
I - 1  

t b 

- 
I I*  NASA Technical Memorandum 100174 

Analysis 
Fracture Mechanics Concepts in Reliability 

of Monolithic Ceramics 

I 
Jane M. Manderscheid and John P. Gyekenyesi 
Lewis Research Center 
Cleveland, Ohio 

Prepared for 
Testing High Performance Ceramics 
cosponsored by the American Ceramic Society and 
the American Society for Nondestructive Testing 
Boston, Massachusetts, August 25-27, 1987 

b 

(6851-TR-100174) FRACTURE BECBAIICS Y87-27269 
CCBCBETS III P E L I A E X L I T Y  BLALPSIS OP 
WCIOLITEIXC CE6AhlICS ( I A S B )  16 p Avail:  
b !US BC A02/BF A01 CSCL 20K U n c l a s  

63/39 0092896 

https://ntrs.nasa.gov/search.jsp?R=19870017836 2020-03-20T09:37:45+00:00Z
brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by NASA Technical Reports Server

https://core.ac.uk/display/42835547?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


FRACTURE MECHANICS CONCEPTS I N  RELIABILITY ANALYSIS OF MONOLITHIC CERAMICS 

Jane M. Manderscheid and John P. Gyekenyesi 
N a t i o n a l  Aeronaut ics  and Space A d m i n i s t r a t i o n  
Lewis Research Center 
Cleveland, Ohio 44135 

ABSTRACT 

Bas ic  des ign  concepts for  high-performance, m o n o l i t h i c  cerami-c s t r u c t u r a l  
components a re  addressed. The design o f  b r i t t l e  ceramics d i f f e r s  from t h a t  
o f  d u c t i l e  meta ls  because o f  the i n a b i l i t y  of ceramic m a t e r i a l s  t o  r e d i s -  
t r i b u t e  h i g h  l o c a l  s t r e s s e s  caused by i n h e r e n t  f l a w s .  Random f l a w  s i z e  and 

(r) o r i e n t a t i o n  r e q u i r e s  t h a t  a p r o b a b i l i s t i c  a n a l y s i s  be performed in o r d e r  t o  
* I- determine component r e l i a b i l i t y .  The c u r r e n t  t r e n d  i n  p r o b a b i l i s t i c  analy-  
m I s i s  i s  to  combine l i n e a r  e l a s t i c  f r a c t u r e  mechanics concepts w i t h  the two 
u parameter Weibu l l  d i s t r i b u t i o n  f u n c t i o n  t o  p r e d i c t  component r e l i a b i l i t y  

under mu1 t i a x i a l  s t r e s s  s t a t e s .  Nondest ruc t ive  e v a l u a t i o n  supports t h i s  
a n a l y t i c a l  e f f o r t  by supp ly ing  da ta  d u r i n g  v e r i f i c a t i o n  t e s t i n g .  I t  can 
a l s o  h e l p  to  determine s t a t i s t i c a l  parameters which descr ibe  the m a t e r i a l  
s t r e n g t h  v a r i a t i o n ,  i n  p a r t i c u l a r  the  m a t e r i a l  t h r e s h o l d  s t r e n g t h  ( t h e  
t h i r d  We ibu l l  parameter) ,  which i n  the p a s t  has o f t e n  been taken as z e r o  for 
simp1 i c i  t y .  

INTRODUCTION 

Ceramic m a t e r i a l s  are c u r r e n t l y  under c o n s i d e r a t i o n  f o r  s t r u c t u r a l  compo- 
nents i n  advanced heat  engines for  severa l  reasons. The p r imary  m o t i v a t i o n  
i s  t h e i r  h i g h  s t r e n g t h  under s i g n i f i c a n t l y  inc reased o p e r a t i n g  temperatures.  
The use o f  these h i g h  temperature m a t e r i a l s  w i l l  p e r m i t  b e t t e r  f u e l  e f f i -  
c i ency  and reduce c o o l i n g  s y s t e m  requirements.  I n  a d d i t i o n  t o  h i g h  tempera- 
t u r e  s t r e n g t h ,  t he  low d e n s i t y  o f  ceramics a l s o  makes them a t t r a c t i v e ,  
e s p e c i a l l y  f o r  r o t a t i n g  components. Other e n t i c i n g  p h y s i c a l  p r o p e r t i e s  
i n c l u d e  good o x i d a t i o n  and co r ros ion  r e s i s t a n c e ,  low f r i c t i o n  and wear char- 
a c t e r i s t i c s ,  and the f a c t  t h a t  ceramics a re  manufactured from abundant, non- 
s t r a t e g i c  raw m a t e r i a l s .  

U n f o r t u n a t e l y ,  severa l  undes i rab le  c h a r a c t e r i s t i c s  a r e  a l s o  p resen t  i n  
ceramics because o f  t h e i r  l a c k  o f  d u c t i l i t y  and t h e i r  random f l a w  d i s t r i b u -  
t i o n .  Due t o  t h e i r  atomic s t r u c t u r e ,  ceramics i n t r i n s i c a l l y  e x h i b i t  low 
s t r a i n  t o l e r a n c e  and low f r a c t u r e  toughness. Low toughness, when combined 
w i t h  d e s i r e d  t e n s i l e  s t r e s s  s t a t e s ,  u s u a l l y  r e s u l t s  i n  a very  smal l  c r i t i -  
c a l  f l a w  s i z e .  Furthermore, a l a rge  d i s p e r s i o n  i n  f r a c t u r e  s t r e n g t h  e x i s t s .  
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The f r a c t u r e  s t reng th  v a r i e s  n o t  o n l y  i n  n o m i n a l l y  i d e n t i c a l  t e s t s ,  b u t  t h e  
mean s t r e n g t h  i s  also dependent upon t h e  method o f  t e s t i n g  and the  volume 
of t e s t e d  m a t e r i a l .  L i m i t e d  des ign exper ience e x i s t s  for  m a t e r i a l s  hav ing  
such p r o p e r t i e s ,  w i t h  much of t h e  e a r l y  b r i t t l e  m a t e r i a l s  des ign  exper ience 
gained from work w i t h  g r a p h i t e  (Refs.  1 and 2) or g l a s s  ( R e f .  3 ) .  

