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AEROACOUSTICS OF SUBSONIC TURBULENT SHEAR FLOWS 

Harvln E. Goldsteln* 
Natlonal Aeronautlcs and Space Administration 

Lewls Research Center 
Cleveland, Ohlo 

Abstract 

The paper I s  a revlew of sound generatlon In 
turbulent shear flows. It emphasizes slmultaneous 

0 0 calculatlon of the turbulent flow along wlth the 
' h  cr) resulting sound generatlon rather than the alterna- 

I tlve acoustlc analogy approach. The first part of w 
the paper I s  concerned wlth solld surface lnterac- 
tlon. The second part concentrates on the sound 
generated by turbulence Interacting wlth Itself. 

Introduction 

The subject of thls paper became a serlous 
sclentlflc dlsclpllne about 35 years ago when 
Llghthll 126*27 pub1 1 shed hls acoustic analogy 
theory of jet nolse. 
domlnated t h e  subsequent development of thls sub- 
ject, whlch I s  stlll somewhat Incomplete--even 
though It has undergone little change In the past 
five years o r  so. Thls paper does not place much 
emphasls o n  the acoustic analogy but rather concen- 
trates o n  an alternative approach, whlch may be 
more readily adapted for use on large-scale com- 
puters t o  obtain more detailed information about 
the sound fleld than would be posslble from t h e  
acoustic analogy. 

culatlng t h e  unsteady flow that produces the sound 
slmultaneously wlth the resulting sound fleld, 
starting from some prescrlbed upstream state that 
I s  Ideally speclfled just ahead of thls region where 
the sound generatlon takes place. To make progress 
wlthout resortlng to full-scale numerlcal computa- 
tion requires that the governlng equatlons be llne- 
arized about some appropriate mean flow. .But that 
ultlmately has to be done, either lmpllcitly or 
expllcltly. even with the acoustlc analogy approach. 
I have no doubt that the day wlll come when 
turbulence-generated sound I s  calculated dlrectly 
from the Navler-Stokes equatlon, but. to my know- 
ledge, that has yet to be done, and there I s  much 
t o  be learned from the exlstlng work, whlch has 
often led t o  relatively simple formulas that show 
encouraging agreement wlth experlment and produce a 
great deal of lnslght Into and physlcal understand- 
lng o f  the sound generatlon process. Thls paper I s  
a very selective revlew of that work, and It adopts 
a very speclflc vlewpolnt. 

That work has more or less 

Thls approach amounts t o  little more than cal- 

The use of llnearlzed theory to calculate tur- 
bulent flows or, better yet, changes In turbulent 
flows js a branch of turbulence theory now known as 
"rapid-distortion theory" (see Hoffatt31). It 
assumes that the following assumptlons are satisfied 
(Hunt24): (a) that u' /U << 1, where u' i s  the rms 
turbulence velocity and U I s  the local meanflow 
velocity; and (b) that the Interaction or change 
belng calculated be completed in a tlme, TI say, 
that 1s short compared wlth Tdecay. where Tdecay 
I s  the decay time or llfetlme of a typical turbulent 
eddy O(e/u')--!Z belng the characteristlc slze of 
turbulent eddles. Rapld-dlstortlon calculatlons are 
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usually based on the lnvlscld equatlons-- an approx- 
lmatlon that is justlfled when both the mean flow 
and turbulence Reynolds numbers are larae. The 
Important point here I s  that the radiated sound 
fleld can be determlned as a by-product of any such 
rapid-distortion-theory calculatlon, as lonq as 
compresslbllltv effects are retalned. 

Whlle It mlght seem most loglcal to begin by 
omitting solld surface effects and t o  Include them 
only after the turbulence self-nolse problem has 
been approprlately dealt wlth, it turns out that 
the solld boundarles actually slmpllfy the problem 
and allow a more rigorous treatment In, at least, 
some cases. Consider then a hlgh-Reynolds-number 
turbulent airjet such as shown schematically in 
Ftg. 1. The maximum turbulence level occurs along 
the centerllne of the lnltial mlxlng layer, lndlca- 
ted by the dashed line In the flgure. Here the 
ratio of the rms turbulence velocity t o  the local 
mean-flow velocity I s  roughly equal t o  0.24 
(Bradshaw et al?) whlch. although not all that 
small, would probably stlll be consldered to b e  an 
acceptable "small parameter" to many classical 
applled mathematicians. Condltlon (a) I s  therefore 
reasonably well satisfied. 

Solid Surface Effects 

Now suppose that a semi-lnflnlte but lnflnltes- 
lmally thln flat plate I s  Inserted Into the flow as 
shown In the flgure. Then the lnteractlon between 
the turbulence and the leading edge wlll be comple- 
ted In a time TI = O(L/U), whlch, In vlew of the 
smallness of the turbulence tntenslty. I s  fairly 
small compared wlth Tdecay = O(]l/u'). Thus, invls- 
cld rapld-distortlon theory applles, and the lnter- 
actlon between the turbulence and the edge can be 
calculated by llnearlzlng the lnvlscld equations 
(the Euler equations) about the mean flow. 

Slnce the ratio of the cross-stream to stream- 
wlse components of the mean-flow veloclty I s  of the 
order of ( u ' / U ) ~  (Tennekes and L ~ m l e y ~ ~ ) ,  the order 
of approxlmatlon will certalnly not be dlmlnlshed 
If thls flow I s  taken t o  be a unldlrectlonal trans- 
versely sheared flow. The Important advantage of 
using thls flow I s  that It I s  Itself a solutlon of 
the invlscld equations (for any veloclty proflle). 
The resultlng expanslon I s  then a rational pertur- 
batlon that can, In prlnclple, be carried to arbl- 
trary order without Internal Inconsistency. The 
lowest order equations are the same as those used 
In lnvlscld stablllty theory, 1.e. the Rayleigh 
equatlons (see Betchov and Crlmlnale4), and as 
already lndlcated. the radlated sound fleld can be 
determlned as part of the solutlon to these 
equations--provided. of course, that compresslblllty 
effects are retalned. 

