c) (29 )  

t h e  k and E t u rbu lence  model ing equat ions  become 

From Eqs. ( 5 )  t o  (10) t h e  i n i t i a l  c o n d i t i o n s :  

K = K2 and E = E2 

a re  de f i ned  a t  ( 5 2 ,  n2) . 
W i t h  t h e  assumption t h a t  t h e  g r a d i e n t s  aRx/an, 

a R y / a q ,  and aR,/an van ish  a t  t h e  boundary l a y e r  
edge, Eqs. (16) t o  (18)  g i v e  t h e  f o l l o w i n g  r e l a t i o n s  
among t h e  mean v e l o c i t y ,  t h e  Reynolds normal stresses, 
and t h e i r  mean f l o w  streamwise g rad ien ts ;  

4Rx e 5 + R i '  
I- _ -  dRx e 

dc T d c  U e T -  U e A e  
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m i c r o l e n g t h  scale,  t h e  tu rbu lence  k i n e t i c  energy, t h e  
dR v R i e 5  Re' Ry,e 2v 2 tu rbu lence  double c o r r e l a t i o n s ,  and t h e  mean f l o w  p ro -  

p e r t i e s  w i t h i n  t h e  s tagna t ion  f l o w  f i e l d  a re  computed. 
The su r face  hea t  t r a n s f e r  r a t e  i s  a l s o  c a l c u l a t e d  f rom 

+ = w - k  A e  - -TT Ry,e 

t h e  mean temperature d i s t r i b u t i o n .  
sec t i ons  these numerical  r e s u l t s  a r e  descr ibed and a r e  
compared w i t h  t h e  exper iment o f  Ref. 1. 

0 5  

( 3 4 )  

I n  t h e  f o l l o w i n g  
"e 'e 

and, 

1.5 vR0.5 2 

"e 'e 

dRz,e PRZ,e + e 2v 
dc - ue 3 U , n , - K R z , e - X R z , e  

(35) 
The above equat ions  are so lved f o r  t h e  Reynolds 

normal s t resses .  
s t resses  Re shou ld  be cons is ten t  w i t h  t h e  tu rbu lence  
k i n e t i c  energy ob ta ined  f r o m  Eqs.  (30) and (31)  (see 
Appendix A). 

The p rev ious  a n a l y s i s  of t h e  i n i t i a l  c o n d i t i o n s  
f o r  Re i o n  3 de f i nes  t h e  Reynolds normal s t resses  a t  
(52,027. These i n i t i a l  cond i t i ons  a re  used t o  i n t e -  
g r a t e  Eqs. (33)  t o  (35)  along t h e  downstream d i r e c t i o n .  
The Four th  Order Runge-Kutta numer ica l  method i s  used 
f o r  t h e  i n t e g r a t i o n .  
ob ta ined  p r e v i o u s l y  f rom Eqs. (30)  and (31)  i s  used t o  
eva lua te  t h e  d e r i v a t i v e s .  The i n t e g r a t i o n  s tep  i s  
ad jus ted  u n t i l  t h e  tu rbu lence k i n e t i c  enerav 

The sum o f  t h e  Reynolds normal 

The tu rbu lence k i n e t i c  energy 

(R-  + R + R ,)$I2 s a t i s f a c t o r i l y  converges 
toX tRe  co%spon5'lng va lue  p red ic ted  by t h e  k and E 

equat ions.  The corresponding Reynolds normal s t resses  
a r e  t h e  boundary cond i t i ons  a t  t h e  boundary l a y e r  
edge. 

F i n a l l y ,  t h e  f o l l o w i n g  c o n d i t i o n s  a r e  a l s o  
imposed : 

1. a t  t h e  su r face  0 = 0, 

F = 0, H = Tw/Te, R x  = 0, Ry  = 0, 

R, = 0, S = 0, and e = 0 

2.  a t  t h e  boundary layer  edge 0 = 0 2 ,  

and e = 0 

A numer ica l  computat ional  procedure t o  c a l c u l a t e  
t h e  boundary l a y e r  f l o w  f i e l d  descr ibed by Eqs. (11 )  
t o  (18) was developed i n  a p rev ious  s tudy  (12) .  T h i s  
e x i s t i n g  numer ica l  computat ional  procedure used t o  
c a l c u l a t e  t h e  tu rbu lence  c o r r e l a t i o n s  and t h e  mean 
f l o w  p r o p e r t i e s  i n  F low Region 3. 