There i s  a we l l -es tab l i shed  l i n k  between l i n e a r  e l a s t i c  f r a c t u r e  mechanics 
(LEFM) and nondes t ruc t i ve  e v a l u a t i o n  (NDE) i n  t h e  f l a w - t o l e r a n t  des ign  meth- 
od f o r  meta l  1 i c  components, However, severa l  f a c t o r s  c u r r e n t l y  p revent  a 
s i m i l a r  s i t u a t i o n  for ceramics. F i r s t ,  a v a s t  number o f  f l aws  t y p i c a l l y  
e x i s t  i n  a va ry ing  m u l t i a x i a l  s t r e s s  f i e l d  w i t h i n  a ceramic component. Sec- 
ond, t h e  p r o b a b i l i s t i c  n a t u r e  o f  advanced NDE methods must be taken i n t o  
account, e s p e c i a l l y  for the  smal l  c r i t i c a l  f law s i z e s  encountered i n  such 
a p p l i c a t i o n s .  T h i r d ,  t he  a b i l i t y  o f  the  NDE method t o  determine t h e  f l a w  
type,  shape, and o r i e n t a t i o n  must be considered.  Four th ,  t he  r e l a t i o n s h i p  
between t h e  f l aw  and the  f r a c t u r e  s t r e n g t h  must be es tab l i shed .  There a r e  
many types  of  p o s s i b l e  s t r e n g t h - c o n t r o l l i n g  f l a w s :  
c racks ,  pores,  agglomerates, i n c l u s i o n s ,  l a r g e  g r a i n s ,  g r a i n  boundar ies,  
and o t h e r  m i c r o s t r u c t u r a l  i r r e g u l a r i t i e s .  Accord ing  t o  a recen t  rev iew  by  
Singh (Ref .  4 )  on the  e f f e c t  o f  f l a w s  on the  f r a c t u r e  s t r e n g t h  o f  ceramics, 
t h e  f l a w  s i z e - s t r e n g t h  r e l a t i o n s h i p  i s  n o t  yet  determined f o r  a l l  f l a w  
types i n  a l l  m a t e r i a l s .  However, exper imenta l  da ta  shows t h a t  most d e f e c t s  
e x h i b i t  c r a c k - l i k e  behav io r  and can be modeled by  LEFM even though they  a r e  
n o t  t r u e  cracks i n  every  sense, i . e . ,  they  a r e  n o t  f l a t  p lanes o f  geometr ic  
d i s c o n t i n u i t y .  Th is  i s  done by i n t r o d u c i n g  an e f f e c t i v e  c rack  which is r e -  
l a t e d ,  a l though n o t  e x a c t l y  equal ,  t o  t h e  a c t u a l  f l a w  shape and s i z e .  Due 
t o  t h e  above cons idera t ions ,  an a p r i o r i  a n a l y t i c a l  de te rm ina t ion  o f  the  
“ c r i t i c a l  f l a w ”  i n  a component i s  p r e s e n t l y  i n t r a c t a b l e .  Hence, i t  i s  gen- 
e r a l l y  i m p r a c t i c a l  t o  use t r a d i t i o n a l  d e t e r m i n i s t i c  f r a c t u r e  mechanics and 
s i n g l e  c rack  NDE t o  p r e d i c t  the  s t r e n g t h  o f  a g i v e n  ceramic component. 

There fore ,  the  c u r r e n t  t r e n d  i n  m o n o l i t h i c  ceramics s t r u c t u r a l  a n a l y s i s  i s  
to  couple LEFM w i t h  s t a t i s t i c a l  weakest l i n k  concepts to  p r e d i c t  t he  
s t r e n g t h  v a r i a t i o n  and f a i l u r e  behav io r  o f  ceramic components. 
method, a f r a c t u r e  s t r e n g t h  d i s t r i b u t i o n  i s  f i r s t  determined from s imple  
u n i a x i a l l y  loaded ( f l e x u r a l  or t e n s i l e )  t e s t  specimens. Then, u s i n g  t h i s  
da ta ,  t h e  r e l i a b i l i t y  for  a g i ven  component geometry and load ing  can be c a l -  
cu la ted .  A d i r e c t  c o r r e l a t i o n  between f l a w  t y p e l s i z e  and f r a c t u r e  s t r e n g t h  
i s  n o t  necessary. Acco rd ing l y ,  p r e - e x i s t e n t  f l a w s  do n o t  need t o  be e x p l i c -  
i t l y  de tec ted .  

machin ing damage, 

I n  t h i s  

However, t h i s  does n o t  imp ly  t h a t  NDE cannot p l a y  a r o l e  i n  the  r e l i a b i l i t y  
a n a l y s i s .  The o b j e c t i v e  o f  t h i s  paper i s  to  d iscuss  two o f  N D E ’ s  r o l e s  i n  
t h e  a n a l y t i c a l  p r e d i c t i o n  o f  f a s t - f r a c t u r e  r e 1  i a b i  1 i t y  o f  s t r u c t u r a l  ceram- 
i c s ,  a long  w i t h  a bas i c  d e s c r i p t i o n  o f  the  r e l i a b i l i t y  a n a l y s i s  i t s e l f .  
Accurate exper imenta l  v e r i f i c a t i o n  o f  the  r e l i a b i l i t y  models demands NDE 
c h a r a c t e r i z a t i o n  of  t h e  t e s t  specimens. 
NDE measurements w i t h  the  s t a t i s t i c a l  parameters r e q u i r e d  for r e l i a b i  1 i t y  
a n a l y s i s ,  thus e l i m i n a t i n g  c o s t l y  t e s t i n g .  Furthermore, i n  the  low f a i l u r e  
p r o b a b i l i t y  regimes o f  i n t e r e s t  i n  des ign,  NDE p rov ides  increased a n a l y s i s  
capabi 1 i t y  by  exper imen ta l l y  de te rm in ing  a t h i r d  s t a t i s t i c a l  parameter t o  be 

A second ro le  would be t o  c o r r e l a t e  
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used i n  the  ana lys i s .  The f i r s t  r o l e ,  exper imenta l  v e r i f i c a t i o n ,  i s  
c u r r e n t l y  i n  progress a t  NASA Lewis Research Center and w i l l  be b r i e f l y  sum- 
mar ized i n  a l a t e r  s e c t i o n  of t h i s  paper. The l a t t e r  r o l e ,  parameter de te r -  
m ina t i on ,  i s  prob lemat i ca l  a t  t h i s  time, and i s  consequent ly seldom used, 
b u t  i t s  p o t e n t i a l  a p p l i c a t i o n  w i l l  be descr ibed.  I n f o r m a t i o n  about r e l i a -  
b i l i t y  a n a l y s i s  w i l l  be presented t o  a i d  i n  t h e  understanding o f  NDE's 
r o l e s  i n  t h i s  research  area. 

RELIABILITY ANALYSIS 

Fundamentals of the  Weakest L i n k  Fracture Theory 

The f r a c t u r e  s t r e n g t h  of ceramics i s  c o n t r o l l e d  by one o f  the  l a r g e r  f l a w s  
i n  t h e  m a t e r i a l  and hence can be descr ibed by a form o f  extreme va lue  s ta -  
t i s t i c s .  Most mathematical  desc r ip t i ons  of f a i l u r e  p r o b a b i l i t y  are based on 
t h e  weakest l i n k  theo ry  (WLT). The WLT assumes t h a t  complete f a i l u r e  w i l l  
occur  when the  weakest l i n k  of a number of independent and m u t u a l l y  exc lu -  
s i v e  l i n k s  f a i l s .  Consequently, if two apparen t l y  i d e n t i c a l  m a t e r i a l s  o f  
d i f f e r e n t  volumes are  sub jec ted  t o  the same s t r e s s  s t a t e ,  the  l a r g e r  volume 
o f  m a t e r i a l  w i l l  be more l i k e l y  t o  f a i l  because i t  con ta ins  more l i n k s ,  some 
o f  which are  l i k e l y  t o  be weaker than those found i n  the  smal le r  specimen. 
WLT i s  o b v i o u s l y  a more conservat ive f a i l u r e  theo ry  than the  p a r a l l e l  or 
bundle model which a l l ows  r e d i s t r i b u t i o n  of  loads to  t h e  surrounding mate- 
r i a l  when one l i n k  f a i l s .  Because of the  b r i t t l e  na tu re  o f  m o n o l i t h i c  
ceramics,  i t  has been observed t h a t  they behave i n  a weakest l i n k  or  s e r i e s  
manner. For comparison, i t  i s  be l ieved t h a t  composite ceramics cou ld  be 
descr ibed by some combinat ion of p a r a l l e l  and se r ies  concepts,  meaning f a i l -  
u r e  of one element o f  m a t e r i a l  w i l l  n o t  n e c e s s a r i l y  cause c a t a s t r o p h i c  
f r a c t u r e .  