To accompllsh thls, one must flrst declde on 
an appropriate representatlon of the lncldent turbu- 
lence. Thls would be rather easy t o  do If the mean 
flow were completely uniform, slnce any solutlon 
for the unsteady veloclty/pressure fluctuatlons 
could then be decomposed Into the sum of an 



"acoustlc solution" that carries n o  vorticity and 
vortical solutlon which produces no pressure fluc- 
tuations and which I s  often referred t o  as the 
"gust" or "hydrodynamic" solution. The latter i s  
used to represent the incident turbulence in most 
problems that Involve the interactlon of turbulence 
with solld surfaces embedded in unlform mean flow. 
Its sultabllity for this purpose I s  largely due t o  
the following reasons: 

( 1 )  It does not become infinlte anywhere In 
space, even In the absence of solid surfaces, so 
that it can describe the turbulence field that would 
exist If the surfaces were not present. 

tlties that can be specifled as upstream boundary 
conditlons to describe the turbulence entering the 
interaction zone In any given problem. This seems 
to be the approprlate degree of generality, because 
the the vortlclty i s  a convected quantity that has 
only two independent components (since its dlver- 
gence must vanlsh). 

sonic speeds and will In fact vanish exponentially 
fast at transverse infinity If the mean and unsteady 
vortlclty fields are sufficiently compact. 

Decomposition of the solution into acoustic 
and vortical parts I s  no longer possible when the 
mean flow I s  nonuniform, but the compressible 
Raylelgh equatlons stlll possess a solutlon that 
has the three properties listed above and, in fact, 
approaches the *vortical* solution on a uniform 
mean flow In the llmlt as the mean flow a p  roaches 
a uniform flow ( G o l d s t e i r ~ ~ ~ # ~ ~  and Mohring92). This 
would then seem t o  be the natural generalization o f  
the latter t o  nonunlform flows, and it would there- 
fore seem appropriate to refer to it as the "gust" 
or "hydrodynamic" solution and, more Importantly, 
to use It t o  represent the Incidence turbulence. 

We therefore use it t o  represent the Incident 
turbulence in the present problem of a large flat 
plate embedded in a turbulent shear flow. Since 
the gust solutlon does not satisfy the zero normal 
velocity boundary condltlon at the plate, It i s  
necessary to add another solutlon t o  cancel this 
component of veloclty. Unlike the gust. thls latter 
solutlon does not vanish exponentially fast at 
Infinity but rather behaves like a propagating 
acoustlc wave there (Gold~teinl~). 
the plate i s  able to "scatter" the nonpropagating 
motion associated with the gust into a 
acoustic wave (Ffowcs Willlams and Hall 3). 

The problem also possesses an eigensolution 
assoclated with the spatially growing Instability 
wave that can propagate downstream from the edge on 
the Inflectional mean-veloclt profile (Crlghton 

therefore not unique! It could be made unique if w e  
requlred that it remain bounded at infinity (slnce 
that would eliminate the elgensolution which grows 
without bound there). But since the linearization 
1 s  only valid in the vicinity of the leading edge, 
It i s  probably not appropriate to Impose a 
"boundary" condition far downstream in the flow 
where all sorts of nonlinear effects will have had a 
chance to intervene ( R i e n ~ t r a ~ ~ ) .  

(2) It Involves two arbltrary "convected" quan- 

(3) It has no acoustic radiatlon field at sub- 

In other words, 

Yopagating 

and Leppington9 and Goldstein !! 0). The solution i s  

One can therefore look for an alternatlve way 
to make the solution unique. 
treating the steady-state solution, which i s ,  of 
course, the one of interest here, as the long tlme 
limit of the solution to an Initial-value problem, 
and then Imposing a "causality condition" In the 
sense that the solution I s  required t o  be identl- 
cally zero before the lnitlal tlme when the incldent 
dlsturbance i s  "turned onH (Crighton and 
~eppingtong). 

This can be done by 

But R l e n ~ t r a ~ ~  argued that an inltial condltlon 
imposed In the dlstant past may not be relevant to 
the steady-state solution. since the linearization 
might only be valid over a relatively short interval 
of time. One might therefore conslder a thlrd way 
of rnaklng the solution unique. This amounts to 
using the elgensolutlon to eliminate the leading- 
edge singularity that appears In both the bounded 
and causal solutions, 1.e. by satisfying a leadlng- 
edge "Kutta condltlon" (Goldsteln20). 
be ratlonallzed by noting that the lnstablllty wave 
represents downstream vortex sheddlng that could 
adjust itself t o  eliminate the singularity in the 
inviscid solution and thereby prevent any flow sep- 
aration that would otherwise occur at a very sharp 
edge. 

solutions I s  correct, but I expect Rienstra's36 
argument i s  invalid and that lmpositlon of causallty 
i s  probably appropriate here. 
the theory with the data of 0lser-1.~~ who measured 
the sound radiated In one-third-octave frequency 
bands as a function of the angle from the jet axls 
In a plane perpendicular t o  that of the plate. 
Comparison of experiment and theory i s  shown in 
Fig. 2. The top of the figure corresponds t o  the 
high-frequency limit where the lnstablllty waves 
are "cut off" and the Issues of causality and Kutta 
condltion are irrelevant. However, the low- 
frequency causal solution, which I s  shown at the 
bottom, I s  strongly affected by the instablllty 
wave. The agreement between experiment and theory 
i s  good, but the causal and leading-edge Kutta con- 
dition solutions have the same low-frequency limit. 
and one cannot conclude from this comparison uhlch 
I s  correct. However, the bounded solution behaves 
quite differently In this limit and consequently 
does not agree with the data. 