RESULTS AND COMPARISON W I T H  EXPERIMENT 

I n  o rde r  t o  v e r i f y  t h e  above t h e o r e t i c a l  ana lys i s ,  
a numerical  computa t ion  was performed t o  compare t h e  
a n a l y s i s  w i t h  e x i s t i n g  exper imental  measurements. A 
s e t  o f  exper imenta l  d a t a  on t h e  e f f e c t  o f  f rees t ream 
tu rbu lence  on hea t  t r a n s f e r  f rom heated c y l i n d e r s  
p laced  normal t o  a i r s t ream was repo r ted  i n  Ref. 1. 
The two p o i n t  t u rbu lence  l o n g i t u d i n a l  c o r r e l a t i o n s  i n  
t h e  f rees t ream were a l s o  measured i n  t h a t  experiment. 
These d a t a  a r e  used t o  determine t h e  tu rbu lence  l o n g i -  
t u d i n a l  m i c r o l e n g t h  sca le  which i s  r e q u i r e d  t o  s t a r t  
t h e  p resen t  numer ica l  ca l cu la t i ons .  Thus, t h e  t e s t  
c o n d i t i o n s  o f  t h i s  re fe rence were used as i n p u t  t o  t h e  
p resen t  numer ica l  computat ional  procedures. The t u r -  
bu lence l o n g i t u d i n a l  m ic ro length  sca les  a re  ob ta ined 
by c u r v e - f i t t i n g  t h e  exper imental  d a t a  us ing  Eq. ( 3 ) .  
Based on t h e  f rees t ream mean v e l o c i t y ,  t h e  f rees t ream 
tu rbu lence  i n t e n s i t y ,  and the tu rbu lence  l o n g i t u d i n a l  

Turbulence 

energy a long t h e  s tagna t ion  p o i n t  s t reaml ine ,  some 
a n a l y t i c a l  r e s u l t s  a re  p l o t t e d  i n  F ig .  3. Except f o r  
t h e  lowest  t u rbu lence  case, t h e  tu rbu lence  k i n e t i c  
energy inc reases  w i t h i n  t h e  i n v i s c i d  f l o w  r e g i o n  i n  
t h e  d i r e c t i o n  toward t h e  su r face  and reaches a maximum 
va lue  a t  t h e  boundary l a y e r  edge. 
k i n e t i c  energy then  decreases con t inuous ly  and van- 
i shes  a t  t h e  c y l i n d e r  sur face .  
k i n e t i c  energy v a r i a t i o n  i s  s i m i l i a r  t o  t h e  r e s u l t s  
i n  Ref. 10. However, t h e  p resen t  ana lys i s  a l s o  pre- 
d i c t s  a r e d u c t i o n  i n  t h e  tu rbu lence  k i n e t i c  energy 
a long t h e  s tagna t ion  p o i n t  s t reaml ine  when t h e  f r e e -  
stream tu rbu lence  i n t e n s i t y  and Reyno ds number a re  

s t a n t  Reynolds number, i nc reas ing  t h e  f rees t ream t u r -  
bulence i n t e n s i t y  a l s o  inc reases  t h e  tu rbu lence  
k i n e t i c  energy a t  t h e  boundary l a y e r  edge ( II = 5) .  

w i t h i n  t h e  boundary l a y e r  a t  t h e  s tagna t ion  p o i n t  a re  
shown i n  F i g .  4. 
Re = 2 . 5 ~ 1 0  and Tu = 0.017 and 0.028. The Reynolds 
normal s t resses  decrease con t inuous ly  f rom t h e  bound- 
a r y  l a y e r  edge i n  a d i r e c t i o n  normal t o  t h e  surface. 
The Ry va lue  was p r e d i c t e d  t o  be t h e  l a r g e s t  f o r  a 
sma l l  r e g i o n  ve ry  near t h e  surface. These Reynolds 
normal s t r e s s  p r o f i l e s  d i f f e r  s i g n i f i c a n t l y  f rom those  
of  a f l a t  p l a t e  t u r b u l e n t  boundary l a y e r  (18) where 
t h e  l a r g e s t  Reynolds normal s t r e s s  was f o u a  i n  t h e  
x -d i rec t i on .  