The weakest l i n k  concept was f i r s t  proposed by Midg ley  and P ie rce  (Ref.  5) 
who noted t h a t  as the  l e n g t h  of  a piece o f  ya rn  increased,  the  s t r e n g t h  d i s -  
t r i b u t i o n  became n e g a t i v e l y  skewed, i . e . ,  there  was a g r e a t e r  tendency t o  
f r a c t u r e  a t  a lower s t r e n g t h .  Weibul l  a p p l i e d  the  same concept t o  the  
s t r e n g t h  of a s o l i d  volume of  m a t e r i a l ,  b u t  i n  a d d i t i o n  he assumed a unique 
d i s t r i b u t i o n  f u n c t i o n  which i s  now known as t h e  Weibul l  d i s t r i b u t i o n .  

i 

A genera l  form o f  the  Weibul l  d i s t r i b u t i o n  for  vo lumet r i c  f l a w s  i s  

where t h e  p r o b a b i l i t y  o f  f a i l u r e ,  Pf, due t o  a u n i a x i a l  s t r e s s ,  U, i s  
dependent upon th ree  s t a t i s t i c a l  mater ia l  parameters--the Weibul l  modulus 
(shape parameter)  m, the  th resho ld  s t r e n g t h  ( l o c a t i o n  parameter)  uU, and 
the  n o r m a l i z i n g  s t r e s s  ( s c a l e  parameter) u0. The Weibul l  modulus i s  i n d i c a -  
t i v e  o f  s t r e n g t h  v a r i a b i l i t y ,  w i t h  smal le r  va lues rep resen t ing  a l a r g e r  var-  
i a t i o n .  Ceramics t y p i c a l l y  have a modulus between 5 and 15 whereas the  
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shape parameter o f  most d u c t i l e  meta ls  i s  g r e a t e r  than 40. Genera l l y ,  t h e  
s t r e n g t h  d i spe rs ion  i n  meta ls  i s  small  enough t h a t  t h e  mean s t r e n g t h  va lue  
i s  s u f f i c i e n t  f o r  most des ign  purposes and a p r o b a b i l i s t i c  a n a l y s i s  i s  n o t  
necessary. The n o r m a l i z i n g  s t r e s s  i s  r e l a t e d  t o  t h e  mean s t r e n g t h .  Note 
t h a t  for dimensionless Pf,  t h e  u n i t s  of 00 a r e  s t r e s s  x (vo lume) l /m,  n o t  
s t r e s s .  The th resho ld  s t r e n g t h  i s  t h e  maximum a l l o w a b l e  s t r e s s  for which 
t h e r e  i s  no p o s s i b i l i t y  o f  f a i l u r e .  
i s  zero ,  t he  two parameter Weibu l l  model i s  ob ta ined .  S ince t h i s  form i s  
adequate t o  descr ibe most s t r e n g t h  da ta  and i t  i s  ma themat i ca l l y  s imple,  
t he  two parameter form o f  t h e  Weibu l l  equa t ion  i s  o f t e n  used for  s t r u c t u r a l  
ceramics. 
sec t  i o n .  

The Weibu l l  equat ion shows an impor tan t  d i f f e rence  between des ign  based on 
p r o b a b i l i s t i c  s t reng th  d i s t r i b u t i o n  and a d e t e r m i n i s t i c  des ign;  i n  t h e  
former approach t h e  s t r e s s  d i s t r i b u t i o n  ove r  t h e  e n t i r e  volume o f  t h e  compo- 
nent  i s  necessary. The des ign  i s  n o t  n e c e s s a r i l y  governed by t h e  t h e  most 
h i g h l y  s t ressed l o c a t i o n  or the  c r i t i c a l  p o i n t ,  b u t  by t h e  e n t i r e  s t r e s s  
f i e l d .  

By assuming t h a t  t he  t h r e s h o l d  s t r e n g t h  

Consequences o f  t h i s  assumption w i l l  be d iscussed i n  a l a t e r  

A s i m i l a r  form o f  t h e  Weibu l l  d i s t r i b u t i o n  c o u l d  be w r i t t e n  for  su r face  f l a w  
induced f r a c t u r e ,  w i t h  corresponding su r face  m a t e r i a l  parameters. For sim- 
p l i c i t y ,  t h i s  paper w i l l  deal  o n l y  w i t h  t h e  equat ions  f o r  t h e  volume f l a w  
p o p u l a t i o n .  Although n o t  d iscussed h e r e i n ,  i n s i g h t  i n t o  the  i n t e r a c t i o n  
between m u l t i p l e  f l a w  popu la t i ons  may be ob ta ined  from Johnson (Ref .  6). 

M u l t i a x i a l  R e l i a b i l i t y  P r e d i c t i o n s  I 
The Weibu l l  f u n c t i o n  i s  u s u a l l y  used t o  c h a r a c t e r i z e  the  s t r e n g t h  d i s t r i b u -  
t i o n  i n  a u n i a x i a l  s t r e s s  s t a t e .  I t  may a l s o  be used f o r  a m u l t i a x i a l  
s t r e s s  f i e l d ,  prov ided t h a t  t he  n o r m a l i z i n g  s t r e s s  i s  p r o p e r l y  ad jus ted .  
However, t h i s  approach r e q u i r e s  t e s t i n g  i n  each s t r e s s  s t a t e  for  which r e l i -  
a b i l i t y  da ta  i s  des i red .  Due t o  the c o s t  i n v o l v e d  i n  f a b r i c a t i n g  and 
t e s t i n g  compl icated components, i t  i s  obv ious  t h a t  an a l t e r n a t e  method i s  
necessary. The o b j e c t i v e  i s  then t o  develop a n a l y s i s  methods so t h a t  t h e  
r e l i a b i l i t y  i n  any s t r e s s  s t a t e  can be c a l c u l a t e d  u s i n g  o n l y  u n i a x i a l  t e s t  
data.  Several approaches t o  the  problem have been proposed. 