This may 

It I s  not entirely clear which of these three 

G ~ l d s t e i n ~ ~  compared 

Sound Generated by Turbulence Interactlnq 
With Itself: The Jet-Noise Problem 

Havlng achieved some success In using linear 
theory for the turbulence-leadlng-edge Interaction, 
It i s  natural to try using it t o  calculate the sound 
generated by turbulence interacting with Itself, 
1.e. t o  deal with the problem of jet noise. I have 
already pointed out that the ratio rms turbulence 
velocity to local mean-flow velocity I s  reasonably 
small in the region of maximum turbulence level, so 
that the first requirement for the valldlty of 
rapid-distortion theory (see Introduction) I s  satls- 
fled. However, the interaction time TI, whlch in 
the present context should be taken as the tlme for 
the sound generation to occur, I s  now equal to the 
decay time Tdeca of the turbulence, and the 
second requiremen! I s  not. But with no better 
alternatlve at hand. y e  might still attempt to 
Introduce the same small parameter as before, 1.e.. 
u'/U, and carry the corresponding asymptotlc expan- 
sion to Its loglcal conclusion. Llke the more ad 
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c a r r i e d  t o  the next  order i f  I t i s  t o  be used t o  
c a l c u l a t e  rad la ted  sound. The second-order normal- 
i zed  pressure f l u c t u a t i o n  n2 again s a t i s f i e s  a 
t h i r d - o r d e r  wave equation, bu t  i t  i s  more convenlent 
t o  work w i t h  the i s e n t r o p i c  dens i t y  f l u c t u a t l o n  

hoc acoust lc-analogy approach, t h i s  systematic pro- 
cedure assures t h a t  a l l  app rop r ia te  conservat ion 
laws w i l l  be s a t i s f i e d  and t h a t  t he  acous t i c  sources 
w i l l  be o f  t he  approp r ia te  m u l t i p o l e  order .  But i t  
seems t o  have c e r t a i n  advantages over t h e  acoustlc 
analogy i n  t h a t  i t  prov ldes a "rational" framework 
f o r  assess ing t h e  i n t e r n a l  cons is tency o f  the v a r i -  
ous j e t - n o l s e  analyses. I t  may a l s o  apply  t o  some 
p h y s i c a l l y  r e a l l z a b l e  f low,  whlch IS h o p e f u l l y  not 
t oo  d i f f e r e n t  f rom t h e  r e a l  t u r b u l e n t  f l o w  o f  i n t e r -  
e s t ,  and f i n a l l y ,  i t  prov ides a method f o r  i d e n t l f y -  
l n g  acous t i c  sources and d l s t l n g u i s h l n g  acous t i c  and 
nonacoustlc components o f  t he  unsteady mot ion.  

The Basic Equat ion 

The lowest-order  equations are, on the  face  o f  
I t ,  the  same as before,  1.e. they a r e  the  compress- 
i b l e  Ray le igh ' s  equations. I t  I s  w e l l  known 
(Betchov and Crlrnlnale4) t h a t  t he  v e l o c i t y  compo- 
nent; can Se elim:natec! Setween these eqiiat:ons t o  
o b t a l n  a s i n g l e  equat ion f o r  t h e  normallzed f i rs t -  
order  pressure f l u c t u a t i o n  : pl/poCg. where p i  
i s  t h e  a c t u a l  f i r s t - o r d e r  pressure f l u c t u a t i o n .  
p o ( y t )  I s  t h e  mean-flow dens i t y .  and 
mean-flow sound speed where the  l a t t e r  two quant i -  
t i e s  depend o n l y  the  cross-stream coord inate 4 = 
{ x ~ ,  x3) - XI. x2. x3 denot ing Car tes ian coo rd l -  
nates w l th  XI i n  t h e  mean f l o w  d i r e c t t o n .  This 
equat ion can be w r i t t e n  symbo l i ca l l y  as 

CO&) i s  the 

Lnl  = 0. ( 1 )  
where L denotes t h e  t h i r d - o r d e r  l inear-wave 
operator  

t denotes t h e  tlme, and D / D t  = a / a t t U a / a x l  i s  t he  
convec t i ve  d e r l v a t i v e  based on t h e  mean-flow 
v e l o c i t y  u(sit). 

vant  f o r  t h e  tu rbu lence  s e l f - n o i s e  problem, I t  I s  
a p p r o p r l a t e  t o  suppose t h a t  t he  f l o w  i s  de f i ned  
over a l l  space. Then ( f o r  reasons g iven I n  t h e  
s e c t i o n  on s o l l d  sur face I n t e r a c t i o n s )  t h e  "gus t "  
o r  "hydrodynamic" s o l u t i o n  i s  an approp r la te  solu- 
t i o n  o f  Eq. ( 1 ) .  But t h l s  equat ion a l s o  has (spa- 
t t a l l y  growing) I n s t a b i l i t y - w a v e  s o l u t i o n s  whlch 
can e x i s t  whenever the  mean f l o w  i s  I n f l e c t l o n a l  
(Betchov and Cr lminale4)  
have argued (Cr ighton.6ej  L I U , ~ ~  Tam and Chen.38 
Haert ig.22 Gaster, K i t ,  Wygnanskl ,44 and o the rs )  
t h a t  these l a t t e r  s o l u t i o n s  correspond t o  the exper- 
i m e n t a l l y  observed large-scale t u r b u l e n t  s t ruc tu res ,  
i t  would seem approp r ia te  t o  i d e n t i f y  t he  gust  solu- 
t i o n  w i t h  t h e  " f i ne -g ra ined"  ( o r  r e l a t i v e l y  " t i n e -  
g ra ined" )  t u r b u l e n t  motlons. 