A n a l y t i c a l  p r e d i c t i o n s  o f  t h e  mean v e l o c i t y  com- 
ponent, F = U/Ue w i t h i n  t h e  boundary l a y e r  near  
t h e  s tagna t ion  p o i n t  a r e  shown i n  F ig .  5. These pro- 
f i l e s  a r e  compared w i t h  t h e  mean v e l o c i t y  p r o f i l e  o f  
t h e  t h e o r e t i c a l  laminar  boundary l aye r .  The compari- 
son shows t h a t  i nc reas ing  t h e  f rees t ream tu rbu lence  
increases  t h e  v e l o c i t y  near t h e  su r face  and decreases 
t h e  v e l o c i t y  near  t h e  boundary l a y e r  edge. 
measurement (19) o f  t h i s  v e l o c i t y  component F w i t h  
Re = 2.5~10' and Tu x 0.05 a r e  a l s o  p l o t t e d  i n  t h i s  
f i g u r e .  The a n a l y s i s  agrees w i t h  t h e  measurements. 

bulence k i n e t i c  energy and t h e  Reynolds normal 
s t resses  a long t h e  boundary l a y e r  edge a r e  shown i n  
F ig .  6. I n  t h i s  f i g u r e ,  t h e  tu rbu lence  q u a n t i t i e s  
a r e  nondimensional ized w i t h  t h e  cor respond ing  va lues  
a t  (52,02). The tu rbu lence  k i n e t i c  energy inc reases  
c o n t i n u o u s l y  a long t h e  downstream d i r e c t i o n .  
inc rease i n  t h e  tu rbu lence  k i n e t i c  energy i s  found f o r  
t h e  case w i th  sma l l  f r ees t ream Reynolds number and 
tu rbu lenc  in tens i t+  .The Reynolds normal s t r e s s  com- 
ponents, 2 and Ve, i nc rease  monotonic 
t h e  downstream loca t i ons .  However, t h e  compon- 
e n t  shows a r e d u c t i o n  near t h e  s tagna t ion  p o i n t .  
e f f e c t  o f  t h e  f rees t ream tu rbu lence  l o n g i t u d i n a l  m ic ro-  
l e n g t h  s c a l e  on t h e  Reynolds normal s t resses  a long t h e  
boundary l a y e r  edge i s  shown i n  F i g .  7. I nc reas ing  
t h e  tu rbu lence  l o n g i t u d i n a  r o l e n g t h  sca le  i s  shown 

To show t h e  v a r i a t i o n  o f  t h e  tu rbu lence  k i n e t i c  

The tu rbu lence  

T h i s  tu rbu lence  

smal l ,  (Tu = 0.013 and Re = 1.9Ox10 k ) .  Wi th  con- 

Examples o f  t h e  Reynolds normal s t r e s s  p r o f i l e s  

These r e s u l t s  a r e  f o r  t h e  cases w i t h  

E x i s t i n g  

Example o f  t h e  computa t iona l  r e s u l t s  o f  t h e  t u r -  

Large 

a t  

The 

ue o f  $$,e and inc reases  
along t h e  boundary l a y e r  

d i f f e r e n c e  i n  t h e  va lue  o f  
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Surface Heat Transfer 

The present analytical results of the surface heat 
transfer is defined in terms of the Nusselt number; 

The mean temperature gradient (aT/ay) 0 at the sur- 
face is calculated numerically from ti: mean temper- 
ature profile, which in turn, was obtained previously 
from the solution of the boundary layer flow. 

The analytical results for the stagnation point 
surface heat transfer rate over a range of the free- 
stream Reynolds number and the turbulence intensity 
are compared with experimental data (1) and existing 
correlations (1,L) in Fig. 8. 
fer rate is ex r ssed in the form of the Froessling 
number ( NuxRe-8.5). Linear variation in the turbulence 
longitudinal microlength scale as function of the 
freestream Reynolds number is also assumed in the 
present calculation. 
lence intensity, the longitudinal turbulence micro- 
length scal s within +lo percent of the values at 
Re = 2.5~10 were used in the numerical computation 
for a range of 1.5<Re~10-~<3.0. Including the effect 
of the freestream Turbulence microlength scale, the 
present analysis calculates a larger stagnation point 
surface heat transfer rate than is indicated by the 
correlations in Refs. 1 and 2. 