The f i rst o f  these suggest ions was W e i b u l l ' s  a r b i t r a r y  assumption t h a t  t he  
u n i a x i a l  t heo ry  cou ld  be extended by o b t a i n i n g  an e f f e c t i v e  s t r e s s  th rough 
averag ing  the  t e n s i l e  normal s t r e s s  a t  a g i v e n  l o c a t i o n  be fo re  pe r fo rm ing  
the  volume i n t e g r a t i o n .  Th is  method i n v o l v e s  the  i n t e g r a t i o n ,  over  a spher- 
i c a l  su r face  area w i t h  u n i t  r a d i u s ,  o f  t h e  s t r e s s  ( r a i s e d  t o  t h e  power m) 
normal to  a tangent p lane of t h e  u n i t  sphere. Thus, t he  normal s t r e s s  i n  
every p o s s i b l e  d i r e c t i o n  a t  t he  p o i n t  i s  i nc luded .  Except for  s imp le  load-  
i n g  c o n d i t i o n s  such as u n i a x i a l  s t r e s s  s t a t e s ,  numer ica l  i n t e g r a t i o n  i s  nec- 
essary.  Under a genera l  l o a d i n g  c o n d i t i o n ,  compressive normal s t resses  a re  
exc luded from the averag ing  process.  Th is  method ignores  t h e  e f f e c t  o f  
shear s t resses ,  or, i n  LEFM te rmino logy ,  o n l y  mode I f r a c t u r e  i s  presumed 
t o  c o n t r i b u t e  t o  t h e  f a i l u r e  p r o b a b i l i t y .  I n  s p i t e  o f  i t s  l i m i t a t i o n s  and 
i t s  numer ica l  requi rements,  t he  normal s t r e s s  averag ing  method has been 
used e x t e n s i v e l y  ( R e f s .  7 t o  14) .  
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A s imp le r  method c a l l e d  the  p r i n c i p l e  o f  independent a c t i o n  ( P I A )  was pro-  
posed t o  avo id  the  i n t e g r a t i o n  r e q u i r e d  for t h e  averag ing  process. Th is  
model assumes t h a t  each t e n s i l e  p r i n c i p a l  s t r e s s  (01, 0 2 ,  and 03) a c t s  inde-  
penden t l y  o f  the  o t h e r s  t o  g i v e  a t o t a l  f a i l u r e  p r o b a b i l i t y  o f  

i n  t h e  case where O i  > 0 ( i=1,2,3) .  Th i s  model i s  t h e  s t a t i s t i c a l  equiva- 
l e n t  o f  t h e  maximum p r i n c i p a l  s t r e s s  t heo ry .  
s t r u c t u r a l  ceramic des ign  ( R e f s .  15 to  22). However, i t  y i e l d s  unconserva- 
t i v e  r e s u l t s  because i t  ignores  bo th  t h e  shear s t resses  and the  i n t e r a c t i o n  
between p r i n c i p a l  s t resses .  

I t  has o f t e n  been used for  

Recent ly ,  severa l  t h e o r i e s  have been proposed which model t h e  behav io r  of 
b r i t t l e  m a t e r i a l s  i n  a mechan is t i c  r a t h e r  than phenomenological manner. 
These t h e o r i e s  e x p l i c i t l y  assume t h a t  cracks a re  p resen t  i n  the  m a t e r i a l  
and assume l i n e a r  e l a s t i c  f r a c t u r e  mechanics and weakest l i n k  t ype  behav- 
io r .  The model t h a t  w i l l  be d iscussed i n  d e t a i l  here  was i n i t i a l l y  pro- 
posed by  B a t d o r f  and Crose ( R e f .  1 )  and was l a t e r  extended t o  account for  
shear s t resses  by B a t d o r f  and He in isch  (Ref .  23). 

Before d i scuss ing  B a t d o r f ' s  assumptions, t h e  concepts o f  c r i t i c a l  s t r e s s  
and e f f e c t i v e  s t ress ,  o c r  and Oe r e s p e c t i v e l y ,  w i l l  be developed. A 
c r i t i c a l  s t r e s s  i s  def ined as the  remote s t r e s s  which w i l l  cause f r a c t u r e  
when a p p l i e d  normal t o  a g i ven  crack.  Hence, from LEFM, t h e  c r i t i c a l  
s t r e s s  i s  dependent upon the  c rack  l eng th  and shape, t h e  m a t e r i a l  mode I 
f r a c t u r e  toughness, and the  geometr ica l  c o n s t r a i n t s  sur round ing  the  c rack .  
Cracks a re  g e n e r a l l y  smal l  enough and f a r  enough a p a r t  t h a t  t he  geometry 
can be assumed t o  be a s i n g l e  c rack  i n  an i n f i n i t e  body. 
s t r e s s  a c t i n g  on a c rack  i s  dependent upon the  s e l e c t i o n  o f  a mixed-mode 
f r a c t u r e  c r i t e r i o n .  
t i o n  under combined normal and shear loads can be ca tegor i zed  as cop lanar  
and ou t -o f -p lane c rack  ex tens ion  theo r ies .  Coplanar t h e o r i e s  i n c l u d e  those 
t h a t  a re  based on c r i t i c a l  va lues of normal s t r e s s ,  maximum t e n s i l e  s t r e s s ,  
and t o t a l  s t r a i n  energy re lease  r a t e .  Out-of-plane c rack  ex tens ion  c r i t e -  
r i a  a r e  b e l i e v e d  to  more a c c u r a t e l y  r e f l e c t  r e a l i t y  and they  i n c l u d e  the  
maximum s t r a i n  energy re lease  r a t e ,  t he  minimum s t r a i n  energy d e n s i t y ,  and 
t h e  maximum t a n g e n t i a l  s t r e s s .  However, these t h e o r i e s  l ead  t o  more com- 
p l e x  equat ions  f o r  e f f e c t i v e  s t r e s s  and, t he re fo re ,  a re  o f t e n  rep laced  by  
s imp le  approx imat ions (Ref. 24). 

The e f f e c t i v e  

The t h e o r i e s  which p r e d i c t  i n i t i a t i o n  o f  c rack  propaga- 

The d e r i v a t i o n  o f  a s imple e f f e c t i v e  s t r e s s  equa t ion  w i l l  be shown t o  i l l u s -  
t r a t e  t h e  bas i c  p r i n c i p l e s .  
when t h e  c rack  ex tens ion  f o r c e  o r  s t r a i n  energy r e l e a s e  r a t e ,  G, reaches a 
c r i t i c a l  va lue,  Gc.  The t o t a l  s t r a i n  energy r e l e a s e  r a t e  i s  r e l a t e d  t o  the  
s t r e s s  i n t e n s i t y  f a c t o r s ,  KI, KII, and KIII for opening, s l i d i n g ,  and t e a r -  
i n g  modes r e s p e c t i v e l y  by (Ref .  2 5 )  

Assume t h a t  mixed-mode f r a c t u r e  takes  p lace  
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E G -  ( 3 )  

under p lane s t r a i n  c o n d i t i o n s ,  where E i s  Young’s modulus and u i s  Po is -  
son ’s  r a t i o .  
2a i n  an i n f i n i t e  p l a t e  sub jec ted  t o  a normal t e n s i l e  s t r e s s  an and a 
shear s t r e s s  ‘I: p a r a l l e l  to  the  l e n g t h  of t h e  c rack  a r e  (Ref .  25) 

The s t r e s s  i n t e n s i t y  f a c t o r s  for a G r i f f i t h  c rack  o f  l e n g t h  

KI = u @, KII = ‘I:@ n 

where on and ‘I: are  determined from t h e  p r i n c i p a l  s t resses  by  s t r e s s  
t r a n s f o r m a t i o n  equat ions .  