l a rge -sca le  motions which. on a g l o b a l  bas is ,  seem 
t o  bear l i t t l e  resemblance t o  any mot lon t h a t  can 
be represented by e i t h e r  the  gus t  o r  l i n e a r  
I n s t a b l l i t y - w a v e  s o l u t l o n s .  This  should come as no 
su rp r l se ,  s ince  we have a l ready noted t h a t  t h e  l l n -  
ea r i zed  s o l u t l o n  can a t  best  remain v a l i d  over re la -  
t i v e l y  smal l  streamwise d ls tances.  

We have seen t h a t  t he  gust s o l u t i o n  produces 
no acous t l c  r a d i a t l o n  a t  subsonic speeds, and the 
same can be sa id  f o r  t he  l n s t a b l l i t y  waves ( b u t  see 
below). The asymptotlc expansion must t h e r e f o r e  be 

Since s o l i d  boundarles a r e  a c o u s t i c a l l y  l r r e l e -  

Since many I n v e s t i g a t o r s  

However, t h e r e  a r e  exper lmenta l ly  observed, 

n z n  - -  k - 1  2 
2 2 5 s  ( 3 )  

where k i s  t he  s p e c i f i c  heat r a t l o .  Then n 
s a t i s f l e s  

Ln = y, ( 4 )  

which. except f o r  t h e  Inhomogeneous source term 

D a? y z - 0 7 - 2 ax vu, 
1 O t  

i s  t he  same as Eq. (1) f o r  t he  f i r s t - o r d e r  normal- 
i zed  pressure f l u c t u a t i o n .  

Equatlon ( 5 )  I s  I d e n t i c a l  t o  the  source term 
t h a t  would be produced by an e x t e r n a l l y  app l i ed  
f l u c t u a t i n g  fo rce  per  u n i t  mass f = { f l  , f2 , f31 and 
might  t he re fo re  be thought o f  as a d ipo le - t ype  
source, s ince a f l u c t u a t i n g  f o r c e  produces such a 
source when the re  I s  no mean f low.  The f o r c e  f 
i s  not ,  o f  course, a r b i t r a r y  b u t  i s  now gtven as a 
quadra t i c  f u n c t i o n  o f  t he  f i r s t - o r d e r  so lu t i ons ,  
v l z .  

where u!') are the  f l r s t - o r d e r  v e l o c i t y  

f l u c t u a t i o n s  and C: = k 9 T 1  i s  t h e  f i r s t - o r d e r  
square sound speed f l u c t u a t i o n  (9 be lng  t h e  gas 
constant  and T1 belng the f i r s t - o r d e r  temperature 
f l u c t u a t i o n ) .  

minor d i f f e rences ,  were f i r s t  de r i ved  by L i l l e y . 2 8  
who used t h e  acoustlc-analogy approach. 
i s  now commonly r e f e r r e d  t o  as L i l l e y ' s  equatlon. 
I n  the  present approach, i t  a r i s e s  as t h e  equat ion 
f o r  t h e  composite second-order pressure f l u c t u a t i o n  
n w l t h  a source term y t h a t  i n v o l v e s  on ly  f l r s t -  
order  so lu t i ons .  Since these s o l u t l o n s ,  which sa t -  
l s f y  t h e  homogeneous Eq. (1) .  have no acous t i c  
f i e l d s  a t  subsonic speeds, w h i l e  the  second-order 
s o l u t i o n  does, our expansion prov ides a (conceptual 
I f  n o t  experimental) mechanism f o r  i d e n t i f y i n g  
acous t i c  and nonacoustic p a r t s  o f  t he  unsteady 
motion--but t he re  a r e  some compl lcat ions.  

The Sources o f  Sound 

Equations ( 4 )  t o  (6) .  w i t h  some r e l a t i v e l y  

The r e s u l t  

The second term i n  Eq. ( 6 )  represents  a d ipo le -  
typen source due t o  t h e  temperature f l u c t u a t i o n s  i n  
t h e  f l o w  (Tester and Hor fey42) .  Whtle t h i s  source 
i s  o f  r e a l  s i g n i f i c a n c e  i n  a c t u a l  high-temperature 
J e t  exhausts, I w i l l  n o t  d iscuss i t  i n  t h i s  paper. 
I concentrate r a t h e r  on the  f l r s t  term. which. be lnq 
t h e  divergence o f  
Reynolds 

J '  s t ress  ul 
would be produced 
t i n g  s t ress  f i e l d  

(1 

the  f l u c t u a t i n g  ( f i r s t - o r d e r )  

corresponds t o  t h e  source t h a t  
by an e x t e r n a l l y  a p p l l e d  f l u c t u a -  

I t  might  t h e r e f o r e  be 

3 



. .  
Interpreted. by analogy with the zero-mean-flow 
case, as a quadrupole-type source. 