Examples of the computational - results of the tur- 
bulence double correlation -vt/UeTe within the 
boundary layer at the stagnation point are shown in 
Fig. 9. 
near the surface. Increasing the freestream turbu- 
lence intensity also increases the turbulence correla- 
tion vt. Together with the characteristics of the 
Reynolds normal stress component Ry as shown in 
Fig. 4, Eqs. (13) and (18) predict a high heat trans- 
fer rate at the surface. It is postulated that the 
freestream turbulence penetrates into the near sur- 
face flow region and induces large turbulence cor- 
relation vt. Thus, a surface heat transfer rate 
larger than that of a laminar flow occurs. 

fer rate within a small distance from the stagnation 
point are plotted in Fig. 10 in terms of Froessling 
number. Approximately constant Froessling number is 
calculated only for the case with Tu = 0.013. 
Tu = 0.017 and 0.028, the analytical results show a 
reduction in the Froessling number near the stagnation 
point. With high freestream turbulence intensity, a 
large turbulence dissipation rate may occur near the 
stagnation point (Eq. ( 2 ) ) .  This turbulence dissi- 
pation rate reduces the rate of the increase in the 
turbulence kinetic energy. This rate of increase in 
Ke may not be sufficient to induce a constant sur- 
face heat transfer rate. 

To investigate the effect of the turbulence longi- 
tudinal microlength scale on the surface heat transfer 
rate, the analytical results of the turbulence kinetic 
energy and the Froessling number for the tases of 
AF/D = 0.0053 and 0.0079 with Re = 2.5~10 
Tu = 0.028 are compared in Fig. 11. With 
AF/D = 0.0079, the present analysis computes the 
experimental data in Ref. 1. A lower level of the 
turbulence kinetic energy and a smaller Froessling 
number are also predicted for the case with small 
freestream turbulence longitudinal microlength Scale. 
These computational results also show a reduction in 
the Froessling number near the stagnation point. 

se = Cs(RX,eRy,e) 

The suTface heat trans- 

With constant freestream turbu- 

5 

The maximum turbulence correlation occurs 

Some analytical results of the surface heat trans- 

For 

and 

In this studyosthe approximation, 
, is used along the boundary layer 

edge. 
relation observed from the flat plate turbulent bound- 
ary layer study (18). The constant c5 = 0.001 is 
found to give the best computational results in the 
present analysis. I n  an earlier study (g), a dif- 
ferent value of c5 = 0.0001 was used because the 
boundary layer edge location and the corresponding 
turbulence kinetic energy (or the Reynolds normal 
stresses) were not analyzed theoretically. If one 
uses the small value of c5, then a small (nonzero) 
uv is imposed along the boundary layer edge. This 
approximation is different from the k--E two-equation 
turbulence modeling, which requires G to be zero 
for the external inviscid flow field in this study. 
However, the requirement of C i i  = 0. is itself an 

The assumption -vt = 0 is also imposed at the 
boundary layer edge. Intuitively, the turbulence 
transport equations can also be used to study the- 
variation of the turbulence double correlation _vt 
within the external inviscid flow region. If vt ir 
nonzero in the external flow field, then different vt 
may occur within the boundary layer flow region and 
the present analysis will predict different stagnation 
flow surface heat transfer rate. 
might resolve the different level of the stagnation 
flow surface heat transfer rate reported in various 
experiments. Although, the task requires the fi 
boundary condition within the freestream, the effect 
of the freestream temperature fluctuation on the sur- 
face heat transfer rate of the stagnation flow can be 
studied using the present analysis. 

CONCLUSIONS 

This approximation is similar to the the cor- 

- 

assumption. - 

If this is true, it 

Theoretical analysis was formulated to model the 

The flow 
effect of the freestream turbulence on the surface 
heat transfer of a stagnation flow region. 
field of interest is around the forward stagnation 
point of a circular cylinder in a turbulent flow. 
k--E two-equation turbulence modeling was used to 
analyze the turbulence kinetic energy within external 
inviscid flow. 
equations were employed to predict the turbulence 
double correlations within the boundary layer. Based 
on the boundary layer edge conditions of the turbu- 
lence kinetic energy, the transport equations of the 
mean flow and turbulence are solved numerically for 
the turbulence double correlations, the mean velocity 
and the mean temperature. 