The e f f e c t i v e  s t ress  i s  ob ta ined  by equa t ing  the  va lue  o f  G f o r  mode I 
f r a c t u r e  ( G I ~ )  t o  i t s  e q u i v a l e n t  va lue  a t  f r a c t u r e  under mixed in -p lane 
l o a d i n g  c o n d i t i o n s ,  t h a t  i s  

2 2 (ui  na + ‘I: na) 1 - u 2  2 1 - u  u f i a = E  E c r  

( 4 )  

or 

and, n o t i n g  t h a t  t he  c r i t i c a l  s t r e s s  i s  t he  e f f e c t i v e  s t r e s s  i n  a mode I 
t e s t ,  we o b t a i n  

(5) 

I f  t h e  shear i s  i ns tead  assumed t o  be i n  the  d i r e c t i o n  o f  mode I11 crack-  
i n g ,  p o s s i b l e  o n l y  f o r  volume f l aws ,  then us ing  Eq.  ( 3 )  and KIII = ‘I:P 
we o b t a i n  

u =p n + -  1 - u  f f o r  on > o 1 
e 

We have assumed t h a t  t he  m a t e r i a l  f laws causing f r a c t u r e  upon t e n s i l e  load-  
i n g  a r e  adequate ly  and c o n s i s t e n t l y  modeled by G r i f f i t h  cracks th roughout  
t h e  m a t e r i a l  volume. The G r i f f i t h  c rack ,  however, i s  n o t  t he  bes t  model 
f o r  e i t h e r  sur face  or volume f l a w s  because i t  i s  a two-dimensional, through-  

p re-  the- th ickness  c rack .  I t  i s  for t h i s  reason t h a t  o n l y  Eq. (6a) has.been 
v i o u s l y  used i n  connect ion  w i t h  t h i s  c rack  geometry. More a p p r o p r i a t e  
three-d imensional  c rack  models e x i s t  (penny-shaped or e l l i p t i c a l  f o r  vo  
f l a w s  and G r i f f i t h  no tch  or s e m i - e l l i p t i c a l  for  sur face  f l a w s ) ,  b u t  t he  
equat ions  were d e r i v e d  h e r e i n  for  a G r i f f i t h  c rack  fo r  s i m p l i c i t y  and h 
t o r i c a l  cons ide ra t i ons .  

ume 

S- 

With these d e f i n i t i o n s  i n  mind, the  B a t d o r f  t heo ry  w i l l  be o u t l i n e d  nex t .  
F u r t h e r  d e t a i l s  a re  a v a i l a b l e  i n  the  re fe rences  ( R e f s .  1, 23, 26 to  29). 
The f a i l u r e  p r o b a b i l i t y  o f  a small  u n i f o r m l y  s t ressed volume of m a t e r i a l ,  
AV,  i s  t he  produc t  o f  two independent p r o b a b i l i t i e s ,  P i  and P2. P i  i s  
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t h e  p r o b a b i l i t y  t h a t  a c rack  e x i s t s  w i t h i n  t h a t  volume which has a c r i t i c a l  
s t r e s s  between UCr and o c r  t dacr. The mathematical form o f  P i  i s  

dN( uCr) 

ducr dacr P1 = AV 

where N(ocr) i s  the  B a t d r o f  c rack  d e n s i t y  f u n c t i o n  which i s  a m a t e r i a l  
p r o p e r t y  u s u a l l y  determined from simple u n i a x i a l  t e s t s .  I t  i s  u s u a l l y  
assumed t h a t  i t  can be expressed i n  t h e  form o f  a Weibul l  d i s t r i b u t i o n  
which under c e r t a i n  c o n d i t i o n s  can be w r i t t e n  as a power f u n c t i o n  

( 7 )  

where kB i s  t h e  B a t d o r f  c rack  d e n s i t y  c o e f f i c i e n t .  

F r a c t u r e  depends n o t  o n l y  on t h e  ex i s tence  o f  t h e  c rack  w i t h  a c e r t a i n  c r i t -  
i c a l  s t r e n g t h ,  b u t  a l s o  on t h e  c rack  o r i e n t a t i o n  w i t h  respec t  t o  t h e  a p p l i e d  
s t resses ,  t h e  magnitude o f  those s t resses ,  t h e  shape of  the  c rack ,  and a 
f r a c t u r e  c r i t e r i o n .  I n  o t h e r  words, f r a c t u r e  depends on the  e f f e c t i v e  
s t r e s s  and i s  p o s s i b l e  o n l y  when the e f f e c t i v e  s t r e s s  i s  g r e a t e r  than the  
c r i t i c a l  s t r e s s .  Since t h e  e f f e c t i v e  s t r e s s  depends on the  c rack  o r i e n t a -  
t i o n  and s ince  the  c racks  a re  assumed to  be randomly d i s t r i b u t e d ,  a second 
p r o b a b i l i t y  f u n c t i o n ,  P2, i s  in t roduced.  S p e c i f i c a l l y ,  P2 i s  t he  r a t i o  
of t h e  angu lar  range of c rack  o r i e n t a t i o n s  for  which oe 2 o c r  t o  the  t o t a l  
range o f  p o s s i b l e  c rack  o r i e n t a t i o n s .  Having de f ined bo th  P1 and P2, t h e  
f a i l u r e  p r o b a b i l i t y  for the  e n t i r e  component can now be w r i t t e n  as 

A computer program ( S t r u c t u r a l  Ceramics Ana lys i s  and R e l i a b i l i t y  E v a l u a t i o n  
or SCARE) i s  under development a t  NASA Lewis t o  p r e d i c t  t he  f a s t  f r a c t u r e  
r e l i a b i l i t y  o f  m o n o l i t h i c  ceramics. The program i s  based on the  B a t d o r f  
t h e o r y  as p r e v i o u s l y  descr ibed.  The program a l s o  i nc ludes  t h e  P I A  t h e o r y  
because o f  i t s  h i s t o r i c a l  s i g n i f i c a n c e  and for  t h e  sake o f  comparison. 
D e t a i l s  of t h e  program a re  conta ined i n  the  re fe rences  (Refs. 26 t o  28) .  

NDE'S ROLE I N  RELIABILITY TESTING 

Background 

S t r i n g e n t  t e s t i n g  i s  needed t o  v e r i f y  t h e  Batdor f  t heo ry  (Ref .  30). An 
exper imenta l  v e r i f i c a t i o n  program which i n v o l v e s  m a t e r i a l s  c h a r a c t e r i z a t i o n ,  
a n a l y s i s ,  f r a c t u r e  t e s t i n g ,  and NDE has been i n i t i a t e d  a t  NASA Lewis. 
program w i l l  be b r i e f l y  descr ibed w i t h  an emphasis on the  importance o f  NDE 
t o  assure v a l i d  r e s u l t s .  I n  t h i s  a p p l i c a t i o n ,  NDE i s  u t i l i z e d  t o  remove 
p h y s i c a l  u n c e r t a i n t y  about the  m a t e r i a l  be ing  t e s t e d .  