This latter term can be further decomposed into 
a number of subsources by separating the flrst-order 
solution uil) into Its gust and linear (spatially 

growing) instablllty-wave components and, as before, 
identifying the gust with the fine-grained turbulent 
motion. Unfortunately, this procedure cannot be 
carried to its logical conclusion because the linear 
+?5tabillty waves, which grow without bound on a 
parallel mean flow, will ultimately produce an 
unbounded source term in Eq. (4). It would then be 
Inappropriate t o  use this equatlon to calculate the 
acoustic fleld. since it I s  its global, and not Its 
local, solutlons that must be used In such a calcu- 
latlon. However, the real flow I s  only locally 
parallel, and the slowly varylng (rather than the 
parallel-flow) approximation should be used to 
represent the instability waves, as was done by 
Crighton and Gaster.8 Tam and Morris,Jg and others. 
Then the source term I n  Eq. (4) will remain bounded, 
since the local growth rate of the instability wave 
varies wlth the thickness of the jet or shear layer 
(It first Increases. reaches a maximum. and then 
becomes negative as the thlckness increases). 

However, supersonically traveling waves can be 
produced as a by-product of this approxlmatlon. and 
these latter waves will couple to the radiation 
field (Tam and Morrls39) when the flrst-order solu- 
tion I s  rendered unlformly valid (by using an appro- 
priate singular perturbation procedure, such as the 
method of multlple scales34). Our previous COmnent 
that the first-order solution has no radiation fleld 
therefore needs to be qualified. W e  return t o  this 
below, but for now the important point I s  that the 
flrst term in f should then describe the sound 
generation due to the following types of 
interactions: 

(1) Linear instabillty wave-fine-gralned 

( 2 )  Linear Instability wave-linear Instability 

(3) Fine-grained turbulence-fine-grained 

turbulence. 

wave. 

turbulence. 

This list may be Incomplete, of course, or 
even Inapproprlate, since as I already indlcated. 
there are other types of large-scale motions in the 
jet that do not seem to be globally representable 
by either the gust or instability wave. 

In any case, It i s  clear that this list should 
only be taken as an indicatlon o f  the types of 
Interactions that can occur and should not be 
considered t o  be the result of a rlgorous analysis. 
In fact w e  shall eventually show that nonuniform- 
ltles in the asymptotic expansion cause these inter- 
actions to occur at dlfferent asymptotic orders than 
the present formal expansion would suggest. One 
might then choose t o  ignore the list entirely and 
argue that the experlrnentally observed turbulent 
motlons should be used In place of the first-order 
solutions that appear in the source term (5). which 
I s .  In effect, what I s  done In the acoustic-analogy 
approach. However, I do not thlnk that it should 
be dlsmlssed entirely and therefore consider it in 
some detall. 

Its first item, 1.e. the Instability wave fine- 
grained turbulence interaction. has only been con- 
sidered very briefly In the literature (Ffowcs 
Williams and Kempton,l4 Berman,3 Llu29) and, to my1 
knowledge, only llmited quantitative results have 
been obtained for this interaction. It can be 
thought of as the sound generated by the flne- 
grained turbulence shaking the lnstabllity waves 
and i s  likely to emerge as an Important source mech- 
anism In relatively low Reynolds-number flows. 

action may be related to the vortex-palrlng events 
that occur in the Initial mixing region of a hlgh- 
speed jet. 
enhanced by exciting the jet with an external acous- 
tic source tuned to the most unstable frequency of 
the shear layer at the nozzle lip, as was done by 
K l b e n ~ . ~ ~  He found this to cause a supression of 
the natural broadband noise of the jet with most of 
the sound being generated at subharmonlcs of the 
excitatlon frequency. By takin measurements In 
the near and far flelds. Kibensys showed that there 
was no Doppler shift in frequency. Indicating that 
the sound was generated by nonconvectlng sources 
within the jet, whose locatlons he subsequently 
identlfled with the vortex-pairing locatlons. 

However, quadratic lnteractlons between two- 
dimensional (or between axlsymmetric) lnstabillty 
waves produce only subsonically traveling waves on 
a subsonic parallel mean flow. and these waves d o  
not radiate sound. 
bation analysis of these lnteractlons I s  (like the 
Straightforward nonparallel mean-flow analysis) 
nonuniformly valid In the streamuise dlrection 
(leading to the so-called K e l l e ~ ~ ~  resonance), 
and (as in the nonparallel analysis) supersonically 
traveling waves are produced when the stralght- 
forward asymptotic solutlon i s  rendered uniformly 
valid in that direction. The sound field can then 
be calculated by using a procedure similar t o  the 
one used by Huerre and Crighton23 for the sound 
generated by the nonlinear saturation of a single 
instability wave. But a more systematic approach 
mlght be to adapt the procedure used by Tam and 
Morris39 to this case. 

The Liqhthill Result 

The instabillty wave-instability-wave inter- 

These events can be experimentally 

But the straightforward pertur- 

The fine-grained turbulence-fine-gralned- 
turbulence interaction i s  essentlall the mechanism 
originally considered by Lighthi11.2i*27 Difficul- 
ties such as those dlscussed I n  conjunction with 
instability wave-instability-wave Interaction may 
also occur when the present perturbation approach 
i s  applied to this case. Llghthill's acoustic 
analogy theory leads t o  a stationary medium (i.e. 
classical) wave equatlon. He suggests that it 
should be possible to neglect variations in retarded 
time across the turbulent eddies (or correlatlon 
volumes) in this case, since the time 
(1 - Mc cos e) for a sound wave to cross a turbulent 
eddy will be small compared wlth the characterlstic 
time V u '  of the sound source at subsonic jet 
velocities (Goldstein17). Here Mc I s  the "convec- 
tion Mach number" of the turbulence, and e I s  the 
angle between the downstream J e t  axis and the line 
connectlng the source point and the observation 
point. 