The present analytical results show that, depend- 
ing on the freestream turbulence properties, different 
levels of turbulence kinetic energy occur along the 
boundary layer edge. These different levels of turbu- 
lence kinetic energy induce different surface heat 
transfer rates. 
intensity or the turbulence longitudinal microlength 
scale also increases the stagnation region surface 
heat transfer rate. It is postulated that the free- 
stream turbulence penetrates into the boundary layer 
and induces high surface heat transfer rate. 

stagnation point surface heat transfer rate as func- 
tions of the freestream turbulence intensity, turbu- 
lence longitudinal microlength scale and Reynolds 
number. Due to limited data on the turbulence longi- 
tudinal microlength scale, this analysis was verified 
only or some cases with Reynolds number of the order 
of log and the freestream turbulence intensity of less 
than 5 percent. Considering the freestream turbulence 
longitudinal microlength scale, this analysis predicts 
a higher stagnation point surface heat transfer rate 
than was obtained from the existing correlations 

The 

The time-averaged turbulence transport 

Increasing the freestream turbulence 

The analysis presents a procedure to calculate the 
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r e l a t i n g  t h e  f rees t ream tu rbu lence i n t e n s i t y ,  Reynolds 
number and t h e  su r face  heat t r a n s f e r  r a t e .  

APPENDIX  A 

The tu rbu lence  k i n e t i c  energy and i t s  d i s s i p a t i o n  
r a t e  along t h e  s tagna t ion  p o i n t  s t reaml ine  and t h e  
boundary l a y e r  edge a re  ca l cu la ted  r e s p e c t i v e l y  f rom 
Eqs. ( 6 )  and (7 ) ,  and Eqs. (30) and (31) .  F i n i t e  d i f -  
ference method i s  used t o  so lve  these equat ions  f o r  
t h e  K and E d i s t r i b u t i o n s  which s a t i s f y  t h e  bound- 
a r y  cond i t i ons .  

as 
The dimensionless Eqs. (6 )  and (7 )  can  be w r i t t e n  

w i t h  G = K o r  E 

S i m i l a r l y ,  Eqs. (30 )  and (31)  can a l s o  be w r i t t e n  
as 

w i t h  G = K o r  E. 
I n  t h e  above equat ions,  A g i  and A,i may be con- 

s t a n t ,  o r  t h e  f u n c t i o n s  o f  the  t u r b u l e n c e  p roper t i es ,  
o r  coo rd ina tes  5 and n. 

A s i m i l a r  f i n i t e  d i f f e r e n c e  scheme i s  used t o  
conver t  Eqs. ( A l )  and (A2) i n t o  f i n i t e  d i f f e r e n c e  
forms. The d e r i v a t i v e s  a t  each g r i d  p o i n t  m a re  
approximated by  c e n t r a l  f i n i t e  d i f f e r e n c e .  
d i f f e r e n c e  equat ion  

A f i n i t e  

B1%+1 + BZGm + B 3 h - 1  = 64 (A3 

i s  found a t  each g r i d  p o i n t  m. The c o e f f i c i e n t s  
B i  ( i  = 1 t o  4)  a re  func t i ons  o f  t h e  va r ious  coef- 
f i c i e n t s  A g l  o r  A c i ,  and t h e  g r i d  s i z e  a t  t h e  g r i d  
p o i n t s  m+ l ,  m, m-1. 

App ly ing  t h e  p rev ious  mathematical man ipu la t i on  
a t  every  g r i d  p o i n t  w i t h i n  the  i n t e r v a l  n1 > n > 112 
o r  52 > 5 > 5 r e s u l t s  i n  a s e t  o f  f i n i t e  T i f f F r e n c e  
equat ions  fzr 8q. ( A l )  o r  Eq. (A2).  The boundary con- 
d i t i o n s  o f  G a re  s p e c i f i e d  a t  n 1  and r12 ( o r  52 
and 53). T h i s  s e t  o f  equat ions a re  so l ved  f o r  t h e  G 
va lues  a t  each g r i d  p o i n t  m. The g r i d  s i z e  w i t h i n  
t h e  computa t iona l  i n t e r v a l  i s  generated us ing  t h e  mode 
i n  Ref. 20. Two hundred t o  fou r  hundred g r i d  p o i n t s  
a r e  used i n  t h e  numer ica l  computation. 