The 

An impor tan t  f a c t o r  i n  e v a l u a t i n g  the B a t d o r f  t h e o r y  i s  t he  u n i f o r m i t y  o f  
t h e  t e s t  m a t e r i a l .  The d e n s i t y  of  ceramic d i s k s  o r  modulus o f  r u p t u r e  

7 



(MOR) bars  i s  u s u a l l y  lower a t  t h e  core  of t h e  specimen than a t  t he  pe r iph -  
e r y  ( R e f .  31). Nonuniform d e n s i t y  causes a nonuniform f r a c t u r e  toughness, 
thermal  expansion c o e f f i c i e n t  and c o n d u c t i v i t y ,  e l a s t i c  modulus (Refs. 32 
and 331, and Poisson 's  r a t i o  (Ref. 33). Th i s  w i l l  a f f e c t  t h e  accuracy o f  
t h e  e l a s t o s t a t i c  a n a l y s i s  upon which r e l i a b i l i t y  c a l c u l a t i o n s  a re  based. 
Furthermore, the c rack  d e n s i t y  f u n c t i o n  N(oc,) w i l l  va ry .  I n  a r i g o r o u s  
t e s t i n g  program these v a r i a t i o n s  can be min imized by c h a r a c t e r i z a t i o n  o f  
t e s t  specimens by NDE as desc r ibed  below. 

Approach 

One hundred commerc ia l ly  a v a i l a b l e  s i n t e r e d  a lpha  s i l i c o n  c a r b i d e  d i s k s  
have been examined w i t h  convent iona l  and mic ro focus  rad iog raphy .  The t h i c k -  
ness o f  these d i sks  v a r i e d  between 1.27 mm (0.050 i n . )  and 3.81 mm (0.150 
i n . )  and t h e i r  o u t s i d e  d iameter  was 50.80 mm (2.00 i n . ) .  From these d i s k s ,  
t h e  45 w i t h  the  most u n i f o r m  rad iographs  ( i n d i c a t i v e  o f  near u n i f o r m  den- 
s i t y  and m i c r o s t r u c t u r e )  were s e l e c t e d  f o r  f u r t h e r  su r face  p r e p a r a t i o n  and 
subsequent t e s t i n g .  E labo ra te  machin ing procedures were performed on these 
d i s k s  to  min imize g r i n d i n g  damage and to  o b t a i n  an i s o t r o p i c  su r face  f i n -  
i s h .  I n  a d d i t i o n  they  were c a r e f u l l y  lapped and p o l i s h e d  t o  an e x t r e m e l y  
f i n e  mirror sur face f i n i  sh. 

A f t e r  su r face  p r e p a r a t i o n  i s  complete, t h e  d i s k s  w i l l  be sub jec ted  t o  f u r -  
t h e r  s c r u t i n y .  Proposed methods i n c l u d e  a c o u s t i c  microscopy, u l t r a s o n i c  
v e l o c i t y  and a t t e n u a t i o n  mappings, and computer ized tomography. Acous t i c  
microscopy can p rov ide  i n f o r m a t i o n  about gross manufac tur ing  f l a w s .  Fur- 
thermore, u l t r a s o n i c  v e l o c i t y  imaging i s  more s e n s i t i v e  t o  m i c r o s t r u c t u r a l  
i r r e g u l a r i t i e s  such as d e n s i t y  v a r i a t i o n s  than rad iog raphy  (Ref .  34) .  
Because o f  t h e  l ong  t i m e  r e q u i r e d  f o r  imaging, i t  has a l s o  been dec ided 
t h a t  computerized tomography be s e l e c t i v e l y  per formed to p r o v i d e  more 
t i m e l y  r e s u l t s .  I n  any event ,  i t  i s  e s s e n t i a l  t h a t  t h e  MOR bar  c h a r a c t e r i -  
z a t i o n  of  t h e  m a t e r i a l  f l a w  p o p u l a t i o n  a c c u r a t e l y  rep resen ts  the  m a t e r i a l  
imper fec t i ons ,  and t h a t  f a i l u r e  i n  the  d i s k s  as w e l l  as the  MOR specimens 
be caused by s t a t i s t i c a l l y  i d e n t i c a l  phenomena. 

A f t e r  the  c a r e f u l  sur face  p r e p a r a t i o n  and ex tens i ve  NDE c h a r a c t e r i z a t i o n ,  
severa l  d i s k s  w i l l  be c u t  i n t o  f o u r  p o i n t  loaded MOR bars  for  u n i a x i a l  f r a c -  
t u r e  t e s t s .  Se lec t i on  o f  the  d i s k s  for MOR bar  t e s t i n g  and t h e  p a t t e r n  for  
c u t t i n g  t h e  bars w i l l  depend on t h e  observed d e n s i t y  v a r i a t i o n s  and t h e  de- 
s i r e  to  check i s o t r o p i c  surface behav io r .  From t h e  MOR bar  f r a c t u r e  
s t r e n g t h s  t h e  Weibul l  parameters and the  B a t d o r f  c rack  d e n s i t y  c o e f f i c i e n t  
can be ca l cu la ted .  I t  should be noted t h a t  when MOR bar  t e s t s  a re  employed 
to  c a l c u l a t e  these parameters f o r  des ign  purposes, these t e s t s  should be 
conducted w i t h  g r e a t  care  t o  avo id  p o t e n t i a l  exper imenta l  e r r o r s  as d i s -  
cussed by Bara t ta  (Ref .  30) .  The t e s t i n g  f i x t u r e s  for  t h i s  program were 
designed based on the  proposed m i l i t a r y  s tandard (Ref .  35) .  The remain ing  
d i s k s  w i l l  be f r a c t u r e d  under p ressure  loads which produce a b i a x i a l  s t r e s s  
s t a t e .  Then the f a i l u r e  p r o b a b i l i t y  under the  b i a x i a l  s t r e s s  s t a t e  can be 
c a l c u l a t e d  and compared t o  the  exper imenta l  obse rva t i ons .  Fractography i s  
necessary for a l l  the  t e s t s  t o  separate t h e  c r i t i c a l  f l a w s  i n t o  volume and 
su r face  f l a w  popu la t ions .  
l a t e r  on s i l i c o n  n i t r i d e  specimens. 

S i m i l a r  room temperature t e s t s  w i  11 be performed 
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NDE'S  ROLE I N  DETERMINING THE STATISTICAL PARAMETERS 

Two-Parameter D i s t r i b u t i o n  

A research  area which has n o t  y e t  been discussed i n  t h e  l i t e r a t u r e  i s  t he  
p o s s i b l e  c o r r e l a t i o n  o f  t h e  Weibul l  parameters and t h e  B a t d o r f  c rack  den- 
s i  t y  c o e f f i c i e n t  w i t h  NDE measurements. Presumably, t h i s  cou ld  be accom- 
p l i s h e d  by c h a r a c t e r i z i n g  o n l y  one t e s t  specimen, r a t h e r  than t h e  t h i r t y  or 
more r e q u i r e d  for  t y p i c a l  d e s t r u c t i v e  t e s t i n g .  This  i s  t r u e  because NDE 
can look a t  t he  v a r i a t i o n  w i t h i n  one r e p r e s e n t a t i v e  specimen by t a k i n g  meas- 
urements a t  v a r i o u s  l o c a t i o n s .  I n  c o n t r a s t ,  mechanical t e s t i n g  i s  l i m i t e d  
t o  f i n d i n g  the  s i n g l e  worst f law under a p p r o p r i a t e  t e s t  c o n d i t i o n s .  
ever ,  t he  c rack  d e n s i t y  f u n c t i o n s  f o r  bo th  su r face  and volume f l a w s  must be 
determined, t h a t  i s ,  an NDE method which i s  s e n s i t i v e  t o  i m p e r f e c t i o n s  o n l y  
w i t h i n  the volume must be found as we1 1 as one which measures su r face  f l a w  
d e n s i t y .  I f  t h i s  cou ld  be accomplished, the c o s t  o f  specimens and o f  t h e i r  
s u r f a c e  p r e p a r a t i o n  would be g r e a t l y  reduced. However, i t  should be noted 
t h a t  t h e  c rack  d e n s i t y  f u n c t i o n  i s  n o t  s imp ly  the  number o f  c racks  pe r  u n i t  
volume ( o r  su r face  area) ,  b u t  i t  invo lves  the  number o f  c racks  w i t h  a c r i t i -  
c a l  s t r e n g t h  l e s s  than or equal t o  g iven  c r i t i c a l  s t r e s s .  