wave operator on the left side o f  Eq. (4) that the 

Q/Co 

It i s  a consequence of the linearity of the 
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sound radlated by any glven turbulent eddy wlll 
then be Independent of that radlated by any other 
eddy. Llghthlll therefore argued that each eddy 
should behave llke a polnt quadrupole source movlng 
downstream wlth the "convection velocity" of the 
turbulence and that the entlre sound field of the 
jet could then be estimated by calculatlng the sound 
radlated by a "typlcal" turbulent eddy. 
ture turns out t o  be a sllght overslmpliflcatlon 
and was later corrected by Ffowcs Wllllams.12 

the mean-square pressure 3 radlated in any pro- 
portlonal frequency band at a flxed source frequency 
R. where w = ~ ( 1  - Mc cos e) I s  the actual fre- 
quency of the sound, behaves llke 

This plc- 

In the Llghthll12C/Ff wcs Wllllams12 result, 

- 
f(Q) 

(1 - Mccos e) P2 - 5 '  ( 7 )  

so that Its "dlrectlvlty pattern" i s  prlmarlly 
determined by the Doppler factor (1 - Hc cos e) 
raised to the -5 power. These flve inverse Doppler 
factors produce a hlghly dlrectlonal radlatlon pat- 
tern at high subsonic Mach numbers--whlch I s  remark- 
ably similar t o  experlmental observatlon. 

Solutlons of Lllley's Equatlon 

Solutions of Eq. (4) wlth y treated as a 
movlng polnt source can be Interpreted as correc- 
tions to the Ltghthll12C/Ffowcs WllliamslZ result 
(7) that account for the effects of the nonunlform 
surroundlng mean flow. 
Balsa.112 Berman 3 Goldsteln 15.16~21 Tester and 
M ~ r f e y . ~ ~  Scott.j7 Lll ley.28'etc .) therefore decided 
to calculate the acoustic radlatlon from polnt quad- 
rupole sources moving through transversely sheared 
mean flows. The relevant solutions usually had to 
be obtalned numerically, but relatively slmple 
closed-form (or nearly closed-form) solutions were 
obtalned In the lowand high-frequency llmlts 
<< 1 and wD/UJ >> 1. respectively. where D 
denotes the jet dlameter (see Fig. 1) and 
denotes the jet velocity. 

Low-frequency solutions were obtalned for a 
round jet with arbltrary mean-veloclty profile by 
G ~ l d s t e l n l ~ . ~ ~  and Balsa.2 All components of an 
ldeallzed quadrupole convectlng through a statlonary 
medlum exhlblt dlrectlvlty patterns glven by Inverse 
Doppler factors tlmes slnes and cosines of the 
observatlon angle. The low-frequency analyses show 
that only t h e  x1-x1 and xl-r quadrupole compo- 
nents (where r I s  the radlal coordinate) retaln 
thls property In the presence of a parallel but 
nonunlform mean flow. The remalnlng quadrupole 
components exhlblt dlrectlvlty patterns glven by 
more-complex formulas lnvolvlng the complete mean- 
velocity profile and the location of the sources 
withln the jet (Goldsteln16). 

the very surprlslng result that the mean flow causes 
certain quadrupole components t o  emit sound much 
more efflclently than they otherwlse would--the 
mean-square pressures In the absence and presence of 
the mean flow belng respectlvely. O ( d )  and O(R2) 
as R + 0. The acoustic fleld of the xl-r quad- 
rupole, which I s  the only one of these more effl- 
clent sources that can be expressed in simple 
Doppler-factor form, I s  proportlonal to the local 

A number of us ( M a r 1 1 , ~ ~  

&/UJ 

UJ 

However, the low-frequency analyses uncovered 

mean-veloclty gradient. It 1 s  worth noting that 
thls source arlses as much from the first member of 
the source term (5) as from the second, even though 
the former does not expllcltly Involve the mean- 
veloclty gradient (Balsa2). 

patterns therefore depend on complex propertles of 
the jet turbulence and mean flow that are dlfflcult 
to estlmate. But the mathematlcal results are con- 
slstent with the experlmentally observed result 
that they wlll always be more dlrectlonal than 
Llghthlll's inverse flve Doppler factors would 
lndlcate. or, to be more speclflc. the analytical 
and experlmental results show that the low-frequency 
sound should be more concentrated on the down-stream 
axls than Llghthlll's result Implies, with the on- 
axls sound belng produced by the quadrupoles wlth 
one axis ln the streamwise dlrectlon. 

The high-frequency solutions, whlch yere 
obtalned by Lilley.28 Tester and Burrln.S1 
Berman.3 and Goldsteln,l7~21 exhlblt a "zone of 
silence" on the downstream jet axis. The acoustic 
field I s  exponentially small In that region. whlch 
I s  clrcumferentlally asymmetric when t h e  jet I s  
nonaxlsymmetrlc and/or the sound source I s  located 
off-axis. It ulll fill the entlre range of circum- 
ferentlal angles when e I s  sufflclently close to 
the downstream jet axls (see Fig. 3). but ulll only 
occupy a llmlted range of angles (say VCmln < cp < 
%ax) at larger values of e (say ecmtn 
< e < eCmax). and finally it will dlsappear com- 
pletely when e > ecmax. (See Fig. 4.) These 
remarks only apply t o  subsonic isothermal jets with 
monotonlc or nearly monotonlc mean-velocity pro- 
files. A host of complex interference effects may 
occur when these restrictions are relaxed. 