Equat ions ( 8 )  t o  (10) descr ibe  t h e  boundary con- 
d i t i o n s  a t  11 = n 1  and r ~ .  However, t h e  va lue  
o f  IQ i s  n o t  y e t  de f ined.  Therefore,  an a r b i t r a r y  
v a l u e  i s  assigned t o  '12 t o  s t a r t  t h e  numer ica l  c a l -  
c u l a t i o n .  The e x i s t i n g  ana lys i s  (lo) i n d i c a t e s  t h a t  
n 2  i s  approx imate ly  equal  t o  5.0. L i n e a r  v a r i a t i o n s  
i n  K and E a re  f i r s t  assumed. The c o e f f i c i e n t s  of 
t h e  f i n i t e  d i f f e r e n c e  equat ions a re  eva lua ted  u s i n g  
these K and E d i s t r i b u t i o n s .  Thus, two s e t s  o f  
l i n e a r  a l g e b r a i c  equat ions  are ob ta ined  t o  r e l a t e  
and E a t  t h e  g r i d  p o i n t s .  Since K and E a re  
p resc r ibed  a t  n 1  and n ~ ,  these equat ions  a r e  so l ved  
t o  update t h e  K and E d i s t r i b u t i o n s  us ing  t h e  
method o f  successive s u b s t i t u t i o n .  The above proce- 
dures a re  repeated  u n t i l  K and E converge a t  each 
g r i d  p o i n t .  The boundary values o f  K and E a t  
02 are  ad jus ted  t o  assure t h a t  K and E p r o f i l e s  
s a t i s f y  t h e  boundary cond i t i ons  a t   TI^ and ~ 2 .  

The convergence i n  K and E i s  s e n s i t i v e  t o  
t h e i r  assumed va lues  a t  t h e  s t a r t  o f  t h e  computat ions.  
Based on t h e  k-E two-equation tu rbu lence  model ing,  

K 

S t r a h l e  (11)  developed a n a l y t i c a l  l i n k s  between t h e  
tu rbu lence  p r o p e r t i e s  k and E a t  t h e  s tagna t ion  
p o i n t  and i n  t h e  f reestream. Neg lec t i ng  t h e  d i f f u s i o n  
terms and u s i n g  t h e  same va lue  f o r  t h e  e m p i r i c a l  con- 
s t a n t s  c l  and c2, ( c l  = c2 = 1.90), these a n a l y t i -  
c a l  l i n k s  can be w r i t t e n  i n  nondimensional ized forms 
as 

and 

2.111E-1/1.111 E p  (0.6 KF) F (A5 1 

W i th  t h e  i s o t r o p i c  assumptions, Eq. (Z), t h e  
approximate boundary c o n d i t i o n s  f o r  K and E a t  n2 
a re  c a l c u l a t e d  f r o m  t h e  p rev ious  r e l a t i o n s .  These K 
and E va lues  a r e  used t o  s t a r t  t h e  numerical  
computat ions.  

The p r e v i o u s l y  mentioned numer ica l  c a l c u l a t i o n  
p rov ides  t h e  c o n d i t i o n s  o f  K and E a t  52. Based 
on these  cond i t i ons ,  t h e  K and E a long t h e  bound- 
a r y  l a y e r  edge a r e  a l s o  c a l c u l a t e d  f rom t h e  s e t s  o f  
f i n i t e  d i f f e r e n c e  equat ions  cor respond ing  t o  Eq. (A2) .  
The computa t iona l  domain, 52 5 5 5 53 i s  l i m i t e d  t o  a 
s m a l l o r e g i o n  near  t h e  s tagna t ion  p o i n t ,  
(0.04 < 'p 5 15.0'). 

and l i n e a r  d i s t r i b u t i o n s  i n  K and E between 52 
and 53 a re  assumed. The c o e f f i c i e n t s  o f  t h e  f i n i t e  
d i f f e rence  equa t ions  a re  c a l c u l a t e d  us ing  t h e  assumed 
K and E d i s t r i b u t i o n s .  Two s e t s  o f  l i n e a r  a l g e b r a i c  
equat ions  r e l a t i n g  t h e  K and E a t  t h e  g r i d  p o i n t s  
a re  obtained. These a l g e b r a i c  equat ions  are  so l ved  
w i t h  t h e  method o f  success ive  s u b s t i t u t i o n  t o  update 
t h e  K and E d i s t r i b u t i o n s .  T h i s  i t e r a t i v e  com- 
p u t a t i o n a l  p rocedure  i s  repeated  u n t i l  K and E 
converge a t  each g r i d  p o i n t .  The va lues  o f  K and 
E a t  53 a r e  a l s o  ad jus ted  i n  each i t e r a t i o n  t o  
f a c i l i t a t e  t h e  converqence i n  t h e  numer ica l  
comDutations. 

F i r x t ,  K and E a t  53 l o c a t i o n  a re  es t imated  
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