How- 

S i g n i f i c a n c e  of  the  T h i r d  Parameter 

The two parameter Weibu l l  d i s t r i b u t i o n  i s  v e r y  popu la r  for  c h a r a c t e r i z i n g  
the  s t r e n g t h  v a r i a t i o n  o f  b r i t t l e  m a t e r i a l s  because i t  y i e l d s  a s t r a i g h t  
l i n e  on a I n  I n  - I n  p l o t  of inverse s u r v i v a l  p r o b a b i l i t y  versus s t r e n g t h .  
However, t h i s  d i s t r i b u t i o n  i m p l i e s  t h a t  t h e r e  i s  always a nonzero f a i l u r e  
p r o b a b i l i t y  no ma t te r  how small  the a p p l i e d  s t r e s s .  
b i l i t y  i s  d e s i r e d  (Pf < <  0.01), t h i s  conserva t i ve  assumption may lead  to  
i n e f f i c i e n t  and u n a f f o r d a b l e  designs. 

When ve ry  h i g h  r e l i a -  

Shih ( R e f .  16) has shown t h a t  i f  data from 20 to  30 t e s t  specimens can be 
represented  by a two parameter Weibul l  d i s t r i b u t i o n  then  i t  can a l s o  be rea- 
sonably represented  by seve ra l  three parameter Weibu l l  d i s t r i b u t i o n s .  I f  
the  d e s i r e d  r e l i a b i l i t y  i s  w i t h i n  the  da ta  range (0.05 < Pf < 0.951, any 
one o f  these curves w i l l  g i v e  the same r e s u l t .  However, a t  low f a i l u r e  
p r o b a b i l i t i e s ,  t h e  a l l o w a b l e  s t r e s s  for  each d i s t r i b u t i o n  i s  q u i t e  d i f f e r -  
e n t .  The s e l e c t i o n  o f  one f u n c t i o n  r a t h e r  than another i s  an a r b i t r a r y  
e x t r a p o l a t i o n  o f  the a v a i l a b l e  data. The customary cho ice  o f  uu = 0 w i l l  
g e n e r a l l y  l e a d  t o  conserva t i ve  designs a t  low f a i l u r e  p r o b a b i l i t i e s .  

S h i h ' s  a n a l y s i s  i s  concerned only w i t h  f a i l u r e  p r o b a b i l i t i e s  for  a s i n g l e  
s t r e s s  s t a t e ,  u s u a l l y  t he  u n i a x i a l  case. When u s i n g  the  t h i r d  parameter, 
t h e  t h e o r i e s  f o r  m u l t i a x i a l  r e l i a b i l i t y  p r e d i c t i o n s  become more compl i -  
cated, even for  a s imple u n i a x i a l  s t r e s s  s t a t e .  Vardar and F i n n i e  ( R e f ,  12)  
have shown t h a t  i f  u n i a x i a l  da ta  i s  used t o  determine a three-parameter Wei- 
b u l l  d i s t r i b u t i o n  and then a u n i a x i a l  s t r e s s  s t a t e  i s  analyzed by u s i n g  the  
Weibu l l  normal s t r e s s  averag ing  technique w i t h  02 = 03 = 0, the  r e s u l t  does 
n o t  agree w i t h  o r i g i n a l  data.  This d isc repancy  occurs  because the  o r i g i n a l  
Weibu l l  f u n c t i o n  does n o t  assume any d i r e c t i o n a l  dependency whereas the  nor- 
mal s t r e s s  averag ing  method presumes a d i r e c t i o n a l  v a r i a t i o n  i n  the f l a w  
popul a t  i on .  
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Evans ( R e f .  36) has suggested t h a t  t he  t h r e e  parameter f u n c t i o n  should be 
v a l i d  o n l y  i n  an e q u i t r i a x i a l  t e n s i l e  s t r e s s  s t a t e  ( for  volume f l a w s ) .  
Th i s  i s  a reasonable assumption s ince  o n l y  e q u i t r i a x i a l  s t r e s s  w i l l  cause a 
f l a w  t o  be sub jec t  to the  same s t r e s s  s t a t e  (no shear s t r e s s )  rega rd less  o f  
i t s  o r i e n t a t i o n  to  t h e  p r i n c i p a l  s t r e s s  axes. Matsuo ( R e f .  37) extended 
t h i s  assumption u s i n g  B a t d o r f ' s  t heo ry .  He showed t h a t  t h e  number o f  
c racks  per  u n i t  volume ( c r a c k  d e n s i t y  f u n c t i o n )  shou ld  be a f u n c t i o n  o f  
( o c r  - uU) i f  the t h r e e  parameter d i s t r i b u t i o n  i s  v a l i d  f o r  e q u i t r i a x i a l  
t e n s i o n .  The ana lys i s  a l s o  shows t h a t  t he  s t r e n g t h  d i s t r i b u t i o n  under u n i -  
a x i a l  or e q u i b i a x i a l  loads i s  no l onger  desc r ibed  by the  three-parameter 
Weibu l l  d i s t r i b u t i o n .  I n  a d d i t i o n ,  Matsuo p l o t t e d  t h e  r a t i o  o f  u n i a x i a l  t o  
e q u i b i a x i a l  f a i l u r e  p r o b a b i l i t i e s  ( for  small  p r o b a b i l i t i e s )  as a f u n c t i o n  
o f  uu and m. As t h e  t h r e s h o l d  s t r e s s  inc reases ,  t h e r e  i s  a l a r g e r  d i f -  
f e rence  between u n i a x i a l  and e q u i b i a x i a l  f r a c t u r e  probabi  1 i t i e s .  

Methods t o  Determine the  T h i r d  Parameter 

There are  several methods f o r  de te rm in ing  t h e  t h r e s h o l d  s t r e s s .  Among 
these,  NDE holds s p e c i a l  promise.  However, v e r i f i c a t i o n  o f  the  e f f e c t  o f  
t h e  t h i r d  parameter i n  the  low f a i l u r e  p r o b a b i l i t y  r e g i o n  has n o t  y e t  been 
under taken because of t he  hundreds of necessary t e s t s .  