Observed low-frequency jet-noise dlrectlvlty 

g 2  

As ln geometric optlcs, the sound propagates 
along distlnct rays In the hlgh-frequency approxl- 
matlon. Only one ray can reach the observer when 
e > eCmax. but there wlll be at least two rays 
reaching the observer when 
dlrect ray and a ray reflected from the boundary of 
the zone of silence (Go1dsteln21). The correspond- 
lng sound waves can then Interfere, but the lnterfer- 
ence term wlll be a rapldly osclllatlng function of 
angle and, sjnce all acoustlc measurements involve 
some for of a spatlal averaglng, may not be experl- 
mentally observable. 

The mean square pressure radlated In any pro- 
portional frequency band of fixed source frequency 
SI will then be the sum of the mean-square pressures 
for each ray reaching the observer. The result for 
a convectlng quadrupole source, corrected for the 
Ffowcs Wllllamsl2 effect, I s  glven by (Goldsteln21) 

eCmln < 8 < OCmax -- a 

(8) 
where R I s  the dlstance between the source point 
and the observation polnt shown In Flg. 4, pa and 
C, are the denslty and sound speeds at lnflnlty. 
and H I s  the Mach number based on the mean flow at 
the source locatlon and the sDeed of sound at 
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l n f l n l t y .  The Qi j  denote t h e  r e l a t i v e  quad- 
r u p o l e  s t reng ths ,  

u1 = q cos X, u2 = qos in  A ,  u3 = cos e, ( 9 )  
0 

x I s  t h e  i n l t l a l  c i r cumfe ren t ia l  angle made by the  
acous t l c  r a y  associated w i t h  Eq. (8 ) .  and A 
denotes a " c l r c u m f e r e n t l a l  d i r e c t i v i t y  f a c t o r "  t h a t  
depends on t h e  c l r c u m f e r e n t l a l  observat ion angle cp. 
t he  l o c a t i o n  o f  t he  sound source w l t h l n  t h e  j e t ,  and 
the  mean-veloc i ty  and temperatures p r o f l l e s  of t h e  
j e t .  

t h a t  a p p l i e s  t o  j e t s  o f  any cross sec t l on  and w i t h  
any t ransve rse  mean-velocity and temperature pro-  
f i l e s ,  b u t  A and A must be c a l c u l a t e d  by SOlVlng 
a second-order ord lnary d i f f e r e n t l a l  equat lon i n  
the  genera l  case. 
a t l v e l y  s imple a n a l y t i c  formulas (Goldste in21)  f o r  
o f f - a x i s  sources a t  a r b i t r a r y  l o c a t l o n s  I n  a c i r -  
c u l a r  j e t  w i t h  a r b i t r a r y  v e l o c i t y  and temperature 
p r o f i l e s .  

used t o  study t h e  e f f e c t  o f  n o n a x l s y m e t r l c  j e t  
v e l o c l t y  and temperature p r o f l l e s  I n  reducing j e t  
no i se  below t h e  f l i g h t  pa th  o f  a j e t  a i r c r a f t .  whlch 
i s  of cons ide rab le  i n t e r e s t  f o r  t echno log lca l  a p p l i -  
c a t i o n  (Von Glahn and Goodykoontz43). 
t h e  p resen t  purpose, It i s  app rop r ia te  t o  concen- 
t r a t e  on t h e  azimuthal d i r e c t i v i t y  pa t te rn ,  which 
i s  r e l a t l v e l y  unaf fected by t h i s  f a c t o r .  

Equat ion (8)  shows t h a t  t h e  inverse-Doppler- 

Equat ion (8) i s  an exact hlqh-frequency r e s u l t  

They are, however, g l ven  by r e l -  

The c l r c u m f e r e n t l a l  d l r e c t l v i t y  f a c t o r  can be 

But f o r  

f a c t o r  exponent i s  Increased f rom 5 t o  7 I n  the  
high-frequency l i m i t ,  s i nce  t h e  l o c a l  mean-flow 
Mach number and t h e  turbulence-convection Mach num- 
ber a r e  u s u a l l y  n o t  very d l f f e r e n t  I n  t h e  reg ions 
o f  peak tu rbu lence  i n t e n s i t y .  This taken by i t s e l f  
would cause t h e  high-frequency sound ( l i k e  t h e  low- 
frequency sound) t o  be more d i r e c t i o n a l  than 
L i g h t h l l l ' s  Eq. 7 )  would p r e d i c t .  I f ,  however, 
f o l l o w i n g  Balsa, h the quadrupole i s  assumed t o  be 
i s o t r o p i c  so t h a t  

Qlj = d i j Q o *  (1. j  = 1,2.3) 

where b i j  i s  t h e  Kronecker d e l t a .  I t  f o  
Eqs. ( 9 )  and (10) t h a t  

(11) 

lows f rom 

whlch more than compensates f o r  t h e  a d d i t l o n a l  two 
Doppler f a c t o r s  I n  the denominator o f  Eq. (8 )  and 
produces a n e t  azimuthal d l r e c t l v i t y  p a t t e r n  t h a t  
i s  g lven  by th ree  Inverse Doppler f a c t o r s  -- I n  
e x c e l l e n t  agreement w i th  the exper lmen ta l l y  observed 
o n e - t h l r d  octave d i r e c t l v l t y  pa t te rns .  