Severa l  a n a l y t i c a l  methods for de te rm in ing  uU have been d iscussed by Greg- 
ory and S p r u i l l  (Ref .  38). A s imple method i s  t o  modify the  I n - l n  versus 
I n  p l o t  o f  inverse  s u r v i v a l  p r o b a b i l i t y  versus s t r e n g t h  so t h a t  t he  th resh-  
o l d  s t r e n g t h  i s  i nc luded  on the  absc issa  (U - uU), where uU 
i t e r a t i v e l y .  Then t h e  va lue  o f  oU which g i ves  the  b e s t  s t r a i g h t  l i n e  f i t  
t o  t h e  da ta  i s  p icked.  However, f o r  small  sample s i z e s ,  cons ide rab le  judg-  
ment i s  r e q u i r e d  t o  p i c k  the  b e s t  va lue  o f  uU. 
a l e a s t  mean squares approx imat ion .  I n  t h i s  method, va lues f o r  uU are  
i t e r a t i v e l y  se lec ted  u n t i l  t h e  l e a s t  mean squares d i f f e r e n c e  between the  
d i s t r i b u t i o n  and t h e  s t a t i s t i c a l  sample i s  s u f f i c i e n t l y  reduced. McClin- 
t o c k ' s  method o f  moments has a l s o  been used t o  c a l c u l a t e  
i n v o l v e s  c a l c u l a t i n g  the  skewness of the  d i s t r i b u t i o n .  I t  has been shown 
t h a t  for  accurate r e p r e s e n t a t i o n  bo th  McC l in tock ' s  method and t h e  l e a s t  
mean squares method r e q u i r e  a t  l e a s t  100 samples (Ref. 38) .  

i s  chosen 

A second method i s  t o  use 

uU. Th is  

I t  has o f t e n  been suggested t h a t  a component be p r o o f - t e s t e d  t o  determine 
i t s  t h r e s h o l d  s t r e n g t h  l e v e l  so t h a t  performance cou ld  be guaranteed. The 
p r o o f  t e s t  r e f l e c t s  t h e  v a r y i n g  s t r e s s  s t a t e  a c t u a l l y  p resen t  i n  the  compo- 
nent ,  r a t h e r  than a cons tan t  e q u i t r i a x i a l  s t a t e ,  where the  l o c a t i o n  and 
o r i e n t a t i o n  o f  the  c rack  would n o t  ma t te r .  Thus, t he  major d i f f i c u l t y  w i t h  
t h i s  method i s  t h a t  t h e  ob ta ined  t h r e s h o l d  s t r e n g t h  i s  i n d i c a t i v e  o f  a low- 
e r  s t r e n g t h  l i m i t  o n l y  i n  the  s t r e s s  s t a t e  encountered i n  the  p r o o f  t e s t ,  
j u s t  as t h e  Weibul l  n o r m a l i z i n g  s t r e s s  i s  v a l i d  o n l y  for the  s t r e s s  s t a t e  
t e s t e d .  Although the  de te rm ina t ion  of t h i s  t h r e s h o l d  i s  u l t i m a t e l y  des i red ,  
i t  i s  t he  ma te r ia l  t h r e s h o l d  s t r e n g t h  r a t h e r  than the  component t h r e s h o l d  
s t r e s s  which i s  necessary for a n a l y s i s .  I n  a d d i t i o n ,  i t  i s  d i f f i c u l t  t o  
economica l l y  reproduce i n  a p r o o f  t e s t  t he  s t r e s s  s t a t e  encountered i n  
s e r v i c e ,  e s p e c i a l l y  when thermal s t resses  a re  i n v o l v e d .  I t  cou ld  a l s o  be 
expensive,  e s p e c i a l l y  i f  many component f a i l u r e s  occur  i n  t h e  t e s t s .  The 
p o t e n t i a l  o f  s u b c r i t i c a l  c rack  growth must a l s o  be remembered and care  
shou ld  be taken to avo id  t h i s  fo rm of a d d i t i o n a l  t i m e  dependent m a t e r i a l  
damage. 
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An a l t e r n a t e  method, w i t h o u t  the drawbacks no ted  above, i s  t he  use of NDE. 
NDE can screen o u t  Components w i t h  l a r g e  f laws. Assuming t h a t  NDE methods 
can v i r t u a l l y  always d e t e c t  defects l a r g e r  than a g i ven  s i t e  then, by  tak- 
i n g  t h e  weakest p o s s i b l e  f law type and a l o c a l l y  low f r a c t u r e  toughness, a 
t h r e s h o l d  s t r e n g t h  can be c a l c u l a t e d  for a component u s i n g  LEFM p r i n c i -  
p l e s .  
t i o n  and s i z e  de te rm ina t ion  f o r  r e l a t i v e l y  l a r g e  f l a w s  on the surface of 
and w i t h i n  g e o m e t r i c a l l y  complex components, r a t h e r  than hav ing  a lower 
p robab i  1 i t y  o f  f i n d i n g  a sma l le r  f law. When making m a t e r i a l  c h a r a c t e r i z a -  
t i o n  t e s t  w i t h  l e s s  compl icated geometry MOR bars ,  sma l le r  f l a w  s i z e s  may 
be r e l i a b l y  measured and a cor respond ing ly  h i g h e r  t h r e s h o l d  s t r e n g t h  would 
be computed. A t  l e a s t  two methods of c a l c u l a t i n g  the  m a t e r i a l  parameters 
a re  p o s s i b l e .  The f i r s t  approach i s  t o  use t h e  h i g h e r  t h r e s h o l d  s t r e n g t h  
a v a i l a b l e  from the MOR bar  and i n t e r p r e t  t h e  o t h e r  m a t e r i a l  parameters, a0 
and m, from the  corresponding specimen f r a c t u r e  data.  I t  should be noted, 
however, t h a t  t he  presence of uU a f fec ts  t h e  subsequent c a l c u l a t i o n  o f  
the  o t h e r  two parameters. The second method would assume t h a t  t he  th resh-  
o l d  s t r e n g t h  i s  l i m i t e d  by what can be found i n  the  a c t u a l  component and 
t h a t  t h e  m a t e r i a l  parameters must be c a l c u l a t e d  as be fo re  b u t  w i t h  a d i f f e r -  
e n t  va lue  of uu. These NDE a p p l i c a t i o n s  w i l l  assu red ly  min imize  some o f  
t he  i n t r i n s i c  s t a t i s t i c a l  u n c e r t a i n t i e s  assoc ia ted  w i t h  r e l i a b i l i t y  stud- 
i e s ,  b u t  w i l l  r e q u i r e  a d d i t i o n a l  i n v e s t i g a t i o n s .  

For t h i s  a p p l i c a t i o n ,  NDE m u s t  have a very h i g h  p r o b a b i l i t y  of detec- 

CONCLUSIONS 

A b a s i c  rev iew  of s t a t i s t i c a l  r e l i a b i l i t y  a n a l y s i s  has been presented. The 
importance of NDE i n  assu r ing  v a l i d  exper imenta l  r e s u l t s  by severa l  methods 
o f  c h a r a c t e r i z i n g  t e s t  specimens has been addressed. Furthermore, t h e  ro le  
o f  t h e  three-parameter Weibu l l  d i s t r i b u t i o n  i n  t h e  p r e d i c t i o n  o f  low f a i l -  
u r e  p r o b a b i l i t i e s  has been discussed a long  w i t h  the  p o t e n t i a l  use o f  NDE 
methods to  o b t a i n  bo th  the th resho ld  s t r e n g t h s  and the  c rack  d e n s i t y  func-  
t i o n  parameters.  Fu r the r  s t u d i e s  a r e  needed, e s p e c i a l l y  i n  the area  o f  
m a t e r i a l  p r o p e r t i e s  de te rm ina t ion .  
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