The l n t e r p r e t a t i o n  o f  t h i s  r e s u l t  i s  t h a t  t h e  
reduced d l r e c t i v i t y  o f  t h e  hlgh-frequency sound i s  
due t o  I n t e r f e r e n c e  between t h e  var ious quadrupole 
components. Note tha t  t he  mean-square pressure i s  
now t h e  product  o f  an azlmuthal d i r e c t i v l t y  f a c t o r  
t h a t  depends on ly  on e and a c l r c u m f e r e n t l a l  
d i r e c t l v l t y  f a c t o r  t ha t  depends o n l y  on cp. I t  i s ,  

o f  course, h l g h l y  u n l i k e l y  t h a t  t he  a c t u a l  quadru- 
po les w i l l  p r e c l s e l y  s a t i s f y  Eq. (11 ) .  b u t  t h e  anal -  
y s i s  s t r o n g l y  suggests t h a t  quadrupole component 
I n t e r f e r e n c e  e f f e c t s  can g r e a t l y  reduce j e t - n o l s e  
d l r e c t l v i  t y .  

Sound Generatlon Due t o  Streamwise 
Var ia t i ons  i n  Mean Flow 

The formal asymptotic expanslon I n  powers o f  
(u l /U)  can be cont inued t o  the  t h l r d  order .  A t  
t h i s  stage, l n t e r a c t l o n s  between the  f i r s t - o r d e r  
p e r t u r b a t i o n  s o l u t i o n  and the  streamwlse v a r l a t i o n s  
i n  t h e  mean f l o w  w i l l  appear i n  t h e  source term. 
[Reca l l  t h a t  t he  r a t i o  o f  t he  cross-stream t o  
streamwise components o f  t he  mean-flow v e l o c l t y  I s  
O ( ( U ' / U ) ~ ) .  w h i l e  t h e  f i r s t - o r d e r  s o l u t i o n  i s  
O ( u ' / U ) . ]  Then, by decomposing the f i r s t - o r d e r  
s o l u t i o n  i n t o  I t s  gust  and l n s t a b l l l t y - w a v e  compo- 
nents and making t h e  connection between the  gus t  
and f i ne -g ra lned  turbulence t h a t  we dlscussed above, 
we I n f e r  t h a t  t h e  source term now descr lbes sound 
generat ion due t o  ( a )  t he  f i ne -g ra ined  tu rbu lence  
I n t e r a c t i n g  w i t h  streamwlse v a r l a t l o n s  (1.e.  spread- 
i n g )  o f  t h e  mean f l o w  and (b )  t he  l n s t a b l l l t y  waves 

- i n t e r a c t i n g  w i t h  the  streamwlse mean-flow v a r i a -  
t i o n s .  The f l r s t  mechanlsm has, t o  my knowledge, 
n o t  y e t  been consldered i n  the  l l t e r a t u r e .  The 
second w i l l  a l ready be accounted f o r  I n  t h e  f i r s t -  
order  ana lys i s  I f  the  s low ly  va ry lng  approx imat ion 
i s  used t o  descr lbe t h e  l n s t a b l l l t y  waves. Th is  
mechanism has been anal  zed I n  a more ad hoc fash ion  
by Crow and Champagne,lg Ffowcs Wl l l l ams  and 
Kempton,l4 Huerre and Crlghton.23 and L ~ u , ~ ~  and i n  
a systemat ic  way by Tam and M 0 r r l s . ~ 9  However, Tam 
and M 0 r r l s 3 ~  u l t i m a t e l y  conclude t h a t  t h l s  source I s  
n o t  impor tan t  a t  subsonic speeds whlch I s  c o n s i s t -  
en t  w l t h  t h e  f i n d i n g s  o f  M0ore.3~ who s tud led  the  
phenomenon exper lmenta l ly  by a r t l f l c l a l l y  e x c i t i n g  a 
j e t  under cond l t l ons  t h a t  tended t o  mln lmlze vo r tex  
p a i r i n g .  
broadband no ise  was u s u a l l y  Increased r a t h e r  than 
suppressed by the  ex te rna l  e x c i t a t i o n .  He concluded 
t h a t  t he  i n s t a b l l l t y  wave, w h i l e  n o t  r a d l a t l n g  noise 
d l r e c t l y ,  acted as a condu i t  through which energy 
cou ld  be t r a n s f e r r e d  t o  t h e  smal l -sca le t u r b u l e n t  
motion. 

U n l i k e  K i b e n ~ . ~ ~  Moore found t h a t  t he  

Concludinq Remarks 

Comparisons o f  t he  r e s u l t s  o f  t he  prev lous 
s e c t i o n  w i t h  experlment suggest t h a t  t h e  h igh -  
frequency s o l u t l o n  may remain v a l i d  a t  f requencles 
t h a t  a re  low enough t o  i nc lude  t h e  m o s t  ene rge t l c  
p o r t i o n  o f  t h e  j e t - n o l s e  spectrum. This  mlght  a l s o  
be t r u e  f o r  o the r  more complex t u r b u l e n t  f l ows .  We 
may t h e r e f o r e  be a b l e  t o  c a l c u l a t e  the  sound gener- 
a ted i n  such f lows by f l n d i n g  t h e  high-frequency 
s o l u t l o n  f o r  a p o l n t  quadrupole source movlng 

' through t h e  approp r ia te  mean f l ow .  
r e c e n t l y  obta lned such a s o l u t l o n  f o r  a complete ly  
general mean f l ow .  Up t o  now our remarks have been 
con f ined  t o  subsonic f lows, though much o f  what has 
been sa ld  a l s o  app l l ed  t o  supersonlc f l ows .  How- 
ever, some I n t e r e s t i n g  new phenomena a l s o  come i n t o  
p lay  i n  these f lows.  

D u r b l n l l  
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Figure 1. - Plate embedded in turbulent airjet. 
Note that the  leading edge of the plate is posi- 
tioned in the region of maximum turbulence 
intensity so that its sound field wi l l  exceed 
the background jet noise by the  maximum 
amount. 
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